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Ðàññìàòðèâàåòñÿ ñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðàòîð
÷åòâåðòîãî ïîðÿäêà H = H(p, q), äåéñòâóþùèé â ãèëüáåðòîâîì
ïðîñòðàíñòâå L2(0, 1), âèäà

Hy = y(4) + (py′)′ + qy

ñ îäíèì èç äâóõ òèïîâ êðàåâûõ óñëîâèé:

(a) y′(0) = y′′′(0) = y(1) = y′′(1) = 0,

(b) y(0) = y′(0) = y(1) = y′(1) = 0,

ãäå êîýôôèöèåíòû p è q ÿâëÿþòñÿ âåùåñòâåííûìè,
ïåðèîäè÷åñêèìè (ïåðèîäà 1) è ïðèíàäëåæàò ïðîñòðàíñòâó L1(T),
T = R/Z. Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà H çàäàåòñÿ ñëåäóþùèì
îáðàçîì:

Dom(H) = {y ∈ L2(0, 1) : y
′′, y′′′, (y′′′ + py′)′ ∈ L1(0, 1), Hy ∈ L2(0, 1),

êðàåâûå óñëîâèÿ òèïà (a) èëè (b)}.

Öåëü: Èññëåäîâàòü àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðà H è ïîëó÷èòü ôîðìóëó ñëåäà â ñëó÷àÿõ (a) è (b).

Ä.Ì. Ïîëÿêîâ
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Ïðèëîæåíèÿ:

Óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ÿâëÿþòñÿ ìîäåëüíûìè
óðàâíåíèÿìè äëÿ áîëüøîãî êëàññà ïàðàáîëè÷åñêèõ
óðàâíåíèé âûñîêîãî ïîðÿäêà, âîçíèêàþùèõ, íàïðèìåð, â
ñòàòèñòè÷åñêîé ìåõàíèêå, ìîäåëÿõ ôàçîâîãî ïîëÿ,
ãèäðîäèíàìèêå, ìîäåëÿõ âèñÿ÷èõ ìîñòîâ (ñì. [1], [2], [3],
[4])

1Gupta C.P. Existence and uniqueness theorems for some fourth order
fully quasilinear boundary value problems. Appl. Anal. 1990. V. 36.
P. 157�169.

2Peletier L.A., Rodrigues J.A. Homoclinic orbits to a saddle-center in a
fourth-order di�erential equation. J. Di�er. Equat. 2004. V. 203.
P. 185�215.

3Peletier L.A., Rottsch�afer V. Pattern selection of solutions of the
Swift-Hohenberg equation. Physica D. 2004. V. 194. P. 95�126.

4Tersian S., Chaparova J. Periodic and homoclinic solutions of extended,
Fisher-Kolmogorov equations. C. R. Math. Acad. Sci. Paris. 2000. V. 331.
P. 287�292.
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Ïðèëîæåíèÿ:

Ñ òî÷êè çðåíèÿ ìåõàíèêè îïåðàòîð H îïèñûâàåò
êîëåáàòåëüíóþ ñèñòåìó áàëêè, îäèí êîíåö êîòîðîé
ñêîëüçèò è øàðíèðíî çàêðåïëåí ñ äðóãîé â ñëó÷àå (a), è
ñ æåñòêî çàêðåïëåííûìè êîíöàìè â ñëó÷àå (b) (ñì. [5],
[6]). Ïðè ýòîì åãî ñîáñòâåííûå çíà÷åíèÿ óêàçûâàþò íà
ðåçîíàíñíûå ñëó÷àè, êîòîðûå èìåþò âàæíûå
ïðèëîæåíèÿ â îïòèêå è àêóñòèêå [7].

5Ìèõëèí Ñ.Ã. Âàðèàöèîííûå ìåòîäû â ìàòåìàòè÷åñêîé ôèçèêå. Ì.:
Íàóêà, 1968.

6Êîëëàòö Ë.Ì. Çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ ñ òåõíè÷åñêèìè
ïðèëîæåíèÿìè. Ì.: Íàóêà, 1968.

7ßêóáîâè÷ Â.À., Ñòàðæèíñêèé Â.Ì. Ëèíåéíûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè è èõ ïðèëîæåíèÿ. Ì.:
Íàóêà, 1972.

Ä.Ì. Ïîëÿêîâ
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Ðåçóëüòàòû äëÿ îïåðàòîðà H â ñëó÷àå (a) èñïîëüçóþòñÿ â
òåîðèè òîíêèõ ïîëèìåðíûõ ïëåíîê. Óðàâíåíèå òîíêîé
ïëåíêè èìååò ñëåäóþùèé âèä

∂ty = −∂x

(
y3∂x

(
∂xxy −Π(y)

))
,

ãäå Π � ïîòåíöèàëüíàÿ ôóíêöèÿ. Ýòî óðàâíåíèå
ðàññìàòðèâàåòñÿ íà èíòåðâàëå [0, 1] ñ êðàåâûìè óñëîâèÿìè

∂xxxy = 0, ∂xy = 0, â x = 0, x = 1.

