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T*1A@�BDCFEHGJIKCJL�IaMAO�PQO R�@��<�#CtI��eO�~6f�w�h�dFhJiJhJo�j�dFhJnHu v jFn;f�o
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nHb�{�iJhJn�f�p;s	f v f�w�f�dFb	s	k i�pDu	o	iUjFk f�o	nNxyxQ��u	� v 1�|}{<jFs�1	¢�hJ�edFhJiJhJo�1 �xT=U�U�£*1 �Q�2f v 1��'M*1 �A�1�P�P�PQN�P=V���1

£*1A@�BDCFEHGJIKCJL�I�MAO�PQO R�@��<�#CtI��eO<¤ hJk r�s�jFhtmwE¥��� X§¦§nHb�{�iJhJn�f�p�s	f v f�w�f�dFb	s	k i�pDu	o	iUjFk f�o	nJ�
VH(G) = V0H(G){�o�m[iJf�w�b v hUjFhJo	hJnHn�f�p
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pDu	o	iUjFk f�o	nNxyx�|[f�o�{<jFnHs�1�|}{<jFs�1 �xT=U�U���1 �Q�2f v 1O<£ V�1 �A�1�OQU�PQN�O T=U�1
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iε
∂ψ

∂t
= H
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t, x,−iε ∂

∂x

)
ψ, ε→ 0, t ∈ R, x ∈ R
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∂t
= H

(
−iε ∂

∂x
, x,−i ∂

∂y
, y

)
ψ(x, y, t)
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∂ψ

∂τ
=

(
−1

2

∂2

∂ξ2
+W0 cos(aξ) +

ξ2

2

)
ψ, τ ∈ R, ξ ∈ R.
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y′′′(x) + 2 y(x) y′′(x) = 0. (1)
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y(x)
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x→ ∞ \

y(x) � (x− b) + (flat asymptotic terms), b = const. (2)
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z
M�J��8/5l�'8/573j��N

E
N
z = x+ iy

N
i2 = −1

f
Γ = ∂D

[ W >��?=���G�����>�< W �
D
f
D = D ∪ Γ

L
e �A5C5C9 8A3/>��29;�

D
8/V 	�<���>��}�/=28/9 47>�=28 Wl���+��J�3j��D24C5l��<��w5l�2573#4C9r<FJ247>��#8 W 8�J28A>�T��+���
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∂z̄w − q1(z)∂zw − q2(z)∂z̄w +A(z)w +B(z)w = 0, (1)

W �4
A(z), B(z) ∈ Ls(D)

N
s > 2

N
q1(z), q2(z) ∈W 1

s (D)
L

���������	��
	�������� �i<h�4C9 W 8/�#8A>���3/y2NAD�3#8u>24_^ 47=��24
w(z)

5l�2573#4C9r6
(1)

J�>���=��h���47;���3
���,�A5C57<

Hp(q1, q2, A,B)
N
p > 0

NS4C5t�+��8A=28*���2T =24l�'8A3#8A>28A@�J28}�8S;���3#4t�2y/=28A@ J28/573#8ST�=�=28A@
Mp(w) < +∞ <h�8/�/�473j�#8A>�T�473 <#5t�8/�j���

µ(ρ,w) =
1

2π

2π∫

0

∣∣w
(
ρeiσ

)∣∣p dσ 6Mp(w), 0 6 ρ < 1, ρeiσ = z ∈ D.
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�	��
���'�����=#�� � * � (p)
κ > 0

/��������
;=<>�0� <5��� � � <5�5� ? '!� <>������� ��� �!�5� ��� � * 	�� � � �
�
��� ��� � ��������� (p)

κ+1 * � � � -"��� � � '!�!� � � ����� 6 � � ����� ���
� � �"��� � � ��� � * ��������� � � -�� * � ��� �
Hp(q1, q2, A,B)

/
p > 1

/���� � � <5��� � � <5�5� ? '!� <>����� � �(' ����� ��� ���
Hp(q1, q2, A,B) #��5�* � ���
- #�� �!�%�
-���� ��� � � � � � �%�
;�� ��� * �
� �"? g(t) ∈ Lp(Γ)

9
� � * � (p)

κ < 0
/ � <5��� � � <5�5� ? '!� <>�����@� � ��� ��� �3� � � � * � � � 6 ������� � � -!� * � ��� �

Hp(q1, q2, A,B)
/
p > 1

/4�$� � � <5��� � � <5�5� ? � �(' ����� ��� � � < � �����
� � �"� �4� �"� � �('(� � ���()
;=<>� � ��� * 	"��� ���
;=<>� /����
;=<>�$� � # � * � � � � k = −(p)

κ − 1 (
� ����� ���
� � �"� � 6 ) * � � � -"� � 6��� * �
� � - �5� ���%�"��� <5� � - � * � � g(t) � � � � �%�
;�� ��� * �
� �"? 9p �d8/V/8AD�=�6k9xJ�>28 �2<���3#8/9�t&T��/�2T�473#5 T 5t�4t�2<��
	v��@3� �?>����?=�3 3#4C8A>24C9r6��d4t���8 W � ���2T

8/V/8/V 	 47=�=28 W 8�<'>��}�/=247=���T ��4t�2yU3/>��A9 ��L�e �A5C5C9 8A3/>��29M��8/V}�,�A573j�
Dz

<'>��}�/=247=��24
∂z̄w − q1(z)∂zw − q2(z)∂zw = 0, |q1|+ |q2| 6 q0 = const < 1, (2)

W �4
q1(z), q2(z) ∈W k

p (Dz)
N
k = 1, 2, . . .

N
p > 2
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w = w(z) � ;�� � � � � � ��� ��� � �����"� � �!+ � � ��� �"� * � ��� � Dz ∈

W
k+1− 1

p
p

�5� �"� * � ���
	 Gw ∈W
k+1− 1

p
p

/ #��5� � � � w(z) �&������� � ��� � � �!��� � � �"? (2)
9 :5�
;=<>�

w(z) #�� � <�� * + � � ��� ? <���;�� � � � � � ����� ' � � Dz
�5�

Gw
/ #��5� � � � w(z) ∈ W k+1

p (Dz)
/ �

�"� � � �
��� � �����"� � �!+ � � ��� #��5� �5� < * � + � � � * � ���=� W k+1
p (Gw)
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�8 W �A9 ���2T$��>����/6�z��k9r=28 W 8/9 47>�=28/9a4l�j���+���8/�#8/9 J�>28/573/>��?=2573j�#4/L?b��CD�=24C9 8/V/57<';-�47=��24
5 =24C5l�'8}�2yj�'8 =24C8/VA6PD�=28A@aEF8A>29r<h�+��>28/�j��� 3#4C8A>24C9r6 �d4	�?=28 8 J�>28/9 47;&<'3#8AD�=28/9 �C=��CD24ZM
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���'����� ����
���'���DNo����"�
��:#%�������
	 � �"� � �"�"� f1, . . . , fn+1 : (a, b) → R
< � � � � )

��� � �"��� � � ��� m � �('(/";=< � 1 6 m 6 n
9�:5�
;=<>� < * ? * � � � 6 ����� � � x1 < x2 < · · · < xn+1

� ' � ��� � � � � * � (a, b)
�=� ��� ���
�(� � � �
� �"� ? ����� �"�

η ∈ (x1, xn+1)
/>� ��� � � # � * � � ��� � �!� � � )���
�%�

det




f
(m)
1 (η) · · · f

(m)
n+1(η)

f1(x2)− f1(x1) · · · fn+1(x2)− fn+1(x1)
· · · · · · · · ·

f1(xn+1)− f1(x1) · · · fn+1(xn+1)− fn+1(x1)


 = 0.

��8/���}�h�?3#4t�2y#573j�#8�WC3#8A@�3#4C8A>24C9r6 J28}�2<'D��A473#5 T�J28/5t�4t�8/� �?3#4t�2y/=�6k9+J�>��29 47=247=��24C9
3#4C8A>24C9r6*e�8}���2T6� 57J247G����h�2y/=�6k9�8/VA>��}�S8/9xJ28 �8/VA>��?=�=28A@ Ed<'=���G�����L��:8A>�� W ��=��h�2y/=28A@
>��AV/8A3#4 �d4	�?=28 H�5C9PL'5/L�2P2@787�� � ��� Y �}��G247=�3j��>�<#473#5 T6�/=��29 �?=��24u3#8}�2yj�'8 =��F5t�2<'D��A4

m = n
L

j�V/8/�C=��CD��29*D247>24l�
ξ(x1, x2, . . . , xn+1)

�#47>#z�=��
� W >��?=�yo3/�}����za3#8AD24l�
η
=�� 8A3/>24l�7M

�'4
[x1, xn+1] = [m,M ]

L juD247=�yw8/V 	��?T*J28/573/�?=28/�j���M��=�3#47>24C57<��
	 4 W 8 =��A5H�#8AJ�>28/5	�
3/�}�'8/� ��\�� ��� � �,+ ��� ���"�('!� �
	 #�� � � � ����# ����� � � � � � * � � � � � ξ(x1, x2, . . . , xn+1) #��5�
|xn+1 − x1| −→ 0 � �d8A=�T�3/=28�N�D�3#8 J28/573/�}�/�47=�=�6P@ 3/�}���29�8/VA>��}�S8/9A�#8AJ�>28/5�=�<';-�,�A473#5 T
���'8A=���>2473j���h�?G�����L

�-�h�+�29 4C573#4C573j�#47=�=�<�� W 4C8/9 473/>���D24C5l��<��X��=�3#47>�J�>2473/�?G����X���2TB5t�2<'D��?T
m = 1

L
� �j���+���8/�#8 J�>28/573/>��?=2573j�#8

E
n+1 8A3#8S;-�4C573j�/�2T�473#5 T+5

R
n+1 J28/57>24t�573j�#8/9 �/6kV/8A>��

=24l�'8A3#8A>28A@ �4l���?>�3#8/�#8A@:5l�2573#4C9r6 �'8/8A>��+��=��?3?L*�d8 <#5t�8/�j��� 3#4C8A>24C9r6 �d4	�?=28;�29 4C473AM
5 T J��?>��A9 473/>���D24C5l���?TM�+�2EFEF47>247=�G���>�<#4C9 �?TM��>���� �?T

γ : (a, b) → E
n+1 N W �4 γ(t) =(

f1(t), f2(t), . . . , fn+1(t)
) �

n+ 1
3#8AD����

γ(x1)
N
γ(x2)

N�LCLCLCN
γ(xn+1)

=�� =247@�L/m��25t�8
ηz��?>��}��3#47>����C<#473#5 T 3#4C9PN'D�3#8-���A5	�?3#4t�2y/=�6P@\�#4l��3#8A> �6��>����#8A@

γ
��3#8AD��'4

γ(η)
J��?>��h���4ZM

�47= HK=24l�'8A3#8A>28A@�Y W ��J247>�J��8/5l�'8/573j�
π
NUJ�>28Cz�8 �2T 	 47@�D247>24l��3#8AD����

γ(xi)
N
i = 1, . . . , n+1HKJ28/5l�'8}�2yj��<GWC3j� 3#8AD���� =24 8/VST��h�?=�6 VA6P3/y-� 8/V 	 4C9xJ28}�8S;�47=�����N�3#8�D247>24l� =���z 9 8S;�473

J�>28Cz�8 �+��3/y�=24C5l�'8}�2yj�'8 W ��J247>�J��8/5l�'8/573#47@�YZLS���2Td=��?J247>24t�v�/6kVA>��?=�=�6�zF3#8AD24l�
γ(xi)

3#8AD�M
��<

γ(η)
5�<����}�h�?=�=�6k9*5l�#8A@2573j�#8/9*VA<h�4C9:=��}�C62� �?3/y � �

%
"#�	� "#���&,������������	��� 'L q 8AD�M���

η
�h�}�#4t�8/9 8 W 8 �+��3#5 T�Nu4C5t�+�

γ′(η)
[ =�<h�4l�#8A@ �#4l��3#8A>�L[m 3#8/VA6 ���SV/47;-�?3/y:3/�}����z
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3/>����j���h�2y/=�6�z�5t�2<'D��A4l�2N.�	�#���J� ,������	,������������ �+/c�	�6���#2����*��J�
$T%
� �

γ′(t) 6= 0
,���'

t ∈ (x1, xn+1)
L

�-�h�4C4�9r6-E$���'5l��>�<#4C9:3#8AD���<
x1

� >��A5C5C9 �?3/>���� �A4C9 �#8AJ�>28/5�8 J28}�2<'D247=����a=2473/>���M
�j���h�2y/=�6�zv�A5l�29rJ�3#8A3j��D24C5l����zFz��?>��}��3#47>��2573j���v�#4t�+��D���=�6

ξ(x1, x2, . . . , xn+1)
H �#47>#z�=247@

W >��?=�� =��d8A3/>24l� �'4
[x1, xn+1]

3#8AD24l�
η
5P<����}�h�?=�=�6k9X5l�#8A@2573j�#8/9	Y J�>��

xn+1 → x1
L'h	>��UM

�C<�5t�4t�2<#473 8A3#9 473j��3/y2N'D�3#8 J�>��
n > 2

���.���J�.�2���'2�
xn+1

"
x1
�&�e13����<�������'�4	��/	��� �

,��
(
���e4	����&��N'J28/5l�'8}�2yj��< 9 8S;&=28&=��h�8S;���3/y0���}���24ZM�3#8v�8AJ28}�2=���3#4t�2y/=�6k4 8 W >��?=���D247=���T

=�� J28/�#4t�47=��24dJ�>28/9 47;&<'3#8AD�=�6�z 3#8AD24l�
x2, . . . , xn

L
� �8/���,�h�4d8/V/57<';-�,� ��3#5 T =24l�'8A3#8A>�6k4d>24l�C<h�2yU3/�?3/6 � >��}�C=28/8/VA>��}�C=�6k4FJ�>��29 47>�6FN+�

3/�}��;�4 573/�}�/T�3#5 T =247>24_^ 47=�=�6k4��h�h�,�CD���L
� �����������PI����

O�1�� ����(�� (���(��!=+O��#O���SkD�:�-'.BWQ<�; 5���:�3=>$-'.03�<�.06+.]3xI0<�. 2�:�.06 xyx! �D�S�1�6�;=-=1�7z9�<�:�1 � Ot����P�1 ��� 1�P=V�L
�3��1 �! �1�O<£=UQN�O<£�T*1

T*1��	��#�� (�� *NO�*NO R�� ����(�� (���(�� =+O �#O:��IBD�6�G�-'3�-�D�4�; -'3=@�.04��8; WQ<�; :�7z;$KFA�3�<�6�9=5�. �.B>�5�3�<�;&xyx
 �D�S�1�6�;=-=1�7z9�<�:�1 � Ot����£*1 ��� 1�P���L�� O�1 �! �1����QN6�'T*1

P�1�� ����(�� (���(�� =+O��#O ��IBD�6�G�-'3�-�D�4�;�-'3=@�.04x4�;=IQ; :�D�RkG�5�3�I04�D��k4�<�D�K&����xyx0�$;=-=1'-'<�1 �xT=U�O�O�1 ��� 1�O0V�L
� O�1 �! �1�O0V�O N�O<£�M*1

V�1�� ����(�� (���(�� =+O �#O���IBD�6�G�-'3�-�D�4�;k-'3=@�.04(I0<�. 2�:�.BWQ3x/B:�;0@�.B:�D�R?K -'.03�<�.06+.�� K*;=<�C�;k2�5�R$<�;=/ 2�.U¦
5�.B:�:���� <�;=/B:�3�I0-'.B>Txyx!�$;=-=1�-'<�1 �xT=U�O0V�1 ��� 1�O M*L�� O�1 �! �1�O0V�£0N�O M V�1

£*1}~�CF�������
		B �_Oe��{ v iJf v fAmek �#hUdFhJo �Jk { v h�h�bedFk o	iJk b	k k#mek�it{ v iJf v fAk o�jFhJr�d0{ v h�Leb	u	�	� v k it{<jFfWiJf�o[{�r�r�k u	o�jFh�m	{ v
¢NdQ1 �Nk u	nHhJb	b�hW��ht{�o	f�1 �Az�uedFk oa����f�iJit{�LOt���=V�1 �Sv�v�vek k w P�P��Ab�1 �?Ey��o[�§j0{ v ��X 1

��1���B ©6�<���<E0����;Y	O�~�O�`�nK�ew�bejFf�jFk i���hJs�{tl6k f�d�f�panHu	b	b�f�dHj�b�f�k o�jFn2pDf�d�b v {�o�{<d�iJuedFl�hJn�xyx�#�1e|}{<jFs�16`�o�{ v 1
`�b	b v 1 �xT=U�O T*1 �Q�2f v 1�P���O�L�� O�1 �A�1�O0V*M0N�O<£���1
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^ab j a�j�^K��e�b���� j ����e�g q j�e(� ��`db���e�gkMhg�j ���dg
` q �(���F`dcdg ��b���� j q j�e(��g h*m�� q b jkMlb j�e�^a`deijp��g�bdb���g

�deijdh q e�g�b h q ��gog
B #*fV#%No��!#��"�, I��-H�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f ] � �FY �
�[#(S&#(No��!#��"�, I��-H�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f�] � �FY

j�V/8/�C=��CD��29-D247>24l�
s(Zn)

N
n ∈ N

�+��=247@�=28/4 J�>28/573/>��?=2573j�#8n8A3/=28/5l��3#4t�2y/=28 J28/�'8?M
8A>��+��=��?3/=�6�z �+��=247@�=�6�zo8AJ247>��?G���@�N5C8/573#8ST 	 4C4$���$�#5C4l�#8/�S9 8S;&=�6�z J28/5t�4t�8/� �?3#4t�2y/=28?M
573#47@�N��h�?=�<�9 47>28/� �?=�=�6�z5Wl�4C9 47=�3/�A9 �

Zn L�juJ�>24t�4t�+�29�=��MWl�4C9 47=�3/�Uz s(Zn)
8AJ247>��?3#8A>

J�>28/4l��3j��>28/� �?=���T
P+ : (P+φ)j = 1

2n
∏n

k=1(1 + sign jk)φj
N
j = (j1, j2, . . . , jn) ∈ Zn NJ�>24t�2J28}�,� W �?TwJ�>���WC3#8/9PN	D�3#8

sign 0 = 1
L �d8}�8S;��29

P− = I − P+
�
Q = JP+J

N
(Jφ)j = φ−j

N
j ∈ Zn L��-J�>28/573/>��?=2573j�#4

s(Zn)
�/6*�4t�+�29BJ28 �2J�>28/573/>��?=2573j�#8

l{m} ={
φ = {φj}j∈Zn :

∑
j(|j|+ 1)m|φj | <∞

} L � 3#8oJ28 �2J�>28/573/>��?=2573j�#8 T��/�2T�473#5 T V��?=��Uz�8?M
�/6k9aJ�>28/573/>��?=2573j�#8/9X8A3/=28/5l��3#4t�2y/=28��+��=247@�=�6�z&8AJ247>��?G���@�N/�h�}�29 573j�#8/� �?=�=�6�z����

s(Zn)�&=28A>29r6 ‖φ‖m =
∑

j(|j|+1)m|φj |
Lj�H�+��=247@�=28/9 J�>28/573/>��?=2573j�#4

l{∞} =
⋂

m∈Zn
+
l{m}�j�#4t�4C9 3#8AJ28}�8 W ��� 57D2473/=28?M�=28A>29 ��>28/� �?=�=28 W 8 J�>28/573/>��?=2573j� � 5 J28A>28S;-�,� �
	 47@ 5l�2573#4ZM

9 8A@*=28A>29 ‖φ‖m
N
m ∈ Zn

+

L �d8}�8S;��29P\
l±{m} = P±(l{m}) N l̃−{m} = Q(l{m}) N

m ∈ Zn
⋃{∞} Li���?;-�8/9r<�Wl�4C9 47=�3/<

φ ∈ l{m} J28/573/�}�j�29K�x5C8/8A3j�#473#573j�j�24aEd<'=���M
G����

a(ξ) =
∑

j∈Zn ajξ
j N ξ = (ξ1, ξ2, . . . , ξn) ∈ Γn L|�d8}�8S;��29

Wm(Γn) = L(l{m}),
W±

m(Γn) = L(l±{m}) N W̃−
m (Γn) = L(l̃−{m}) L �_5t�2<'D��A43�'8A=247D�=28 W 8

m
�aJ�>28/573/>��?=�M

573j� �Uz
Wm(Γn)

N
W±

m(Γn)
�j�#4t�47=��24C9I=28A>29r6 |a(ξ)|m = ‖L−1(a(ξ))‖m

8AJ�>24t�4t�47=��
3#8AJ28}�8 W ��ToV��?=��Uz�8/�/6�z J�>28/573/>��?=2573j�2L+�:J�>28/573/>��?=2573j� �Uz

W∞(Γn)
N
W±

∞(Γn)
N
W̃−

∞(Γn)8AJ�>24t�4t�47=�� 57D2473/=28?M�=28A>29 ��>28/� �?=�=��?T-3#8AJ28}�8 W ��TB5n8AJ�>24t�4t�2T �
	v�29+=��AV/8A>28/9+=28A>29
| • |m

N
m ∈ Zn L

� <#573/y
a = {αj} ∈ S(Zn)

8AJ�>24t�4t�+�29PNPJ28/��� EF8A>29 �h�2y/=28�NP8AJ247>��?3#8A> � ��=247>��UM
g 8AJ2E �

Wa : l+{m} → l+{m} N m ∈ Zn
⋃{∞} J�>�� J28/9 8 	v� EF8A>29r<h�26

(Waφ)j =
∑

k∈Zn
+

αj−kφk, j ∈ Zn
+. (1)

��5t�+�
a ∈ l{m} N#3#8F=2473/>�<h�2=28 �j���473/y2N�D�3#8 8AJ247>��?3#8A> Wa

8 W >��?=���D247=3� 4C9r<�9 8S;�473
VA6P3/y J28/573/�}�/�47=��&� 5C8/8A3j�#473#573j�j�24 Ed<'=���G���T

a(ξ) = L(a).
� <'=���G����

a(ξ)
=��}�C62� � ��3

5l�29 �#8}�8/9n8AJ247>��?3#8A>��
Wa

L/��WC3#8/9n5t�2<'D��A4�8AJ247>��?3#8A>
(1)

J28 �8/V/47= 8AJ247>��?3#8A>�< q 47J��+��G��
Ta : W+

m(Γn) →W+
m(Γn)

N��47@2573j�/<��
	 4C9r< J28�EF8A>29r<h�4
(TaΦ

+)(ξ) = P+a(ξ)Φ+(ξ), ξ ∈ Γn, (2)

W �4
Φ+(ξ) = L(φ)

L
�i6*�4t�+�29J��J�>28/573/>��?=2573j�#4

s(Zn)
J28 �2J�>28/573/>��?=2573j�#8

QCs(Zn)
N25C8/573#8ST 	 4C4$���FJ28?M

5t�4t�8/� �?3#4t�2y/=28/573#47@
a = {αj}j∈Zn

\
αj = 0

N
j /∈ (Z−

⋃{0})n � |αj | 6 C(|j| + 1)m0���2To=24l�'8A3#8A>�6�z
C > 0

N
m0 ∈ Z+

L
�	��
���'��� �=#�� #�� � � ��� � Wa : l+{∞} → l+{∞} />< * ? ������� � �
;�� # � � �,+ <>� � � � ?

