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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

NONSTANDARD ANALYSIS OF CONTINUOUS VS DISCRETE

IN MATHEMATICS, PHYSICS AND COMPUTER SCIENCE

1

E. I. Gordon

(USA, Charleston; EIU)

Introdu
tion

Nowadays many applied mathemati
ians share a point of view that the 
ontinuous

mathemati
s is an approximation of the dis
rete one but not vi
e versa. This point

of view is motivated by a great signi�
an
e of modern 
omputer methods not only

in the s
ien
e but in the pure mathemati
s as well. Now we investigate 
ontinuous

obje
ts and draw 
ontinuous pi
tures by means of 
omputers. Sin
e 
omputers deal

only with �nite obje
ts, de�nitions and theorems of 
ontinuous mathemati
s are

usually violated in 
omputer modelling of 
ontinuous problems due to the �niteness

of 
omputer memory. This situation stimulates investigations of interrelation between

dis
rete and 
ontinuous approa
hes to problems in s
ien
e and mathemati
s and

arises some foundational problems, whi
h I'll try to explain in these le
tures.

These interrelations and the problems arising in their study are dis
ussed in the

�rst le
ture on three spe
i�
 examples.

The �rst example relates to the de�nition of the limit of a fun
tion f(x) at a point
of the ambiguity a. It is known that the 
lassi
al ε − δ de�nition fails in numeri
al


al
ulations, sin
e the argument x 
annot approa
h arbitrary 
lose to a. So, for the
approximate 
al
ulation of the limit of f(x) one needs to 
al
ulate f for the values

of x 
lose enough to a, but not too 
lose to a. This statement 
annot be formalized
in the framework of 
lassi
al mathemati
s.

In the se
ond example we 
onsider a linear system of three equations and three

unknowns depending on two parameters a and b. We study the e�e
ts arising from

the 
omputer solution of the original linear system for values of parameters 
lose to

those ones, in whi
h the system degenerates. The e�e
ts arising 
an be formalized

in the framework of 
lassi
al mathemati
s, but the obtained statements are rather


umbersome, and their proofs are rather 
ompli
ated. However, the investigation of

similar examples 
an be used as good topi
s for undergraduate resear
h proje
ts.

The impressive example of a thermodynami
s problem, for whi
h the 
ontinuous

model failed to explain the results of experiments, while the dis
rete model perfe
tly

worked for this purpose, was presented by M. Plank in his 
lassi
al arti
le [8℄. This

famous arti
le originated the quantum me
hani
s.

1

The resear
h was supported �nan
ially by Russian foundation for basi
 resear
h, pro-

je
ts � 95-01-00673, � 8-01-00045.
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The subsequent presentation is for
edly short and super�
ial. It does not

require the reader to have any knowledge of thermodynami
s � only some vague

understanding of the 
on
epts of energy, radiation, frequen
y and, possibly, of a

harmoni
 os
illator. For a more detailed, and at the same time a

essible to non-

spe
ialists, a
quaintan
e with the subje
t see Chapter I and Chapter VIII.1 of the


lassi
 book [10℄.

The result of the dis
ussion in the �rst le
ture is the following statement:

Modern rigorous mathemati
s is too strong an idealization for the �study of

nature� as well as for the study of 
orresponden
e between 
omputer and 
ontinuous

solutions of both applied and theoreti
al mathemati
al problems.

The main reason for this is the fa
t that the properties of obje
ts in natural

s
ien
e and 
omputer mathemati
s are not well de�ned. In these le
tures the term

�vague properties� is used. Here's what Ri
hard Feynman wrote about this in the

26th 
hapter of his famous le
tures on physi
s:

�There are no a
tual boundaries between one range of wavelengths and another,

be
ause nature did not present us with sharp edges. The number asso
iated with a

given name for the waves are only approximate and, of 
ourse, so are the names we

give to the di�erent ranges.�

This statement 
ontradi
ts to the Axiom of the Least Upper Bound of 
ontinuous

mathemati
s.

The modern pure mathemati
s deals only with well de�ned properties. This

makes it impossible to formulate rigorously the laws of nature in the framework

of 
ontinuous mathemati
s, and to 
arry out rigorous proofs of the 
onsequen
es

following from them.

In the 60th of the last 
entury A. Robinson dis
overed a new approa
h to analysis,

whi
h he 
alled the Nonstandard Analysis. This new analysis allowed to introdu
e

the 
olle
tions of obje
ts de�ned by vague properties on the same level of rigour as

is adopted in 
lassi
al mathemati
s.

The se
ond le
ture is devoted to one modi�ed version of Nonstandard Analysis.

This version is a variant of Nonstandard Axiomati
 Set Theory It is 
ombination of

the Nonstandard Class Theory [12℄ and the Theory of Hyper�nite Sets [13℄. We 
all

it Theory of Quasi-sets (TQS).

As in the von Neumann�Bernays�G�odel theory (NBG), the main obje
ts of this

theory are 
lasses. Classes that are elements of other 
lasses are 
alled sets. Classes

that are not sets are 
alled proper sub
lusses. All theorems about set that 
an be

proved in Cantor's Theory of Sets are theorems of TQS. Its main di�eren
e of TQS

from NBG is that TQS admits proper sub
lasses of sets. These sub
lasses are 
alled

quasi-sets. The presen
e of quasi-sets makes it possible to in
lude vague 
olle
tion

de�ned by vague properties in 
onsideration. For example, a set is 
alled small if it

does not have quasi-sets. Using small sets it is is to de�ne in�tely large numbers and

in�nitesimals In this le
ture we demonstrate also how the problems of interrelation

between dis
rete and 
ontinuous mathemati
s dis
ussed in the previous le
ture 
an

be treated within TQS.
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Le
ture 1. Examples of Interrelation between Dis
rete

and Continuous Mathemati
s

1◦. Nowadays many applied mathemati
ians share a point of view that the


ontinuous mathemati
s is an approximation of the dis
rete one but not vi
e versa.

This point of view is motivated by a great signi�
an
e of modern 
omputer methods

not only in the s
ien
e but in mathemati
s itself. Nowadays we investigate 
ontinuous

obje
ts and even draw 
ontinuous pi
tures by means of 
omputers, in spite of the

fa
t that 
omputers deal only with �nite obje
ts. This situation stimulates more and

more investigations of dis
retization of various 
ontinuous obje
ts, e.g. topologi
al

and di�erential geometry stru
tures and arises a lot of foundational problems, whi
h

I'll try to explain in these le
tures.

I �rst heard this point of view in the report of the outstanding Russian pure

and applied mathemati
ian Alexander Semyonovi
h Kronrod at the Workshop

on Mathemati
al Programming and Related Issues in Mar
h 1971 in Drogoby
h,

Ukraine. In this talk he presented a new �nite di�eren
e method for solving

multidimensional paraboli
 equations. This method was fast and stable, but it did not


onverge. A.S. 
ommented on this situation as follows. He reminded that di�erential

equations are dedu
ed from �nite di�eren
e equations by setting ∆x → 0, but for
numeri
al solution one forgets di�erential equations and returns to �nite di�eren
es

equations. Then he asked �What for the di�erential equations are needed?� and

answered to this question himself. He said that �nite di�eren
es equations do not have

good formulas for solutions that di�erential equation do. So, if one has no powerful

methods of 
al
ulation the di�erential equations provide approximate solution. Thus,

the problem of 
onvergen
e of �nite di�eren
es equations to di�erential one is the

problem of 
ontinuous approximations to a real natural s
ien
e problem that is,

indeed dis
rete. See [27℄ about A. S. Kronrod and his points of view on numeri
al

methods.

The following 
itation from the 
lassi
al book [2℄ is another illustration to the

point of view on the 
orrelation between 
ontinuous and dis
rete mathemati
s,

des
ribed above.

It is worth re
alling that di�eren
e equations, for example, are usually derived

by �rst �nding the �nite approximation and then taking the limit. If the reverse step


annot be taken (when small steps are used), then there is some doubt about the

validity of the di�erential equation.

In the book [3℄ V. I. Arnold retells his 
onversation with the prominent Russian

physi
ist Ya. B. Zeldovi
h, who explains the point of view on derivates shared by

physi
ists: �We are always interested in the ratio of �nite in
rements, and not in some

abstra
t mathemati
al limit. Making an argument in
rement, say the 
oordinates of

a point or moment in time, is less than, say, 10−10
, or 10−30

(with reasonable units) �

this is a 
lear ex
ess of the model's a

ura
y, sin
e the stru
ture of physi
al spa
e

(or time) at su
h small intervals no longer 
orresponds to the mathemati
al model

due to quantum phenomena.

The point is simply that it is di�
ult to �nd the ratios of �nite in
rements

of interest to us; therefore, approximate asymptoti
 formulas for them have

been invented. These approximate formulas mathemati
ians 
all their limits and
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mathemati
al derivatives. In any real appli
ation of the theory, it should be taken

into a

ount that the in
rements should not be less than it is ne
essary for the results

of the theory to be 
onsistent with the experiment.�

In his book [3℄, Arnold also retells the arguments regarding the 
orresponden
e to

reality, of the uniqueness theorem for ODE of his friend M. L. Lidov, who was engaged

in the 
al
ulation of traje
tories satellites and spa
eships.: "Like all mathemati
ians,

Misha told me, you tea
h the uniqueness theorem, whi
h states that the integral


urves of an ODE do not interse
t. But this is 
ompletely wrong (although you

prove it �awlessly). For example, the equation dx/dt = −x has solutions x = 0 and
x = e−t. Integral 
urves � graphs of these two solutions � any 
omputer 
an draw

beautifully, and you will see 
learly that they interse
t. Sin
e, for example, for t = 10
between these two integral 
urves you 
annot even insert an atom. So, the uniqueness

theorem is a mathemati
al �
tion that has little to do with the real world.

The same vision of relation between 
ontinuous and dis
rete mathemati
s is

shared by D. Zeilberger in [4℄:

�Continuous analysis and geometry are just degenerate approximations to the

dis
rete world . . .While dis
rete analysis is 
on
eptually simpler . . . than 
ontinuous

analysis, te
hni
ally it is usually mu
h more di�
ult. Granted, real geometry and

analysis were ne
essary simpli�
ations to enable humans to make progress in s
ien
e

and mathemati
s . . . �.

Further, he expresses the opinion that with the development of 
omputers, the

role of pure mathemati
s and rigorous proofs will signi�
antly de
rease and 
alls

for the widespread implementation of experimental mathemati
s in mathemati
al

edu
ation and resear
h [5℄.

I strongly support this idea, but during my tea
hing in the US universities for

19 years and in Russia for 25 year, I did not noti
e any serious implementations of

experimental mathemati
s in pure mathemati
s 
ourses, although, they are useful

even in the very �rst stage of the study of Cal
ulus.

2◦. Consider one example from the Cal
ulus text [6℄, that is very popular in US

universities. This example is used there in the se
tion where the notion of a limit is

dis
ussed.

Example 1. Consider the fun
tion f(x) =
√
x2+9−3
x2

. In this 
ase limt→0 f(x) =
1
6 .

(In [6℄ the fun
tion f(x) is taken. Cal
ulating values of f(x) for small values of x on
a 
al
ulator one obtains values of f(x) that are 
lose to 1

6 as long as the value of x
does not be
ome too small (of the order of 10−7

in [6℄). After that the 
al
ulator

shows values for f(x) that are very far from L.This e�e
t has the following simple
explanation. Let us 
onsider the example from [6℄. If x ∼ 10−7

, then x2 ∼ 10−14
.

That last number is smaller than the minimal number in our 
al
ulator, thus


al
ulator repla
es it by 0. Then
√
x2 + 9 − 3 is also repla
ed by 0, whi
h is the

(wrong) 
al
ulator's for f(x) in this 
ase. We see that this e�e
t strongly depends

on 
omputing devi
e that we use and even on the algorithm for 
al
ulating f(x).
So, it 
annot be formulated as a theorem of the pure mathemati
s. Intuitively, this

example shows that for numeri
al 
al
ulation of the limit limt→0 f(x), one should

al
ulate the values of f(x) for values x, that are 
lose to 0, but not too 
lose.
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Is it possible to modify the 
lassi
al de�nition of a limit

lim
t→0

f(x) = L := (∀ ε) (∃ δ) (∀x) (0 < |x| < δ −→ |f(x)− L| < ε), (1)

so that it would re�e
t this numeri
al e�e
t? It looks like this is barely possible. Let's

try two version of su
h modi�
ation.

(∀ ε) (∃ δ1, δ2) (∀x) (0 < δ1 < x < δ2 −→ |f(x)− L| < ε). (2)

It is easy to see that that (2) is equivalent to the statement L is the limit point

of the set range(f).

(∀ ε) (∃ δ2) (∀x) (∃ δ1) (0 < δ1 < x < δ2 −→ |f(x)− L| < ε). (3)

The statement (3) is equivalent to (1), so it allows arbitrary small x in the numeri
al

al
ulation of limit.

However, the 
omputational results in this example suggest that 
ontinuous

mathemati
s should not be 
ompletely negle
ted. The fa
t that the 
al
ulation of the

values of the fun
tionf(x) shows in
orre
t results, starting at the value x = 10−7
,

and at the value x = 10−500

al
ulates the limit with more than 62 signi�
ant digits

is apparently explained by the fa
t that these 
al
ulations use di�erent methods of


al
ulation: when the values of x have small number of digits after the point the

standard algorithms of approximate 
al
ulations are used, while for values with very

big number of digits the methods of 
omputer algebra systems are used. In natural

s
ien
e we are dealing with quantities that are determined with a

ura
y that does

not ex
eed two-digit number of digits after the de
imal point.

Thus, in some 
ases, the results in pure mathemati
s, 
an explain some of the

phenomena that arise in 
omputer 
al
ulations, and sometimes suggest numeri
al

solutions. This is demonstrated in the following example on 
orrelation between


ontinuous statements and their 
omputer analogues. This example was elaborated

by me together with Dr. Duane Broline and students Jessi
a Murray and Brad Heller

from the Eastern Illinois University [7℄ in the framework of their undergraduate

resear
h proje
t.

Example 2. Consider the following linear system of three equation with three

unknows x, y, z, depending on two parameters a, b





5x− 7y + 8z = b;

3x− ay + 4z = 5;

ax+ 4y − bz = 2.

(4)

The determinants are of the following forms:

∆ = 8a2 + 5ab− 28a− 21b+ 16,
∆x = ab2 + 16a− 51b+ 104,
∆y = 4ab+ 3b2 − 40a− 25b+ 8,
∆z = a2b− 45a+ 12b− 58.

(5)
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We are interested in the 
ase, when this system has in�nitely many solutions.

This happens if the parameters a and b satisfy the following system of equations:

∆ = ∆x = ∆y = ∆z = 0. (6)

Certainly, one of the equations (but not ∆ = 0) 
an be skipped. The solution of this
system, obtained with the help of Maple has the following form:

a = −21

29
+

3

464
b3 +

5

464
b2 − 19

232
b, (7)

while b is the root of the polynomial

f(t) = 3t4 − 25t3 + 260t2 − 2856t + 4288. (8)

The resulting general solution of the system (4) also obtained using Maple is of

the form

x = 10− b+ u

[
245

29
− 19

116
b+

5

232
b2 +

3

232
b3
]
,

y = u,

z = −25

4
+

3

4
b+ u

[
357

58
+

95

928
− 25

1856
b2 − 15

1856
b3
]
,

(9)

where b satis�es f(b) = 0 and f is the polynomial (8).
It is shown using Maple that the polynomial (8) has only two real solutions and

both of them are irrational. The values of a obtained by formula (7) for these values
of b are irrational as well.

Suppose that we try to solve the system (4) numeri
ally with the parameters a
and b, satisfying (6) and wish to �nd the general solution. In this 
ase we may

deal only with rational approximations of a and b. Substituting these rational

approximations ã and b̃ in the system (4) we obtain a system that has only a

unique approximate solution. The question is how to �nd approximately the general

solution (9). More general question is the following one. Given arbitrary rational

parameters a and b how 
an one determine whether these parameters are 
lose

to solutions of system (6) and, thus, to the 
ase of in�nitely many solutions, or

to the 
ase of non-existen
e of solutions. In other words: both of these 
ases for

the system (4) belongs to 
ontinuous mathemati
s. How 
an they be re�e
ted in


omputer mathemati
s? To investigate this problem we 
al
ulate approximately the

values ã and b̃ with 10, 12 and 15 signi�
ant digits and substitute them to the

system (4). We obtained the following solutions:

10 Significant Digits

x = 2.8850116341 y = 0.6249221609 z = −1.038737628
12 Significant Digits

x = 1.83282895579 y = 0.747271181171 z = −0.274065119805
15 Significant Digits

x = 1.61877806403204 y = 0.772161155406311 z = −0.118504584998824

(10)
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It 
an be seen from the table (10) that a very small perturbation of parameters

leads to a signi�
ant 
hange in solutions. However, it is easy to 
he
k, using

formula (9), that ea
h of solutions in the table is very 
lose to the solution obtained

by the formula (9) for an an appropriate value of the parameter u. Taking di�eren
es
of any two of this solutions ve
tors, proportional to the ve
tor

245

29
− 19

116
b+

5

232
b2 +

3

232
b3, 1,

357

58
+

95

928
− 25

1856
b2 − 15

1856
b3

of 
oe�
ients at the parameter u in (9). So, all these di�eren
es are elements of the
spa
e of solutions of the homogeneous system, 
orresponding to the system 4. In our


ase this spa
e is one-dimensional.

These experiments allow to suggest that the following qualitative statements.

1. If a system of n linear equations with n unknowns, that 
ontain k parameters
(k < n) is su
h that any small perturbation of parameters provide a small perturba-
tion of solutions, then the determinant of this system signi�
antly di�ers from 0 and
this system has a unique solution.

2. If small perturbations of parameters of this system leads to a signi�
ant 
hange

in solutions, then ea
h of this solutions is very 
lose to some parti
ular solution of

this system.

These statements 
an be pre
isely formulated and proved in the 
ontinuous

mathemati
s, though to do this is not an easy exer
ise for undergraduate students.

However, investigation of similar situations 
ould be good topi
s for undergraduate

resear
h.

Example 3. The impressive example of a thermodynami
s problem, for whi
h

the 
ontinuous model failed to explain the results of experiments, while the dis
rete

model perfe
tly worked for this purpose, was presented by M. Plank in his 
lassi
al

arti
le [8℄. This famous arti
le originated the quantum theory.

The subsequent presentation is for
edly short and super�
ial. It does not

require the reader to have any knowledge of thermodynami
s � only some

vague understanding of the 
on
epts of energy, radiation, frequen
y and, possibly,

of a harmoni
 os
illator. For a more detailed, and at the same time a

essible to

non-spe
ialists, a
quaintan
e with the subje
t, I re
ommend Chapter I and Chap-

ter VIII.1 of the 
lassi
 book [10℄.

The problem lies in the study of the dependen
e of the bla
kbody radiation energy

on the radiation frequen
y, in other words, of the spe
trum of this radiation.

A bla
kbody is an obje
t that is perfe
t absorber of radiation. In ideal 
ase it

absorbs all light that falls on it � no light is re�e
ted and no light passes through

it. However, when heated, it 
an emit light.

It is assumed that a bla
kbody 
onsists of a �nite number of emitters with

their own frequen
ies. The total energy of emitters with a frequen
y ν is denoted

by E(ν). If the number of emitters is very large, then the set of their frequen
ies is


onsidered 
ontinuous, and E(ν) is interpreted as the density of energy distribution,
energy distribution, i. e., total energy in the frequen
y [ν, nu + dν], where dν is an
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in�nitesimal. For low frequen
ies, the bla
k body radiation spe
trum satis�es the

Reyleigh-Jeans law

E(ν) =
8πν2

c3
kT, (11)

where c is the speed of light, T is the absolute temperature and k is the Boltzmann's

onstant. This formula was obtained by some theoreti
al 
onsiderations based on

statisti
al physi
s and the Maxwell theory of ele
tri
ity under assumption that

emitters are harmoni
 os
illators. In parti
ular, it used the Boltzmann formula for

average energy E = kT (a
tually this equality 
an be 
onsidered as the de�nition of

the temperature in 
lassi
al thermodynami
s).

kT =

∞∫
0

Ee−
E
kT dE

∞∫
0

e−
E
kT dE

. (12)

For high frequen
ies the Reyleigh-Jeans law does not work. Moreover it leads to

the 
ontradi
tion named the �ultraviolet 
atastrophe�, sin
e it shows that the energy

emitted by the unit volume of bla
kbody for high frequen
ies is in�nitely large. This


ontradi
ts to another law of radiation due to Wien

E(ν) = Aν3e−θνT (13)

for 
ertain parameters A and θ. This law agrees with experiments for high frequen
es.

Trying to �nd the general law (that works for all frequen
ies), M. Plan
k �rst

found a formula that is asymptoti
ally equal to the Reyleigh-Jeans formula for low

frequen
ies and to the Wien's formula for high frequen
ies [9℄. This is the formula

E(ν) =
Aν3

e
θν
T − 1

.

To explain this formula Plan
k repla
ed the improper integrals, involved in the

formula (12) by in�nite Riemann sums, with the width of partition ε = hν:

∞∫

n=0

f(ν) dν −→ hν

∞∑

n=0

f(nhν).

After simple 
al
ulations one obtains the dis
rete version of the Boltzman average

energy the Boltzman (12) formula

Ed =

∞∑
n=0

nhνe−
nhν
kT

∞∑
n=0

e−
nhν
kT

=
hν

exp( hνkT )− 1
. (14)
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Substituting the expression for kT from (14) in (11) one 
omes to the Plank's

radiation law

E(ν) =
8πh

kTc3
· ν3

e
hν
kT − 1

(15)

whi
h 
ompletely agrees with the experiments and s asymptoti
ally equal to the

Reyleigh-Jeans formula for low frequen
ies and to the Wien's formula for high

frequen
ies. Here and above h is the universal Plank 
onstant, the value of whi
h

was obtained experimentally:

h = 6.62 × 10−34joules/sec.

Quantum me
hani
s has introdu
ed some 
orre
tion to Plan
k's law. In fa
t,

a

ording to quantum me
hani
s, dis
rete values of energy are of the form (n+ 1
2 )hν.

To obtain the 
orre
ted formula for quantum dis
rete average Eqd repla
e n by n+
1
2

in the formula (14) and obtain

Eqd =
hν

2
+Ed. (16)

Remark 1. It was shown in the fundamental Cal
ulus text [11℄ that, if a fun
-

tion f is monotoni
ally de
reasing to 0, then

lim
ε→0

ε

∞∑

n=0

f(nε) =

∞∫

0

f(x) dx. (17)

A ne
essary and su�
ient 
ondition for fun
tion f to satisfy the equality (17) is


ontained in [11, Se
tion 1.2, Example 2℄.

The fun
tions f(E) = Ee−
E
kT
, and g(E) = e−

E
kT

satisfy the above 
onditions for

the formula (17). After repla
ement improper integrals in (12) by in�nite Riemann

sums with ε = hν we obtain Ed. Thus, by (17), we have

lim
h→0

Ed = lim
h→0

Eqd = kT (18)

Sin
e we have the 
lassi
al thermodynami
s energy average on the right hand side of

the se
ond equality in (18) and on the left hand side the limit of the quantum average,

the equality (18) 
an be 
onsidered as a parti
ular 
ase of the general prin
iple: The


lassi
al me
hani
s is the limit of quantum me
hani
s as h→ 0.
From the dis
ussion at the beginning of the le
ture and the examples 
onsidered,

we 
an draw the following 
on
lusion:

Contemporary rigorous mathemati
s is a too strong idealization for

the language of natural s
ien
e.

This 
on
lusion does not 
ontradi
t the well-known statement of Galileo �The

Book of Nature is written in the language of Mathemati
s�, no nor Wigner's

arti
le [17℄, sin
e neither of them kept in mind the modern rigorous mathemati
s.

For further dis
ussion, it is ne
essary to 
larify what is �modern rigorous

mathemati
s�.
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Le
ture 2. Perfe
t Rigor in Mathemati
s

1◦. Modern rigour in mathemati
s goes ba
k to Eu
lid's Prin
iples. The rigorous

proofs in this book have had a tremendous impa
t on the development of mathemati
s

as well as philosophy history and other humanisti
 s
ien
es. This in�uen
e was far

from always positive. It is enough to mention the �proofs� of the existen
e of God,

sustained in the 
anons of Eu
lidean proofs. See e.g. �The Open So
iety and its

Enemies� by K. Popper and �Pythagoras and Monkey� by A. I. Fet.

Perfe
t rigour in geometry was developed by D Hilbert in the book �Foundations

of Geometry�, where primary 
on
epts were 
learly identi�ed that are not de�ned,

but are given axiomati
ally by enumerating their properties and relations between

them. Moreover, they had to be spe
i�ed so that the truth of statements about them

did not depend on the names of these 
on
epts. As an example, Hilbert said that in

the axiomati
 formulation of geometry, the words �point�, �straight�, �plane� 
an be

repla
ed by the words �
hair�, �table�, �beer mug�.

Perfe
t rigour in mathemati
al analysis was developed in the 19th 
entury. Its de-

velopment is primarily asso
iated with the names of Cau
hy, Bolzano, Weierstrass

and Cantor. When studying some problems on the 
onvergen
e of Fourier series,

Cantor introdu
ed the 
on
ept of a set, de�ned the 
omparison of the 
ardinalities

of in�nite sets, proved the un
ountability of the set of real numbers, from whi
h it

immediately followed, for example, the existen
e of trans
endental numbers. This

was Cantor's �rst published work on set theory [18℄. In subsequent publi
ations,

Cantor developed set theory, whi
h was destined to be
ome the basis for the

stri
t formalization of all mathemati
s. In fa
t, any mathemati
al statement 
an

be formulated and proved in terms of set theory. Su
h reformulation 
an be very

long and unnatural, and in pra
ti
e no one 
ondu
ts it. However, the overwhelming

majority of mathemati
ians do not doubt that, in prin
iple, this is possible.

Remark 2. This does not mean that the way of thinking in mathemati
s is re-

du
ible to one in set theory.

The 
on
ept of a set is primary and is not formally de�ned. Cantors formulated

the 
on
ept of a set on an intuitive level as follows [19℄: �We think of a set M as of

a 
ombining of 
ertain well distinguished obje
ts of our observation or of our thought

in some single whole�.

This formulation of Cantor 
an be 
lari�ed as follows:

Pseudo-definition 1. A set is the 
olle
tion of all obje
ts that satisfy some

well-de�ned property and are 
ombined into a single whole. In this 
ase, a property

means some statement P (x) about sets, a property is well-de�ned if it is possible to

say unambiguously about any obje
t x whether it has this property P , i. e., P (x) is
true or not, i. e., P (x) is false. Otherwise, the property is 
alled vague. The set of all
obje
ts x that satisfy P is denoted {x | P (x)}.

Already this Cantor's pseudo-de�nition does not agree with reality. The

de�nitions of physi
al 
on
epts are of an approximate intuitive nature. Their

formalization within the framework of modern pure mathemati
s based on Cantor's

Set Theory often does not 
orrespond to any physi
al intuition. De�nitions of physi
al


on
epts sometimes do not exist at all. On
e I asked the famous Russian physi
ist

Professor M. A. Miller how to formulate a general de�nition of the 
on
ept of a wave,
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he replied that when he and his friend professor A. V. Gaponov-Grekhov � a member

of the Russian A
ademy of S
ien
e � wrote the arti
le �Waves� for the Great Soviet

En
y
lopedia, they dealt with this issue a lot, studied a large amount of literature

and realized that su
h a de�nition does not exist.

Real numbers in the Cantor's Set Theory are de�ned as Dedekind 
uts � the

spe
i�
 subsets of the set of all rational numbers. Then the well-known Axiom of

the Least Upper bound is a theorem of Set Theory. Compare this theorem with the

following statement taken from the Chapter 26.1 of the famous Feynman Le
tures on

Physi
s, vol. I: �There are no a
tual boundaries between one range of wavelengths and

another, be
ause nature did not present us with sharp edges. The number asso
iated

with a given name for the waves are only approximate and, of 
ourse, so are the

names we give to the di�erent ranges.�

The physi
al results are fundamentally approximate for the reasons stated above

by Ya. B. Zel'dovi
h (page 10). The exa
t boundary between quantum and 
lassi
al

sizes does not exist in prin
iple.

That is why mathemati
ally rigorous de�nitions of physi
al notions are rarely

used by physi
ists and mathemati
ally rigorous proofs of the properties of su
h

notions often do not exist and if they do, they are not interesting for physi
ists.

Similar di�
ulties are en
ountered when studying the 
orresponden
e between


omputer and 
ontinuous solutions of both applied and theoreti
al mathemati
al

problems. In this 
ase the di�
ulties sin
e we have to deal with numbers that are not

very 
lose to the 
omputer's memory boundaries. Otherwise the 
omputer operations

do not longer approximate operations in the �eld of reals, and even do not satisfy

the usual laws of arithmeti
.

This 
ir
umstan
e makes it very hard, if not to say impossible to study the


orresponden
e between 
ontinuous mathemati
s and its 
omputer simulation within

the framework of 
lassi
al mathemati
s. See the dis
ussion in the Example 1.

2◦. At the beginning of the 20th 
entury, some well-de�ned properties were

dis
overed su
h that the statements about the existen
e of the sets de�ned by

them led to a 
ontradi
tion. These were the well-known paradoxes of set theory.

The simplest of them the Russel's paradox: Consider the well-de�ned property

P (x) := x /∈ x. Let y = {x | x /∈ x}. If y ∈ y, then y does not satisfy property P , thus
y /∈ y and y satisfy P and y ∈ y. We obtained the 
ontradi
tion. So it was ne
essary

to impose axiomati
ally some restri
tions on the properties, that de�nes sets. The

�rst system of axioms for set theory was proposed by E. Zermelo 1908, later it was

improved by A. Fraenkel. It is 
alled Zermelo�Fraenkel's axiomati
 and is denoted

by ZFC (C stays for the Axiom of Choi
e.)

The Pseudo-de�nition above is reformulated in ZFC as follows:

Axiom of Separation. For any well-de�ned property P (x) and any set y there
exists the set z su
h that

z = {x ∈ y | P (x)}.
Sometimes this axiom is 
alled the Axiom of Comprehension. Certainly the existen
e

of any set (ex
ept the empty set) 
an be dedu
ed from this axiom. The axioms

about existen
e of sets, determined by well-de�ned properties, without he restri
tion

imposed by the Axiom of Separation are the following ones:
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Axiom of Pair. For any two sets a and b, there exists the set {a, b}.
Axiom of Union set. For any set x there exist the set {y | ∃ z ∈ x (y ∈ z)}.
Axiom of Power set For any set x there exist the set P(x) = {y | y ⊆ x}.
Axiom of in�nity There exists a set x su
h that ∅ ∈ x and for any y ∈ x,

y ∪ {y} ∈ x.
The minimal set that satis�es the Axiom of in�nity is the set

{∅, {∅}, {{∅, {∅}}, . . . }. This set is the set N = {0, 1, 2, . . . } in ZF. The Prin
iple of

Mathemati
al Indu
tion follows from the minimality.

There are also the well-known Axiom of Choi
e and the Axioms of Regularity

and Foundation needed mainly in the Foundation of Mathemati
s. The Axiom of

Choi
e is not in
luded in axiomati
. Zermelo�Fraenkel axiomati
 without the Axiom

of Choi
e is denoted ZF. The de�nition of equality of two sets is given by the Axiom

of Extensionality: two sets are equal if they 
onsist of the same elements. This axiom

is not needed if the logi
 of predi
ate with equality is used.

The axiomati
 ZFC introdu
ed above stri
tly speaking is not perfe
tly rigorous,

sin
e the notion of property is not well de�ned. For this axiomati
 the term �Naive

Set Theory� is used. This is the title of the book [20℄ 
ontaining a detailed exposition

of the basi
 set theory for non-logi
ians.

However, all statements of Cantor's set theory in
luding the axioms of ZFC 
an

be written as senten
es of the formal language of �rst-order predi
ate logi
 with

equality and a single extra-logi
al symbol of a binary membership predi
ate ∈. These
senten
es form a 
ountable e�e
tively enumerable set. The axioms of ZFC form is

an e�e
tively enumerable subset. This subset is in�nite sin
e that the Axiom of

Separation is not one axiom, but a 
ountable set of axioms � its own axiom for ea
h

formal senten
e.

A �nite sequen
e of formal senten
es is said to be a proof of a theorem T of ZFC,

if ea
h of these senten
es is either an axiom of the predi
ate logi
 with equality, or

an axiom of ZFC, or follows from the previous by dedu
tion rules of the �rst-order

logi
 and the last senten
e is T . The formalization of the ZFC in predi
ate logi
 is

ne
essary mainly for proving the 
onsisten
y of 
ertain theories or the unprovability

of some senten
es in the ZFC, and therefore, in view of the remarks on pages and in

mathemati
s.

The formalization of the ZFC in predi
ate logi
 is ne
essary mainly for proving

the 
onsisten
y of 
ertain theories or the unprovability of some senten
es in the

ZFC, and therefore, in view of the remarks on pages and in mathemati
s. A

ording

to G�odel's se
ond in
ompleteness theorem, the 
onsisten
y of the ZFC 
annot be

proved in the ZFC. Therefore, all statements about the 
onsisten
y (independen
e)

of senten
es are 
onditional, i. e., begin with the words �If the ZFC is 
onsistent,

then . . . �

As it was mentioned on the page 17 most mathemati
ians are 
ontent with proofs

that 
an be formalized at the level of rigour adopted in Naive Set Theory.

3◦. In the monograph [21℄, devoted to the proof of the 
onsisten
y of the Axiom of

Choi
e and the Continuum of the Hypothesis, the author uses by ne
essity the formal

version of the ZFC, but makes it as a

essible as possible for non-logi
ians. To do

this, he makes the ZFC �nitely axiomatized, proving that it is su�
ient to formulate

the Axiom of Separation for a 
ertain �nite number of well-de�ned properties, from
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whi
h it 
an be proved, as a theorem for any other well-de�ned property. The primary

obje
ts are interpreted as properties, 
alled here 
lasses and the sets are de�ned su
h


lasses that 
an be in
luded as elements in other 
lasses. The 
lasses that are not

sets are 
alled proper 
lasses. Sets are denoted by lower
ase letters and 
lasses are

denoted by upper
ase letters. The axiomati
 presented in [21℄ is 
alled von Neumann�

Bernays�G�odel (NBG-axiomati
) or simply NBG.

Let us 
larify how the �nite axiomatizability of the NBG is obtained

Denote LZFC the formal language of ZFC. Set-theoreti
 statements formalized

in ZFC are 
alled formulas of LZFC . If a variable ξ o

urs in a formula ϕ
under the universal quanti�er or the existential quanti�er, it is 
alled bounded,

otherwise it is 
alled free. Formula that does not 
ontain free variables is 
alled

a Proposition. Notation ϕ(ξ1, . . . , ξk), means that ea
h free variable in
luded in ϕ
is a variable from the list (ξ1, . . . , ξk). This formula is interpreted as a statement

about variables (ξ1, . . . , ξk), i. e., when substituting spe
i�
 values of these variables,
the 
orresponding statement is either true or false. Whether a statement is true or

false is independent of bounded variables.

The language of NBG is the same as the language LZFC . The formalization of the

property of a 
lass X to be a set is formalized LZFC by a formula: (∃ Y ) X ∈ Y . The
notation ϕ(x1, . . . , xk, Y1, . . . , Ym) means that variables (x1, . . . , xk) assume values of
sets (are set-type variables) and Y1, . . . , Ym assume values of arbitrary 
lasses. This

formula 
an be easily rewritten as LZFC-formula where all variable are denoted by

upper
ase letters and free variables are among Y1, . . . , Ym.

Definition 1. We say that ϕ(x1, . . . , xk, Y1, . . . , Ym) is a set-type formula if all
its bounded variables are set-type variables.

We say the formula ϕ(x1, . . . , xk, Y1, . . . , Ym) de�ne the 
lass A(Y1, . . . , Ym) =
{〈x− 1, . . . , xk〉 | ϕ(x1, . . . , xk, Y1, . . . , Ym)}.

G�odel de�ned eight set-type-formulas (
alled G�odel operations) and postulated

the existen
e of 
lasses, de�ned by these formulas. Using these eight axioms of

NBG he proved the existen
e of a 
lass de�ned by an arbitrary set-type formula

ϕ(x1, . . . , xk, Y1, . . . , Ym).
The Axiom of Separation is formulated here as a single axiom: (∀x,X) (∃ y)

x ∩X = y. Other axioms of NBG are the same as axioms of ZFC.

Theorem 1. Every set-type proposition is a theorem of NBG, if and only if it

is a theorem of ZFC.

This means that NBG and ZFC are equally 
onsistent.

Le
ture 3. Will Nonstandard Analysis

Be
ome the Analysis of the Future?

In the se
ond de
ade of the 20th 
entury, mathemati
ians be
ame de
isively


onvin
ed that the vague properties, whi
h were mentioned in the previous le
ture,


ould not be introdu
ed into mathemati
s at the level of rigor that was then formed.

This belief was overturned in the early 60s by A. Robinson who built a model

of mathemati
s in whi
h in�nitely large and in�nitely small numbers are present,

whi
h are de�ned by vague de�nitions. The analysis developed on these models was
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alled Nonstandard Analysis (NSA) by Robinson. A brief introdu
tion to Robinson's

NSA 
an be found in the Se
tion 2 of [22℄, familiarity with whi
h is not ne
essary,

but useful for understanding the main 
ontent of this le
ture. In the NSA many

intuitive mathemati
al formulations that go ba
k to Leibniz and later to Cau
hy,

su
h as, for example, the de�nition of limit: � limx→a f(x) = L means that if x
is in�nitely 
lose to a but x 6= a, then f(x) is in�nitely 
lose to L�, re
eived
the status of rigorous mathemati
al statements. This made it possible to simplify

signi�
antly the proofs of many theorems of standard analysis and even obtain new

results in standard mathemati
s using nonstandard analysis. After the �rst edition

of Robinson's book [14℄ was published in 1966, many arti
les appeared, in whi
h

nonstandard analysis was used to obtain new results in various �elds of standard

mathemati
s, espe
ially in fun
tional analysis, sto
hasti
 analysis and mathemati
al

physi
s (see e.g. [23℄). Most of these appli
ations were asso
iated with the use of

hyper�nite sets, i. e., su
h 
ardinalities, whi
h were in�nitely large numbers in the

sense of NSA. Retaining many properties of �nite sets, these sets made it possible to

more dire
tly use intuition of �nite mathemati
s in the 
ontinuous one and to obtain

rigorous results.

In 1973 Abraham Robinson gave a talk about the nonstandard analysis (NSA)

at the Institute for Advan
ed Study. After his talk Kurt G�odel made a 
omment,

in whi
h he predi
ted that �. . . there are good reasons to believe that Non-Standard

Analysis in some version or other will be the analysis of the future� (see Robinson's

Prefa
e to the 1973 edition of the book [15℄).

One has to admit that during more, than forty years sin
e this predi
tion, it did

not 
ome true. Although the NSA simpli�ed proofs of many deep results in standard

mathemati
s and even allowed to obtain new standard results, among whi
h there

are some long standing open problems, it did not be
ome the working tool for the

most part of mathemati
ians. When they are interested in some result obtained with

the help of the NSA, they prefer to reprove it in standard terms. One of the reasons

of reje
ting the NSA, is that as a rule the job of reproving is not di�
ult. The

other reason is that the transfer prin
iple of the NSA that is 
ru
ial for dedu
tion

of standard results from nonstandard ones relies signi�
antly on formalization of

mathemati
s in the framework of superstru
tures or of the Axiomati
 Set Theory. For

mathemati
ians working in ODE, PDE and other areas oriented toward appli
ations,

who use at most the na��ve set theory, these formal languages may be di�
ult and

irrelevant, so they may not feel 
on�dent in nonstandard proofs. At the beginning

of our 
entury the interest in NSA and its appli
ations signi�
antly de
reased. The

stream of publi
ations on NSA has turned into a thin brook. I don't remember any

big meeting dedi
ated to the NSA within at least the last de
ade. There are very

few people who 
ontinue resear
h in the �eld of NSA. I am one of them and I am

doing this be
ause I believe that this G�odel's predi
tion 
an 
ome true. The purpose

of these le
tures is to present some arguments in favor of this belief.

In order to fa
ilitate the per
eption of the NSA for a wide range of

mathemati
ians, E. Nelson developed an axiomati
 version of NSA based on the

Zermelo�Fraenkel's axiomati
 of set theory (ZFC), whi
h, as noted in the �rst

le
ture, is a

eptable for most mathemati
ians at least in its non-formal version �

naive set theory [20℄. It is 
alled �Internal Set Theory� (IST). He added the unary
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predi
ate of standardness St and three axioms for this predi
ate to ZFC. The �rst

axiom is the Transfer Prin
iple, similar to one in the Robinson's (Model theoreti
)

version of the NSA. The se
ond one, the Idealization Prin
iple ensures the existen
e

of nonstandard elements. This axiom is 
lose to the Polysaturation Prin
iple in Model

Theoreti
 version of the NSA (see [24, Se
tion 2.9℄), but it is somewhat weaker than

the latter. The third axiom � the Standardization Prin
iple is of a te
hni
al nature

and is not used in the future.

In 1987, Nelson published a revolutionary, from my point of view, book [25℄. In

this book, he developed a new approa
h to the foundations of probability theory

based on hyper�nite probability spa
es. The presentation was based on IST, but

only some fragments of this theory were used, formulated informally, but intuitively


lear. The fundamental results of the theory of probability, on whi
h its appli
ations

are based, were formulated in this language. These formulations had a 
lear physi
al

meaning and were available not only to pure mathemati
ians, but also to all kinds of

applied mathemati
ians. This favorably distinguished them from formulations within

the framework of Kolmogorov's axioms based on measure theory. This is how Nelson

himself wrote about it in the prefa
e to his book:

�The foundations of probability theory were laid just over �fty years ago, by

Kolmogorov. I am sure that many other probabilists tea
hing a beginning graduate


ourse have also had the feeling that these measure-theoreti
 foundations serve more

to salve our mathemati
al 
ons
ien
es than to provide an in
isive tool for the s
ientist

who wishes to apply probability theory.�

The problem of axiomatization of probability theory is a part of Hilbert's 6th

problem [26℄:

�6. Mathemati
al Treatment of the Axioms of Physi
s.

`The investigations on the foundations of geometry suggest the problem: to treat in

the same manner, by means of axioms, those physi
al s
ien
es in whi
h already today

mathemati
s plays an important part; in the �rst rank are the theory of probabilities

and me
hani
s.'

In a further explanation Hilbert proposed two spe
i�
 problems: (i) axiomati


treatment of probability with limit theorems for the foundation of statisti
al physi
s

and (ii) the rigorous theory of limiting pro
esses `whi
h lead from the atomisti
 view

to the laws of motion of 
ontinua':

`As to the axioms of the theory of probabilities, it seems to me desirable that their

logi
al investigation should be a

ompanied by a rigorous and satisfa
tory development

of the method of mean values in mathemati
al physi
s, and in parti
ular in the kineti


theory of gases . . . Boltzmann's work on the prin
iples of me
hani
s suggests the

problem of developing mathemati
ally the limiting pro
esses, there merely indi
ated,

whi
h lead from the atomisti
 view to the laws of motion of 
ontinua'.�

Before the appearan
e of Nelson's book, the overwhelming majority of publi
ati-

ons on appli
ations of NSA were related only to obtaining new results or simplifying

proofs of known results of standard mathemati
s. In my opinion, this is also one of the

reasons for the de
line in interest in NSA over the past de
ades. Nelson's book was

apparently the �rst book in whi
h this was said and illustrated using the example of

probability theory that NSA �in some version or other� is more appropriate language

for the book nature than the language of modern standard mathemati
s.
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The fundamental book [27℄ is devoted to various axiomati
 versions of NSA.

As noted in the �rst le
ture, the absen
e of variables that take values of


lasses (i. e., 
olle
tions of obje
ts determined by properties) in ZFC makes it more


ompli
ated for use than NBG, where they are present. These di�
ulties are even

stronger in IST, where, in addition to the well-de�ned aggregates should also be

used the vague ones. In order to make the nonstandard axiomati
 set theory more


onvenient for use, we have developed a non-standard 
lass theory (NCT) [12℄, whi
h

is an extension of the NBG.

On the basis of this theory, the Theory of Hyper�nite Sets (THS) was develo-

ped [13℄, in whi
h only hyper�nite sets are 
onsidered, and 
lasses are sub
lasses

of su
h sets. Among the sub
lasses of sets, proper 
lasses are also allowed, i. e.,

those that are not sets. Su
h 
lasses here are 
alled quasi-sets. P. Vopenka's

books [28, 29℄ use the term �semiset�. The book [29℄ develops the so-
alled Alternative

Set Theory (AST), that 
an be 
onsidered as a variant of NSA, whi
h di�ers both

from Robinson's model-theoreti
 analysis, and from the axiomati
 versions 
onsidered

in [27℄. However, the 
on
ept of a semiset in is equivalent to the 
on
ept of a quasi-

set here. Also the idea of de�ning standard �nite sets (here they are 
alled small)

as those that do not 
ontain proper sub
lasses belongs to Vopenka. The 
on
ept of

a semiset in the book [28℄ has a di�erent 
ontent.

In the THS indis
ernibility relations on a hyper�nite sets are de�ned that are

vague equivalen
e relations su
h that ea
h hyper�nite subset 
ontains at least one

pair of indis
ernible elements. Continuous obje
ts arise in theTHS from fa
torization

of sets by indis
ernibility relations. Moreover, a signi�
ant part of the theorems of

ZFC 
on
erning 
ontinuous obje
ts 
an be formalized and proved in THS.

In a sense, THS 
an be seen as a formalization of Plato's famous allegory about

the 
ave, presented in his work �Republi
� (360 BC) as a dialogue between Plato's

brother Glau
on and his mentor So
rates.