Â ðàáîòå [8] áûëî äîêàçàíî, ÷òî óêàçàííîå óðàâíåíèå
ñâîäèòñÿ ê ñïåêòðàëüíîé çàäà÷å äëÿ îïåðàòîðà H.

8Kitavtsev G., Recke L., Wagner B. Asymptotics for the spectrum of a
thin �lm equation in a singular limit. SIAM. J. Appl. Dyn. Syst. 2012.
V. 11 (4). P. 1425�1457.

Ä.Ì. Ïîëÿêîâ
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Ïðèâåäåì îáçîð ðåçóëüòàòîâ ïî ñïåêòðàëüíûì ñâîéñòâàì
äèôôåðåíöèàëüíûõ îïåðàòîðîâ ÷åòâåðòîãî ïîðÿäêà.
Â ñëó÷àå (a) äëÿ îïåðàòîðà H èçâåñòíà òîëüêî ðàáîòà [9], â
êîòîðîé èññëåäîâàëèñü èçîñïåêòðàëüíûå ìíîæåñòâà ýòîãî
îïåðàòîðà.

9Caudill Jr. L.F., Perry P.A., Schueller A.W. Isospectral sets for
fourth-order ordinary di�erential operators. SIAM. J. Math. Anal. 1998.
V. 29 (4). P. 935�966.

Ä.Ì. Ïîëÿêîâ
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Ðàññìîòðèì ñëó÷àé (b).

McLaughlin [10] èçó÷àëà îáðàòíóþ ñïåêòðàëüíóþ çàäà÷ó äëÿ
îïåðàòîðà H, ãäå p ∈ C3[0, 1], q ∈ C1[0, 1]. Â ÷àñòíîñòè, äëÿ
ñîáñòâåííûõ çíà÷åíèé µn îïåðàòîðà H â ýòîé ðàáîòå áûëà
âûïèñàíà ñëåäóþùàÿ àñèìïòîòèêà11:

µn =
(π
2
+ πn

)4
+O(n2).

10McLaughlin J.R. An inverse eigenvalue problem of order four � an
in�nite case. SIAM J. Math. Anal. 1978. V. 9(3). P. 395�413.

11ñì. Corollary 1 ñòàòüè âûøå
Ä.Ì. Ïîëÿêîâ
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Òàêîé æå ðåçóëüòàò áûë ïîëó÷åí Ç.Ñ. Àëèåâûì è Í.Á.
Êåðèìîâûì [12] (ñì. òàêæå ðàáîòó [13]).

Â ðàáîòå [14] äëÿ îïåðàòîðà H ïîëó÷åíû îöåíêè îòêëîíåíèé
ñïåêòðàëüíûõ ïðîåêòîðîâ, à òàêæå îöåíêè ðàâíîñõîäèìîñòè
ñïåêòðàëüíûõ ðàçëîæåíèé.

12Êåðèìîâ Í.Á., Àëèåâ Ç.Ñ. Î áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ
ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íîì óñëîâèè. Äèôôåðåíö. óðàâíåíèÿ. 2007. Ò. 43(7). Ñ. 886�895.

13Àëèåâ Ç.Ñ., Êåðèìîâ Í.Á., Ìåõðàáîâ Â.À. Î ñõîäèìîñòè
ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì îäíîé êðàåâîé çàäà÷è ñî
ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ. II. Äèôôåðåíö.
óðàâíåíèÿ. 2020. Ò. 56(3). Ñ. 291�302.

14Ïîëÿêîâ Ä.Ì. Ñïåêòðàëüíûé àíàëèç íåñàìîñîïðÿæåííîãî
îïåðàòîðà ÷åòâåðòîãî ïîðÿäêà ñ íåãëàäêèìè êîýôôèöèåíòàìè. Ñèá.
ìàòåì. æóðí. 2015. Ò. 56(1). Ñ. 138�154.

Ä.Ì. Ïîëÿêîâ
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Ma, Wang, Elsanosi [15] èçó÷àëè ïîëîæèòåëüíîñòü è
ñòðóêòóðó ñïåêòðà îïåðàòîðà H ñ p = 0 è q = m4, ãäå m > 0,
à òàêæå ÷èñëåííî âû÷èñëÿëè íåñêîëüêî ïåðâûõ ñîáñòâåííûõ
çíà÷åíèé.

15Ma R., Wang H., Elsanosi M. Spectrum of a linear fourth-order
di�erential operator and its applications. Math. Nachr. 2013. V. 286.
P. 1805�1819.

