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Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ðåãóëÿðíûìè ïîòåíöèàëàìè

Íàèáîëåå ïîëíûå ðåçóëüòàòû â òåîðèè îáðàòíûõ çàäà÷ ñïåêòðàëüíîãî àíà-
ëèçà ïîëó÷åíû äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

− y′′ + q(x)y = λy, x ∈ (0, 1), (1)

ñ ïîòåíöèàëîì q ∈ L2(0, 1).
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Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ðåãóëÿðíûìè ïîòåíöèàëàìè

−y′′ + q(x)y = λy, x ∈ (0, 1). (1)

Ã. Áîðã (1946) äîêàçàë, ÷òî ïîòåíöèàë q(x) îäíîçíà÷íî îïðåäåëÿåòñÿ äâó-
ìÿ ñïåêòðàìè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ (1) ñ ðàçíûìè
êðàåâûìè óñëîâèÿìè:

y(0) = y(1) = 0 ∼ {λn}∞n=1, (2)

y′(0) = y(1) = 0 ∼ {µn}∞n=1. (3)



Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ðåãóëÿðíûìè ïîòåíöèàëàìè

−y′′ + q(x)y = λy, x ∈ (0, 1), (1)

y(0) = y(1) = 0. (2)

{λn}∞n=1 � ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1)-(2), {yn}∞n=1 � ñîáñòâåííûå

ôóíêöèè, y′n(0) = 1, αn =
1∫
0

y2
n(x) dx � âåñîâûå ÷èñëà.

Îáðàòíàÿ çàäà÷à

Ïî ñïåêòðàëüíûì äàííûì {λn, αn}∞n=1 ïîñòðîèòü ïîòåíöèàë q(x).

Â ôóíäàìåíòàëüíîé ðàáîòå [5] ïðåäëîæåí ìåòîä êîíñòðóêòèâíîãî ðåøåíèÿ
îáðàòíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ, îñíîâàííûé íà ñâåäåíèè ê ëèíåéíîìó èí-
òåãðàëüíîìó óðàâíåíèþ

K(x, t) + F (x, t) +

∫ x

0
K(x, s)F (s, t) ds = 0, 0 < t < x. (4)

{λn, αn} → F (x, t) → K(x, t) → q(x).

5 Ãåëüôàíä, È.Ì.; Ëåâèòàí, Á.Ì. Îá îïðåäåëåíèè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïî åãî ñïåêòðàëüíîé ôóíêöèè, Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. 15
(1951), � 4, 309�360.



Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ðåãóëÿðíûìè ïîòåíöèàëàìè

−y′′ + q(x)y = λy, x ∈ (0, 1), (1)

y(0) = y(1) = 0. (2)

{λn}∞n=1 � ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1)-(2), {yn}∞n=1 � ñîáñòâåííûå

ôóíêöèè, y′n(0) = 1, αn =
1∫
0

y2
n(x) dx � âåñîâûå ÷èñëà.

Îáðàòíàÿ çàäà÷à

Ïî ñïåêòðàëüíûì äàííûì {λn, αn}∞n=1 ïîñòðîèòü ïîòåíöèàë q(x).

Â ôóíäàìåíòàëüíîé ðàáîòå [5] ïðåäëîæåí ìåòîä êîíñòðóêòèâíîãî ðåøåíèÿ
îáðàòíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ, îñíîâàííûé íà ñâåäåíèè ê ëèíåéíîìó èí-
òåãðàëüíîìó óðàâíåíèþ

K(x, t) + F (x, t) +

∫ x

0
K(x, s)F (s, t) ds = 0, 0 < t < x. (4)

{λn, αn} → F (x, t) → K(x, t) → q(x).

5 Ãåëüôàíä, È.Ì.; Ëåâèòàí, Á.Ì. Îá îïðåäåëåíèè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïî åãî ñïåêòðàëüíîé ôóíêöèè, Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. 15
(1951), � 4, 309�360.



Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ

−y′′ + q(x)y = λy, x ∈ (0, 1), (1)

y(0) = y(1) = 0. (2)

Òåîðåìà (Ãåëüôàíä, Ëåâèòàí 1951; Þðêî)

Äëÿ òîãî ÷òîáû ÷èñëà {λn, αn}∞n=1 áûëè ñïåêòðàëüíûìè äàííûìè çàäà÷è

(1)-(2) ñ âåùåñòâåííûì ïîòåíöèàëîì q ∈ L2(0, 1), íåîáõîäèìî è äîñòàòî÷íî

âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

λn ∈ R, λn 6= λm åñëè n 6= m, αn > 0, (5)√
λn = πn+

ω

πn
+

κn
n
, αn =

1

2(πn)2
+

κn1

n3
, (6)

ãäå

ω =
1

2

1∫
0

q(x) dx, {κn}, {κn1} ∈ l2.



Äèôôåðåíöèàëüíûå îïåðàòîðû âûñøèõ ïîðÿäêîâ

Òåîðèÿ îáðàòíûõ çàäà÷ äëÿ îïåðàòîðîâ âûñøèõ ïîðÿäêîâ

y(n) +

n−2∑
k=0

pk(x)y(k), n > 2, (7)

ñ ðåãóëÿðíûìè êîýôôèöèåíòàìè íà êîíå÷íîì èíòåðâàëå (0, 1) è íà ïîëóîñè
(0,+∞) áûëà ïîñòðîåíà Â.À. Þðêî. Îí ðàçðàáîòàë ìåòîä ñïåêòðàëüíûõ îòîá-
ðàæåíèé, îñíîâàííûé íà êîíòóðíîì èíòåãðèðîâàíèè â λ-ïëîñêîñòè. Äàííûé
ìåòîä êîíñòðóêòèâåí è ñâîäèò íåëèíåéíûå îáðàòíûå çàäà÷è ê ëèíåéíûì óðàâ-
íåíèÿì â íåêîòîðûõ áàíàõîâûõ ïðîñòðàíñòâàõ.

6 Þðêî, Â.À. Âîññòàíîâëåíèå äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî ìàòðèöå
Âåéëÿ, Äîêë. ÀÍ ÑÑÑÐ 313 (1990), � 6, 1368�1372.

7 Yurko, V.A. Method of Spectral Mappings in the Inverse Problem Theory,
Inverse and Ill-Posed Problems Series, Utrecht, VNU Science (2002).



Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëàìè-ðàñïðåäåëåíèÿìè

−y′′ + q(x)y = λy, x ∈ (0, 1), (1)

q ∈W−1
2 (0, 1) : q = σ′, σ ∈ L2(0, 1).

Îáðàòíûå çàäà÷è Øòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëàìè-ðàñïðåäåëåíèÿìè èñ-
ñëåäîâàëè R.O. Hryniv, Ya.V. Mykytyuk, À.Ì. Ñàâ÷óê, À.À. Øêàëèêîâ, Å.Ë. Êî-
ðîòÿåâ, N. Pronska, J. Eckhardt, F. Gesztesy, R. Nichols, G. Teschl, N.J. Guliyev,
M.Y. Ignatiev, V.A. Yurko, M.A. Kuznetsova, . . .

Ìåòîä ñïåêòðàëüíûõ îòîáðàæåíèé:

8 Freiling, G.; Ignatiev, M.Y.; Yurko, V.A. An inverse spectral problem for
Sturm-Liouville operators with singular potentials on star-type graph, Proc.
Symp. Pure Math. 77 (2008), 397�408.

9 Bondarenko, N.P. Solving an inverse problem for the Sturm-Liouville operator
with singular potential by Yurko's method, Tamkang J. Math. 52 (2021), no.
1, 125�154.



Îïåðàòîðû âûñøèõ ïîðÿäêîâ ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè

`2m(y) := y
(2m)

+
m∑

k=1

(−1)k(τ(k)
k (x)y

(m−k)
)
(m−k)

+ i

m−1∑
k=1

(−1)k+1
(
(σ

(k)
k (x)y

(m−k−1)
)
(m−k)

+ (σ
(k)
k (x)y

(m−k)
)
(m−k−1)

)
, (8)

τ1, . . . , τm, σ1, . . . , σm−1 ∈ L2(0, 1).