In the allegory, So
rates des
ribes a group of people who have lived 
hained to

the wall of a 
ave all of their lives, fa
ing a blank wall. The people wat
h shadows

proje
ted on the wall from obje
ts passing in front of a �re behind them and give

names to these shadows. The shadows are the prisoners' reality but are not a

urate

representations of the real world.

In THS the real world (the world of ideas a

ording to Plato) is thought of as

a dis
rete (atomisti
) world � the world of �nite sets, while 
ontinuous obje
ts

are shadows that prisoners see. I hope that this theory may be appropriate for

investigation of problems (i) and (ii), formulated above in Hilbert's explanations

to the sixth problem. The very �rst examples in this dire
tion will be formulated in

forth
oming le
tures.

The theory THS 
an be used to study the relationship between dis
rete and


ontinuous mathemati
s. We will demonstrate this below with Examples 1 and 2

of the previous le
ture. We a
tually use the Theory of Quasi-Sets (TQS) presented

here for this goal. The theory THS is a mixture of theories NCT and THS, but

te
hni
ally simpler, than THS. All theorems on the relationship between dis
rete

and 
ontinuous mathemati
s, proved in THS, 
an be, after some e�ort, re-proved in

THS. However, the latter seems to me to be the most adequate formalization of the

diale
ti
 of the dis
rete and the 
ontinuous in mathemati
s.
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Le
ture 4. Theory of Quasi-sets (TQS)

4.1. Axioms of TQS. As in NBG the variables of TQS are 
lasses and the

sets are 
lasses that are elements of other 
lasses.

1◦. Axiom of Extensionality (AE) is the same as in NBG:

X = Y ←→ (∀u) (u ∈ X ←→ u ∈ Y ).

The prin
iple di�eren
e between NBG and TQS is that the TQS allows 
lasses

for whi
h Axiom of Separation of NBG fails. The 
lasses, for whi
h the Axiom of

Separation holds are 
alled the well de�ned 
lasses, i. e., a 
lass X is well de�ned

(a w.d. 
lass), if ∀x x ∩X is a set.

2◦.Axiom of Weak Transfer [Weak Transfer Prin
iple℄ (WTP). Every theorem

of NBG is a theorem about w.d. 
lasses in TQS.

Remark 3. If X is not a well de�ned set, then there exists a set x su
h that

x ∩ X is a proper 
lass, that is a sub
lass of x. The proper sub
lasses of sets are

alled quasi-sets. As in NBG we use to denote set variables, by low-
ase letters and


lasses by upper
ase letters. Sin
e the 
lasses that are not quasi-sets will be used

very rarely, by default an upper
ase letter is interpreted as a quasi-set. In very rare

o

asions, in whi
h it is not so, this will be spe
i�ed expli
itly. A semiset that is not

a set is 
alled a proper semiset.

Remark 4. In the Robinson's version of nonstandard analysis and in axiomati


versions, where the predi
ate of standardness is involved, a strong transfer prin
iple

is in
luded as an axiom This strong , whi
h is formulated approximately as follows:

any senten
e that does not 
ontain a standard predi
ate is a theorem of the

standard theory if and only if its version relativized to the predi
ate of standardness

is a theorem of non-standard theory. The strong Transfer Prin
iple is key for proving

standard theorems using NSA. The TQS is intended for proving theorems in non-

standard mathemati
s, i. e., theorems 
ontaining vague 
on
epts (sometimes using

standard mathemati
s). Therefore, TQS does not need the predi
ate of standardness

and the strong transfer prin
iple.

Question 1. The absen
e of a strong Transfer Prin
iple in TQS gives grounds

to assume the existen
e of NBG statements, unprovable in NBG, but provable in

TQS. It would be interesting to �nd meaningful examples of su
h statements. In

reverse mathemati
s examples of number theory statements are known that 
an only

be proved using the axioms of the existen
e of higher 
ardinals. It is interesting to

�nd out whether it is possible to prove these statements in the TQS. Is it possible

to pla
e the TQS in any form in the G�odel hierar
hy? See e.g. [30℄.

3◦. Axiom of Class Formation (ASF). If P (x) is any statement that involves a
free (not bounded by a quanti�er) variable x and su
h that all quanti�ers are applied

only to quasi-set variables, then there exists a 
lass A that 
onsists of those and only

those elements that satisfy P (x) : ∀x (x ∈ A←→ P (x)).
The proper quasi-sets serve as a formalization of vague aggregates of obje
ts,

that was dis
ussed in Introdu
tion. For example a set x is 
alled small if it does not
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ontain proper sub
lasses. In what follows

S(x) := (∀X) (X ⊆ x −→ ∃ Y X ∈ Y ), (19)

i. e., S(x) means that x is a small set. We denote the 
olle
tion of all small sets by S.

It follows from the Axiom of Class Formation that this 
olle
tion is a 
lass. It is easy

to see that the 
lass S is not a quasi-set. For any 
lass X denote S(X) the 
lass of
all small sets in X (here X may be a set) A natural number n ∈ N is small if the

set n̄ = {0, 1, . . . , n − 1} ∈ S(N) is small. We denote the quasi-set of small natural

numbers by S(N) also and write S(n), if n is small. We also denote n∪{n} by n+1.
The 
lass S(N) satis�es the following Strong Indu
tion Prin
iple:

Proposition 1. If X ⊆ S(N), 0 ∈ X and ∀n ∈ X n+ 1 ∈ X, then X = S(N).

⊳ Let m ∈ S(N) \ X, then Y = m+ 1 \ X ⊆ m+ 1. Thus Y is a set, sin
e

m+ 1 ∈ S(N). Thus, ∃ k = minY by the WTP. Then k 6= 0 and k − 1 ∈ X.
So k ∈ X by the 
onditions of the proposition. Contradi
tion. ⊲

Remark 5. By the WST N is the set in TQS satisfy Indu
tion Prin
iple

(∀x ⊆ N) (0 ∈ x ∧ (∀n ∈ x) n+ 1 ∈ x) −→ x = N.

Thus, in the Strong Indu
tion Prin
iple all sub
lasses of S(N) are involved, while in
the standard one only all subsets of N. This does not imply yet that N 6= S(N). This
inequality follows from the Axiom of Compa
tness, that will be introdu
ed later.

We also de�ne the quasi-set of small integers as follows: S(Z) := S(N)∪ (−S(N)).
Natural numbers (integers) that are not small are 
alled in�nite or in�nitely

large. Notations: N∞ := N \ S(N) (Z∞ = Z \ S(Z)).
Proposition 2. N∞ 6= ∅.
⊳ This Proposition will be proved later. ⊲

Definition 2. A �nite set a is said to be hyper�nite, if its 
ardinality is an

in�nite number: |a| ∈ N∞.
Thus, every �nite set a is either small or hyper�nite.

Definition 3. 1. A real α ∈ R is 
alled bounded (α ∈ Rb), i� |α| < n for some

n ∈ S(N).
2. A real α ∈ R is 
alled an in�nitesimal (α ∈M0), if |α| < n−1

for all n ∈ S(N).
The quasi-set M0 is 
alled the monad of 0. Reals α, b ∈ R a said to be in�nitesimally


lose (α ≈ γ), if α− γ ∈M0. Sometimes we right α ≈ 0 for α ∈M0 and

|α| ≫ 0

for α /∈M0.

3. A real Ω ∈ R \ Rb is 
alled in�nitely large (Ω ∈ R∞). Obviously IR =
(M0 \ {0})−1

.

Proposition 3. The monad M0 is the maximal ideal in the ring Rb.

⊳ The statement �M0 is an ideal in Rb� is is similar to the theorem �The sum

of two in�nitesimal fun
tions is an in�nitesimal fun
tion and the produ
t of an

in�nitesimal fun
tion by a bounded one is an in�nitesimal fun
tion� of Cal
ulus I.

The proofs are also similar.
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If I is an ideal in Rb su
h that M0 $ I and a ∈ I \M0, then obviously

1/a ∈ Rb, so 1 ∈ Rb. Thus, I = Rb. ⊲
In what follows the quotient 
lass α+ M0 for α ∈ Rb is denoted Mα.

Remark 6. Sin
e any monad Mα is a proper quasi-set one 
an not use the

quotient 
lass Rb/M0 that 
onsists of monads. However, it will be shown later that

the existen
e of 
omplete system of representative of monads Mα, α ∈ Rb exists.

Proposition 4. The 
lasses N∞, Z, R∞, Rb, M0 are proper quasi-sets.

⊳ Suppose that N∞ is a set. Then, sin
e N∞ ⊆ N there exist a number

N = minN∞ by WTS, so N − 1 ∈ S(N). Thus N ∈ S(N) by Proposition 1, while
N ∈ N∞. The 
ontradi
tion. So, N∞ is a proper quasi-set as well as Z∞.

If R∞ is a set, then Z∞ = {⌋α⌊| α ∈ R∞} is a set by WST. So R∞ is a proper

quasi-set. The proof of this Proposition for Rb and M0 follows immediately from

De�nition 3 (3). ⊲
Some simple properties of quasi-sets that may be needed later are listed in the

following

Proposition 5. If X, Y are quasi-sets, then dom(X), range(X), X ∩ Y , X ∪ Y ,
X \ Y , X × Y , Y X

are also quasi-sets.

⊳ Let X ⊆ x, Y ⊆ y. Then �rst �ve operations applied to X and Y are sub
lasses

of the same operations applied to x and y. The latter are sets by WTP. So, the �rst

ones are quasi-sets. To 
omplete the proof re
all the Kuratowski's de�nition of an

ordered pair.

〈a, b〉 = {{a}, {a, b}} (20)

So, for a ∈ X, b ∈ Y 〈a, b〉 ∈P(X ∪ Y ) ⊆P(x ∪ y) and X × Y ⊆P(x ∪ y). Sin
e
Y X ⊆ X × Y , one has X × Y, Y X ⊆ x× y. Thus both of them are quasi-sets. ⊲

Definition 4. We say that a quasi-set X is sharp, if any its subset is small.

Proposition 6. The quasi-set S(N) is sharp.

⊳ Let x ⊆ S(N). By Proposition 2 there exists N ∈ N∞. If x is an in�nite set,

then the following theorem is true:

(∀n ∈ N) (∃m ∈ x) (m > n).

This is an NBG theorem and by WTP there exists M ∈ x su
h that M > N . This


ontradi
ts to the above assumption. So, x is a �nite set. Sin
e x ⊆ [minx,max x] ⊆
S(N), x is small. ⊲

Proposition 7. 1. Any subquasi-set of a sharp quasi-set is sharp.

2. If X and Y are sharp quasi-sets, then X ∩ Y , X ∪ Y , X \ Y , X × Y is a sharp

quasi-set.

3. If F : X → Y is a surje
tive map and X is a sharp quasi-set, then Y is a sharp

quasi-set as well.

4. If F is a fun
tion and dom(F ) is sharp, then F is a sharp quasi-set.

4◦. Axiom of Compa
tness

2

. Let X be a sharp quasi-set that has �nite

interse
tion property (FIP), i. e., every subset of X has a nonempty interse
tion,

then

⋂
X 6= ∅.

2

This axiom is the analog of the Axiom of Polysaturation in NSA.
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The Axiom of Compa
tness implies Proposition 2.

⊳ Consider the sharp quasi-setX = {N\{0, 1, . . . , n−1} | n ∈ S(N) that exists by
the Axiom of 
lass Formation. By the Axiom of Compa
tness

⋂
X = N \ SN 6= ∅. ⊲

Proposition 8. Let F be a fun
tion su
h that dom(F ) is a sharp quasi-set. Then
there exists a fun
tion f su
h that F ⊆ f .

Though we 
annot in
lude 
lasses in sets we 
an 
onsider 
lasses that are indexed

families of some 
lasses.

Definition 5. We say that a 
lass X is a family of 
lasses {Xi | i ∈ I}, indexed
by elements of the set I (I-family), if dom(X) = I and ∀ i ∈ I Xi = {x | 〈i, x〉 ∈ X}.

5◦. Axiom of Choi
e for quasi-sets. If F is a family of quasi-sets, indexed by

a sharp set I (i. e., dom(F ) = I) and ∀ i ∈ I Fi 6= ∅, then there exists a fun
tion

G ⊆ F , su
h that dom(G) = I and ∀ i ∈ I G(i) ∈ Fi. This fun
tion is 
alled a 
hoi
e
fun
tion as usual.

6◦. Axiom of Exponentiation

3

. If X is a sharp quasi-set, then there exists the

sharp family of quasi-sets p(X). This means that

(∀ i ∈ I) (p(X)i ⊆ X) and (∀Y ⊆ X) (∃ i ∈ I) (p(X)i = Y ), (21)

where I = dom(p(X)).
The theory TQS 
an be interpreted in NCT, whose 
onsisten
y with respe
t to

ZFC is proved in [13℄. So, the theory TQS is 
onsistent with ZFC as well.

4.2. Standard Sets in TQS. Consider the set VN =
⋃
n∈N Vn, where V0 = ∅

and Vn+1 = P(Vn)
4

. The elements of VN are those and only those sets that are

hereditarily �nite, i. e., those that are small, their elements are small, elements of

elements are small, et
.

Definition 6. We say that a set x is standard St(x) if it is hereditary small.

Obviously the 
lass of standard sets St = S(VN) =
⋃
n∈S(N) Vn. It is 
lear that St

a sharp 
lass. The 
lasses S(N), S(Z) ⊆ St. Sin
e every rational number 
an be

(uniquely) represented by an ordered pair of 
o-prime integers and ea
h su
h pair is

a standard set we 
on
lude, that S(Q) ⊆ St. In what follows we use sometimes the

notation St(Q) instead of S(Q)
Now we able to formulate rigorously and prove the existen
e of 
omplete system

of representatives of monads ∈ Rb (
.s.r.m.), mentioned in Remark 6.

Theorem 2. There exists a sharp 
lass R ⊆ Rb, whose interse
tion with every

monad Mα, a ∈ Rb, has only one element.

⊳ For every α ∈ Rb set

Cα = {q ∈ S(Q) | q < α} ∪ {q ∈ S(Q) | q > α} .

Obviously, if α ≈ γ, then Cα = Cγ and Mα =
⋂ {(q, q′) | q, q′ ∈ Cα}. The family

C = {Cα | α ∈ Rb}, is a subfamily of the 
lass p(S(Q)). By the Andreev's Axiom

3

This axiom was suggested by P. Andreev for the Theory of Hyper�nite Sets introdu
ed in [13℄.

It is in
luded in TQS without any 
hanges.

4

Those readers, who are familiar with axiomati
 set in more detail will re
ognize in VN the �rst

in�nite set Vω of the von Neumann hierar
hy. The general von Neumann hierar
hy will not be

needed in these le
tures (see e.g. the book [31℄).
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of Exponentiation the latter is a sharp 
lass, thus C is a sharp 
lass as well. So,

the family of monads in Rb indexed by the sharp 
lass C has a 
hoi
e fun
tion by

the Axiom of Choi
e for quasi-sets. The range of this 
hoi
e fun
tion is a 
.s.r.m.

in Rb. ⊲
There are in�nitely many 
.s.r.m.'s. sin
e if f : C → Rb is a 
hoi
e fun
tion and

g : C → Rb is a fun
tion su
h that ∀C ∈ C f(C) ≈ g(C), then g is also a 
hoi
e
fun
tion and the range of g is a 
.s.r.m. as well. Moreover, there does not exists any

de�nable in TQS 
.r.s.m. This statement was proved in [13, Proposition 6.3.℄ in the

framework of THS. The proof presented there 
an be easily modi�ed for TQS.

Operations in any 
.s.r.m R are uniquely determined based on the requirement

that R must be a �eld isomorphi
 to Rb/M0. Thus, for a, b ∈ R

a⊕ b = c ∈ R, c ≈ a+ b; a⊙ b = d ∈ R, d ≈ a · b. (22)

Here + and · are operation in R. The linear order in R is inherited from Rb. The
following Proposition is easy.

Proposition 9. For every 
.s.r.m. R the algebrai
 system 〈R;⊕,⊙, <〉 is a


omplete linearly ordered �eld. The 
ompleteness here means that every bounded

from above quasi-set A ⊆ Rb has the least upper bound.

The next proposition follows immediately from the 
onstru
tion of 
.s.r.m.

Proposition 10. For every a ∈ Rb there exists α ∈ R su
h that a ≈ α.
We see that generally speaking operations in R, are not equal to those in R but

only in�nitesimally 
lose to them. They depend on a 
hoi
e of a set R. In other

versions of NSA, in whi
h there is an external (i. e., not de�nable in standard terms)

predi
ate of standardness, the external set (quasi set in our version) of standard

elements is a 
.s.r.m. that is a sub�eld of Rb. In the TQS we 
an always 
hoose

a 
.s.r.m. R so that the �eld St(Q) that is a sub�eld of R. It follows from the non-

de�nability of 
.s.r.m. in TQS, that no any 
.s.r.m. in R 
an be a sub�eld of Rb.
However, there exists a de�nable extension of the �eld St(Q) in any 
.s.r.m. R.
Let A be the �eld of all algebrai
 reals. If ξ ∈ A and its minimal polynomial

p(x) ∈ St(Q)[z]5, then ξ ∈ Rb.

Definition 7. 1) We say that a statement S(x, a1, . . . , an) is an st-statement,

if x is a variable, a1, . . . , an ∈ St and every o

urren
e of a quanti�er in S is either

of the form ∀x ∈ St or of the form ∃ x ∈ St.

2) We say that a quasi-set A ⊆ St is standard de�nable (Std � quasi-set), if there

exists an st-statement S(x, a1, . . . , an) su
h that A = {x | S(x, a1, . . . , an)}.
3) A real number x ∈ Rb is said to be an Std-number, if there exists an st-

statement P (x,B1, . . . , Bk), where 
onstants B1, . . . , Bk, are Std � quasi-sets, the

statement

(∃ !x) (P (x,B1, . . . , Bk) ∧ P (ξ,B1, . . . , Bk)) is true in TQS.

The 
on�guration ∃ !X . . . is the usual abbreviation for �there exists a unique X
su
h that . . . �

5

We assume that the highest 
oe�
ient of p(x) is equal to 1.
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The following lemma is obvious:

Lemma 1. The 
lass St is standard de�nable.

⊳ The 
lass St = ac ↾ S(N), where ac is the A
kermann's fun
tion, that is

de�nable in ZFC and thus, in TQS. ⊲

Theorem 3. 1) The �eld of algebrai
 numbers over St(Q) is a Std � quasi-set,

that is denoted Std(A ) below.
2) Every number in Std(A ) is a Std-number.

⊳ Let ξ be an algebrai
 number over St(Q) and p(x) ∈ St(Q)[x] be the minimal
polynomial for ξ. The 
ondition p(ξ) = 0 does not de�ne ξ uniquely, so it is ne
essary
to indi
ate interval (q1, q2), q1, q2 ∈ St(Q), that 
ontains ξ and does not 
ontain other
zeros of the polynomial p(x). So, ξ satis�es the statement

S(x, q1, q2,p) := x ∈ (q1, q2),∧p(x) = 0 ∧ ∀ y ∈ (q1, q2)(p(y) = 0 −→ y = x), (23)

where p denotes the polynomial with 
oe�
ients in St(Q). Identifying the polynomial
with the tuple of its 
oe�
ients we may assume that the triple 〈q1, q2,p〉 ∈ St.

The number ξ is de�nable by the statement S(x, q1, q2,p) sin
e ξ satis�es it by


onstru
tion and ∃ !x S(x, q1, q2,p) is true. However, it is not a Std � number sin
e

the variable y assumes values not only of standard sets. So, we need to modify the

de�nition of ξ. Noti
e that a polynomial p(x) for ξ is minimal i�

p(x) = 0 ∧ gcd(p,p′) = 1. (24)

The 
ondition of uniqueness of zero on (q1, q2) for a polynomial p ∈ St(Q)[t]6 is
the 
onjun
tion of the following statements

1. S1(x, q1, q2,p) := x ∈ (q1, q2) ∧ p(x) = 0;
2. S2(q1, q2,p) := gcd(p,p′) = 1 ∧ p(q1) · p(q2) < 0.
3. S3(q1, q2,p) := ∀ y ∈ (q1, q2) ∩ St(Q) p(q1) · p′(y) < 0.
The formula S3 means that p(y) is in
reasing (de
reasing) on the interval (q1, q2),

if p(q1) < 0(> 0), sin
e if p′(q1) is positive (negative) for all rational points in this

interval, then it is true for all points in this interval. So, S3 implies the uniqueness
of a root of p in the interval (q1, q2).

Set dec = {〈q1, q2,p〉 | S2(q1, q2,p) ∧ S3(q1, q2,p)} is an element of St and

de�nes an algebrai
 number ξ ∈ Std(A ) by the st-statement

SA(x, q1, q2,p) := S1(x, q1, q2,p) ∧ S2(q1, q2,p) ∧ S3(q1, q2,p). (25)

So, the surje
tive map dec : D → Std(A ) su
h that

dec(〈q1, q2,p〉) = ξ ⇐⇒ SA(ξ, q1, q2,p)

is de�ned. The map dec is not bije
tive. Consider the equivalen
e relation ≡⊆ D ×
D ⊆ su
h that

〈q1, q2,p〉 ≡ 〈q′1, q′2,p′〉 := dec(〈q1, q2,p〉) = dec〈q′1, q′2,p′〉.
6

Here t is not a variable � St(Q)[t] is a notation for the ring of polynomials over the �eld St(Q).
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Obviously, if 〈q1, q2,p〉 ≡ 〈q′1, q′2,p′〉, then p = p′
. It is easy to see using Tarski's

theorem about quanti�er elimination in the theory of real-
losed �elds (see e.g. [32℄)

that the relation ≡ is de
idable. The set of pairs of rational numbers 
an be e�e
tively

enumerated. So, there exists a de
idable 
omplete system D ′
of representatives for ≡.

So, dec ↾ is an st-de�nable bije
tive fun
tion are St-
odes of Std-algebrai
 numbers.
It is easy to see that operations + and × are st-de�nable. Thus, the �eld Std(A ) is
Std-de�nable. ⊲

It is easy to see that any two in�nitesimally 
lose numbers in Std(A ) are equal.
So, we 
an assume that a �eld R ⊆ Rb that is a 
.s.r.m. 
ontains Std(A ) as a
sub�eld

7

. Below we �x some 
.s.r.m that 
ontains Std(A ) as a sub�eld and denoted
it St(R). For any a ∈ Rb denote by

◦a the element of St(R) su
h that a ≈ α
(see Proposition 10 above). The element ◦a is said to be the standard part of a or
the shadow of a (re
all the Plato's allegory above).

As it was mentioned above this quasi-set is sharp but it is not standard de�nable.

Theorem 4. A number ξ ∈ Std(R) is standard de�nable if and only if

ξ ∈ Std(A ).

⊳ For simpli
ity, we restri
t ourselves to the standard de�nability of numbers in

the language LSt(A ) of the theory of real ordered �elds, extended by the de�nable

algebrai
 numbers as 
onstants and the quasi-set St(A ) as a 
onstant quasi-set. So,

LSt(A ) = 〈+, ·,−, <, {St(A )} ∪ St(A )〉.

We assume that ξ ∈ Std(R) is standard de�nable in the language LSt(A ) if and

∃ !ψ(x) are true and a statement ψ(x), whi
h involves only one free variable x, may
involve 
onstants from St(A ) and all bound variables are restri
ted to Std(A ),
i. e., they are involved in 
on�gurations of the form ∀sty and ∃st y, whi
h are

abbreviations for ∀ y ∈ St(A ) and ∃y ∈ Std(A ) respe
tively.
We 
all su
h statement ψ(x) a standard algebrai
 bounded statement (sab-

statement).

It is easy to see by Theorem 3 that every sab-statement is equivalent to a state-
ment of TQS that satis�es De�nition 7.1. It looks like the 
onverse proposition also

an be prove using the A
kermann fun
tion. However, this proof is not presented here

due to its te
hni
al 
omplexity. Thus, only a slightly weaker version of Theorem 4
is presented here. I formulated this version in terms of Robinson's NSA as an open

question in my letter to W. Henson in 2017. He proved it for an arbitrary real 
losed

�eld R using model theory of real ordered �elds. This proof 
an be adjusted to our


ase. ⊲

The predi
ate of standardness 
an be extended to the superstru
ture St(S (R)
over St(R) as follows (see [22℄):

St(S (R)) =
⋃

n∈St(N)
Stn(S (R)),

where

St0(S (R)) = St(R), Stn+1(S (R)) = Stn(S (R)) ∪ p(Stn(S (R)).

7

Re
all that operations in R are not the same as in Rb but their restri
tions on St
d(A ) are.
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Sharp quasi-sets simulate standard mathemati
s within TQS as follows. For any

sharp quasi-sets X, and Y set:

XεY := ∃ i ∈ dom(Y ) X = Yi, X ≡ Y := ∀Z ZεX ←→ ZεY. (26)

Let us denote the ZC−
� the system of axioms of set theory that 
ontains all

the axioms of the Zermelo�Fraenkel theory, ex
ept for the axioms of substitution

and regularity. This is a fairly ri
h theory, within whi
h the proofs of a wide 
lass of

theorems, espe
ially those fo
used on appli
ations in various �elds of natural s
ien
e

are formalized.

Theorem 5. Every ZC−
-theorem written in (ε,≡)-language is a theorem about

sharp quasi-sets in TQS.

This theorem was proved for THS in [13℄. This proof 
an be modi�ed for the 
ase

of TQS.

InTQS we 
an 
onsider the superstru
tureS (R) as nonstandard extension of the
standard superstru
ture St(S (R) in the spirit of Robinson's NSA, with the ex
eption
that only weak Transfer Prin
iple holds. By Theorem 5 we 
an use standard theorems
about S (R) for investigation of St(S (R)). Various examples of appli
ations of this
theorem, in
luding those dis
ussed in Le
ture 2 will be demonstrated in forth
oming

le
tures
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BOOLEAN VALUED ANALYSIS

AND INJECTIVE BANACH LATTICES

1

A. G. Kusraev (Russia, Vladikavkaz; SMI VSC RAS),

S. S. Kutateladze (Russia, Novosibirsk; IM SB RAS)

Introdu
tion

In 1963 P. Cohen dis
overed his method of `for
ing' and also proved the inde-

penden
e of the Continuum Hypothesis. A 
omprehensive presentation of the Cohen

for
ing method gave rise to the Boolean-valued models of set theory, whi
h were �rst

introdu
ed by D. S
ott and R. Solovay (see S
ott [1℄) and P. Vop�enka [2℄. A systemati


a

ount of the theory of Boolean-valued models and its appli
ations to independen
e

proofs 
an be found in [3, 4℄.

D. S
ott fore
asted in 1969: �We must ask whether there is any interest in these

nonstandard models aside from the independen
e proof; that is do they have any

mathemati
al interest? The answer must be yes, but we 
annot yet give a really

good arguments.�

The development of Boolean-valued analysis started at the end of the seventies

have shown that S
ott was perfe
tly right (see, for example, [5, 6℄). Boolean-valued

analysis starts with the fa
t that ea
h internal �eld of reals of a Boolean-valued

model des
ends into a universally 
omplete ve
tor latti
e. This remarkable fa
t was

dis
overed by E. Gordon in [7℄. In the same period, two important parti
ular 
ases

were independently studied by G. Takeuti, who observed that the ve
tor latti
e of

(equivalen
e 
lasses of) measurable fun
tion and a 
ommutative algebra of (unboun-

ded) self-adjoint operators in Hilbert spa
e 
an be 
onsidered as instan
es of Boole-

an-valued reals [8, 9℄.

The aim of these le
tures is to survey re
ent results on inje
tive Bana
h

latti
es, outline a Boolean-valued approa
h, and pose some open problems. The


entral idea of the presentation is a Boolean-valued transfer prin
iple from AL-spa-

es to inje
tive Bana
h latti
es: Every inje
tive Bana
h latti
e is embedded into

an appropriate Boolean-valued model, be
oming an AL-spa
e. A

ording to this

fa
t and fundamental prin
iples of Boolean-valued models, ea
h theorem about the

AL-spa
e within Zermelo�Fraenkel set theory has its 
ounterpart for the original

inje
tive Bana
h latti
e interpreted as a Boolean-valued AL-spa
e.

1

The resear
h was supported �nan
ially by Russian foundation for basi
 resear
h, pro-

je
ts � 15-51-53119, � 14-01-91339.
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Le
ture 1. Boolean Valued Analysis

The term Boolean-valued analysis, 
oined by G. Takeuti (see [8℄), signi�es the

te
hnique of studying properties of an arbitrary mathemati
al obje
t by means of


omparison between its representations in two di�erent set-theoreti
 models whose


onstru
tion utilizes prin
ipally distin
t Boolean algebras. As these models, the


lassi
al Cantorian paradise in the shape of the von Neumann universe V and a spe
i-

ally-trimmed Boolean-valued universe V(B)
are usually taken. Von Neumann universe

is de�ned as V :=
⋃
α∈On Vα, where On is the 
lass of all ordinals and

V0 := ∅,

Vα+1 := P(Vα),

Vβ :=
⋃

α<β

Vα (β is a limit ordinal).

Given a 
omplete Boolean algebra B, we 
an de�ne the universe V(B)
of B-valued

sets or Boolean valued universe as follows [3, 5, 6℄:

V(B) :=
⋃

α∈On

V(B)
α ,

where

V(B)
α :=

{
x : Funct(x) ∧ (∃ β) (β < α ∧ dom(x) ⊂ V(B)

β ∧ im(x) ⊂ B)
}
.

To speak about V(B)
take an arbitrary formula ϕ = ϕ(u1, . . . , un) of the language

of set theory and repla
e the variables u1, . . . , un by x1, . . . , xn ∈ V(B)
. Then we

obtain some statement about x1, . . . , xn. There is a natural way of assigning to ea
h
su
h statement some element [[ϕ(x1, . . . , xn)]] ∈ B whi
h a
ts as the Boolean truth-

value of ϕ(u1, . . . , un) in the universe V(B)
and is de�ned by assigning the truth-values

[[x ∈ y]] ∈ B and [[x = y]] ∈ B by putting

[[x ∈ y]] :=
∨

z∈dom(y)

y(z) ∧ [[z = x]],

[[x = y]] :=
∧

z∈dom(x)

x(z) ⇒ [[z ∈ y]] ∧
∧

z∈dom(y)

y(z)⇒ [[z ∈ x]],

where x, y ∈ V(B)
, and by naturally interpreting the propositional 
onne
tives and

quanti�ers in the Boolean algebra B (making use of indu
tion on the 
omplexity

of ϕ) as
[[ϕ ∧ ψ]] := [[ϕ]] ∧ [[ψ]], [[ϕ ∨ ψ]] := [[ϕ]] ∨ [[ψ]],

[[ϕ→ ψ]] := [[ϕ]]⇒ [[ψ]], [[¬ϕ]] := [[ϕ]]∗,

[[(∀x)ϕ(x)]] :=
∧

x∈V(B)

[[ϕ(x)]], [[(∃x)ϕ(x)]] :=
∨

x∈V(B)

[[ϕ(x)]].

We say that ϕ(x1, . . . , xn) is valid within V(B)
if [[ϕ(x1, . . . , xn)]] = 1. In this event,

we also write V(B) |= ϕ(x1, . . . , xn).
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There is a smooth mathemati
al toolkit, the as
ending-and-des
ending te
hnique

for revealing interplay between the interpretations of one and the same fa
t in the

two models V and V(B)
.

Definition 1.1. Given an arbitrary element X of the Boolean-valued uni-

verse V(B)
, we de�ne the des
ent X↓ of X as X↓ := {y ∈ V(B) : [[y ∈ x]] = 1}.

The 
lass X↓ is a set, i. e., X↓ ∈ V for all X ∈ V(B)
. If [[X 6= ∅]] = 1 then X↓ is

nonempty.

Definition 1.2. Let X ∈ V and X ⊂ V(B)
; i. e., let X be some set 
omposed

of B-valued sets. There exists a unique X↑ ∈ V(B)
su
h that [[y ∈ X↑]] = ∨{[[x = y]] :

x ∈ X} for all y ∈ V(B)
. The element X↑ is 
alled the as
ent of X.

Definition 1.3.Given X ∈ V, we denote by X∧ ∈ V(B)
the standard name of X.

The standard name is an embedding of V into V(B)
. Moreover, the standard name

sends V onto V(2)
, i. e., V ≃ V(2) ⊂ V(B)

, where 2 := {O,1} ⊂ B.

Observe that the as
ent extend the standard name in the sense that Y ∧
is the

as
ent of {y∧ : y ∈ Y } whenever Y ∈ V.
A general s
heme of applying the method is as follows, see [6, 10℄. AssumeX ⊂ V

and X ⊂ V(B)
are two 
lasses of mathemati
al obje
ts. Suppose we are able to prove.

The Boolean Valued Representation Result: Every external X ∈ X embeds into

an Boolean valued model, be
oming an internal obje
t X ∈ X within V

(B)
.

The Boolean Valued Transfer Prin
iple then tells us that every theorem about X

within ZFC has its 
ounterpart for the original obje
t X interpreted as a Boolean

valued obje
t X .

The Boolean Valued Ma
hinery enables us to perform some translation

of theorems from X ∈ V(B)
to X ∈ V making use of appropriate general operations

(as
ending�des
ending) and the following prin
iples of Boolean valued analysis.

Re
all the following three basi
 prin
iples of Boolean-valued set theory.

Theorem 1.4 (Transfer Prin
iple). For every theorem ϕ of ZFC, we have [[ϕ]] = 1
(also in ZFC); i. e., ϕ is true inside the Boolean-valued universe V(B)

.

Theorem 1.5 (Maximum Prin
iple). Let ϕ(x) be a formula of ZFC. Then

(in ZFC) there is a B-valued set x0 satisfying [[(∃x)ϕ(x)]] = [[ϕ(x0)]].

Definition 1.6. A formula is 
alled restri
ted provided that ea
h bound variable

in it is restri
ted by a bounded quanti�er; i. e., a quanti�er ranging over a parti
ular

set. The latter means that ea
h bound variable x is of the form (∀x ∈ y) or (∃x ∈ y).
Theorem 1.7 (Restri
ted Transfer Prin
iple). Let ϕ(x1, . . . , xn) be a bounded

formula of ZFC. Then (in ZFC) for all x1, . . . , xn ∈ V we have

ϕ(x1, . . . , xn) ⇐⇒ V(B) |= ϕ(x∧

1 , . . . , x
∧

n).

Re
all the well-known assertion of ZFC: There exists a �eld of reals that is unique
up to isomorphism. Denote by R the �eld of reals (in the sense of V). Su

essively
applying the transfer and maximum prin
iples, we �nd an element R ∈ V(B)

for

whi
h [[R is a �eld of reals ]] = 1. Moreover, if an arbitrary R ′ ∈ V(B)
satis�es

the 
ondition [[R ′
is a �eld of reals ]] = 1 then [[ the ordered �elds R and R ′

are

isomorphi
 ]] = 1. In other words, there exists an internal �eld of reals R ∈ V(B)

whi
h is unique up to isomorphism.
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Definition 1.8. We 
all R the internal reals in V(B)
.

Consider another well-known assertion of ZFC: If P is an Ar
himedean ordered

�eld then there is an isomorphi
 embedding h of the �eld P into R su
h that

the image h(P) is a sub�eld of R 
ontaining the sub�eld of rational numbers.

In parti
ular, h(P) is dense in R.
Note also that ϕ(·), presenting the 
onjun
tion of the axioms of an Ar
himedean

ordered �eld, is bounded; therefore, [[ϕ(R∧) ]] = 1 by the Restri
ted Transfer

Prin
iple, i. e., [[R∧
is an Ar
himedean ordered �eld ]] = 1. �Pulling� the above

assertion through the transfer prin
iple, we 
on
lude that [[R∧
is isomorphi
 to

a dense sub�eld of R ]] = 1. We further assume that R∧
is a dense sub�eld of R.

It is easy to see that the elements 0∧
and 1∧

are the zero and unity of R.

Definition 1.9. The des
ent R := R↓ of the algebrai
 stru
ture R :=
(R,⊕,⊙,≦, 0, 1) is de�ned as the des
ent R↓ of the underlying set R together with

the des
ended operations ⊕↓ and ⊙↓ and order ≦ ↓ of the stru
ture R. For simpli
ity,

we will denote the operations and order in R and R↓ by the same symbols +, · ,
and 6.

The fundamental result of Boolean-valued analysis is the Gordon Theorem whi
h

des
ribes an interplay between R, R, and R and reads as follows: Ea
h universally


omplete ve
tor latti
e is an interpretation of the reals in an appropriate Boolean-

valued model.

Theorem 1.10 (Gordon [7℄). Let R be a �eld of reals in V(B)
and R = R↓.

Then the following assertions hold:

(1) The algebrai
 stru
ture R (with the des
ended operations and order) is an
universally 
omplete ve
tor latti
e.

(2) The internal �eld R ∈ V(B)

an be 
hosen so that

[[R∧
is a dense sub�eld of the �eld R ]] = 1.

(3) There is a Boolean isomorphism χ from B onto P(R) su
h that

χ(b)x = χ(b)y ⇐⇒ b 6 [[x = y ]],

χ(b)x 6 χ(b)y ⇐⇒ b 6 [[x 6 y ]]

(x, y ∈ R; b ∈ B).

Definition 1.11. The restri
ted des
ent Λ ⊂ R = R↓ of R↓ is the order ideal
in R generated by 1∧

equipped with the order-unit norm ‖ · ‖∞:

Λ:= {x ∈ R : (∃C ∈ B) − C1∧ 6 x 6 C1∧} ;
‖x‖∞ := inf{C > 0 : −C1∧ 6 x 6 C1∧} (x ∈ Λ).

Write Λ = Λ(B), sin
e Λ is uniquely de�ned by B. Clearly, Λ is a Dedekind 
omplete

AM -spa
e with unit 1∧
. By Kre��ns�Kakutani Representation Theorem Λ ≃ C(K)

with K being an extremally dis
onne
ted 
ompa
t Hausdor� spa
e.

Theorem 1.12 (Gordon Theorem for Complexes). Ea
h 
omplex universally


omplete ve
tor latti
e is an interpretation of the 
omplexes in an appropriate

Boolean-valued model. In more details, if C is the �eld of 
omplex numbers within

V(B)
then C ↓ = R↓ ⊕ iR↓.
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Le
ture 2. Inje
tive Bana
h Latti
es

Definition 2.1. A real Bana
h latti
e X is said to be inje
tive if, for every

Bana
h latti
e Y , every 
losed ve
tor sublatti
e Y0 ⊂ Y , and every positive linear

operator T0 : Y0 → X there exists a positive linear extension T : Y → X with

‖T0‖ = ‖T‖. This de�nition is illustrated by the 
ommutative (T0 = T ◦ ι) diagram:

Y0 Yι
//

X

Y0

??

T0

⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
X

Y

__

T

❄
❄

❄
❄

❄
❄

Other equivalent 
onditions are presented in the next result, see Lotz [11℄.

Theorem 2.2. For a Bana
h latti
e X the following are equivalent:

(1) X is inje
tive.

(2) If X is latti
e isometri
ally embedded into a Bana
h latti
e Y and T0 is a po-
sitive linear operator from X to a Bana
h latti
e Z then there exists a positive linear

extension T : Y → Z with ‖T0‖ = ‖T‖.
(3) If X is latti
e isometri
ally embedded into a Bana
h latti
e Y then there

exists a positive 
ontra
tive proje
tion from Y onto X.

Thus, the inje
tive Bana
h latti
es are the inje
tive obje
ts in the 
ategory

of Bana
h latti
es with the positive 
ontra
tions as morphisms. Arendt [12, The-

orem 2.2℄ proved that the inje
tive obje
ts are the same if the regular operators with


ontra
tive modulus are taken as morphisms.

Lotz [11℄ was the �rst who introdu
ed this 
on
ept and proved among other

things the following two results. But the �rst example of inje
tive Bana
h latti
e

was indi
ated by Abramovi
h [13℄.

Theorem 2.3 (Abramovi
h [13℄; Lotz [11℄). A Dedekind 
omplete AM -spa
e

with unit is an inje
tive Bana
h latti
e.

Taking into a

ount the Kakutani�Kre��ns Representation Theorem one 
an state

Theorem 2.3 equivalently: The Bana
h latti
e of 
ontinuous fun
tion C(K) is in-
je
tive, whenever K is an extremally dis
onne
ted Hausdor� 
ompa
t topologi
al

spa
e.

Theorem 2.4 (Lotz [11℄). Every AL-spa
e is an inje
tive Bana
h latti
e.

Theorem 2.4 shows that there is an essential di�eren
e between inje
tive Bana
h

latti
es and inje
tive Bana
h spa
es, sin
e C(K) with extremally dis
onne
ted


ompa
tum K is the only (up to isomorphism) inje
tive obje
t in the 
ategory of

Bana
h spa
es and linear 
ontra
tions (see Goodner [14℄, Kelley [15℄, Na
hbin [16℄).

Definition 2.5. A separable Bana
h latti
e X is said to be separably-inje
tive

if for every pair of separable Bana
h latti
es Y ⊂ Z and every positive (
ontinuous)

linear map from Y to X, there exists a norm preserving positive linear extension

from Z to Y .

In [17, Theorem 3℄ Buskes observed that every separably-inje
tive Bana
h latti
e

is inje
tive.
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A geometri
 property whi
h enables us to 
hara
terize inje
tive Bana
h latti
es

was dis
overed by Cartwright [18℄.

Definition 2.6.A Bana
h latti
eX has the splitting property if, given x1, x2, y ∈
X+ with ‖x1‖ 6 1, ‖x2‖ 6 1, and ‖x1 + x2 + y‖ 6 2, there exist y1, y2 ∈ X+ su
h

that y1 + y2 = y, ‖x1 + y1‖ 6 1, and ‖x2 + y2‖ 6 1.

Definition 2.7. A Bana
h latti
e X has the Cartwright property if, given

x1, x2, y ∈ X+ and 0 < r1, r2 ∈ R with ‖x1‖ 6 r1, ‖x2‖ 6 r2, and ‖x1 + x2 + y‖ 6
r1 + r2, there exist y1, y2 ∈ X+ su
h that y1 + y2 = y, ‖x1 + y1‖ 6 r1, and
‖x2 + y2‖ 6 r2.

Definition 2.8. A Bana
h latti
e X has the �nite order interse
tion property

if, given z ∈ X+, �nite 
olle
tions x1, . . . , xn ∈ X+, y1, . . . , ym ∈ X+, and stri
tly

positive reals r1, . . . , rn ∈ R+, s1, . . . , sm ∈ R+ su
h that ‖xi‖ 6 ri, ‖yj‖ 6 sj , and
‖xi + yj + z‖ 6 ri + sj for all i := 1, . . . , n and j := 1, . . . ,m, there exist u, v ∈ X+

with

z = u+ v, ‖xi + u‖ 6 ri, ‖yj + v‖ 6 sj (i := 1, . . . , n, j := 1, . . . ,m).

Theorem 2.9 (Cartwright [18℄). For a Bana
h latti
e the splitting property,

the Cartwright property, and the �nite order interse
tion property are equivalent.

Theorem 2.10 (Cartwright [18℄). A Bana
h latti
e has the splitting property

if and only if its se
ond dual is inje
tive.

Definition 2.11. A Bana
h latti
e X is said to have: the property (P ) if there
exists a positive 
ontra
tive proje
tion in X ′′

onto X [19, p. 47℄; the Levi property

if 0 6 xα ↑ and ‖xα‖ 6 1 imply that supα xα exists in X [20, De�nition 7 (2)℄; the

Fatou property if 0 6 xα ↑ x implies ‖xα‖ ↑ ‖x‖ [20, De�nition 7 (3)℄. A Bana
h

latti
e with the Levi (Fatou) property is also 
alled order semi
ontinuous (resp. mo-

notoni
ally 
omplete) [19℄.

Cartwright [18, Corollary 3.8℄ proved that a Bana
h latti
e is inje
tive if and only

if it has the Cartwright property and the property (P ). Haydon demonstrated that

the property (P ) may be repla
ed with the intrinsi
 `
ompleteness' property.

Theorem 2.12 (Haydon [21℄). A Bana
h latti
e is inje
tive if and only if it has

the Cartwright, Fatou, and Levi properties.

A 
ru
ial role in the stru
ture theory of inje
tive Bana
h latti
es plays the 
on
ept

of M -proje
tion whi
h, in addition to their stru
ture as Bana
h latti
es, determines

important pe
uliar properties. The notion of an M -proje
tion goes ba
k to [22℄.

Definition 2.13. A band proje
tion π in a Bana
h latti
e X is 
alled anM -pro-

je
tion if ‖x‖ = max{‖πx‖, ‖π⊥x‖} for all x ∈ X, where π⊥ := IX−π. The setM(X)
of all M -proje
tions in X forms a Boolean subalgebra of P(X). The f -subalgebra
of the 
enter Z (X) generated by M(X) is 
alled the M -
enter of X and denoted

by Zm(X). Clearly, Zm(X) = R · IX if and only if M(X) = {O,1}.
Observe that M(X) is an order 
losed subalgebra of P(X) whenever X has the

Fatou and Levi properties. In this event the relations B ≃M(X) and Λ(B) ≃ Zm(X)
are equivalent. Note also that if X is an AL-spa
e and Y is a Dedekind 
omplete

AM -spa
e with unit then M(X) = {0, IX} and M(Y ) = P(Y ).
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Theorem 2.14 (Haydon [21℄). An inje
tive Bana
h latti
e X is an AL-spa
e
if and only if there is no M -proje
tion in it other than zero and identity,

i. e., M(X) = {0, IX} (or, equivalently, if and only if itsM -
enter is one-dimensional,

i. e., Zm(X) = R · IX).
Definition 2.15. A real Bana
h latti
e X is said to be λ-inje
tive, if for every

Bana
h latti
e Y , 
losed sublatti
e Y0 ⊂ Y , and positive T0 : Y0 → X there exists

a positive extension T : Y → X with ‖T‖ 6 λ‖T0‖.
It was proved in [23℄ that every �nite-dimensional λ-inje
tive Bana
h latti
e is

latti
e isomorphi
 to

(∑⊕
j6k l1(nj)

)
l∞
, while it was shown in [24℄ that every order


ontinuous λ-inje
tive Bana
h latti
e is latti
e isomorphi
 to L1(µ) spa
e. But the
general question is still open:

Problem 2.16. Is every λ-inje
tive Bana
h latti
e order isomorphi
 to 1-inje
tive
Bana
h latti
e?