Ä.Ì. Ïîëÿêîâ
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Òåïåðü ïðèâåäåì îáçîð èçâåñòíûõ ðåçóëüòàòîâ, êàñàþùèõñÿ
äèôôåðåíöèàëüíîãî îïåðàòîðà ÷åòâåðòîãî ïîðÿäêà ñ
äðóãèìè òèïàìè êðàåâûõ óñëîâèé.
À.Â. Áàäàíèíûì è Å.Ë. Êîðîòÿåâûì [16], [17] áûëà ïîëó÷åíà
àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé è ôîðìóëà
ðåãóëÿðèçîâàííîãî ñëåäà äëÿ ñàìîñîïðÿæåííîãî îïåðàòîðà
÷åòâåðòîãî ïîðÿäêà ñ êðàåâûìè óñëîâèÿìè òèïà Äèðèõëå:

y(0) = y′′(0) = y(1) = y′′(1) = 0.

16Badanin A., Korotyaev E. Trace formula for fourth order operators on
the circle. Dynamics of PDE. 2013. V. 10(4). P. 343�352.

17Badanin A., Korotyaev E. Trace formula for fourth order operators on
unit interval. II. Dynamics of PDE. 2015. V. 12(3). P. 217�239.

Ä.Ì. Ïîëÿêîâ
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Ñïåêòðàëüíûå àñèìïòîòèêè äëÿ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ âûñøèõ ïîðÿäêîâ áûëè ïîëó÷åíû â ðàáîòàõ Ì.À.
Íàéìàðêà [18], Ý.Ô. Àõìåðîâîé [19], À.Â. Áàäàíèíà è Å.Ë.
Êîðîòÿåâà [20], Â.À. Ìèõàéëåöà è Â.Â. Ìîëèáîãè [21].

18Íàéìàðê Ì.À. Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû. Ì.:
Íàóêà, 1969.

19Àõìåðîâà Ý.Ô. Àñèìïòîòèêà ñïåêòðà íåãëàäêèõ âîçìóùåíèé
äèôôåðåíöèàëüíûõ îïåðàòîðîâ 2m-ãî ïîðÿäêà. Ìàòåì. çàìåòêè. 2011.
Ò. 90(6). Ñ. 833�844.

20Badanin A., Korotyaev E. Even order periodic operator on the real line.
Int. Math. Res. Not. 2012. no. 5. P. 1143�1194.

21Mikhailets V., Molyboga V. Uniform estimates for the semi-periodic
eigenvalues of the singular di�erential operators. Meth. Funct. Anal.
Topology. 2004. V. 10(4). P. 30�57.

Ä.Ì. Ïîëÿêîâ
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Íàïîìíèì, ÷òî ìû ðàññìàòðèâàåì ñàìîñîïðÿæåííûé
îïåðàòîð H, äåéñòâóþùèé â L2(0, 1), âèäà

Hy = y(4) + (py′)′ + qy

ñ âåùåñòâåííûìè ïåðèîäè÷åñêèìè (ïåðèîäà 1)
êîýôôèöèåíòàìè p, q ∈ L1(T) è îäíèì èç äâóõ òèïîâ
êðàåâûõ óñëîâèé:

(a) y′(0) = y′′′(0) = y(1) = y′′(1) = 0,

(b) y(0) = y′(0) = y(1) = y′(1) = 0.

Ä.Ì. Ïîëÿêîâ
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Ðàññìîòðèì íåâîçìóùåííûé ñëó÷àé p = q = 0.

Ñëó÷àé (a).

Òîãäà ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà H0y = y(4) èìåþò âèä:

µ0
n =

(π
2
+ πn

)4

, n ∈ Z+ = N ∪ {0}.

Âñå ñîáñòâåííûå çíà÷åíèÿ ÿâëÿþòñÿ ïðîñòûìè.

Ñëó÷àé (b).

Â ýòîé ñèòóàöèè ñîáñòâåííûå çíà÷åíèÿ µ0
n îïåðàòîðà H0

èìåþò âèä (ñì. [Corollary 1, 22]):

µ0
n =

(π
2
+ πn

)4

+O(n2), n ∈ N.

Â ñòàòüå [Òåîðåìà 2.1, 23] óñòàíîâëåíî, ÷òî ñîáñòâåííûå
çíà÷åíèÿ µ0

n ÿâëÿþòñÿ ïðîñòûìè.
22McLaughlin J.R. An inverse eigenvalue problem of order four � an

in�nite case. SIAM J. Math. Anal. 1978. V. 9(3). P. 395�413.
23Êåðèìîâ Í.Á., Àëèåâ Ç.Ñ. Î áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ

ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íîì óñëîâèè. Äèôôåðåíö. óðàâíåíèÿ. 2007. Ò. 43(7). Ñ. 886�895.