# ��� * � <��
� � � � * 	��������
	 a ∈ Qs(Zn)
/ �
; � �!� � � � � ���
;=<>� � ��� * 	"��� ���
;=<>� /"���
;=<>���5�!-�<������ ?

c > 0 � m0 ∈ Z+
�
� ��/ � ��� |αj | 6 c(|j| + 1)m0

/ ��9 � 9����
;=<>� a ∈ QCs(Zn)
9

�ei



� <#573/y
a ∈ QCs(Zn)

N�J28}�8S;��29
a(ξ) =

∑
j αjξ

j N ξ ∈ (D−)n
�

(Taφ)(ξ) =
(
P+(a ◦ φ)

)
(ξ), (3)

W �4
P+(a(ξ) ◦ φ(ξ)) = L(Waφ)

L
juJ247>��?3#8A> H R YkVA<h�4C9:=��}�C62� �?3/yo8AJ247>��?3#8A>28/9 q 47J��+��G���N���Ed<'=���G���� a(ξ) = L(a)

N
ξ ∈ (D−)n

[�4 W 8&5l�29 �#8}�8/9PL
�	��
���'��� �}#��������
	

a(ξ) ∈ L(QCs(Zn))
9�� * ? � #�� � � ��� � �
� Wa : l+{∞} →

l+{∞} � Ta : W+
∞(Γn) → W+

∞(Γn)
� * � <�� � � ��� ��� * �
� �"?�� �!������� � * 	�� �

1) Wa
/
Ta � � � � � � �
� ���

2) Wa
/
Ta � �"� � � � �������

3) a(ξ) ∈ GL(QCs(Zn))
9

� <#573/y
a(ξ) = a(ξ1, . . . , ξk−1, ξk, ξk+1, . . . , ξn)

Ed<'=���G���T�NA�?=��h�+��3j��D24C5l���?T �
8/V}�,�A573j�

(D−)n
Lwe �A5C5C9 8A3/>��29 5t�4t�2<��
	v�24

n
5C4C9 47@2573j� Ed<'=���G���@

ak(t, λ) =
a(t, . . . , t, λt, t, . . . , t)

N
t ∈ D− f λ ∈ Γ

f
k = 1, 2, . . . , n

N#J28A>28S;-�47=�=�6�z Ed<'=���G��247@
a(ξ)

L
� <'=���G����

ak(t, λ)
N
t ∈ D− f λ ∈ Γ

f
k = 1, 2, . . . , n

VA<h�4C9I=��}�C62� �?3/y���5t�4t�,�A9 ���
Ed<'=���G����

a(ξ)
L

� <#573/y�Ed<'=���G���T
a(t) ∈W∞(Γ)

�29 4C473 =��
Γ
=24 V/8}�4C4 D24C9A�'8A=247D�=28/4 D��25t�8 =�<h�47@

�'8A=247D�=�6�znJ28A>�T��+�'8/�2L)b��}�S8/�#4C9 57<�9 9 �?>�=�6k9*D��25t�8/9*=�<h�47@;� VA<h�4C9*8/V/8/�C=��CD��?3/y
na�'8}�+��D24C573j�#8 =�<h�47@-WC3#8A@ Ed<'=���G����&=��

Γ
5�<'D2473#8/9���>��?3/=28/573#47@�L�h���= W <h�2T�>�=�6k9H��=��4l��M

5C8/9 Ed<'=���G����
a(t)

=��}�S8/�#4C9 5t�4t�2<��
	v��@ Ed<'=���G��28A=��h�
κc(a) = v.p. 1πi

∫
Γ

a′(t)
a(t) dt

L
�	��
���'��� 	 #��������
	

c(ξ) = (a ◦ b−1)(ξ), a ∈ W̃−
∞(Γn), b ∈ W̃−

∞(Γn)
⋂
GL(QCs(Zn)).

7 �!+ < � - � ' � #�� � � ��� � �
� Wc : l+{∞} → l+{∞} / Tc : W+
∞(Γn) → W+

∞(Γn)
� � ��� )�%� * � � c(ξ)

� � � � � �
� (
�"� � � � ��� ) ���
;=<>� � ��� * 	"��� ���
;=<>� / ���
;=<>�	�(� * � < ��
 � �"� � �"� -

a(ξ), b(ξ)
�!<��
� * � �
�%� �"? � � ��� * �
� �"?"��

� 9
ak(t, λ) 6= 0

/
t ∈ D− / λ ∈ Γ � bk(t, λ) 6= 0

/
t ∈ D− / λ ∈ Γ

/
� 9 �"�!+ <>� ? � ' � �"� � �"� - ak(t, λ) / bk(t, λ) ��� ��� � �5� Γ � � ��� * ��� � � � ���
� � ����� � � � � * �� � * � - ���
� � ��� � 6 # � �"? < ���
� #��5� * � ��� � ��� ��� ��� �
� �!�"��� � λ ∈ Γ

/
� 9 �=� � � � � � � � � � � * � � � * � - � � � �";,� * ? � � � ��� ��< � ��� � � �"� � �"� - ak(t, λ) ��� ? '!�!� ��������
��� ��� � �"?"���

κc(ak(λ)) + nak(λ) = 0, κc(bk(λ)) + nbk(λ) = 0, λ ∈ Γ, k = 1, 2, . . . n.

� >��\�/6PJ28}�2=247=���� <#5t�8/�j��@ � Y Q R Y�8/VA>��?3/=�6k4 8AJ247>��?3#8A>�6 �29 4 ��3��j���)\

(Wc)
−1 =Wc−1 , (Tc)

−1 = Tc−1 .

� m



����������	
���������������������������������������! "��������#$�%���������������&���'�����(���*)+�*����������������,
-'.0/�1�2�3�4�5�1�6+.0782�9�:�;=<�302�:�3=>?:�;09�@�:�3=>$4�3=:�A�.0<�.B:�C�D�DFEHG�3�I�1�J8D�K�:�3�6+3�<�I04�3�.�L�M0N�OQP!I0.B:�-=R�S�<�R?T=U�O0V!WB1 X

ad�ij�^K� q e�`�j]�deijdh q e�g�b h q � � � �F` �

LM#%\]#*T �'����"�
�
H�e�8/5C5l��T�N���8A>28A=247;�f�� a��FY

�2�?=��Uz�8/�#8 J�>28/573/>��?=2573j�#8
E

���S9 47>��29r6�z =��
[0, 1]

Ed<'=���G���@ 5�9 47>28A@"�F4CV/4 W � =��UM
�C62� �A473#5 T:J247>24C573/�?=28/�#8AD�=28?M ��=�� �?>����?=�3/=�6k9 H ��>��?3j�'8�;SL%7�L Y-���+�w5l�29 9 473/>���D�=�6k9PN�4C5ZM
�+�

E
4C573/yxV��?=��Uz�8/� � >24_^ 473j���X5 4C573#4C573j�#47=�=�6k9 8A3/=28�^ 47=��24C9_J28A>�T��+���H�:<s>��}�/=28?M

���S9 47>��29r6�zBEd<'=���G���@*=28A>29r6 8 �+��=��}�'8/�/6FL ���}�B8/VA6PD�=28�Nk9r6f3/�}��;�4XVA<h�4C9�J�>24t��M
J28}�,� W �?3/y2N�D�3#8

E
5C47J��?>��AV/4t�2y/=28H���+� 9 �}�'5l�29 �h�2y/=28�N	3?L�4/L

E
5C8/�/J��h�,�A473x5C8;�/3#8A>�6k9

�+�#8A@2573j�#47=�=�6k9:J�>28/573/>��?=2573j�#8/9
E′′ N�� D�3#8 ‖æ[0,1]‖E = 1

N W �4
æe(t)

4C573/y&z��?>��}��3#47>���M
573j��D24C5l���?T�Ed<'=���G���T ���S9 47>��29 8 W 8aJ28 �9r=28S;�4C573j� �

e ⊂ [0, 1]
L q 8 W �,� L∞ ⊂ E ⊂ L1� ‖x‖L1 6 ‖x‖E 6 ‖x‖L∞

���2TA�#5C4Zz
x ∈ L∞

L � � � V/8/9�;SL�7�L�J�>28/573/>��?=2573j�#4 8 W >��UM
=���D247=�6f8AJ247>��?3#8A>�6 J28 �8/VA=28 W 8sJ�>24C8/VA>��}�S8/� �?=���T �?> W <�9 47=�3/�

στx(t) = x(t/τ)
���2T

t ∈ [0,min(1, τ)]
�
στx(t) = 0

���2T
t ∈ (min(1, τ), 1]

N
τ > 0

L6m��25t�,�

αE = lim
τ→0

ln ‖στ‖E
ln τ

, βE = lim
τ→∞

ln ‖στ‖E
ln τ=��}�C62� � ��3#5 T\��=��4l�'5	����8A@��,��;SL@7�L�J�>28/573/>��?=2573j� �

E
L+��5C4 W �,�

0 6 αE 6 βE 6 1
L

h��2573#4C9 ��Ed<'=���G���@
χ0
0(t) = 1, χk

n(t) = æ((k−1)2−n,(k− 1
2
)2−n)(t)− æ((k− 1

2
)2−n,k2−n)(t),

1 6 k 6 2n, n = 0, 1, . . .=��}�C62� �A473#5 T�5l�2573#4C9 8A@ g$�j�?>���L j�V/8/�C=��CD��29-D247>24l�
Ω
9r=28S;�4C573j�#8;��=��4l�'5C8/� 5l�2573#4C9r6

g$�j�?>���N � D247>24l�
cn,k(x)

�'8�WSEFE$��G��247=�3/6 � <'>�y#4�[ g$�j�?>��dEd<'=���G����
x ∈ L1

L�� <'=���G���T

Px(t) =

(
∑

n,k∈Ω

(
cn,k(x)χ

k
n(t)

)2
)1/2

=��}�C62� �A473#5 TBEd<'=���G��247@ ��Wl�+�BEd<'=���G����
x
N �xJ�>28/573/>��?=2573j�#8w5 =28A>29 8A@ ‖x‖P (E) =

‖Px‖E
=��}�C62� �A473#5 TxJ�>28/573/>��?=2573j�#8/9 ��Wl�+��L ��5t�+�

0 < αE 6 βE < 1
N�3#8

P (E)
�
E5C8/�/J��h�,� ��30���}� 9r=28S;�4C573j� �0� ��z =28A>29r6 W ���j��� �h�47=�3/=�6FL��d8�WC3#8/9r< 8/57=28/�/=28/4��/=��29 �UM

=��24d<h�4t�47=28-;SL@7�L�J�>28/573/>��?=2573j� �A9PN����2T �'8A3#8A>�6�z
αE = 0

���+�
βE = 1

L
� >28/573/>��?=2573j�#8

P (E)
T��/�2T�473#5 T ;SL 7�L�3#8 W �,�J�*3#8}�2yj�'8�3#8 W �,��N2�'8 W �,�

E = L2
5

5C8/�/J��h�47=��24C9-=28A>29PN
P (E)

T��/�2T�473#5 T ;SL 7�L)J�>28/573/>��?=2573j�#8/9 5 3#8AD�=28/573/y�� �8KW ���j��� �UM
�47=�3/=28/573j� 3#8 W �,�6�n3#8}�2yj�'8 3#8 W �,��N��'8 W �,�

0 < αE 6 βE < 1
L����8S;�47=��24

P (E) ⊂ EH
P (E) ⊃ E

Y	57J�>��}�#4t���+���#8&3#8 W �,�v� 3#8}�2yj�'8 3#8 W �,��N��'8 W �,�
αE > 0

H
0 < αE 6 βE < 1

YZL
�d8�WC3#8/9r<P�/�8S;�47=��24

P (E) ⊃ E
�/�47D2473 5C8/�/J��h�47=��24

P (E)
�
E

���}� 9r=28S;�4C573j�\�&W ��M
�j��� �h�47=�3/=28/573/y ��z =28A>29PL�juJ247>��?3#8A> 8A>�3#8 W 8A=��h�2y/=28 W 8FJ�>28/4l��3j��>28/� �?=���T�=����+��=247@�=�<��
8/V/8}�8AD���< 5l�2573#4C9r6_e �h�4C9 �Uz�47>��XH

rn(t) = sign sin 2nπt
Y �29 4C473 4t�+��=���D�=�<��I=28A>29r<"�

� � V/8/9XJ�>28/573/>��?=2573j�#4���Wl�+�
P (E)

L'b��?@��47=�6 ��>���3#47>����o5C47J��?>��AV/4t�2y/=28/573j� � >24CE��4l��M
5l���/=28/573j� J�>28/573/>��?=2573j�G��Wl�+��L

� ?�;=S�3�-�;sK&� G�3=5�:�.B:�;FG�<�D%G�302�2�.0<�7k4�. ?3�I0IBD�>�I04�3=WQ3}A�3=:�2�;{A�9�:�2�;=6+.B:�-�; 5���:����}D�I0IB5�. 2�3=K*; :�D�>�L
G�<�3�.04�-0� O0V N�U�O N�U�U�O0V�O�1

Rj�
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-'.0/�1�2�3�4�5�1�6+.0782�9�:�;=<�302�:�3=>?:�;09�@�:�3=>$4�3=:�A�.0<�.B:�C�D�DFEHG�3�I�1�J8D�K�:�3�6+3�<�I04�3�.�L�M0N�OQP!I0.B:�-=R�S�<�R?T=U�O0V!WB1 X

~�t ��'�?`�~�t kA' kB^?txZkj$a `]t k��?^�kB^ �$Z*'kt �?a Y[`]txt kA'kZ*~ �

t �<�=uFvxwy�-z|{}#FzF#
Hh~P)��/�A� `[� ;A71�:9�N ��)������603��?A�A;�)P)�+�f�^ i y H ��)������603��?A�A;�)P)�+ ' 9<+-,/�6?ZY Y

i"0���)�46?A71�/0_;�9-,}0_;���0��_� ��0��/0'�P7846�K��)�+-,/.10_��0M��0��_��)�;�.�9<�A�A71��0
E
)�4 e �/71���&�A�60_;�0�032@71?A��?

9���)�46�@78�A71)�4=9<.�032@,}0��_��9<�A71)�4�L�i"0��/0�u6460��A�60�46)��A71)�4c)<�%9<4K9��69<,/��0���?A��)P���=9�?A�A71��,/;�)P��0�?�?[)�4
�A�/71? ?A,=9���0�9<46��784c,=9<;A�A71�_�/.�9<;��A�=9<� )<�*9
o*;�)�e 4/7�9<4K+V)��A71)�4

(Bt)t∈[a,b].
y ?A784/�	9
o )P���/460_;

784y��0_�e;�9<.d9<,/,/;�)�9�����N�e*0o?A�6)�e��6)�e���)M�/0�u6460o�A�60ok ���)�784y��0_�e;�9<. ∫ b
a Xt dBt

��)�; 9<.8.�?A��)P���=9��_�A71�
,/;�)P��0�?�?�0�?

(Xt)t∈[a,b]
�}0_.1)�4/�e784/�K��)c95?A,=9���0

L2([a, b],L2)
e �/71����71?M9�?A���6?�0_�M)<� �A�60V?�0_�

��)�46?A71?A�A784/��)<�|+V0:9�?A�/;�9 �/.10�9��69<,/��0��D?A��)P���=9�?A�A71�[,/;�)P��0�?�?�0�? )�4
E.
t �/71?8e*)�;Q�-71?*9�460���0�?�?�9<;A>

?A��0_,�784��A�60��/0_��0_.1)�,/+V0_4y��)<�F,/;�) �=9 �/78.878� >��A�60�)�;A>�9<46�5784�,=9<;A�A71�_�/.�9<; ?A��)P���=9�?A�A71��,/;�)P��0�?�?�0�?
7845��0��_��)�;o.�9<�A�A71��0�?�H ?�0�0 ��)�; 7846?A��9<46��0��A�60�.878��0_;�9<�A�/;�0�ly�6)���0�� �}0_.1)�e�YZL

�Gw�� wy�<wP� ��w

O�1}~�E0���
�DCFEN�eO	�eO	��f�o�jFk o6u	f�u	n�nKjFf�i0s�{�nKjFk i)bedFf�iJhJnHnHhJn�k o.��k hJn ��nHb�{�iJhJnJ�ejFs	hN¢�f�f��e¦K|[hU��hUd�mehJiJf�w�b�f�nHk jFk ¦
f�oTxyxQ��f�nHk jFk l6k j��*1 �xT=U�OQU�1 �Q�2f v 1O0V�1 �A�1�M=P�O N�M�£*O�1

T*1}~�E0���
�DCFE!�eO_�eO)¢�f�f���� n f�bejFk f�o�{ v nF{�w�b v k o	r5jFs	hJf�dFhJw k o ��k hJn �¡nHb�{�iJhJn!xyx5��f�nHk jFk l6k j��*1 �xT=U�O�O�1 �
�2f v 1�O<£*1 �A�1���O M0N6��P'M*1

P�1}~�E0���
�DCFEQ�eO��eO #�hJo	nHhJo�� nQ{�o�mTw]{<dHjFk o	r�{ v h�k o	h���u�{ v k jFk hJnWk o ��k hJn �AnHb�{�iJhJnQxyx[��o�m	{�r�{<jFk f�o	hJnQ|}{<jFs�1 �
T=U�O0V�1 �Q��nHn01�T V�1 �A�1�T�M�£0N�T���£*1

V�1}~�E0���
�DCFEW�eOa�eO#z�s	h �Nf v w�f�r�f�dFf<l'N����hJo�jFnHf<l[jFs	hJf�dFhJw {�o�m&�2dFftq�o	k {�o�w�f�jFk f�oTk oTl�hJiUjFf�d v {<jHjFk iJhJnWxyx
#�1#|}{<jFs�1�`�o�{ v 1�`�b	b v 1 �xT=U�O0V�1 �Q�2f v 1�V�OQU�1 �A�1�����O N6��U�O�1

£*1}~�E0���
�DCFEA�eO��eO���f�dHdFk r�hJo�meu	w jFf&z�s	h �Nf v w�f�r�f�dFf<l'N ���hJo�jFnHf<lTjFs	hJf�dFhJw {�o�m=�2dFftq�o	k {�o�w�f�jFk f�o=k o
l�hJiUjFf�d v {<jHjFk iJhJn�xyx #�1�|}{<jFs�1�`�o�{ v 1�`�b	b v 1 �xT=U�O0V�1 �Q�2f v 1�V�OQU�1 �A�1�����O N6��U�O�1 �?Ey¢W�N�0��OQU�1 OQU�Ot��xHgB1 gKw]{�{�1
T=U�O0V�1 U�£*1 U����'X 1

��1 MAY��A\!O 	\|�O R4t����eY�G �
	������#C{|�O�|�O��_O Ra\.��I¥G0�<�A@NO��_O<¢�k nHiUdFhUjFhU¦¥jFk w�h�nKjFf�i0s�{�nKjFk i�bedFf�iJhJnHnHhJn�f�oA��k hJn �
nHb�{�iJhJn�xyx_��o�m	{�r�{<jFk f�o	hJn�|}{<jFs�1 �xT=U�U=V�1 �Q��nHn01O<£*1 �A�1�V'P�£0N*V�£*O�1

M*1AMAY���\!O 	\|�O R�t����eY�G �
	������#C�|�O�|�O��_O Ra\.��I¥G0�<��@NO �_O���f�o�mek jFk f�o�{ v h3veb�hJiUj0{<jFk f�oAf�b�hUd0{<jFf�dFn�f�oA��k hJn �
nHb�{�iJhJnJ�#¢�k nHiUdFhUjFhU¦¥jFk w�hWnKjFf�i0s�{�nKjFk iQbedFf�iJhJnHnHhJn)f�oT��k hJn �_nHb�{�iJhJn)xyx #�1�|}{<jFs�1#`�o�{ v 1#`�b	b v 1 �xT=U�U�£*1 �
�2f v 1�P�U�P�1 �A�1#£=U��QNe£�T*O�1

��1�t����eY�G �
	������#C}|�O�|�O �_O RN\.��I¥G0�<��@NO �_O�¢�k nHiUdFhUjFh�jFk w�hAnKjFf�i0s�{�nKjFk i.k o�jFhJr�d0{ v nQk o ��k hJn �]nHb�{�iJhJnAxyx
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Hda[�6?�?A7�9�Nh�9�q 9<4[f�hM~�txydY

Yd0_�
H
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(·, ·) L[Yd0_� B(H)
�}0

�A�60o?�0_�*)<��9<.8.��})��/46�/0��D)�,}0_;�9<��)�;�? )�4
H
L�Yd0_�

J
�}0 9�� �������	������
 ����)�,}0_;�9<��)�;*784

H
� ��� N�7�Ly0/L

� Y
J2 = I

N � Y
(Jx, Jy) = (y, x)

N6��)�;�9<.8.
x
N
y ∈ H

L�^ )���0��y> � YZN}9<46� � YZN
J(λx + βy) =

λJx+ βJy
N@��)�;o9<.8.

λ
N
β ∈ C 9<46�	��)�;o9<.8.

x
N
y ∈ H

L
�%�/� 〈x, y〉 := (Jx, y)

L[v6)�;M9<4y>
A ∈ B(H)

�A�60_;�0V032@71?A��?��/4/7 ly�60
A# ∈ B(H)

?A�6���
�A�=9<� 〈Ax, y〉 = 〈x,A#y〉 ��)�;M9<.8. x N y ∈ H

L[`o4")�,}0_;�9<��)�;
A ∈ B(H)

71?�?�9<71���) �}0
J
M

����� �
(
����*��
p��� N67 � 〈Ax, y〉 = 〈x,Ay〉 N ∀x, y ∈ H

L�`o4y>	�})��/46�/0��
J
M ?�0_. �KM 9��<�A)�784y��,/;�)<�A0��_�A71)�4

H��o71�/0_+-,})���0_4y�ZY
P
71?[?�9<71�	��)��}0

J
Md� �Q������*��
 ���L

Yd0_� M �}09���)�4b^ 0_�/+D9<4/4�9<.8��0 �/;�9 )�4
H
N .10_� M′ := {B ∈ B(H) : AB =

BA,∀A ∈ M} Ny9<46�V.10_� Z := M∩M′ �}0 �A�60 �A�60o��0_4y��0_;*)<� M L�Yd0_�(�6? �/0_46)���0 �y> MJcHMor YM�A�605?�0_�-)<��9<.8. J M ?�0_. �KM 9��<�A)�784y�aH )�;A�A�6)���)�4=9<.�N(;�0�?A,}0��_�A78��0_.8>2YM,/;�)<�A0��_�A71)�46?�� ;�)�+ M L
`o4y>")�460ZM �@78+V0_46?A71)�4=9<.