One of the intriguing problems is the 
lassi�
ation of the Bana
h spa
e whose

duals are isometri
 to an AL-spa
e, see also [25℄. We believe that the inje
tive version

of this problem deserves an independent study.

Problem 2.17. Classify and 
hara
terize the Bana
h spa
es whose duals are

inje
tive Bana
h latti
es.

Le
ture 3. Boolean Valued Bana
h Latti
es

In this le
ture we present some Boolean valued representation results for Bana
h

latti
es needed in the sequel. Assume that X is a Bana
h latti
e and B is a 
omplete

subalgebra of a 
omplete Boolean algebra B(X) 
onsisting of proje
tion bands and

denote by B the 
orresponding Boolean algebra of band proje
tions. If B is isomor-

phi
 to a Boolean algebra B then we will identify the Boolean algebras B and B,
writing B ⊂ B(X). We also will identify P(Λ) and B.

Definition 3.1. If (bξ)ξ∈Ξ is a partition of unity in B and (xξ)ξ∈Ξ is a family

in X, then there is at most one element x ∈ X with bξxξ = bξx for all ξ ∈ Ξ. This
element x, if existing, is 
alled the mixing of (xξ) by (bξ). Clearly, x = o-

∑
ξ∈Ξ bξxξ.

A Bana
h latti
e X is said to be B-
y
li
 or B-
omplete if the mixing of every family
in the unit ball U(X) of X by ea
h partition of unity in B (with the same index set)

exists in U(X).
A Bana
h latti
e (X, ‖·‖) is B-
y
li
 with respe
t to a 
omplete Boolean algebra B

of band proje
tions on X if and only if there exists a Λ(B)-valued norm · on X
su
h that (X, · ) is a Bana
h�Kantorovi
h spa
e, |x| 6 |y| implies x 6 y for

all x, y ∈ X , and ‖x‖ = ‖ x ‖∞ (x ∈ X), see Kusraev and Kutateladze [10, Theo-

rems 5.8.11 and 5.9.1℄.

Definition 3.2. LetX and Y be Bana
h spa
es with B ⊂ L (X) and B ⊂ L (Y ).
An operator T : X → Y is 
alled B-linear, if it is linear and 
ommutes with all

proje
tions from B, i. e., if b◦T = T ◦b. (Here, of 
ourse, we mean ϕY (b)◦T = T ◦ϕX(b)
with ϕX : B → B(X) and ϕY : B → B(Y ) being Boolean isomorphism.) A bije
tive

B-linear operator is 
alled a B-isomorphism and an isometri
 B-isomorphism is 
alled

a B-isometry. À B-isometri
 latti
e homomorphism is referred to as latti
e B-isome-
try.
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Let LB(X,Y ) stands for the set of all bounded B-linear operators from X into Y .
Clearly LB(X,Y ) is a B-
y
li
 Bana
h spa
e whenever Y is.

Definition 3.3. Denote by X# := LB(X,Λ), where Λ = Λ(B), the B-dual to X.
Now we are able to answer the question: What kind of 
ategory is produ
ed

by applying the des
ending pro
edure to the 
ategory of Bana
h latti
es in V(B)
?

The answer is given in the following two results.

Let (X , ‖·‖) be a Bana
h latti
e within V(B)
. De�ne the map N : X ↓ → R := R↓

as the des
ent N(·) := (‖ · ‖)↓ of the norm ‖ · ‖. Then X ↓ (with the des
ended

operations and order) is a ve
tor latti
e and N is an R-valued norm on X ↓.
Definition 3.4. The bounded des
ent X ⇓ of X is de�ned as the set

X ⇓ := {x ∈X ↓ : N(x) ∈ Λ}

equipped with the des
ended operations, order relation and mixed norm:

|||x||| := ‖N(x)‖∞ (x ∈X ⇓).

Theorem 3.5. A restri
ted des
ent of a Bana
h latti
e from the model V(B)

is a B-
y
li
 Bana
h latti
e. Conversely, if X is a B-
y
li
 Bana
h latti
e, then

in the model V(B)
there exists up to the isometri
 isomorphism a unique Bana
h

latti
e X whose restri
ted des
ent X ⇓ is isometri
ally B-isomorphi
 toX. Moreover,

B = M(X) if and only if [[there is no M -proje
tion in X other than 0 and IX ]] = 1.

⊳ See Kusraev and Kutateladze [10, Theorem 5.9.1℄. ⊲

Definition 3.6. The elements X ∈ V(B)
in Theorem 2.2 and T ∈ V(B)

in

Theorem 2.4 below are said to be the Boolean valued representations of X and T ,
respe
tively.

Denote by L r
B (X,Y ) the spa
e of all regular B-linear operators from X to Y

equipped with the regular norm ‖T‖r := inf{‖S‖ : S ∈ LB(X,Y ), ±T 6 S}. Let X

and Y be the Boolean valued representations of B-
y
li
 Bana
h latti
es X and Y ,
respe
tively, while L r(X ,Y ) stands for the spa
e of all regular operators from X

to Y with the regular norm within V(B)
. The following result states that L r(X ,Y )

is the Boolean valued representation of L r
B (X,Y ).

Theorem 3.7. Assume that X and Y are B-
y
li
 Bana
h latti
es, while X

and Y are their respe
tive Boolean valued representations. The spa
e L r
B (X,Y )

is order B-isometri
 to the bounded des
ent L r(X ,Y )⇓ of L r(X ,Y ). The

isomorphism is set up by assigning to any T ∈ L r
B (X,Y ) the element T := T↑ of V(B)

is uniquely determined from the formulas [[T : X → Y ]] = 1 and [[T x = Tx ]] = 1
(x ∈ X).

⊳Observe thatLB(X,Y ) andL (X ,Y )⇓ are B-isometri
 by [26, Theorem 8.3.6℄.

Sin
e T (X+)↑ = T↑(X+↑) = T (X+), it follows that T (X+) ⊂ Y+ if and only

if [[T (X+) ⊂ Y+]] = 1. This means that the bije
tion T ↔ T = T↑ preserves
positivity and hen
e is an order B-isomorphism between L r

B (X,Y ) and L r(X ,Y )⇓.
Sin
e for S ∈ L r

B (X,Y ) and S := S↑ the relations ±T 6 S and [[±T 6 S ]] = 1

are equivalent, we have [[‖T ‖r = T r]] = 1, where T r = inf{ S : S ∈
L r

B (X,Y ), ±T 6 S} and S := sup{ Sx : x 6 1}. Thus, it remains to prove

that ‖T‖r = ‖ T r‖∞ (T ∈ L r
B (X,Y )).
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If ±T 6 S then ‖ T ‖∞ 6 ‖ S ‖∞ = ‖S‖ and hen
e ‖T‖r > ‖ T r‖∞. To prove
the reverse inequality take an arbitrary 0 < ε ∈ R and 
hoose a partition of unity

(πξ)ξ∈Ξ in B and a family (Sξ)ξ∈Ξ in L r
B (X,Y ) su
h that Sξ > ±T and πξ Sξ 6

(1 + ε) T r for all ξ ∈ Ξ. De�ne an operator S ∈ L r
B (X,Y ) by Sx := mixξ∈Ξ πξSξx

(x ∈ X), where the mixing exists in Y , sin
e Sξx 6 (1+ ε) T r x and hen
e (Sξx)
is norm bounded in Y . Moreover, Sx =

∑
ξ πξSξx in the sense of Λ-valued norm

on Y . Therefore, S > ±T and S 6 (1 + ε) T r, when
e ‖T‖r 6 ‖S‖ = ‖ S ‖∞ 6

(1 + ε)‖ T r‖∞. ⊲
Theorem 3.8. Let X be a B-
y
li
 Bana
h latti
e and let X be its Boolean

valued representation in V(B)
. Then the following hold:

(1) V(B) � �X is Dedekind 
omplete� if and only if X is Dedekind 
omplete.

(2) V(B) � �X is inje
tive� if and only if X is inje
tive.

(3) V(B) � �X is an AM -spa
e� if and only if X is an AM -spa
e.

(4) V(B) � �X is an AL-spa
e� if and only if X is inje
tive and B ≃ M(X).

⊳ See Kusraev and Kutateladze [10, Theorems 5.9.6 (1) and 5.12.1℄. ⊲

Now, we des
ribe a Boolean valued analysis approa
h to the theory of inje
tive

Bana
h latti
es. First we 
larify what the Boolean-valued representation of inje
tive

Bana
h latti
e is, see [27, Theorem 4.1℄.

Theorem 3.9. Suppose that X is a B-
y
li
 Bana
h latti
e and X ∈ V(B)
is its

Boolean-valued representation. Then the following assertions hold:

(1) X is inje
tive if and only if [[X is inje
tive ]] = 1.
(2) X is inje
tive and B ≃ M(X) if and only if [[X is inje
tive and M(X ) =

{0, IX } ]] = 1.
Theorem 3.10 (Haydon [21℄). Let X is an inje
tive Bana
h spa
e. Then X is

an AL-spa
e if and only if M(X) = {0, IX}.
Now, putting together Theorems 3.5, 3.9, and 3.10 we arrive at our main

representation theorem for inje
tive Bana
h latti
e, see [27, Theorem 4.4℄.

Theorem 3.11. A bounded des
ent X ⇓ of an AL-spa
e X from V(B)
is an

inje
tive Bana
h latti
e with B ≃ M(X ⇓). Conversely, if X is an inje
tive Bana
h

latti
e and B ≃ M(X), then there exist an AL-spa
e X in V(B)
whose bounded

des
ent is latti
e B-isometri
 to X; in symbols, X ≃B X ⇓.
Theorem 3.11 implies the transfer prin
iples from AL-spa
es to inje
tive Bana
h

spa
es whi
h 
an be stated as follows:

(1) Every inje
tive Bana
h latti
e embeds into an appropriate Boolean valued

model, be
oming an AL-spa
e (Theorem 3.11).

(2) Ea
h theorem about the AL-spa
e within Zermelo�Fraenkel set theory with


hoi
e has its 
ounterpart for the original inje
tive Bana
h latti
e interpreted as

a Boolean-valued AL-spa
e (Boolean-valued Transfer Prin
ipe, Theorem 1.4).

(3) Translation of theorems from AL-spa
es to inje
tive Bana
h latti
es is 
arried
out by general operations and prin
iples of Boolean-valued analysis (outlined at the

beginning of Se
tions 6).

The following important representation result (see [27, Corollary 4.5℄) whi
h

do not involve the 
on
ept of Boolean-valued model 
an dedu
e immediately from

Theorem 3.11. Before stating this result, re
all some de�nitions.
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Definition 3.12. A positive operator T : X → Y between ve
tor latti
es is said

to: 1) be a Maharam operator whenever it is an order 
ontinuous and order interval

preserving, i. e., T ([0, x]) ⊂ [0, Tx] for all x ∈ X+; 2) have the Levi property if supxα
exists in Y for every in
reasing net (xα) ⊂ X+, provided that the net (Txα) is order
bounded in Y ; 3) be stri
tly positive if Tx = 0 implies x = 0 for all x ∈ X+.

If Y = Λ and T is stri
tly positive then L1(T ) denotes the domain of T endowed

with the norm |||x||| = ‖T (|x|)‖∞ (x ∈ L1(T )), see De�nition 3.4.

Theorem 3.13. If T is a stri
tly positive Maharam operator with the Levi

property taking values in a Dedekind 
omplete AM -spa
e Λ with unit, then

(L1(Φ), |||·|||) is an inje
tive Bana
h latti
e with M(L1(Φ)) = P(Λ).
Conversely, any inje
tive Bana
h latti
e X is latti
e B-isometri
 to (L1(T ), |||·|||)

for some stri
tly positive Maharam operator T with the Levi property taking values

in a Dedekind 
omplete AM -spa
e Λ with unit, where B = M(L1(T )) ≃ P(Λ).

Haydon proved three representation theorems for inje
tive Bana
h latti
es

(see [21, Theorems 5C, 6H, and 7B℄). These results may be also dedu
ed from the

above representation theorem (see Theorems 3.11 and 3.13 and [27, Remark 4.13℄).
As is seen from Theorem 3.13 an inje
tive Bana
h latti
e X has a mixed

L-M -stru
ture. Thus, the dual X ′
and the B-dual X#

should have, in a sense, an

M -L-stru
ture. Hen
e a natural question arises:

Problem 3.14. What kind of duality theory is there for inje
tives?

The following result may be helpful towards problem 3.14.

Theorem 3.15. Let X be a Bana
h spa
e with the dual X ′
and the duality

pairing 〈·, ·〉. If B := PL(X) then there exists a Bana
h spa
e X unique up to linear

isometry within V(B)
su
h that the following hold:

(1) X has no nontrivial L-proje
tions and X ′
has no nontrivial M -proje
tions.

(2) X is linearly B-isometri
 to X ↓L and X ′
is linearly B-isometri
 to X ′↓M .

(3) There exists a bilinear operator 〈〈·, ·〉〉 : X ×X ′ → L1(B, φ) satisfying

〈πx, x′〉 = φ(π〈〈x, x′〉〉) (x ∈ X, x′ ∈ X ′, π ∈ B).

Le
ture 4. Boolean Simplex Spa
es

In this le
ture we present some 
onditions on an ordered Bana
h spa
e that are

ne
essary and su�
ient for the spa
e to be a predual of an inje
tive Bana
h latti
e.

We 
on�ne exposition to real Bana
h spa
es, although the method we use works for


omplex spa
es as well. The positive 
one of an ordered Bana
h spa
e is assumed


losed and the dual spa
e is endowed with the dual order.

Definition 4.1. Let X be a normed ve
tor spa
e ordered by a positive 
one X+.

Then X+ is said to be normal if x 6 y 6 z implies that ‖y‖ 6 max{‖x‖, ‖z‖}. We say

that X dire
ted if the 
losed unit ball of X is upward dire
ted; i. e., for all x1, x2 ∈ X
with ‖x1‖ 6 1 and ‖x1‖ 6 1 there exists y ∈ X su
h that x1, x2 6 y and ‖y‖ 6 1.

The following 
hara
terization of AL-spa
es is due to Davies [29℄ (also see Asimow
and Ellis [22℄).
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Theorem 4.2. Let (X,X+) be an ordered Bana
h spa
e. Then the dual X ′
is

an AL-spa
e if and only if X has the Riesz de
omposition property, X is dire
ted,

and X+ is normal.

Remark 4.3. For L1
-predual spa
es the name simplex spa
es was introdu
ed

by E�ros [30℄. Thus, the Davies theorem tells us that an ordered Bana
h spa
e X
is a simplex spa
e if and only if X has the Riesz de
omposition property, X is

dire
ted, and X+ is normal. Interpreting this fa
t in an appropriate Boolean valued

model we will 
hara
terize the preduals of inje
tive Bana
h latti
es. It is natu-

ral to 
all them Boolean simplex spa
es. The following result on Boolean valued

representation of inje
tive Bana
h spa
es together with Theorem 3.8 provides a key

to the 
hara
terization of Boolean simplex spa
es.

Given a Bana
h latti
e X, denote by M(X) the set of the M -proje
tions that

are simultaneously band proje
tions: M(X) := P(X) ∩ PM (X). Then M(X) is

a subalgebra of the Boolean algebra P(X). Moreover, M(X) is an order 
losed

subalgebra of P(X) whenever ea
h upward dire
ted set in the unit ball of X has

the least upper bound belonging to the unit ball of X; see [21℄.

Theorem 4.4. A Bana
h latti
e X is inje
tive with B = M(X) if and only if

there exists an AL-spa
e X unique up to latti
e isometry within V(B)
whose bounded

des
ent X ↓M is B-isometri
 to X.

⊳ See [31, Theorem 2.1℄ or [10, Theorem 5.9.1℄. ⊲

Lemma 4.5. PM (X) = M(X) for every inje
tive Bana
h latti
e X.

⊳ Let X and X be the same as in Theorem 4.4. The mapping π 7→ π⇓ := π↓|X
is an isomorphism of PM(X )↓ and PM (X). This 
an be proved as in [10, Theo-

rem 5.9.1℄. If P ∈ PM (X) and P /∈M(X) then π := P↑ is a nontrivial M -proje
tion

in X a

ording to [10, Theorem 5.8.12℄, be
ause B-linearity of P amounts to saying

that P 
ommutes with ea
h operator from M(X). Apart from the trivial 
ase

X = R, this 
ontradi
ts to Behrends' di
hotomy (see [32, Theorem 1.8℄), sin
e the

AL-spa
e X has nontrivial L-proje
tions. As to the trivial 
ase, theM -proje
tions of

R↓M ≃ C(K) 
oin
ide with the 
hara
teristi
 proje
tions PU (f) = χUf (f ∈ C(K))
for 
lopen sets U ⊂ K [32, Example 1.4 (a)℄. ⊲

Now we introdu
e the Boolean versions of the 
on
epts of normality and

dire
tedness of ordered Bana
h spa
es whi
h appear in the Davies 
hara
terization

of L1
-predual spa
es.

Definition 4.6. The norm on X is said to be B-normal if for x, y, z ∈ X
with x 6 y 6 z there exists a proje
tion π0 ∈ B su
h that ‖π1y‖ 6 ‖π1x‖ and
‖π2y‖ 6 ‖π2z‖ for all π1, π2 ∈ B with π1 6 π0 and π2 6 π∗0 .

Definition 4.7. Given a ∈ X, de�ne Ba(X) ⊂ X as the set of x ∈ X with

‖πx‖ 6 ‖πa‖ for all π ∈ PL(X). Say that Ba(X) is upward B-dire
ted if, for all

x1, x2 ∈ Ba(X), there exists y ∈ Ba(X) with y > x1, x2.

Lemma 4.8. Let X be the E-des
ent of an ordered Bana
h spa
e X ∈ V(B)

where E is a Dedekind 
omplete Bana
h latti
e and B = P(E). Then the following

hold:

(1) X+ is normal if and only if X+ is B-normal.
(2) X is dire
ted if and only if Ba(X) is upward B-dire
ted for all a ∈ X.
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⊳ Re
all that the E-valued norm · of X is the des
ent of the norm ‖ · ‖X of X

and ‖x‖X =
∥∥ x

∥∥
∞ for all x ∈ X. Observe �rst that for a, b ∈ E+ we have a 6 b

if and only if ‖πa‖E 6 ‖πa‖E for all π ∈ B (see the proof of Lemma 2.8). It follows

that the 
onditions x 6 y and ‖πx‖ 6 ‖πy‖ for all π ∈ B are equivalent. Now it

is 
lear that Ba(X) = {x ∈ X : x 6 a }.
(1) Suppose that X+ is normal and pi
k x, y, z ∈ X with x 6 y 6 z. Then

[[x 6 y 6 z]] = 1 and ‖y‖X 6 max{‖x‖X , ‖z‖X }. It follows that y 6 x ∨ z and

there exists a band proje
tion π0 ∈ B su
h that x ∨ z = π0 x + π∗0 z . The simple
argument indi
ated above shows that ‖πy‖ 6 ‖ππ0x‖+‖ππ∗0z‖ for all π ∈ B. Taking
π := π1 6 π0, we get ‖π1y‖ 6 ‖π1x‖ and for π := π2 6 π∗0 we have ‖π2y‖ 6 ‖π2z‖.
The 
onverse 
an be proven by similar arguments.

(2) Denote by B1(X ) the 
losed unit ball ofX and put Bα(X ) = αB1(X ). Note
that B1(X ) is upward dire
ted if and only if so is Bα(X ) for all α = ‖a‖X ∈ R

with a ∈ X . The straightforward 
al
ulation of Boolean truth-values yields that

Bα(X ) is upward dire
ted if and only if Ba(X) is upward dire
ted for α = a .
Thus the dire
tedness of X implies that Ba(X) is upward dire
ted for all a ∈ X,
sin
e Bα(X )↓ ⊂ X. To show the 
onverse, 
hoose a partition of unity (πξ) in B
and a family (aξ) in X su
h that πξaξ ∈ X and πξ aξ = πξ1 ∈ X for all ξ. For
O 6= b ∈ B denote by bB the relative subalgebra [O, b]. Assuming that all Baξ(X)
are upward dire
ted and taking into a

ount the rule for transition to the relative

universe V(bB)
(see [10, 1.3.7℄) we infer that Bαξ

(X ) = B1(X ) within V(πξB)
and so

B1(X ) is upward dire
ted within V(B)
. ⊲

Theorem 4.9. For an ordered Bana
h spa
e X the following are equivalent:

(1) X ′
is an inje
tive Bana
h latti
e.

(2) The four 
onditions hold:

(a) X has the Riesz de
omposition property.

(b) PL(X) 
onsists of positive proje
tions.
(c) X+ is PL(X)-normal.
(d) Ba(X) is upward PL(X)-dire
ted for all a ∈ X.

In 
ases (1) and/or (2) the Boolean algebras M(X ′) and PL(X) are isomorphi
.

⊳ Let X be a Boolean valued representation of X as in Theorem 3.8. Just

as in [10, Theorem 5.9.1℄ we 
an demonstrate that X+↑ is a pointed 
one in X

over R∧

+; i. e., X+↑ + X+↑ ⊂ X+↑ and R∧

+ · X+↑ ⊂ X+↑. De�ne the positive 
one
X+ as the 
losure of X+↑. Then X+ is a 
losed, possibly unpointed, 
one so that

(X ,X+) is a preordered Bana
h spa
e within V(B)
. Re
all that for A ⊂ X we have

A↑↓ = mix(A) ⊂ X ↓, where mix(A) 
onsists of all x ∈ X ↓ for whi
h there exists

a partition of unity (πξ) in B and a family (aξ) in A su
h that πξx = πξaξ for all ξ;
see [10, 1.6.6℄. Moreover, if x ∈ X then x =

∑
ξ∈Ξ πξaξ by Lemma 2.11.

(1) =⇒ (2): If X ′
is an inje
tive Bana
h latti
e then PM(X ′) = M(X ′) by

Lemma 4.4 and PL(X) is isomorphi
 to M(X ′) by Theorem 2.10 (3). Applying the

obvious duality representation PL(X) = {π ∈ L (X) : π′ ∈ PM(X)}, we 
on
lude
that L-proje
tions on X are positive and so X+ is invariant under all L-proje
tions.
Together with Lemma 2.11, this implies that X+ = mix(X+)∩X = X+↑↓∩X, whi
h
in turn yields that X+↑ is 
losed in X ; i. e., X+ = X+. Thus, X is an ordered

Bana
h spa
e and X ′
is an AL-spa
e within V(B)

by Theorem 4.4. The Boolean
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valued transfer prin
iple enables us to apply the Davies Theorem to X and state

that X has the Riesz de
omposition property, X is dire
ted, and X+ is normal.

By Lemma 4.7 Ba(X) is upward PL(X)-dire
ted for all a ∈ X and X+ is PL(X)-nor-
mal. The Riesz de
omposition property for X 
an be written in the equivalent form

Σ([0, a] × [0, b]) = [0,Σ(a, b)], where a, b ∈X+ and Σ is addition on X . Then Σ↓ is
addition on X and Σ([0, a]× [0, b])↓ = Σ↓([0, a]↓× [0, b]↓). The latter is equivalent to
the Riesz de
omposition property for X, sin
e obviously the des
ent of an internal

order interval {x ∈X : 0 6 x 6 a} 
oin
ides with {x ∈ X : 0 6 x 6 a}.
(2) =⇒ (1): Assume that X satis�es the 
onditions (a)�(d) of (2) and put

B = PL(X). By (a), X+ is invariant under L-proje
tions, whi
h together with the


losedness of X+ implies that X+ is B-
omplete. De�ning the positive 
one in X

by X+ := X+↑, we 
an demonstrate just as in [10, Theorem 5.9.1℄ that (X ,X+)
is an ordered Bana
h spa
e within V(B)

. As was shown above, X has the Riesz

de
omposition property if and only if so is X within V(B)
. Prove that X is dire
ted

and X+ is normal. By Lemma 4.7, (c) and (d) imply that X+ is normal and X is

dire
ted. By the Boolean valued transfer prin
iples Theorem 4.2 is true within V(B)

and so X is an L1
-predual spa
e; i. e., X ′

is an AL-spa
e. It remains to appeal again
to Theorem 4.4. By Lemma 4.5 M(X ′) and PL(X) are isomorphi
. ⊲

Referen
es

1. S
ott D. S. Boolean-valued Models for Set Theory. Mimeographed notes for the 1967 Ame-

ri
an Math. So
. Symposium on axiomati
 set theory, 1967.

2. Vop�enka P. General theory of ▽-models // Comment. Math. Univ. Carolin.�1967.�Vol. 8,

� 1.�P. 147�170.

3. Bell J. L. Set Theory: Boolean-Valued Models and Independen
e Proofs in Set Theory.�

Oxford: Clarendon Press, 2005.�xxii+191 p.�(Oxford Logi
 Guides; Vol. 47).

4. Takeuti G., Zaring W. M. Axiomati
 Set Theory.�New York: Springer-Verlag, 1973.�238 p.

5. Kusraev A. G., Kutateladze S. S. Boolean Valued Analysis.�Dordre
ht a. o.: Kluwer, 1995.

6. Kusraev A. G., Kutateladze S. S. Introdu
tion to Boolean Valued Analysis.�Mos
ow: Nauka,

2005.�526 p.

7. Gordon E. I. Real numbers in Boolean valued models of set theory and K-spa
es // Dokl.

Akad. Nauk SSSR.�1977.�Vol. 237, � 4.�P. 773�775.

8. Takeuti G. A transfer prin
iple in harmoni
 analysis // J. Symboli
 Logi
.�1979.�Vol. 44,

� 3.�P. 417�440.

9. Takeuti G. Boolean valued analysis // Appli
ations of Sheaves. (Pro
. Res. Sympos. Appl.

Sheaf Theory to Logi
, Algebra and Anal., Univ. Durham, Durham, 1977).�Berlin et
.:

Springer-Verlag, 1979.�P. 714�731.�(Le
ture Notes in Math.; Vol. 753).

10. Kusraev A. G., Kutateladze S. S. Boolean Valued Analysis: Sele
ted Topi
s.�Vladikavkaz:

SMI VSC RAS, 2014.�iv+400 p.

11. Lotz H. P. Extensions and liftings of positive linear mappings on Bana
h latti
es // Trans.

Amer. Math. So
.�1975.�Vol. 211.�P. 85�100.

12. Arendt W. Fa
torization by latti
e homomorphisms // Math. Z.�1984.�Vol. 185, � 4.�

P. 567�571.

13. Abramovi
h Y. A. Weakly 
ompa
t sets in topologi
al Dedekind 
omplete ve
tor latti
es //

Teor. Funk
i��, Funk
ional. Anal. i Prilo�zen.�1972.�Vol. 15.�P. 27�35.

14. Goodner D. B. Proje
tions in normed linear spa
es // Trans. Amer. Math. So
.�1950.�

Vol. 69.�P. 89�108.

15. Kelley J. L. Bana
h spa
es with the extension property // Trans. Amer. Math. So
.�1952.�

Vol. 72.�P. 323�326.

16. Na
hbin L. A theorem of Hahn�Bana
h type for linear transformation // Trans. Amer. Math.

So
.�1950.�Vol. 68.�P. 28�46.

45



17. Buskes G. Separably-inje
tive Bana
h latti
es are inje
tive // Pro
. Roy. Irish A
ad. Se
t.�

1985.�Vol. A85, � 2.�P. 185�186.

18. Cartwright D. I. Extension of positive operators between Bana
h latti
es // Memoirs Amer.

Math. So
.�1975.�Vol. 164.�P. 1�48.

19. Meyer-Nieberg P. Bana
h Latti
es.�Berlin et
.: Springer, 1991.�xvi+395 p.

20. Abramovi
h Y. A., Aliprantis C. D. Positive operators // Handbook of the Geometry

of Bana
h Spa
es.�Amsterdam a. o.: Elsevier S
ien
e B.V., 2001.�Vol. 1.�P. 85�122.

(Eds. W. B. Johnson and J. Lindenstrauss).

21. Haydon R. Inje
tive Bana
h latti
es // Math. Z.�1974.�Vol. 156.�P. 19�47.

22. Asimow L., Ellis A. J. Convexity Theory and Its Appli
ations in Fun
tional Analysis.�

London et
.: A
ademi
 Press, 1980.

23. Lindenstrauss J., Tzafriri L. On the isomorphi
 
lassi�
ation of inje
tive Bana
h latti
es //

Advan
es Math.�1981.�Vol. 7B.�P. 489�498.

24. Mangheni P. J. The 
lassi�
ation of inje
tive Bana
h latti
es // Israel J. Math.�1984.�

Vol. 48.�P. 341�347.

25. Lindenstrauss J., Wulbert D. E. On the 
lassi�
ation of he Bana
h spa
es whose duals are

L1
-spa
es // J. Fun
t. Anal.�1969.�Vol. 4.�P. 332�349.

26. Kusraev A. G. Dominated Operators.�Dordre
ht: Kluwer, 2000.

27. Kusraev A. G. Boolean valued transfer prin
iple for inje
tive Bana
h latti
es // Siberian

Math. J.�2015.�Vol. 56, � 5.�P. 1111�1129.

28. Haydon R., Levy M., Raynaud Y. Randomly Normed Spa
es.�Paris: Hermann, 1991.

29. Davies E. B. The stru
ture and ideal theory of the predual of a Bana
h latti
e // Trans.

Amer. Math. So
.�1968.�Vol. 131.�P. 544�555.

30. E�ros E. G. Stru
ture in simplexes // A
ta Math.�1967.�Vol. 117.�P. 103�121.

31. Kusraev A. G. Boolean valued transfer prin
iple for inje
tive Banan
h latti
es // Siberian

Math. J.�2015.�Vol. 25, � 1.�P. 57�65.

32. Harmand P., Werner D., Wener W. M -Ideals in Bana
h Spa
es and Bana
h Algebras.�

Berlin et
.: Springer, 1993.�(Le
ture Notes in Math.; Vol. 1547).

46



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

THE S. L. SOBOLEV SPACES.

METHOD OF SYMMETRIZATION

A. F. Tedeev

(Russia, Vladikavkaz; SMI VSC RAS)

Introdu
tion

The study of isoperimetri
 inequalities goes ba
k to antiquity. The solution of

Dido's problem states that, of all plane domains of given perimeter, the 
ir
ular

dis
, and the dis
 alone, maximizes the en
losed area. Equivalently, of all domains

of given area, the dis
 minimizes the perimeter. This is expressed via the 
lassi
al

isoperimetri
 inequality

L2 > 4πA,

where L stands for the perimeter and A for the en
losed area of a domain in the

plane. Equality is attained only for the dis
. In three dimensional spa
e, if S is the

surfa
e area of a body and V its volume, then

S3 > 36πV 2

and equality is attained only for the sphere. In the 
ase of N -dimensional 
ase

we pro
eed as follows. Fix R > 0, let B(R) be a ball 
entered at origin then

V (R) = ωNR
N
and S(R) = NωNR

N−1
.

In terms of V we have S = Nω
1
N

N V
N−1
N
. Therefore the isoperimetri
 inequality

should be in the form

S > Nω
1
N

N V
N−1
N .

The 
lassi
al S. L. Sobolev inequality reads as follows. Let u(x) ∈ W 1,p
0 (RN ) and

1 < p < N . Then



∫

RN

|u|p∗ dx




1
p∗

6 S(N, p)



∫

RN

|∇u|p dx




1
p

, (0.1)

where p∗ = Np
N−p the 
riti
al Sobolev exponent. Applying the H�older inequality we

obtain the Gagliardo�Nirenberg inequality:

‖u‖q 6 C ‖∇u‖θp ‖u‖1−θr ,

where 0 6 θ 6 1, and θ is determined by the dimensional analysis:

N

q
= θ

N − p
p

+ (1− θ)N
r
.
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Here 0 < r < q. Sobolev inequalities were developed in several dire
tions. We refer the

reader to monograph [1℄ for further referen
es. Several approa
hes exist in literature

when proving the Sobolev inequality. The 
lassi
al approa
h is based on the integral

representation:

u(x) = c

N∑

i=1

∫

RN

xi − yi
|x− y|N

uyidx,

whi
h is valid for u ∈ C1
0 (R

N ). This approa
h works with p > 1. The 
ase p = 1 is
due the Gagliardo result, whi
h reads as follows



∫

RN

|u| N
N−1 dx




N−1
N

6 S(N)



∫

RN

|∇u| dx


 . (0.2)

It is easy to prove that from the last inequality the Sobolev inequality for any p > 1

an be proved by 
hoosing u = vγ in (0.2) for a suitable γ. Indeed, we have



∫

RN

|v|
γN
N−1 dx




N−1
N

6 S(N)



∫

RN

γ |v|γ−1 |∇v| dx


 .

By the H�older inequality we have

∫

RN

|v|γ−1 |∇v| dx 6



∫

RN

|v|
p(γ−1)
p−1 dx




p−1
p


∫

RN

|∇v|p dx




1
p

.

Choose γ as follows:

p(γ − 1)

p− 1
=

γN

N − 1
, that is γ =

p(N − 1)

N − p .

Completely di�erent approa
h to prove the Sobolev inequality was proposed

by V. G. Maz'ya [1℄ and later by G. Talenti [2, 3℄. The proof was based on the

geometri
al measure theory (see [4℄). The symmetrization method whi
h is based on

the geometri
 measure theory as well was applied for proving the Sobolev inequality

by G. Talenti [2, 3℄. This way the pre
ise 
onstant in the Sobolev inequality was

obtained.

The goal of the le
tures is to give the proof of the Sobolev inequality applying

the symmetrization te
hnique following G. Talenti (see also [5℄). Main ingredients of

symmetrization te
hnique are: representation of the Lebesgue integral as a Riemann

integral by distribution fun
tion, the Federer 
o-area formula, the isoperimetri


inequality in the sense of De Georgi. The stru
ture of le
tures are as follows. In

the material of le
tures 1 and 2 we use [1℄ in essential way. While in le
tures we

follow [2, 3, 5℄.
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Le
ture 1. Representation of the Lebesgue Integral

as a Riemann Integral àlong a Halfspa
e

Theorem 1.1. Let u : X → R1
be a µ-measurable nonnegative fun
tion. Then

∫

X

u(x)µ(d(x)) =

∞∫

0

µ(Mt)dt =

∞∫

0

µ(Lt)dt, (1.1)

where Mt = {x ∈ X : u(x) > t}, Lt = {x ∈ X : u(x) > t}, µ(Mt) := measNMt

⊳ Let u(x) 6 A < ∞. Let {tk}mk=0 be su
h that 0 = t0 < t1 < · · · < tm = A.
Then

X =Mtm ∪
(m−1⋃

k=0

(Mtk\Mtk+1
)

)
,

and therefore by additivity property of integral we have

∫

X

u(x)µ(d(x)) =

m−1∑

k=0

∫

Mtk
\Mtk+1

u(x)µ(d(x)) +

∫

Mtm

u(x)µ(d(x)).

Hen
e

m−1∑

k=0

tkµ(Mtk\Mtk+1
) + tmµ(Mtm) 6

∫

X

u(x)µ(d(x)) 6

6

m−1∑

k=0

tk+1µ(Mtk\Mtk+1
) + tmµ(Mtm).

Evidently µ(Mtk\Mtk+1
) = µ(Mtk ) − µ(Mtk+1

). By the dis
rete version of the

integration by parts formula we have

m−1∑

k=0

ak(bk − bk+1) = a0b0 − am−1bm +
m−1∑

k=0

bk(ak − ak−1).

Thus, putting ak = tk, bk = µ(Mtk), we have

m∑

k=0

(tk − tk−1)µ(Mtk) =
m−1∑

k=0

(tk − tk−1)µ(Mtk) + (tm − tm−1)µ(Mtm) 6

6

∫

X

u(x)µ(d(x)) 6

m−1∑

k=0

(tk+1 − tk)µ(Mtk ).

Re�ning the partition and passing to the limit, we arrive at the inequality (1.1).

For the unbounded fun
tion we use the tran
ated fun
tions. That is

uk(x) = min{u(x), k}. Note that uk(x), k > 1 
onverge in measure to u(x). Hen
e
by Beppo�Levi theorem,

lim
k→∞

∫

X

uk(x)µ(d(x)) =

∫

X

u(x)µ(d(x)).
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Finally, noting that

∫

X

uk(x)µ(d(x)) =

k∫

0

µ(Mt)dt→
∞∫

0

µ(Mt)dt

as k →∞ we arrive at the desired result. ⊲

Remark 1.1. The result of Theorem 1.1 is still valid if we formally repla
e the

measure by 
harge and without assuming that u(x) has the de�nite sign.

Le
ture 2. The Fleming�Rishell�Federer Ño-area Formula

Theorem 2.1. Let Φ ∈ C(Ω), Φ > 0, and u ∈ C∞(Ω), where Ω is an open subset

of RN . Then ∫

Ω

Φ(x) |∇u| dx =

∞∫

0

dt

∫

Et

Φ(x) ds, (2.1)

where Et = {x ∈ Ω : |u(x)| = t}
⊳ Let w be an N -tuple ve
tor fun
tions in D(Ω). Using the integration by parts

formula and applying Theorem 1.1. we have

∫

Ω

w∇u dx = −
∫

Ω

udivw dx = −
∞∫

0

dt

∫

u>t

divw dx+

0∫

−∞

dt

∫

u6t

divw dx.

Sin
e u ∈ C∞(Ω), then almost all t the sets {x : u(x) = t} are in�nitely di�erentiable
manifolds. Therefore for almost all t∫

u>t

divw dx = −
∫

u=t

wν ds = −
∫

u=t

w
∇u
|∇u| ds,

where ν is the normal to {x : u = t} dire
ted into the set {x : u > t}. The integral
∫

u6t

divw dx

must be treated analogously. Consequently,

∫

Ω

w∇u dx =

∞∫

0

dt

∫

u=t

w
∇u
|∇u| ds.

Setting

w = Φ
∇u

(
|∇u|2 + ε

) 1
2

,

where Φ ∈ D(Ω) and ε > 0, we obtain

∫

Ω

Φ
|∇u|2

(
|∇u|2 + ε

) 1
2

dx =

∞∫

0

dt

∫

u=t

w
∇u
|∇u| ds.

Passing to the limit as ε → 0 and making use of Beppo Levi's monotone


onvergen
e theorem we obtain (2.1). ⊲
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Le
ture 3. The De
reasing Rearrangements

S
hwarz symmetrization is parti
ular kind of rearrangements of fun
tions de�ned

on domain Ω ⊂ RN . Given a real valued fun
tion on su
h a domain, we 
onstru
t an
asso
iated fun
tion, on a ball 
entered at the origin and of he same measure of Ω.
Given a Lebesgue measurable subset E ⊂ RN , we denote its N -dimensional measure

by |E|. Let u : Ω → R be a measurable fun
tion. For t ∈ R, the level set {u > t} is
de�ned as {u > t} = {x ∈ Ω : u > t}. Then the distribution fun
tion of u is given

by µu(t) = |{u > t}|. This fun
tion is a monotoni
ally de
reasing fun
tion of t and
for t > ess supu, we have µu(t) = 0, while for t 6 ess supu, µu(t) = |Ω|. Thus the
range of µu is the interval [0, |Ω|].

Definition 3.1. Let Ω ⊂ Rn be a bounded and let u : Ω → R be a measurable

fun
tion. The de
reasing rearrangement of u, denoted by u∗, is de�ned on [0, |Ω|] by
u∗(0) = ess supu, u∗(s) = inf{t : µu(t) < s}, s > 0.

Let us remark that u∗ is essentially the inverse fun
tion of the distribution

fun
tion µu of u. However, sin
e µu(t) is just monotoni
ally de
reasing, it 
an have

jump dis
ontinuities. If t is the point of dis
ontinuity, then the above de�nition �xes
the value of u∗ is the interval {µu(t+), µu(t−)} as t.

Example 3.1. Let u(x) = |x|−α, α > 0. Then µ|x|−α(t) = |{|x|−α > t}| =
CN t

−N
α
. Therefore the inverse to µ|x|−α(t) is u∗(s) = C

α
N

N s
− α

N
. Denote by u#(x) =

u∗(CN |x|N ) the spheri
al symmetrization of u(x). Then for u(x) = |x|−α we have

u#(x) = |x|−α. That is for spheri
ally symmetri
 fun
tions u(x) = u#(x)

Proposition 3.1. Let u: Ω→ R where Ω is bounded. Then u∗ is a nonin
reasing
and left-
ontinuous fun
tion.

⊳ (i) Let s1 < s2. Then |{u > t}| < s1 implies that |{u > t}| < s2. Thus,
{t : µu(t) < s1} ⊂ {t : µu(t) < s2}. By de�nition of u∗ it follows that u∗(s1) > u∗(s2).

(ii) Let s ∈ (0, |Ω|). By de�nition of u∗, given ε > 0, there exists a t su
h that

u∗(s) 6 t 6 u∗(s) + ε and µu(t) < s. Choose h > 0 su
h that µu(t) < s − h < s.
Then for all 0 < h

′

6 h, we have µu(t) < s− h
′

< s and thus u∗(s) 6 u∗(s − h′

) 6
t < u∗(s) + ε. That is u∗ is left-
ontinuous.

Proposition 3.2. The mapping u → u∗ is nonde
reasing, that is if u 6 v then
u∗ 6 v∗.

Definition 3.2. The real valued fun
tions are said to be equimeasarable if they

have the same distributional fun
tion.

Proposition 3.3. The fun
tions u: Ω → R and u∗: [0, |Ω|] are equimeasurable:
|{u > t}| = |{u∗ > t}|.

⊳ If u∗ > t, then by de�nition, it follows that |{u > t}| > s. Thus,

{s : {u∗ > t}} ⊂ {s : {u > t} > s}. Sin
e u∗ is nonin
reasing, we have |{u∗ > t}| =
sup{s : {u∗ > t}} 6 |{u > t}|. In he same time let |{u∗ > t}| = s. Then by

left-
ontinuity and nonin
reasing nature of u∗ it follows that u∗(s) = t. Then, by
de�nition, |{u∗ > t}| 6 s. Thus, |{u > t}| 6 |{u∗ > t}|. Applying above inequalities
for t + h, we have |{u∗ > t + h}| 6 |{u > t + h}| 6 |{u∗ > t + h}|. Finally, letting
h→ 0 we arrive at |{u∗ > t}| 6 |{u > t}| 6 |{u∗ > t}|. ⊲
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Corollary 3.1. The Cavalieri prin
iple. If u > 0, and if u ∈ Lp(Ω) for 1 6 p 6∞,

then u∗ ∈ Lp((0, |Ω|) and
‖u‖p,Ω = ‖u∗‖p,(0,|Ω|)

⊳ If p = ∞, then the result is obtained in the de�nition of the rearrangement.

Let 1 6 p < ∞. By equimeasurability, both u and u∗ have the same distribution

fun
tion. We have

‖u‖pp,Ω = p

∞∫

0

tp−1µu(t) dt = −
∞∫

0

µu(t) dt
p = ‖u∗‖pp,(0,|Ω|) .

Proposition 3.4. Let ψ : R→ R be a nonde
reasing fun
tion. Then

ψ(u∗) = (ψ(u))∗ .

Proposition 3.5. Let Ω ⊂ RN is bounded and let u : Ω → R be an integrable

fun
tion. Let E ⊂ Ω be a measurable subset. Then

∫

E

u(x) dx 6

E∫

0

u∗(s) ds.

Theorem 3.1 (Hardy�Littlewood). Let f ∈ Lp(Ω) and g ∈ Lq(Ω), where
p−1 + q−1 = 1, 1 6 p 6 q 6∞.Then

∫

Ω

f (x )g(x ) dx 6

|Ω|∫

0

f ∗(s)g∗(s) ds

isoperimetri
 inequality.

In what follows we need the following isoperimetri
 inequality:

P (t) =
∣∣ {u = t}

∣∣
N−1

> nω
1
N

N µ(t)
N−1
N ,

whi
h holds true for u ∈W 1,p
0 (Ω).

Theorem 3.2 (the Polya�Szeg�o inequality). Let u ∈ W 1,p
0 (Ω), p > 1. Then the

following inequality holds true

CN

∞∫

0

s
N−1
N

p(−u∗
s(s))

p
ds 6

∫

Ω

|∇u|p dx .

⊳ By the H�older inequality we have

1

h

∫

t<|u|6t+h

|∇u| dx 6




1

h

∫

t<|u|6t+h

|∇u|p dx




1
p (

1

h

(
µ(t+ h)− µ(t)

)) p−1
p

.
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Next we note that by Theorem 2.1 we have

lim
h→0

1

h

∫

t<|u|6t+h

|∇u|p dx = lim
h→0

1

h

t+h∫

t

dτ

∫

{|u|=τ}

|∇u|p−1 dS =

=

∫

{|u|=t}

|∇u|p−1 dS = − d

dt

∫

|u|>t

|∇u|p dx.

In parti
ular, for p = 1 we have

− d

dt

∫

|u|>t

|∇u| dx =

∫

{|u|=τ}

dS = P (t).

Therefore we have

P (t) 6

(
− d

dt

∫

|u|>t

|∇u|p dx
) 1

p (
−dµ
dt

) p−1
p

.

By the isoperimetri
 inequality we have

ω
1
n
n µ(t)

n−1
n 6

(
− d

dt

∫

|u|>t

|∇u|p dx
) 1

p (
−dµ
dt

) p−1
p

.