Ä.Ì. Ïîëÿêîâ
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×åðåç µn, n ∈ Z+, îáîçíà÷èì ñîáñòâåííûå çíà÷åíèÿ
îïåðàòîðà H. Ïðèìåíÿÿ òåîðåìó Ðóøå, ëåãêî óñòàíîâèòü,
÷òî îïåðàòîð H èìååò ðîâíî N + 1 ñîáñòâåííûõ çíà÷åíèé â

ñëó÷àå (a) è N â ñëó÷àå (b) â êðóãå {|λ| <
(π
2
+ π

(
N +

1

2

))4
}

äëÿ äîñòàòî÷íî áîëüøîãî öåëîãî N ⩾ 0. Òàêèì îáðàçîì,
ñîáñòâåííûå çíà÷åíèÿ µn âíóòðè ýòîãî êðóãà ìîæíî
çàíóìåðîâàòü ñëåäóþùèì îáðàçîì:
Ñëó÷àé (a):

Reµ0 ⩽ Reµ1 ⩽ Reµ2 ⩽ · · · ⩽ ReµN .

Ñëó÷àé (b):
Reµ1 ⩽ Reµ2 ⩽ · · · ⩽ ReµN .

Ä.Ì. Ïîëÿêîâ
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Ââåäåì êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(0, 1)
ñëåäóþùèì îáðàçîì:

f0 =

∫ 1

0
f(x) dx,

f̂cn =

∫ 1

0
f(x) cosπ(2n+ 1)x dx,

f̂sn =

∫ 1

0
f(x) sinπ(2n+ 1)x dx, n ∈ Z.

Ä.Ì. Ïîëÿêîâ
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Òåîðåìà 1.

Ïóñòü p, q ∈ L1(T). Òîãäà ñîáñòâåííûå çíà÷åíèÿ µn ÿâëÿþòñÿ
âåùåñòâåííûìè è ïðîñòûìè. Êðîìå òîãî, ïðè n → +∞ èìååò
ìåñòî ñëåäóþùàÿ àñèìïòîòèêà:

Ñëó÷àé (a)

µn =
(π
2
+ πn

)4
+
(π
2
+ πn

)2
(p̂cn − p0) +O(n),

Ñëó÷àé (b)

µn =
(π
2
+ πn

)4 − (π
2
+ πn

)2
(p0 + p̂sn + ρ1,n) +O(n),

ãäå

ρ1,n =

∫ 1

0

e−π(n+1/2)s
(
p(s) + p(1− s)

)
·
(
e−π(n+1/2)s − 2 sinπ

(
n+ 1/2

)
− 2 cosπ

(
n+ 1/2

))
ds.

Ä.Ì. Ïîëÿêîâ
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Ñëó÷àé (a).

Òåîðåìà 2.

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî p′′′, q′ ∈ L1(T), òî
ñîáñòâåííûå çíà÷åíèÿ µn ïðè n → +∞ äîïóñêàþò
ñëåäóþùóþ àñèìïòîòèêó

µn =
(π
2
+ πn

)4
+
(π
2
+ πn

)2(
p̂cn − p0

)
+

p20 − ∥p∥2

8
+ q0 + q̂cn +O(n−2).

Ä.Ì. Ïîëÿêîâ
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Ñëó÷àé (b).

Òåîðåìà 2.

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî p′′′, q′ ∈ L1(T), òî ñîáñòâåííûå
çíà÷åíèÿ µn ïðè n → +∞ äîïóñêàþò ñëåäóþùóþ àñèìïòîòèêó

µn =
(π
2
+ πn

)4 − (π
2
+ πn

)2(
p0 + p̂sn

)
+ 3

(π
2
+ πn

)
p(0) +

p20 − ∥p∥2

8
+ q0 − q̂sn

− p′′(0)

2π(2n+ 1)
− 4ρ2,n

π(2n+ 1)
+

2q(0)

π(2n+ 1)
+O(n−2),

ãäå

ρ2,n =

∫ 1

0

e−π(n+1/2)s

(
1

2

(
p′′′(s)− p′′′(1− s)

)
·
(
sinπ(n+ 1/2)s+

e−π(n+1/2)s

8

)
+

(
q′(1− s)− q′(s)

)(
sinπ(n+ 1/2)s+

e−π(n+1/2)s

4

))
ds.

Ä.Ì. Ïîëÿêîâ
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Ïðåæäå ÷åì ïåðåõîäèòü ê ñëåäóþùåìó îñíîâíîìó
ðåçóëüòàòó, ìû îïèøåì èçâåñòíûå ñâåäåíèÿ î ñëåäàõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ âûñøèõ ïîðÿäêîâ.

Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ñëåä îïåðàòîðà � ìåðà
èçìåíåíèÿ ïîëíîé ýíåðãèè ñèñòåìû ïðè åå âîçìóùåíèè â
ñèòóàöèè, êîãäà ñàìà ïîëíàÿ ýíåðãèÿ ñèñòåìû áåñêîíå÷íà.
Ýòî áûëî âïåðâûå çàìå÷åíî ïðè èçìåíåíèè ñâîáîäíîé
ýíåðãèè êðèñòàëëà ïðè âíåäðåíèè â íåãî ÷óæåðîäíîé
ïðèìåñè (ñì. [24]).

24Ëèôøèö È.Ì. Îá îäíîé çàäà÷å òåîðèè âîçìóùåíèé, ñâÿçàííîé ñ
êâàíòîâîé ñòàòèñòèêîé. 1952. ÓÌÍ. Ò. 7(1). Ñ. 171�180.

Ä.Ì. Ïîëÿêîâ



20

Â ñòàòüå [25] áûë îïóáëèêîâàí îáçîð ðåçóëüòàòîâ ïî ñëåäàì
îïåðàòîðîâ, ãäå àâòîðû èçëîæèëè âñå èìåþùèåñÿ ïîäõîäû ê
ðåøåíèþ ýòîé çàäà÷è.

25Ñàäîâíè÷èé Â.À., Ïîäîëüñêèé Â.Å. Ñëåäû îïåðàòîðîâ. 2006. ÓÌÍ.
Ò. 61(5). Ñ. 89�156.

Ä.Ì. Ïîëÿêîâ
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Ôîðìóëà ñëåäà äëÿ îïåðàòîðà H ñ p = 0 áûëà ïîëó÷åíà â
ðàáîòå [26] (ñ êðàåâûìè óñëîâèÿìè
y(0) = y′′(0) = y(1) = y′′(1) = 0) (ñì. òàêæå [27] äëÿ
îïåðàòîðîâ âûñøèõ ïîðÿäêîâ ñ ãëàäêèìè êîýôôèöèåíòàìè)
è â ñòàòüå [28] (ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè
y(j)(0) = y(j)(1), j = 1, 2, 3, 4).

26Ñàäîâíè÷èé Â.À. Î ñëåäàõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ âûñøèõ ïîðÿäêîâ. Ìàòåì. ñá. 1967. Ò. 72(2). C. 293�317.

27Papanicolaou V.G. Trace formulas and the behaviour of large
eigenvalues. SIAM J. Math. Anal. 1995. V. 26. P. 218�237.

28Bayramov A., Oer Z., �Ozt�urk Uslu S., Kizilbudak Caliskan S. On the
regularized trace of a fourth order regular di�erential equation. Int. J.
Contemp. Math. Sci. 2006. V. 1. P. 245�254.

Ä.Ì. Ïîëÿêîâ
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À.È. Íàçàðîâ, Ä.Ì. Ñòîëÿðîâ, Ï.Á. Çàòèöêèé [29] ïîëó÷èëè
îáùóþ ôîðìóëó ñëåäà äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà
ïðîèçâîëüíîãî ïîðÿäêà íà îòðåçêå, âîçìóùåííîãî
îïåðàòîðîì óìíîæåíèÿ íà ïîòåíöèàë.

29Nazarov A.I., Stolyarov D.M., Zatitskiy P.B. Tamarkin equiconvergence
theorem and trace formula revisited. J. Spect. Theory. 2014. V. 4.
P. 365�389.

Ä.Ì. Ïîëÿêîâ
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À.Â. Áàäàíèí è Å.Ë. Êîðîòÿåâ [30] ïîëó÷èëè ôîðìóëó ñëåäà
äëÿ îïåðàòîðà ÷åòâåðòîãî ïîðÿäêà ñ êðàåâûìè óñëîâèÿìè
òèïà Äèðèõëå

y(0) = y′′(0) = y(1) = y′′(1) = 0.

30Badanin A., Korotyaev E. Trace formula for fourth order operators on
unit interval. II. Dynamics of PDE. 2015. V. 12. P. 217�239.

Ä.Ì. Ïîëÿêîâ
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Ðàññìîòðèì îïåðàòîð Ht = H(pt, qt) ñî ñäâèãîì, ãäå t ∈ T è
pt = p(·+ t), qt = q(·+ t). ×åðåç µn(t) ìû áóäåì îáîçíà÷àòü
ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ht. Ïðè ýòîì µn(0)
ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà H.

Ä.Ì. Ïîëÿêîâ
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Òåîðåìà 3.

Ïóñòü p′′′′, q′′ ∈ L1(T). Òîãäà èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà
ñëåäà:
Ñëó÷àé (a).

∞∑
n=0

(
µn(t)− µn(0)

)
= 0,

Ñëó÷àé (b).