Ðåãóëÿðèçàöèîííûé ïîäõîä:

10 Ìèðçîåâ, Ê.À.; Øêàëèêîâ, À.À. Äèôôåðåíöèàëüíûå îïåðàòîðû ÷åòíîãî
ïîðÿäêà ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè, Ìàòåì. çàìåòêè 99 (2016), � 5,
788�793.

11 Mirzoev, K.A., Shkalikov, A.A. Ordinary di�erential operators of odd order with
distribution coe�cients, arXiv:1912.03660 [math.CA].

Îáðàòíûå çàäà÷è:

12 Bondarenko, N.P. Inverse spectral problems for arbitrary-order di�erential
operators with distribution coe�cients, Mathematics 9 (2021), no. 22, Article ID
2989.

13 Bondarenko, N.P. Linear di�erential operators with distribution coe�cients of
various singularity orders, Math. Meth. Appl. Sci. (2022), published online.

14 Bondarenko, N.P. Reconstruction of higher-order di�erential operators by their
spectral data, Mathematics 10 (2022), no. 20, Article ID 3882.



Ïîñòàíîâêà çàäà÷è

`(y) := y′′′ + (τ1(x)y)′ + τ1(x)y′ + τ0(x)y = λy, x ∈ (0, 1), (9)

ãäå τ1 ∈ L2(0, 1), τ0 ∈W−1
2 (0, 1), ò.å. τ0 = σ′0, σ0 ∈ L2(0, 1).

Ñîãëàñîâàííàÿ ìàòðèöà:

F (x) =

 0 1 0
−(σ0 + τ1) 0 1

0 (σ0 − τ1) 0

 . (10)

Êâàçèïðîèçâîäíûå:

y[0] := y, y[k] := (y[k−1])′ −
k∑
j=1

fk,jy
[j−1], k = 1, 2, 3, (11)

y[j] = y(j), j = 0, 1, y[2] = y′′ + (σ0 + τ1)y, y[3] = (y[2])′ − (σ0 − τ1)y′.

Îáëàñòü îïðåäåëåíèÿ:

DF := {y : y[k] ∈ AC[0, 1], k = 0, 2}.

Äëÿ ëþáîãî y ∈ DF , `(y) = y[3]. Ôóíêöèÿ y íàçûâàåòñÿ ðåøåíèåì óðàâíåíèÿ
(9), åñëè y ∈ DF è óäîâëåòâîðÿåò (9) ï.â. íà (0, 1).



Ïîñòàíîâêà çàäà÷è

Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ (9):

L1 : y(0) = 0, y(1) = y′(1) = 0,

L2 : y(0) = y′(0) = 0, y(1) = 0.

Îáîçíà÷èì ÷åðåç Ck(x, λ), k = 1, 2, 3, ðåøåíèÿ óðàâíåíèÿ (9), óäîâëåòâîðÿ-
þùèå íà÷àëüíûì óñëîâèÿì

C
[j−1]
k (0, λ) = δk,j , k, j = 1, 2, 3,

ãäå δk,j � ñèìâîë Êðîíåêåðà.

∆1,1(λ) := −
∣∣∣∣C2(1, λ) C3(1, λ)
C′2(1, λ) C′3(1, λ)

∣∣∣∣ , ∆2,1(λ) := −
∣∣∣∣C1(1, λ) C3(1, λ)
C′1(1, λ) C′3(1, λ)

∣∣∣∣ ,
∆3,1(λ) :=

∣∣∣∣C1(1, λ) C2(1, λ)
C′1(1, λ) C′2(1, λ)

∣∣∣∣ , ∆2,2(λ) := C3(1, λ), ∆3,2(λ) := C2(1, λ).

Ïðè k = 1, 2, ñîáñòâåííûå çíà÷åíèÿ {λn,k}∞n=1 çàäà÷è Lk ñîâïàäàþò ñ íóëÿ-
ìè ñîîòâåòñòâóþùåé õàðàêòåðèñòè÷åñêîé ôóíêöèè ∆k,k(λ).