Let µ(t) = s. Then u∗(s) = t and we obtain

Nω
1
N

N s
N−1
N 6

(
− 1

du∗(s)
ds

d

ds

∫

|u|>u∗(s)

|∇u|p dx
) 1

p
(
− 1
du∗(s)
ds

) p−1
p

,

that is

Npω
p
N

N s
N−1
N

p

(
−du

∗(s)
ds

)p
6 − d

ds

∫

|u|>u∗(s)

|∇u|p dx.

Finally, integrating the last inequality between 0 and ∞, we arrive at the desired

result. ⊲

Corollary 3.2. Let s = ωN |x|N , u#(x) = u∗(ωN |x|N ), |Ω#| = |Ω|, where |Ω#|
is a ball 
entered at the origin. Then the inequality takes the form

∫

Ω#

∣∣∇u#
∣∣pdx 6

∫

Ω

|∇u|p dx.
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Le
ture 4. The S. L. Sobolev Inequality

Theorem 4.1. Let u ∈ W 1,p
0 (Ω), and 1 < p < N. Then the following Sobolev

inequality holds true

‖u‖p∗ 6 S(N, p) ‖∇u‖p , (4.1)

where p∗ = Np
N−p is the 
riti
al Sobolev inequality.

⊳We will prove (4.1) by making use of the Lorentz spa
es. Lorentz spa
e Lp,q(E)
is de�ned as the spa
e of measurable fun
tions u : u→ R su
h that

‖u‖p,q :=




∞∫

0

(
t
1
pu∗(t)

)q dt
t




1
q

<∞,

where 0 < p <∞, 0 < q 6∞. It is well known that




∞∫

0

(
t
1
q u∗(t)

)q dt
t




1
q

6 c(p, q)




∞∫

0

(
t
1
q u∗(t)

)p dt
t




1
p

,

where p < q. Choosing q = p∗, we get

‖u‖p∗ =




∞∫

0

u∗(t)p
∗

dt




1
p∗

6 c(p,N)




∞∫

0

u∗(t)pt−
p
N dt




1
p

.

We 
laim that the following Hardy inequality holds true:

∞∫

0

u∗(t)pt−
p
N dt 6

(
Np

N − p

)p ∞∫

0

(
− d

dt
u∗(t)

)p
tp−

p
N dt.

Indeed, we have

d

dt


u∗(t)p

t∫

0

s−
p
N ds


 = u∗(t)pt−

p
N +

Np

N − pt
1− p

N u∗(t)p−1 d

dt
u∗(t).

Integrating this inequality between 0 and ∞, we obtain

∞∫

0

u∗(t)pt−
p
N dt =

Np

N − p

∞∫

0

u∗(t)p−1

(
− d

dt
u∗(t)

)
t1−

p
N dt.

Applying to the last inequality the H�older inequality, we get

∞∫

0

u∗(t)pt−
p
N dt 6

Np

N − p




∞∫

0

u∗(t)pt−
p
N dt




p−1
p



∞∫

0

(
− d

dt
u∗(t)

)p
tp−

p
N dt




1
p

.
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Therefore, dividing both sides by




∞∫

0

u∗(t)pt−
p
N dt




p−1
p

,

we arrive at the desired result. Finally, by the Hardy and the Polya�Szeg�o inequalities

we have




∞∫

0

u∗(t)pt−
p
N dt




1
p

6 c(p,N)




∞∫

0

(
− d

dt
u∗(t)

)p
tp−

p
N dt




1
p

6

6 S(p,N)



∫

Ω

|∇u|p dx




1
p

.

Therefore we arrive at the desired result. ⊲

The following results are 
onsequen
es of the Sobolev inequality.

1) The Hardy inequality

Let 1 < p < N . Then for any u ∈ C∞
0 (RN ) he following inequality holds true

∫

RN

|u|p
|x|p dx 6

(
p

N − p

)p ∫

RN

|∇u|p dx. (4.2)

⊳ We have by the Hardy�Littlwood inequality

∫

RN

|u|p
|x|p dx 6 ω

p
N

N

∞∫

0

u∗(s)p

s
p
N

ds. (4.3)

Next, we have the identity

d

dτ


u∗(s)p




s∫

0

dτ

τ
p
N




 = pu∗(s)p−1du

∗(s)
ds




s∫

0

dτ

τ
p
N


+

u∗(s)p

s
p
N

.

Integrating this inequality between 0 and ∞, we obtain

ω
p
N

N

∞∫

0

u∗(s)p

s
p
N

ds = pω
p
N

N

∞∫

0

u∗(s)p−1

(
−du

∗(s)
ds

)


s∫

0

dτ

τ
p
N


 =

=
pN

N − pω
p
N

N

∞∫

0

s
N−p
N u∗(s)p−1

(
−du

∗(s)
ds

)
ds.

(4.4)

By the H�older inequality we have

∞∫

0

s
N−p
N u∗(s)p−1

(
−du

∗(s)
ds

)
ds 6

6




∞∫

0

s
N−1
N

p

(
−du

∗(s)
ds

)p
ds




1
p



∞∫

0

u∗(s)p

s
p
N

ds ds




p−1
p

.
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Combining this inequality with (4.4) and making use the Polya-Szeg�o inequality, we

get

ω
p
N

N

∞∫

0

u∗(s)p

s
p
N

ds 6

(
p

N − p

)p
ω

p
N

N N
p

∞∫

0

s
N−1
N

p

(
−du

∗(s)
ds

)p
ds 6

6

(
p

N − p

)p ∫

RN

|∇u|p dx.

Finally the last inequality together with (4.3) yield the desired result. ⊲

Let us remark that the 
onstant in (4.2) is sharp.

2) The Friedri
h inequality.

Let u ∈ C∞
0 (Ω) and p > 1. Then

∫

Ω

|u|p dx 6 C(N, p) |Ω|
p
N

∫

Ω

|∇u|p dx. (4.5)

⊳ Applying the H�older inequality and using (4.1) one gets

∫

Ω

|u|p dx 6



∫

Ω

|u|p∗ dx




p
p∗

|Ω|
p
N 6 S(N, p)p |Ω|

p
N

∫

Ω

|∇u|p dx.

As desired. ⊲

3) The Hardy�Sobolev inequality.

Let 1 < q < p, and p∗(q) = (N−q)p
N−p . Then for any u ∈ CN0 (RN ) we have

∫

RN

|u|p∗(q)
|x|q dx 6 γ



∫

RN

|∇u|p dx




N−q
N−p

.

⊳ Indeed, applying the H�older inequality, and making use Sobolev and Hardy

inequalities, we have

∫

RN

|u|p∗(q)
|x|q dx 6



∫

M

|u|p
|x|p dµ




q
p



∫

RN

|u|p∗ dx




p−q
p

6 γ



∫

RN

|∇u|p dx




N−q
N−p

.

As desired. ⊲
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Appendix. Lorentz spa
es

Consider the spa
e L(p, q) of all those measurable fun
tions f satisfying

‖f‖∗pq =


q
p

∞∫

0

[
t
1
p f∗(t)

]q dt
t




1
q

<∞,

when 1 6 p <∞, 1 6 q <∞, and

‖f‖∗pq = sup
t>0

t
1
p f∗(t) <∞,

when 1 6 p <∞ and q =∞. When p = q, then

‖f‖p =



∫

Ω

|f |p dx




1
p

=




∞∫

0

[f∗]p dt




1
p

= ‖f∗‖p , 1 6 p <∞.

Note that these de�nitions make sense also when 0 < p < 1 and 0 < q < 1. We don't


onsider these 
ases. Note also that ‖f‖∗pq is not a norm in general.

Theorem A1. If f ∈ L(p, q1) and q1 6 q2 then

‖f‖∗pq2 6 ‖f‖
∗
pq1

(A1)


onsequently,

L(p, q1) ⊂ L(p, q2). (A2)

Suppose ‖ ‖ is order preserving norm that is ‖g‖ 6 ‖f‖ whenever |g(x)| 6 |f(x)|,
a.e. de�ned on the simple fun
tion on Ω; then

‖χE‖ 6 {µ(E)}
1
p
for all E ⊂ Ω implies ‖f‖ 6 ‖f‖∗p1

for all simple fun
tions f, (A3)

{µ(E)}
1
p 6 ‖χE‖ for all E ⊂ Ω implies ‖f‖∗p∞ 6 ‖f‖

for all simple fun
tions f. (A4)

⊳ Inequality (A1) for q2 =∞ 
an be shown simple way. Sin
e f∗ is nonin
reasing,

t
1
p f∗(t) = f∗(t)




q1
p

t∫

0

u
q1
p
−1
du





1
q1

6




q1
p

t∫

0

[
u

1
p f∗(u)

]q1 du
u





1
q1

6 ‖f‖∗pq1 .

By taking supremum of t
1
p f∗(t) over all t > 0, we obtain the desired result. When

q2 <∞, it is enough to prove (A1) for simple fun
tions. Let

f =
n∑

j=1

cjχEj
, where Ej ∩ Ek = ∅ if j 6= k.
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We may assume that c1 > c2 > · · · > cn, cn+1 = 0. Let dj = µ(E1)+ · · ·+µ(Ej),
1 6 j 6 n, and de�ne d0 to be 0. Then the distributional fun
tion has a form

µ(s) = dj if cj+1 6 s 6 cj, 1 6 j 6 n, and µ(s) = 0 if c1 6 s.

It follows that f∗(t) = cj if dj−1 6 t < dj , 1 6 j 6 n, and f∗(t) = 0 if dn 6 t. Thus
we have

‖f‖∗pq =





n∑

j=1

cqj

(
d

q
p

j − d
q
p

j−1

)


1
q

.

Setting aj = cq2j , bj = d
q2
p

j and θ = q1
q2
we have to prove that

n∑

j=1

aj (bj − bj−1) 6





n∑

j=1

aθj

(
bθj − bθj−1

)




1
θ

, (A5)

where a1 > a2 > · · · > an > 0, 0 = b0 < b1 < · · · < bn and 0 < θ 6 1. We pro
eed

by indu
tion. When n = 1 (A5) redu
es to a1b1 6
(
aθ1b

θ
1

) 1
θ , whi
h is true. Assume

that (A5) is true for n = N. Let

ϕ(x) =





N∑

j=1

aθj

(
bθj − bθj−1

)
+ xθ

(
bθN+1 − bθN

)




1
θ

=
(
A+ xθB

) 1
θ

and

l(x) =
N∑

j=1

aj (bj − bj−1) + x(bN+1 − bN ) = A1 + xB1, 0 6 x 6 aN .

We want to show that ϕ(aN+1) > l(aN+1) whenever 0 < aN+1 < aN . By the

indu
tion assumption ϕ(0) > l(0) and ϕ(aN ) > l(aN .). On the other hand , sin
e

the derivative ϕ′(x) = B(Ax−θ +B)
1
θ
−1

of ϕ is de
reasing on the positive real axis,

the fun
tion ϕ must be 
on
ave. Thus, the fa
t it dominates the linear fun
tion l at
the end of points 0 and aN implies that ϕ(x) > l(x) for 0 6 x 6 aN . This proves
(A1). Part (A2) is then an immediate 
onsequen
e. Sin
e ‖ ‖ is order preserving it
su�
es to show (A3) when

f =

N∑

j=1

cjχEj

is a nonnegative simple fun
tion. Let c1 > c2 > · · · > cn > cn+1 and the sets

E1, . . . , En are pairwise disjoint. If k = 1, 2, . . . , n de�ne fkbkχFk
, where Fk = ∪kj=1Ej

and bk = ck − ck+1. Then

f∗(t) =
n∑

k=1

f∗k (t), t > 0,

58



and

‖f‖ 6
n∑

k=1

‖fk‖ =
n∑

k=1

bk‖χFk
‖ 6

n∑

k=1

bk {µ(Fk)}
1
p =

n∑

k=1

1

p

∞∫

0

t
1
p f∗k (t)

dt

t
=

=
1

p

∞∫

0

t
1
p

n∑

k=1

f∗k (t)
dt

t
=

1

p

∞∫

0

t
1
p f∗(t)

dt

t
= ‖f‖∗p1.

This proves (A3). In order to show (A4) we observe that, in terms of the notation

developed before we have

‖f‖∗p∞ = sup
16j6n

d
1
p

j cj.

Suppose that the supremum on the right is assumed at j = k; thus

‖f‖∗p∞ = d
1
p

k ck.

Let g = ckχFk
. Then 0 6 g 6 f and, thus,

‖f‖∗p∞ = d
1
p

k ck = ck {µ(Fk)}
1
p 6 ck‖χFk

‖ = ‖g‖ 6 ‖f‖.

The theorem is proved. ⊲
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Ïëåíàðíûå ëåêöèè

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÌÎÄÅËÈ ÆÈÄÊÎÑÒÈ, �ÀÇÀ È ÏÅ�ÅÍÎÑÀ

ÝËÅÊÒ�È×ÅÑÊÈÌ ÏÎËÅÌ Â ÌÍÎ�ÎÊÎÌÏÎÍÅÍÒÍÛÕ

ÕÈÌÈ×ÅÑÊÈ ÀÊÒÈÂÍÛÕ Ñ�ÅÄÀÕ

Ì. Þ. Æóêîâ (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ),

Ò. Ô. Äîëãèõ (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Îñíîâíàÿ öåëü ëåêöèé � îçíàêîìëåíèå ñ íåêîòîðûìè ìåòîäàìè ïîñòðîåíèÿ

ìàòåìàòè÷åñêèõ ìîäåëåé íà ïðèìåðå ïîñòðîåíèÿ óðàâíåíèé ìåëêîé âîäû, ïåðå-

íîñà âåùåñòâà â ìíîãîêîìïîíåíòíûõ ñìåñÿõ ïîä äåéñòâèåì ýëåêòðè÷åñêîãî ïîëÿ,

à òàêæå îçíàêîìëåíèå ñ ìåòîäàìè ðåøåíèÿ è èññëåäîâàíèÿ çàäà÷ äëÿ ìîäåëåé,

îïèñûâàåìûõ ñèñòåìàìè êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåð-

âîãî ïîðÿäêà.

1. Ñïîñîáû ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé

Äëÿ ïîñòðîåíèÿ ìîäåëåé èñïîëüçóåòñÿ ïîäõîä, êîòîðûé óìåñòíî íàçâàòü

àñèìïòîòè÷åñêèì ìîäåëèðîâàíèåì, îñíîâíàÿ öåëü êîòîðîãî ýòî ¾äîâåäåíèå¿ èç-

âåñòíûõ îñíîâíûõ áàçîâûõ óðàâíåíèé (â ÷àñòíîñòè, óðàâíåíèé ãèäðîäèíàìèêè,

íàïðèìåð, [1℄ è òåîðèè ìàññîïåðåíîñà ýëåêòðè÷åñêèì ïîëåì, íàïðèìåð, [2℄) äî

òàêîãî óðîâíÿ, ïðè êîòîðîì, íå òåðÿÿ îáùíîñòè ìîæíî ëèáî ñòðîèòü òî÷íûå ðå-

øåíèÿ, ëèáî ïîëó÷àòü çíà÷èòåëüíûé îáúåì èí�îðìàöèè î ïîâåäåíèè ðåøåíèé.

1.1. Óðàâíåíèÿ ìåëêîé âîäû. Óðàâíåíèÿ, äëÿ îïèñàíèÿ ïîâåäåíèÿ ñæè-

ìàåìîé âÿçêîé æèäêîñòè, çàïèñàííûå â áåçðàçìåðíûõ ïåðåìåííûõ, èìåþò âèä

(óðàâíåíèÿ Íàâüå � Ñòîêñà (ñì., íàïðèìåð, [1, ñ. 71�78℄))

ρt + v · ∇ρ+ ρdiv v = 0,

ρ(vt + v · ∇v) = −∇p(ρ) + ν∆v + ρF ,
(1)

ãäå v � ñêîðîñòü òå÷åíèÿ æèäêîñòè, ρ � ïëîòíîñòü, p � äàâëåíèå, F � óäåëüíàÿ

ñèëà (óñêîðåíèå), ν � äèíàìè÷åñêàÿ âÿçêîñòü æèäêîñòè.

Ñèñòåìà (1) íå ÿâëÿåòñÿ çàìêíóòîé ñèñòåìîé (èìååòñÿ ÷åòûðå óðàâíåíèÿ �

îäíî ñêàëÿðíîå è îäíî âåêòîðíîå, è ïÿòü íåèçâåñòíûõ � ïëîòíîñòü ρ, òðè êîìïî-
íåíòû ñêîðîñòè v è äàâëåíèå p). Äëÿ çàìûêàíèÿ ñèñòåìû óðàâíåíèé (1) ñëåäóåò

äîáàâèòü åùå îäíî óðàâíåíèå, êîòîðîå ñâÿçûâàåò ìåæäó ñîáîé äàâëåíèå è ïëîò-

íîñòü, è íàçûâàåòñÿ óðàâíåíèåì ñîñòîÿíèÿ

p = p(ρ). (2)

Ñîáñòâåííî ãîâîðÿ, ýòî óæå ìîäåëèðîâàíèå. Óðàâíåíèå (2) óêàçûâàåò êîíêðåò-

íóþ ñïëîøíóþ ñðåäó, òîãäà êàê óðàâíåíèÿ (1), ñïðàâåäëèâû, â íåêîòîðîì ñìûñ-

ëå, äëÿ ïðîèçâîëüíîé ñïëîøíîé ñðåäû (æèäêîñòü, ãàç).
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1.1.1. Íåêîòîðûå ìîäåëè. Ïðèíèìàÿ ðàçëè÷íûå äîïóùåíèÿ î âÿçêîñòè ν,
óäåëüíîé ñèëå F , óðàâíåíèè ñîñòîÿíèÿ p = p(ρ), èñõîäÿ èç (1), ìîæíî ïîñòðî-

èòü ðàçëè÷íûå ìîäåëè, â ÷àñòíîñòè, ìîäåëü íåâÿçêîé áàðîòðîïíîé æèäêîñòè

(ñ èçâåñòíûì óðàâíåíèåì ñîñòîÿíèÿ)

ρt + v · ∇ρ+ ρdiv v = 0, ρ(vt + v · ∇v) = −∇p(ρ), (3)

íåâÿçêîãî ïîëèòðîïíîãî ãàçà (ñ ïîêàçàòåëåì ïîëèòðîïû γ è ñêîðîñòüþ çâóêà c0)

ρt + v · ∇ρ+ ρdiv v = 0, ρ(vt + v · ∇v) = −∇p(ρ), p(ρ) =
c20

γ − 1
ργ−1, (4)

ìîäåëü íåñæèìàåìîé íåâÿçêîé æèäêîñòè â ïîëå òÿæåñòè (F = −kg, g � óñêî-

ðåíèå ñèëû òÿæåñòè, k � îðò îñè z, íàïðàâëåííîé ïðîòèâ äåéñòâèÿ ñèëû òÿæå-

ñòè)

div v = 0, vt + v · ∇v = −∇p− kg. (5)

Ìîäåëü (5) ñóùåñòâåííî îòëè÷àåòñÿ îò ìîäåëåé (3) è (4). Âî-ïåðâûõ, îòñóòñòâó-

åò óðàâíåíèå ñîñòîÿíèÿ (òî÷íåå, îíî âûáðàíî òðåáîâàíèåì ρ = 1). Âî-âòîðûõ,
èìååòñÿ ÷åòûðå óðàâíåíèÿ äëÿ ÷åòûðåõ íåèçâåñòíûõ v, p. Â òðåòüèõ óðàâíåíèå

div v = 0 íå ÿâëÿåòñÿ ýâîëþöèîííûì óðàâíåíèåì.

1.1.2. Ïîòåíöèàëüíîå òå÷åíèå èäåàëüíîé æèäêîñòè.

v = ∇ϕ, (6)

div v = 0 ⇒ ∆ϕ = 0, (7)

vt + v · ∇v = −∇p− kg ⇒ ∇
(
ϕt +

1

2
(∇ϕ)2 + p+ zg

)
= 0, (8)

ãäå ϕ � ïîòåíöèàë òå÷åíèÿ.

Ýòî, âíîâü, ìîäåëèðîâàíèå, íî óæå èíîãî óðîâíÿ. �àíåå èñïîëüçîâàëèñü �è-

çè÷åñêèå òðåáîâàíèÿ � âûáèðàëàñü ñðåäà (óðàâíåíèå ñîñòîÿíèÿ), ïðåíåáðåãàëîñü

âÿçêîñòüþ. Çäåñü èñïîëüçóåòñÿ îãðàíè÷åíèå íà êëàññ ðåøåíèé � ðàññìàòðèâà-

þòñÿ íåêîòîðûå òå÷åíèÿ, îáëàäàþùèå îïðåäåëåííûìè ñâîéñòâàìè.

1.1.3. Ïðîñòðàíñòâåííî îäíîìåðíàÿ ìîäåëü ìåëêîé âîäû. Äëÿ ïðî-

ñòîòû îãðàíè÷èì ðàññìîòðåíèå ïðîñòðàíñòâåííî îäíîìåðíîé ìîäåëüþ. �àññìàò-

ðèâàåì òîíêèé ñëîé æèäêîñòè áåñêîíå÷íîé â ãîðèçîíòàëüíîì íàïðàâëåíèè, à â

âåðòèêàëüíîì íàïðàâëåíèè, îãðàíè÷åííûé òâåðäûì äíîì z = 0 è ñâîáîäíîé

ïîâåðõíîñòü z = h(x, t). Â óðàâíåíèÿõ (6)�(8) ïðîèçâåäåì çàìåíû ïåðåìåííûõ

(ìàñøòàáèðîâàíèå)

z → εz, h→ εh, w→ εw, g =
g0
ε
, g0 = O(1), v = (u, 0, w),

è ââåäåì �óíêöèþ òîêà ψ (ýòî ïîçâîëÿåò àâòîìàòè÷åñêè óäîâëåòâîðèòü óðàâíå-

íèþ íåðàçðûâíîñòè ux + wz = 0)

u = ψz, w = −ψx. (9)

62



Çäåñü h(x, t) � òîëùèíà ñëîÿ, u(x, t), w(x, t) � ãîðèçîíòàëüíàÿ è âåðòèêàëüíàÿ

êîìïîíåíòû ñêîðîñòè, ψ(x, t) � �óíêöèÿ òîêà, ε � ïàðàìåòð, õàðàêòåðèçóþùèé

îòíîøåíèå âåðòèêàëüíîãî è ãîðèçîíòàëüíîãî ðàçìåðîâ ñëîÿ.

Óðàâíåíèÿ (7), (8) ïîñëå çàìåí ïåðåìåííûõ è èñïîëüçîâàíèè óñëîâèÿ ïîòåí-

öèàëüíîñòè òå÷åíèÿ (v = ∇ϕ, ω = rot v = 0) ïðèíèìàþò âèä

ut + uux + wuz = −px, ε2(wt + uwx + wwz) = −pz − g0, (10)

uz − ε2wx ≡ ω = 0 ⇒ ψzz + ε2ψxx = 0. (11)

Ñîáñòâåííî ãîâîðÿ, óðàâíåíèÿ (10), (11) � ýòî ïðîñòî ïåðåïèñàííûå â èíîé �îð-

ìå óðàâíåíèÿ (6)�(8), â êîòîðûõ ñäåëàíû ïðåäïîëîæåíèÿ î ïîðÿäêàõ âõîäÿùèõ

â óðàâíåíèÿ âåëè÷èí. Äëÿ ïîñòðîåíèÿ ìîäåëè òðåáóåòñÿ èñïîëüçîâàòü íåêîòîðîå

àñèìïòîòè÷åñêîå ðàçëîæåíèå ïî ïàðàìåòðó ε→ 0.
Ñ�îðìóëèðóåì ïîñòàíîâêó çàäà÷è. Óðàâíåíèÿ (10), (11)

ut + uux + wuz = −px, ε2(wt + uwx + wwz) = −pz − g0, (12)

ψzz + ε2ψxx = 0.

äîïîëíèì êðàåâûìè óñëîâèÿ, êîòîðûå âûáåðåì â ñëåäóþùåì âèäå (
ëåäóåò ñêà-

çàòü, ÷òî ýòî åùå îäèí ýòàï ìîäåëèðîâàíèÿ).

Êèíåìàòè÷åñêîå óñëîâèå (÷àñòèöû æèäêîñòè äâèæóòñÿ âìåñòå ñî ñâîáîäíîé

ïîâåðõíîñòüþ)

dΦ

dt
≡ w(z, x, t) − ht(x, t)− u(z, x, t)hx(x, t) = 0, z = h(x, t), (13)

Φ(x, t) ≡ z − h(x, t), d

dt
=

∂

∂t
+ v · ∇.

Äèíàìè÷åñêîå óñëîâèå (äàâëåíèå íà ñâîáîäíîé ïîâåðõíîñòè çàäàíî)

p(x, z, t) = 0, z = h(x, t). (14)

Óñëîâèå íåïðîíèöàåìîñòè (äíà âîäîåìà)

w(x, z, t) = 0, z = 0 ⇒ ψ(x, 0, t) = 0.

1.1.4. Ïîäõîä Ëàãðàíæà. Äëÿ ïîñòðîåíèè àñèìïòîòèêè (ìîäåëè) çàäà-

÷è (12)�(14) èñïîëüçóåì ïîäõîä Ëàãðàíæà (ñì. íàïðèìåð, [3, ñ. 32�39℄), êîòîðûé

çàêëþ÷àåòñÿ â êîíñòðóèðîâàíèè ðåøåíèÿ íåäîîïðåäåëåííîé çàäà÷è äëÿ �óíê-

öèè ψ(x, z, t)
ψzz + ε2ψxx = 0, ψ(x, 0, t) = 0

â âèäå àñèìïòîòè÷åñêîãî ðÿäà, êîý��èöèåíòû êîòîðîãî ψk(x, z, t) àâòîìàòè÷å-
ñêè óäîâëåòâîðÿþò êðàåâîìó óñëîâèþ

ψ(x, z, t) =
∞∑

k=0

ε2kψk(x, z, t), ψk(x, 0, t) = 0.
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Ââèäó íåäîîïðåäåëåííîñòè çàäà÷è, ðåøåíèå ñîäåðæèò íåêîòîðóþ ïðîèçâîëü-

íóþ �óíêöèþ F (x, t). Îïóñêàÿ äîñòàòî÷íî ïðîñòûå (íî ãðîìîçäêèå) ïîñòðîåíèÿ,
çàïèøåì ðåøåíèå (ïîäðîáíåå ñì., íàïðèìåð, [3, ñ. 32�39℄, à òàêæå [4, ñ. 139�152℄)

ψ(x, z, t) =

∞∑

m=0

(−1)mε2m z2m+1

(2m+ 1)!
∂2mx F (x, t).

Êîìïîíåíòû ñêîðîñòè u, w 
 ó÷åòîì (9) èìåþò âèä

u(x, z, t) = ψz =
∞∑

m=0

(−1)mε2m z2m

(2m)!
∂2mx F (x, t), (15)

w(x, z, t) = −ψx = −
∞∑

m=0

(−1)mε2m z2m+1

(2m+ 1)!
∂2m+1
x F (x, t). (16)

Îñíîâíàÿ èäåÿ � ¾ñíîñ¿ óðàâíåíèé (10) íà ïîâåðõíîñòü z = h(x, t), ó÷åò
ñîîòíîøåíèé (15), (16), è èñïîëüçîâàíèå äèíàìè÷åñêîãî óñëîâèÿ (14) äëÿ äàâëå-

íèÿ.

Äè��åðåíöèðóÿ óñëîâèå (14) ïî x, ïîëó÷èì

p(x, h(x, t), t) = 0 ⇒ px + pzhx = 0.

Òîãäà, ñ ó÷åòîì óðàâíåíèé (10)

(ut + uux + wuz) + (ε2(wt + uwx + wwz) + g0)hx = 0, z = h(x, t). (17)

Êðîìå ýòîãî èç (15), (16) ïðè z = h(x, t) èìååì

u(x, h, t) = F (x, t) +O(ε2), uz(x, h, t) = O(ε2),

w(x, h, t) = −hFx +O(ε2).
(18)

Ïîäñòàâëÿÿ (18) â (17) è êèíåìàòè÷åñêîå óñëîâèå (13), îêîí÷àòåëüíî ïîëó÷èì

(ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà O(ε2))

ht(x, t) + U(x, t)hx(x, t) + Ux(x, t)h(x, t) = 0,

Ut(x, t) + U(x, t)Ux(x, t) + g0hx(x, t) = 0.

Çäåñü âåëè÷èíà U(x, t) = F (x, t) = u(x, h(x, t), t) + O(ε2), ò. å. ñ òî÷íîñòüþ äî

O(ε2) � ãîðèçîíòàëüíàÿ êîìïîíåíòà ñêîðîñòè òå÷åíèÿ æèäêîñòè íà ñâîáîäíîé

ãðàíèöå z = h(x, t).

1.1.5. Îá ýòàïàõ ïîñòðîåíèÿ ìîäåëè ìåëêîé âîäû. Êëàññè÷åñêèé âàðè-

àíò óðàâíåíèé ìåëêîé âîäû (çàêîíû ñîõðàíåíèÿ ìàññû è èìïóëüñà) èìååò âèä

(U(x, t) çàìåíåíî íà u)

ht + uhx + hux = 0, ut + uux + g0hx = 0.
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Ïåðå÷èñëèì ýòàïû ïîñòðîåíèÿ ìîäåëè.

1. Âûáîð áàçîâûõ óðàâíåíèé (ïîòåíöèàëüíîå òå÷åíèå íåñæèìàåìîé íåâÿçêîé

æèäêîñòè).

2. Âûáîð îáëàñòè (òîíêèé ñëîé æèäêîñòè ñî ñâîáîäíîé ïîâåðõíîñòüþ áåñêî-

íå÷íûé â ãîðèçîíòàëüíîì íàïðàâëåíèé), çàìåíû ïåðåìåííûõ (ìàñøòàáèðîâàíèå

è óêàçàíèå ïîðÿäêîâ âåëè÷èí), êðàåâûå óñëîâèÿ è ò. ä.

3. �åøåíèå óðàâíåíèÿ ε2ψxx+ψzz = 0 (ñ íåäîîïðåäåëåííûìè êðàåâûìè óñëî-
âèÿìè). Ìîæíî íå èñïîëüçîâàòü ðàçëîæåíèÿ â ðÿä, à êîíñòðóèðîâàòü íåêîòîðûé

(íåëîêàëüíûé) îïåðàòîð (ñì., íàïðèìåð, [3℄).

4. Ïðè èñïîëüçîâàíèè ïîäõîäà Ëàãðàíæà � ïîèñê ðåøåíèÿ â âèäå ðÿäà, ìîæ-

íî íå îãðàíè÷èâàòüñÿ ÷ëåíàìè O(1), à ñòðîèòü áîëåå ñëîæíûå ìîäåëè (ìîäåëè

mod ε2m) (â ÷àñòíîñòè, óðàâíåíèÿ Áóññèíåñêà è, ïðè íåêîòîðûõ äîïîëíèòåëü-

íûõ ïðåäïîëîæåíèÿõ, óðàâíåíèå Êîðòåâåãà � äå Âðèçà).

Îáðàòèì âíèìàíèå, ÷òî óðàâíåíèÿ ìåëêîé âîäû �îðìàëüíî ñîâïàäàþò

ñ óðàâíåíèÿìè ïîëèòðîïíîãî ãàçà (4) ïðè γ = 3 (ρ = h, v = u, c20 = g0).

1.2. Ïåðåíîñ ìàññû ýëåêòðè÷åñêèì ïîëåì â ìíîãîêîìïîíåíò-

íûõ õèìè÷åñêè àêòèâíûõ ðàñòâîðàõ. Áàçîâûå óðàâíåíèÿ (ñì., íàïðèìåð,

[2, ñ. 13�56℄)

∂tck + ∂xik = σk, k = 1, . . . , n óðàâíåíèÿ áàëàíñà ìàññû;

ik = −εDk∂xck + zkγkckE îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ ïîòîêîâ;
n∑
k=1

zkck = 0 óðàâíåíèå ýëåêòðîíåéòðàëüíîñòè;

j =
n∑
k=1

zkikE îïðåäåëÿþùåå ñîîòíîøåíèå � çàêîí Îìà;

∂xj = 0 óðàâíåíèå íåðàçðûâíîñòè ýëåêòðè÷åñêîãî òîêà;

σk=(íà îñíîâå õèìêèíåòèêè) îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ èñòî÷íèêîâ.

Çäåñü ck � êîíöåíòðàöèè, ik � ïëîòíîñòü ïîòîêà êîíöåíòðàöèè, σk � ïëîòíîñòü

èñòî÷íèêà ìàññû, E � íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ, j � ïëîòíîñòü ýëåê-

òðè÷åñêîãî òîêà, zk � çàðÿäíîñòè (çàðÿä â åäèíèöàõ çàðÿäà ýëåêòðîíà), γk �

ïîäâèæíîñòü êîìïîíåíò â ýëåêòðè÷åñêîì ïîëå (ñêîðîñòü íà åäèíèöó íàïðÿæåí-

íîñòè ýëåêòðè÷åñêîãî ïîëÿ), εDk � êîý��èöèåíòû äè��óçèè.

Ñèñòåìà íå ÿâëÿåòñÿ çàìêíóòîé � òðåáóþòñÿ ñîîòíîøåíèÿ äëÿ èñòî÷íè-

êîâ σk, êîòîðûå ìîæíî ïîëó÷èòü íà îñíîâå óðàâíåíèé õèìè÷åñêîé êèíåòèêè.

Ïðè íàëè÷èè ðàçíîðîäíûõ ïðîöåññîâ îäíèì èç âàðèàíòîâ ïîñòðîåíèÿ ìîäå-

ëåé, ÿâëÿåòñÿ ðàçäåëåíèå ïðîöåññîâ ïî õàðàêòåðíîìó âðåìåíè èõ ïðîòåêàíèÿ.

Â ðàññìàòðèâàåìîì ñëó÷àå èìååòñÿ, ïî êðàéíåé ìåðå, òðè òàêèõ ðàçíîñêî-

ðîñòíûõ ïðîöåññà � äè��óçèÿ, ïåðåíîñ ýëåêòðè÷åñêèì ïîëåì, ïðîòåêàíèå õè-

ìè÷åñêèõ ðåàêöèé.

1. Õàðàêòåðíîå âðåìÿ äè��óçèè íàìíîãî ïðåâûøàåò õàðàêòåðíîå âðåìÿ ïðî-

öåññîâ ïåðåíîñà ïîä äåéñòâèåì ýëåêòðè÷åñêîãî ïîëÿ.

2. Õàðàêòåðíîå âðåìÿ ïðîöåññîâ ïåðåíîñà ïîä äåéñòâèåì ýëåêòðè÷åñêîãî ïî-

ëÿ, êîòîðîå, â ñâîþ î÷åðåäü, çíà÷èòåëüíî áîëüøå õàðàêòåðíîãî âðåìåíè ïðîòå-

êàíèÿ õèìè÷åñêèõ ðåàêöèé.
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Åñòåñòâåííûé ïóòü óïðîùåíèÿ óðàâíåíèé, îïèñûâàþùèõ òàêèå ¾ðàçíîñêî-

ðîñòíûå¿ ïðîöåññû, � âûäåëåíèå ìåäëåííûõ ïåðåìåííûõ, ñëàáî èçìåíÿþùèõñÿ

ïðè ïðîòåêàíèè âñåõ îñòàëüíûõ ïðîöåññîâ.

Ïîêàæåì ïðèíöèïèàëüíóþ âîçìîæíîñòü âûäåëåíèÿ ìåäëåííûõ ïåðåìåííûõ

ïðèìåíèòåëüíî ê õèìè÷åñêè àêòèâíîé ñðåäå, â êîòîðîé ïðîòåêàþò îáðàòèìûå ðå-

àêöèè, íà ïðèìåðå äèññîöèàöèè êèñëîòû è îñíîâàíèÿ (ïîäðîáíåå ñì. [2, ñ. 52�55℄)

H+A− k+a
⇋
k−a

A− +H+, BH+
k+
b
⇋
k−
b

B +H+.

Çäåñü H+A−
� êèñëîòà, A−

� êèñëîòíûé îñòàòîê, BH+
� îñíîâàíèå, B �

îñíîâíîé îñòàòîê, H+
� èîí âîäîðîäà, k±a , k

±
b � ñêîðîñòè ðåàêöèé.

Óðàâíåíèÿ õèìè÷åñêîé êèíåòèêè ñ ïåðåíîñîì èìåþò âèä

∂t[H
+A−] + ∂xi[H+A−] = −k+a [H+A−] + k−a [H

+][A−],

∂t[A
−] + ∂xi[A−] = +k+a [H

+A−]− k−a [H+][A−],

∂t[BH
+] + ∂xi[BH+] = −k+b [BH+] + k−b [H

+][B],

∂t[B] + ∂xi[B] = −k+b [BH+] + k−b [H
+][B],

∂t[H
+] + ∂xi[H+] = (k+a [H

+A−]−k−a [H+][A−])+(k+b [BH
+]− k−b [H+][B]).

Èíòåãðàëû (ìåäëåííûå ïåðåìåííûå) óðàâíåíèé õèìè÷åñêîé êèíåòèêè ïðè îò-

ñóòñòâèè ïåðåíîñà (ïîòîêè ðàâíû íóëþ), î÷åâèäíî, èìåþò âèä

a = [H+A−] + [A−], b = [BH+] + [B], [H+] + [BH+] = [A−].

Óðàâíåíèÿ äëÿ ìåäëåííûõ ïåðåìåííûõ çàïèñûâàåì â �îðìå (óðàâíåíèÿ íå ÿâ-

ëÿþòñÿ çàìêíóòûìè)

∂ta+ ∂xia = 0, ∂tb+ ∂xib = 0, ia = i[H+A−] + i[A−], ib = i[BH+] + i[B].

Äëÿ çàìûêàíèÿ ñèñòåìû ñ÷èòàåì, ÷òî ðåàêöèÿ ïðîòåêàåò ïî÷òè ìãíîâåííî,

ò. å. èñïîëüçóåì óñëîâèå ðàâíîâåñèÿ óðàâíåíèé õèìè÷åñêîé êèíåòèêè áåç ïå-

ðåíîñà

−k+a [H+A−] + k−a [H
+][A−] = 0, −k+b [BH+] + k−b [H

+][B] = 0,

ðåøåíèå êîòîðûõ èìååò âèä

[HA] = (1− α)a, [A−] = αa, [B] = (1− β)b, [BH+] = βb,

α([H+]) =
Ka

Ka + [H+]
, β([H+]) =

[H+]

Kb + [H+]
.

Çäåñü Ka, Kb � êîíñòàíòû äèññîöèàöèè êèñëîòû è îñíîâàíèÿ, α([H+]),
β([H+]) � ñòåïåíè äèññîöèàöèè (äîëè èîíîâ â êèñëîòå è îñíîâàíèè).

Çàäàâàÿ îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ ïîòîêîâ (áåçäè��óçèîííûå)

i[A−] = z[A−]γ[A−][A
−]E, i[H+A−] = z[H+A−]γ[H+A−][H

+A−]E,
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i[BH+] = z[BH+]γ[BH+][BH
+]E, i[B] = z[B]γ[B][B]E,

z[A−] = −1, z[H+A−] = 0, z[BH+] = 1, z[B] = 0, γ[A−] = γa, γ[BH+] = γb,

îêîí÷àòåëüíî ïîëó÷èì áåçäè��óçèîííóþ ìîäåëü ([H+] = h, îáîçíà÷åíèå)

at − (γaα(h)aE)x = 0, bt + (γbβ(h)bE)x = 0,

h+ β(h)b = α(h)a,

j = (γaα(h)a + γbβ(h)b)E, jx = 0.

α(h) =
Ka

Ka + h
, β(h) =

h

Kb + h
.

Çàìåòèì, ÷òî ïðèâåäåííûå óðàâíåíèÿ èìåþò èíòåãðàë (a− b)t = 0.

1.2.1. Îá ýòàïàõ ïîñòðîåíèÿ ìîäåëè ìíîãîêîìïîíåíòíûõ ñìåñåé. Ïå-

ðå÷èñëèì îñíîâíûå ýòàïû ïîñòðîåíèÿ ìîäåëè.

1. Âûáîð áàçîâûõ óðàâíåíèé.

2. �àçäåëåíèå ïðîöåññîâ ïî õàðêòåðíîìó âðåìåíè ïðîòåêàíèÿ (äè��óçèîí-

íûå ïðîöåññû, ïåðåíîñ ýëåêòðè÷åñêèì ïîëåì, õèìè÷åñêèå ðåàêöèè è ò. ä). Ìîæíî

ñòðîãî, ââîäÿ ñîîòâåòñòâóþùèå ïàðàìåòðû, õàðàêòåðèçóþùèå ñêîðîñòè ïðîöåñ-

ñîâ.

3. Âûäåëåíèå ìåäëåííûõ ïåðåìåííûõ (íà îñíîâå óðàâíåíèé õèìè÷åñêîé êè-

íåòèêè èëè èíûõ ñîîáðàæåíèé).

4. Ïîèñê ñâÿçåé ìåæäó ìåäëåííûìè è áûñòðûìè ïåðåìåííûìè (íàïðèìåð,

íà îñíîâå ãèïîòåçû î ìãíîâåííûõ õèìè÷åñêèõ ðåàêöèé � óñëîâèÿ ðàâíîâåñèÿ

óðàâíåíèé õèìè÷åñêîé êèíåòèêè).

5. Óïðîùåíèÿ, ñâÿçàííûå ñ ìàëîñòüþ òåõ èëè èíûõ âåëè÷èí.

2. Èññëåäîâàíèå ìîäåëåé

2.1. Èíâàðèàíòû �èìàíà. �îâîðÿò, ÷òî ñèñòåìà êâàçèëèíåéíûõ óðàâíåíèé

∂ui

∂t
+

n∑

k=1

Aik(u)
∂uk

∂x
= 0, i = 1, . . . , n, u = (u1, . . . , un),

ïðèâîäèòñÿ ê èíâàðèàíòàì �èìàíà, åñëè åå ìîæíî çàïèñàòü â �îðìå (ñì., íà-

ïðèìåð, [5, ñ. 27�31℄, ãäå òàêæå óêàçàí ñïîñîá íàõîæäåíèÿ èíâàðèàíòîâ �èìàíà)

∂Rk

∂t
+ λk(R)

∂Rk

∂x
= 0, k = 1, . . . , n, R = (R1, . . . , Rn),

ãäå Rk(u) � èíâàðèàíòû �èìàíà, λk(R)� ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû Aik(u)
è ñóùåñòâóåò îáðàòíàÿ çàâèñèìîñòü uk(R).

Â ñëó÷àå n = 2 èíâàðèàíòû �èìàíà âñåãäà ñóùåñòâóþò, íî ýòî íå îçíà÷àåò,

÷òî ìîæíî ïîëó÷èòü ÿâíóþ çàâèñèìîñòü R = R(u). Äëÿ ïðîèçâîëüíîãî n èìååò-
ñÿ àëãåáðàè÷åñêèé êðèòåðèé ñóùåñòâîâàíèÿ èíâàðèàíòîâ �èìàíà � íåêîòîðûé

òåíçîð ÷åòâåðòîãî ïîðÿäêà, íàçûâàåìûé òåíçîðîì Õààíòüåñà, äîëæåí îáðàùàòü-

ñÿ â íóëü.
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Â ñëó÷àå n = 2 èìååòñÿ äîñòàòî÷íî ïðîñòîé ñïîñîá ïîñòðîåíèÿ íåêîòîðî-

ãî îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ, ðåøåíèåì êîòîðîãî ÿâëÿþò-

ñÿ èíâàðèàíòû �èìàíà. Ïðîäåìîíñòðèðóåì ýòîò ñïîñîá íà ïðèìåðå óðàâíåíèé

ìåëêîé âîäû. Ïóñòü äàíû óðàâíåíèÿ ìåëêîé âîäû, êîòîðûå çàïèñàíû â �îðìå

ht = −uhx − hux, ut = −uux − ghx. (19)

�àññìîòðèì óðàâíåíèå äëÿ êàêîãî-ëèáî èíâàðèàíòà �èìàíà

Rt(h, u) + λ(h, u)Rx(h, u) = 0.

Âûïîëíÿÿ äè��åðåíöèðîâàíèå è ïîäñòàíîâêó ut, ht èç (19), ñ÷èòàÿ ux, hx íåçà-
âèñèìûìè, ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ λ (êàê óñëîâèå ñóùåñòâîâàíèÿ

íåòðèâèàëüíîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé îòíîñèòåëüíî Ru, Rh), à çàòåì è

óðàâíåíèÿ äëÿ îïðåäåëåíèÿ R

λ = u∓
√
gh, hRh ±

√
ghRu = 0 ⇒ hdu∓

√
gh dh = 0,

èíòåãðàëû êîòîðîãî è áóäóò èíâàðèàíòàìè �èìàíà

R1,2 = u∓ 2
√
gh, λ1,2 = u∓

√
gh.

2.1.1. Óðàâíåíèÿ â èíâàðèàíòàõ �èìàíà è ïîñòàíîâêà çàäà÷è. Äëÿ

óðàâíåíèé ìåëêîé âîäû è óðàâíåíèé ýëåêòðî�îðåçà èìååòñÿ ÿâíàÿ çàâèñèìîñòü

ìåæäó èíâàðèàíòàìè �èìàíà è èñõîäíûìè ïåðåìåííûìè.

Ìåëêàÿ âîäà:

R1,2 = u∓ 2
√
gh, λ1,2 = u∓

√
gh, u =

1

2
(R1 +R2),

√
gh =

1

4
(R2 −R1),

λ1 =
3

2
R1 +

1

4
R2, λ2 =

1

4
R1 +

3

4
R2. (20)

R1
t + λ1(R1, R2)R1

x = 0, R2
t + λ2(R1, R2)R2

x = 0.