J
Mh,/;�)<�A0��_�A71)�4��=9�?M�A�60V��)�;A+

(·, Jx)x N�e �60_;�0 (x, Jx) = 1
L�i�78�A�

;�0�?A,}0��_� ��)V�A�60�?A��9<46�69<;��K;�0_.�9<�A71)�46?SN=4=9<+V0_.8> \=�A�60�)�;��/0_;A784/�
P 61 Q

7Hm
PQ = QP = P

N
�A�60D)�;A�A�6)���)�4=9<. ;�0_.�9<�A71)�4

P ⊥ Q
7Hm
PQ = QP = 0

N�9<46�"�A�60D)�;A�A�6)P��)�+-,/.10_+V0_4y��9<�A71)�4
P⊥ := I − P

��)�;�9<.8.
P
N
Q
�A�60�?�0_� MJc 71?�9�������������� �r����
���)<� ,/;�)<�A0��_�A71)�46?SL�t �60�.1)��e71�

MJc 71?[?�9<71�	��)��}0�� �������	������
 ���D.1)��e71�/L
` ��)�4 ^ 0_�/+D9<4/4 9<.8��0 �/;�9 M )�4

H
71?G?�9<71����) �}0K9������ �������
���+�

J (
��� �������Q�K7 �

A ∈ M 78+-,/.8710�?
A# ∈ M L Yd0_� M �}0�9V��)�4 ^ 0_�/+D9<4/4

J
M 9<.8��0 �/;�9�L�t �60_4�\

i)
78��?���0_4y��0_;

Z 9<46� M′ 9<;�0���)�4�^ 0_�/+D9<4/4 J M 9<.8��0 �/;�9�?�9<.1?�)�Li"0_.8. M��P46)�e 4D�_.�9�?�?A7Hu=�:9<�A71)�4V)<�=��)�4{^ 0_�/+D9<4/4D9<.8��0 �/;�9�?F784V9?h�;�0_784V?A,=9���0 � ��� L�`�?A78+-78.�9<;
�_.�9�?�?A7Hu=�:9<�A71)�4�71? ,})e?�?A7 �/.10�784K9�?A,=9���0(e 78�A�c��)�4����/�y9<�A71)�4c)�,}0_;�9<��)�;SL�^�9<+V0_.8> � R�� L

` ��)�+-+M�/��9<�A78��0���)�4 ^ 0_�/+D9<4/4
J
M 9<.8��0 �/;�9 Z 71?-?�9<71����) �}059 �d�=�+�

(A)
9<.8��0 �/;�9K7 �

P = P# ��)�; 9<.8.
P ∈ Zor L+` ��)�+-+M�/��9<�A78��0���)�4�^ 0_�/+D9<4/4

J
M 9<.8��0 �/;�9 Z 71?o?�9<71�5��) �}0M9

�d�=�+�
(B)

9<.8��0 �/;�9	7 � Z ��)�4y��9<7846?�9G,=9<78;
F
N
F# ∈ Zor ?A�6���"�A�=9<�

F + F# = I
L `l��)�4

^ 0_�/+D9<4/4
J
M 9<.8��0 �/;�9 M 71?[?�9<71�	��)��}0�)<�w�d�=�+�

(A)
H0�d�=�+�

(B)
Y*7 �F78��?[��0_4y��0_; Z 71?[)<�F� >P,}0

(A)
9<.8��0 �/;�9 H )<�%� >P,}0

(B)
9<.8��0 �/;�9�N6;�0�?A,}0��_�A78��0_.8>2YZL

Yd0_�
B
�}0�9
ly�=9<4y�A�/+ .1)��e71��)<�(,/;�)<�A0��_�A71)�46?SL t �60�� �/46�_�A71)�4

µ : B → R 71? ?�9<71�c��) �}0
�A�60��}�Q������� �7Nd7 �

µ(p) =
∑

i µ(pi)
��)�;M9<4y>K;�0_,/;�0�?�0_4y��9<�A71)�4

p =
∑

i pi
N
pipj = 0

N
i 6= j

L
Hdt �60�?A�/+ �}0_784/���/46�/0_;�?A��)P)P�G784	�A�60$e*0:9��P.8>G?�0_46?�0UYZL^ )�4	460_�y9<�A78��0�+V0:9�?A�/;�0

µ
71? ?�9<71�G��)

�}0(� �Q���Q����
p� 
d�d���}�Q������� �&H��g�'����� � Yo7 �
µ(I) = 1

L�Yd0_�
µ
�}0�9D46)�4&460_�y9<�A78��0�+V0:9�?A�/;�0/L}k � 71?

�_.10:9<;[�A�=9<�[7 �
µ(I) > 0

�A�60_4 µ(·)
µ(I)

71?o9�,/;�) �=9 �/78.878� >�+V0:9�?A�/;�0/L
i"0M9<;�0�?A��9<;A�A784/�
e 78�A��Yd0_+-+D9 � L
 (w � �"{ � � R�� #"!$#&% Z ' #�(*),+�-.-0/1%2(�%�3�45#�45+�6�78#&/�-0(&616

J
)�(&9;:1# '5< (%9>=@?A#�6B%�?A# < ##�CD3FE�%�EG/�613�H1/�#0-0(�CD3I-0(&9KJ < +�L,#,)&%�3�+�6 E ∈ Zor E�/�)M?N%�?O(�%

P 61 E
/
P ∈ Zpr 3I-PJO9I3�#QE

P = P# 91R26�(TS1ST3�%�3�+�6U%�?A# < #8#�CD3FE�%�E ( 6A+�6U/�613�H1/�#�/V3I6W:1#�6A# < (&92X ) J < +�L,#,)&%�3�+�6 F ∈ Zpr E�/�)M?
%�?O(�%

F + F# = I −E
9

o*> Yd0_+-+D9 � Nd7 �[�A�60D?�0_��)<�[,})�784y��?�)<� �A�60G?A,}0��_�A;A�/+ )<� Z 71?�0*ly�=9<. ��)��A�/;�0�0/N �A�60_4
Z = {λE + βF + γF#, λ, β, γ ∈ C} L�� 0_;�0 E N F � ;�)�+ Yd0_+-+D9 � L

R}�



Yd0_� M �}0D9G��)�4~^ 0_�/+D9<4/4
J
M 9<.8��0 �/;�9�)<� � >P,}0

(B)
L[`],=9<78;

F
N
F# )<� )�;A�A�6)���)�4=9<.

,/;�)<�A0��_�A71)�46? 784 Z ?�9<�A71?�� >P784/�
F +F# = I

71? 9�?�?A�/+V0��D��)��}0wu/2/0���L/~P0_� B := FB(H)F +
F#B(H)F# L�k �(71? �_.10:9<; �A�=9<� B 71? 9���)�4"^ 0_�/+D9<4/4

J
M 9<.8��0 �/;�9�)<�|� >P,}0

(B)
9<46� M ⊆ B L

� � wy�=�<w � �}#>!$#&% Z ' # (G),+�-.-0/1%2(�%�3�45#�45+�6 78#&/�-0(&616
J
)�(&9;:1# '5< (�(&6ASU%�?A# E�#&% +��

J +�3I6O%�E>+�� %�?A#KE2J #,)&% < /�- +�� Z 3FE #,H1/�(&9 %M+ %�? < #,#(9A=@?A#�6�%�?A#$J < + ' ( ' 3I9I3�%���-�#�(5E�/ < # µ +�6�%�?A#
),+�6&L&/5:D(�%�3�+�6G9�+,:T3�)

(Z ′)Jc
#�CD3FE�%�E 3�� (&6AS�+�619 �W3��

�
1)
+ < dimEH<∞ (&6AS

dimE⊥H =∞ 9�=@?A#�6
µ(P ) = 1

ntr(EP )
3��
n := dimEH >3 �

2)
+ < dimEH = ∞ (&6AS

dimE⊥H < ∞ 98=@?A#�6
µ(P ) = 1

m tr(E⊥P )
3��
m :=

dimE⊥H > 6 �
3)

+ < dimH < ∞ 9O!$#&%
3 6 dimEH ≡ n

/
6 6 dimE⊥H ≡ m

/ =@?A#�6 %�?A# < #�#�CD3FE�%�E/�613�H1/�# 6O/�- ' # < a ∈ [0, 1]
E�/�)M? %�?O(�%

µ(P ) =
a

n
tr(EP ) +

1− a

m
tr
(
E⊥P

)
, ∀P. (1)

^ )���0o�A�=9<� ��)�;A+M�/.�9 H � Y%71? ;�0_+-784/71?���0_4y�[)<�d�A�60[��)�;A+M�/.�9�)<� �A�60o,=9<,}0_; � � � ��)�; �A�60?h�;�0_784
?A,=9���0/L

t �60��A�60�)�;�0_+ �:9<4 �}0�032@��0_46�/0��5��)D9<;��/78�A;�9<;A>	��)�4�^ 0_�/+D9<4/4G�AM 9<.8��0 �/;�9�L
�Gw�� wy�<wP� ��w

O�1����JB �<��5¨�O �a�6O R��H�<© 	 �BDLe����UO�X#O��ak o	ht{<d[f�b�hUd0{<jFf�dFn}k o nHb�{�iJh&q�k jFs7{�o k o�meh  �o	k jFh&w�hUjHdFk i�1 ��|�1 �
��{�u���{�L�Ot������1 �?E ��o	r�1�jHd0{�o	n v 1 �_¤ k v hU�*L��NhUq0u�f�d\��L�Ot������1 X 1
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�F#%�c#%�5{/���d�<�P�
Hda[�6?�?A7�9�N�h�9�q 9<4[f+h(v ydY

k 4�;�0���0_4y��>�0:9<;�?SN 784y��0�?A�A78�y9<�A71)�4�)<� ��)�4@��)�;A+D9<. +V)P�@�/.10�?
m(D)

)<� �/)����/.8>�M ��)�4/460��_��0��
,/.�9<460[�/)�+D9<7846?

D
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3FE�(

H
)2H1/�(5E�3�),+�6 �2+ < -0(&9@-0(�J1JO3I6D:�+�� D +�6O%M+

D̃
/ %�?A#�6

1

H
m(D) 6 m(D̃) 6 Hm(D).

�o460�)<� �A�60�?A78+-,/.8710�?A�
H
M ly�=9�?A71��)�4@��)�;A+D9<.|+D9<,/,/784/��? 71? �A�60�?A�A;�0_�����/784/�D9<.1)�4/�-�A�60 ;�0:9<.

9 2@71?
fH : x + iy 7→ Hx + iy

N
H > 1

L �%;�)<� L%�xL �%�6)�;A78460_4�?A�/�e��0�?A��0��U�A�605,/;�) �/.10_+ \
k 4y��0�?A�A78�y9<��0��6)�e �A�60���)�4@��)�;A+D9<.V+V)P�@�/.10�)<�

D
71?"���=9<4/��0��]�/46�/0_;"�A�60U+D9<,

fH
f�784
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fH(D)

9�?
H → ∞ �v�78;�?A�(e*0V��)�46?A71�/0_;�9	�/)����/.8>�M ��)�4/460��_��0���,/.�9<460V�/)�+D9<7846?

D
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C1
9<46�

C2
N6�@71?A�

(C1, C2) = d
N=9<46���A�60 �})��/46�/0��c��)�+-,})�460_4y� ��)�4y��9<7846? � e*)V,})�784y��?

z1 =
x1 + iy1

9<46�
z2 = x2 + iy2

?A�6�����A�=9<� |x1 − x2| = δ
L

� � wy�=�<w � �=#$!$#&%
DH = fH(D)

9@=@?A#�6

d2

SH
6 m(DH) 6

S

4δ2H
.

` ?o9���)�;�)�.8.�9<;A>#N+e*0�) �/��9<784��A�=9<�[�/46�/0_; 9�?�?A�/+-,/�A71)�46?o)<�]t �60�)�;�0_+ �

m(DH) ' H−1, H → ∞.

^ )�e e*0�e 78.8.[u646�K?A� � �_710_4y�A.8>c.�9<;A��0M?�0_� )<� �/)�+D9<7846?
D
��)�; e �/71���

m(DH) ∼ ��)�46?A� ·
H−1 N H → ∞ L��K)�;�0�):��0_;SN�e*0!e 78.8./�/0�?��_;A7 �}0 �A�60*+-78.8�A78,/.871�:9<�A78��0o��)�46?A��9<4y�%784-�A�60 ��)�46�@78�A71)�4
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D
L

'*)�46?A71�/0_;�9D�/)����/.8>�M ��)�4/460��_��0��K,/.�9<460��/)�+D9<784
D
�})��/46�/0�� �y>�� e*)	�_�/;A��0�? {x + iy :

|y| = f(x), a 6 x 6 b} NF9<46� {x + iy : |y| = g(x), c 6 x 6 d} N c < a < b < d
L

� 0_;�0
f
71?	��)�4y�A784y�6)��6?�)�4

[a, b]
f
g
71?	��)�4y�A784y�6)��6?�)�4

[c, d]
f
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� <'=���G���T
f ∈ Hp

=��}�C62� �A473#5 T�W �'573/>24C9 �h�2y/=28A@P���2T
lω
N24C5t�+� ‖f‖ = 1

N
lω(f) = ‖lω‖

L
h	3/�}�j��3#5 Tn3/�}���?T��h�h�,�CD���\����C<'D���3/y 5l�#8A@2573j� �	W �'573/>24C9 �h�2y/=28A@XEd<'=���G����

f(z)
J�>��

�h�h�,�?=�=�6�z�8 W >��?=���D247=���T'z�=�� T��2>28
ω(z)

H �d>��}�l�+��D�=�6�z�3#47>29 ��=��UzYZL��d8 �8/VA=��?T0�h�h�,�CD��
H ���+�XV}�+��� ���?TH� =247@�Yp�25C5t�4t�8/� �?=��\�o>�T��4�>��AV/8A3?N�� 8/57=28/�/=28/9PN�[ ���2T

1 6 p < ∞ L
b��A9 �*>��A5C5C9 �?3/>���� �A473#5 TB8/V 	v��@ 5t�2<'D��?@

lω ∈ H∗
p

N
0 < p < ∞ NiJ�>�� �8/573/�?3#8AD�=28

W �,�h�+�'8/9
ω(z)

L
� <#573/y

F (z)
[ �/=24_^�=�T�T�N

b(z)
[ �/=�<'3/>247=�T�T Ed<'=���G���ToEd<'=���G����

f(z)
L

�	��
���'������� ��� #B�������
	
lω ∈ H∗

p

/
1 6 p < ∞ /
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T*1�������� 
 *NO��#O �]<�D�S=5�D�78.B:�D�.s; :�; 5�D�-�D�@�.0I04�D���A�9�:�4�C�D�>�:�.Q; :�; 5�D�-�D�@�.0I04�D�6�D xyx �$;=-=1�I0S�1 �
T=U�U���1 ��� 1�Ot�'M*L��bT*1 �! �1����QN6�=V�1

P�1A�#CFE ��Y�G0�<�T¨�O��eOU��v6jHdFhJw]{ v bedFf�� v hJw�n�k o���hUdFr�w]{�oQnHb�{�iJhJn�{�o�m_h3v6jFhJo	nHk f�oQf�p#���6{���� �6s�� najFs	hJf�dFhJwcxyx
`5mek nHnHhUdHj0{<jFk f�o.nHu	�	w�k jHjFhtmQk o]b�{<dHjFk { v pDu v  v w�hJo�j�f�pajFs	h�dFh���u	k dFhJw�hJo�jFn�pDf�d�jFs	h�mehJr�dFhJhNf�p�¢�f�iUjFf�d�f�p
��s	k v f�nHf�b	s��FE§|}{<jFs	hJw]{<jFk iJn X 1 ��|[k i0s	k r�{�oa��ANo	k l�1ef�p�|[k i0s	k r�{�o�L�T=U�O�O�1

V�1�� #��&#�	��)#0*NO �].04�3�-'3�<��[.�/Q;Q2�;0@�D D�:�-'.0<�G�3=5�R�C�D�D!K!4�5�;=I0I0. Hδ
G�<�D δ < 1 xyx .]I0IB5�. 2�3=K*; :�D�RxG�3I03=K'<�.06 1 G�<�3�S=5�.06�;=6(-'.03�<�D�DzA�9�:�4�C�D�>84�3�6�G�5�10G�.0<�.06+.B:�:�3=WQ3�1 �!��1 �
	8D�/06�;=- 5�D�-=L�Ot����O�1 �! �1�Ot��UQN

Ot�'M*1
£*1���� �:�/# 
�	�QO
�QO R�������� 
$*NO��#O R�������� 
��#O�=+O)�[:�; 5�D�-�D�@�:�3�I0- �zK

C  4�I0-'<�.06�; 5���:����$A�9�:�4�C�D�>A�9�:�4�C�D�3=:�; 5�;�L=3�S�<�;=/03=K*; :�:�3=WQ3 G�3=5�D�:�3�6+3�6 L=:�;Q2!G�<�3�I0-'<�; :�I0-�K'3�6�� .0<�WQ6�; :�;)xyx .]I0IB5�. 2�3=K*; :�D�R
G�3k6�;=-'.06�;=-�D�@�.0I04�3�6�9 ; :�; 5�D�/B9*1 ����5�;Q2�D�4�; K'4�;=/�� � ��. � �	�7? ��� D2?> ��¦ �8L�T=U�O0V�1 �! �1�T=U=V N
T*O0V�1 �?E9�$;=-=1�A�3�<�9�6 1�� 1	��L�@�1�O�1 X 1
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hi`db q � pH� � jo�F`db j�^a`dgo����b j�^ jk��e(�
�v�i� g-g�bdgo�F` q `�m��ihi�d`�g � � bd�dcd` j�bdgo��jp� N

j���e�g�p�� ]�� `�g_hi` h q ��^ �q����`dbd`�mdb j a�j_e�g�b�a'g
�[# B #%E 
�� ��
��'�

H�e�8/5C5l��T�N h �,�}�/T�=25l��M�=��UMl� <�V��?=��[f � <�Vea���H�E$���+���h� Y Y

� <#573/y
Ω
[ �/6PJ�<����,�?T 8/V}�,�A573/yA�

C
f
HΩ (θ)

[ 8AJ28A>�=��?T:Ed<'=���G���T 8/V}�,�A573j�
Ω�x5C9r6k5t�4P�'8/9rJ��4l�'57=28 W 8 �?=��h�+���h�f

H
[ J�>28/573/>��?=2573j�#8sEd<'=���G���@�N �?=��h�+��3j��D24C5l����z

�
Ω
N�5&3#8AJ28}�8 W �247@X>��}�/=28/9 47>�=28A@x5 z�8 �+�29 8/573j�x=��6�'8/9rJ��}��3/�Uz f

π(z)
[ G24t�,�?TnEd<'=���M

G���Tw9 ��=��29 �h�2y/=28 W 8�3j��J�� J�>���J28A>�T��+�'4
ρ = 1

Li�i<h�4C9_J�>24t�2J28}�,� W �?3/y2NPD�3#8xEd<'=���M
G���T

π(z)
T��/�2T�473#5 T�G24t�8A@*Ed<'=���G��247@Z�/J28}�2=24a>24 W <h�2T�>�=28 W 8s>28/573/�XJ�>���=24l�'8A3#8A>28/9

<'3#8AD�=247=�=28/9 J28A>�T��+�'4
ρ(r) → ρ ∈ (0, 1)

56�#5 �*�2<sJ28}�8S;���3#4t�2y/=�6k9 ��=��+�����?3#8A>28/9PL
�F4 W �'8�<�V/4t�+��3/y#5 T�NPD�3#8>�UWC3#8/9�5t�2<'D��A4n57<�	 4C573j�/<#473�3/�}���?T �'8A=2573/�?=�3/�

κ > 1
N�D�3#8

�/=24 =24l�'8A3#8A>28 W 8-9r=28S;�4C573j� � =�<h�4l�#8A@ 8A3/=28/5l��3#4t�2y/=28A@�9 47>�6 �/6PJ28}�2=�T ��3#5 TI8AG247=�M
���

κ−1 |z| 6 µ̂(|π(z)|) 6 κ |z| N W �4 µ̂ (r) = ν(ln r)
N
ν
[ 8/VA>��?3/=��?T � Ed<'=���G����

µ(r) := rρ(r)
L

e �A5C5C9 �?3/>���� �A4C9H�+��=247@�=�6P@-�+�2EFEF47>247=�G����h�2y/=�6P@ 8AJ247>��?3#8A> V/4C5l�'8A=247D�=28 W 8FJ28A>�T���M
���

π(D)
���}� 8AJ247>��?3#8A>\�47@2573j�/<��
	v��@ ���

H
�
H
LP�F4 W �'8�<�V/4t�+��3/y#5 T�N�D�3#8&8A=oT��/�2T�473AM

5 TX=247J�>247>�62�/=�6k9PLFa'8/�#8A>�T�3?NrD�3#8P�h�A9 ��=�<'3#8/4
π(D)

M ��=�� �?>����?=�3/=28/4oJ28 �2J�>28/573/>��?=2573j�#8
W ⊆ H

�	�	,��#��"#����� ��,2��"#�.���6���#��)� ��'������4AN#4C5t�+� 8A=28 5C8/�/J��h�,�A473 52�h�A9r62���?=��24C9 �
H�+��=247@�=28A@a8/V/8}�8AD����P�'8A>�=24l�/6�z5Wl�4C9 47=�3#8/� 8AJ247>��?3#8A>��

π(D)
N25C8 �47>�;-� 	v��z�5 T"�

W
L

� <#573/y
S := {S1, S2}

[-5l�2573#4C9 �p�+��=247@�=�6�z =247J�>247>�62�/=�6�z�Ed<'=���G��28A=��h�8/�F=��
H
5

z��?>��}��3#47>��2573j��D24C5l���29 �oEd<'=���G���T�9 � F � G 5C8/8A3j�#473#573j�#47=�=28�L'e �A5C5C9 8A3/>��29A�h�A9 ��=�<'3#8/4
π(D)

M ��=�� �?>����?=�3/=28/4 J28 �2J�>28/573/>��?=2573j�#8

WS :=
{
f ∈ H :

〈
Sn, π(D)kf

〉
= 0, Sn ∈ S, k ∈ {0, 1, . . .}

}
⊆ H.