∞∑
n=1

(
µn(t)− µn(0)− 3(p(t)− p(0))

(π
2
+ πn

)
+

p′′(t)− p′′(0)

2π(2n+ 1)
− 2(q(t)− q(0))

π(2n+ 1)

)
=

p′′(t)− p′′(0)

2
+ q(0)− q(t) +

p2(t)− p2(0)

4
.

Ïðèâåäåííûå ðÿäû ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî íà T.

Ä.Ì. Ïîëÿêîâ
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Â ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì ñàìîñîïðÿæåííûé
îïåðàòîð ÷åòâåðòîãî ïîðÿäêà H = H(0, q) âèäà

Hy = y(4) + qy, y′(0) = y′′′(0) = y′(1) = y′′′(1) = 0,

ãäå q � âåùåñòâåííûé ïîòåíöèàë è q ∈ L1(0, 1). Îáëàñòü
îïðåäåëåíèÿ îïåðàòîðà çàäàåòñÿ ñëåäóþùèì îáðàçîì

Dom(H) = {y ∈ L2(0, 1) : y
′′, y′′′, y(4) ∈ L1(0, 1), Hy ∈ L2(0, 1),

y′(0) = y′′′(0) = y′(1) = y′′′(1) = 0}.

Öåëü: Èññëåäîâàòü àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðà H è ïîëó÷èòü ôîðìóëó ñëåäà äëÿ ýòîãî îïåðàòîðà.

Ä.Ì. Ïîëÿêîâ
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Îñíîâíàÿ ìîòèâèðîâêà èññëåäîâàíèé:
Ôîðìóëà ñëåäà äëÿ îïåðàòîðà H ñ îïåðàòîðíûì
êîýôôèöèåíòîì èññëåäîâàëàñü â ðàáîòàõ:

G�ul E. The trace formula for a di�erential operator of fourth
order with bounded operator coe�cients and two terms. Turk.
J. Math. 2004. V. 28. P. 231�254.

G�ul E., Ceyhan A. A second regularized trace formula for a
fourth order di�erential operator. Symmetry. 2021. V. 13(4).
P. 629.

Ä.Ì. Ïîëÿêîâ
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À.Â. Áàäàíèíûì è Å.Ë. Êîðîòÿåâûì [31] áûëà ïîëó÷åíà
àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé äëÿ îïåðàòîðà H ñ
ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Âûäåëèì òàêæå
ðàáîòó Â.À. Ìèõàéëåöà è Â.Â. Ìîëèáîãè [32], â êîòîðîé
âûïèñûâàëàñü àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé äëÿ
äâó÷ëåííîãî ñèíãóëÿðíîãî îïåðàòîðà ÷åòíîãî ïîðÿäêà ñ
ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Êðîìå òîãî, Ma,
Wang, Elsanosi [33] èçó÷àëè ïîëîæèòåëüíîñòü è ñòðóêòóðó
ñïåêòðà îïåðàòîðà H ñ êðàåâûìè óñëîâèÿìè òèïà Íåéìàíà,
à òàêæå ÷èñëåííî âû÷èñëÿëè íåñêîëüêî ïåðâûõ ñîáñòâåííûõ
çíà÷åíèé.

31Badanin A., Korotyaev E. Spectral asymptotics for periodic
fourth-order operators. Int. Math. Res. Not. 2005. � 45. P. 2775�2814.

32Mikhailets V., Molyboga V. Uniform estimates for the semi-periodic
eigenvalues of the singular di�erential operators. Meth. Funct. Anal.
Topology. 2004. V. 10(4). P. 30�57.

33Ma R., Wang H., Elsanosi M. Spectrum of a linear fourth-order
di�erential operator and its applications. Math. Nachr. 2013. V. 286.
P. 1805�1819.

Ä.Ì. Ïîëÿêîâ
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Íàïîìíèì, ÷òî êîýôôèöèåíòû Ôóðüå íåêîòîðîé ôóíêöèè
f ∈ L1(0, 1) îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

f0 =

∫ 1

0
f(x) dx,

f̂cn =

∫ 1

0
f(x) cos 2πnx dx,

f̂sn =

∫ 1

0
f(x) sin 2πnx dx, n ∈ Z.

Ä.Ì. Ïîëÿêîâ
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Òåîðåìà 4.

Ïóñòü q ∈ L1(0, 1). Òîãäà ñîáñòâåííûå çíà÷åíèÿ µn ÿâëÿþòñÿ
âåùåñòâåííûìè è ïðîñòûìè. Êðîìå òîãî, ïðè n → +∞ èìååò
ìåñòî ñëåäóþùàÿ àñèìïòîòèêà:

µn = (πn)4 + q0 + q̂cn +O(n−1).