Ýëåêòðî�îðåç (îáðàòíûå çàâèñèìîñòè u = u(R) îïóùåíû ââèäó ãðîìîçäêî-

ñòè):

λ1 = R1R1R2, λ2 = R2R1R2. (21)

R1
t + λ1(R1, R2)R1

x = 0, R2
t + λ2(R1, R2)R2

x = 0,

Çàìåòèì, ÷òî ìîäåëè, �àêòè÷åñêè, îòëè÷àþòñÿ ëèøü çàâèñèìîñòÿìè λk(R), ÷òî
ïîçâîëÿåò ñ�îðìóëèðîâàòü îáùóþ ïîñòàíîâêó çàäà÷è â èíâàðèàíòàõ �èìàíà.

Ïîñòàíîâêà çàäà÷è Êîøè.

R1
t + λ1(R1, R2)R1

x = 0, R2
t + λ2(R1, R2)R2

x = 0, (22)

R1
∣∣
t=0

= R1
0(x), R2

∣∣
t=0

= R2
0(x), (23)

ãäå R1
0(x), R

2
0(x) � çàäàííûå �óíêöèè.

2.2. Ìåòîä ãîäîãðà�à. Îñíîâíàÿ èäåÿ ìåòîäà ãîäîãðà�à çàêëþ÷àåòñÿ âî

âçàèìîçàìåíå çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåííûõ (R1, R2) ⇆ (x, t).
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1. Êëàññè÷åñêèé âàðèàíò. Ñ÷èòàåì, ÷òî t = t(R1, R2), x = x(R1, R2),
è, ïðîèçâîäÿ î÷åâèäíûå çàìåíû ïåðåìåííûõ, íàïðèìåð, äëÿ �óíêöèè t(R1, R2),
ïîëó÷àåì ëèíåéíîå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïåðå-

ìåííûìè êîý��èöèåíòàìè (ïîäðîáíåå ñì., íàïðèìåð, [5, ñ. 33, 34℄)

(λ1 − λ2)tR1R2 + λ1R1tR2 − λ2R2tR1 = 0.

2. Îáîáùåííûé ìåòîä ãîäîãðà�à (Äóáðîâèí, Íîâèêîâ, Öàðåâ [6℄). Åñëè

âûïîëíåíû ñîîòíîøåíèÿ

∂Ri

(
∂Rjλk

λj − λk
)

= ∂Rj

(
∂Riλk

λi − λk
)
,

òî íåÿâíîå ðåøåíèå èñõîäíûõ óðàâíåíèé çàïèñûâàåòñÿ â �îðìå àëãåáðàè÷åñêèõ

ñîîòíîøåíèé x−λk(R)t = wk(R), ãäå wk(R) � êîììóòèðóþùèå ïîòîêè, êîòîðûå

îïðåäåëÿþòñÿ óðàâíåíèÿìè

∂Riwk

wi − wk =
∂Riλk

λi − λk .

2.2.1. Ìåòîä ãîäîãðà�à íà îñíîâå çàêîíîâ ñîõðàíåíèÿ [7℄. Äëÿ óðàâ-

íåíèé

R1
t + λ1R1

x = 0, R2
t + λ2R2

x = 0

ðàçûñêèâàåì íåêîòîðûé çàêîí ñîõðàíåíèÿ â âèäå

ϕt(R
1, R2) + ψx(R

1, R2) = 0, (24)

ãäå ϕ(R1, R2), ψ(R1, R2) � ïëîòíîñòü è ïëîòíîñòü ïîòîêà äëÿ çàêîíà ñîõðàíåíèÿ.

Âûïîëíÿÿ äè��åðåíöèðîâàíèå, äëÿ îïðåäåëåíèÿ ϕ(R1, R2), ψ(R1, R2), ïîëó-
÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

ψR1 = λ1ϕR1 , ψR2 = λ2ϕR2 , (25)

êîòîðàÿ ñ èñïîëüçîâàíèåì óñëîâèÿ ðàçðåøèìîñòè ïðèâîäèòñÿ ê îäíîìó ëèíåé-

íîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà (ñ êîý��èöèåíòàìè,

çàâèñÿùèìè îò R1
, R2

), íàïðèìåð, äëÿ �óíêöèè ϕ (è àíàëîãè÷íîå äëÿ ψ)

(λ1 − λ2)ϕR1R2 + λ1R2ϕR1 − λ2R1ϕR2 = 0. (26)

2.2.2. Ïîñòðîåíèå íåÿâíîãî ðåøåíèÿ. Êàê óæå ãîâîðèëîñü, îñíîâíàÿ

èäåÿ ìåòîäà ãîäîãðà�à � ýòî âçàèìîçàìåíà ïåðåìåííûõ (x, t) ⇆ (R1, R2).
Íà ñàìîì äåëå, ãîðàçäî ý��åêòèâíåå ñòðîèòü íåÿâíîå ðåøåíèå èñõîäíîé

çàäà÷è (22), (23) â äâóõïàðàìåòðè÷åñêîé �îðìå, îïðåäåëèâ �óíêöèè t =
t(a, b), x = x(a, b), ãäå a, b íåêîòîðûå ïàðàìåòðû òàêèå, ÷òî R1(x, t) = R1

0(b),
R2(x, t) = R2

0(a) (ò. å. â êîíå÷íîì èòîãå, ðåøåíèå ïîëíîñòüþ îïðåäåëåíî íà÷àëü-

íûìè äàííûìè R1
0, R

2
0). Äëÿ ðåàëèçàöèè ñêàçàííîãî âîñïîëüçóåìñÿ çàêîíîì ñî-

õðàíåíèÿ (24), çàïèñàâ åãî â âèäå äè��åðåíöèàëüíîé �îðìû

d(ψdt− ϕdx) = ψxdx ∧ dt− ϕtdt ∧ dx = (ϕt + ψx)dx ∧ dt = 0. (27)
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Ïðîèíòåãðèðóåì (27) ïî çàìêíóòîìó êóñî÷íî-ãëàäêîìó êîíòóðó PQM , êîòî-

ðûé ïîêàçàí íà ðèñ. 1. Íà ëåâîì ðèñóíêå èçîáðàæåí êîíòóð, êîòîðûé âûáèðà-

åòñÿ â îáùåì ñëó÷àå, à íà ïðàâîì ðèñóíêå � êîíòóð, êîòîðûé ñëåäóåò âûáèðàòü

â ñëó÷àå, êîãäà íà÷àëüíûå äàííûå äëÿ çàäà÷è Êîøè âûáèðàþòñÿ ïðè t = 0.

R1 = r1

R2 = r2

Q(t(b), x(b))

M(t, x)

P (t(a), x(a))

x

t

(r1, r2)

x

tR2 = r2 = R2
0(a)

R1 = r1 = R1
0(b)

x = x2(t)

x = x1(t)b

a

Q

P

M

�èñ. 1. Êîíòóð èíòåãðèðîâàíèÿ PQM .

Óäîáíåå ðàññìàòðèâàòü îáùèé ñëó÷àé, íå ¾ïðèâÿçûâàÿñü¿ ê ÷àñòíîé ñèòó-

àöèè äëÿ íà÷àëüíûõ óñëîâèé ïðè t = 0. Ïðè âûáîðå êîíòóðà ðóêîâîäñòâóåìñÿ

ñîîáðàæåíèÿìè, àíàëîãè÷íûìè èñïîëüçóåìûì ïðè ïîñòðîåíèè �óíêöèè �èìàíà

äëÿ ãèïåðáîëè÷åñêèõ ëèíåéíûõ óðàâíåíèé (ñì., íàïðèìåð, [8, ñ. 446�453℄).

Â êà÷åñòâå ÷àñòè êîíòóðà PQ âûáèðàåì îòðåçîê PQ = {(t(τ), x(τ)) : a 6

τ 6 b}, íà êîòîðîé çàäàíû íà÷àëüíûå óñëîâèÿ

R1 = R1
0(t(τ), x(τ)), R2 = R2

0(t(τ), x(τ)), a 6 τ 6 b,

ãäå τ � ïàðàìåòð, a, b � îïðåäåëÿþò èíòåðâàë èçìåíåíèÿ ïàðàìåòðà (â ñëó÷àå

íà÷àëüíûõ äàííûõ ïðè t = 0 ëèíèÿ PQ � ýòî îòðåçîê [a, b] íà îñè x).
Ïðåäïîëàãàåì, ÷òî ëèíèè PM è QM êîíòóðà PQM çàäàþòñÿ õàðàêòåðèñòè-

÷åñêèìè íàïðàâëåíèÿìè, êîòîðûå îïðåäåëÿþòñÿ óðàâíåíèÿìè

QM :
dx

dt
= λ1, PM :

dx

dt
= λ2.

Èçâåñòíî, ÷òî íà õàðàêòåðèñòèêàõ èíâàðèàíòû �èìàíà ñîõðàíÿþòñÿ [5, ñ. 30℄.

Èíûìè ñëîâàìè, íà êîíòóðå QM èìååì R1 = r1 = const è íà êîíòóðåMP èìååì

R2 = r2 = const (ñì. ðèñ. 1). Â ñâîþ î÷åðåäü, êîíñòàíòû r1, r2 îïðåäåëÿþòñÿ
íà÷àëüíûìè óñëîâèÿìè

r1 = R1
0(t(b), x(b)), r2 = R2

0(t(a), x(a)),

òàê êàê ëèíèè PM è QM ïðîõîäÿò ÷åðåç òî÷êè P , Q.
Õàðàêòåðèñòèêè QM è PM (èç ðàçëè÷íûõ ñåìåéñòâ) ïåðåñåêàþòñÿ â òî÷êå

M , êîòîðîé ñîîòâåòñòâóþò êîîðäèíàòû (t, x). Ýòî îçíà÷àåò, ÷òî â òî÷êå (t, x)
èíâàðèàíòû �èìàíà èìåþò âèä

R1(x, t) = r1(b) = R1
0(b), R2(x, t) = r2(a) = R2

0(a),

è ïîñòðîåíî äâóõïàðàìåòðè÷åñêîå íåÿâíîå ðåøåíèå.
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Äëÿ òîãî, ÷òîáû ¾ñâÿçàòü¿ ìåæäó ñîáîé ïåðåìåííûå (x, t) ïàðàìåòðû (a, b)
ñëåäóåò ïîñòðîèòü �óíêöèè t = t(a, b), x = x(a, b), êîòîðûå áåç òðóäà (�îð-

ìàëüíî) ïîëó÷àþòñÿ ïóòåì èíòåãðèðîâàíèÿ çàêîíà ñîõðàíåíèÿ (27 ) ïî îáëàñòè,

îãðàíè÷åííîé çàìêíóòûì êîíòóðîì

0 =

∮

PQM

(ψ dt− ϕdx) =
( ∫

PQ

+

∫

QM

+

∫

MP

)
(ψ dt− ϕdx).

Íà ëèíèÿõ QM , MP , êîòîðûå çàäàíû óðàâíåíèÿìè dx = λ1 dt, dx = λ2 dt è
ñîõðàíÿþòñÿ èíâàðèàíòû �èìàíà R1

, R2
èìååì

∫

QM

(ψ dt− ϕdx) =
∫

R1=r1

(ψ − λ1ϕ) dt,
∫

MP

(ψ dt− ϕdx) =
∫

R2=r2

(ψ − λ2ϕ) dt.

Ïîòðåáóåì âûïîëíåíèÿ óñëîâèé

(
ψ − λ1ϕ

)∣∣
QM

=
(
ψ − λ1ϕ

)∣∣
R1=r1

= 1,
(
ψ − λ2ϕ

)∣∣
MP

=
(
ψ − λ2ϕ

)∣∣
R2=r2

= −1.
(28)

Òîãäà, âûïîëíÿÿ èíòåãðèðîâàíèå (îïóñêàÿ ãðîìîçäêèå ïðîìåæóòî÷íûå ïðåîá-

ðàçîâàíèÿ), ïîëó÷èì

2t = t(a) + t(b)−
∫

PQ

(ψ dt− ϕdx).

Ýòî îáùåå ñîîòíîøåíèå äëÿ ñëó÷àÿ, êîãäà íà÷àëüíûå äàííûå çàäàíû íà ëè-

íèè PQ, ñóùåñòâåííî óïðîùàåòñÿ, åñëè ðàññìàòðèâàòü íà÷àëüíûå äàííûå ïðè

t = 0, ò. å. êîãäà PQ ÿâëÿåòñÿ îòðåçêîì íà îñè x (ñì. ïðàâûé ðèñ. 1)

t(a, b) =
1

2

b∫

a

ϕ
(
R1

0(τ), R
2
0(τ)

)
dτ.

Òàêèì îáðàçîì, �óíêöèÿ t(a, b) ïîëíîñòüþ îïðåäåëåíà íà÷àëüíûìè äàííûìè R1
0,

R2
0 è �óíêöèåé ϕ(R1, R2), êîòîðàÿ, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

(25), (26), (28) [9�11℄

(λ1 − λ2)ϕR1R2 + λ1R2ϕR1 − λ2R1ϕR2 = 0, ψR1 = λ1ϕR1 , ψR2 = λ2ϕR2 , (29)

(
ψ − λ1ϕ

)∣∣
R1=r1

= 1,
(
ψ − λ2ϕ

)∣∣
R2=r2

= −1. (30)

Óäîáíî èñïîëüçîâàòü îáîçíà÷åíèå ϕ = ϕt(R1, R2|r1, r2), ïîä÷åðêèâàÿ, ÷òî

�óíêöèÿ ïîëó÷åíà äëÿ îïðåäåëåíèÿ t(a, b) è çàâèñèò îò ïàðàìåòðîâ r1 =
R1

0(t(b), x(b)) = r1(b), r2 = R2
0(t(a), x(a)) = r2(a)

t(a, b) =
1

2

b∫

a

ϕt
(
R1

0(τ), R
2
0(τ)|r1(b), r2(a)

)
dτ. (31)

Àíàëîãè÷íîå ñîîòíîøåíèå ìîæíî ïîëó÷èòü äëÿ �óíêöèè ïåðåìåííîé x = x(a, b).
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Îêàçûâàåòñÿ, ÷òî ðåøåíèå çàäà÷è (29), (30) ñ òî÷íîñòüþ äî íåêîòîðîãî ìíî-

æèòåëÿ M(r1, r2, êîòîðûé îïðåäåëÿåòñÿ óñëîâèÿìè (30), ñîâïàäàåò ñ �óíêöèåé

�èìàíà � �ðèíà äëÿ óðàâíåíèÿ (29). Ñïîñîáû ïîñòðîåíèÿ �óíêöèè �èìàíà �

�ðèíà èçëîæåíû, íàïðèìåð, â [12, 13℄, [8, ñ. 446�453℄). Â ñëó÷àå óðàâíåíèé ìåëêîé

âîäû è ýëåêòðî�îðåçà óðàâíåíèå (29) ÿâëÿåòñÿ õîðîøî èçâåñòíûì óðàâíåíèåì

Ýéëåðà � Ïóàññîíà � Äàðáó (ò. å. ïðè λk, îïðåäåëåííûìè ñîîòíîøåíèÿìè (20),
(21)), è �óíêöèÿ �èìàíà � �ðèíà çàïèñûâàåòñÿ â ÿâíîì âèäå ïðè ïîìîùè ãè-

ïåðãåîìåòðè÷åñêîé �óíêöèè (â ñëó÷àå ýëåêòðî�îðåçà � â âèäå ïîëèíîìà Ëå-

æàíäðà). Ïîäðîáíî ïðîöåäóðà ïîñòðîåíèÿ �óíêöèè ϕt îïèñàíà â [11, ñ. 20�40℄.
Îêîí÷àòåëüíî, íåÿâíîå ðåøåíèå çàïèñûâàåòñÿ â �îðìå

R1(x, t) = r1(b) = R1
0(b), R2(x, t) = r2(a) = R2

0(a),

t = t(a, b), x = x(a, b). (32)

2.2.3. Ïîñòðîåíèå ÿâíîãî ðåøåíèÿ íà ëèíèÿõ óðîâíÿ [9�11℄. Îñíîâ-

íàÿ ïðîáëåìà çàêëþ÷àåòñÿ â ðåøåíèè ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé (32),

ò. å. ïîñòðîåíèè îáðàòíûõ �óíêöèé

a = a(t, x), b = b(t, x),

èìåÿ êîòîðûå ïîëó÷èì ÿâíîå ðåøåíèå èñõîäíîé çàäà÷è

R1(x, t) = R1
0(b(t, x)), R2(x, t) = R2

0(a(t, x)).

Ñ÷èòàÿ âèä �óíêöèè t(a, b) èçâåñòíûì (ñì. (31), âûáåðåì íåêîòîðûé ìîìåíò âðå-

ìåíè t∗, è ðàññìîòðèì ëèíèþ óðîâíÿ �óíêöèè t(a, b), òàê íàçûâàåìóþ, èçîõðîíó,
ïîëàãàÿ ëèíèþ óðîâíÿ ïàðàìåòðèçîâàíîé ïðè ïîìîùè ïàðàìåòðà µ:

t∗ = t(a(µ), b(µ)). (33)

Ïðåäïîëàãàÿ äîñòàòî÷íóþ ãëàäêîñòü èçîõðîíû è äè��åðåíöèðóÿ (33) ïî ïàðà-

ìåòðó µ, ïîëó÷èì ñîîòíîøåíèå

0 = ta
(
a(µ), b(µ)

)
aµ(µ) + tb

(
a(µ), b(µ)

)
bµ(µ),

êîòîðîå áóäåò àâòîìàòè÷åñêè âûïîëíåíî, åñëè, â ÷àñòíîñòè, ïîòðåáîâàòü

(â îáùåì ñëó÷àå â ïðàâûå ÷àñòè ìîæíî äîáàâèòü ïðîèçâîëüíûé ìíîæèòåëü

K(a, b, µ) 6= 0)
aµ(µ) = −tb(a, b), bµ(µ) = ta(a, b).

Â [11, ñ. 46�51℄ ïîêàçàíî, ÷òî äëÿ îïðåäåëåíèÿ ÿâíîé çàâèñèìîñòè ðåøåíèÿ

îò ïðîñòðàíñòâåííîé êîîðäèíàòû x â ìîìåíò âðåìåíè t∗ (íà èçîõðîíå) íåò íåîá-
õîäèìîñòè ñòðîèòü �óíêöèþ x(a, b), à äîñòàòî÷íî èíòåãðèðîâàòü çàäà÷ó Êîøè

äëÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé

aµ(µ) = −tb(a, b), bµ(µ) = ta(a, b), Xµ(µ) =
(
λ2(a, b)− λ1(a, b)

)
ta(a, b)tb(a, b),

a(0) = a∗, b(0) = b∗, X(0) = X∗,

÷òî ïîçâîëÿåò â êàæäîé òî÷êå µ âû÷èñëèòü ðåøåíèå

R1(t∗, x) = R1
0(b(µ)), R2(t∗, x) = R2

0(a(µ)), x = X(µ) = x(a(µ), b(µ)).

Çäåñü a∗, b∗ � ïàðàìåòðû, èäåíòè�èöèðóþùèå èçîõðîíó (òî÷êà íà èçîõðîíå íà

ïëîñêîñòè (a, b), ñïîñîá îïðåäåëåíèÿ òàêîé òî÷êè, à òàêæå X∗, äåòàëüíî îïèñàí
â ìîíîãðà�èè [11, ñ. 46�51℄).
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3. Ïðèìåðû ïðèìåíåíèÿ ìåòîäà

Â êà÷åñòâå ïðèìåðîâ, ïîìèìî óðàâíåíèé ìåëêîé âîäû (20) è óðàâíåíèé ýëåê-

òðî�îðåçà (21), ðàññìîòðåí ðÿä ïðîñòûõ çàäà÷, äåìîíñòðèðóþùèõ ïðèìåíè-

ìîñòü è âîçìîæíîñòè ìåòîäà ãîäîãðà�à.

1. Çàäà÷à Êîøè äëÿ ïàðû óðàâíåíèé Õîï�à, ñâÿçàííûõ ìåæäó ñîáîé íà÷àëü-

íûìè óñëîâèÿìè

R1
t +R1R1

x = 0, R2
t +R2R2

x = 0,

R1
∣∣
t=0

= R1
0(x) = −F (x), R2

∣∣
t=0

= R2
0(x) = F (x),

â ÷àñòíîñòè, ïðè F (x) = e−x
2

Ïðèâåäåííûå óðàâíåíèÿ ñîîòâåòñòâóþò óðàâíåíèÿì ïîëèòðîïíîãî ãàçà (4)

ïðè γ = 3. Êðîìå ýòîãî, ïðèìåð äåìîíñòðèðóåò ñâÿçü ìåòîäà ãîäîãðà�à íà îñíî-
âå çàêîíà ñîõðàíåíèÿ äëÿ äâóõ êâàçèëèíåéíûõ óðàâíåíèé ñ îáû÷íûì ìåòîäîì

õàðàêòåðèñòèê äëÿ îäíîãî êâàçèëèíåéíîãî óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà â

÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà.

2. Ýâîëþöèîííàÿ çàäà÷à Êîøè äëÿ êîìïëåêñíîãî óðàâíåíèÿ Õîï�à, îòâå÷à-

þùàÿ èñõîäíûì óðàâíåíèÿì (óðàâíåíèÿ áëèçêèå ê óðàâíåíèÿì ìåëêîé âîäû íà

ïîòîëêå, èìåþùèå ýëëèïòè÷åñêèé òèï)

ht + whx + hwx = 0, wt + wwx − hhx = 0.

Äëÿ ýòèõ óðàâíåíèé èíâàðèàíòû �èìàíà ÿâëÿþòñÿ êîìïëåêñíî ñîïðÿæåííûìè

è çàäà÷à Êîøè çàïèñûâàåòñÿ â �îðìå

Rt +RRx = 0, R
∣∣
t=0

= R0(x), R = w − ih.

Èíòåðåñíî, ÷òî, ïîìèìî ìåòîäà ãîäîãðà�à, çàäà÷à ðåøàåòñÿ �îðìàëüíûì ïðè-

ìåíåíèåì ìåòîäà õàðàêòåðèñòèê è ðåøåíèå çàïèñûâàåòñÿ â âèäå

R(x, t) = R0(b), x = tR0(b) + b,

ãäå b � íåêîòîðûé êîìïëåêñíûé ïàðàìåòð (ïîñëå âûäåëåíèÿ âåùåñòâåííûõ

è ìíèìûõ ÷àñòåé ðåøåíèå çàïèñûâàåòñÿ â èñõîäíûõ ïåðåìåííûõ h, w).
Âñå ïðèâåäåííûå ïðèìåðû (ìåëêàÿ âîäà, ýëåêòðî�îðåç, âàðèàíòû óðàâíåíèÿ

Õîï�à) ñîïðîâîæäàþòñÿ ðåçóëüòàòàìè ðàñ÷åòîâ (â âèäå ñîîòåòñòâóþùèõ ãðà�è-

êîâ) äëÿ êîíêðåòíûõ íà÷àëüíûõ äàííûõ. Ôîðìóëèðóþòñÿ óñëîâèÿ, ïðè êîòîðûõ

ìåòîä ïîçâîëÿåò ý��åêòèâíî ñòðîèòü ðåøåíèå (íàëè÷èå ÿâíîé ñâÿçè èíâàðèàí-

òîâ �èìàíà ñ èñõîäíûìè ïåðåìåííûìè, íàëè÷èå ÿâíîé �îðìû �óíêöèè �èìà-

íà � �ðèíà). Ïîä÷åðêèâàåòñÿ, ÷òî ìåòîä íå èñïîëüçóåò àïïðîêñèìàöèé óðàâ-

íåíèé (òèïè÷íûõ äëÿ ìåòîäà êîíå÷íûõ ðàçíîñòåé, ìåòîäà êîíå÷íûõ îáúåìîâ,

ìåòîäà êîíå÷íûõ ýëåìåíòîâ è ò. ï.) è, �àêòè÷åñêè, ÿâëÿåòñÿ òî÷íûì � ïîãðåø-

íîñòè ìîãóò âîçíèêàòü ëèøü ïðè ÷èñëåííîì ðåøåíèè çàäà÷è Êîøè äëÿ ñèñòåì

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé. Óêàçàíî, ÷òî â ñëó÷àå ãèïåðáî-

ëè÷åñêèõ óðàâíåíèé ìåòîä ïîçâîëÿåò ñòðîèòü ìíîãîçíà÷íûå ðåøåíèÿ (îïðîêè-

äûâàíèå âîëí). Â ñëó÷àå ýëëèïòè÷åñêèõ óðàâíåíèé ñòðîãî ïîêàçàíî, ÷òî îïðî-

êèäûâàíèå ðåøåíèé íå ïðîèñõîäèò.
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÖÅ�ÅÁ�ÀËÜÍÀß ÌÅÕÀÍÈÊÀ:

ÊËÈÍÈ×ÅÑÊÈÅ È ËÀÁÎ�ÀÒÎ�ÍÛÅ ÈÑÑËÅÄÎÂÀÍÈß,

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ È ÊÎÌÏÜÞÒÅ�ÍÎÅ ÌÎÄÅËÈ�ÎÂÀÍÈÅ

À. Ï. ×óïàõèí

(�îññèÿ, Íîâîñèáèðñê; È�èË ÑÎ �ÀÍ, Í�Ó)

Èññëåäîâàíèå ìîçãà ÷åëîâåêà ÿâëÿåòñÿ ñåãîäíÿ îäíîé èç ñàìûõ ïðèîðèòåò-

íûõ ïðîãðàìì ìèðîâîé íàóêè. Ýòà ïðîáëåìà èìååò ìíîãî àñïåêòîâ: �èçèîëîãè-

÷åñêèé, ìåäèöèíñêèé, êîãíèòèâíûé è ïð. Äëÿ èññëåäîâàíèÿ ýòèõ çàäà÷ íåîáõî-

äèì êîìïëåêñíûé ïîäõîä, âêëþ÷àþùèé ðàáîòó ìåäèêîâ, �èçèêîâ, ìàòåìàòèêîâ

è äðóãèõ ñïåöèàëèñòîâ. Âàæíîå çíà÷åíèå â ýòèõ èññëåäîâàíèÿõ èìååò èçó÷åíèå

çàêîíîâ äâèæåíèÿ êðîâè â ñîñóäàõ ãîëîâíîãî ìîçãà. Âåäü èìåííî êðîâü íåñåò

ê ðàçëè÷íûì �óíêöèîíàëüíûì çîíàì ìîçãà êèñëîðîä è ïèòàòåëüíûå âåùåñòâà,

íåîáõîäèìûå äëÿ ïîñòîÿííîé åãî ðàáîòû è àêòèâèçàöèè ðàçëè÷íûõ çîí ìîç-

ãà. Ïîíèìàíèå ýòîãî ñîâåðøåííîãî ìåõàíèçìà, îáóñëàâëèâàþùåãî âñþ íàøó êàê

ñîçíàòåëüíóþ, òàê è áåññîçíàòåëüíóþ äåÿòåëüíîñòü, òðåáóåò ðàçâèòîãî ìîäåëè-

ðîâàíèÿ íà îñíîâå íàäåæíûõ ýêñïåðèìåíòàëüíûõ äàííûõ î çàêîíàõ äâèæåíèÿ

êðîâè â öåðåáðàëüíûõ ñîñóäàõ in vivo.

Ñîñóäû ãîëîâíîãî ìîçãà ïðåäñòàâëÿþò ñîáîé ãåîìåòðè÷åñêè ðàçâåòâëåííóþ

ñåòü, ñîñòîÿùóþ èç ñîñóäîâ ðàçëè÷íîãî òèïà � àðòåðèè, âåíû, ñèíóñû, êàïèë-

ëÿðû � ïî êîòîðûì äâèæåòñÿ ïóëüñèðóþùèé ïîòîê êðîâè � âÿçêîé æèäêîñòè,

íåñóùåé �îðìåííûå ýëåìåíòû. Èññëåäîâàíèå çàêîíîâ äâèæåíèÿ ãåìîäèíàìèêè

ïðåäñòàâëÿåò ñîáîé âàæíóþ è òðóäíóþ çàäà÷ó, àêòóàëüíóþ êàê äëÿ �óíäàìåí-

òàëüíîé íàóêè, òàê è äëÿ ïðàêòè÷åñêîé ìåäèöèíû.

Â ëåêöèÿõ áóäåò ðàññêàçàíî îá èññëåäîâàíèÿõ ãåìîäèíàìèêè ìîçãà è öåðå-

áðàëüíûõ ñîñóäîâ, îñóùåñòâëÿåìûõ ñîâìåñòíî ó÷åíûìè èç àêàäåìè÷åñêèõ èí-

ñòèòóòîâ Ñèáèðñêîãî îòäåëåíèÿ �ÀÍ (�èäðîäèíàìèêè, Òåîðåòè÷åñêîé è ïðè-

êëàäíîé ìåõàíèêè, Òîìîãðà�è÷åñêîãî öåíòðà, Öèòîëîãèè è �åíåòèêè), Íîâîñè-

áèðñêîãî óíèâåðñèòåòà, ìåäèêîâ èç Ôåäåðàëüíîãî íåéðîõèðóðãè÷åñêîãî öåíòðà,

Êëèíèêè Ìåøàëêèíà, ÍÈÈÒÎ.

1. Ñîçäàíèå óíèêàëüíîé, íå èìåþùåé àíàëîãîâ â ìèðå, ñèñòåìû ìîíèòîðèíãà

êðîâîòîêà âî âðåìÿ íåéðîõèðóðãè÷åñêèõ îïåðàöèé. Ìîäåëèðîâàíèå ýìáîëèçàöèè

àðòåðèî-âåíîçíûõ ìàëü�îðìàöèé.

2. Ëàáîðàòîðíîå è êîìïüþòåðíîå ìîäåëèðîâàíèå ðåîëîãèè êðîâåíîñíûõ ñî-

ñóäîâ ãîëîâíîãî ìîçãà êàê íîðìå, òàê è ïðè ïàòîëîãèÿõ.

3. Ìàòåìàòè÷åñêàÿ õèðóðãèÿ � ìîäåëèðîâàíèå ðåàëüíûõ íåéðîõèðóðãè÷å-

ñêèõ îïåðàöèé íà îñíîâå ìàòåìàòè÷åñêèõ è êîìïüþòåðíûõ ìîäåëåé.

4. Ýíåðãåòèêà êðîâåíîñíûõ ñîñóäîâ íà îñíîâå ãèäðîóïðóãèõ ìîäåëåé òå÷åíèÿ

êðîâè â öåðåáðàëüíûõ ñîñóäàõ.

5. Ëàáîðàòîðíîå ìîäåëèðîâàíèå öåðåáðàëüíîé ãåìîäèíàìèêè íà îñíîâå ñî-

âðåìåííûõ ïðîòîêîëîâ ìàãíèòî-ðåçîíàíñíîé òîìîãðà�èè, èññëåäîâàíèå ïðî-

ñòðàíñòâåííîé ñòðóêòóðû òå÷åíèÿ â óïðóãèõ ñîñóäàõ ñëîæíîé ãåîìåòðèè.
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Íèæå ïðèâîäèòñÿ ñòàòüÿ, ïîëîæåííàÿ â îñíîâó öèêëà èç äâóõ ëåêöèé, ïðî-
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ON THE IMPACT OF FLOW-DIVERTERS

ON THE HEMODYNAMICS OF HUMAN CEREBRAL ANEURYSMS

Abstra
t. The impa
t of �ow-diverters used for 
erebral aneurysm treatment

on human brain hemodynami
s was evaluated qualitatively and quantitatively.

Numeri
al simulation of �ow-diverter pla
ement in 
erebral vessels with aneurysms

was 
arried out for the 
ase history of a real patient using the 
ommer
ial ANSYS 17.2

pa
kage with di�erent (Newtonian and non-Newtonian) hydrodynami
 models for

blood rheology in di�erent parts of the vessel and aneurysm, whi
h is due to

experimental data. It is shown that after �ow-diverter pla
ement, the blood �ow

through the artery segment 
ontaining the aneurysm ne
k de
reases, resulting in

a redistribution of the 
erebral blood �ow, whi
h be
omes 
lose to the blood �ow

in healthy subje
ts. Changes in wall shear stresses in the �ow-diverter region are

indi
ative of possible aneurysm re
analization.

Keywords: 
erebral aneurysm, �ow-diverter, brain hemodynami
s, re
onstru
tion

of DICOM images, non-Newtonian blood rheology.

Introdu
tion

Cerebral aneurysms (CAs) are a 
ommon pathology of 
erebral vessels. They

o

ur in 20 of 1000 people [1℄, and in some nationalities, even more frequently [2℄. The

main danger asso
iated with CAs is their possible rupture, whi
h leads to mortality

in 30% of 
ases and to a signi�
ant neurologi
al de�
it in another 30% [3℄. Treatment

of CAs is regulated by various standards. Usually, this pathology is treated by in one

of the two fundamentally di�erent methods: mi
rosurgi
al 
lipping or endovas
ular

surgery. Both methods are aimed at isolating the anomaly from the blood �ow. In

mi
rosurgi
al 
lipping, 
raniotomy is 
arried out to gain a

ess to the aneurysm.

Endovas
ular surgery is a minimally invasive, maximally gentle method whi
h has

re
ently been a
tively developed [4℄. The 
hoi
e of a method is determined, �rst,

by surgi
al a

essibility of the pathology and, se
ond, by the 
hara
teristi
s of the
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aneurysm (the size of the dome of the aneurysm, its ne
ks, the angles of blood vessels

in the region of the aneurysm, the presen
e of 
hroni
 diseases, patient age, et
.) [5℄.

This paper is devoted to the endovas
ular surgery in whi
h di�erent treatment

ta
ti
s are possible (Fig. 1). Ta
ti
 is 
hosen based on the 
lini
al aspe
ts of the

pathology: mi
ro
oil embolization (see Fig. 1a), stent-assisted 
oil embolization

(see Fig. 1b), and pla
ement of a �ow-diverter (see Fig. 1
) [6�8℄. The aim of this

work was to study the hemodynami
s of a vessel with an aneurysm and with an

implanted �ow-diverter. Although the hemodynami
s of 
erebral vessels with �ow-

diverter or �ow-diverters has been the subje
t of extensive resear
h [9�17℄, the 
auses

of re
analization (restoration of blood 
ir
ulation) of aneurysms and their rupture

are still not 
lear.

(a) (b) ( )с

Fig. 1. Variants of endovas
ular treatment of CAs: (a) mi
ro
oil embolization;

(b) stent-assisted 
oil embolization; (
) �ow-diverter pla
ement.

This paper addresses the 
ase of treating a giant CA of the middle 
erebral

artery (MCA) lo
ated at the interse
tion of the internal 
arotid artery (ICA), the

anterior 
erebral artery (ACA), and the posterior 
ommuni
ating artery (PCA) at

the beginning of the M1 segment (a�erent of the ICA). Flow-diverter implantation

surgery was performed in a patient (a woman aged 67 years) at the Meshalkin

National Medi
al Resear
h Center (Novosibirsk). Due to its lo
alization, this

aneurysm was a surgi
ally di�
ult 
ase, and assessment of hemodynami
s before and

after surgery was not a trivial task. Qualitative and quantitative 
hanges after the

treatment and indi
ators that 
ould a�e
t aneurysm re
analization were investigated.

Resear
h Methods

The problem of assessing 
hanges in 
erebral blood �ow and the risk of CA

re
analization in
ludes a number of problems related to the pro
essing of medi
al

image data and the setting and 
al
ulation using the ANSYS CFX 17.2 software.

Re
onstru
tion of the Geometry of the Study Region

The region of the aneurysm vessel was re
onstru
ted using data of three-

dimensional rotational and 
omputed tomography angiography [18℄. An array of

DICOM images with a resolution of 250 × 250 pixels, a pixel pit
h of 0.5mm, and

pixel sizes of 0.465 × 0.465mm was pro
essed with the ITK-SNAP software [19℄.

Image pro
essing was 
arried out using a Gaussian �lter (Fig. 2).
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(a) (b) ( )с

Fig. 2. Stages of pro
essing of DICOM images: (a) DICOM �le; (b) result of segmentation;

(
) smoothed three-dimensional model.

Segmentation of the Flow Domain and Constru
tion of the Grid

The main purpose of this work was preoperative simulation of the results of �ow-

diverter pla
ement. Therefore, a number of reasonable assumptions are made to speed

up the simulation pro
ess. Instead of an obsta
le with 
omplex geometry pla
ed in

the vessel, as is proposed in many papers (see, for example, [20, 21℄), the presen
e of

a �ow-diverter in the vessel is modeled by a region of a porous medium [22℄ (Fig. 3).

Flow-diverter pla
ement redu
es the blood �ow to the body of the aneurysm by


reating resistan
e to the �ow through the ne
k. As a result, the blood �ow in the

aneurysm slows down and initiates thrombosis [23℄. These e�e
ts, in aggregate, 
an be

modeled by the formation of a kind of plug in the ne
k of the aneurysm, whi
h slightly

ex
eeds the size of the �ow-diverter. In the 
omputational domain Ω = Ωa+Ωv+Ωs,
a tetrahedral grid is 
onstru
ted. Sin
e we 
onsider vis
ous �uid �ow, additional

(�ve) layers of the prismati
 grid are 
onstru
ted in the near-wall region for 
orre
t


al
ulation of physi
al quantities in the region of the boundary layer (Fig. 4). Of great

importan
e is the 
hoi
e of a rheologi
al model for des
ribing blood �ow. Generally

speaking, blood is a non-Newtonian �uid [24℄. However, in regions where the blood

�ow rate is high (16 
m/s or more), non-Newtonian e�e
ts are weak, and in the dome

of the aneurysm after �ow-diverter pla
ement, it is signi�
ant [25, 26℄. Therefore,

a mixed blood rheology model was used. In the �ow region with high velo
ities

(MCA, ISA, and ACA segments), the �uid was assumed to be Newtonian, and its

vis
osity was 
onsidered 
onstant: µ = µ0 = 0.004 Pa · s. The steady �ow equations

have the form

ρ(u∇u− µ∆u) = −∇p+ F, div u = 0 (1)

(u and ρ are the velo
ity and density of the �uid, p is the pressure, and F are the

external for
es). In the region of the aneurysm dome and part of the PCA (Fig. 5),

rheology is des
ribed using the Casson model [21℄:

µ =
(√

τ0/γ̇ +
√
µ0

)2
.
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Here γ̇ =
√
εijεij is the se
ond invariant of the strain rate tensor for in
ompressible

�uid, εij is the strain rate tensor 
omponent, and τ0 is the yield strength. In the

ANSYS CFX and ANSYS Fluent solvers, the porous medium is modeled, e. g., by

adding a term due to the work of external for
es to the momentum equations (1):

Fi = −
(

3∑

j=1

Dijµuj +

3∑

j=1

Cij
1

2
ρ|u|uj

)
. (2)

Here C and D are given isotropi
 tensors; the loss fa
tors for the di�usion and

adve
tive terms are 0 and 1.

Figure 6 shows the streamlines in the region of the �ow-diverter and the ne
k of

the aneurysm using di�erent blood rheology models: Casson and Newton. It is seen

that the streamlines for these two models are fundamentally di�erent in behavior.

In the region of the basilar artery, this di�eren
e is less signi�
ant; therefore, an

additional 
al
ulations for the Cason model in the region of the basilar artery is not

reasonable.

Ωs

Ωv

Ωa

Fig. 3. Model of the vessel Ωv with theaneurysm Ωa and the �ow-diverter implanted in it (Ωs).

Fig. 4. Grid in the 
omputational domain Ω.
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1

2

3

4

5
0.01 m

Fig. 5. Segmentation of the 
omputational domain: (1) aneurysm; (2) internal 
arotid artery;

(3) anterior 
erebral artery; (4) posterior 
ommuni
ating artery;

(5) M1 segment; the arrow show the dire
tion of blood �ow.

0.005 m

2.112

1.584

1.056

0.528

0

Δu, cm/s

Fig. 6. Streamlines of the ve
tor �eld of the velo
ity di�eren
e ∆u for the Newtonian

and non-Newtonian (Casson) �uid models in the 
omputational domain Ω.

Sin
e in the formulation 
onsidered, the �ow-diverter is a plate with holes, it is

assumed that there is no loss of mass inside the �ow-diverter. This simpli�
ation

is permissible sin
e the real �ow-diverter thi
kness does not ex
eed 0.2�0.3mm and

sti
king of blood 
ells to the �ow-diverter o

urs already during thrombosis of the

aneurysm, approximately 6 months after the surgery [27, 28℄.

Boundary Conditions and Solver Settings

To determine the boundary 
onditions at the entran
e (before the o

urren
e of

the anomaly in the vessel), we used data on the volumetri
 blood �ow in the Willis


ir
le vessels of a healthy person [29℄. At the entran
e to the ICA region, volumetri


�ow with a mass �ow rate of 5 g/s was spe
i�ed, and at the exits from the ACA, M1,

and PCA, a pressure of 89.9, 90.0, and 90.0mm Hg, respe
tively, was spe
i�ed. The
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porosity 
oe�
ient in the �ow-diverter region was set equal to 0.8, whi
h 
orresponds
to the real produ
tion standards for these devi
es [20℄. An absolutely rigid material

was used as the stru
tural skeleton of the porous medium. At this stage of the

simulation, where thrombosis was not taken into a

ount, this assumption was valid.

Material properties must be 
onsidered when the model in
ludes heat transfer and

(or) 
hemi
al rea
tions. In su
h 
ases, the 
orre
t determination of the �ow-diverter

material is of great importan
e. Pressure data were obtained by intraoperative

intravas
ular monitoring using the ComboMap-ComboWire 
omplex [30℄. The steady

problem was solved using the �nite volume method with a node-
entered s
heme.

Results of the Study and their Dis
ussion

Numeri
al simulation o�ow-diverter pla
ement in the basilar artery showed

qualitative 
hanges in blood �ow. As expe
ted, the �ow of blood entering the region

of the aneurysm dome signi�
antly redu
ed (Table 1), whi
h is in good agreement

with the average redu
tion in �ow rate (20�50%) in su
h sort of interventions [31, 32℄.
In this 
ase, there is a redistribution of blood �ow from the aneurysm to the

anterior 
erebral vessels (see Table 1); as a result, the total blood �ow rates in the

M1 and ACA regions are 
lose to those in a healthy person [29℄. The presen
e of

residual blood �ow is normal for su
h surgi
al operations, and �nal thrombosis of

the aneurysm region o

urs, as a rule, within 6 months. The de
rease in the �ow rate

is also signi�
ant (see Fig. 7 and Table 2), resulting in a 
onsiderable redu
tion in

the risk of further growth of the aneurysm.

Table 1. Mass blood �ow rate Q in 
erebral vessels before

and after �ow-diverter pla
ement

Table 2. Maximum blood �ow velo
ity u in 
erebral vessels before

and after �ow-diverter pla
ement
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0.01 m

Δu, cm/s

11.448

8.586

5.724

2.862

0

Fig. 7. Streamlines of the ve
tor �eld of the velo
ity di�eren
e ∆u
in the region of Ω before and after the surgery.

Among all the 
hanges that o

urred in the aneurysm region after �ow-diverter

pla
ement, of greatest interest is an in
rease in the wall shear stress S in the �ow-

diverter region by 2.71Pa or 77% (Fig. 8). Interest in this quantity is due to the fa
t

that endovas
ular treatment of aneurysms involves a high risk of their re
analization

(10�30% depending on the fa
tors 
ompli
ating the 
ourse of the disease [33℄). This

pro
ess is 
aused either by the insu�
iently dense pa
king of the aneurysm with


oils due to ina

urate estimates of their size or number or by the o

urren
e of a

re
ir
ulation region due to a 
hange in the geometry of the near-wall region. This

problem has s
ar
ely been studied; however, in the opinion of the authors of this

paper, a signi�
ant in
rease in S in the region of the �ow-diverter pla
ement may

initiate 
hanges in the geometry of the ne
k of the aneurysm and its subsequent

re
analization.

Con
lusions

The results of the numeri
al simulation show that �ow-diverters 
an be

su

essfully used to treat 
erebral aneurysms. In the 
ase 
onsidered, numeri
al


al
ulation allows simulating blood �ow in the 
erebral vessels both before and after

�ow-diverter pla
ement. It is shown that the use of di�erent models for blood �ow

inside the aneurysm dome and in the aneurysm-bearing artery �ow is a fundamental

point, and the Casson model is adequate. The hypothesis that the wall shear stresses

in the ne
k region of the aneurysm 
an 
ause its re
analization was 
on�rmed. Results

of the numeri
al 
al
ulations show that in addition to treating aneurysms (their

removal from blood �ow), �ow-diverter pla
ement normalizes 
erebral blood �ow

abnormalities 
aused by the in�uen
e of the aneurysm.
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Fig. 8. Distributions of shear stresses S on the wall before (a) and after (b) the surgery

and the di�eren
es of maximum shear stresses before and after the surgery in the region Ωs(c).
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Ïëåíàðíûå ëåêöèè

Ôóíàäìåíòàëüíûå ïðîáëåìû

îáðàçîâàíèÿ



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÌÎÄÅËÈ�ÎÂÀÍÈÅ Â Ï�ÀÊÒÈÊÎ-Î�ÈÅÍÒÈ�ÎÂÀÍÍÎÌ

ÎÁÓ×ÅÍÈÈ ÌÀÒÅÌÀÒÈÊÅ

Â. Ñ. Àáàòóðîâà

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Ëåêöèÿ 1. Ìîäåëèðîâàíèå

è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â �èëîñî�èè,

ïåäàãîãèêå è òåîðèè è ìåòîäèêå îáó÷åíèÿ ìàòåìàòèêå

Ñòðàòåãè÷åñêèå äîêóìåíòû ðóêîâîäñòâà ñòðàíû ïîñëåäíèõ ïÿòíàäöàòè-

äâàäöàòè ëåò íàïðàâëåíû íà ðåøåíèå ïðîáëåì, ñâÿçàííûõ, ñ îäíîé ñòîðîíû,

ñ ãëîáàëüíûìè âûçîâàìè, êðèçèñàìè è óãðîçàìè (âíóòðåííèìè è âíåøíèìè),

è, ñ äðóãîé ñòîðîíû, ñ ïåðñïåêòèâàìè, êîòîðûå âûçâàíû �îðìèðóþùèìñÿ â

ìèðå øåñòûì òåõíîëîãè÷åñêèì óêëàäîì, âêëþ÷àÿ ïîÿâëåíèå íàíî- è êëåòî÷-

íûõ òåõíîëîãèé, áåñïðåöåäåíòíîå ðàçâèòèå öè�ðîâûõ òåõíîëîãèé è ãëîáàëüíûõ

èí�îðìàöèîííûõ ñåòåé, ïîÿâëåíèå èñêóññòâåííîãî èíòåëëåêòà, �àêòè÷åñêè ñî-

çäàâøèõ äëÿ ëþäåé íîâûé óêëàä æèçíè. Êàðäèíàëüíûå èçìåíåíèÿ â ñïîñîáàõ

îáðàáîòêè èí�îðìàöèè, âêëþ÷àÿ ðàáîòó ñ áîëüøèìè äàííûìè, ïîñòåïåííî ìå-

íÿþò èíñòèòóòû îáùåñòâà, ñîâåðøåíñòâóþò âèäû äåÿòåëüíîñòè ÷åëîâåêà, ïîä-

âåðãàþò êà÷åñòâåííûì èçìåíåíèÿì åãî ìûøëåíèå, àêòóàëèçèðóÿ íåîáõîäèìîñòü

�îðìèðîâàíèÿ ó ÷åëîâåêà ¾ìíîãîìîäåëüíîãî¿ ìûøëåíèÿ, ñïîñîáíîãî îñìûñëè-

âàòü ñëîæíûå ÿâëåíèÿ íà îñíîâå ñîâîêóïíîñòè ðàçëè÷íûõ ìîäåëåé, ÷òî, áåç-

óñëîâíî, âëèÿåò íà èçìåíåíèÿ â íàó÷íîé ñ�åðå è â ñèñòåìå îáðàçîâàíèÿ.