��5t�+�
S1 = S2

N23?L 4/L5l�2573#4C9 �
S
5C8/573#8/��36����8 �2=28 W 8 Ed<'=���G��28A=��h�,��N�3#8�J28 �2J�>28/573/>��?=�M

573j�#8
WS

�8AJ�<#5l���A473�57J24l��3/>��h�2y/=�6P@ 5l��=�3#4l�wH
π(ζ) = ζp

� ��� N
π(ζ) ∈ C[ζ]

� ��� Nk8/V?M
	v��@ 5t�2<'D��?@ � R�� YZL�b���;�4u9r6:5CEF8A>29r<h�+��>�<#4C9X8 �2=28$�8/573/�?3#8AD�=28/4u<#5t�8/�j�24�H �F3#47>29 ��=��Uz
Ed<'=���G���@ F � G YZN2J�>��P�'8A3#8A>28/9wJ28 �2J�>28/573/>��?=2573j�#8

WS ⊆ H
VA<h�4730�8AJ�<#5l���?3/yo57J24l��M

3/>��h�2y/=�6P@a5l��=�3#4l��� � 5t�2<'D��A4
S1 6= S2

L
��8?M�J247>��/6�z�N	57D���3/�A4C9PN	D�3#8 G24t�26k4 Ed<'=���G���� F � G �8AJ�<#5l��� ��3xJ�>24t�573/�}�/�47=���T

F = ϕfF
� G = ϕgG

5C8/8A3j�#473#573j�#47=�=28�N W �4
ϕ
N
f
N
F
N
g
N
G
[ =24l�'8A3#8A>�6k4 G24t�26k4

Ed<'=���G�����Lrh	D���3/�A4C9PN)D�3#8 Ed<'=���G����
f
N
F
N
g
N
G
T��/�2T ��3#5 T

π
Ml5l�29 9 473/>���D�=�6k9 ��Nr3?L)4/L

J�>24t�573/�}�/�2T ��3#5 T-�p�j���4 �'8/9rJ28/� ��G���@
f := f̂ ◦π N F := F̂ ◦π N g := ĝ◦π N G := Ĝ◦π N W �4

f̂
N
F̂
N
ĝ
N
Ĝ
[+3#8S;�4 =24l�'8A3#8A>�6k4�G24t�26k4�Ed<'=���G�����L=� <#573/y

Λ̂ := {λ̂i}
N
Γ̂ := {γ̂i}

[+J28?M
5t�4t�8/� �?3#4t�2y/=28/573j�&=�<h�47@ Ed<'=���G���@

F̂
�
Ĝ
5C8/8A3j�#473#573j�#47=�=28�N/�h�?=�<�9 47>28/� �?=�=�6k4 ���}���29�M

�+�2V/8�8/VA>��}�S8/9PL2h	D���3/�A4C9PN'D�3#8 �#5C4oWl�4C9 47=�3/6�J28/5t�4t�8/� �?3#4t�2y/=28/573#47@
Λ̂
�
Γ̂
�47;-�?3v�/=24

4t�+��=���D�=28 W 80��>�< W �-�

∆ := max

{
sup
n∈N

n

µ̂(|λ̂n|)
; sup

n∈N

n

µ̂(|γ̂n|)

}
< +∞.

�+�



��8?M �/3#8A>�6�z�N:57D���3/�A4C9PNwD�3#8 ���2T ��=��+�����?3#8A>28/�
hfG

N
hgF

Ed<'=���G���@
fG =

ϕfgG
�
gF = ϕfgF

�v=24l�'8A3#8A>28A@ 8 W >��?=���D247=�=28A@I3/>�� W 8A=28/9 473/>���D24C5l��� �/6PJ�<���M
�8A@

2π
M�J247>��28 �+��D24C5l�'8A@ Ed<'=���G����

h (θ)
�/6PJ28}�2=247=�6 >��}�/=28/9 47>�=�6k4 J28

θ
8AG247=����

max {hfG (θ) , hgF (θ)} < h (θ) < HΩ(θ)
L

�	��
���'���}# � � * � < * ? � � ������� � �
;�� δ > 0
/��!<��
� * � �
�%� �"? � ��� ;��0��� * �
� � � h (θ) +

δ < HΩ (θ)
/>� � * � � � � � ���,+ � ���
� � Λ̂ � Γ̂ � �,+ ��� � # � �"? <���� � �
	 �
� ��/ � ��� � � # � * � � ���� � � �!� � �����
�%�

lim
n→∞

lnSn
µ̂ (tn)

< −κ1+2ρ

(
2κ

∆

δ

) 2
1−ρ

(h+ δ) ,

;=< �
Sn :=

∑

i>n

∣∣∣∣
1

γ̂i
− 1

λ̂i

∣∣∣∣ , tn := max
i=1,...,n

max
{
|λ̂i|, |γ̂i|

}
,

h = hmax −min {hmin; 0} , hmax := max
θ
h (θ) , hmin := min

θ
h (θ) ,

��� '!� � �"� ����� � π(D)
) � �"� � �5� �!���
��� � # � < #�� ����� � �!�����
�%� WS ⊆ H

<�� # �����"� � � � #�� � )� � � * 	�� � - � � ��� � ' 9

� �����������PI����
O�1!" 
 �
y � ����(���z�O �#O �~G�302�G�<�3�I0-'<�; :�I0-�K*;���; :�; 5�D�-�D�@�.0I04�D��gA�9�:�4�C�D�>�L�D�:�K*;=<�D�; :�-�:����g3�-�:�3�IBD	¦
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 �1���P�£0N6��P���1

T*1�����#&% � � ��(�� 	�� 
 ��� (���%�� �
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P�1�, � %����6
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Lp − Lq
[+j�c���bd�d`-�M�Mjvb���� j q j�e(��g j ����e�g q j�eijp� q `��dg

� j q ��bdcd`dgo�Fg_h*jdhicd`����F`de � ]�� `d^a` jk��e�g�^a`
\]#(S&#(X%I���
�:H�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f ] � �FY �
EG# B #(So
��/��" H�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f ] � �FY

�d8}�2<'D247=�6
Lp −Lq

[I8AG247=����3���2TG^v��>28/�'8 W 8v���,�A5C5	� 8AJ247>��?3#8A>28/�&3j��J��FJ28A3#47=�G���M
�h�,�

(Kα
θ ϕ)(x) =

∫

Rn

θ(t) ei|t|

|t|n−α
ϕ(x− t) dt, (1)

W �4
0 < Reα < n

N+� z��?>��}��3#47>��2573j�����
θ(t)

�h�h�,�A473#5 T 8 �2=��29 ���F3/>24Zzo57J28/5C8/V/8/�2\
7KY
θ(t) = a(t′)

f
787KY
θ(t) = a(t′)b(|t|) f78787KY
θ(t) = a(t′)c(|t|) Lp��4C57y
a(t′) (t′ = t/|t|) [ 8 �2=28A>28 �2=��?TX=�<h�4l�#8A@X573#47J247=��XV/4C5l�'8A=247D�=28\�+�2EFEF47>247=�G���M

>�<#4C9 �?TJ�
R
n \ {0} Ed<'=���G���T�N����2T>�'8A3#8A>28A@M�/6PJ28}�2=�T�473#5 T <#5t�8/�j�24	Wl�+��J�3j��D�=28/573j��N

3?L4/L
a(t′) 6= 0

N
t′ ∈ Sn−1 fEd<'=���G���T b(|t|) ∈ Cm;γ(Ṙ1

+)
H�5C9PL � � N6�/L �eO���� Y�f

c(|t|) [+V/4C5ZM
�'8A=247D�=28-�+�2EFEF47>247=�G���>�<#4C9 �?To8 W >��?=���D247=�=��?T Ed<'=���G���T�N ���2T3�'8A3#8A>28A@\�/6PJ28}�2=�T ��3#5 T
<#5t�8/�j��T

c(0) 6= 0
�
c(∞) 6= 0

L
���2T 5l�29 �#8}�8/� 8AJ247>��?3#8A>28/�G��z��?>��}��3#47>��2573j���'8A@�N,�h�h�,�}� �A4C9 8A@a>��}�#47=2573j�#8/9�7KYZN�J28?M

�2<'D247=�6*8/V 	v�24�J�>24t�573/�}�/�47=���T�N�=���8/57=28/� �?=���� �'8A3#8A>�6�z J�>�� J28/9 8 	v� 3#4Zz�=������
p− q9r<h�2yU3j��J��+�����?3#8A>28/�X8AJ��25	�?=�6K�/6PJ�<����26k4 9r=28S;�4C573j� �

(1/p ; 1/q)
[ J��8/5l�'8/573j��N����2T

3#8AD24l�;�'8A3#8A>�6�z <'J28/9rT�=�<'3/6k4 8AJ247>��?3#8A>�6_8 W >��?=���D247=�6V���
Lp

�
Lq
L2���2Ta<����}�h�?=�=�6�z

8AJ247>��?3#8A>28/�&��5t�2<'D��A4
0 < Reα < n(n− 1)/(2(n + 1))

8AJ��25	�?=�� L M z��?>��}��3#47>��2573j������Lb��o8/57=28/� �?=����xJ28}�2<'D247=�=�6�z >24l�C<h�2yU3/�?3#8/�"���2T 8AJ247>��?3#8A>28/��H � Y 5&z��?>��}��3#47>��2573j��M
�'8A@&7KYPJ28}�2<'D247=�6

Lp − Lq
[ 8AG247=����"���2Ta8AJ247>��?3#8A>28/�o3j��J�� J28A3#47=�G����h�,� 5 z��?>��}��3#4ZM

>��2573j�����A9 �K7KY��5787KYZL
� �����������PI����
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40(f)(t) :=
f(t)− g0(t)f(0)

t
, t 6= 0,
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f ∈ E.
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K(f, ξ) = f(x)d2f(ξ, ξ)− 1
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‖∇f‖2 ‖ξ‖2 > 0.
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x, y ∈ E
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|x| ∧ |y| = 0
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P (x+ y) = P (x) + P (y)
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V n
m(f, x) =

1

m

m−1∑

k=0

Sn+k(f, x), n > 0, m > 1,

W �4

Sn(f, x) =
a0
2

+

n∑

k=1

ak cos kx+ bk sin kx,

ak =
1

π

2π∫

0

f(t) cos kt dt, bk =
1

π

2π∫

0

f(t) sin kt dt.
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W r
p ([a, b])
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r − 1

>��}� =247J�>247>�62�/=28 �+�2EFEF47>247=�G���>�<#4C9r6�z =��
[a, b]

Ed<'=���G���@
f(x)

N����2T;�'8A3#8A>�6�z
f (r−1)(x)

�AV/5C8}� ��3/=28F=247J�>247>�62�/=��d=��
[a, b]

N��
f (r)(x) ∈ Lp([a, b])

Lymd47>24l� ‖f‖∞ VA<h�4C9
8/V/8/�C=��CD��?3/y

ess sup[0,2π] f(x)
L/� <#573/y��,�?=28��'8A=247D�=28/4F>��}�SV/�247=��24 8A3/>24l� ���

[0, 2π]

A = {0 = θ0 < θ1 < . . . < θq = 2π}.
md47>24l�

W 2,A
∞

8/V/8/�C=��CD��A473#5 T3���,�A5C5
2π
M�J247>��28 �+��D24C5l����z Ed<'=���G���@�N/�'8A3#8A>�6k4k=������?;-�8/9

8A3/>24l� �'4
[θi, θi+1]

9 8S;&=28 J�>24l�/>��?3j��3/yM� Ed<'=���G���� ���
W 2

∞([θi, θi+1])
J�<'3#4C9 J247>24ZM

8AJ�>24t�4t�47=���T 4C4 =��3�'8A=�G��Uz�L2� >�< W �29 � 5t�8/� �A9 ��N�4C5t�+�
f(x) ∈ W 2,A

∞
N�3#8�N,�#8?M�J247>��/6�z�N

‖f ′′‖∞ < ∞ ��N �#8?M �/3#8A>�6�z�N	=��;���?;-�8/9_8A3/>24l� �'4
[θi, θi+1]

Ed<'=���G����
f ′(x)
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� �'� ��� �=# � * ? � �"� � �"� - � � <>� (r > 0)

f(x) =
∞∑

k=1

sin kx

kr
, f(x) =

∞∑

k=1

cos kx

kr

��� ��� � � � ����� �
��� � �"� (ε > 0)

|f(x)− V n
m(f, x)| 6 1

sin2 ε
2

· 1

m(n+ 1)r
, x ∈ [ε, 2π − ε].

�j�



� �'� ��� �}#�� #�� �!� � < * � � � � * � <�� � � ��� � � � �!� � �����
� � (m > 1, n > 0)

2π∫

0

|Kn
r,m(u)| du 6




c(r)

(
m

n+1

)r−1
, r > 1,

32 ln(1 + m
n+1) + 58, r = 1.

;=< � Kn
r,m(u) = mr−1

∑n+m−1
`=n

∑∞
k=`+1

cos(ku+πr
2
)

kr .�	��
���'���}# � * ? � �"� � �"� - f(x) � '�� * � ��� � W 2,A
∞

� #�� �!� � < * � � � � * � <�� � � � ? �
��� � �"������
� � �"� #��5� #��5� � * � + � � �"� �=� � � � ����� � *"* � ) ������� � �5� �

|f(x)− V n
m(f, x)| 6

[
4

π sin2 ε
2

+ 144

]
· Mf

m(n+ 1)
, x ∈

q−1⋃

i=0

[
θi + ε, θi+1 − ε

]
,

;=< � m > 1
/
n > 0

/
Mf = max{‖f‖∞, ‖f ′‖∞, ‖f ′′‖∞} /�� ε � * � ��� � # � * �,+ � � � * 	���� �� � � * � 9
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v : G → (0,∞)

L j�V/8/�C=��CD��29:D247>24l� A(G, B)J�>28/573/>��?=2573j�#8 � >24_^ 4��#5C4Zz �?=��h�+��3j��D24C5l����z =��
G
Ed<'=���G���@�N��47@2573j�/<��
	v��z3�

B
N�=��UM

�4t�47=�=28/4�3#8AJ28}�8 W �247@
τco
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Av(G) :=

{
f : G→ B, f ∈ A(G, B) : ‖f‖v = sup

z∈G

‖f(z)‖B
v(z)

<∞
}
.
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� �'� ��� �=# � � � �5� � � � * 	�� � - � * � ���
Av(G)

< * ? * � � � 6 ����� � � z ∈ G
��� < � � + � �

� �"� � �"�"� / ��� * � ��� � � ���
0
� !� � 6 ����� �"�
65/ ���
;=<>� � ��� * 	"���$���
;=<>� / ���
;=<>� � � � v * �()

�"� * 	��������
; � �!� � � � � ���
0
�
G
9
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ṽ(z) := sup
{∥∥f(z)

∥∥
B
: f ∈ Av(G), ‖f‖v 6 1

}
, z ∈ G,

5v�#4C5C8/9
v
� J28/���}�h�?=28�N�D�3#8 8A=��h�h�,�A473o3#8 ;�4�J�>28/573/>��?=2573j�#8�N�D�3#83�

v
N�J�>���D24C9 5 5C8?M

z�>��?=247=��24C9X=28A>29r6FL'g�5C5C8AG�����>28/� �?=�=�6P@ �#4C5
ṽ
T��/�2T�473#5 T0�8/���h�2y/=28 �+��J/^v��G24l�#8A@ =��
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ju3#9 473j�29PN�D�3#8 57<'J�>24C9r<�9H� 8AJ�>24t�4t�47=���� �A5C5C8AG���>28/� �?=�=28 W 8-�#4C5	�p�8/573j� W �A473#5 T�N�3#8
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z ∈ G
57<�	 4C573j�/<#473a3/�}���?T�Ed<'=���G���T

f ∈ Av(G)
5 ‖f‖v 6 1

N)D�3#8
‖f(z)‖B = ṽ(z)

L
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���'��� �=#�� * � <�� � � ��� ���
� � � + < � � �"?  �"� � � � * � ���
� � �

Y1 � Av(G) � � ��#���� � � ����� � � * �,+ � ��� �
Aw(G) �

Y2 � sup
z∈G

ṽ(z)

w(z)
<∞ �

Y3 � sup
z∈G

ṽ(z)

w̃(z)
<∞ 9
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Av(G)
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Aw(G)
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;=<>� / ���
;=<>�

* � ��� ? �
; � �!� � � � �"�5� ? # ��� * � <��
� � � � * 	��������
	 {fn} ⊆ Av(G)
/ �
� �"� ? / � ���

fn → 0
�

��� # � * �
; �"� τco />� 6"� < � ��� ? �0� � * � �
Aw(G)
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Aw(G)
<������
� ����������/ � ���"� � lim

z→∂G

ṽ(z)

w(z)
= 0

/4��9 � 94� ���"� � < * ? * � ���
;�� ε > 0
�=� ��� )

���
�%�
� � * ��� ��# � ��� K �
G
/��
� ���
-�/B� ��� ṽ(z)

w(z)
< ε

< * ? * � ���
;�� z ∈ G \K 9 � � * �>��� � /
���
;=<>�

G 6= C � <�� # � * � � � ��� G � � ��� ��� � � <5��������� � ��� � 6 ��� ��# �
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ε,
�257J�<#5ZM

���A4733� J28 W �,� 	��A473 EF8A3#8A=�6FN2J247>24Zz�8 �2T"����8 �2=28 W 8 5C8/573#8ST�=���T"�0�2>�< W 8/4/Le �A5C5C9 8A3/>��29
p <'>24l�h�?=�=�6P@�t 9 8 �4t�2y2N�8A3	�+��D�� �
	v�24C5 Ts8A3 8AJ247>��?3#8A>�WC=247> W ���x3/�}�'8A@s5l�2573#4C9r6_3#4C9PN
D�3#80�#8/�S9 8S;&=28/4 D��25t�8 V/8/�S8A=28/� =24FJ247>24l�#8/5 z�8 �+��3 � L�a����2y#V/47>�3#8/�/6k9wJ�>28/573/>��?=2573j�#8/9
5C8/573#8ST�=���@s3/�}�'8A@s9 8 �4t�+��5t�2<';���3 J�>28/573/>��?=2573j�#8 H := H0 ⊕ H1,

W �4 H0 := C
2 [�+�/<�9 47>�=28/4p�'8/9rJ��4l�'57=28/4 J�>28/573/>��?=2573j�#8-� H1 := L2(T

d,C2)
W ���2y#V/47>�3#8/�#8�J�>28/573/>��?=�M

573j� � ��� �h�2>��?3j��D�=28?M ��=�3#4 W >���>�<#4C9r6�zaEd<'=���G���@�N'8AJ�>24t�4t�47=�=�6�z =��
d
Ml9 47>�=28/9x3#8A>24

T
d5C8-�C=��CD247=���T�9 �"�

C
2.juJ247>��?3#8A>

H
� H �h�h�,�A473#5 T\���}� V}�8AD�=28?Ml8AJ247>��?3#8A>�=��?T 9 �?3/>���G��

H :=

(
H00 H01

H∗
01 H11

)

5d9 �?3/>���D�=�6k9 �KWl�4C9 47=�3/�A9 �
Hij : Hj → Hi, i 6 j, i, j = 0, 1 :

H00f
(σ)
0 = εσf

(σ)
0 , H01f

(σ)
1 = α

∫

Td

v(s) f
(−σ)
1 (s) ds,

(
H11f

(σ)
1

)
(x) = (εσ + w(x))f

(σ)
1 (x), σ = ±.

p��4C57y
f = {f (σ)0 , f

(σ)
1 , σ = ±} ∈ H N ε > 0, w(x)

[bWC=247> W ��T EF8A3#8A=��&5��29rJ�<h�2y#5C8/9
x,

v(·) [ �#4 	 4C573j�#47=�=28/�C=��CD�=��?TX=247J�>247>�62�/=��?TXEd<'=���G���Ta=��
T
d �

α > 0
[ p J��?>��A9 473/>�j�h�}�29 8 �47@2573j�j��T t?L � >���WC3#8/9-8AJ247>��?3#8A>

H
T��/�2T�473#5 Ts8 W >��?=���D247=�=�6k9V�s5	�A9 8/5C8AJ�>�T'M

;�47=�=�6k9:8AJ247>��?3#8A>28/9 � H.juJ247>��?3#8A>�6
H01

�
H∗

01

=��}�C62� � ��3#5 T �	,2�0����� �<���6�&'5�#�'
%
� �e1 ���'�
\�!���e13�����'�
N

5C8/8A3j�#473#573j�#47=�=28�L q �}� 8A=�� T��/�2T ��3#5 T3�+�/<�9 47>�=�6k9 ��N��&5l���2< 3#4C8A>24C9r6 ��47@��2T 8 5C8Cz�>��UM
=247=��24 57<�	 4C573j�#47=�=28 W 8 57J24l��3/>�� J�>��"�'8A=247D�=28/9 47>�=�6�z��#8/�S9r<�	 47=���T'z�N 57<�	 4C573j�#47=�=�6P@
57J24l��3/>B8AJ247>��?3#8A>��

H
5C8/�/J��h�,�A473:5n9r=28S;�4C573j�#8/9

[−ε;−ε + M ] ∪ [ε; ε + 2M ],
W �4

M := maxx∈Td w(x).�-�h�4C4dJ�>24t�2J28}�8S;��29PND�3#8
∫

Td

v2(s)

w(s)
ds <∞,

∫

Td

v2(s)

M − w(s)
ds <∞

�oJ28}�8S;��29

α1 :=
√
2ε

(∫

Td

v2(s)

w(s)
ds

)−1/2

, α2 :=
√
M

(∫

Td

v2(s)

M + 2ε− w(s)
ds

)−1/2

,

Oj�



α3 :=
√
M + 2ε

(∫

Td

v2(s)

M − w(s)
ds

)−1/2

,

αmin := min{α1, α2, α3}, αmax := max{α1, α2, α3}.
�	��
���'��� �=# � �5� �%� � 6 α > 0

� #�� � � ��� � H ��� ��� � � ��� � � ��� � <5��� � � � ��� * ���� � � �B��� 6����"�����
� � �"� � 6 ' �5��� � � � -�9 � ��� ���
������� � / � � * � α ∈ (0;αmin],
��� � #�� � � ��� � H

��� ��� � � < � �����
� � �"� � - #�� �������
-����"�����
� � �"��� � ' �5��� � � ��� / ������� � � - * � + � � * � � ��� −ε, �
#��5� α ∈ (αmax; +∞)

� #�� � � ��� � H ��� ��� � # � <5� � ���"�����
� � �"� � 6 ' �5��� � � � -�/ * � + � � � 6* � � ��� −ε � #�� �!� ��� M + ε
�������
� � �����
� � �"��� 9�:3#4C8A>24C9 4 � N�5C8/V/573j�#47=�=28/4$�C=��CD247=��24

E0
8AJ247>��?3#8A>��

H
�'8A3#8A>�6P@ 57<�	 4C573j�/<#473&J�>��

�#5C4Zz
α > 0

8/VA6PD�=28&=��}�C62� �A473#5 Ta8/57=28/�/=28/4�5C8/573#8ST�=��24��\�'8/9rJ28A=247=�3/6v5C8/8A3j�#473#573j�/<��uM
	 4 W 8&5C8/V/573j�#47=�=28 W 8&�#4l��3#8A>��-�29 4C473&�j���

f
(+)
0 = 0, f

(−)
0 = const 6= 0, f

(+)
1 (x) = − αv(x)f

(−)
0

ε+ w(s)−E0
, f

(−)
1 (x) = 0.