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî q′ ∈ L1(0, 1), òî
ñîáñòâåííûå çíà÷åíèÿ óäîâëåòâîðÿþò ñëåäóþùåé
àñèìïòîòèêå

µn = (πn)4 + q0 + q̂cn +O(n−2).

Ä.Ì. Ïîëÿêîâ
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Ðàññìîòðèì îïåðàòîð Ht = H(0, qt) ñî ñäâèãîì, ãäå t ∈ T è
qt = q(·+ t). ×åðåç µn(t) ìû áóäåì îáîçíà÷àòü ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà Ht. Ïðè ýòîì µn(0) ÿâëÿþòñÿ
ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà H.

Òåîðåìà 5.

Ïóñòü q′′ ∈ L1(T). Òîãäà èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà
ñëåäà:

∞∑
n=1

(
µn(t)− µn(0)

)
=

q(t)− q(0)

2
.

Ïðèâåäåííûé ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà T.

Ä.Ì. Ïîëÿêîâ
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Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíûé îïåðàòîð ÷åòâåðòîãî
ïîðÿäêà S = S(q), äåéñòâóþùèé â ãèëüáåðòîâîì ïðîñòðàíñòâå
L2(0, 1), âèäà

Sy = y(4) + qy

ñî ñëåäóþùèìè êðàåâûìè óñëîâèÿìè:

y(0) = y′′(0) = y′′(1) = y′′′(1) + λy(1) = 0,

ãäå λ � ñïåêòðàëüíûé ïàðàìåòð è q � âåùåñòâåííûé ïîòåíöèàë,
ïðè÷åì q ∈ L1(0, 1). Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà S çàäàåòñÿ
ñëåäóþùèì îáðàçîì:

Dom(S) = {y ∈ L2(0, 1) : y
′′, y′′′, y(4) ∈ L1(0, 1), y

(4) + qy ∈ L2(0, 1),

y(0) = y′′(0) = y′′(1) = y′′′(1) + λy(1) = 0}.

Öåëü: Èññëåäîâàòü àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðà S è ïîëó÷èòü ôîðìóëó ñëåäà.

Ä.Ì. Ïîëÿêîâ
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Íàïîìíèì, ÷òî ñ ôèçè÷åñêîé òî÷êè çðåíèÿ óðàâíåíèå
÷åòâåðòîãî ïîðÿäêà îïèñûâàåò èçãèáíûå êîëåáàíèÿ ïëàñòèí,
îáîëî÷åê èëè ñòåðæíåé. Ðàññìàòðèâàåìûå â íàñòîÿùåé
ñòàòüå êðàåâûå óñëîâèÿ ñîîòâåòñòâóþò òîìó, ÷òî ëåâûé
êîíåö ñòåðæíÿ çàêðåïëåí øàðíèðíî, à íà ïðàâîì êîíöå
ñîñðåäîòî÷åíà èíåðöèîííàÿ ìàññà (ñì. [34]).

34Roseau M. Vibrations in mechanical systems. Analytical methods and
applications. Berlin: Springer-Verlag, 1987.

Ä.Ì. Ïîëÿêîâ
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Ñïåêòðàëüíûå çàäà÷è äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñî ñïåêòðàëüíûì
ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ áûëè ðàññìîòðåíû â
ðàáîòå [35]. Äëÿ ýòèõ îïåðàòîðîâ áûëè óñòàíîâëåíû íàèáîëåå
îáùèå ðåçóëüòàòû î áàçèñíîñòè ñîáñòâåííûõ è
ïðèñîåäèíåííûõ ôóíêöèé.

35Øêàëèêîâ À.À. Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íûõ óñëîâèÿõ. Òð. ñåì. èì. È.Ã. Ïåòðîâñêîãî. 1983. Ò. 9.
Ñ. 190�229.
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Ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíîãî îïåðàòîðà ÷åòâåðòîãî
ïîðÿäêà îáùåãî âèäà ñ ðàçëè÷íûìè òèïàìè ãðàíè÷íûõ óñëîâèé
èçó÷àëèñü â ðàáîòàõ
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2017. V. 47(6). P. 2013�2042.
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Áàçèñíûå ñâîéñòâà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé
áûëè èññëåäîâàíû â ðàáîòàõ
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ñîáñòâåííûõ ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è ñî
ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íîì óñëîâèè.
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ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì îäíîé êðàåâîé
çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ.
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×åðåç µn, n ∈ N, îáîçíà÷èì ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà
S. Â ñòàòüå [36] ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ
îïåðàòîðà S ñ íåîãðàíè÷åííûì îïåðàòîðíûì
êîýôôèöèåíòîì. Äëÿ íåãî áûëà ïîëó÷åíà ñëåäóþùàÿ
àñèìïòîòèêà

µn = (πn)4 +O(n2), n ∈ N.