Ñâîéñòâà ñîáñòâåííûõ çíà÷åíèé

Ñîáñòâåííûå çíà÷åíèÿ èìåþò àñèìïòîòèêó

λn,k = (−1)k+1

(
2π
√

3

(
n+

1

6
−

θ

2π2n
+

κn,k
n

))3

, (12)

ãäå θ =
1∫
0

τ1(x) dx, {κn,k} ∈ l2.

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè ∆k,k(λ), k = 1, 2, èìåþò òîëüêî ïðîñòûå
íóëè. Ïðè ýòîì âîçìîæíî λn,1 = λl,2 ïðè íåêîòîðûõ èíäåêñàõ n, l > 1. Â òàêèõ
ñëó÷àÿõ áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî n = l è îáîçíà÷èì

K := {n ∈ N : λn,1 = λn,2}.



Ìàòðèöà Âåéëÿ-Þðêî

M(λ) =

 1 0 0
M2,1 1 0
M3,1 M3,2 1

 , Mj,k(λ) = −
∆j,k(λ)

∆k,k(λ)
, 1 6 k < j 6 3.

Ðàññìîòðèì ðÿä Ëîðàíà

M(λ) =
M〈−1〉(λn,k)

λ− λn,k
+M〈0〉(λn,k) +M〈1〉(λn,k)(λ− λn,k) + . . . ,

è ââåäåì âåñîâûå ìàòðèöû

N (λn,k) := −(M〈0〉(λn,k))−1M〈−1〉(λn,k). (13)

Îáðàòíàÿ çàäà÷à

Ïî ñïåêòðàëüíûì äàííûì {λn,k,N (λn,k)}n∈N, k=1,2 ïîñòðîèòü

êîýôôèöèåíòû T = (τ0, τ1).

Òåîðåìà 1 (Bondarenko, Mathematics, 2022)

Åñëè λn,k = λ̃n,k è N (λn,k) = Ñ (λn,k) ïðè âñåõ n ∈ N, k = 1, 2, òî τ0 = τ̃0 â

W−1
2 (0, 1) è τ1 = τ̃1 â L2(0, 1).



Âåñîâûå ÷èñëà

n 6∈ K : N (λn,1) =

 0 0 0
βn,1 0 0

0 0 0

 , N (λn,2) =

0 0 0
0 0 0
0 βn,2 0

 ,
n ∈ K : N (λn) =

 0 0 0
βn,1 0 0
γn βn,2 0

 , λn := λn,1 = λn,2,

ãäå

βn,k :=
∆k+1,k(λn,k)

∆̇k,k(λn,k)
, γn :=


∆3,1(λn)

∆̇1,1(λn)
, åñëè βn,1 = 0,

C1(1,λn)

∆̇2,2(λn)
, åñëè βn,2 = 0.

(14)

è ∆̇(λ) = d
dλ

∆(λ).
Ìîæíî ïîêàçàòü, ÷òî

βn,1βn,2 = 0 ⇔ n ∈ K, γn 6= 0, n ∈ K.

Ñïåêòðàëüíûå äàííûå:

S :=
(
{λn,k}n∈N, k=1,2, {βn,k}n∈N, k=1,2, {γn}n∈K

)
.



Îñíîâíîå óðàâíåíèå îáðàòíîé çàäà÷è

Îáðàòíàÿ çàäà÷à

Ïî ñïåêòðàëüíûì äàííûì S ïîñòðîèòü êîýôôèöèåíòû T = (τ0, τ1).

Ðàññìîòðèì áàíàõîâî ïðîñòðàíñòâî m îãðàíè÷åííûõ áåñêîíå÷íûõ ïîñëå-
äîâàòåëüíîñòåé a = [an]∞n=1 ñ íîðìîé ‖a‖m = supn>1 |an|. Îáðàòíàÿ çàäà÷à
ñâîäèòñÿ ê îñíîâíîìó óðàâíåíèþ

(I − R̃(x))ψ(x) = ψ̃(x), (15)

êîòîðîå ðàññìàòðèâàåòñÿ ïðè êàæäîì ôèêñèðîâàííîì x ∈ [0, 1]. Çäåñü
ψ(x), ψ̃(x) ∈ m, R̃(x) : m→ m � êîìïàêòíûé ëèíåéíûé îïåðàòîð, I � åäèíè÷-
íûé îïåðàòîð â m. Ïðè ýòîì ψ̃(x) è R̃(x) ñòðîÿòñÿ ïî ñïåêòðàëüíûì äàííûì
S, à ýëåìåíòû ψ(x) ñâÿçàí ñ íåèçâåñòíûìè êîýôôèöèåíòàìè T .



Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ

Áóäåì ãîâîðèòü, ÷òî T ∈ W , åñëè τ0 ∈ W−1
2 (0, 1), τ1 ∈ L2(0, 1) è íóëè

ôóíêöèé ∆k,k(λ) k = 1, 2, ïðîñòûå.

Òåîðåìà 2

Äëÿ òîãî, ÷òî ÷èñëà S =
(
{λn,k}n∈N, k=1,2, {βn,k}n∈N, k=1,2, {γn}n∈K

)
áûëè

ñïåêòðàëüíûì äàííûìè íåêîòîðîé çàäà÷è ñ êîýôôèöèåíòàìè

T = (τ0, τ1) ∈W , íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

1 Ñïðàâåäëèâû àñèìïòîòè÷åñêèå ôîðìóëû n > 1, k = 1, 2:

λn,k = (−1)k+1

(
2π
√

3

(
n+

1

6
−

θ

2π2n
+

κn,k
n

))3

, (12)

βn,k = 3λn,k

(
1 +

κ0
n,k

n

)
, {κn,k}, {κ0

n,k} ∈ l2. (16)

2 λn,k 6= λn0,k0 ïðè n 6= n0; βn,1βn,2 = 0 ⇔ n ∈ K; γn 6= 0 ïðè n ∈ K.

3 Ïðè êàæäîì ôèêñèðîâàííîì x ∈ [0, 1] îïåðàòîð (I − R̃(x)) : m→ m èç

îñíîâíîãî óðàâíåíèÿ (15) èìååò îãðàíè÷åííûé îáðàòíûé.



Ñàìîñîïðÿæåííûé ñëó÷àé

y′′′ + (τ1(x)y)′ + τ1(x)y′ + τ0(x)y = λy, x ∈ (0, 1), (9)

L1 : y(0) = 0, y(1) = y′(1) = 0,

L2 : y(0) = y′(0) = 0, y(1) = 0.

Ïðåäïîëîæèì, ÷òî iτ0(x), τ1(x) ∈ R. Òîãäà λn,1 = −λn,2, βn,1 = −βn,2.

Äîñòàòî÷íî îäíîãî ñïåêòðà {λn}∞n=1, λn := λn,1, βn := βn,1.

K+ := {n ∈ N : ∃p = p(n) ∈ N ò.÷. λn = −λp},

γn = γp(n), n ∈ K+, γn > 0, n = p(n).



Äîñòàòî÷íûå óñëîâèÿ

Áóäåì ãîâîðèòü, ÷òî T = (τ0, τ1) ∈ W+, åñëè τ1 ∈ L2(0, 1), τ0 ∈ W−1
2 (0, 1),

è ôóíêöèè iτ0(x) è τ1(x) âåùåñòâåííûå.

Òåîðåìà 3

Ïóñòü S+ =
(
{λn}∞n=1, {βn}n∈N\K+ , {γn}n∈K+

)
� íåêîòîðûå ÷èñëà,

óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

1 ×èñëà {λn}n∈N è {βn}n∈N\K+ óäîâëåòâîðÿþò àñèìïòîòè÷åñêèì

ñîîòíîøåíèÿì

λn =

(
2π
√

3

(
n+

1

6
−

θ

2π2n
+

κn
n

))3

,

βn = 3λn

(
1 +

κ0
n

n

)
, {κn}, {κ0

n} ∈ l2.

2 λn 6= λn0 ïðè n 6= n0; βn 6= 0 ïðè n ∈ N \K+.

3 Reλn > 0 ïðè âñåõ n ∈ N è γn > 0 ïðè n ∈ K+.

Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ ïàðà êîýôôèöèåíòîâ T = (τ0, τ1) ∈W+ ñî

ñïåêòðàëüíûìè äàííûìè S+.



Ñïàñèáî çà âíèìàíèå!