�:=247J�>247>�62�/=28/9 5t�2<'D��A4 � � N ��� 57<�	 4C573j�#47=�=�6P@ 57J24l��3/> 5C8/8A3j�#473#573j�/<��
	v��@ 9 8 �4t�+�
5C8/573#8/��3"��� J28}�2<#8/5l�

[−ε,∞),
� �\�,�?=�=28/9 5t�2<'D��A4 57<�	 4C573j�#47=�=�6P@�57J24l��3/>s8AJ247>��?3#8?M
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H
4C573/y�8/V � 4t�47=247=��24��+�/<�z�8A3/>24l� �'8/�v�'8A=247D�=28A@3���+��=�6FN�J�>���D24C9X8A=�� =247J247>24C5	�A4l���UM

473#5 T J�>��
ε > M/2.

ju3#9 473j�29PN?D�3#8��oWC3#8/9 5t�2<'D��A4i8AJ247>��?3#8A>
H
=24��29 4C473 5C8/V/573j�#47=�=�6�z

�C=��CD247=���@�N��47;-� 	v��z\�-�,�}��<'=24
(M − ε, ε).
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j q j mdb���gve(� �l��bd`�j g � � h q e(��^ago����b���g p gP��g%m
� �deijdh q e�g�b h q � ��g g�e���` �

EG#%Xd#�� � C $��BH�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f�] � �FY �
Xd#%YZ#�� � C $��BH�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f���a q �FY

j�V/8/�C=��CD247=���T�\
D = {z ∈ C : |z| < 1} N T = {eiθ N 0 6 θ < 2π} f�J�>28/573/>��?=2573j�#8g$�?>��+�

Hp
[�J28 �2J�>28/573/>��?=2573j�#8

Lp(T )
NCJ28A>28S;-�47=�=28/4*�h� W 4CVA>��}��D24C5l���29 � J28}�+��=28/9 �A9 �

�j���,� ∑n
k=0 cke

ikθ N ck ∈ C
f
lω(x) =

1
2π

∫
T x(e

iθ)ω(eiθ)dθ
N
x ∈ Hp

N
ω ∈ Hq

N
1 < p <∞ N

1
p +

1
q = 1

N�[V�+��=247@�=�6P@ Ed<'=���G��28A=��h� =��h�
Hp

f
f
[]W �'573/>24C9 �h�2y/=��?ToEd<'=���G���T HxW#L E�L Y

Ed<'=���G��28A=��h�,�
lω ∈ H∗

p

N4C5t�+�
l(f) = ‖l‖ � ‖f‖Lp = 1

f
f(z) = F (z)B(z)

N
z ∈ D

N W �4
F
[ �/=24_^�=�T�T�N��

B
[ �/=�<'3/>247=�T�T Ed<'=���G����[f

αk
[ =�<h�+��W#L E�L

f
L

�s>��AV/8A3#4k^;�}����=�3/�?@�>���� e�8 W 8/� ��=25l�'8 W 8 � ��� ���2T�Ed<'=���G��28A=��h�8/�
lω ∈ H∗

p

N
1 6 p <

∞ N W �4
ω(z)

[->��?G��28A=��h�2y/=��?T Ed<'=���G���T&5�J28}� � 5	�A9 �0�/=24
D̄
N/VA6*� =��?@��47= 8/V 	v��@��j���

��zMW �'573/>24C9 �h�2y/=�6�z&Ed<'=���G���@�NU3?LA4/L?EF8A>29r<h�,��N?5C8 �47>�;-� 	��?T-�'8A=247D�=28 D��25t�8�D��25t�8/�/6�z
J��?>��A9 473/>28/�2N#T��/�2T �
	v��z�5 T&=�<h�2T�9 �0�25l�'8/9 8A@DW �'573/>24C9 �h�2y/=28A@oEd<'=���G�����N/5�<����}�h�?=��24C9
�#47>#z�=247@ W >��?=���G�6 ��z6�'8}�+��D24C573j� �����2T6�h�h�,�?=�=28 W 8

ω
L

� 573/�?3/y#4*e T�VA6�z � ��� =��?@��47=28 J28}�2=28/4*8AJ��25	�?=��24�9r=28S;�4C573j� � W �'573/>24C9 �h�2y/=�6�z
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H1
L/� >28 �8}�2;�47=��24C9wJ�>����#4t�47=�=�6�z\�/6 ^ 4��25C5t�4t�8/� �?=���@aT��/�2T�473#5 T

�	��
���'���}# � * ? ���
;�� � ���"� � �
lω ∈ H∗

p

/
1 < p < ∞ / � �"� � �"�"? f � � � * ?"��� αk�

D � ‖f‖ = 1
/ � � * �� ����� ��� � � * 	����
- � �"� � �"��� -�/5<������
� ����������/B� #��5� 1 < p 6 2 �� � �"� 6"� < ��� � � � # � * � � � �"? ��� * �
� � - �

‖lω‖F p/2(z)B(z) =
1

2πi

∫

T

F 1−p/2(t)ω(t)

t− z
dt,

‖lω‖F p/2(z) =
1

2πi

∫

T

F 1−p/2(t)B(t)ω(t)

t− z
dt,

∫

T

F 1−p/2(t)ω(t)

t− αk
dt = 0.
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�h�h�,�CDP���2T Ed<'=���G��28A=��h�8/�

l(x) =
∑n

k=0Akx(dk)
�
l(x) =

∑n
k=0Akx

(k)(0)
N
Ak ∈ C

N
dk ⊂ D

N
l(x) ∈ H∗

p

N
1 < p <∞ N��\�/6PD��25t�+��3/y =28A>29r<GWC3j��z Ed<'=���G��28A=��h�8/�2L
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z = z(x, y) ∈ C2 �29 4C4730�j���

zxxzyy − z2xy = 0. (1)
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	 z = z(x, y)� #���� < � * � �5���5� < � � �";�� � � #�� � ��� * ��� �4� ��� ��� � � � D0 : 0 < x2 + y2 6 r � #��5� �5� < )* � + � � �
� � � * � ���=� C1 9�:5�
;=<>� � �"� � �"�"? z(x, y) � ��#���� � � ����� #�� � <�� * + � � ��� ? ������� � �

(0, 0)
9

j�VA>�� 	��A4C9P�/=��29 �?=��24/NUD�3#8u8A3�Ed<'=���G����
z(x, y)

�?J�>��28A>�� =24�3/>24CVA<#473#5 T��,�?;�4i8 W >��UM
=���D247=�=28/573j��L

�	��
���'��� �}#��������
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M = G/H � � <5��� � � <5��� � Φ

) #�� ����� � �!�����
�%� # � �"? < �"� k = 4� ��< � �!;��
�5� * 	����
- 
�� � � �5� ���
-�/4� * ; � � � ��� � g
; � � #"# � G ? � * ?5� ��� ? # � * � #�� �������
- ���� ��# � ���
���
-�9 7 �!���
� � � � ���"� ? ���('(�
� � ? � ) ��� � � ��� � � � f1 �5�

M #��5� �5� < * � + � � � * � ���=�
� � v v � ���
;=<>� � ��� * 	"�������
;=<>� / ���
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� ��� �
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M = G/H � � <5��� � � <5��� � Φ

) #�� ����� � �!�����
�%� # � �"? < �"� k = 5� ��< � �!;��
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�� � � �5� ���
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- ���� ��# � ���
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1) [m2,m1] ⊂ m1;
2) [m2,m1] ⊂ m2 � * � λ1

λ2
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�'8/9rJ��4l�'57=28A@
J��8/5l�'8/573j�a9r6B8/V/8/�C=��CD��29:D247>24l�

al l
M�6P@\�'8�WSEFE$��G��247=�3 � <'>�y#4

al =
1

2π

2π∫

0

a(eix)e−ilxdx,

l ∈ Z
N+� D247>24l�

Tn(a) n× n
3#47J��+��G24l�/< 9 �?3/>���G�<

(aj−k)
n
j,k=1

L�� <'=���G����
a
=��}�C62� � ��3

5l�29 �#8}�8/9 3#47J��+��G24l�#8A@a9 �?3/>���G�6
Tn(a)

L
e �A5C5C9 8A3/>��29w5l�29 �#8}�

a(t) =
r∑

k=−r

akt
k, ak = a−k, t ∈ T

J�>�� <#5t�8/�j���
r > 1

�
ar 6= 0
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ϕ
\

a(eiϕ) = a(e−iϕ), ϕ ∈ [0, π].
e �A5C5C9 8A3/>��29M��>����/<�� R(a) := a(T).^ 6 VA<h�4C9�3/�}��;�4FJ�>24t�2J28}�,� W �?3/y2ND�3#8�\
H � Y�9r=28S;�4C573j�#8 R(a)

=24$�29 4C473�J247>24C5C47D247=���@sH ��D��A573/=28/573j��N
a(1) 6= a(−1)

YZN
H � Y

a′(t) 6= 0
��)�;

t ∈ T \ {−1, 1} NH R Y
a′′(±1) 6= 0

L
� �#4t�4C9 Ed<'=���G����

g(ϕ) := a(eiϕ).� >24t�4t�2y/=28/4 9r=28S;�4C573j�#8 5C8/V/573j�#47=�=�6�zXD��25C4t��9 �?3/>���G�6
Tn(a)
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λj,n
5k>28/573#8/9

n
8/���}�C62� � ��3#5 T �#8 �#5C4

V/8}�4C4 9 �h�26�zX8/��>24C573/=28/573UT'z R(a)
L��v5l�/T�� �x5VWC3j�29 ���2T��8/573/�?3#8AD�=28a9 �h�8 W 8

δ > 0�j�#4t�4C9 9r=28S;�4C573j� �
Ωδ := {ϕ ∈ C | 0 < Re(ϕ) < π, |Im(ϕ)| < δ} , Rδ(a) := g(Ωδ).e �A5C5C9 8A3/>��29:<'>��}�/=247=��24

a(z)− λ = 0, λ ∈ R(a)\{a(1), a(−1)}.
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{u1(λ), u2(λ), . . . , ur−1(λ), ur(λ), 1/ur(λ), 1/ur−1(λ), . . . , 1/u2(λ), 1/u1(λ)} .
q �}���29v8/VA>��}�S8/9PN ���?;-�8/9r<A�'8A>�=�� N��47;-� 	 4C9r<A�/=24 4t�+��=���D�=28A@:8/��>�<';&=28/573j�

T
N
ukH

1 6 k 6 r− 1
YZN'5C8/8A3j�#473#573j�/<#473��'8A>247=�y

1/uk
�47;-� 	v��@6�/=�<'3/>��

T
L �:5l���2<&<#5t�8/�j��@ �

� � 9r6 �29 4C4C9x>28/�/=28v�+� � �'8A>�=�T�N��47;-� 	v��z =��
T
L�`d9 47=�=28�N@WC3#8v�'8A>�=��

ur(λ) = eiϕ(λ)�
1/ur(λ) = e−iϕ(λ) N ϕ ∈ (0, π)

L
� �#4t�4C9 Ed<'=���G�����\

hλ(z) =

r−1∏

k=1

(
1− z

uk(λ)

)
, z ∈ C, λ ∈ Rδ = g(Ωδ),

θ(ϕ) = i log
hλ(e

iϕ)

hλ(e−iϕ)
, ϕ ∈ Ωδ.

� �#4t�4C9 4 	 4F8/V/8/�C=��CD247=���T�\

d0 := d0(λ) = (−1)rar

r−1∏

k=1

uk(λ),

d1 := d1(λ) =
1

hλ(eiϕ)hλ(e−iϕ)

r−1∏

k=1

r−1∏

m=1

(
1− 1

uk(λ)um(λ)

)−1

.
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wj,m := wj,m(λj,n)
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n
<������
� ��������� ��� * 	 � � � �5� � � � � * 	���� � � � � * ��/ λj,n / j ∈

{1, 2, . . . , n} � ���"�����
� � �"��� � ' �5��� � � ��� 9 � � * �,+ ��� λ := λj,n
94:5�
;=<>�0< * ? m

) - ��� � )
# �
� � ��� � j

) ;�� ���"�����
� � �"���
;���� � ����� � � Tn(a) ��� ��� � � � ����� � * � <�� � ����� / � �!����� � � � ��� �
# � λ /�� � ����# ����� � � � ����� �4� �!� � �����
�%�

wj,m(λ) = aj,m(λ) + bj,m(λ) + cj,m(λ) +O(e−δ1n), m = 1, 2, . . . , n,
H � Y

;=< �
aj,m(λ) =

(−1)je−imϕeiθ(λ)

hλ(eiϕ)
− (−1)jeimϕe−iθ(λ)

hλ(e−iϕ)
,

bj,m(λ) = (−1)j
r−1∑

ν=1

[
2i sin(ϕ)

umν (λ)
· 1

(uν(λ)− eiϕ)(uν(λ)− e−iϕ)(hλ(uν(λ)))′

]
,

cj,m(λ)−
r−1∑

ν=1

[
2i sin(ϕ)

un−m+1
ν (λ)

· 1

(uν(λ)− eiϕ)(uν(λ)− e−iϕ)(hλ(uν(λ)))′

]
.
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j a�e�g�bd`�m���bdb jdh q � ^ag�� hi`d^ago����b j a�j_j ����e�g q j�e�g
g g�e���`-[ �F` qPq ���i����gV� j��kj�� �l��bdb���g

a�e�g�bu�FM �deijdh q e�g�b h q ��gog]����� �(a'g
TV#F\]#�
 ����� ����.��s�����

H�e�8/5C5l��T�N�a�>28/�C=�6P@[fg�bqmdeiY

bd4C8A3/>���G��?3#4t�2y/=��?TJ���S9 47>��29 �?T�Ed<'=���G���T
w

� J�>28/573/>��?=2573j�#4
R
n <h�8/�/�473j�#8A>�T�473

<#5t�8/�j��� ^;�}�'47=�z��C<'J�3/�
Ap
N
1 < p < ∞,

H ��>��?3j�'8�\
w ∈ Ap

YZN4C5t�+�a57<�	 4C573j�/<#473
C > 03/�}�'8/4/N�D�3#83���2T"� � V/8 W 86��<�V��

Q ⊂ R
n 5 >24CVA>��A9 ��N�J��?>��h���4t�2y/=�6k9 �H�'8/8A>��+��=��?3/=�6k9

8/5 T�9PN��/6PJ28}�2=�T�473#5 Ta5C8/8A3/=28�^ 47=��24
(

1

|Q|

∫

Q

w(x) dx

)(
1

|Q|

∫

Q

[w(x)]−
1

p−1 dx

)p−1

6 C <∞.

`�� �#4C573/=28 � ��� N�D�3#8&8AJ247>��?3#8A>cg$�?>��+�o[ �$��3	�+�/<h�,�

Mf(x) := sup
r>0

1

|B(x, r)|

∫

B(x,r)

|f(y)| dy

8 W >��?=���D247=P�&J�>28/573/>��?=2573j�#4
Lp(Rn, w)

3#8 W �,�-� 3#8}�2yj�'8�3#8 W �,��N��'8 W �,�
w ∈ Ap

L
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	�������� � <#573/y

1 < p <∞ N
Ω ⊆ R

n �
w
[ �#4C5 =��

Ω
L��A�	�	� ��������� �H������

(,����	���.���������/	�����T���������
L
p)
a (Ω, w)

VA<h�4C9v=��}�C62� �?3/y J�>28/573/>��?=2573j�#8�N	8AJ�>24t�4t�2T�4C9 8/4
=28A>29 8A@

‖f‖
L
p)
a (Ω,w)

:= sup
0<ε<p−1

ε
1

p−ε ‖f‖Lp−ε(Ω,waε).

� <#573/y
δ
[ =24l�'8A3#8A>28/4aD��25t�8H���P��=�3#47>�� �h�,�

(0, p − 1)
L�juJ�>24t�4t�+�29

δ
M�=28A>29r< �

8/V/8/V 	 47=�=28/9 W >��?=���M�J�>28/573/>��?=2573j�#4M�F4CV/4 W ��5t�4t�2<��
	v�29 8/VA>��}�S8/9P\

‖f‖
δL

p)
a (Ω,w)

= sup
0<ε6δ

ε
1

p−ε ‖f‖Lp−ε(Ω,waε).

� �'� ��� �=# �������
	
a ∈ Lp(Ω, w).
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;=<>� < * ? * � ���
;�� � � � * � δ ∈ (0, p − 1)
��� �����

‖f‖
L
p)
a (Ω,w)

� ‖f‖
δL

p)
a (Ω,w)
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Ω ⊆ R
n / 1 < p <∞, � w � � � ���5� Ω

9%�������
	 �=� � * � � � -"� � -� #�� � � ��� � T �
; � �!� � � � � � #�� ����� � �!�����
� � Lp(Ω, w) � � #�� ����� � �!�����
� � Lp−ε0(Ω, waε0)< * ? � � ������� � �
;�� � � � * � ε0 ∈ (0, p − 1) � � � ������� � �
;�� � � � � a ∈ Lp(Ω, w)
9 :5�
;=<>�

� #�� � � ��� � T �
; � �!� � � � � � �"���"� ��� �"��� � ; � �!��< ) #�� ����� � �!�����
� � � � � � ;�� Lp)
a (Ω, w).�	��
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1 < p < ∞ 9�� � ��� ��� � * 	�� � -@� #�� � � ��� ��� � � < � � � � �()* �(�!<>� M �
; � �!� � � � �&� �"���"� ��� �"��� � ; � �!��< ) #�� ����� � �!�����
� � � � � � ;�� Lp)
a (Rn, w)

/
a ∈

Lp(Rn, w)
/ � � * � w ∈ Ap � �=� ��� ���
�(� � ��� � � * � δ > 0

�
� ��� � /�� ��� waδ ∈ Ap−δ
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9 � � * � � � ��� ��� � * 	�� � - � #�� � � ��� � � � � < � � � � ��� * �(�!<>� M
�
; � �!� � � � � �

�"���"� ��� �"��� � ; � �!��< ) #�� ����� � �!�����
� � � � � � ;�� Lp)
a (Ω, w)

/
1 < p < ∞ /4��� �=� ��� ���
�(� � �� � � * � δ ∈ (0, p− 1)

�
� ��� � / � ���
waδ ∈ Ap−δ.
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∫
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λ ∈ R;

��Y |K(τ, s, u+ th)−K(τ, s, u)| 6 |K(τ, s, th)|+
o(th).R L�juJ247>��?3#8A> 57<'J247>�J28/� ��G����

fu(s) = f [s, u(s)]
N W �4

f
[ =28A>29 �h�2y/=�6P@6��=�3#4 W >��?=�3?N

8 �2=28A>28 �2=�6P@oJ28
u
J�>��3���?;-�8/9

s
�&��>28/9 4u3#8 W 8�N |f(s, u+ th)− f(s, u)| 6 |f(s, th)|+

o(th)
L

���2T >��A5C5C9 �?3/>���� �A4C9r6�z =24t�+��=247@�=�6�z6�+��=��A9 ��D24C5l����z 5l�2573#4C9sJ247>257J24l��3j���/=28A@aT��AM
�2T�473#5 T ���47T 9 �?;�8A>���>28/� �?=���T 8AJ247>��?3#8A>28/�2N �#8/5 z�8 �2T 	��?T � �}���h�)Lk���?=�3#8A>28/�j��D�< �
>��}� �j��3/�?T\�&>��AV/8A3/�Uz J�>28/E�L�� <#57>��A4l� � H�5C9PL�J28 �2>28/VA=24C4 � ��� YZL

bd4n9 47=24C4�� �?;&=28A@ �h�h�,�CD247@ T��/�2T�473#5 T �*J�>28AG24C5C5nJ28/573/>28/47=���T �/=24_^�=247@B57>24t�26
H ��=�6k9 �n5t�8/� �A9 ��N�=��Uz�8S;-�47=���T 3/�}�'8 W 8 3#8AJ28}�8 W ��D24C5l�'8 W 8oJ�>28/573/>��?=2573j� ��N��3�'8A3#8A>28/9
8AJ247>��?3#8A>�N��Az�8 �2T 	v��@ � >��A5C5C9 �?3/>���� �A4C9r<��-=24t�+��=247@�=�<��-5l�2573#4C9r<#N28/V}�,�h�,�A473&=�<';&=�6�M
9 � ���2T6�25C5t�4t�8/� �?3#4t�2Ta5l�#8A@2573j� �A9 ��YZL

�v=��A573#8ST 	 4C9r< �/>24C9 47=��aJ�>�� 8AJ247>��?3#8A>�=28/9:J28 ��z�8 �4 � 5l��=�3#4l�C<o=24t�+��=247@�=�6�z �+��M
=��A9 ��D24C5l����z 5l�2573#4C9�8/57=28/�#8A@P���2T J28/573/>28/47=���T"��za57>24t�26FN����}� J28/���}�h�?=28 =��A9 �"� � ��� N
5t�2<';-�?3 �8/���h�2y/=28 8 W >��?=���D247=�=�6k4�Ed<'=���G��28A=��h�2y/=�6k4�J�>28/573/>��?=2573j� ��N}�����'8A3#8A>�6�zF=��}��M
V/8}�4C4�^v��>28/�'8A@ 3#8AJ28}�8 W �247@a8/V}�,�h�,� ��3�J�>28/573/>��?=2573j� � ju>��+��D���L

� <#573/y
R+ = {x ∈ R|x > 0} [ J28}�4&�#4 	 4C573j�#47=�=�6�zX=24C8A3/>���G��?3#4t�2y/=�6�zxD��25C4t�)N

C
[ J�>28/573/>��?=2573j�#8s=247J�>247>�62�/=�6�z�Ed<'=���G���@�N

M
[ J�>28/573/>��?=2573j�#8A���S9 47>��29r6�zwJ28

O �



�F4CV/4 W <&Ed<'=���G���@�N
Lp(R)(0 < p <∞)

[-J�>28/573/>��?=2573j�#8 57<�9 9 ��>�<#4C9r6�z�Ed<'=���G���@
u(t)�47@2573j�j��3#4t�2y/=28 W 86�?> W <�9 47=�3/�

t ∈ R
5
p
M ��=�3#4 W >���>�<#4C9r6k9w9 8 �2<h�4C9PN����2T6�'8A3#8A>�6�z�\

Lp(R) =

{
u(t) : u(t) ∈M, t ∈ R,
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[u∗(t)u(t)]
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y[0] = y, y[i] = f−1
i,i+1

[
(y[i−1])′ −
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j=1

fi,jy
[j−1]

]
, i = 1, . . . , n− 1.
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γ(y)z + (−1)n+1yγ(z) = {y, z}′,
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s (j, k = 0, 1, . . . , n− 1).
�d8}�8S;��29

mj,k(λ) =
1

2

(
K [j−1,k−1](x0, x0 − 0;λ) +K [j−1,k−1](x0, x0 + 0;λ)

)
,
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x0 ∈ (a, b)

L�^;�?3/>���D�=�<�� Ed<'=���G����
M(λ) = ‖mjk(λ)‖n1

VA<h�4C9:=��}�C62� �?3/y z��?>��}��M
3#47>��2573j��D24C5l�'8A@ 9 �?3/>���G247@a8/V/8/V 	 47=�=28A@ >24l�S8}�2yj�#47=�3/6

Rλ
L

�	��
���'��� �=# � � � � ��� � �5� ��� � � � ���"� ? � � � �5��� � M(λ) * � ���
- �"���"� ��� �"���
- ��� '(� * 	�)� � ��� � Rλ
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-�9�	��
���'��� �}# � #�� � � ��� � Eα,β =
Eβ+Eβ+0

2 −Eα+Eα+0

2 #��5� * � � � 6 � ����� ���
� � �"� � 6 α
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K(x, s;α, β) =

β∫

α

y′(x, λ) dT (λ) y(s, λ),

;=< �
T (λ) =

1

π
lim

τ−→+0

λ∫

0

ImM(σ + iτ) dσ.