�åçóëüòàòû 2018 ãîäà ìåæäóíàðîäíîé ïðîãðàììû PISA (Programme for

International Student Assessment) ïî îöåíêå îáðàçîâàòåëüíûõ äîñòèæåíèé ó÷à-

ùèõñÿ â âîçðàñòå 15 ëåò, ïîêàçûâàþò, ÷òî ðîññèéñêèå ó÷àùèåñÿ èñïûòûâàþò

òðóäíîñòè â ðåøåíèè çàäàíèé, îïèñûâàþùèõ ðåàëüíûå æèçíåííûå ñèòóàöèè.

Ïîýòîìó âàæíîé çàäà÷åé â îáëàñòè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ ñòàíîâèòñÿ

ðàçâèòèå �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè, êîòîðàÿ îïðåäåëÿåò-

ñÿ â ýòîì ïðîåêòå êàê ¾ñïîñîáíîñòü èíäèâèäóóìà ïðîâîäèòü ìàòåìàòè÷åñêèå

ðàññóæäåíèÿ è �îðìóëèðîâàòü, ïðèìåíÿòü, èíòåðïðåòèðîâàòü ìàòåìàòèêó äëÿ

ðåøåíèÿ ïðîáëåì â ðàçíîîáðàçíûõ êîíòåêñòàõ ðåàëüíîãî ìèðà¿ [1, 2℄. Ïðè ýòîì,

óìåíèå �îðìóëèðîâàòü ñèòóàöèþ íà ÿçûêå ìàòåìàòèêè; óìåíèå ïðèìåíÿòü

ìàòåìàòè÷åñêèå ïîíÿòèÿ, �àêòû, ïðîöåäóðû; óìåíèå èíòåðïðåòèðîâàòü, èñ-

ïîëüçîâàòü è îöåíèâàòü ìàòåìàòè÷åñêèå ðåçóëüòàòû � äîëæíû ñòàòü êëþ-

÷åâûìè óìåíèÿìè êàæäîãî ó÷àùåãîñÿ ñòàðøåé øêîëû è ñòóäåíòà âóçà.

Îäèí èç êðóïíåéøèõ ìàòåìàòèêîâ 20 âåêà àêàäåìèê ÀÍ ÑÑÑ� Â. È. Àð-

íîëüä îòìå÷àë, ÷òî �îðìèðîâàíèå óìåíèÿ ìîäåëèðîâàòü ÿâëÿåòñÿ óñëîâèåì èí-

òåëëåêòóàëüíîãî ðàçâèòèÿ. Â ðàáîòå ¾¾Æåñòêèå¿ è ¾ìÿãêèå¿ ìàòåìàòè÷åñêèå

ìîäåëè¿ [3℄ îí ïèøåò: ¾Óìåíèå ñîñòàâëÿòü àäåêâàòíûå ìîäåëè ðåàëüíûõ ñè-

òóàöèé äîëæíî ñîñòàâëÿòü íåîòúåìëåìóþ ÷àñòü ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ.
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Óñïåõ ïðèíîñèò íå ñòîëüêî ïðèìåíåíèå ãîòîâûõ ðåöåïòîâ (æåñòêèõ ìîäåëåé),

ñêîëüêî ìàòåìàòè÷åñêèé ïîäõîä ê ÿâëåíèÿì ðåàëüíîãî ìèðà¿.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êàê íàó÷íîå íàïðàâëåíèå âîçíèêëî è óòâåð-

äèëîñü áëàãîäàðÿ ðàáîòàì îòå÷åñòâåííûõ ìàòåìàòèêîâ � ÷ë.-ê. ÀÍ ÑÑÑ�

Ñ. Ï. Êóðäþìîâà (1928�2004), àê. ÀÍ ÑÑÑ� Í. Í. Ìîèñååâà (1917�2000), àê. ÀÍ

ÑÑÑ� À. À. Ñàìàðñêîãî (1919�2008), àê. ÀÍ ÑÑÑ� À. Í Òèõîíîâà (1906�1993)

è äð., â êîòîðûõ äîñòàòî÷íî ïîëíî îñâåùåíû ïðåäìåò, ïîäõîäû, ìåòîä ìàòåìà-

òè÷åñêîãî ìîäåëèðîâàíèÿ, ïðèâåäåíî áîëüøîå êîëè÷åñòâî ïðèìåðîâ ìàòåìàòè-

÷åñêèõ ìîäåëåé, óäåëåíî âíèìàíèå ìåòîäàì èññëåäîâàíèÿ ñîáñòâåííî ìàòåìàòè-

÷åñêèõ ìîäåëåé, êà÷åñòâåííîìó àíàëèçó ðåøåíèé. ¾Ìàòåìàòè÷åñêîå ìîäåëèðî-

âàíèå � òðåòèé ïóòü ïîçíàíèÿ¿ ñ÷èòàë àê. À. Í. Òèõîíîâ.

Àêàäåìèêè À. Í. Òèõîíîâ è À. À. Ñàìàðñêèé, îïèñûâàÿ ñóòü ìåòîäîëîãèè,

îòìå÷àëè, ÷òî èçó÷åíèå îáúåêòà ñ ïîìîùüþ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

ìîæíî ïðåäñòàâèòü â âèäå ñõåìû: ¾ìîäåëü � àëãîðèòì � ïðîãðàììà¿. Ïðè ýòîì

ïîä ¾ìîäåëüþ¿ èìè ïîíèìàëîñü óðàâíåíèå èëè ñèñòåìà óðàâíåíèé, ïîëó÷åííûõ

â õîäå èçó÷åíèÿ çàêîíîâ ïðèðîäû.

Áîëüøîé âêëàä â ýêîíîìèêî-ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå âíåñëè çàðó-

áåæíûå ó÷åíûå � Ë. Âàëüðàñ, Î. Êóðíî, Â. Ïàðåòî, Ô. Ýäæâîðò, Ä. Õèêñ, �. Ñî-

ëîó, Ï. Ñàìóýëüñîí è äð. Ñòàíîâëåíèå è ðàçâèòèå ýêîíîìèêî-ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ â Ñîâåòñêîì Ñîþçå áûëî ñâÿçàíî ñ ðàáîòàìè Â. Ê. Äìèòðèåâà �

ìîäåëü ïîëíûõ ýêîíîìè÷åñêèõ çàòðàò òðóäà è ìîäåëèðîâàíèè ñèñòåìû ñáàëàí-

ñèðîâàííûõ öåí, Å. Å. Ñëóöêîãî � ìîäåëü ïîâåäåíèÿ ïîòðåáèòåëÿ, Í. Ä. Êîí-

äðàòüåâà � îòêðûòèå äëèííûõ âîëí â ýêîíîìèêå, Â. Â. Ëåîíòüåâà � ðàçðàáîòêà

ïåðâîãî áàëàíñà íàðîäíîãî õîçÿéñòâà, Â. Ñ. Íåì÷èíîâà � ìîäåëü ðàñøèðåí-

íîãî âîñïðîèçâîäñòâà, ñòàòèñòè÷åñêàÿ ìîäåëü îáùåñòâåííîãî ðàçäåëåíèÿ òðóäà,

Ë. Â. Êàíòîðîâè÷à � òåîðèÿ îïòèìàëüíîãî èñïîëüçîâàíèÿ ðåñóðñîâ, Â. Ë. Ìà-

êàðîâà � ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå ýêîíîìèêè è äð.

Â îñíîâå ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ëåæèò ìåòîä ìîäåëèðîâàíèÿ. Ôè-

ëîñî�ñêèå ïîäõîäû ê èññëåäîâàíèþ ìåòîäà ìîäåëèðîâàíèÿ êàê ìåòîäà ïîçíàíèÿ

îòðàæåíû â ðàáîòàõ Ê. Á. Áàòîðîåâà, Â. Ñ. Áèáëåðà, Ì. Âàðòî�ñêîãî, Â. À. Âå-

íèêîâà, Í. Âèíåðà, Á. À. �ëèíñêîãî, Ê. Å. Ìîðîçîâà, È. Á. Íîâèêà, Í. �. Ñàë-

ìèíîé, È. Ò. Ôðîëîâà, Â. À. Øòî��à, À. È. Óåìîâà è äð.

Ä.�èëîñ.í., ïðî�åññîð È. Á. Íîâèê ïîä ìîäåëèðîâàíèåì ïîíèìàåò ¾ìåòîä

îïîñðåäîâàííîãî ïðàêòè÷åñêîãî èëè òåîðåòè÷åñêîãî îïåðèðîâàíèÿ îáúåêòîì,

ïðè êîòîðîì èñïîëüçóåòñÿ ïðîìåæóòî÷íûé èëè åñòåñòâåííûé ¾êâàçèîáúåêò¿

(ìîäåëü), íàõîäÿùèéñÿ â íåêîòîðîì îáúåêòèâíîì ñîîòâåòñòâèè ñ ïîçíàâàåìûì

îáúåêòîì, ñïîñîáíûé çàìåùàòü åãî â îïðåäåëåííûõ îòíîøåíèÿõ è äàþùèé ïðè

åãî èññëåäîâàíèè â êîíå÷íîì ñ÷åòå èí�îðìàöèþ î ñàìîì ìîäåëèðóåìîì îáúåê-

òå¿ [4℄.

Â îäíîé èç ñâîèõ ðàáîò [5℄ ä.ï.í., ïðî�åññîð Ë. Ì. Ôðèäìàí ïèøåò ¾Ïðèíöèï

ìîäåëèðîâàíèÿ â îáó÷åíèè ìàòåìàòèêå îçíà÷àåò, âî-ïåðâûõ, èçó÷åíèå ñàìîãî

ñîäåðæàíèÿ øêîëüíîãî êóðñà ìàòåìàòèêè ñ ìîäåëüíîé òî÷êè çðåíèÿ, âî-âòîðûõ,

�îðìèðîâàíèå ó ó÷àùèõñÿ óìåíèé è íàâûêîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

ðåàëüíûõ ÿâëåíèé è ñèòóàöèé, è, íàêîíåö, â òðåòüèõ, øèðîêîå èñïîëüçîâàíèå

ìîäåëåé êàê âíåøíèõ îïîð äëÿ âíóòðåííåé äåÿòåëüíîñòè, äëÿ ðàçâèòèÿ íàó÷íî-

òåîðåòè÷åñêîãî ìûøëåíèÿ¿.
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Ìîäåëèðîâàíèå â îáó÷åíèè ìàòåìàòèêå èçó÷àëîñü ìíîãèìè èññëåäîâàòåëÿ-

ìè, â òîì ÷èñëå: êàê ïðèíöèï îáó÷åíèÿ (Â. Â. Äàâûäîâ è äð.); êàê ñðåäñòâî

îáó÷åíèÿ (Å. Ñ. Ìóðàâüåâ è äð.); êàê ìåòîä îáó÷åíèÿ (�. À. Íèçàìîâ, À. À. Øè-

áàíîâ, À. À. �åàí, Â. Ñ. Êàðàïåòÿí, Â. À. Òàéíèöêèé); êàê ýâðèñòè÷åñêèé ìåòîä

ó÷åáíîãî ïîçíàíèÿ (À. �. Ìîðäêîâè÷, Þ. À. Êóñûé, Ä. Â. Âèëüêååâ); êàê ìåòîä

ïðåïîäàâàíèÿ (Í. Â. Êóçüìèíà); êàê öåëü îáó÷åíèÿ è ý��åêòèâíîå ñðåäñòâî ðåà-

ëèçàöèè ðÿäà ïåäàãîãè÷åñêèõ çàäà÷ (Ë. �. Ïåòåðñîí); êàê ñðåäñòâî àêòèâèçàöèè

ïîçíàâàòåëüíîé äåÿòåëüíîñòè â ó÷åáíîì ïðîöåññå (Å. Ñ. Ìóðàâüåâ); êàê îäèí èç

ìåòîäîâ ðåøåíèÿ çàäà÷ (Å. Ñ. Êàíèí, Ô. Ô. Íàãèáèí, �. À. Ìàéåð); êàê ñïî-

ñîá èññëåäîâàòåëüñêîé äåÿòåëüíîñòè, îáó÷åíèå ïðèåìàì êîòîðîãî ñïîñîáñòâóåò

ðåàëèçàöèè äèäàêòè÷åñêîãî ïðèíöèïà íàó÷íîñòè (È. ß. Ìåøêîâà).

Â 90-õ ãîäàõ 20 âåêà ä.ïåä.í., ê.�.-ì.í., ïðî�åññîðîì Å. È. Ñìèðíîâûì áûëà

ðàçðàáîòàíà òåõíîëîãèÿ íàãëÿäíîãî ìîäåëèðîâàíèÿ, ñîãëàñíî êîòîðîé ïîä íà-

ãëÿäíûì ìîäåëèðîâàíèåì â îáó÷åíèè ìàòåìàòèêå ïîíèìàåòñÿ ¾ïðîöåññ �îðìè-

ðîâàíèÿ àäåêâàòíîãî êàòåãîðèè äèàãíîñòè÷åñêè ïîñòàâëåííîé öåëè óñòîé÷èâî-

ãî ðåçóëüòàòà âíóòðåííèõ äåéñòâèé îáó÷àåìîãî íà îñíîâå ìîäåëèðîâàíèÿ ñóùå-

ñòâåííûõ ñâîéñòâ, îòíîøåíèé, ñâÿçåé è âçàèìîäåéñòâèé ïðè íåïîñðåäñòâåííîì

âîñïðèÿòèè ïðèåìîâ çíàêîâî-ñèìâîëè÷åñêîé äåÿòåëüíîñòè ñ îòäåëüíûì ìàòåìà-

òè÷åñêèì çíàíèåì èëè óïîðÿäî÷åííûì íàáîðîì çíàíèé¿ [6℄.

Å. È. Ñìèðíîâ îòìå÷àåò òàì æå, ÷òî ¾íàãëÿäíî-ìîäåëüíîå îáó÷åíèå ìàòåìà-

òèêå êàê äèäàêòè÷åñêèé ïðîöåññ �îðìèðîâàíèÿ íîâûõ ìàòåìàòè÷åñêèõ çíàíèé

âêëþ÷àåò â ñåáÿ ñëåäóþùèå êîìïîíåíòû:

1. Öåëåïîëàãàíèå (òåîðåòè÷åñêèé, ïðàêòè÷åñêèé, ìåòîäè÷åñêèé äåÿòåëüíîñò-

íûé ìîäóëè).

2. Ïðåäñòàâëåíèå ìîäåëè öåëîñòíîãî ìàòåìàòè÷åñêîãî îáúåêòà.

3. Îïåðèðîâàíèå çíàêîâî-ñèìâîëè÷åñêèìè ñðåäñòâàìè (ìàòåðèàëüíûìè è ìà-

òåðèàëèçîâàííûìè, ïåðöåïòèâíûìè è èäåàëüíûìè).

4. Çíàêîâî-ñèìâîëè÷åñêàÿ äåÿòåëüíîñòü (ìîäåëèðîâàíèå � ñõåìàòèçàöèÿ, êî-

äèðîâàíèå è çàìåùåíèå) è óïðàâëåíèå ïîçíàâàòåëüíîé äåÿòåëüíîñòüþ.

5. Ñîçäàíèå óñëîâèé óñòîé÷èâîñòè ïåðöåïòèâíîãî îáðàçà è ïðåäñòàâëåíèÿ.

6. Àäåêâàòíîñòü àïðèîðíîé ìîäåëè (êîäà, ñõåìû, çàìåñòèòåëÿ) ðåçóëüòàòó

âíóòðåííèõ äåéñòâèé îáó÷àåìîãî (ïåðöåïòèâíîìó îáðàçó)¿.

Ïîñëåäíèå 30 ëåò â ïåäàãîãèêå èçó÷àåòñÿ âîçìîæíîñòü ââåäåíèÿ ýëåìåí-

òîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â øêîëüíîå ìàòåìàòè÷åñêîå îáðàçîâàíèå.

Â ïðîãðàììàõ ïî ìàòåìàòèêå îáùåîáðàçîâàòåëüíûõ øêîë è ó÷åáíèêàõ ïî ìà-

òåìàòèêå, àëãåáðå è ãåîìåòðèè äëÿ îáùåîáðàçîâàòåëüíîé è ïðî�èëüíîé øêîëû

ä.ïåä.í., ïðî�. Â. À. �óñåâà, ä.�.-ì.í., ïðî�. �. Â. Äîðî�ååâà, ä.ïåä.í., ïðî�.

À. �. Ìîðäêîâè÷à, àêàäåìèêà �ÀÍ ÀÍ ÑÑÑ�, ä.�.-ì.í., ïðî�. Ñ. Ì. Íèêîëü-

ñêîãî, ä.�.-ì.í., ïðî�. È. Ì. Ñìèðíîâîé ââåäåíû ïîíÿòèÿ ¾ìàòåìàòè÷åñêàÿ ìî-

äåëü¿, ¾ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå¿.

Ä.ïåä.í. À. Ñ. Ñèìîíîâûì â õîäå ñâîåãî èññëåäîâàíèÿ áûë ðàçðàáîòàí ñïåö-

êóðñ è �àêóëüòàòèâ ¾Ýêîíîìèêà íà óðîêàõ ìàòåìàòèêè¿ äëÿ ó÷àùèõñÿ è ñòó-

äåíòîâ ìëàäøèõ êóðñîâ è ñïåöêóðñ ¾Îñíîâû ìàòåìàòè÷åñêèõ çíàíèé è èõ ìà-

òåìàòè÷åñêèé àíàëèç¿ � äëÿ ñòàðøåêëàññíèêîâ, îáó÷àþùèõñÿ â êëàññàõ ñ ýêî-

íîìè÷åñêîé îðèåíòàöèåé è ñòóäåíòîâ, à òàêæå ìåòîäèêà îáó÷åíèÿ ìàòåìàòèêå,

èñïîëüçóþùàÿ øèðîêèé íàáîð ýêîíîìè÷åñêèõ ïîíÿòèé è íàïîëíÿþùàÿ íîâûì
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òåîðåòè÷åñêèì è ïðàêòè÷åñêèì ñîäåðæàíèåì îñíîâíûå ðàçäåëû êóðñà àëãåáðû

7�9 êëàññîâ è àëãåáðû è íà÷àë àíàëèçà 10�11 êëàññîâ.

Â ïåðèîä ñ 2003 ïî 2010 ãîäû â Ëàáîðàòîðèè îáðàçîâàòåëüíûõ òåõíîëîãèé

Þæíîãî ìàòåìàòè÷åñêîãî èíñòèòóòà ÂÍÖ �ÀÍ, à òàêæå âî Âëàäèêàâêàçñêîì

Öåíòðå íåïðåðûâíîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ è â îáùåîáðàçîâàòåëüíûõ

øêîëàõ � 41, � 44, � 27 ã. Âëàäèêàâêàçà, øêîëå � 6 ã. Áåñëàíà, øêîëå � 2

ã. Àëàãèðà, øêîëå � 1 ñ. Îêòÿáðüñêîå �ÑÎ-À, íàìè ïðîâîäèëàñü ðàáîòà ïî âûÿâ-

ëåíèþ è òåîðåòè÷åñêîìó îáîñíîâàíèþ ïåäàãîãè÷åñêèõ óñëîâèé, à òàêæå ïîñòðî-

åíèþ äèäàêòè÷åñêîé ìîäåëè �îðìèðîâàíèÿ ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè

ó÷àùèõñÿ ïðî�èëüíûõ êëàññîâ ýêîíîìè÷åñêîé íàïðàâëåííîñòè ñðåäñòâàìè ìà-

òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.

Áûë ðàçðàáîòàí è ðåàëèçîâàí (�àêóëüòàòèâíûé) êóðñ ¾Ìàòåìàòè÷åñêîå ìî-

äåëèðîâàíèå � øêîëüíèêàì. Ëèíåéíûå ìîäåëè¿ äëÿ ó÷àùèõñÿ ïðî�èëüíûõ

êëàññîâ ýêîíîìè÷åñêîé íàïðàâëåííîñòè ñ öåëüþ âíåäðåíèÿ â øêîëüíîå îáó÷åíèå

ìàòåìàòèêå ýëåìåíòîâ ýêîíîìèêî-ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è îçíàêîì-

ëåíèÿ ó÷àùèõñÿ ñ ýêîíîìèêî-ìàòåìàòè÷åñêèìè ìîäåëÿìè (ìîäåëü ïðîñòðàíñòâà

òîâàðîâ è öåí, ìîäåëü ðûíî÷íîãî ðàâíîâåñèÿ, ìîäåëü èçäåðæåê, ìîäåëü èçìåíå-

íèÿ öåí (ïàóòèíîîáðàçíàÿ ìîäåëü), ìîäåëü ïðèíÿòèÿ îïòèìàëüíîãî ðåøåíèÿ),

êîòîðûå îïèñûâàþòñÿ ëèíåéíûìè ìîäåëÿìè, âêëþ÷àÿ îïòèìèçàöèîííûå.

Â ïðîãðàììó ýëåêòèâíîãî (�àêóëüòàòèâíîãî) êóðñà áûëà âêëþ÷åíà ñëåäó-

þùàÿ òåìàòèêà: ëèíåéíûå �óíêöèè îäíîé, äâóõ è òðåõ ïåðåìåííûõ, ëèíåéíûå

óðàâíåíèÿ, íåðàâåíñòâà è ñèñòåìû óðàâíåíèé è íåðàâåíñòâ ñ äâóìÿ íåèçâåñòíû-

ìè; ãðà�è÷åñêèé ìåòîä ðåøåíèÿ ñèñòåì ëèíåéíûõ íåðàâåíñòâ ñ äâóìÿ è òðåìÿ

íåèçâåñòíûìè; ëèíåéíûå îïòèìèçàöèîííûå ìîäåëè, ñèìïëåêñ-ìåòîä.

Â 2007 ãîäó ïî èòîãàì àïðîáàöèè ýòîãî ýëåêòèâíîãî (�àêóëüòàòèâíîãî) êóð-

ñà â øêîëàõ �ÑÎ-À â Èíñòèòóòå ïðèêëàäíîé ìàòåìàòèêè è èí�îðìàòèêè ÂÍÖ

�ÀÍ (íûíå � Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÂÍÖ �ÀÍ) âûøëî ó÷åáíîå ïî-

ñîáèå ê.ïåä.í. Â. Ñ. Àáàòóðîâîé [7℄ ñ òàêèì æå, êàê ó êóðñà, íàçâàíèåì ¾Ìàòå-

ìàòè÷åñêîå ìîäåëèðîâàíèå � øêîëüíèêàì. 1. Ëèíåéíûå ìîäåëè¿. Ïîñîáèå ïðåä-

íàçíà÷åíî äëÿ ó÷èòåëåé, ñòóäåíòîâ ïåäàãîãè÷åñêèõ âóçîâ è øêîëüíèêîâ ñ öåëüþ

îçíàêîìëåíèÿ ñ ìåòîäîì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ íà ïðèìåðå ëèíåéíûõ

ìîäåëåé, âêëþ÷àÿ îïòèìèçàöèîííûå, îïèñûâàþùèõ ðåàëüíûå ýêîíîìè÷åñêèå è

ïðîèçâîäñòâåííûå ïðîöåññû.

Â ïðåäèñëîâèè íàó÷íîãî ðåäàêòîðà ä.�.-ì.í., ïðî�åññîðà À. �. Êóñðàåâà îò-

ìå÷àåòñÿ: ¾Â õîäå èçó÷åíèÿ ýëåêòèâíîãî (�àêóëüòàòèâíîãî) êóðñà øêîëüíèê

âûðàáàòûâàåò íàâûêè çàïèñûâàòü â ìàòåìàòè÷åñêèõ òåðìèíàõ êà÷åñòâåííûå

è êîëè÷åñòâåííûå ïðåäñòàâëåíèÿ èçó÷àåìîé ïðàêòè÷åñêîé çàäà÷è, ê êîòîðûì

ïðèâîäÿò ìîäåëè, èíòåðïðåòèðîâàòü ïîëó÷åííûå ðåøåíèÿ â òåðìèíàõ èñõîäíîé

ìîäåëè . . . Öåëü êóðñà � ïîêàçàòü, ÷òî ìàòåìàòè÷åñêèå ïîíÿòèÿ, òàêèå, êàê ëè-

íåéíàÿ �óíêöèÿ, ëèíåéíîå óðàâíåíèå, ëèíåéíîå íåðàâåíñòâî ÿâëÿþòñÿ îñíîâîé

äëÿ ïîñòðîåíèÿ ëèíåéíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, êîòîðûå èìåþò ìíîãî÷èñ-

ëåííûå ïðèëîæåíèÿ, â ÷àñòíîñòè, â ýêîíîìèêå¿.

Â õîäå êîíñòðóèðîâàíèÿ êóðñà íàìè áûëè ðàçðàáîòàíû ãðà� ñîãëàñîâà-

íèÿ ìàòåìàòè÷åñêèõ è ýêîíîìè÷åñêèõ çíàíèé, êîòîðûå èíòåãðèðóþòñÿ â õî-

äå ïðîâåäåíèÿ ýëåêòèâíîãî êóðñà; ñîñòàâëåíû áàíêè ìîòèâàöèîííî-ïðèêëàäíûõ

(ïðàêòèêî-îðèåíòèðîâàííûõ) çàäà÷ íà ëèíåéíûå ìîäåëè ðåàëüíûõ ïðîöåññîâ;
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îïèñàíû íåêîòîðûå ìîäåëè ðåàëüíûõ ëèíåéíûõ ïðîöåññîâ: ìîäåëü âðåìåíè, ìî-

äåëü ðàâíîìåðíîãî ïðÿìîëèíåéíîãî äâèæåíèÿ, ìîäåëü ðûíî÷íîãî ðàâíîâåñèÿ,

ìîäåëü íàöèîíàëüíîãî äîõîäà, ëèíåéíûå îïòèìèçàöèîííûå ìîäåëè.

Ïîä ìîòèâàöèîííî-ïðèêëàäíîé (ïðàêòèêî-îðèåíòèðîâàííîé) çà-
äà÷åé ìû ïîíèìàåì ñþæåòíóþ ïðèêëàäíóþ çàäà÷ó, îïèñûâàþùóþ

ðåàëüíûå ïðîöåññû â ïðèðîäå, îáùåñòâå è ïðîèçâîäñòâå è ðåøàåìóþ

ìàòåìàòè÷åñêèìè ñðåäñòâàìè.

Ñ öåëüþ ðåàëèçàöèè ïðèíöèïà �óíäàìåíòàëèçàöèè çíàíèé âñå ïîíÿòèÿ ââî-

äÿòñÿ íà îñíîâå ãåîìåòðè÷åñêîãî ïîäõîäà, êîòîðûé ðåàëèçîâàí ïîñðåäñòâîì êî-

îðäèíàòíîãî ìåòîäà, ïîçâîëÿþùåãî äàòü íàãëÿäíóþ èíòåðïðåòàöèþ ñâÿçè îñ-

íîâíûõ ïîíÿòèé àëãåáðû è ãåîìåòðèè � ÷èñåë è òî÷åê ñîîòâåòñòâåííî. Êðîìå

ýòîãî, êóðñ ïîñòðîåí íà ñòðîãîì äîêàçàòåëüñòâå òåîðåòè÷åñêèõ ïîëîæåíèé î ãðà-

�èêå ëèíåéíîé �óíêöèè, ãðà�èêå ëèíåéíîãî óðàâíåíèÿ ñ äâóìÿ íåèçâåñòíûìè,

ãðà�è÷åñêîì ñïîñîáå ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé è íåðàâåíñòâ ñ äâóìÿ

íåèçâåñòíûìè è èõ ïðèëîæåíèÿõ. Â ïîñëåäíèå ãîäû ìàòåìàòè÷åñêîå ìîäåëèðî-

âàíèå âñå ÷àùå ïðîíèêàåò â øêîëüíîå ìàòåìàòè÷åñêîå îáðàçîâàíèå, ïðàâäà, ïîêà

òîëüêî â òåõ øêîëàõ, ãäå ïðàêòèêî-îðèåíòèðîâàííîìó îáó÷åíèþ óäåëÿåòñÿ îñ-

íîâíîå âíèìàíèå, ÷àùå âñåãî � â ñïåöèàëèçèðîâàííûõ ïðî�èëüíûõ øêîëàõ ïðè

êðóïíûõ âóçàõ ñòðàíû � ÑÓÍÖ Ì�Ó, ÑÓÍÖ Í�Ó è äð.

Íà íàø âçãëÿä, ïðàêòèêî-îðèåíòèðîâàííîå îáó÷åíèå ìàòåìàòèêå øêîëüíè-

êîâ äîëæíî, â ïåðâóþ î÷åðåäü, çíàêîìèòü ó÷àùèõñÿ ñ ìåòîäîì ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ íà óðîêàõ â õîäå ðåøåíèÿ ó÷åáíûõ çàäà÷ ïðàêòè÷åñêîãî õàðàê-

òåðà (ìîòèâàöèîííî-ïðèêëàäíûõ çàäà÷), è âî âíåóðî÷íîé äåÿòåëüíîñòè � â õîäå

ó÷àñòèÿ â êîíêóðñàõ è îëèìïèàäàõ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ïðè ðå-

øåíèè çàäàíèé, êîòîðûå ìû íàçûâàåì ìíîãîýòàïíûìè ìóëüòèäèñöèïëè-

íàðíûìè çàäà÷àìè � çàäà÷àìè íà ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

ðåàëüíûõ ñèòóàöèé, äëÿ ðåøåíèÿ êîòîðûõ íåîáõîäèìû çíàíèÿ ïî

ìàòåìàòèêå, èí�îðìàòèêå è îäíîé èëè íåñêîëüêèì åñòåñòâåííî-

íàó÷íûì äèñöèïëèíàì.

Øêîëüíûå èíòåëëåêòóàëüíûå ìóëüòèäèñöèïëèíàðíûå êîìàíäíî-ëè÷íûå ñî-

ðåâíîâàíèÿ IMMC óæå áîëåå äâàäöàòè ëåò ñ óñïåõîì ïðîâîäÿòñÿ â ðàçíûõ ñòðà-

íàõ. Â Êèòàå, ê ïðèìåðó, â òàêèõ êîíêóðñàõ åæåãîäíî ïðèíèìàåò ó÷àñòèå áîëåå

40000 øêîëüíèêîâ, à ïðåäìåò ¾ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå¿ â ýòîé ñòðàíå

ââåäåí â øêîëüíóþ îáùåîáðàçîâàòåëüíóþ ïðîãðàììó, ïðè÷åì óæå ðàçðàáîòàíû

ìåòîäèêè îáó÷åíèÿ ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ó÷àùèõñÿ ñòàðøèõ êëàñ-

ñîâ íå òîëüêî â ñïåöèàëèçèðîâàííîé, íî è â ìàññîâîé øêîëå.

Â �îññèè âïåðâûå â íîÿáðå 2018 ãîäà ê.�-ì.í. äîöåíòîì ÑÓÍÖ Ì�Ó

Â. Í. Äóáðîâñêèì áûë îðãàíèçîâàí I Ìåæäóíàðîäíûé êîìàíäíî-ëè÷íûé òóð-

íèð øêîëüíèêîâ 8�10 êëàññîâ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ (ÒÌÌ,

ÌàÌîÍÒ). Îñíîâíîé ýòàï êîíêóðñà 2018 ãîäà � ðåøåíèå ðåàëüíîé ïðî-

èçâîäñòâåííîé çàäà÷è ¾Êàëèáðîâêà àêñåëåðîìåòðîâ¿, ïðåäëîæåííîé �èðìîé

Huawei � ìíîãîýòàïíîé ìóëüòèäèñöèïëèíàðíîé çàäà÷è, ñ óñëîâèåì çàäà-

÷è ìîæíî îçíàêîìèòüñÿ ïî ññûëêå: http://internat.msu.ru/wp-
ontent/

uploads/2018/10/zada
ha_KMM2018.pdf.

Ïîäðîáíåå î ÒÌÌ è êîíêóðñàõ, ïðîâîäèìûõ â ðàìêàõ òóðíèðà: ¾Ïðè-

ìàò¿ � êîíêóðñ çàäà÷ ïî ïðèêëàäíîé ìàòåìàòèêå, ¾Îìàð¿ � êîíêóðñ çàäà÷
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ïî ðåàëüíîé ìàòåìàòêèå, ¾ÊÎÇà¿ � êîíêóðñ îïòèìèçàöèîííûõ çàäà÷ ìîæíî

óçíàòü íà ñàéòå ÑÓÍÖ Ì�Ó, íà ñòðàíèöå òóðíèðà: http://internat.msu.ru/

edu
ational-proje
ts/turniry-i-konferentsii/turnir-mm1/.

Ó÷àñòèå â ÒÌÌ 2018, 2019 ãîäà êîìàíäû èç ÷åòûðåõ ó÷àùèõñÿ ÂÖÍÌÎ

(ìëàäøàÿ ãðóïïà, 7�8 êëàññ), àíàëèç ðåçóëüòàòîâ òóðíèðà äâóõ ëåò âñåõ ó÷àñò-

íèêîâ òóðíèðà â äâóõ ëèãàõ (ñòàðøåé � 10�11 êëàññû è ìëàäøåé � 8�9 êëàññû),

÷òî âûñîêèé óðîâåíü ñ�îðìèðîâàííîñòè óìåíèé â îáëàñòè ìàòåìàòè÷åñêîãî ìî-

äåëèðîâàíèÿ ïîêàçûâàþò ó÷àùèåñÿ 11 êëàññîâ ñïåöèàëèçèðîâàííûõ ìàòåìàòè-

÷åñêèõ øêîë è öåíòðîâ, êîòîðûå êðîìå ïîëó÷åíèÿ òðàäèöèîííûõ àêàäåìè÷åñêèõ

çíàíèé â îáëàñòè ìàòåìàòèêè, èí�îðìàòèêè è åñòåñòâåííî-íàó÷íûõ äèñöèïëèí,

ïîëó÷àþò íåîáõîäèìûå çíàíèÿ íà êðóæêàõ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâà-

íèþ, îðãàíèçîâàííîìó â ýòèõ øêîëàõ, ãäå ó ó÷àùèõñÿ �îðìèðóþòñÿ óìåíèÿ

�îðìóëèðîâàòü ñèòóàöèþ íà ÿçûêå ìàòåìàòèêè; óìåíèÿ ïðèìåíÿòü ìàòåìàòè-

÷åñêèå ïîíÿòèÿ, �àêòû, ïðîöåäóðû; óìåíèÿ èíòåðïðåòèðîâàòü, èñïîëüçîâàòü è

îöåíèâàòü ìàòåìàòè÷åñêèå ðåçóëüòàòû, ò. å. ñòðîèòü ìàòåìàòè÷åñêèå ìîäåëè ðå-

àëüíûõ ñèòóàöèé è ïðîöåññîâ.

Íà íàø âçãëÿä, íåîáõîäèìî ðàñøèðÿòü ïðàêòèêó ïðîâåäåíèÿ òàêèõ êîíêóð-

ñîâ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ âî âñåõ øêîëàõ ñòðàíû, íî äëÿ ýòîãî

íåîáõîäèìî ïîâûñèòü óðîâåíü êîìïåòåíöèé â îáëàñòè ìàòåìàòè÷åñêîãî ìîäåëè-

ðîâàíèÿ ó øêîëüíûõ ó÷èòåëåé, ðàçðàáîòàòü àäàïòèðîâàííûå îáðàçîâàòåëüíûå

ïðîãðàììû ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ äëÿ îðãàíèçàöèè øêîëüíûõ

êðóæêîâ, ñïåöêóðñîâ è/èëè �àêóëüòàòèâîâ è ñåðèè ìíîãîýòàïíûõ ìóëüòèäèñ-

öèïëèíàðíûõ çàäà÷, ÷òî òåì ñàìûì ñî âðåìåíåì ïðèâåäåò øêîëû ê âêëþ÷å-

íèþ â ó÷åáíûé ïðîöåññ ìåæäèñöèïëèíàðíûõ îáðàçîâàòåëüíûõ ïðîãðàìì STEM

(S
ien
e, Te
hnology, Engineering and Mathemati
s), êîòîðûå óæå ðåàëèçóþòñÿ

ìíîãî ëåò â Êèòàå, ÑØÀ è äðóãèõ ñòðàíàõ.

Ëåêöèÿ 2. Ôîðìèðîâàíèå ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè

øêîëüíèêîâ ñðåäñòâàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Íåîáõîäèìîñòü îáåñïå÷åíèÿ Ïðàâèòåëüñòâîì �Ô äî 2024 ãîäà ãëîáàëüíîé

êîíêóðåíòîñïîñîáíîñòè ñòðàíû (ñïîñîáíîñòè âûäåðæèâàòü êîíêóðåíöèþ â îâëà-

äåíèè íîâûìè òåõíîëîãèÿìè, ñïîñîáíîñòè ãðàæäàí àäàïòèðîâàòüñÿ ê èçìåíÿþ-

ùèìñÿ óñëîâèÿì îáó÷åíèÿ, òðóäà è æèçíè), âêëþ÷àÿ âõîæäåíèå �îññèéñêîé Ôå-

äåðàöèè â ÷èñëî 10 âåäóùèõ ñòðàí ìèðà ïî êà÷åñòâó îáùåãî îáðàçîâàíèÿ ñòàâèò

çàäà÷ó ìîäåðíèçàöèè ñèñòåìû îáðàçîâàíèÿ, â òîì ÷èñëå, ïîñðåäñòâîì âíåäðåíèÿ

àäàïòèâíûõ, ïðàêòèêî-îðèåíòèðîâàííûõ îáðàçîâàòåëüíûõ ïðîãðàìì â âóçàõ è

â øêîëàõ.

Ïðàêòèêî-îðèåíòèðîâàííîå (ïðî�åññèîíàëüíî-îðèåíòèðîâàííîå) îáó÷åíèå â

âóçå õàðàêòåðèçóåòñÿ óñèëåíèåì ðîëè ïðî�åññèîíàëüíî-ïðèêëàäíîé íàïðàâëåí-

íîñòè îáðàçîâàòåëüíûõ ïðîãðàìì, â õîäå èçó÷åíèÿ êîòîðûõ ó ñòóäåíòà �îð-

ìèðóþòñÿ çíàíèÿ, óìåíèÿ è êîìïåòåíöèè, íåîáõîäèìûå åìó â áóäóùåé ïðî�åñ-

ñèè, à òàêæå ïðèâëå÷åíèåì ê îáó÷åíèþ ïðàêòèêóþùèõ ñïåöèàëèñòîâ, ñïîñîáíûõ

ïåðåäàòü íàêîïëåííûé îïûò ðàáîòû îðãàíèçîâàòü ñòóäåíòàì ñîîòâåòñòâóþùóþ

ïðàêòèêó è ñòàæèðîâêó.
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Ïðàêòèêî-îðèåíòèðîâàííîå îáó÷åíèå â øêîëå, êàê îòìå÷àåò â ñâîåì èññëå-

äîâàíèè ä.ïåä.í. Ì. Â. Åãóïîâà ¾ñîñòîèò â ðàçâèòèè ñïîñîáíîñòè ó÷àùèõñÿ ìà-

òåìàòèçèðîâàòü èí�îðìàöèþ îá îêðóæàþùåì ìèðå è ïîëó÷àòü íà îñíîâå ýòîãî

íîâóþ èí�îðìàöèþ, ÷òî ÿâëÿåòñÿ îäíîé èç õàðàêòåðèñòèê ñàìîñòîÿòåëüíî ìûñ-

ëÿùåãî, èíòåëëåêòóàëüíî ðàçâèòîãî ÷åëîâåêà¿ [8℄.

Âñåìèðíàÿ ïàíäåìèÿ êîðîíàâèðóñà 2020 ãîäà àêòóàëèçèðîâàëà, íà íàø

âçãëÿä, îäíó èç îñíîâíûõ ñîâðåìåííûõ ïðîáëåì ñèñòåìû îáðàçîâàíèÿ, ñâÿçàí-

íóþ ñ íåîáõîäèìîñòüþ îñóùåñòâëåíèÿ ý��åêòèâíîãî óäàëåííîãî ó÷åáíîãî âçàè-

ìîäåéñòâèÿ ïðåïîäàâàòåëÿ (ó÷èòåëÿ) è ñòóäåíòà (ó÷àùåãîñÿ) íà �îíå èìåþùèõ-

ñÿ ïðîáëåì ìàòåðèàëüíî-òåõíè÷åñêîãî õàðàêòåðà (îòñóòñòâèÿ äîñòóïà ê ñåòè Èí-

òåðíåò èëè íåîáõîäèìîé ñêîðîñòè ñîåäèíåíèÿ, îòñóòñòâèÿ èëè íèçêîãî êà÷åñòâà

íåîáõîäèìûõ èíñòðóìåíòîâ äëÿ äèñòàíöèîííîãî âçàèìîäåéñòâèÿ � êîìïüþòåðà,

íîóòáóêà, ïëàíøåòà, ñìàðò�îíà).

Îäíîé èç ïðè÷èí íàëè÷èÿ äàííîé ïðîáëåìû ÿâëÿåòñÿ, íà íàø âçãëÿä, íèçêèé

óðîâåíü ñ�îðìèðîâàííîñòè ó áîëüøåé ÷àñòè îáó÷àþùèõñÿ îäíîãî èç êëþ÷åâûõ

èíòåëëåêòóàëüíûõ êà÷åñòâ ðàçâèâàþùåéñÿ ëè÷íîñòè � ïîçíàâàòåëüíîé ñà-

ìîñòîÿòåëüíîñòè , òåñíî ñâÿçàííîãî ñ óðîâíåì ìîòèâàöèè ó÷åíèÿ è óìåíè-

åì ó÷èòüñÿ ñàìîñòîÿòåëüíî, èñïîëüçóÿ ðàçëè÷íûå èñòî÷íèêè ïîëó÷åíèÿ çíàíèé

(ïåäàãîã, Èíòåðíåò-ðåñóðñû, äèñòàíöèîííûå êóðñû è äð.).

Ïîèñê ý��åêòèâíûõ ìåòîäîâ �îðìèðîâàíèÿ ïîçíàâàòåëüíîé ñàìîñòîÿòåëü-

íîñòè îáó÷àþùèõñÿ (øêîëüíèêîâ è ñòóäåíòîâ) â óñëîâèÿõ ñìåøàííîãî îáó÷åíèÿ

(î÷íîãî è äèñòàíöèîííîãî) ñòàíîâèòñÿ àêòóàëüíîé òåìîé äëÿ èññëåäîâàíèé â îá-

ëàñòè íàóê îá îáðàçîâàíèè, âêëþ÷àÿ òåîðèþ è ìåòîäèêó îáó÷åíèÿ ìàòåìàòèêå.

Òåðìèí ¾ïîçíàâàòåëüíàÿ ñàìîñòîÿòåëüíîñòü¿ ó÷àùèõñÿ â íàóêå íå íîâûé, õî-

ðîøî èçó÷åííûé â 20 âåêå ìíîãèìè ñîâåòñêèìè, ðîññèéñêèìè è çàðóáåæíûìè

ó÷åíûìè � �èëîñî�àìè, ïñèõîëîãàìè, ïåäàãîãàìè, ìåòîäèñòàìè.

Â îòå÷åñòâåííîé ïåäàãîãèêå îñíîâàòåëåì òåîðèè âîñïèòàíèÿ ñàìîñòîÿòåëü-

íîñòè ó÷àùèõñÿ ÿâëÿåòñÿ Ê. Ä. Óøèíñêèé, êîòîðûé ïîä ñàìîñòîÿòåëüíîñòüþ

ïîíèìàë êà÷åñòâî ëè÷íîñòè, �îðìèðóåìîå â ïðîöåññå ñàìîñòîÿòåëüíîé äåÿòåëü-

íîñòè ó÷àùåãîñÿ ïîä ðóêîâîäñòâîì ó÷èòåëÿ è âûðàæåííîå â ñàìîñòîÿòåëüíîñòè

ìûøëåíèÿ, à ñïîñîáîì âîñïèòàíèÿ ñàìîñòîÿòåëüíîñòè îí ñ÷èòàë ïðèó÷åíèå ó÷à-

ùèõñÿ ¾ê ñîçåðöàíèþ, íàáëþäåíèþ, òàê êàê òîëüêî íàáëþäåíèå äàåò âîçìîæ-

íîñòü ñàìîñòîÿòåëüíî äóìàòü, à ïîòîì âûðàæàòü ýòè ìûñëè â ñëîâàõ, ñàìîñòî-

ÿòåëüíûå æå ìûñëè âûòåêàþò òîëüêî èç ñàìîñòîÿòåëüíî ïðèîáðåòåííûõ çíà-

íèé¿ [9℄.