36Aslanova N.M., Bayramoglu M., Aslanov Kh.M. Some spectral
properties of fourth order di�erential operator equation. Oper. Matr. 2018.
V. 12, �1. P. 287�299.

Ä.Ì. Ïîëÿêîâ
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Ðàññìîòðèì íåâîçìóùåííûé ñëó÷àé q = 0. Â ýòîé ñèòóàöèè
ñîáñòâåííûå çíà÷åíèÿ µ0

n îïåðàòîðà S0y = y(4) èìåþò âèä (ñì.
[� 2, 37], [Òåîðåìà 3.1, 38]):

µ0
n = (πn)4 +O(n2), n ∈ N.

Îòìåòèì, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ µ0
n, n ∈ N, ÿâëÿþòñÿ

âåùåñòâåííûìè è ïðîñòûìè39.

37Aslanova N.M., Bayramoglu M., Aslanov Kh.M. Some spectral
properties of fourth order di�erential operator equation. Oper. Matr. 2018.
V. 12, �1. P. 287�299.

38Êåðèìîâ Í.Á., Àëèåâ Ç.Ñ. Î áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ
ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì â
ãðàíè÷íîì óñëîâèè. Äèôôåðåíö. óðàâíåíèÿ. 2007. Ò. 43, �7.
Ñ. 886�895.

39Ëåììà 2.2 â ñòàòüå âûøå
Ä.Ì. Ïîëÿêîâ
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Ïðèìåíÿÿ òåîðåìó Ðóøå, ëåãêî óñòàíîâèòü, ÷òî îïåðàòîð S
èìååò ðîâíî N ñîáñòâåííûõ çíà÷åíèé â êðóãå
{|λ| < π4

(
N + 1/2

)4} äëÿ äîñòàòî÷íî áîëüøîãî öåëîãî N ⩾ 0.
Òàêèì îáðàçîì, ñîáñòâåííûå çíà÷åíèÿ µn âíóòðè ýòîãî êðóãà
ìîæíî çàíóìåðîâàòü ñëåäóþùèì îáðàçîì:

Reµ1 ⩽ Reµ2 ⩽ · · · ⩽ ReµN .

Ä.Ì. Ïîëÿêîâ
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Ââåäåì êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(0, 1)
ñëåäóþùèì îáðàçîì:

f0 =

∫ 1

0
f(x) dx,

f̂cn =

∫ 1

0
f(x) cos 2πnx dx,

f̂sn =

∫ 1

0
f(x) sin 2πnx dx, n ∈ Z.

Ä.Ì. Ïîëÿêîâ
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Òåîðåìà 6.

Ïóñòü q ∈ L1(0, 1). Òîãäà ñîáñòâåííûå çíà÷åíèÿ µn ïðè
n → +∞ îïåðàòîðà S äîïóñêàþò ñëåäóþùóþ àñèìïòîòèêó

µn = (πn)4 + 2(πn)2 − πn+
5

6
+ q0 − q̂cn +O(n−1).

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî q′ ∈ L1(0, 1), òî

µn = (πn)4 + 2(πn)2 − πn+
5

6
+ q0 − q̂cn +O(n−2),

ïðè n → +∞.

Ä.Ì. Ïîëÿêîâ
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Â òåîðåìå 6 ïîëó÷åí áîëåå òî÷íûé ðåçóëüòàò, ÷åì â ñòàòüå
[Theorem 1, 40]. Â óïîìÿíóòîé ðàáîòå óñòàíîâëåíà òîëüêî
àñèìïòîòèêà

µn = (πn)4 +O(n2), n ∈ N.

40Aslanova N.M., Bayramoglu M., Aslanov Kh.M. Some spectral
properties of fourth order di�erential operator equation. Oper. Matr. 2018.
V. 12, �1. P. 287�299.

Ä.Ì. Ïîëÿêîâ
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Ïðåäïîëîæèì, ÷òî ïîòåíöèàë q ÿâëÿåòñÿ ïåðèîäè÷åñêèì.
Ðàññìîòðèì îïåðàòîð ñî ñäâèãîì St = S(qt), ãäå qt = q(·+ t),
t ∈ T, T = R/Z. ×åðåç µn(t), n ∈ N, ìû îáîçíà÷èì
ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà St.

Òåîðåìà 7.

Ïóñòü q′′ ∈ L1(T). Òîãäà èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà
ñëåäà:

∞∑
n=1

(
µn(t)− µn(0)

)
=

q(0)− q(t)

2
.

Ïðè ýòîì äàííûé ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî
íà T.

Ä.Ì. Ïîëÿêîâ



Áîëüøîå ñïàñèáî çà âíèìàíèå!

Ä.Ì. Ïîëÿêîâ
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