� �5� !��� �
b∫

a

|K(x, s;α, β)|2 ds <∞,

b∫

a

|K(x, s;α, β)|2 dx <∞, a < x < s < b.

p��4C57y
y′(x, λ)

[ �#4l��3#8A>�Ml573/>28/����NF5C8/573/�}�/�47=�=��?TV���>��� �}� ��J�>28/��� �#8 �2=�6�z_Ed<'=���G����
y(x, λ)

8A3�=�<h�4l�#8 W 8-�8
(n− 1)

M W 8�J28A>�T��+����L
�d8}�2<'D247=��&8AG247=����&>��?= W ��9 �?3/>���G�6

M
L

� �����������PI����
O�1 ����� � � ��
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j �*��j[rs��bd`�j g j��kj�� �l��bdb���g � �ihPjp� ��g
a�e�g�bu�FM �deijdh q e�g�b h q �_j�e=�F`�mdg�N

� j�eij[rI����bdb���gI�$��g�p ` h q �(����bdb��x^a` N
M � � bd�dcd`�j ^a`

B #��#��	I����"���
�
H�e�8/5C5l��T�Ne�8/573#8/�AM�=��UM���8A=�<�f�] � �FY

� >�<#5t�4"���47@ 573/�?3#47@ � � N � N � � >24l�C<h�2yU3/�?3/6f>��A5_^v��>247=���T*J�>28/573/>��?=2573j�U�F4CV/4 W �
J247>247=28/5 T�3#5 T =��v�#4C5C8/�/6k4FJ�>28/573/>��?=2573j� � ju>��+��D���L

e �A5C5C9 �?3/>���� �A473#5 T6���,�A5C5kEd<'=���G���@
f(x)

=�� J�>28/��� �#8}�2y/=28/9x8A3j��>�6P3#8/9X9r=28S;�4C573j�#4
Ω ⊆ Rn 5��#4C5C8/9 ω(x)

KM (Ω, ω) =

{
f : ρ(f,M,ω) =

∫

Ω

M(|f(x)|)ω(x) dx <∞
}

�:J�>28/573/>��?=2573j�#8 ju>��+��D��X5 =28A>29 8A@��d8}�9 8 W 8A>28/� ��Hx� �p�'5C4C9 VA<'> W �#YZNiJ28A>28S;-�,�A4C9r6k4
��� �}� �2573#47J247=�=28A@

N
MlEd<'=���G��247@

M(u)
L j�V/8/�C=��CD��29wD247>24l�

p = min{p1, p2}
[�J28/���}�h�UM

3#4t�2y2N8AJ�>24t�4t�2T �
	v��@ <�VA62� �?=��24 H ��=�<h�4UY ���+� >28/573 H � V/4C5l�'8A=247D�=28/573j��Y
N
MlEd<'=���G����

M(u)
N W �4

p1 = infu>0 ϕM (u)
N
p2 = supu>0 ϕM (u)

N
ϕM (u) = uM ′(u)

M(u)

L�� >24t�2J28}�,� W �A4C9PN
1 < p < ∞,

D�3#8n>��}�/=28/5l���2y/=28 �/6PJ28}�2=247=����
∆2−

<#5t�8/�j��TJ���2T
N
MlEd<'=���G���@

M
�

�8AJ28}�2=���3#4t�2y/=28A@"�o=247@�L
juJ�>24t�4t�+�29 8/V/8/V 	 47=�=28/4��#4C5C8/�#8/4 W >��?=���M�J�>28/573/>��?=2573j�#8*ju>��+��D���NPJ28A>28S;-�47=�=28/4

�8AJ28}�2=���3#4t�2y/=�6k9M�#4C5C8/9
a(x) ∈ KM (Ω, ω)

N25t�4t�2<��
	v�29 8/VA>��}�S8/9P\

Ka
M)(Ω, ω) =

=

{
f ∈ KM (Ω, ω) : ‖f‖M),a = sup

0<δ<1−1/p

[
%(f,M1−δ, δM δ(a)ω)

] 1
1−δ

<∞
}
.
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�de�g � ��g�j]p gP��g%mdg�a�`������ ��e q ghwe�g�p e(�A��b��x^a`_� j � ����`dcd`���b q g�^a`&Ne�g�p e(� � `d^njdh q �B`l�de�`���j[rs��bd`��
N&# �"# � � C �'� ��"-H�e�8/5C5l��T�N���}�h�?=�y+f��a'guh	�FY �
�[#FHG#*T �'� �r��
�:H�e�8/5C5l��T�N���}�h�?=�y+f��a'guh	�FY

e �A5C5C9 8A3/>247=��x8 �2=28A>28 �2=��?T ��>��A4l� �?T �h�h�,�CD���a����2y#V/47>�3/�X3#4C8A>���� �?=��h�+��3j��D24C5l����z
Ed<'=���G���@;���2TnJ28}�2<'J��8/5l�'8/573j�

D
5v�+�/<#573#8A>28A=�=��29 �h�}�j��z�>247=��24C9 =�� V/4C5l�'8A=247D�=28/573j�

��5l��3/< �?G�����N+�'8 W �,���'8�WSEFE$��G��247=�3/6 ��>��A4l�#8 W 8&<#5t�8/�j��T

a(t)<Φ(t)− b(t) ImΦ(t) = 0, t ∈ L = ∂D,

�29 4 ��3 >��}�C>�62�/6IJ247>��#8 W 8 >28 �,�\� 3#8AD����UzH�+�/<�z 9 8A=28A3#8A=�=�6�zXJ28/5t�4t�8/� �?3#4t�2y/=28/573#47@
{tk}, {t−k}

NS5 z�8 �2T 	v��z�5 T��
+∞ � −∞ 5C8/8A3j�#473#573j�#47=�=28��F3/�}����z�NCD�3#8P>�T��26 ∑∞

k=1 1/tk,∑∞
k=1 1/(−t−k)

5 z�8 �2T�3#5 T�L�j�V/8/�C=��CD��29�5l�29 �#8}�8/9
ϕ(t)

�AV/5C8}� ��3/=28 =247J�>247>�62�/=�<��-5C8?M
573/�}�/�2T �
	�<���Ed<'=���G����

ν(t) = arg[a(t)+ib(t)]
N}�#473j�/y��'8A3#8A>28A@ =��2���?;-�8/9\��=�3#47>�� �h�4

=247J�>247>�62�/=28/573j���/6kVA>��?=�� 3/�}��N�D�3#8 Ed<'=���G���T 5l���CD��'8/�
h(t) = ν(t) − ϕ(t)

=24 <�VA62� �UM
473?L}�d8A3/>24CVA<#4C9PN D�3#8/VA6vJ28}�8S;���3#4t�2y/=�6k4&D��25t�,�

κk (κ−k)−
�2>28/VA=�6k4�D��A573j���#4t�+��D���=

>��}�C>�62�#8/� Ed<'=���G����
h(t)/π

� 3#8AD����Uz
tk (t−k)

5C8/8A3j�#473#573j�#47=�=28�N�8/VA>��}�S8/�/62� �h�+��>��A5 z�8?M
�2T 	v�24C5 To>�T��26 �\�j�#4t�4C9J��<#5C8AD�=28?M�J28/573#8ST�=�=�6k4 Ed<'=���G����

n∗+(t), n
∗
−(t)

EF8A>29r<h�,�A9 �

n∗+(t) =





0, t < t1,
k−1∑
j=1

κj , tk−1 6 t < tk,

n∗−(t) =





0, t < −t−1,
k−1∑
j=1

κ−j , −t−k+1 6 t < −t−k.

e �A5C5C9 8A3/>247=�6-5t�4t�2<��
	v�24��+� �&5t�2<'D��?T�L
9#Y � <'=���G���T

ϕ(t)
�29 4C4730��V/4C5l�'8A=247D�=28 <h�,�h�47=�=28A@ 3#8AD��'4 8/5C8/V/47=�=28/573/y&�j���,�

ϕ(t) =

{
ν− lnα |t|+ ν̃(t), t ∈ (−∞,−1),
ν+ lnα t+ ν̃(t), t ∈ (1,+∞);

���2T Ed<'=���G���@
n∗+(t), n

∗
−(t)

57J�>��}�#4t���+���/6 5t�4t�2<��
	v�24 �A5l�29rJ�3#8A3j��D24C5l���24�EF8A>29r<h�26

n∗+(t) = ∆+ lnκ+ t+O(1), n∗−(t) = ∆− lnκ− t+O(1), t→ +∞,

0 < α < 3, 0 < κ+ < 3, 0 < κ− < 3
L

��Y � <'=���G���T
ϕ(t)

�29 4C4730��V/4C5l�'8A=247D�=28 <h�,�h�47=�=28A@ 3#8AD��'4 8/5C8/V/47=�=28/573/y&�j���,�

ϕ(t) =

{
ν−|t|ρ + ν̃(t), t ∈ (−∞,−1),
ν+tρ + ν̃(t), t ∈ (1,+∞);

OAm



�
n∗+(t) = ∆+t

κ+ +O(1), n∗−(t) = ∆−t
κ− +O(1), t→ +∞,

0 < ρ < 1, 0 < κ+ < 1, 0 < κ− < 1
L
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hPj��kh q � ��bdb j � π
Ml` h*m���e(�dg�bd`�� ����jdhi� jdh q `

B #%HG# � ���n����"
H�e�8/5C5l��T�N� >��A57=28 �,�?>[f�� <�Vea��FY

� <#573/y
G
[ 8A3j��>�6P3#8/4 9r=28S;�4C573j�#8;�

C
N
O(G)

[fJ�>28/573/>��?=2573j�#8"�8/���h�2y/=28��?=��UM
�+��3j��D24C5l����z"�

G
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π
[ E$���'5l��>28/� �?=�=�6P@�Wl�4C9 47=�3

O(G)
L�e �A5C5C9 �?3/>���� �A4C9

O(G)
���}��3#8AJ28}�8 W ��D24C5l����@

9 8 �2<h�2y�=��h�P�'8}�2y/G28/9
C[π]

9r=28 W 8AD��47=28/� 8A3
π
L

���2T � � V/8 W 8
λ ∈ π(G)

5l�29 �#8}�8/9
λ̃
8/V/8/�C=��CD��A4C9 9r=28S;�4C573j�#8 {z ∈ G : π(z) =

λ} f O(λ̃)
[X�'8}�2y/G28x>28/573j�'8/�A�8/���h�2y/=28J�?=��h�+��3j��D24C5l����zw=��

λ̃
Ed<'=���G���@[f

Oπ(λ̃)
[

J28 �+�'8}�2y/G28
O(λ̃)

N25C8/573#8ST 	 4C4$�����'8/9rJ28/� ��G���@
u ◦ π N u ∈ O(λ)

L2e �A5C5C9 �?3/>���� �A4C9
O(λ̃)���}�X9 8 �2<h�2y =��h� �'8}�2y/G28/9

Oπ(λ̃)
Lda'8/�#8A>��29PN)D�3#8 �h�A9 ��=�<'3/6P@ J28 �9 8 �2<h�2y

I ⊆ O(G)�8AJ�<#5l���A4730�8/���h�2y/=28A@ 8AJ��25	�?=��24/N4C5t�+�

I =
⋂

λ∈π(G)

(I(λ̃) ∩O(G)),

W �4
I(λ̃)

[ J28 �9 8 �2<h�2y
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• Λ(n) := π(G(n))
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G���>�<#4C9 ����8/��>24C573/=28/573j�

+∞ �

lim
r→+∞

µ(r)

ln r
= ∞, lim

r→+∞
µ′(r)r
µ(r)

= ρ.
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µ
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ρ
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ρ(r) := lnµ(r)
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ρ > 0
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=�� 8A3j��>�6P3#8/4�9r=28S;�4C573j�#8

G(n) ⊆ C
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3#8 W �,�A�w3#8}�2yj�'8x3#8 W �,��N*�'8 W �,�s57J�>��}�#4t���+��� �
5t�4t�2<��
	��?TZ�29rJ��+�����?G���T�\u4C5t�+�*J28/5t�4t�8/� �?3#4t�2y/=28/573/y

zk ∈ G(n) =24;�29 4C473J�
G(n)J�>24t�4t�2y/=�6�zv3#8AD24l��N 3#8�J28/5t�4t�8/� �?3#4t�2y/=28/573/y

π(zk)
=24>�29 4C473*J�>24t�4t�2y/=�6�zv3#8AD24l�

�
π(G(n))

L�`d57J28}�2yj�C</T"WC3#8 8AJ��25	�?=��24 5C8/V/573j�#47=�=�6�zX8A3#8/VA>��?;�47=���@�N�9 8S;&=28 �8/���}�h�?3/y
5t�4t�2<��
	�<�� �4C9 9r<#L

� �'� ���}# � � * ����� * � ? � �"� � �"�"? π �!<��
� * � �
�%� �"?5� � ��� * �
� � � (1)
/>��� ��� ��# * � �����5� ?

# * �����������
	 <�� # �����"� � �����"�����
� � �"��� � π ) � �!� � �5# �!� ��� 9`���WC3#8A@ �4C9 9r6 �/6P3#4l��� ��3 5t�4t�2<��
	v�24 J�>24t���8S;�47=���T�L
No���A.r� 
�� ��"���� 	 # � � ? � � -$'!� � �"� ��� � - # � < � � <�� * 	 �

O(C)
<�� # �����"� � � * � �"� * 	�)

��� � � #"� � �!� ��� 9
No���A.r� 
�� ��"���� � # � � ? ��� � '!� � �"� ����� � � �"� � �5� �!���
��� � # � < #�� ����� � �!�����
�%� � O∗(C)

(
�������
� � �����
� � �"��� �

P (C))
<�� # �����"� � ��� #�� ��� � � * 	�� � - � � ��� � ' 9

ij�



� ��������� � �

� ��������	���������� ��� ������ 	���� ��������� �


 �	� ��
 �	�������� � ��� 
 � ��� ����	��	� �
�����





����������	
���������������������������������������! "��������#$�%���������������&���'�����(���*)+�*����������������,
-'.0/�1�2�3�4�5�1�6+.0782�9�:�;=<�302�:�3=>?:�;09�@�:�3=>$4�3=:�A�.0<�.B:�C�D�DFEHG�3�I�1�J8D�K�:�3�6+3�<�I04�3�.�L�M0N�OQP!I0.B:�-=R�S�<�R?T=U�O0V!WB1 X

�?^ �8Z8a txy?a o!`]t k��?^ �?v �?` �KkBY�t �?^ kB`?^ ^ �?ao� `?Y v��?ao�

!�#%�G#F��{@�:�d��� �
Hda[�6?�?A7�9��K)e?���)�egf+h�kB` �nY

Yd0_�
H(q,p)

�}0U9 ��9<+-78.8��)�4/7�9<4 e 78�A�
n
���?v 9<46� �A�60 )�;A78�e784

q = p = 0
71?

9"?A��9<�A71)�4=9<;A>�,})�784y�G)<�M��)�;A;�0�?A,})�46�@784/� ?A>@?A��0_+ )<�M�:9<46)�4/71�:9<.�0*ly�=9<�A71)�46?SL ~P)
H(q,p)

71?
032@,=9<46�/0��5784y��)D?�0_;A710�?[):��0_;o�:9<46)�4/71�:9<. �e9<;A7�9 �/.10�?

q
N
p

H = H2 +H3 + . . .+Hk + . . . ,
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∑
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i + . . . , x(ε) = x
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i + . . .
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j , j = 1, . . . , k

9<;�0G.878460:9<;A.8>�7846�/0_,}0_46�/0_4y�V0_78��0_4y��0��_��)�;�?D)<� �A�60G�e9<.8�60
λ
(0)
ie 78�A�]+M�/.8�A78,/.871�_78� >

k
L �o460��:9<4 ��)�+-,})e?�0�9 ?�0_��)<�	.878460:9<;���)�+��/784=9<�A71)�46?

zj =

βjlx
(0)
j , l = 1, . . . , k
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βjl
�A�=9<�

��)�+-,/�/��0�� �y>D?A��9<46�69<;��	9<.8��)�;A78�A�/+b��)�;A;�0��_�A71)�46? ��)M�A�60�0_78��0_4y�e9<.8�60�?!e*)��/.1�	��)�7846�_71�/0
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-'.0/�1�2�3�4�5�1�6+.0782�9�:�;=<�302�:�3=>?:�;09�@�:�3=>$4�3=:�A�.0<�.B:�C�D�DFEHG�3�I�1�J8D�K�:�3�6+3�<�I04�3�.�L�M0N�OQP!I0.B:�-=R�S�<�R?T=U�O0V!WB1 X

guhi`d^K� q j q `d�dgV� � q � j �l�(a�jdh j ����e�` j	��`�m��ihi� j a�j
e(� �l��bd`�j hi` h q ��^K� hi`db�a��*�Mj e�b jkM �kj�p ^ � �l��bdb���g

��`�������e(��bdcd`dgo����b���g_� e�gp��b���bd`�n
S&# B # BDC �����

H����}�h�Uz�573/�?=�N q �?>��}��f q �?>6a��FY

e �A5C5C9 �?3/>���� �A473#5 Ta5t�4t�2<��
	��?T 5l�2573#4C9 ��=24t�+��=247@�=�6�z6�+�2EFEF47>247=�G����h�2y/=�6�z <'>��}�AM
=247=���@ 5d9 �h�26k9 J��?>��A9 473/>28/9

ε > 0
\

yt + yx = εf(t, x, y, z),

ε(zt + zx) + az = εg(t, x, y, z),

W �4
(t, x) ∈ [0, T ] × R

N
y = y(t, x)

N
z = z(t, x)

N
a 6= 0

N
a ∈ R

N
f
N
g
[ J247>��28 �+��D�=�6

J28
t
N
x
5 J247>��28 �8/9

T > 0
N�=247J�>247>�62�/=�6BJ28��#5C4C9 5l�#8/�29Z�?> W <�9 47=�3/�A9 � =247J�>247>�62�/=28

�+�2EFEF47>247=�G���>�<#4C9r6 J28&�?> W <�9 47=�3/�A9
y
N
z
L

`d57J28}�2yj�C</T >24l�C<h�2yU3/�?3/6 � ��� N�9 8S;&=28��8/���}�h�?3/y 5t�4t�2<��
	 4C4/L
� <#573/y

u(t, x) = ϕ(x − t)
N
v(t, x) ≡ 0

[ 8 �2=286��� V/4C57D��25t�47=�=�6�z J247>��28 �+��D24C5l����z
>24_^ 47=���@ 5l�2573#4C9r6

ut + ux = 0,

v = 0,

<h�8/�/�473j�#8A>�T �
	 4C4a3#8S;-�4C573j�/< ∫ T
0 f(s, x− t+ s, ϕ(x− t), 0) ds ≡ 0

L q 8 W �,� �29 4 ��3
9 4C573#8�5t�4t�2<��
	v�24 �A5l�29rJ�3#8A3j��D24C5l���24�8AG247=�����\

‖y − u‖ = O(ε), ‖z − v‖ = O(ε).

� �����������PI����
O�1�� �>#�� #�� ��
� "=O��AO R$� ����
� �AO �_O � IB9�-8.0I0-�K'3=K*; :�D�D K'.0-�K'R�-8.BWQ3�I R"G�.0<�D�302�D�@�.0I04�3=WQ3s<�.��8.U¦
:�D�R$D�.BWQ3?;=IBD�6�G�-'3�-�D�4�. 2�5�R$302�:�3=>�IBD�I0-'.06�� :�.B5�D�:�.B>�:����w2�D�A A�.0<�.B:�C�D�; 5���:����$9�<�; K�:�.B:�D�>
K?@�;=I0-�:����$G�<�3=D�/BK'302�:�����xyx .]I0IB5�. 2�3=K*; :�D�R$G�3wD�:�-'.BWQ<�3�¦r2�D�A A�.0<�.B:�C�1�9�<�; K�:�.B:�D�R�6 1 � Ot������1 �
� � G�1�T���1 �! �1��QN�Ot��1

i O



����������	
���������������������������������������! "��������#$�%���������������&���'�����(���*)+�*����������������,
-'.0/�1�2�3�4�5�1�6+.0782�9�:�;=<�302�:�3=>?:�;09�@�:�3=>$4�3=:�A�.0<�.B:�C�D�DFEHG�3�I�1�J8D�K�:�3�6+3�<�I04�3�.�L�M0N�OQP!I0.B:�-=R�S�<�R?T=U�O0V!WB1 X

� e�gp��b���bd`�j q `��dgvh � ��e q �d`h�b��%�F`db��(ndb jdh q ��] ^nj�b j q j�bdb j a�j q `��dg �

TV#%S&# B ! ��� C 
�
H�e�8/5C5l��T�N=a�>28/�C=�6P@[f=m�a��FY

^a473#8 �8/9-9 8A=28A3#8A=�=�6�z*HKJ28a�i>��C<h�47>�<�Ml^P��=�3j��Y 8AJ247>��?3#8A>28/�nJ28}�2<'D247=�6 3#4C8A>24C9r6
8n57<�	 4C573j�#8/� �?=����M� 4t�+��=2573j�#47=�=28/573j�w>24_^ 47=���@J���2T�>��}�l�+��D�=�6�zJ���,�A5C5C8/� =24t�+��=247@�M
=�6�z\�+�25l��>2473/=�6�za<'>��}�/=247=���@ 3j��J�� 5l�#47>�3j���;� J�>28/573/>��?=2573j� �Uz

`p
N�5C8/573#8ST 	v��z"���v�#4ZM

	 4C573j�#47=�=�6�zsD��25t�8/�/6�z�J28/5t�4t�8/� �?3#4t�2y/=28/573#47@
u = {un}∞n=−∞

3/�}����z�NrD�3#8 ‖u‖p =( ∞∑
n=−∞

|un|p
)1/p

< ∞ J�>��
1 6 p < ∞ � ‖u‖∞ = sup

n∈Z
|un| < ∞ J�>��

p = ∞ N W �4
Z

4C573/y 9r=28S;�4C573j�#8&�#5C4Zz G24t�26�zoD��25C4t�)L�j�V/8/�C=��CD��29
p′ = p/(p− 1)

L
� �'� ��� �=# �������
	

p ∈ (1,∞)
/
h ∈ `1 � ∑∞

k=−∞ hk · cos (k · t) > 0
/ ∀t ∈ [0, π]

9
� � * � b ∈ `∞ #��5� 1 < p 6 2 � b ∈ `2p/(p−2) #��5� 2 < p <∞ / ��� < � ��� ��� �
� � - � #�� � � ��� �� �"# � ��� � � � � � Bu = bn

∑∞
k=−∞ bkhn−kuk

/
n ∈ Z

/�< � -����
�(� � ��� ��#���� � � ����� � ' `p �
`p′ �0# � * �,+ � � � * � ��9� �#4t�4C9 ��>��A5C5C9 8A3/>247=��24 =24t�+��=247@�=�6P@\�+�25l��>2473/=�6P@ 8AJ247>��?3#8A>a8AJ247>��?3#8A> bd4C9r6PG�M
�'8 W 8�L�� <#573/yP�#4 	 4C573j�#47=�=��?TxEd<'=���G���T

F (k, t)
8AJ�>24t�4t�47=�� J�>��

k ∈ Z
N
t ∈ R

�XT��AM
�2T�473#5 T =247J�>247>�62�/=28A@oJ28

t
J�>��6���?;-�8/9sE$���'5l��>28/� �?=�=28/9

k
L q 8 W �,� �+�25l��>2473/=�6P@o8AJ24ZM

>��?3#8A> bd4C9r6PG��'8 W 8
F
N'J28A>28S;-�47=�=�6P@ Ed<'=���G��247@

F (k, t)
N28AJ�>24t�4t�2T�473#5 ToJ28 J�>��}�j���2< \

Fu = {(Fu)k}∞k=−∞ = {F (k, uk)}∞k=−∞
N ∀u = {uk}∞k=−∞ ∈ `p

L
�	��
���'��� �=#��������
	

p ∈ (1,∞) � � � # � * � � � � ��� * �
� �"? * � � ��� � 9�� � * � � � * � � � - )�������
	