Ìåòîäû �îðìèðîâàíèÿ è ðàçâèòèÿ ñàìîñòîÿòåëüíîñòè, â òîì ÷èñëå ïîçíàâà-

òåëüíîé ñàìîñòîÿòåëüíîñòè, èíòåðåñîâàëè ìíîãèõ ðîññèéñêèõ èññëåäîâàòåëåé �

ïñèõîëîãîâ è ïåäàãîãîâ, âêëþ÷àÿ Ï. ß. �àëüïåðèíà, Å. ß. �îëàíòà, Â. Â. Äà-

âûäîâà, Ì. À. Äàíèëîâà, Á. Ï. Åñèïîâà, Â. È. Çàãâÿçèíñêîãî, È. ß. Ëåðíåðà,

Ï. È. Ïèäêàñèñòîãî, �. È. Ñàðàíöåâà, Ì. È. Ñêàòêèíà, Ñ. Ë. �óáèíøòåéíà,

À. Â. Óñîâîé, Ê. Ä. Óøèíñêîãî, Â. Ä. Øàäðèêîâà, Ò. È. Øàìîâîé, Ä. Á. Ýëü-

êîíèíà, ÷òî îòðàæåíî â èõ ðàáîòàõ. Òàê, È. ß. Ëåðíåð ñ÷èòàë, ÷òî ¾ïîçíàâà-

òåëüíàÿ ñàìîñòîÿòåëüíîñòü � ýòî óìåíèå è ñòðåìëåíèå òâîð÷åñêè ïîäõîäèòü ê

îêðóæàþùåé äåéñòâèòåëüíîñòè¿ [10℄. Ò. È. Øàìîâà â ðàáîòå [11℄ îïðåäåëèëà ïî-

çíàâàòåëüíóþ ñàìîñòîÿòåëüíîñòü êàê ¾ñâîéñòâî ëè÷íîñòè, õàðàêòåðèçóþùååñÿ

ñòðåìëåíèåì è óìåíèåì ó÷àùèõñÿ áåç ïîñòîðîííåé ïîìîùè îâëàäåâàòü çíàíèÿìè
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è ñïîñîáàìè äåÿòåëüíîñòè, ðåøàòü ïîçíàâàòåëüíûå çàäà÷è ñ öåëüþ äàëüíåéøåãî

ïðåîáðàçîâàíèÿ è ñîâåðøåíñòâîâàíèÿ îêðóæàþùåé äåéñòâèòåëüíîñòè¿.

Â ðåçóëüòàòå ýòèõ è äðóãèõ èññëåäîâàíèé áûëè ïðåäëîæåíû, à çàòåì è âíåä-

ðåíû â ïðàêòèêó ðàçíûå ïóòè �îðìèðîâàíèÿ ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíî-

ñòè, â ÷àñòíîñòè: ââåäåíèå â ñîäåðæàíèå îáó÷åíèÿ ìåòîäîëîãè÷åñêèõ çíàíèé

(À. Ë. Æîõîâ, È. È. Èëüÿñîâ, È. ß. Ëåðíåð, Í. À. Ëîøêàðåâà, Â. ß. Ëÿóäèñ,

Í. Ñ. Ïóðûøåâà), èñïîëüçîâàíèå îáîáùåííûõ çíàíèé, ñîñòàâëÿþùèõ îðèåíòè-

ðîâî÷íóþ îñíîâó äåÿòåëüíîñòè (Ï. ß. �àëüïåðèí, Â. À. Ñëàñòåíèí, Í. Ô. Òàëû-

çèíà, Ë. Ì. Ôðèäìàí, Ï. Ì. Ýðäíèåâ); �îðìèðîâàíèå ïðèåìîâ ïîçíàâàòåëüíîé

äåÿòåëüíîñòè (Â. Â. Äàâûäîâ, À. Ì. Ìàòþøêèí, Ä. Á. Ýëüêîíèí); îðãàíèçàöèÿ

ñàìîñòîÿòåëüíîé ðàáîòû, ðåøåíèå ó÷åáíûõ çàäà÷ (Í. ß. �îëàíò, Á. Ï. Åñèïîâ,

Ì. È. Ñêàòêèí).

Â õîäå ïðîâåäåííîãî íàìè èññëåäîâàíèÿ ïî ïðîáëåìå �îðìèðîâàíèÿ è ðàç-

âèòèÿ ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè ó÷àùèõñÿ ïðî�èëüíûõ êëàññîâ ýêîíî-

ìè÷åñêîé íàïðàâëåííîñòè ñðåäñòâàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ (ìàòåìà-

òè÷åñêîå ñîäåðæàíèå êîòîðîãî îïèñàíî â ëåêöèè 1) áûëè îïðåäåëåíû ñòðóêòóðà,

õàðàêòåðèñòèêè, êðèòåðèè è óðîâíè ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè ó÷àùèõ-

ñÿ, ïðåäëîæåíà àâòîðñêàÿ ìåòîäèêà îáó÷åíèÿ ìàòåìàòèêå ó÷àùèõñÿ ïðî�èëü-

íûõ êëàññîâ ýêîíîìè÷åñêîé íàïðàâëåííîñòè íà áàçå ýëåêòèâíîãî (�àêóëüòàòèâ-

íîãî) êóðñà, îñíîâàííîãî íà ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ðåàëüíûõ ýêîíî-

ìè÷åñêèõ è ïðîèçâîäñòâåííûõ ïðîöåññîâ, îïèñûâàåìûõ ëèíåéíûìè ìîäåëÿìè,

âêëþ÷àÿ îïòèìèçàöèîííûå.

Ïîä ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòüþ îáó÷àþùèõñÿ íàìè ïî-

íèìàåòñÿ êà÷åñòâî ëè÷íîñòè, îñíîâàííîå íà ñîáñòâåííîé ïîçíà-

âàòåëüíîé àêòèâíîñòè, è óñòîé÷èâî ïðîÿâëÿþùååñÿ â ñïîñîáíî-

ñòè îáó÷àþùèõñÿ âåñòè öåëåíàïðàâëåííóþ ïîçíàâàòåëüíóþ äåÿ-

òåëüíîñòü ïî ïðèîáðåòåíèþ, ïðèìåíåíèþ è ïðåîáðàçîâàíèþ çíàíèé,

óìåíèé è óíèâåðñàëüíûõ ó÷åáíûõ äåéñòâèé [12, 13℄.

Ñòðóêòóðà ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè, óòî÷íåííàÿ íàìè â õîäå ïðî-

âåäåííîãî àíàëèçà óêàçàííûõ âûøå èññëåäîâàíèé, ñîäåðæèò ñëåäóþùèå êîìïî-

íåíòû:

ìîòèâàöèîííî-öåëåâîé êîìïîíåíò , õàðàêòåðèçóþùèéñÿ óðîâíåì æå-

ëàíèÿ (ïîáóæäåíèÿ) ó÷àùåãîñÿ ê ñàìîñòîÿòåëüíîé ïîçíàâàòåëüíîé äåÿòåëüíî-

ñòè, âîçíèêàþùåãî èç-çà íàëè÷èÿ ïðîòèâîðå÷èÿ ìåæäó èìåþùåéñÿ ïîçíàâàòåëü-

íîé ïîòðåáíîñòüþ è âîçìîæíîñòüþ óäîâëåòâîðåíèÿ åå ñîáñòâåííûìè ñèëàìè;

ñîäåðæàòåëüíî-îïåðàöèîííûé êîìïîíåíò , õàðàêòåðèçóþùèéñÿ óðîâ-

íåì âëàäåíèÿ çíàíèÿìè (ñîäåðæàòåëüíûé êîìïîíåíò ïîçíàâàòåëüíîé ñàìîñòî-

ÿòåëüíîñòè) è ñïîñîáàìè ó÷åáíî-ïîçíàâàòåëüíîé äåÿòåëüíîñòè (îïåðàöèîííûé

êîìïîíåíò ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè);

ðå�ëåêñèâíî-îöåíî÷íûé êîìïîíåíò , õàðàêòåðèçóþùèéñÿ óðîâíåì

ñ�îðìèðîâàííîñòè óìåíèÿ àíàëèçèðîâàòü è îöåíèâàòü ñàìîñòîÿòåëüíóþ

ïîçíàâàòåëüíóþ äåÿòåëüíîñòü ñ ïîçèöèè ðàñøèðåíèÿ ïðèåìîâ ïîçíàíèÿ

(ìîäåëèðîâàíèå, ïîèñê, îòáîð, ïåðåðàáîòêà è òðàíñëÿöèÿ çíàíèÿ).

Êëàññè�èêàöèÿ óðîâíåé ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè îïðåäåëÿåòñÿ

íàìè ïî ñëåäóþùåìó êðèòåðèþ � ñòåïåíüþ âëàäåíèÿ ó÷åáíûìè ýëåìåíòàìè

(ïî Â. Ï. Áåñïàëüêî, [14℄) � çíàíèÿìè, óìåíèÿìè, íàâûêàìè, ìåòîäàìè è àë-
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ãîðèòìàìè (ÇÓÍÌÀ), à òàêæå óíèâåðñàëüíûìè ó÷åáíûìè äåéñòâèÿìè, óêàçàí-

íûìè âûøå. Â ñîîòâåòñòâèè ñ ýòèì ìû âûäåëèëè â õîäå ïðîâåäåííîãî èññëå-

äîâàíèÿ òðè óðîâíÿ ñ�îðìèðîâàííîñòè ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè ó÷à-

ùèõñÿ ïðî�èëüíûõ êëàññîâ ýêîíîìè÷åñêîé íàïðàâëåííîñòè.

Óðîâåíü ñ�îð-

ìèðîâàííîñòè

ïîçíàâàòåëüíîé

ñàìîñòîÿòåëüíîñòè

ó÷àùèõñÿ

� ïî ñòåïåíè îâëàäåíèÿ çíàíèÿ-

ìè, óìåíèÿìè, íàâûêàìè, ìåòî-

äàìè àëãîðèòìàìè (ÇÓÍÌÀ)

� ïî ñòåïåíè îâëàäåíèÿ óíèâåð-

ñàëüíûìè ó÷åáíûìè äåéñòâèÿ-

ìè � ëè÷íîñòíûìè, ðåãóëÿòèâ-

íûìè, ïîçíàâàòåëüíûìè, êîì-

ìóíèêàòèâíûìè (ÓÓÄ)

íèçêèé

(ðåïðîäóêòèâíî-

âîñïðîèçâîäÿùèé)

äåéñòâèå íà óðîâíå âîñ-

ïðîèçâåäåíèÿ (àëãîðèòìè-

÷åñêîå äåéñòâèå): ó÷àùèåñÿ

âûïîëíÿþò åãî, ñàìîñòîÿòåëü-

íî âîñïðîèçâîäÿ è ïðèìåíÿÿ

èí�îðìàöèþ î ðàíåå óñâîåí-

íîé îðèåíòèðîâî÷íîé îñíîâå

âûïîëíåíèÿ äàííîãî äåéñòâèÿ

äåéñòâèå ïî îáðàçöó � ó÷à-

ùèåñÿ óìåþò âûïîëíÿòü äàí-

íîå äåéñòâèå ñàìîñòîÿòåëüíî, íî

ëèøü ïî îáðàçöó, ïîäðàæàÿ äåé-

ñòâèÿì ó÷èòåëÿ èëè ñâåðñòíèêîâ

ñðåäíèé

(÷àñòè÷íî-

ïîèñêîâûé)

äåéñòâèå íà óðîâíå ïðèìå-

íåíèÿ (äåéñòâèå ýâðèñòè÷å-

ñêîãî òèïà): ýâðèñòè÷åñêàÿ äå-

ÿòåëüíîñòü, âûïîëíåííàÿ íå ïî

ãîòîâîìó àëãîðèòìó èëè ïðàâè-

ëó, à ïî ñîçäàííîìó èëè ïðåîá-

ðàçîâàííîìó â õîäå ñàìîãî äåé-

ñòâèÿ

äåéñòâèå ñàìîñòîÿòåëüíîå,

îñíîâàííîå íà óñòîé÷èâîì

óìåíèè � ó÷àùèåñÿ óìåþò

äîñòàòî÷íî ñâîáîäíî âûïîëíÿòü

äåéñòâèÿ, îñîçíàâàÿ êàæäûé

øàã

âûñîêèé (èññëå-

äîâàòåëüñêèé,

òâîð÷åñêèé)

äåéñòâèå òâîð÷åñêîãî òèïà,

êîãäà ó÷àùèìñÿ ñîçäàåòñÿ îáú-

åêòèâíî íîâàÿ îðèåíòèðîâî÷íàÿ

îñíîâà äåÿòåëüíîñòü, íîâàÿ èí-

�îðìàöèÿ

àâòîìàòèçèðîâàííîå äåé-

ñòâèå (íàâûê) � ó÷àùèåñÿ

àâòîìàòèçèðîâàííî, ñâåðíóòî

è áåçîøèáî÷íî âûïîëíÿþò

äåéñòâèÿ

Ïåäàãîãè÷åñêèìè óñëîâèÿìè, íåîáõîäèìûìè äëÿ �îðìèðîâàíèÿ ïîçíàâà-

òåëüíîé ñàìîñòîÿòåëüíîñòè, ìû â íàøåì èññëåäîâàíèè îïðåäåëèëè ñëåäóþùèå:

• îáîãàùåííîñòü èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû ó÷àùèõñÿ íà áàçå

âçàèìîäåéñòâèÿ ðàçëè÷íûõ àêòèâíûõ è èíòåðàêòèâíûõ �îðì, ìåòîäîâ è ñðåäñòâ

îáó÷åíèÿ ìàòåìàòèêå;

• èíòåãðàöèÿ ïðîáëåìíîãî, íàãëÿäíî-ìîäåëüíîãî è ïðàêòèêî-îðèåíòèðîâàí-

íîãî îáó÷åíèÿ ìàòåìàòèêå íà îñíîâå îáîáùåííûõ ìîäåëåé àêòóàëèçàöèè ìåòà-

ïðåäìåòíûõ óìåíèé è óíèâåðñàëüíûõ ó÷åáíûõ äåéñòâèé, õàðàêòåðèçóþùèõ óðî-

âåíü ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè îáó÷àþùèõñÿ (ëè÷íîñòíûõ � ïðî�åñ-

ñèîíàëüíîå ñàìîîïðåäåëåíèå è äåéñòâèå ñìûñëîîáðàçîâàíèÿ; ðåãóëÿòèâíûõ �

öåëåïîëàãàíèå, ñàìîîöåíêà, ñàìîðåãóëÿöèÿ; ïîçíàâàòåëüíûõ � âûáîð íàèáîëåå

ý��åêòèâíûõ ñïîñîáîâ ðåøåíèÿ çàäà÷ â çàâèñèìîñòè îò êîíêðåòíûõ óñëîâèé

(îáùåó÷åáíûå ÓÓÄ), ìîäåëèðîâàíèå (çíàêîâî-ñèìâîëè÷åñêèå), îáùèé ïðèåì ðå-

øåíèÿ çàäà÷ (ëîãè÷åñêèå); êîììóíèêàòèâíûõ � ïëàíèðîâàíèå ó÷åáíîãî ñîòðóä-

íè÷åñòâà ñ ó÷èòåëåì è ñâåðñòíèêàìè);

• îòðàæåíèå ìåæäèñöèïëèíàðíûõ ñâÿçåé ìàòåìàòèêè, èí�îðìàòèêè è

äðóãèõ åñòåñòâåííî-íàó÷íûõ äèñöèïëèí â ïðàêòèêî-îðèåíòèðîâàííûõ îáðà-

çîâàòåëüíûõ ïðîãðàììàõ è êóðñàõ ïî ìàòåìàòèêå, ñîäåðæàùèõ êîìïëåêñû

95



ìîòèâàöèîííî-ïðèêëàäíûõ ó÷åáíûõ çàäà÷ íà ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

ðåàëüíûõ ïðîöåññîâ è ÿâëåíèé.

Ïðåäëàãàåìàÿ íàìè ìåòîäèêà �îðìèðîâàíèÿ ïîçíàâàòåëüíîé ñàìî-

ñòîÿòåëüíîñòè ó÷àùèõñÿ ïðî�èëüíûõ êëàññîâ ýêîíîìè÷åñêîé íàïðàâ-

ëåííîñòè â õîäå îáó÷åíèÿ ýëåêòèâíîìó (�àêóëüòàòèâíîìó) êóðñó

¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå � øêîëüíèêàì. Ëèíåéíûå ìîäåëè¿,

èìååò ñëåäóþùóþ ñòðóêòóðó:

I ýòàï. Àíàëèç è àêòóàëèçàöèÿ ïðî�åññèîíàëüíî âàæíûõ ëè÷íîñòíûõ êà-

÷åñòâ áóäóùåãî ýêîíîìèñòà, ïîñòàíîâêà öåëåé è çàäà÷ îáó÷åíèÿ (êàê äëÿ ó÷è-

òåëÿ, òàê è äëÿ ó÷àùåãîñÿ) â ñîîòâåòñòâèè ñ íåîáõîäèìîñòüþ �îðìèðîâàíèÿ

ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè ó ó÷àùèõñÿ;

II ýòàï. Àêòóàëèçàöèÿ ìàòåìàòè÷åñêèõ, ýêîíîìè÷åñêèõ è èí�îðìàöèîííûõ

çíàíèé.

III ýòàï. Ïîñòàíîâêà ïðîáëåìû (ïîñòðîåíèå ãðà�à ñîãëàñîâàíèÿ ó÷åáíûõ ïðî-

ãðàìì ìàòåìàòèêè, ýêîíîìèêè è ÈÊÒ; ñîñòàâëåíèå ðàáî÷åé ïðîãðàììû êóðñà,

ïîäáîð êîìïëåêñà ìîòèâàöèîííî-ïðèêëàäíûõ çàäà÷ è òèïîëîãèçàöèÿ èõ ïî óðîâ-

íÿì ñëîæíîñòè).

IV ýòàï. Îðãàíèçàöèÿ èíòåãðàòèâíûõ óðîêîâ è ñîçäàíèå âàðèàòèâíûõ �îðì

ðàáîòû ó÷àùèõñÿ (êîëëåêòèâíî, â ìàëûõ ãðóïïàõ, èíäèâèäóàëüíî) ïî ðåøåíèþ

ìîòèâàöèîííî-ïðèêëàäíûõ çàäà÷ ìåòîäîì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.

V ýòàï. Ïðåçåíòàöèÿ ðåçóëüòàòîâ ó÷åáíîé äåÿòåëüíîñòè ó÷àùåãîñÿ, âêëþ-

÷àÿ ñîçäàíèå ñóáúåêòèâíî íîâûõ ìîòèâàöèîííî-ïðèêëàäíûõ çàäà÷ ó÷àùèìèñÿ

è ïðîåêòíî-èññëåäîâàòåëüñêèõ ïðîåêòîâ; ñîçäàíèå ïåäàãîãè÷åñêèõ óñëîâèé, îáåñ-

ïå÷èâàþùèõ èíòåãðàöèþ çíàíèé è ó÷åáíóþ ìîòèâàöèþ; ïëàíèðîâàíèå ñàìîñòî-

ÿòåëüíîé ðàáîòû ó÷àùèõñÿ.

VI ýòàï. Îöåíêà ó÷èòåëåì äîñòèæåíèé ó÷àùåãîñÿ, ñàìîîöåíêà, ðå�ëåêñèÿ.

VII ýòàï. Àíàëèç ðåçóëüòàòîâ è êîððåêòèðîâêà äåÿòåëüíîñòè.

Ñ ïðèìåðàìè ðåàëèçàöèè ìåòîäèêè �îðìèðîâàíèÿ ïîçíàâàòåëüíîé ñàìîñòî-

ÿòåëüíîé äåÿòåëüíîñòè ó÷àùèõñÿ â õîäå îáó÷åíèÿ ýëåêòèâíîìó (�àêóëüòàòèâíî-

ìó) êóðñó ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå � øêîëüíèêàì. Ëèíåéíûå ìîäåëè¿

ìîæíî îçíàêîìèòüñÿ â êíèãàõ [2, 12℄.

Â òå÷åíèå ïîñëåäíèõ äåñÿòè ëåò Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÂÍÖ

�ÀÍ ñîâìåñòíî ñ Ñåâåðî-Îñåòèíñêèì èíñòèòóòîì ïîâûøåíèÿ êâàëè�èêàöèè ðà-

áîòíèêîâ îáðàçîâàíèÿ ïðîâîäèò íàó÷íî-ïðàêòè÷åñêèé ñåìèíàð ¾Íàóêà � Øêî-

ëå¿ (ñîðóêîâîäèòåëè ñåìèíàðà � ê.ïåä.í. Â. Ñ. Àáàòóðîâà, ê.�.-ì.í. Ò. Ë. ×øè-

åâà), â õîäå êîòîðîãî áûëè íåîäíîêðàòíî ïðèìåíåíû ðåçóëüòàòû îïèñàííîãî

èññëåäîâàíèÿ, ïîäãîòîâëåíû ìåòîäè÷åñêèå ðàçðàáîòêè ó÷èòåëåé ïî ðåàëèçàöèè

äàííîé äèäàêòè÷åñêîé ìîäåëè, îïóáëèêîâàíû ñòàòüè ó÷èòåëåé â íàó÷íûõ ñáîð-

íèêàõ (ê.ïåä.í. Ò. Á. Áåãèåâà, Ë. Ï. Îõâàò, Ä. À. Êàðàåâà).

Íèæå ïðèâåäåíà àâòîðñêàÿ äèäàêòè÷åñêàÿ ìîäåëü �îðìèðîâàíèÿ ïîçíàâà-

òåëüíîé ñàìîñòîÿòåëüíîñòè ñðåäñòâàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ [13℄.
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Факторы:

Внешние

- социум;

- информационно- образовательная

школьная среда;

Внутренние

-активность учебно-познавательной

деятельности;

- способность к самообразованию (общие

способности; работоспособность);

- сформированность обобщенных моделей и

универсальных учебных действий;

- возрастные особенности;

- интерес к изучаемому материалу

Педагогические условия:

Организационные

- обогащенность информационно-

образовательной школьной среды;

- включение школьника в

самостоятельную учебно-

познавательную деятельность;

- построение оптимальной системы

проблемного и наглядно-модельного

обучения;

Методические

-введение элементов математического

моделирования в учебный процесс;

- отбор и использование мотивационно-

прикладных задач;

- развитие проектной и учебно-

исследовательской деятельности

Уровни познавательной

самостоятельности:

1. Низкий;

2. Средний;

3. Высокий.

Критерии сформированности

познавательной

самостоятельности:

- уровень мотивации;

- уровень сформированности

ЗУНМА;

- уровень сформированности УУД

(личностных, регулятивных,

познавательных, коммуникативных)

Познавательная самостоятельность –

познавательной самостоятельностью

обучающихся нами понимается качество

личности, основанное на собственной

познавательной активности, и устойчиво

проявляющееся в способности обучающихся

вести целенаправленную познавательную

деятельность по приобретению, применению

и преобразованию знаний, умений и

универсальных учебных действий

Результат:

сформированность познавательной самостоятельности учащихся

профильных классов экономической направленности

Компоненты познавательной

самостоятельности:

- мотивационно-целевой;

-содержательно-операционный;

-рефлексивно-оценочный

Принципы:

- проблемности;

- наглядно-модельного

обучения;

- модульности;

- научности;

- сознательности, активности

и самостоятельности;

- вариативности;

- практической

направленности;

- рационального сочетания

коллективных и

индивидуальных форм.

ФГОС общего образования II поколения

Учебные планы общеобразовательных

учреждений

Учебные программы элективных курсов по

математике для профильных классов

экономической направленности

Дидактический модуль

«Математическое моделирование –

школьникам. Линейные модели»

- Ориентировочная основа деятельности:

описание структуры и состава

деятельности, особенностей курса

(введение);

преемственность деятельности (фрейм

базовых учебных элементов, дидактические

правила, фрейм остаточной базы);

развернутость содержания (фрейм

аннотированной учебной программы,

детализированной по уровням знаний,

ступеням абстракции, мотивации и

продуктивности учебной деятельности);

обобщенность деятельности (локальные

фрагменты пластов спиралей фундирования,

необходимо содержащие школьный

(профессионально-направленный) и

мотивационный компонент);

свернутость деятельности и условие для

преемственности ДМ - интегративная

экзаменационная программа;

- Информационная основа деятельности;

-Блок управления учителем когнитивной

деятельностью ученика

Профессионально - важные

качества специалиста -

экономиста:

- умение работать с разными

источниками информации;

- владение методами мыслительной

деятельности (синтез, анализ,

сравнение, обобщение,

моделирование);

- самостоятельность;

- оценка и самооценка;

- ответственность;

- коммуникабельность.

Организация педагогического процесса на основе

технологии наглядного моделирования

Учитель Ученик

Цель

СредстваСодержание

Познавательная потребность, мотивация учебно-познавательной самостоятельной деятельности

Методы Формы

Ëèòåðàòóðà

1. PISA 2015 Assessment and Analyti
al Framework: S
ien
e, Reading, Mathemati
s, Finan
ial

Litera
y and Collaborative Problem Solving, Revised edition.�Paris: OECD Publ., 2017.�

P. 65�80.

2. PISA 2021 Mathemati
s Framework (First Draft).�Sto
kholm: OECD Publ., 2018.�46 p.

3. Àðíîëüä Â. È. ¾Æåñòêèå¿ è ¾ìÿãêèå¿ ìàòåìàòè÷åñêèå ìîäåëè.�Ì.: ÌÖÍÌÎ, 2004.�

32 ñ.

4. Íîâèê È. Á. �íîñåîëîãè÷åñêàÿ õàðàêòåðèñòèêà êèáåðíåòè÷åñêèõ ìîäåëåé / Âîïðîñû

�èëîñî�èè.�Ì., 1989.�459 ñ.

5. Ôðèäìàí Ë. Ì. Ñþæåòíûå çàäà÷è ïî ìàòåìàòèêå. Èñòîðèÿ, òåîðèÿ, ìåòîäèêà: Ó÷åá. ïî-

ñîáèå äëÿ ó÷èòåëåé è ñòóäåíòîâ ïåä. âóçîâ è êîëëåäæåé.�Ì.: Øêîëüíàÿ Ïðåññà, 2002.�

208 ñ.�(Áèáëèîòåêà æóðíàëà ¾Ìàòåìàòèêà â øêîëå¿, âûï. 15).
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6. Íàãëÿäíîå ìîäåëèðîâàíèå â îáó÷åíèè ìàòåìàòèêå: òåîðèÿ è ïðàêòèêà: Ó÷åá. ïîñîáèå /

Ïîä ðåä. Å. È. Ñìèðíîâà.�ßðîñëàâëü: ÈÏÊ ¾Èíäèãî¿, 2007.�454 ñ.

7. Àáàòóðîâà Â. Ñ. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå øêîëüíèêàì. 1. Ëèíåéíûå ìîäåëè:

Ó÷åá. ïîñîáèå.�Âëàäèêàâêàç: Èí-ò ïðèêëàäíîé ìàòåìàòèêè è èí�îðìàòèêè ÂÍÖ �ÀÍ,

2007.�112 ñ.

8. Åãóïîâà Ì. Â. Ïðàêòèêî-îðèåíòèðîâàííîå îáó÷åíèå ìàòåìàòèêå â øêîëå êàê ïðåäìåò

ìåòîäè÷åñêîé ïîäãîòîâêè ó÷èòåëÿ.�Ì.: ÌÏ�Ó, 2014.

9. Óøèíñêèé Ê. Ä. Ñîáðàíèå ñî÷èíåíèé. Ò. 8. ×åëîâåê êàê ïðåäìåò âîñïèòàíèÿ.�Ì., 1950.

10. Ëåðíåð È. ß., Ñêàòêèí Ì. Í. Î ìåòîäàõ îáó÷åíèÿ // Ñîâåòñêàÿ ïåäàãîãèêà.�1965.�

� 3.�Ñ. 34�41.

11. Øàìîâà Ò. È., Äàâûäåíêî Ò. Ì., Øèáàíîâà �. Í. Óïðàâëåíèå îáðàçîâàòåëüíûìè

ïðîöåññàìè.�Ì.: Àêàäåìèÿ, 2002.�384 ñ.

12. Àáàòóðîâà Â. Ñ. Ôîðìèðîâàíèå ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè ó÷àùèõñÿ ñòàðøèõ

êëàññîâ ñðåäñòâàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ // ßðîñëàâ. ïåä. âåñòí.�2013.�

Ò. 2, � 1.�Ñ. 108�116.

13. Àáàòóðîâà Â. Ñ. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îáó÷åíèè ìàòåìàòèêå: Ìàòåìàòè-

÷åñêîå ìîäåëèðîâàíèå êàê ñðåäñòâî �îðìèðîâàíèÿ ïîçíàâàòåëüíîé ñàìîñòîÿòåëüíîñòè

ó÷àùèõñÿ.�Ñààðáðþêêåí: LAP LAMBERT A
ad. Publ., 2012.�177 ñ.

14. Áåñïàëüêî Â. Ï. Ñëàãàåìûå ïåäàãîãè÷åñêîé òåõíîëîãèè.�Ì., 1989.
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

Î ÑÎÄÅ�ÆÀÍÈÈ È ÑÒ�ÓÊÒÓ�Å Ó×ÅÁÍÛÕ ÌÀÒÅ�ÈÀËÎÂ

Â. Í. Äÿòëîâ

(�îññèÿ, Íîâîñèáèðñê, Í�Ó; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Ïîòðåáíîñòü ïîäãîòîâêè ñïåöèàëèñòîâ, îáëàäàþùèõ ñïîñîáíîñòüþ ê íåïðå-

ðûâíîìó îáðàçîâàíèþ, ïðèâîäèò ê íåîáõîäèìîñòè àíàëèçà ñîäåðæàíèÿ è ñòðóê-

òóðû ó÷åáíûõ ìàòåðèàëîâ, ðàññòàíîâêå àêöåíòîâ ìåæäó èõ èí�îðìàöèîííîé

è îáðàçîâàòåëüíîé ñîñòàâëÿþùèìè. Ïðåäëàãàåòñÿ îáðàòèòü âíèìàíèå íà ïðî-

ìåæóòî÷íóþ ìåæäó òåîðèåé è ïðàêòèêîé ñîñòàâëÿþùóþ, òàê íàçûâàåìóþ òåõ-

íîëîãè÷åñêóþ, êîòîðàÿ ïîçâîëÿåò ïîâûñèòü ý��åêòèâíîñòü îáðàçîâàòåëüíîãî

ïðîöåññà. Ìàòåðèàë ïîäãîòîâëåí ïî ëåêöèÿì, ïðî÷èòàííûì íà Âëàäèêàâêàçñêîé

ìîëîäåæíîé ìàòåìàòè÷åñêîé øêîëå â 2020 ã.

Öåëüþ ýòîãî òåêñòà ÿâëÿåòñÿ ïðèâëå÷åíèå âíèìàíèÿ ê íåêîòîðûì âîïðîñàì

îáðàçîâàíèÿ, êàñàþùèìñÿ ñîäåðæàíèÿ è ñòðóêòóðû ó÷åáíûõ ìàòåðèàëîâ.

Ëåêöèÿ 1. Èí�îðìàöèîííàÿ è îáðàçîâàòåëüíàÿ

ñîñòàâëÿþùàÿ ó÷åáíîãî ïðîöåññà

Îáðàçîâàíèå âêëþ÷àåò â ñåáÿ ïî êðàéíåé ìåðå äâå ñîñòàâëÿþùèå: èí�îð-

ìàöèîííóþ è îáðàçîâàòåëüíóþ. Èí�îðìàöèîííàÿ ñîñòîèò èç íàáîðà ñâåäåíèé â

ðàìêàõ èçó÷àåìîé ïðåäìåòíîé îáëàñòè, îáðàçîâàòåëüíàÿ � â îâëàäåíèè ñïîñî-

áàìè èõ âîñïðèÿòèÿ, îáðàáîòêè è èñïîëüçîâàíèÿ. Ïî ñóùåñòâó, èí�îðìàöèîííàÿ

ñîñòàâëÿþùàÿ ïðåäíàçíà÷åíà äëÿ îñâîåíèÿ ÿçûêà ïðåäìåòíîé îáëàñòè, îáðàçî-

âàòåëüíàÿ � äëÿ îñâîåíèÿ îáùèõ ïðèíöèïîâ äåÿòåëüíîñòè, ìîæíî ñêàçàòü, äëÿ

�îðìèðîâàíèÿ ðàçíîîáðàçíîãî òèïà êîìïåòåíöèé íà îñíîâå èí�îðìàöèîííîé

ñîñòàâëÿþùåé.

Ìåæäó ýòèìè äâóìÿ êîìïîíåíòàìè æåëàòåëüíî ðàññòàâèòü ïðèîðèòåòû, àê-

öåíòû.

Îáû÷íî ïðè èçëîæåíèè ìàòåðèàëà â ëèòåðàòóðå è ïðåäñòàâëåíèè åãî íà

ëåêöèÿõ è çàíÿòèÿõ ïðåîáëàäàåò èí�îðìàöèîííàÿ ñîñòàâëÿþùàÿ. Êàê ïðàâè-

ëî, ñîîáùàåòñÿ òåðìèíîëîãèÿ è ðåçóëüòàòû, ïîëó÷åííûå íà åå îñíîâå, â âèäå

óòâåðæäåíèé, ïðàâèë è ò. ï. �àçóìååòñÿ, ýòî íåîáõîäèìàÿ ÷àñòü èçó÷åíèÿ ïðåä-

ìåòà. Îäíàêî óæå äàâíî ïîëó÷åíèå èí�îðìàöèè íå ïðåäñòàâëÿåò ñîáîé áîëüøîé

ïðîáëåìû � âñå íàïèñàíî â êíèãàõ, ìíîãîå äîñòóïíî ÷åðåç Èíòåðíåò. Êðîìå òî-

ãî, íåò óâåðåííîñòè, ÷òî èçó÷åííàÿ èí�îðìàöèÿ áóäåò îáó÷àåìîìó íåîáõîäèìà

â ïðåäñòîÿùåé äåÿòåëüíîñòè, ðàçâå ÷òî ïðè îñâîåíèè äðóãèõ ó÷åáíûõ äèñöè-

ïëèí. Ñêîðåå âñåãî, ïîòðåáíîñòü â êîíêðåòíîé ïðåäìåòíîé îáëàñòè â äàëüíåé-

øåì íåâåëèêà, è òåì ñàìûì èçó÷àåìûé ïðåäìåò ñ èí�îðìàöèîííîé òî÷êè çðåíèÿ

áîëüøîé öåííîñòè íå ïðåäñòàâëÿåò.

Åñòåñòâåí âîïðîñ: äëÿ ÷åãî äàííóþ îáðàçîâàòåëüíóþ äèñöèïëèíó èçó÷àòü?

Îí âîçíèêàåò ó ìíîãèõ ó÷àùèõñÿ è ñòóäåíòîâ.
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Â íàøå âðåìÿ íà ïåðâûé ïëàí âûñòóïàåò íåîáõîäèìîñòü ïîäãîòîâêè ñïåöè-

àëèñòîâ, ñïîñîáíûõ ê íåïðåðûâíîìó îáó÷åíèþ â òå÷åíèå äëèòåëüíîãî âðåìåíè,

è íå òîëüêî â òîé ñïåöèàëüíîñòè, ïî êîòîðîé îíè ïîëó÷èëè ïåðâè÷íîå îáðàçî-

âàíèå. Ïîýòîìó ìîæíî ïðåäïîëîæèòü, ÷òî àêöåíò ñ îáåñïå÷åíèÿ èí�îðìàöèåé

ñìåùàåòñÿ â íàïðàâëåíèè îáåñïå÷åíèÿ ñðåäñòâàìè è ñïîñîáàìè åå ïîëó÷åíèÿ,

îáðàáîòêè è èñïîëüçîâàíèÿ (â øèðîêîì ñìûñëå).

Èìåÿ â âèäó óêàçàííóþ ðàññòàíîâêó àêöåíòîâ, îáðàòèì âíèìàíèå íà âòî-

ðóþ ñîñòàâëÿþùóþ ó÷åáíîãî ïðîöåññà, à èìåííî íà åãî îáðàçîâàòåëüíóþ ÷àñòü.

Íàïîìíþ èçâåñòíîå ëþáîïûòíîå ¾îïðåäåëåíèå¿: îáðàçîâàíèå ýòî òî, ÷òî ó âàñ

îñòàíåòñÿ, êîãäà âû çàáóäåòå âñå, ÷åìó âàñ ó÷èëè. Â ýòîé øóòêå åñòü äîëÿ øóòêè.

Ïåðå�ðàçèðóÿ åãî áîëåå ñåðüåçíî, ìîæíî ïîíÿòü, ÷òî â îáðàçîâàíèè áîëüøóþ

ðîëü èãðàåò �îðìèðîâàíèå íàâûêîâ äåÿòåëüíîñòè óíèâåðñàëüíîãî õàðàêòåðà,

ïðèìåíèìûõ íå òîëüêî â èçó÷àåìîé îáëàñòè, íî è â ëþáîé äðóãîé ñ�åðå äå-

ÿòåëüíîñòè. Òàêàÿ ðàññòàíîâêà ïðèîðèòåòîâ ñ ïðåîáëàäàíèåì îáðàçîâàòåëüíîé

ñîñòàâëÿþùåé â ñìûñëå îâëàäåíèÿ ñïîñîáàìè îáðàáîòêè èí�îðìàöèè ïðåäïîëà-

ãàåò èñïîëüçîâàíèå íåñêîëüêî èíîé ïî ñðàâíåíèþ ñ îáû÷íîé ñòðóêòóðû ó÷åáíûõ

ìàòåðèàëîâ è â êàêîé-òî ìåðå ó÷åáíîãî ïðîöåññà.

Â ñâÿçè ñ òàêîé ðàññòàíîâêîé ïðèîðèòåòîâ ïîëåçíî òàêæå ñ�îðìèðîâàòü îò-

íîøåíèå ê ó÷åáíûì çàäà÷àì, ò. å. çàäà÷àì èç ó÷åáíèêîâ è çàäà÷íèêîâ. Íåðåäêî

ê íèì îòíîñÿòñÿ êàê ê èññëåäîâàòåëüñêèì çàäà÷àì è ïðåäïðèíèìàþò ïîïûòêè

ðåøèòü èõ ëþáûì ïóòåì, ïðèäóìûâàÿ è ïðåäëàãàÿ èñêóññòâåííûå ñõåìû ðàññóæ-

äåíèé, ïðèãîäíûå òîëüêî â ñïåöè�è÷åñêèõ îáñòîÿòåëüñòâàõ. Â ñèòóàöèè ïðèîðè-

òåòà îáðàçîâàòåëüíîé ñîñòàâëÿþùåé ïðåèìóùåñòâî æåëàòåëüíî îòäàâàòü òàêèì

ðàññóæäåíèÿì, òàêèì êîíñòðóêöèÿì è ñõåìàì, êîòîðûå îáëàäàþò ñâîéñòâîì ïî-

âòîðÿåìîñòè, ìîãóò áûòü ïðèìåíåíû íå òîëüêî â äàííîé ñèòóàöèè, íî è â äðóãèõ

ñëó÷àÿõ, ïîõîæèõ íà ðàññìàòðèâàåìûé. Ïðè ýòîì �îðìèðóþòñÿ è çàêðåïëÿþòñÿ

àëãîðèòìû äåéñòâèé, îñíîâàííûå íà èçó÷åííîì òåîðåòè÷åñêîì ìàòåðèàëå è ïîä-

äåðæèâàåìûå âûòåêàþùèìè èç íåãî ïðàâèëàìè è ìåõàíèçìàìè äåéñòâèé. Òåì

ñàìûì ïðè ðåøåíèè ó÷åáíûõ çàäà÷ íàäî ñòàâèòü öåëü íå ñòîëüêî ðåøèòü èõ,

ñêîëüêî ÷åìó-òî íàó÷èòüñÿ â ïðîöåññå ðåøåíèÿ.

Áîëüøóþ ðîëü â �îðìèðîâàíèè îáùåêóëüòóðíûõ êîìïåòåíöèé èãðàåò îáùå-

íèå ïðåïîäàâàòåëåé ñ ó÷àùèìèñÿ, ïðè êîòîðîì îáñóæäàþòñÿ ðàçëè÷íûå òî÷êè

çðåíèÿ, ïåðåäàåòñÿ ïðî�åññèîíàëüíûé è æèçíåííûé îïûò, êóëüòóðà ðå÷è, îðãà-

íèçàöèè ìàòåðèàëà, îáùåíèÿ ñ àóäèòîðèåé è ò. ï. Ïðè ëè÷íîì îáùåíèè îáåñïå÷è-

âàåòñÿ îáðàòíàÿ ñâÿçü, â ðåçóëüòàòå êîòîðîé ó÷àùèéñÿ ìîæåò ñâîåâðåìåííî îá-

ñóäèòü èíòåðåñóþùèå åãî ìîìåíòû. Ýòî ïîçâîëÿåò �îðìèðîâàòü íàâûêè ðàáîòû

â ðàìêàõ îñâîåííîãî ïîíÿòèéíîãî ïîëÿ è â öåëîì îáùèõ íàâûêîâ äåÿòåëüíîñòè.

Îäíàêî â óñëîâèÿõ îãðàíè÷åííîãî âçàèìîäåéñòâèÿ îáó÷àåìîãî ñ îáó÷àþùèì

�îðìèðîâàíèå ðàçëè÷íîãî ðîäà êîìïåòåíöèé çàòðóäíÿåòñÿ, èáî îïðåäåëåííîå

ìåñòî â îáðàçîâàòåëüíîì ïðîöåññå îòâîäèòñÿ ñàìîñòîÿòåëüíîé ðàáîòå ñ ëèòåðà-

òóðîé, à â íåé äàëåêî íå âñåãäà ïðèñóòñòâóþò ïðèñóùèå âçàèìîäåéñòâèþ ýëåìåí-

òû, ïîçâîëÿþùèå ñ âûñîêîé ñòåïåíüþ ñàìîñòîÿòåëüíîñòè �îðìèðîâàòü ïóòü ðå-

øåíèÿ ðàçëè÷íûõ çàäà÷. Ïðè÷èíà ýòîãî îò÷àñòè ñâÿçàíà ñ òðàäèöèîííîé ñòðóê-

òóðîé ó÷åáíûõ ìàòåðèàëîâ. Îáû÷íî îíè è ñîîòâåòñòâóþùèå èì ñîñòàâëÿþùèå

ó÷åáíîãî ïðîöåññà âêëþ÷àþò â ñåáÿ äâå ÷àñòè: òåîðèþ è ïðàêòèêó. Ñíà÷àëà èç-

ëàãàåòñÿ òåîðåòè÷åñêèé ìàòåðèàë, çàòåì � íàáîð ïðèìåðîâ åãî èñïîëüçîâàíèÿ
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ïðè ðåøåíèè êàêèõ-òî çàäà÷. Ìîæíî çàìåòèòü îòñóòñòâèå ðàçäåëà, ïîçâîëÿþ-

ùåãî ðàñïîçíàòü ïðèìåíèìîñòü äàííîé òåîðèè ê ðåøåíèþ âîçíèêøåé çàäà÷è è

ñðåäñòâ òàêîãî ïðèìåíåíèÿ.

Äëÿ âîñïîëíåíèÿ ýòîãî ïðîáåëà è ïîâûøåíèÿ êà÷åñòâà îáðàçîâàíèÿ â [1℄

ïðåäëîæåíî â ó÷åáíûå ìàòåðèàëû è â ó÷åáíûé ïðîöåññ âêëþ÷èòü ïðîìåæó-

òî÷íóþ ìåæäó òåîðèåé è ïðàêòèêîé ÷àñòü, ñîñòîÿùóþ èç íàáîðà ïðàâèë, àëãî-

ðèòìîâ, ìåòîäîâ, îñíîâàííûõ íà òåîðåòè÷åñêîì ìàòåðèàëå è ïðèìåíÿåìûõ äëÿ

ðåøåíèÿ çàäà÷. Îá ýòîé ÷àñòè áóäåì ãîâîðèòü êàê î òåõíîëîãè÷åñêîé ñîñòàâ-

ëÿþùåé ó÷åáíîãî ìàòåðèàëà. Òàêèì îáðàçîì, ïðåäëàãàåòñÿ èñïîëüçîâàòü òðåõ-

÷àñòíóþ ñòðóêòóðó ó÷åáíûõ ìàòåðèàëîâ: òåîðèÿ � òåõíîëîãèè � ïðàêòèêà.

Êàê èçëîæåíî â [1℄, îñîáåííîñòè òåõíîëîãè÷åñêîé ÷àñòè ñîñòîÿò â ñëåäóþ-

ùåì.

Èñõîäÿ èç îïûòà ïðèìåíåíèÿ òàêîé ñòðóêòóðû â ó÷åáíîì ïðîöåññå, ìîæíî

ñêàçàòü, ÷òî äëÿ ý��åêòèâíîñòè òåõíîëîãè÷åñêîé ÷àñòè æåëàòåëüíî, ÷òîáû îíà

óäîâëåòâîðÿëà îïðåäåëåííûì òðåáîâàíèÿì.