F (k, t) #��5� * � ��� � k ∈ Z

�!<��
� * � �
�%� �"?5� � ��� * �
� �"?"��
1) |F (k, t)| 6 ak + d1 · |t|p−1 / ;=< � a ∈ `+p′

/
d1 > 0 �

2) F (k, t1) 6 F (k, t2) #��5� t1 < t2 �� � F (k, t) · t > d2 · |t|p
/�;=< � d2 > 0

/
��� #��5� * � ��� � f ∈ `p′

� � �!��� � � ���

F (n, un) + bn

∞∑

k=−∞
bkhn−kuk = fn, n ∈ Z, (1)

��� ��� � ������� � ��� u∗ ∈ `p
9"� ����� � ��� u∗ � < � �����
� � �"����/ � � * � � � * � � � -"�������
	 F (k, t) ��� � �();�� �%�!' � � ���
� � � # � t 9

� �'� ��� �}#��������
	
p ∈ (1,∞)

/
h = {hn}∞n=−∞ ∈ `1 � ∑∞

k=−∞ hk · cos (k · t) >

0
/ ∀ t ∈ [0, π]

9�� � * � b ∈ `2p/(2−p) #��5� 1 < p < 2 � b ∈ `∞ #��5� 2 6 p < ∞ /
��� < � ��� ��� �
� � - � #�� � � ��� � � �"# � ��� � � � � � B

< � -����
�(� � � � ��#���� � � ����� � ' `p′ �
`p �

# � * �,+ � � � * � ��9
� ?�;=S�3�-�;wK&� G�3=5�:�.B:�;xG�<�DFA�D�:�; :�I03=K'3=>FG�302�2�.0<�7k4�.�?3�I0IBD�>�I04�3=WQ3$A�3=:�2�; A�9�:�2�;=6+.B:�-�; 5���:����(D�IU¦

IB5�. 2�3=K*; :�D�>�L�G�<�3�.04�-0� OQP<¦pU�OU¦pU�U=V*T�Tt¦�{�1

iei



�	��
���'��� �}#B�������
	
p ∈ (1,∞)

/ � � # � * � � � � ��� * �
� �"? * � � ��� 2 � � � * � � � -"�������
	
F (k, t)

�!<��
� * � �
�%� �"?5� �B��� * �
� �"?"� � � � ��� ��� 1
������� � �
; ��� ' �5� ��� � � � � �!� � �����
� �4� ��� * �()� �"� 2)

9�:5�
;=<>� #��5� * � ��� � f ∈ `p
� � �!��� � � ���

un + bn

∞∑

k=−∞
bkhn−kF (k, uk) = fn, n ∈ Z, (2)

��� ��� � � < � �����
� � �"��� �4������� � ��� u∗ ∈ `p 9�	��
���'��� 	 #��������
	
p ∈ (1,∞) � � � # � * � � � � ��� * �
� �"? * � � ��� 1

9�� � * � � � * � � � - )�������
	
F (k, t) #��5� * � ��� � k ∈ Z

�!<��
� * � �
�%� �"?5� � ��� * �
� �"?"��
4) |F (k, t)| 6 gk + d3 · |t|1/(p−1) /�;=< � g ∈ `+p

/
d3 > 0 �

5) F (k, t1) < F (k, t2) #��5� t1 < t2 �
6) F (k, t) · t > d4 · |t|p/(p−1) / ;=< � d4 > 0

/
��� #��5� * � ��� � f ∈ `p

� � �!��� � � ���

un + F

(
n, bn

∞∑

k=−∞
bkhn−kuk

)
= fn, n ∈ Z, (3)

��� ��� � � < � �����
� � �"��� �4������� � ��� u∗ ∈ `p 9p��A9 473j�29PN?D�3#8��?=��h�8 W � 3#4C8A>24C9 � Q R NU<#573/�?=28/�/�47=�=�6�z-���,�?=�=28A@�>��AV/8A3#4iJ�>�� � � VA6�z
p ∈ (1,∞)

N��8/���}�h�?=�6 � � ��� N+�3�h�}�j�25l�29 8/573j�n8A3 >��A5C5C9 �?3/>���� �A4C9 8 W 86���,�A5C5	��=24t�+��=247@�M
=�6�z �+�25l��>2473/=�6�z�<'>��}�/=247=���@�3j��J��x5l�#47>�3j����N��+�2V/8x3#8}�2yj�'8sJ�>��

1 < p 6 2
N �+�2V/8

3#8}�2yj�'8�J�>��
2 6 p <∞ L

gu=��h�8 W ��D�=�6k4n>24l�C<h�2yU3/�?3/6f<#573/�?=28/�/�47=�6S���2Tw3/>24Zzw>��}�l�+��D�=�6�z ���,�A5C5C8/��=24t�+��M
=247@�=�6�z ��=�3#4 W >��h�2y/=�6�zx<'>��}�/=247=���@x3j��J�� 5l�#47>�3j��� H�5C8/8A3j�#473#573j�/<��
	v��zH�+�25l��>2473/=�6k9
<'>��}�/=247=���T�9xH � Y Q H R Y YZN?5C8 �47>�;-� 	v��z 8AJ247>��?3#8A>

Pϕ
01

N �j�#4t�47=�=�6P@ g�LS^xLSb��Uz�<P^ 4l�/6k9 � ��� L
� �����������PI����

O�1��	% 
�#��&(��>z�O��AO �].B5�D�:�.B>�:��[.�9�<�; K�:�.B:�D�Rw-�D�G�;zIBK'.0<�-'4�D�1 �!��1 � 	8D�/06�;=- 5�D�-=L�T=U�U���1 �!P�U=V.i�1
T*1�� # 
 ����
� �_O�"=O*Jz<�3�S=:�3�. D�IB@�D�IB5�.B:�D�.�D$.BWQ3!G�<�D�6+.B:�.B:�D�.�1 �!��1 � 	8D�/06�;=- 5�D�-=L�T=U�U�P�1 �xT�M�TAi�1
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e�g�p b jdh q b����*h g���^K� �M�Mj
��`�������e(��bdcd`dgo����b���g � e�gp��b���bd`�nv��eij���b j a�jq� j�e}jk���dg

B #(`&#%H ��(#(������
H�e�8/5C5l��T�N����,�h�+�����}�j���}��f,��` �FY

�=#(No
!#�#��"�
���� (���.���,��
�*J�>�T�9 8A< W 8}�2y/=����'4

QT = {(x, t) : 0 < x < `, 0 < t 6 T} >��A5C5C9 8A3/>��29*5t�4t�2<��uM
	�<��B=��CD��h�2y/=28?M ��>��A4l�/<�� �h�h�,�CD�< \

∂α0tu = ∂β0xu+ f(x, t), (x, t) ∈ QT , (1)





∂u

∂x
= β1(t)u− µ1(t), x = 0,

−∂u
∂x

= β2(t)u− µ2(t), x = `,
(2)

u(x, 0) = u0(x), (3)

W �4
∂α0tu =

1

Γ(1− α)

t∫

0

uτ (x, τ)dτ

(t− τ)α
, ∂β0xu =

1

Γ(2− β)

x∫

0

uηη(η, t)dη

(x− η)β−1

[�5C8/8A3j�#473#573j�#47=�M
=28&>24 W <h�2T�>����S8/� �?=�=�6k4$�2>28/VA=�6k4FJ�>28/��� �#8 �2=�6k4 J28��/>24C9 47=�� J28A>�T��+���

α, 0 < α < 1
�

J28&J�>28/573/>��?=2573j�#47=�=28A@"�'8/8A>��+��=��?3#4
x
J28A>�T��+���

β, 1 < β 6 2
f
β1, β2 > β∗ > 0

L
�}#�����(�"�
!#��"��'�w! ���'���

� �2EFEF47>247=�G����h�2y/=28A@Z�h�h�,�CD24sH � Y�[ H R Y J28/573/�}�j�29K�X5C8/8A3j�#473#573j�j�24a>��}�C=28/573/=�<��
5 z�4C9r<

1

Γ(2− α)

j∑
s=0

(
t1−α
j−s+1 − t1−α

j−s

)
yst =

1

Γ(3− β)

i∑
s=0

(
x2−β
i−s+1 − x2−β

i−s

)
(σŷxx,s + (1− σ)yxx,s) + ϕi,

(4)

{
(yx,0 − β1y0)

(σ) = −µ1,
− (yx,N + β2yN )(σ) = −µ2,

(5)

y(σ) = σŷ + (1− σ)y,

y(x, 0) = u0(x), (6)
W �4

ŷ = yj+1, y = yj, yx,0 = (y1 − y0)/h, yx,N = (yN − yN−1)/h, β1, β2 > β∗ > 0
N

0 6 σ 6 1
L

h�z�4C9 � H � Y Q H O Y*�29 4C473�J28A>�T��8/�;�?J�J�>28/�'5l�29 �?G����
O(h+ τ)

L

m �



	 # 
 !#��
%�,����
!#�@QX����(�"�
!#��"�
%:! ���'��$
h-J28/9 8 	�y�� J�>���=�G���J�� 9 �}�'5l�29r<�9 �sH�5C9PL � ��� Y����2T >24_^ 47=���T >��}�C=28/573/=28A@A�h�h�,�CD��

H � Y7H Q O YiH ���2T�J�>28/573#8A3/6�>��A5C5C9 8A3/>247=�5t�2<'D��?@ J�>��
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M P

M t
= γ(P � − P ),
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P � =

[
1

2

(
1− 2

π
arctg

(
b
M E

E

))]n
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D = {(x, t) : 0 < x < R, 0 < t < T} =��?@�3j��>24_^ 47=��24

<'>��}�/=247=���T
∂α0tu(x, t) = C(x, t)

∂2u(x, t)

∂x2
+ f(x, t), (1)<h�8/�/�473j�#8A>�T �
	 4C4F=��CD��h�2y/=28/9r<o<#5t�8/�j��� �\��>��A4l�/6k9�<#5t�8/�j��T�9

u(x, 0) = ψ(x)

u(0, t) = µ1(t), u(R, t) = µ2(t),
(2)

W �4

0 < α 6 1, C(x, t) > 0, ∂α0t(x, t) =
1

Γ(1− α)

t∫

0

u(x, s)

(t− s)α
ds

[�D��A573/=��?T �2>28/VA=��?T J�>28/��� �#8 �2=��?T' 9<,/�/��)�L�p��4C57y
u(x, t)
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C(x, t) >
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f(x, t)
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D{(x, t) : 0 < x <
R, 0 < t < T} �j�#4t�4C9:5C473j��<

W

{
(xm, tn) : xm = mh, tn = nτ, m = 0, 1, . . . ,M,

h =
R

M
, n = 0, 1, 2, . . . , N, τ =

T

N

}

5�^�� W 8/9
h
J28

x
� J28

t
L
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∂α0tu(x, t) =
1

Γ(2− α)

n∑

k=1

u(x, tk+1)− u(x, tk)

τα
·((n−k+1)1−α−(n−k)1−α)+Rn, (3)

m O



W �4
Rn 6

Mt1−α
n τ

Γ(2−α) = O(τ)
N
ξ
[ =24l�'8A3#8A>��?T J�>28/9 47;&<'3#8AD�=��?T 3#8AD����&9 47;-�2<

s
�
tk
L

g ���2ToD��A573/=28A@ J�>28/��� �#8 �2=28A@ ∂2u(x,t)
∂x2

�29 4C473 9 4C573#83�?J�J�>28/�'5l�29 �?G���T�\
(
∂2u(x, t)

∂x2

)

m

=
u(xm+1, t)− 2u(xm, t) + u(xm−1, t)

h2
+O(h2). (4)

��8/57J28}�2yj�S8/� �}�e^v�257y:>��}�C=28/573/=�6k9 � �?J�J�>28/�'5l�29 �?G���T�9 ��H R Y0�_H � Y�J28}�2<'D��29 >��}�7M
=28/573/=�<�� �h�h�,�CD�<o5��#4C5	�A9 �

1

Γ(2− α)τα

n+1∑

k=0

(
uk+1
m − ukm

)
((n− k + 1)1−α − (n− k)1−α) =

= Cn
m

(
σΛun+1

m + (1− σ)Λunm
)
+ ϕn

m,

(5)

un0 = µ1(tn), unm = µ2(tn), u0m = ψ(xm), (6)W �4
Cn
m = C(xm, tn), fnm = f(xm, tn),

Λun+1
m =

un−1
m+1 − 2un+1

m + un+1
m−1

h2
, Λunm =

unm+1 − 2unm + unm−1

h2
.

e �}�C=28/573/=�<�� 5 z�4C9r< H � Y �h�?J��/^ 4C9J��8AJ247>��?3#8A>�=28/9M�j���4
(E + σ · Γ(2− α)ταA)un+1 = (B + (1− σ)Γ(2− α)ταA)un + Γ(2− α)ταϕn−

−
n−2∑

k=1

(uk+1 − uk)((n− k + 1)1−α − (n− k)1−α).
(7)

W �4
un = (un1 , u

n
2 , . . . , u

n
N−1), ϕn = (ϕn

1 , ϕ
n
2 , . . . , ϕ

n
N−1)

T ,

u0 = (u0(x1), u0(x2), . . . , u0(xN−1))
T , (Au)m = −Cn

m

um+1 − 2um + um+1

h2
,




2− 21−α 0 0 . . . 0
0 2− 21−α 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 0 2− 21−α
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un+1 W ���j��� �h�47=�3/=��x8/VA>��?3j�29 8/573j��8AJ247>��?3#8A>��
E + σ · Γ(2− α)ταA

L�juJ247>��?3#8A>
E + σ · Γ(2− α)ταA

VA<h�4730�29 473/y 8/VA>��?3/=�6P@�N4C5t�+�
J28A3/>24CV/8/� �?3/y

1+σ ·Γ(2−α)ταλk > 0
N
k = 0, 1, 2, . . . , N−1

N W �4
λk > 0

5C8/V/573j�#47=�=�6k4
D��25t�,�&8AJ247>��?3#8A>��

A
L

�d8}�2<'D247=��&8AG247=����

1 + σ · Γ(2− α)ταλs >
Γ(2− α)ταλs

2
+

21−α − 1

2
> 0. (8)

h �4t�8/� �?3#4t�2y/=28�N
‖un+1‖ 6 ‖un‖. (9)
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ũn+1
m =

M−1∑

s=1

[qsϕ̂s(tn)]µs(xm)

J28}�2<'D247=��&8AG247=����
‖ũn+1‖ >

τ

ε
‖ϕn‖. (10)

`d9 4C4C9
∥∥∥=u

n+1
∥∥∥ 6

M−1∑

s=1

(
1

1 + σ · Γ(2− α)ταλ

)2

(4α
τ cs(tn))

2,
∥∥∥=u

n+1
∥∥∥ 6

gτα

ε
, (11)

W �4
g = const

L
`d57J28}�2yj�C</T =247>��}�#47=2573j�#8�3/>247< W 8}�2y/=������

∥∥un+1
∥∥ 6

∥∥un+1
∥∥+

∥∥ũn+1
∥∥+

∥∥∥=u
n+1
∥∥∥

� 8AG247=����sH m#YZN�H �	� Y �xH �j� Y �o<'D���3/62� �?To<#5t�8/�j�24
τn 6 T

N�J28}�2<'D��A4C9 =247>��}�#47=2573j�#8
∥∥un+1

∥∥ 6
∥∥u0
∥∥+ T

ε
max
06j6n

∥∥ϕj
∥∥+ gτα

ε
. (12)
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`db q �(a�e�go����b j a�j � e�gp��b���bd`�j

^K� q j	�&j�^ m���� � �l� ��g
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1

π

1∫

−1

ϕ0(t)

t− x
dt+

1

π

1∫

−1

K(x, t)ϕ0(t) dt = f(x), (1)

��>��}�/=247=����+H � Y�5C8/8A3j�#473#573j�/<#473 >24_^ 47=��24$�j���,� � ���

ϕ0(t) =
ϕ(t)√
1− t2

, (2)

W �4
ϕ(t)

�8/573/�?3#8AD�=28 W �,�h�+���?T =��&8A3/>24l� �'4
[−1; 1]

L
p��A9 47=��29 =24l��� �#4C573/=�<��vEd<'=���G����

ϕ(t)
4C4d>��}�l�8S;�47=��24C9M�&>�T��Kmd4CVA6 ^ 4l� ��\

ϕ(t) =

∞∑

k=1

Ck Tk−1(t), (3)

W �4
Tk−1(t)

[ 9r=28 W 8AD��47=Vmd4CVA6 ^ 4l� ��J247>��#8 W 8 >28 �,� � � � N
Ck

[B=24C8AJ�>24t�4t�47=�=�6k4 �'8�WSE M
E$��G��247=�3/6FL=�d8 �573/�}�j�29:J28}�2<'D247=�=28/4F>��}�l�8S;�47=��24v��<'>��}�/=247=��24 H � Y � J28/5t�4F=24C5t�8S; M
=�6�z J�>24C8/VA>��}�S8/� �?=���@aJ28}�2<'D��29

n∑

k=2

Ck Uk−2(x) +
n∑

k=1

Ck ·
1

m

m∑

j=1

K(x, x̄j)Tk−1(x̄j) = f(x), (4)

W �4
Uk−2(x)

[�9r=28 W 8AD��47=Kmd4CVA6 ^ 4l� �-�/3#8A>28 W 8�>28 �,��N
x̄j = cos 2j−1

2n π
L

� �+��=2573j�#47=�=28/573/y >24_^ 47=���T �h�}�j�25l��3 8A3&<#5t�8/�j��T�� � N R��

1

π

1∫

−1

ϕ(t)√
1− t2

dt = C. (5)

� >����,�}� �?T��2�C=��CD247=���T −1 + ih
N
h = 2

n+1

N
i = 1, . . . , n− 1

N�J28}�2<'D��29




∞∑
k=2

Ck Uk−2(xi) +
∞∑
k=1

Ck · 1
m

m∑
j=1

K(xi, x̄j)Tk−1(x̄j) = f(xi),

∞∑
k=1

Ck · 1
m

m∑
j=1

Tk−1(x̄j) = C.
(6)

m/m
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ϕ(x)���j���4

ϕ(t) ≈
n∑

k=1

Ck Tk−1(t).
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n∑
k=2

Ck Uk−2(xi) +
∞∑
k=1

Ck · 1
m

m∑
j=1

K(xi, x̄j)Tk−1(x̄j) = f(xi),

n∑
k=1

Ck · 1
m

m∑
j=1

Tk−1(x̄j) = C.
(7)

e�4_^ 47=��24�5l�2573#4C9r6�H�O/YP8A3/=28/5l��3#4t�2y/=28 =24l��� �#4C573/=�6�z
C1, C2, . . . , Cn

�,�A473 J�>��2V}�+��M
;�47=�=28/4F>24_^ 47=��24d<'>��}�/=247=���TXH � YZ\

ϕ0(t) ≈

n∑
k=1

Ck Tk−1(t)

√
1− t2

.
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b���� j q j�e(���Bh �kj n h q ��g j ����e�g q j�eijp�
� ���F`�� q `�m��ihi� j a�j q `��dg

B #�&#%H 
#.�����"���

H�e�8/5C5l��T�N���8}� W 8 W >��h��f���8}�=a��FY

���2TA�h�h�,�?=�=28 W 8 =��?3/<'>��h�2y/=28 W 8nD��25t�,�
n > 1

>��A5C5C9 8A3/>��29
(n + 1)

Ml9 47>�=28/4 �
n
M

9 47>�=28/4 4l�j���+���8/�/6 J�>28/573/>��?=2573j� �
En+1 �

En L�� �#4t�4C9 �
En+1 �4l���?>�3#8/�/<XJ�>�T�9 8?M

< W 8}�2y/=�<��+5l�2573#4C9r<��'8/8A>��+��=��?3
(y1, . . . , yn+1),

�
En [ �4l���?>�3#8/�/<XJ�>�T�9 8A< W 8}�2y/=�<��

5l�2573#4C9r< �'8/8A>��+��=��?3
(x1, . . . , xn)

L�j�V/8/�C=��CD��29 D247>24l�
Kr

8A3j��>�6P3/6P@�^��?> >��h�+��<#5	�
r > 0

�
En.� <#573/y

Φ
[ 8 �2=28/5l�/T��C=��?T�8A>��247=�3j��>�<#4C9 �?T W ��J247>�J28/�#47>#z�=28/573/y 5 ��>��A4C9

∂Φ
�
En+1 L

� <#573/y
� Y
h : Φ → Kr

[ W 8/9 4C8/9 8A>2E$���S9
Φ
=��

Kr;� Y�8/VA>��?3/=28/4P8A3#8/VA>��?;�47=��24
h−1(x) ≡ (f 1(x), . . . , fn+1(x))

N W �4
x = (x1, . . . , xn) ∈

Kr
N�<h�8/�/�473j�#8A>�T�473 <#5t�8/�j��� \

fα ∈ C3,s(Kr)
N
s ∈ (0, 1), α = 1, n+ 1

L
q 8 W �,� Φ

9 8S;&=280�h�h�,�?3/y 5l�2573#4C9 8A@ <'>��}�/=247=���@
yα = fα(x1, . . . , xn), (x1, . . . , xn) ∈ Kr, α = 1, n+ 1,

W �4
fα ∈ C3,s(Kr)

L
� <#573/y

Φ
=24P�29 4C473 �47@2573j�j��3#4t�2y/=�6�z �A5l�29rJ�3#8A3j��D24C5l����z�=��?J�>��}�/�47=���@�N�3#8X4C573/y

�#5C4 W �,�}�/=�6k4���>����j���C=�6
Φ

�29 4 ��3-� ���?;-�8A@o3#8AD��'4 8 �+��=��}�'8/�/6P@\�C=��}��L'bd4�8 W >��?=���D���M
� �?TX8/V 	�=28/573j��N�8A>��247=�3j��>�<#4C9

Φ
4t�+��=���D�=�6k9 �#4l��3#8A>28/9B=28A>29 �h�+�x3/�}��N)D�3#8/VA6 57>24t��M

=�T�T6��>����j���C=�� W ��J247>�J28/�#47>#z�=28/573j�
Φ
VA6*�,� J28}�8S;���3#4t�2y/=28A@"�����?;-�8A@ 3#8AD��'4/L6� <#573/y

�#5C4 W �,�}�/=�6k4;��>����j���C=�6 W ��J247>�J28/�#47>#z�=28/573j�
Φ
573/>28 W 8xJ28}�8S;���3#4t�2y/=�6 =��

Φ
LPj�V/8?M

�C=��CD��29*D247>24l�
(nα)

�'8/8A>��+��=��?3/6 4t�+��=���D�=28 W 8\�#4l��3#8A>�� =28A>29 �h�+� W ��J247>�J28/�#47>#z�=28/573j�
Φ

� 3#8AD��'4
(yα) ∈ Φ,H = nh1/2,

W �4
h1

[ 57>24t�2=�T�T ��>����j���C=�� W ��J247>�J28/�#47>#z�=28/573j�
Φ

� 3#8AD��'4
(yα)

L���4l��3#8A>�6 {yα,i}ni=1

8/VA>��}�C<���3 V��}� �250���A5	�?3#4t�2y/=28 W 8aJ�>28/573/>��?=2573j� �\�
Φ

�s3#8AD��'4
(yα)

N W �4 5l�29 �#8}�
i′′
8/�C=��CD��A473J�'8/� �?>����?=�3/=�<�� J�>28/��� �#8 �2=�<�� �s9 473/>���M

�'4 W ��J247>�J28/�#47>#z�=28/573j�
Φ.

� <#573/y
gij = δαβy

α
,iy

β
,j

[ 9 473/>���D24C5l����@w3#47=��S8A> W ��J247>�J28?M
�#47>#z�=28/573j�

Φ
N W �4

δαβ
[ 5l�29 �#8}�n� >28A=24l�'47>���L}� <#573/y

gkl
[+3#47=��S8A>�N�8/VA>��?3/=�6P@"�

gij
N

g = det||gij ||, bij
[ 3#47=��S8A> �/3#8A>28A@ ��� �h�2>��?3j��D�=28A@BEF8A>29r6 W ��J247>�J28/�#47>#z�=28/573j�

Φ.q �}�>���}�>�#5C4 W �,�}�/=�6k46��>����j���C=�6 W ��J247>�J28/�#47>#z�=28/573j�
Φ
J28}�8S;���3#4t�2y/=�6FN 3#8P�/3#8A>��?T

��� �h�2>��?3j��D�=��?TXEF8A>29 �
bijdx

idxj
W ��J247>�J28/�#47>#z�=28/573j�xJ28}�8S;���3#4t�2y/=28 8AJ�>24t�4t�47=���N���N

5t�4t�8/� �?3#4t�2y/=28�N
det||bij || > 0.

j�V/8/�C=��CD��29BD247>24l�
b∗ij

3#47=��S8A>�N)8/VA>��?3/=�6P@ � 3#47=��S8A>�<
bij
\
b∗ijbik = δjk

N W �4
δjk
[�5l�29 �#8}� � >28A=24l�'47>���L

e �A5C5C9 8A3/>��29>�+�2EFEF47>247=�G����h�2y/=�6P@o8AJ247>��?3#8A>
L
N �h�?J��25762� �A4C9r6P@ �-�'8/8A>��+��=��?3/=28A@

EF8A>29 4 =��
Φ

���j���4/\
L = − 1

2H
√
g
∂k(

√
gb∗ik∂i) + 1.

hiEF8A>29r<h�+��>�<#4C9 �h�h�,�CD�<�h&\ q >24CVA<#473#5 Ts=��?@�3j�s=�� Φ
>24_^ 47=��24

f
���,�A5C5	�

C2,s(Φ)<'>��}�/=247=���T�\
Lf = µf + γ,

�	���
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∂f

∂N
≡ b∗ik∂i(f) cos(n̄, xk)|∂Φ = ψ,

W �4
µ
[V�47@2573j�j��3#4t�2y/=28/4�D��25t�8�N

γ ∈ C0,s(Φ)
N
nk ≡ cos(n̄, xk)

[ �'8/8A>��+��=��?3/6 �#4l��3#8?M
>����/=24_^�=247@ =28A>29 �h�+�P� J28/�#47>#z�=28/573j�

∂Kr
� 5C8/8A3j�#473#573j�/<��
	 47@a3#8AD��'4/L

cos(n̄, xk)
[

=��?J�>��}�/�2T �
	v�243�'8/5l��=�<#576 �#4l��3#8A>��P�/=24_^�=247@>�'8A=28A>29 �h�+��\
cos(n̄, xk) = gikn

i �sJ28?M�#47>#z�=28/573j�
∂Kr

�d5C8/8A3j�#473#573j�/<��
	 47@&3#8AD��'4/L#bd4�8 W >��?=���D���� �?T�8/V 	�=28/573j��N/9 8S;�4C9 57D���M
3/�?3/y2N2D�3#8&Ed<'=���G���T

ψ
<h�8/�/�473j�#8A>�T�473 <#5t�8/�j��T�9P\

ψ ∈ C1,s(Φ)
�
ψ ∈ C1,s(∂Φ)

L
`d5C5t�4t�2<#4C9 >��}�C>24_^v�29 8/573/y&��>��A4l�#8A@P�h�h�,�CD�� h+H�5C9PL�� � N W �)L ��� YZL
�	��
���'���}# � � ��� ���
�(� � � � � ��� * ��� � � � �!� � �
��� � � ���,+ � ���
�%� < � -����
� � � � * 	�� � 6 � � )� � * µs(s = 1, 2, . . .) 1 = µ1 < µ2 < . . . ,

� � ��� � � ����� ���
� � ��� � 6 #���� < � * 	�� � 6������ � �
� �
� ��� � /4� ���0'!� <>������� < * ? µ 6= µs(s = 1, 2, . . .) ��� ��� � � < � �����
� � �"��� � ������� � ��� f� * � ��� � C2,s(Φ)
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Ml9 47>�=28/4

(n > 2)
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(n + p)
Ml9 47>�=28/9

(p > 1)
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Mn+p(c̃)
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F n ⊂ Mn+p(c̃)
5C8�57J247G����h�2y/=�6k9 �B5l�#8A@2573j� �A9 � �/3#8A>28A@ Ed<'=��,�A9 47=�3/�h�2y/=28A@

EF8A>29r6FL
j�V/8/�C=��CD��29 D247>24l�

b
�/3#8A>�<��:Ed<'=��,�A9 47=�3/�h�2y/=�<��:EF8A>29r<

F n NSD247>24l� D [ =28A>29 �h�2yAM
=�<��-5l�/T��C=28/573/y2N2D247>24l� ∇ [�5l�/T��C=28/573/y&�2�?= �47>\�2�?>��47=�� [���8A>�3#8}�8A3/3j��L

�i3#8A>��?T:Ed<'=��,�A9 47=�3/�h�2y/=��?T�EF8A>29 �
b 6= 0

=��}�C62� �A473#5 TwJ��?>��h���4t�2y/=28A@ H �X5l�/T��7M
=28/573j� ∇ YZN�4C5t�+� ∇b = 0

L��d8 �9r=28 W 8/8/VA>��}� ��T�5 ∇b = 0
=��}�C62� � ��3#5 TxJ��?>��h���4t�2y/=�6�M

9 ��L����?>��h���4t�2y/=�6k4 J28 �9r=28 W 8/8/VA>��}� ��T
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∇Xb(Y,Z) = µ(X)b(Y,Z) + µ(Y )b(Z,X) + µ(Z)b(X,Y )
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F n ⊂ Mn+p(c̃)
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U = U(x, y) = {ξ(x, y), η(x, y), ζ(x, y)} ∈ C3,µ N V = V (x; y)
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λ = ξ + pζ
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µ = η+qζ
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p = fx

N
q = fy

N
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N
r = px = fxx

N
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t = qy = fyy
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∂
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fρf
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ẋ = A(t)x+B(t)u, x ∈ R
n, u ∈ R

m, t > 0, (1)
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ż = C(t)z, z ∈ R
n, t > 0, (2)
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u = U(t)x
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(m × n)
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U(t)
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t > 0,
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ẋ = (A(t) +B(t)U(t))x, x ∈ R
n, t > 0, (3)
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σ > 0
�
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t0 > 0
�
x0 ∈ R
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[t0, t0 + σ]
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t ∈ [t0, t0 + σ]
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r1 =
(α, β, γ, λ)
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r2 = (α, β, γ, δ, λ)
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E −M2r2
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E −M1r1 = λργ(X) + (1− λ)

(
−V ar

−
α (X)

V ar+α (X)
− β

E[V (X)−E(V (X))3]

σ3

)

E −M2r2 = λργ(X) + (1− λ)×

×
(
−δ M0

CV ar+α (X)
− CV ar−α (X)

CV ar+α (X)
− β

E[V (X)−E(V (X))3]

σ3

)
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V (X)∗��� ��� = 1.6678
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V (X)∗E−
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V (X)∗M1
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V (X)∗E−M1
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V (X)∗M2

= 2.0143
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V (X)∗E−M2
= 2.1649
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N
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�M�Mj-� e�gp��b���bd`�jlm�� q � ��e q j a�j]� j�e}jk���dg

�[# �&#(`	I'� �����
H�e�8/5C5l��T�N,���,�h�+�����}�j���}��f�]_^a` Y

e �A5C5C9 �?3/>���� �A473#5 TP�+�2EFEF47>247=�G����h�2y/=28/4F<'>��}�/=247=��24

Lu = F (x), x ∈ Γ, (1)

�h�h�,�?=�=28/4F=�� W 4C8/9 473/>���D24C5l�'8/9 W >��AEF4
Γ
N�5 W >��?=���D�=�6k9 �a<#5t�8/�j��T�9 �

u(a) + α(a)D3u(a) = 0, ϑ(a)u′(a)− β(a)u′′(a) = 0, a ∈ ∂Γ. (2)

� >��	WC3#8/9sJ28 � �+�2EFEF47>247=�G����h�2y/=�6k9s<'>��}�/=247=��24C9BH � Y�=�� W >��AEF4 9r6�J28 �2>��}�C<�9 4l� �A4C9PN
5t�4t�2</T � ��� NA=��AV/8A> 8/VA62��=28/�#47=�=�6�z-�+�2EFEF47>247=�G����h�2y/=�6�z <'>��}�/=247=���@�=���>24CVA>��Uz W >��AE �
�o=��AV/8A> <#5t�8/�j��@a5C8 W �,�A5C8/� �?=���TP�#8-�/=�<'3/>247=�=���z\�#47>/^v��=��Uz�L

� �,�?=�=28A@ >��AV/8A3#4F9r6�>��A5C5C9 �?3/>���� �A4C9 <'>��}�/=247=��24/N�J28A>28S;-�,�A4C9 8/4 5l�2573#4C9 8A@ �+�2E M
EF47>247=�G����h�2y/=�6�zo<'>��}�/=247=���@ =���>24CVA>��Uz

γi
W >��AE �

(pi(x)u
′′
i )

′′ − (qi(x)u
′
i)
′ = fi(x), x ∈ γi ⊂ Γ, (3)

5P�'8�WSEFE$��G��247=�3/�A9 ��NP8AJ�>24t�4t�2T�4C9r6k9 � Ed<'=���G���T�9 �
p ∈ C2[Γ]

N
inf
x∈Γ

p(x) > 0
N
q ∈

C1[Γ]
N
q(x) > 0

N
f ∈ C[Γ],

���8AJ28}�2=�T�4C9 8/4p�����?;-�8A@3�/=�<'3/>247=�=247@3�#47>/^v��=24
a ∈ J(Γ)>��}�#47=2573j� �A9 �

ui(a) = uk(a), u′i(a) = αki(a)u
′
k(a) + αji(a)u

′
j(a),∑

i∈I(a)
pi(a)αki(a)u

′′
i (a) = 0,

∑

i∈I(a)
pi(a)αji(a)u

′′
i (a) = 0 (4)

�o<#5t�8/�j��T�9 �a5 3/>2473/yj�29 � J�>28/��� �#8 �2=�6k9 �
∑

i∈I(a)
D3ui(a) + δ(a)u(a) = f̃(a), a ∈ J(Γ), D3u = (pu′′)′ − qu′, (5)

W �4
J(Γ)

[+9r=28S;�4C573j�#83�#5C4Zz\�/=�<'3/>247=�=���z\�#47>/^v��= W >��AE �
Γ
N
I(a)

[+9r=28S;�4C573j�#83��=�M
�4l�'5C8/�&�#5C4Zz >24CV/47>�N�J�>��29r62��� �
	v��z\�\�#47>/^v��=24

a ∈ J(Γ)
L

�F4l� �?T D��A573/y
Lu
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a ∈ J(Γ)
f
k
N
j
[ E$���'5l��>28/� �?=�=�6k4XH�V��}� �257=�6k4UY

��=��4l�'576V���
I(a)

N
i ∈ I(a)

f
αki(a)

N
αji(a)

�
δ(a)

N
f̃(a)

[ �h�h�,�?=�=�6k4 D��25t�,��N J�>���D24C9
αkk(a) = αjj(a) = 1

�
αkj(a) = αjk(a) = 0

N
δ(a) > 0

f ���2TM���?;-�8A@ �#47>/^v��=�6
a ∈ J(Γ)

�>���?;-�8 W 8���=��4l�'5	�
i ∈ I(a)

z�8A3UT�VA6�8 �2=��"��� �'8A=2573/�?=�3
αji(a)

N
αki(a)

�	�j�
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a ∈ J(Γ)

9 8S;&=28��h�h�,�?3/y�V��}� �257=�6k4
��=��4l�'576

j, k ∈ I(a)
3/�}��N)D�3#8P���2T =24l�'8A3#8A>28 W 8;��=��4l�'5	�

i ∈ I(a) \ {j, k} 8 �2=28/�/>24ZM
9 47=�=28 VA<h�2<'3 �/6PJ28}�2=�T�3/y#5 T =247>��}�#47=2573j� �

αji(a) 6 0
N
αki(a) 6 0

N�8 �2=28 ���0�'8A3#8A>�6�z
573/>28 W 8/4/L q �}��;�4FJ28}�,� W �A4C9PN2D�3#8 W >��AE Γ
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e�4_^ 47=��24C9>�+�2EFEF47>247=�G����h�2y/=28 W 8 <'>��}�/=247=���TnH � Y	VA<h�4C9x=��}�C62� �?3/y��#5 T���<�� Ed<'=���M
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	 4C9r< 8/VA62��=28/�#47=�M
=28/9r< �+�2EFEF47>247=�G����h�2y/=28/9r<x<'>��}�/=247=���� H R YZN �P�����?;-�8A@ �/=�<'3/>247=�=247@ �#47>/^v��=24 [
<#5t�8/�j��T�9 H � YZN�H � YZL

juJ�>24t�4t�+�29 ���2T ���?;-�8A@P�#47>/^v��=�6
a ∈ ∂Γ

J��?>�<oEd<'=���G���@
wa(x)

�
va(x)

N+�'8A3#8?M
>�6k4FT��/�2T ��3#5 T >24_^ 47=���T�9 � 8 �2=28A>28 �2=28 W 8 <'>��}�/=247=���TsH � YP=��

Γ
N2<h�8/�/�473j�#8A>�T �
	v�29 �

=��
∂Γ \a 5C8/8A3j�#473#573j�/<��
	v�29 ��>��A4l�/6k9x<#5t�8/�j��T�9 ���&H � YZN��$� �#47>/^v��=24

a
[ <#5t�8/�j��T�9

wa(a) + α(a)D3wa(a) = 1, ϑ(a)w′
a(a)− β(a)w′′

a(a) = 0,

va(a) + α(a)D3va(a) = 0, ϑ(a)v′a(a)− β(a)v′′a(a) = 1.

�d8/5l�'8}�2yj��<M��>��A4l� �?TZ�h�h�,�CD���H � YZN H � Y&=24l�/6P>28S;-�47=�� H�5C9PL � ��� YZN	3#8xEd<'=���G����
wa(x)

N
va(x)

8AJ�>24t�4t�47=�6-8 �2=28/�C=��CD�=28�L
� <#573/y

ua(x) = wa(x)
J�>��

α(a) 6= 0
�
ua(x) = va(x)

J�>��
α(a) = 0

L
�	��
���'���}# � * ?0# � * �,+ � � � * 	�������� � � �"� � �"�"� � �5� �5� � � � � �%�
- '!� <>��� � (1)

/
(2)

�5�
Γ×Γ

/(� � �"� 6"� < ��� � � <������
� ����������/ � ���"� � < * ? �%� � 6 ; � �!� � ��� � 6 � � �5� � � ; � � � � / � � � � �� � �
	 � �,+ � ��� <5���
-�/ � �"� � �"�"� ua(x) / a ∈ ∂Γ
/ # � * �,+ � � � * 	�� � �5� �%� � � ; � � � � Γ 9
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j�� j	��b j�^ b��%�F`db��(ndb j�^ � e�gp��b���bd`d`
�kjo��� q ��e�eijp�khi� j a�j q `��dg

S&#�&#�� 
 C ��"�
��
H�e�8/5C5l��T�N�p 4t�47=28/��<�9 5l�[f^nj�� �&j	� p c$��ePt'Y

�A�'8A=�<#5C4kJ�>28/573/>��?=2573j� �d=247J�>247>�62�/=�6�z Ed<'=���G���@
C[0,∞)

���C<'D��A473#5 T�=24t�+��=247@�=28/4
��=�3#4 W >��h�2y/=28/4 <'>��}�/=247=��24$�#8}�2yU3#47>�>28/�#5l�'8 W 8 3j��J���\

uα(x) =

x∫

0

k(x, t)u(t) dt + f(x), α > 1, x > 0. (1)

j�57=28/�/=28/4��/=��29 �?=��24 <h�4t�47=28o5t�2<'D�� �_T��2>���N��h�}�j�25 T 	 4 W 8 8A3 >��}�C=28/573j� �?> W <�9 47=�3#8/�2\
k(x, t) = k(x− t)
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>24_^ 47=���T�<'>��}�/=247=���T H � YZL ��5t�2<'D��A4k=247<�VA62� � �
	 4 W 8 HK=24u8/VST��h�?3#4t�2y/=28 =247J�>247>�62�/=28 W 8�Y
=���J28}�2<#8/5l�

[0,∞)
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=28/573/y

f(x)
T��/�2T ��3#5 Ta=24C8A3/>���G��?3#4t�2y/=�6k9 �X=247J�>247>�62�/=�6k9 �XEd<'=���G���T�9 ��N�57<�	 4C573j�#8?M
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k(x, t) = k(x−t) N
k(x) ∈ C1[0,∞)

N
k(0) = 0

N
k′(0) > 0

�
k′(x)

=24&<�VA62� �A473 =��
[0,∞)

L�� D��A573/=28/573j��N
�257J28}�2yj�C</T3�4C9 9r< � L � �3�h�A9 47D��?=��24 � L � ��� � ��� N��F3/�}��;�4p�4C9 9r< �:i L R ��� � ��� N'J28}�2<'D247=�6
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=�����N�D�3#8 =24C8 �2=28A>28 �2=28/573/y

f(x)
=24&<�VA62� �A473 � �AV/5C8}� ��3/=28 =247J�>247>�62�/=�� =�� J28}�2<#8/5l�

[0,∞)
N�J�>���D24C9

f(x) > 0
J�>��

x > 0
L hvJ28/9 8 	�y��sWC3j��z>�?J�>��28A>�=�6�zx8AG247=28/��573/>28?M

��3#5 T =24t�+��=247@�=28/4�J28}�2=28/4�9 473/>���D24C5l�'8/4�J�>28/573/>��?=2573j�#8
P 0
f [0, b]

N���=�� �?>����?=�3/=28/4 8A3/=28?M
5l��3#4t�2y/=28 =24t�+��=247@�=28 W 8 8AJ247>��?3#8A>��o5l�#47>�3j���

Tu = (k ∗ u + f)1/α
L}� >��29 47=�T�Tn9 473#8 �

�#4C5C8/�/6�z 9 473/>����wH �?=��h�8 W 9 473#8 �,�o��4t�47G��'8 W 8�YZN)V/4l� 8 W >��?=���D247=���@X=�� 8/V}�,�A573/y 57<�	 4ZM
573j�#8/� �?=���T >24_^ 47=���T&�8/���}�C62� �A473#5 T�N�D�3#8 <'>��}�/=247=��24&H � Y J�>��

k(x, t) = k(x− t)
�29 4C473

��J�>28/573/>��?=2573j�#4
P 0
f [0, b]

4t�+��=2573j�#47=�=28/4�>24_^ 47=��24��sH�8/57=28/�/=28A@a>24l�C<h�2yU3/�?3'Y[WC3#8�>24_^ 4ZM
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k(x, t)
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r̄ =
{
α(u1, u2), β(u1, u2), ϕ(u1, u2), ψ(u1, u2)

}
, (u1, u2) ∈ D,
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∂1α = ∂2β, ∂2α = −∂1β; ∂1ϕ = ∂2ψ, ∂2ϕ = −∂1ψ.
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b311 = −b322, b312 = 0, b411 = b422 = 0, b412 = b311 6= 0, µi = ∂i ln b
3
11, i = 1, 2,

b311 =

√
A2 +B2

±
√
(∂1α)2 + (∂2α)2 + (∂1ϕ)2 + (∂2ϕ)2

,

;=< �
A = ∂211α∂1ϕ− ∂212α∂2ϕ− ∂1α∂

2
11ϕ+ ∂2α∂

2
12ϕ,

B = −∂211α∂2ϕ− ∂212α∂1ϕ+ ∂2α∂
2
11ϕ+ ∂1α∂2α∂

2
12ϕ.
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aγb3iγ + ∂iv

3 + v4µi = 0, i = 1, 2,

aγb4iγ + ∂iv
4 − v4µi = 0, i = 1, 2.
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∂1X = ∂2Y, ∂2X = −∂1Y,
;=< � X = v3

b311

/
Y = v4

b311
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a1 = − 1

b311

(
∂1v

3 + µ1v
4
)
, a2 = − 1

b322

(
∂2v

3 + µ2v
4
)
.
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R
+
n={x = (x1, . . . , xn) ∈ Rn, x1 > 0, . . . , xn > 0}.
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xi
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u′xi
(x1, . . . , xi−1, 0, xi+1, . . . , xn) = 0
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f → (T yf)(x) =
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i=1

(
T yi
xi
f
)
(x),
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(T yi
xi
f)(x) =

Γ
(γi+1

2

)
√
πΓ
(γi
2

)×

×
π∫

0

f

(
x1, . . ., xi−1,

√
x2i+y

2
i−2xiyi cosαi, xi+1, . . ., xn

)
sinγi−1 αi dαi.
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n = m′ + m′′ N m′,m′′ ∈ N

f
γ′ = (γ′1, . . ., γ

′
m′)

N
γ′i > 0

N
i = 1, . . . ,m′ N |γ′| = γ′1 + . . . + γ′m′

N
γ′′ = (γ′′1 , . . . , γ

′′
m′′)

N
γ′′j > 0

N
j = 1, . . . ,m′′ N

|γ′′| = γ′′1 + . . .+ γ′′m′′

f
x = (x′, x′′)

N
x′∈R+

m′

N
x′′ ∈ R

+
m′′

N
R
+
n = R

+
m′ × R

+
m′′
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m′∑

i=1

(
Bγ′

i

)
x′

i

u(x) =
m′′∑

j=1

(
Bγ′′

j

)
x′′

j

u(x), Bγi =
∂2

∂x2i
+
γi
xi

∂

∂xi
. (1)
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u
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′)|γ′
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T rξ
x′ u(x
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′
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u
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′′)|γ′′
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T sζ
x′′ u(x
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dS(ζ),
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	 � �"� � �"�"? u=u(x′, x′′) ∈ C2(R+
n ) � � � �
�5� ? # � �"�!+ <��
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;=<>�
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Mγ′

u

)
x′
(x′, x′′, r) =

(
Mγ′′

u

)
x′′
(x′, x′′, r). (2)
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	 � �"� � �"�"? u=u(x′, x′′) ∈ C2(R+
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�5� ? # � �"�!+ <��
- � '���%� � 6 #�� ��� � � �"� � 6 x1, . . ., xn � # �����
	 < * ? �%� ? ���
-������ � � (x′, x′′) ∈ R

+
n � < * ? �%� ? ���
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