(a) Íåîáõîäèìû ñðåäñòâà ðàñïîçíàâàíèÿ ïðèìåíèìîñòè òîãî èëè èíîãî ìå-

òîäà ê ðåøåíèþ äàííîé çàäà÷è. Òàêèå ñðåäñòâà äîëæíû ñîñòîÿòü èç äîñòàòî÷íî

ëåãêî ïðîâåðÿåìûõ îñîáåííîñòåé, ïîçâîëÿþùèõ â ñëó÷àå èõ íàëè÷èÿ â ïîñòà-

íîâêå çàäà÷è ñ âûñîêîé ñòåïåíüþ îïðåäåëåííîñòè ïðèíÿòü ðåøåíèå î âûáîðå

äàííîãî ìåòîäà äëÿ àíàëèçà çàäà÷è.

Âûáîð ìåòîäà ÿâëÿåòñÿ îòâåòñòâåííûì øàãîì. Îò íåãî íåðåäêî çàâèñèò óñïåõ

â ðåøåíèè çàäà÷è. Ïîýòîìó ìåõàíèçì ðàñïîçíàâàíèÿ � ñóùåñòâåííîå çâåíî

â òåõíîëîãè÷åñêîé ñîñòàâëÿþùåé.

(b) Æåëàòåëüíî ïðåäñòàâëÿòü ïðàâèëà â âèäå íàáîðà øàãîâ, êàæäûé èç êî-

òîðûõ äîëæåí ëèáî ñîñòîÿòü èç âîïðîñà, â ðåçóëüòàòå îòâåòà íà êîòîðûé ïðî-

èñõîäèò âûáîð äàëüíåéøèõ äåéñòâèé, ëèáî ñîäåðæàòü èñïîëíÿåìûå äåéñòâèÿ,

ò. å. òàêèå ðåêîìåíäàöèè, êîòîðûå ìîãóò áûòü âûïîëíåíû áåç äîïîëíèòåëüíûõ

ðàçúÿñíåíèé ïðè îïðåäåëåííîé ïðåäâàðèòåëüíîé ïîäãîòîâêå. �àçáèåíèå ðåøå-

íèÿ íà èñïîëíÿåìûå øàãè ïîâûøàåò àêòèâíîñòü ó÷àùåãîñÿ, òàê êàê ïîçâîëÿåò

ñâåñòè çàäà÷ó ê âûïîëíåíèþ äîñòóïíûõ åìó äåéñòâèé.

(
) Âåñüìà æåëàòåëüíî èìåòü ïðèçíàêè çàâåðøåíèÿ ðåøåíèÿ. Äàæå â ñà-

ìûõ ïðîñòåéøèõ ñèòóàöèÿõ íàäî ïîíèìàòü, êàêîâà öåëü, êàêîãî âèäà ìîæåò èëè

äîëæåí áûòü îæèäàåìûé ðåçóëüòàò, êàêîâû îòëè÷èòåëüíûå ïðèçíàêè ýòîãî ðå-

çóëüòàòà. Òàêèå ïðèçíàêè ïîçâîëÿþò áûòü óâåðåííûì â çàâåðøåííîñòè ðåøåíèÿ

çàäà÷è.

Íàëè÷èå ïðàâèë, îáëàäàþùèõ ïåðå÷èñëåííûìè ñâîéñòâàìè, ïîçâîëÿåò îð-

ãàíèçîâûâàòü ðåøåíèå çàäà÷è êàê öåëåíàïðàâëåííûé ïðîöåññ, ìîòèâèðîâàííî

íàìå÷àòü ïîñëåäîâàòåëüíîñòü äåéñòâèé, ñïîñîáíóþ ïðèâåñòè ê ðåøåíèþ, âûáè-

ðàòü î÷åðåäíîé øàã, èñïîëíÿòü åãî è ïåðåõîäèòü ê ñëåäóþùåìó, è äåéñòâîâàòü

òàê ëèáî äî ðåøåíèÿ çàäà÷è, ëèáî äî îñîçíàíèÿ òîãî, ÷òî âûáðàííûé ïóòü ê ðå-

øåíèþ íå ïðèâåäåò. Âî âñÿêîì ñëó÷àå îðãàíèçàöèÿ ðåøåíèÿ êàê ñåðèè ìîòèâè-

ðîâàííûõ äåéñòâèé ëó÷øå, ÷åì âûïîëíåíèå ñëó÷àéíûõ îïåðàöèé. Æåëàòåëüíî

ðóêîâîäñòâîâàòüñÿ ïðèíöèïîì: íè îäíîãî íåìîòèâèðîâàííîãî äåéñòâèÿ! Êàæäûé

øàã äîëæåí áûòü ÷åì-òî âûçâàí.

�àñïîçíàâàíèå ïðèìåíèìîñòè òåîðåòè÷åñêèõ ñâåäåíèé äëÿ ðåøåíèÿ èìå-

þùåéñÿ çàäà÷è ý��åêòèâíî îðãàíèçóåòñÿ ïîñðåäñòâîì ïîñòàíîâêè âîïðîñîâ.
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Ýòà ïðîöåäóðà �îðìèðóåò ñïîñîáíîñòü ê àíàëèçó ñèòóàöèè, èáî óìåñòíî ïî-

ñòàâëåííûé âîïðîñ ïîáóæäàåò èñêàòü íà íåãî îòâåò. Óìåíèå ñòàâèòü âîïðîñû

íå ìåíåå âàæíî, ÷åì ñïîñîáíîñòü äàâàòü íà íèõ îòâåòû. ×åì óìåñòíåå âîïðîñ,

òåì ñîäåðæàòåëüíåå è ý��åêòèâíåå íà íåãî îòâåò, è òåì áîëüøå øàíñîâ ðåøèòü

ïîñòàâëåííóþ çàäà÷ó. Ñòèëü ðàáîòû íàä çàäà÷åé, ïðè êîòîðîì äåÿòåëüíîñòü ñî-

ïðîâîæäàåòñÿ âîïðîñàìè, ïðèäàåò äèíàìèêó è íàïðàâëåííîñòü ïðîöåññó ðåøå-

íèÿ. Äëÿ òîãî ÷òîáû íàó÷èòü ñòàâèòü âîïðîñû, íàäî îáåñïå÷èòü îáó÷àþùèõñÿ

îáîçðèìûì íàáîðîì âîïðîñîâ, êîòîðûå æåëàòåëüíî çàäàâàòü â ñîîòâåòñòâóþùèõ

ñèòóàöèÿõ.

�àçóìååòñÿ, êàæäûé âîïðîñ ïðåäïîëàãàåò ïîèñê îòâåòà, è íàäî ïðåäëîæèòü

íàáîð âîçìîæíûõ îòâåòîâ, äîñòàòî÷íî ïðåäñòàâèòåëüíûé äëÿ âûáîðà î÷åðåäíî-

ãî øàãà. Ñèñòåìà ïîñòàíîâêè âîïðîñîâ è ïîèñêà îòâåòîâ íà íèõ ïðèâîäèò ê öåëå-

íàïðàâëåííîìó ðàçâåòâëåíèþ ïðîöåññà ðåøåíèÿ çàäà÷è, ïîçâîëÿåò ñòàâèòü öåëè

è èäòè ê íèì.

Ñðåäè âîïðîñîâ ìîæíî âûäåëèòü äîñòàòî÷íî ý��åêòèâíûå îáùåãî ïëàíà è

òàêæå ý��åêòèâíûå áîëåå ÷àñòíîãî õàðàêòåðà. Ê îáùèì âîïðîñàì ìîæíî îò-

íåñòè, íàïðèìåð, òàêèå: ¾÷òî ýòî îçíà÷àåò?¿ è ¾êàê óñòðîåí îáúåêò?¿. Ïåðâûé

âîïðîñ ñòàâèòñÿ â ñèòóàöèÿõ, â êîòîðûõ åñòü òåðìèíû, ïîääàþùèåñÿ ðàñêîäèðî-

âàíèþ ñîãëàñíî èõ îïðåäåëåíèþ, âòîðîé � â ñèòóàöèÿõ, êîãäà òðåáóåòñÿ ïðîèç-

âåñòè êàêèå-òî äåéñòâèÿ ñ îáúåêòîì, â øêîëüíîé ìàòåìàòèêå è â êóðñå ìàòåìà-

òè÷åñêîãî àíàëèçà ýòî íåðåäêî �óíêöèè. Òåì ñàìûì îäèí èç ÷àñòî çàäàâàåìûõ

âîïðîñîâ: êàê óñòðîåíà �óíêöèÿ? Åñòü íàáîð âîçìîæíûõ îòâåòîâ è ìåõàíèçì èõ

âûáîðà, ÷òî ïîçâîëÿåò ý��åêòèâíî âûáèðàòü òðåáóåìûå ñðåäñòâà.

Òåõíîëîãè÷åñêàÿ ñîñòàâëÿþùàÿ ïðè èçó÷åíèè ïðåäìåòà ïðèâîäèò ê ïîâû-

øåíèþ èíèöèàòèâû îáó÷àåìîãî. Îíà �îðìèðóåò ñïîñîáíîñòü ê ïîèñêó ïóòåé

ðåøåíèÿ âìåñòî îæèäàíèÿ äåìîíñòðàöèè ïðèìåðîâ, ïðîñòûì ïîâòîðåíèåì êîòî-

ðûõ ðåøàþòñÿ çàäà÷è, ïîáóæäàåò îáðàùàòüñÿ ê òåîðåòè÷åñêîìó ìàòåðèàëó. Ïðè

òàêîé îðãàíèçàöèè ìàòåðèàëà ìåíÿåòñÿ òðàäèöèîííàÿ íàïðàâëåííîñòü ïðîöåñ-

ñà ¾îò ïðåïîäàâàòåëÿ ê îáó÷àåìîìó¿ íà ïðîòèâîïîëîæíóþ, ò. å. ¾îò îáó÷àåìî-

ãî ê ïðåïîäàâàòåëþ¿. Àêòèâíûì ó÷àñòíèêîì ïðîöåññà ìîæåò ñòàòü îáó÷àåìûé,

ïðåïîäàâàòåëü ìîæåò îêàçàòüñÿ â ðîëè êîíñóëüòàíòà, ïàðòíåðà, ãîòîâîãî ïðî-

àíàëèçèðîâàòü, ïðîêîììåíòèðîâàòü è îöåíèòü öåëåñîîáðàçíîñòü ïðåäëàãàåìûõ

îáó÷àåìûì äåéñòâèé.

Íàëè÷èå òåõíîëîãè÷åñêîé ñîñòàâëÿþùåé â ó÷åáíîì ìàòåðèàëå ïîçâîëÿåò äî-

ñòàòî÷íî ý��åêòèâíî èñïîëüçîâàòü åãî äëÿ ñàìîñòîÿòåëüíîãî èçó÷åíèÿ ïðåäìå-

òà, â ðåçóëüòàòå îáó÷àåìûé ïðèâûêàåò ê ÷òåíèþ ó÷åáíîé (à â áóäóùåì è íàó÷-

íîé) ëèòåðàòóðû, à �îðìèðîâàíèå ñïîñîáíîñòè ïîëó÷åíèÿ çíàíèé èç ëèòåðàòóðû

ÿâëÿåòñÿ îäíîé èç ãëàâíûõ çàäà÷ âñåãî ïðîöåññà îáðàçîâàíèÿ.

Ïîâûøåíèå ðîëè ó÷åáíîé ëèòåðàòóðû ïðè òðåõ÷àñòíîé �îðìå åå îðãàíèçà-

öèè ïðåäïîëàãàåò èçëîæåíèå �îðìóëèðîâîê îïðåäåëåíèé è óòâåðæäåíèé â íàè-

áîëåå òåõíîëîãè÷íîì âèäå, áåç ÷ðåçìåðíîãî óïîòðåáëåíèÿ ìàêðîñîâ, ïî âîçìîæ-

íîñòè ÿâíîãî óêàçàíèÿ êâàíòîðîâ, áåç èñïîëüçîâàíèÿ èõ ïî óìîë÷àíèþ. Ôîðìó-

ëèðîâêè äîëæíû ñïîñîáñòâîâàòü ñîñòàâëåíèþ àëãîðèòìîâ äåéñòâèé, �îðìèðî-

âàíèþ òåõíîëîãè÷åñêîé ñîñòàâëÿþùåé.
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Ëåêöèÿ 2. Î êîððåêòíîñòè è òåõíîëîãè÷íîñòè

ïî ìàòåðèàëàì øêîëüíûõ ó÷åáíèêîâ

Ïîêàæåì íà íåáîëüøîì íàáîðå ïðèìåðîâ ðåàëèçàöèþ èçëîæåííûõ âûøå ñî-

îáðàæåíèé.

Íà÷íåì ñ ïðèìåðîâ èç øêîëüíîãî êóðñà ìàòåìàòèêè è îñòàíîâèìñÿ íà ïðî-

öåññå �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè ó ó÷àùèõñÿ ñòàðøèõ êëàññîâ

è ñòóäåíòîâ ïåðâûõ ìåñÿöåâ îáó÷åíèÿ.

Îáðàòèì âíèìàíèå íà ñóùåñòâåííîå ðàçëè÷èå ìåæäó èçëîæåíèåì ñîäåðæà-

íèÿ êóðñà ìàòåìàòèêè â øêîëå è â âóçå. Â øêîëå áîëüøå îáðàùàþò âíèìàíèå íà

ïðåîáðàçîâàòåëüíóþ ñîñòàâëÿþùóþ, ò. å. íà âûïîëíåíèå êàêèõ-òî ìàòåìàòè÷å-

ñêèõ äåéñòâèé, íàïðèìåð, ïðè ðåøåíèè óðàâíåíèé èëè íåðàâåíñòâ, êîíñòàòàöèþ

îòäåëüíûõ ñâîéñòâ �óíêöèè è ò. ï. Âåñüìà íåçíà÷èòåëüíîå âíèìàíèå óäåëÿåòñÿ

ëîãè÷åñêîé ñîñòàâëÿþùåé, âûÿñíåíèþ ñîäåðæàíèÿ, ñìûñëà äåéñòâèé, íå àêöåí-

òèðóåòñÿ ëîãè÷åñêàÿ ñîñòàâëÿþùàÿ óòâåðæäåíèé â ïðîöåññå èõ ïðèìåíåíèÿ ïðè

ðåøåíèè çàäà÷. Âìåñòå ñ òåì ïðè äàëüíåéøåì èçó÷åíèè ìàòåìàòèêè íà ïåðâûé

ïëàí âûõîäèò êàê ðàç ëîãè÷åñêàÿ ñîñòàâëÿþùàÿ, âî-ïåðâûõ, ïðåäïîëàãàþùàÿ

òî÷íûå �îðìóëèðîâêè ïðè îïðåäåëåíèè ïîíÿòèé è ïðè èçëîæåíèè óòâåðæäå-

íèé, à âî-âòîðûõ, òðåáóþùàÿ èñêëþ÷èòåëüíîãî âíèìàíèÿ ê êîððåêòíîñòè èõ

èñïîëüçîâàíèÿ ïðè äîêàçàòåëüñòâå íîâûõ óòâåðæäåíèé è ðåøåíèè çàäà÷ áîëåå

òåõíè÷åñêîãî õàðàêòåðà.

Îñîáîå çíà÷åíèå ïðèîáðåòàåò õîðîøåå ïîíèìàíèå îáó÷àåìûì âëèÿíèÿ êâàí-

òîðîâ, ñîïðîâîæäàþùèõ ëþáîå îïðåäåëåíèå èëè óòâåðæäåíèå. Ïðèõîäèòñÿ êîí-

ñòàòèðîâàòü, ÷òî âûïóñêíèê øêîëû, êàê ïðàâèëî, âîîáùå íå ïîíèìàåò íåîáõî-

äèìîñòü ñòðîãîãî ñîáëþäåíèÿ ëîãèêè îïðåäåëåíèé è óòâåðæäåíèé, îòíîñèòñÿ

ê ìàòåìàòè÷åñêèì òåêñòàì îáðàçíî, ñ èíòóèòèâíûõ ïîçèöèé, íåðåäêî íå ïðåäïî-

ëàãàÿ èñêëþ÷èòåëüíîé ñòðîãîñòè ñëåäîâàíèÿ âñåì äåòàëÿì. Â ÷àñòíîñòè, ñîâñåì

íå ñ�îðìèðîâàíî âîñïðèÿòèå êâàíòîðîâ, áåç ÷åãî äàëüíåéøåå îáó÷åíèå ìàòåìà-

òèêå áåññìûñëåííî.

Ïðèíèìàÿ âî âíèìàíèå íàëè÷èå óêàçàííîé ñèòóàöèè ïðåäñòàâëÿåòñÿ âàæíûì

íà ïåðâîì ýòàïå îáó÷åíèÿ ñ�îðìèðîâàòü êîððåêòíîå îòíîøåíèå ê êâàíòîðàì, ïî-

êàçûâàþùèì âçàèìîñâÿçè ìåæäó îòäåëüíûìè äåòàëÿìè â �îðìóëèðîâêàõ îïðå-

äåëåíèé èëè óòâåðæäåíèé. Ïîñêîëüêó îäíèì èç îñíîâíûõ îáúåêòîâ, ñ êîòîðûìè

ïðèõîäèòñÿ ñòàëêèâàòüñÿ â ìàòåìàòèêå, ýòî �óíêöèè, ý��åêòèâíåå âñåãî îáó-

÷àòü îòíîøåíèþ ê êâàíòîðàì íà îñíîâå èçó÷åíèÿ ñâîéñòâ �óíêöèé, è, âî-ïåðâûõ,

íà ýòî ñòîèò îáðàùàòü âíèìàíèå â øêîëå, à âî-âòîðûõ, ñ ýòîãî ìîæíî íà÷èíàòü

êóðñ ìàòåìàòè÷åñêîãî àíàëèçà èëè âîîáùå âûñøåé ìàòåìàòèêè â âóçå. Îáó÷å-

íèå âîñïðèÿòèþ êâàíòîðîâ èìååò ñâîè òðóäíîñòè. Ïðåäñòàâëÿåòñÿ, ÷òî ïðîáëåìû

ñ îòíîøåíèåì ê êâàíòîðàì âîçðàñòàþò ïî ìåðå óâåëè÷åíèÿ ñîñòàâà êâàíòîðíîé

ãðóïïû â îïðåäåëåíèè èëè óòâåðæäåíèè è â çàâèñèìîñòè îò ïîðÿäêà ñëåäîâàíèÿ

êâàíòîðîâ. Ïîýòîìó íà÷èíàòü ìîæíî ñ ñàìûõ ïðîñòûõ êîí�èãóðàöèé, íàïðèìåð,

ñ õàðàêòåðèñòèêè, âêëþ÷àþùåé îäèí êâàíòîð ñóùåñòâîâàíèÿ. Óäèâèòåëüíî, íî

íåðåäêî äàæå ñïåöèàëèñòû çàòðóäíÿþòñÿ íàçâàòü îòíîñÿùååñÿ ê �óíêöèè îá-

ñòîÿòåëüñòâî, â êîòîðîì èñïîëüçóåòñÿ îäèí êâàíòîð ñóùåñòâîâàíèÿ. À òåì íå

ìåíåå ñ ýòèì ñâÿçàíû îäíè èç îñíîâíûõ ñîïðîâîæäàþùèõ �óíêöèþ àòðèáóòîâ:

îáëàñòü îïðåäåëåíèÿ è ìíîæåñòâî çíà÷åíèé. Â òî âðåìÿ êàê ïðè õàðàêòåðèñòèêå
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îáëàñòè îïðåäåëåíèÿ ïðè îáû÷íîì îïðåäåëåíèè �óíêöèè êàê îäíîçíà÷íîãî ïðà-

âèëà ñîïîñòàâëåíèÿ êâàíòîð ñóùåñòâîâàíèÿ íå î÷åíü âûäåëÿåòñÿ, îïðåäåëåíèå

ìíîæåñòâà çíà÷åíèé áåç íåãî ñòàíîâèòñÿ íåñêîëüêî ðàçìûòûì, à ñ êâàíòîðîì

ñóùåñòâîâàíèÿ, ñ�îðìóëèðîâàííîå òàêèì îáðàçîì:

E(f) = {y : (∃x ∈ D(f)) y = f(x)},

ïðèîáðåòàåò êîíñòðóêòèâíûé õàðàêòåð. Ïðè òàêîì ïîäõîäå âèäíî, êàê ïîíÿòèå

ìíîæåñòâà çíà÷åíèé ìîæíî õàðàêòåðèçîâàòü è èñïîëüçîâàòü.

Äàëåå ïî âîçðàñòàíèþ òðóäíîñòè âîñïðèÿòèÿ èäóò êâàíòîðíûå ïðèñòàâêè, ñî-

äåðæàùèå îäèí êâàíòîð îáùíîñòè (ñâîéñòâà ÷åòíîñòè è íå÷åòíîñòè), äâà êâàíòî-

ðà îáùíîñòè (ìîíîòîííîñòü), êâàíòîð ñóùåñòâîâàíèÿ è çàòåì êâàíòîð îáùíîñòè

(ïåðèîäè÷íîñòü, îãðàíè÷åííîñòü, ýêñòðåìóì) è, íàêîíåö, ñíà÷àëà êâàíòîð îáù-

íîñòè è çàòåì êâàíòîð ñóùåñòâîâàíèÿ (íåîãðàíè÷åííîñòü). Îò ïîñëåäíåé êîí�è-

ãóðàöèè äî ïîíÿòèÿ ïðåäåëà îñòàåòñÿ îäèí øàã � äîáàâëåíèå îäíîãî êâàíòîðà

îáùíîñòè, è åñëè â ïðîöåññå îñâîåíèÿ ïðåäûäóùèõ êîí�èãóðàöèé áûëî äîñòèã-

íóòî àäåêâàòíîå âîñïðèÿòèå êâàíòîðîâ, òî ïîíÿòèå ïðåäåëà (ïîñëåäîâàòåëüíîñòè

èëè �óíêöèè) íèêàêèõ ïðîáëåì íå ñîñòàâëÿåò.

Ïîñëåäîâàòåëüíîå èçó÷åíèå èëè ïîâòîðåíèå â ïîðÿäêå óñëîæíåíèÿ ñïîñîá-

ñòâóåò �îðìèðîâàíèþ ýëåìåíòîâ ìàòåìàòè÷åñêîé êóëüòóðû è ñëóæèò îñíîâîé

äàëüíåéøåãî îáó÷åíèÿ.

Ïðèâëå÷åíèå âíèìàíèÿ ê âàæíûì äåòàëÿì îïðåäåëåíèé è óòâåðæäåíèé

äîëæíî îïèðàòüñÿ íà èõ òî÷íûå è òåõíîëîãè÷íûå �îðìóëèðîâêè â òîì ñìûñ-

ëå, ÷òî îíè íå äîëæíû äîïóñêàòü äâóñìûñëåííîñòè, äîëæíû ïîçâîëÿòü íà èõ

îñíîâå âûñòðàèâàòü â íåîáõîäèìûõ ñëó÷àÿõ öåïî÷êè ðàññóæäåíèé. Îäíàêî ýòè

ïîæåëàíèÿ äàëåêî íå âñåãäà ñîáëþäàþòñÿ â øêîëüíûõ ó÷åáíèêàõ. Íà íåñêîëü-

êèõ ïðèìåðàõ îáñóäèì ïðåäëàãàåìûå â ó÷åáíèêàõ îïðåäåëåíèÿ, �îðìóëèðîâêè

è ïîÿñíåíèÿ è ïîïðîáóåì îöåíèòü èõ òî÷íîñòü è òåõíîëîãè÷íîñòü.

Íà÷íåì ñ îïðåäåëåíèÿ �óíêöèè. Ïðåäïðèìåì ïîïûòêó íà îñíîâå òåêñòîâ èç

øêîëüíûõ ó÷åáíèêîâ îòâåòèòü íà âîïðîñ: ¾÷òî òàêîå �óíêöèÿ?¿, ò. å. äàòü îò-

âåò íà îäèí èç äâóõ îáùåãî âèäà âîïðîñîâ ¾÷òî çíà÷èò ��óíêöèÿ�?¿. Îáðàòèìñÿ,

íàïðèìåð, ê [2, ñ. 86℄. ¾Åñëè äàíû ÷èñëîâîå ìíîæåñòâî X è ïðàâèëî f , ïîçâîëÿþ-
ùåå ïîñòàâèòü â ñîîòâåòñòâèå êàæäîìó ýëåìåíòó èç ìíîæåñòâà X îïðåäåëåííîå

÷èñëî y, òî ãîâîðÿò, ÷òî çàäàíà �óíêöèÿ y = f(x) ñ îáëàñòüþ îïðåäåëåíèÿ X;
ïèøóò: y = f(x), x ∈ X. Ïðè ýòîì ïåðåìåííóþ x íàçûâàþò íåçàâèñèìîé ïå-

ðåìåííîé èëè àðãóìåíòîì, à ïåðåìåííóþ y � çàâèñèìîé ïåðåìåííîé.¿ Ìîæíî

ëè ïî ýòîìó òåêñòó îòâåòèòü íà ïîñòàâëåííûé âîïðîñ? Íå óâåðåí. Â íåì íåò

ïðÿìîãî îòâåòà íà ýòîò âîïðîñ, ðàçúÿñíÿåòñÿ òîëüêî ñîäåðæàíèå ñëîâ ¾çàäàíà

�óíêöèÿ¿, íî îñòàåòñÿ íåÿñíî, ÷òî æå çàäàíî.

Ïðèâåäåì åùå îäíî îïðåäåëåíèå ïîíÿòèÿ �óíêöèè [3, ñ. 210℄. ¾Ïåðåìåííóþ y
íàçûâàþò �óíêöèåé ïåðåìåííîé x, åñëè êàæäîìó çíà÷åíèþ x èç íåêîòîðîãî

÷èñëîâîãî ìíîæåñòâà ñîîòâåòñòâóåò îäíî îïðåäåëåííîå çíà÷åíèå ïåðåìåííîé y¿.
Èç ýòîãî îïðåäåëåíèÿ ìîæíî ïîäóìàòü, ÷òî �óíêöèÿ � ýòî ïåðåìåííàÿ y. Èíòå-
ðåñíî, äëÿ ÷åãî â òàêîì ñëó÷àå ïðåäëàãàòü äîïîëíèòåëüíî îïðåäåëåíèå �óíêöèè,

à íå îãðàíè÷èòüñÿ ïîíÿòèåì ïåðåìåííîé? Îòâåò íåÿñåí. Êàê ïðè òàêîì îïðåäå-

ëåíèè ìîæíî ãîâîðèòü î çíà÷åíèè �óíêöèè? Ê ýòîìó îïðåäåëåíèþ âîïðîñîâ,

ïîæàëóé, ïîáîëüøå, ÷åì ê ïðåäûäóùåìó.
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Â äðóãèõ èñòî÷íèêàõ ìîæíî íàáëþäàòü ÷òî-òî ñðåäíåå ìåæäó ¾çàäàíà �óíê-

öèÿ¿ è ¾�óíêöèÿ � ýòî ïåðåìåííàÿ¿. Ñëîâîñî÷åòàíèå ¾çàäàíà �óíêöèÿ¿ ïðî-

èñòåêàåò, ïî-âèäèìîìó, èç òåêñòîâ 60-ãîäîâ, êîãäà â ó÷åáíîé ëèòåðàòóðå íà÷àëî

�îðìèðîâàòüñÿ ïðåäñòàâëåíèå î �óíêöèè (ñì., íàïðèìåð, 4, ñ. 127℄, îäíàêî ñ òåõ

ïîð ïðîøëî íåìàëî âðåìåíè, ïðåäñòàâëåíèÿ î ìàòåìàòè÷åñêèõ ïîíÿòèÿõ ñòàíî-

âÿòñÿ áîëåå òî÷íûìè è ïðîçðà÷íûìè, îäíàêî äî øêîëüíîãî óðîâíÿ ýòî äî ñèõ

ïîð íå äîøëî.

Âìåñòå ñ òåì íåòðóäíî äàòü îòâåò íà ýòîò âîïðîñ. Ñíà÷àëà ìîæíî ïîãîâî-

ðèòü î òîì, ÷òî íà øêîëüíîì óðîâíå ïîíÿòèå �óíêöèè îòíîñèòñÿ ê ïåðâè÷íûì

ïîíÿòèÿì è äëÿ íåãî âîïðîñ ¾÷òî ýòî çíà÷èò?¿ ìîæåò áûòü òîëüêî ðàçúÿñíåí

ñ ïîìîùüþ äðóãèõ ñëîâ � ñèíîíèìîâ, ïîçâîëÿþùèõ ïî âîçìîæíîñòè åäèíîîáðàç-

íî ïîíèìàòü, ÷òî ïîä ýòèì ñëîâîì ñêðûâàåòñÿ. Ïîäõîäÿ ñ ïîçèöèé ïðèìåíåíèÿ

ýòîãî ïîíÿòèÿ â ðåøåíèè çàäà÷ ïðåäñòàâëÿåòñÿ óìåñòíûì, íàïðèìåð, ñëåäóþùåå

ðàçúÿñíåíèå ïîíÿòèÿ �óíêöèè (ñì., íàïðèìåð, [1℄).

Â ìàòåìàòèêå çíà÷èòåëüíóþ ðîëü èãðàþò çàâèñèìîñòè ìåæäó âåëè÷èíàìè

èëè îáúåêòàìè, îòðàæàþùèå çàâèñèìîñòè ìåæäó ÿâëåíèÿìè èëè îáúåêòàìè

îêðóæàþùåãî íàñ ìèðà. Çàâèñèìîñòè, ðàññìàòðèâàåìûå â ìàòåìàòèêå, ìîãóò

áûòü îïèñàíû ðàçíûìè ñïîñîáàìè, áîëåå òîãî, îäíà è òà æå çàâèñèìîñòü ìîæåò

áûòü îïèñàíà ðàçíûìè ñðåäñòâàìè. Âåëè÷èíû, íàõîäÿùèåñÿ âî âçàèìîçàâèñè-

ìîñòè, ìîãóò âûñòóïàòü êàê ðàâíîïðàâíûå, à ìîæåò áûòü è òàê, ÷òî îäíà èç

âåëè÷èí ñ÷èòàåòñÿ âûáèðàåìîé ïðîèçâîëüíî, à äðóãàÿ íàõîäèòñÿ ñîãëàñíî îïðå-

äåëåííîìó ïðàâèëó â çàâèñèìîñòè îò âûáîðà ïåðâîé.

Ñðåäè âñåõ çàâèñèìîñòåé âûäåëÿþò çàâèñèìîñòè, îáëàäàþùèå ñâîéñòâîì îä-

íîçíà÷íîñòè, è äëÿ íèõ ââîäÿò îòäåëüíûé òåðìèí � �óíêöèÿ.

Îïðåäåëåíèå. Ôóíêöèåé, îïðåäåëåííîé (çàäàííîé) íà ÷èñëîâîì ìíîæå-

ñòâå X, íàçûâàþò ïðàâèëî, ñîãëàñíî êîòîðîìó êàæäîìó ýëåìåíòó ìíîæåñòâà X
ñîïîñòàâëÿåòñÿ êàêîå-òî îäíî, âïîëíå îïðåäåëåííîå, ÷èñëî.

Òàêèì îáðàçîì, òåðìèí ¾�óíêöèÿ¿ ðåçåðâèðóåòñÿ çà ïðàâèëàìè, îòðàæàþ-

ùèìè îäíîçíà÷íûå çàâèñèìîñòè ìåæäó âåëè÷èíàìè, ò. å. ÷èñëàìè. Ñ�îðìóëè-

ðîâàííîå îïðåäåëåíèå äîïóñêàåò âåñüìà êðàòêîå èçëîæåíèå òèïà ¾�óíêöèÿ �

ýòî îäíîçíà÷íîå ïðàâèëî ñîïîñòàâëåíèÿ (èëè äåéñòâèÿ)¿, êîòîðîå ìîæåò áûòü

áîëåå ïîëíî ðàñêðûòî â èçëîæåííîì âûøå âèäå.

Ïðè óêàçàííîì ïîíèìàíèè ñîäåðæàíèÿ òåðìèíà ¾�óíêöèÿ¿ íåòðóäíî äîãî-

âîðèòüñÿ î òåðìèíàõ è îáîçíà÷åíèÿõ. Ïðàâèëî, çàäàþùåå �óíêöèþ, ÷àñòî îáî-

çíà÷àþò áóêâàìè f, g, h, ϕ, . . . . Åñëè f � �óíêöèÿ, òî ìíîæåñòâî X, íà ýëåìåíòû
êîòîðîãî ðàñïðîñòðàíÿåòñÿ äåéñòâèå ïðàâèëà (�óíêöèè) f , íàçûâàþò îáëàñòüþ
îïðåäåëåíèÿ �óíêöèè f è îáîçíà÷àþò ÷åðåç D(f). ×èñëî, ïîëó÷àåìîå â ðåçóëü-
òàòå äåéñòâèÿ �óíêöèè f íà ýëåìåíò x ∈ D(f), íàçûâàþò çíà÷åíèåì �óíêöèè f
íà ýëåìåíòå xè îáîçíà÷àþò ñèìâîëîì f(x). Ìíîæåñòâî, ñîñòîÿùåå èç âñåõ ÷è-

ñåë f(x), ãäå xáåðóòñÿ èç îáëàñòè îïðåäåëåíèÿ D(f), íàçûâàþò ìíîæåñòâîì

çíà÷åíèé �óíêöèè f è îáîçíà÷àþò ÷åðåç E(f), ïðè ýòîì ïîëåçíî óïîìÿíóòü è

áîëåå òåõíîëîãè÷íîå ïðåäñòàâëåíèå î ìíîæåñòâå çíà÷åíèé (ñì. âûøå). Òîò �àêò,

÷òî y � çíà÷åíèå �óíêöèè f íà ýëåìåíòå x, âûðàæàþò ðàâåíñòâîì y = f(x).
Äàëåå ìîæíî ïåðåõîäèòü ê èçëîæåíèþ �ðàãìåíòîâ, îòíîñÿùèõñÿ ê ñïîñî-

áàì çàäàíèÿ �óíêöèè, ðàçíûõ ñâÿçàííûõ ñ �óíêöèÿìè îáñòîÿòåëüñòâ: ñâîéñòâ,
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ãðà�èêîâ è ò. ï. Íî ïðè òàêîì ïîäõîäå íåòðóäíî îòâåòèòü íà âîïðîñ: ÷òî òàêîå

�óíêöèÿ?

Íåìàëî èíòåðåñíîãî ìîæíî óâèäåòü â ó÷åáíûõ òåêñòàõ íà òåìó ñâîéñòâ �óíê-

öèè. Ïðèâåäåì íåñêîëüêî íàáëþäåíèé, îáðàùàÿñü ê [5℄.

Î÷åíü èíòåðåñíî çäåñü îòíîñÿòñÿ ê îïðåäåëåíèþ îãðàíè÷åííîñòè ñíèçó.

À èìåííî, â [5, ñ. 24℄ äàíî ñëåäóþùåå îïðåäåëåíèå îãðàíè÷åííîñòè �óíêöèè ñíè-

çó íà äàííîì ìíîæåñòâå. Ôóíêöèÿ f îãðàíè÷åíà ñíèçó, åñëè äëÿ ëþáîãî x ∈ D(f)
âûïîëíÿåòñÿ íåðàâåíñòâî f(x) > a, ãäå a � íåêîòîðîå ÷èñëî. Èç ýòîãî ¾îïðå-

äåëåíèÿ¿ íåÿñíî, êàê åãî ïîíèìàòü, òî ëè êàê ¾ñóùåñòâóåò òàêîå a, ÷òî äëÿ

ëþáîãî x ∈ X áóäåò f(x) > a¿, òî ëè êàê ¾äëÿ ëþáîãî x ∈ X ñóùåñòâóåò òàêîå a,
÷òîf(x) > a¿. ßñíî, ÷òî òîëüêî îäíî èç ýòèõ âûñêàçûâàíèé îòðàæàåò ñóòü ñâîé-
ñòâà, è íåò óâåðåííîñòè â òîì, ÷òî äàííîå â ó÷åáíèêå îïðåäåëåíèå �îðìèðóåò ó

ó÷àùèõñÿ 9-ãî êëàññà ýëåìåíòû ìàòåìàòè÷åñêîé êóëüòóðû. Åñëè ïîíèìàòü èçëî-

æåííîå â ó÷åáíèêå ñâîéñòâî âî âòîðîì ïðî÷òåíèè, òî êàæäàÿ �óíêöèÿ îêàæåòñÿ

îãðàíè÷åííîé ñíèçó è ñâîéñòâî òåðÿåò ñîäåðæàòåëüíîñòü.

Íå ìåíåå ëþáîïûòíî è ðàññóæäåíèå, ñîïðîâîæäàþùåå îáîñíîâàíèå íåîãðà-

íè÷åííîñòè â îäíîì èç ïðèìåðîâ [5, ñ. 26℄. �å÷ü èäåò îá èññëåäîâàíèè �óíêöèè

ϕ(x) = 3 −
√
x2 + 1 íà îãðàíè÷åííîñòü. Ñíà÷àëà ïðîöèòèðóåì âåñü òåêñò ýòîãî

îáîñíîâàíèÿ. ¾Âûðàæåíèå

√
x2 + 1 ïðèíèìàåò íàèìåíüøåå çíà÷åíèå, ðàâíîå 1,

ïðè x = 0, à íàèáîëüøåãî çíà÷åíèÿ íå èìååò (ïðè x→ +∞
√
x2 + 1→ +∞). Çíà-

÷èò, âåðíî íåðàâåíñòâî

√
x2 + 1 > 1. Îòñþäà, ïîëüçóÿñü ñâîéñòâàìè ÷èñëîâûõ

íåðàâåíñòâ, ïîñëåäîâàòåëüíî ïîëó÷àåì −
√
x2 + 1 6 −1, 3−

√
x2 + 1 6 2. Ñëåäî-

âàòåëüíî ϕ(x) 6 2 ïðè ëþáîì x ∈ R, ò. å. �óíêöèÿ ϕ ÿâëÿåòñÿ íåîãðàíè÷åííîé.

Îíà îãðàíè÷åíà ñâåðõó: åå âåðõíåé ãðàíèöåé ÿâëÿåòñÿ ÷èñëî 2.¿

Îáñóäèì ïðîöèòèðîâàííûé �ðàãìåíò.

Íà÷íåì ñ âûðàæåíèÿ ¾íàèáîëüøåãî çíà÷åíèÿ íå èìååò (ïðè x → +∞√
x2 + 1→ +∞)¿. Êàêîå ñîäåðæàíèå äîëæåí âêëàäûâàòü ó÷àùèéñÿ ñîîòâåòñòâó-

þùåãî êëàññà â ýòîò ïàññàæ êðîìå ÷èñòî èíòóèòèâíîãî? Ñêîðåå âñåãî, íèêàêîãî.

Òåì ñàìûì óæå ïîñëå ýòîãî �ðàãìåíòà ìîæíî ñ÷èòàòü, ÷òî äîêàçàòåëüñòâà (êîð-

ðåêòíîãî, îïèðàþùåãîñÿ íà îïðåäåëåíèÿ è èçâåñòíûå �àêòû) íå áóäåò. Äàëåå

èäåò ñîîáùåíèå ¾çíà÷èò, âåðíî íåðàâåíñòâî

√
x2 + 1 > 1¿. ×òî îáîñíîâûâàåò-

ñÿ ýòèì �àêòîì: îãðàíè÷åííîñòü èëè íåîãðàíè÷åííîñòü? Åñëè îãðàíè÷åííîñòü,

òî îíà áûëà îáîñíîâàíà âûøå, åñëè íåîãðàíè÷åííîñòü, òî, âîîáùå ãîâîðÿ, ìîæ-

íî óêàçàòü ìíîãî îãðàíè÷åííûõ ñâåðõó �óíêöèé, îáëàäàþùèõ ýòèì ñâîéñòâîì.

Äàëåå èäóò ïðåîáðàçîâàíèÿ ñ èñïîëüçîâàíèåì ñâîéñòâ íåðàâåíñòâ è äåëàåòñÿ çà-

êëþ÷åíèå î íåîãðàíè÷åííîñòè �óíêöèè ϕ, ïî-âèäèìîìó, íà òîì îñíîâàíèè, ÷òî

óêàçàííîå âûøå âûðàæåíèå ñòðåìèòñÿ ê áåñêîíå÷íîñòè (ñóäÿ ïî îáîçíà÷åíèÿì).

×òî ìîæíî èçâëå÷ü èç ýòîãî ðàññóæäåíèÿ? ×òî àâòîðû ïðè ðàçáîðå ýòîãî

ïðèìåðà ñäåëàëè àêöåíò íà èí�îðìàöèîííóþ ñîñòàâëÿþùóþ, ò. å. ïðîäåìîí-

ñòðèðîâàëè êàê-òî, ÷òî ýòà �óíêöèÿ äåéñòâèòåëüíî ñíèçó íå îãðàíè÷åíà. Îäíàêî

íèêàêîé öåííîñòè ðàçáîð ýòîãî ïðèìåðà íå èìååò, èáî äëÿ çíàêîìûõ ñ ìàòåðèà-

ëîì ÷èòàòåëåé ñàì �àêò òðèâèàëåí, à äëÿ ìàëîçíàêîìûõ ìîæåò áûòü íå âïîëíå

ïîíÿòåí.

Åñëè îïèðàòüñÿ íà îáû÷íîå îïðåäåëåíèå íåîãðàíè÷åííîñòè ñíèçó: �óíêöèþ f
íàçûâàþò íåîãðàíè÷åííîé ñíèçó íà ìíîæåñòâå X, åñëè äëÿ ëþáîãî C ìîæíî

óêàçàòü òàêîå x ∈ X, ÷òî f(x) > C, òî íåòðóäíî ïîñòðîèòü êîððåêòíóþ, èìå-
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þùóþ îáðàçîâàòåëüíóþ öåííîñòü öåïî÷êó ðàññóæäåíèé, ñîñòîÿùóþ èç îáùèõ

ðåêîìåíäàöèé è èõ ïðèìåíåíèÿ â äàííîì êîíêðåòíîì ñëó÷àå. Ïðè ýòîì íàëè÷èå

îáùèõ ðåêîìåíäàöèé âàæíåå ðàññìîòðåíèÿ êîíêðåòíîé �óíêöèè, òàê êàê èìåí-

íî ãîòîâíîñòü ê ðàçðàáîòêå ñõåì ðàññóæäåíèé è èõ èñïîëüçîâàíèþ ñîñòàâëÿåò

îáðàçîâàòåëüíóþ ñîñòàâëÿþùóþ âñåãî ïðîöåññà îáó÷åíèÿ � èìåííî ýòî ìîæåò

îñòàòüñÿ ó îáó÷àåìîãî ïîñëå òîãî, êàê îí çàáóäåò âñå, ÷òî îòíîñèòñÿ ê îãðàíè-

÷åííîñòè.

Ïðèâåäåì âîçìîæíûé âàðèàíò ðàññóæäåíèé, îñíîâàííûé íà îïðåäåëåíèè

è òåõíîëîãèè åãî èñïîëüçîâàíèÿ (ñì., íàïðèìåð, [1℄).

Ïóñòü äàíî (ïðîèçâîëüíîå) ÷èñëî C. Òðåáóåòñÿ ïîäîáðàòü òàêîå x, ÷òî
ϕ(x) 6 C, ò. å. ÷òîáû 3−

√
x2 + 1 6 C. Îòêóäà ýòî ìîæíî ïîëó÷èòü? Èç íåðàâåí-

ñòâà

√
x2 + 1 > C +3 (àáñîëþòíî î÷åâèäíûé õîä). Èíà÷å ãîâîðÿ, íàäî ïîêàçàòü,

÷òî ìíîæåñòâî ðåøåíèé ïîñëåäíåãî íåðàâåíñòâî íåïóñòî (ïðîèñõîäèò ïåðå�îð-

ìóëèðîâêà çàäà÷è, ìîæíî ñêàçàòü, åå ìîäåëèðîâàíèå â äðóãèõ òåðìèíàõ). Äåé-

ñòâèòåëüíî, òàê êàê îáå åãî ÷àñòè ïîëîæèòåëüíû, îíî ðàâíîñèëüíî íåðàâåíñòâó

ìåæäó êâàäðàòàìè îáåèõ ÷àñòåé: x2 + 1 > C + 3. Åñëè C + 3 < 0, òî â êà÷åñòâå
òðåáóåìîãî x ìîæíî âçÿòü ëþáîå ÷èñëî. Åñëè æå C+3 > 0, òî íàëè÷èå x, îáëàäà-
þùåãî ýòèì ñâîéñòâîì, ëåãêî âûòåêàåò èç íåîãðàíè÷åííîñòè ñâåðõó ìíîæåñòâà

âåùåñòâåííûõ ÷èñåë: x2 > C + 2 è ìîæíî âçÿòü ëþáîå x òàêîå, ÷òî x >
√
C + 2.

�àçóìååòñÿ, áåç íåîãðàíè÷åííîñòè ìíîæåñòâà âåùåñòâåííûõ ÷èñåë îáîéòèñü íå

óäàñòñÿ, íî ýòî îäíî èç îñíîâíûõ åãî ñâîéñòâ. Òåì ñàìûì ïðè îòâåòå íà ïîñòàâ-

ëåííûé âîïðîñ âèäåí ïðèçíàê çàâåðøåííîñòè ïðîöåññà (ãàðàíòèÿ ñóùåñòâîâàíèÿ

òðåáóåìîãî x) è â ðåçóëüòàòå íàøèõ äåéñòâèé ýòîò ïðèçíàê áûë óäîâëåòâîðåí.

Åùå îäíî ïîíÿòèå, íåðåäêî âîñïðèíèìàåìîå ó÷àùèìèñÿ ëèøü îáðàçíî, ýòî

ìîíîòîííîñòü. Ïðè÷èíà òàêîãî ÿâëåíèÿ êðîåòñÿ, ñêîðåå âñåãî, â ïîÿñíåíèè, êîòî-

ðîå îáû÷íî èäåò âñëåä çà êîððåêòíûì îïðåäåëåíèåì. Îíî, êàê ïðàâèëî, èçëàãà-

åòñÿ òàê: �óíêöèÿ âîçðàñòàåò, åñëè áîëüøåìó çíà÷åíèþ àðãóìåíòà ñîîòâåòñòâó-

åò áîëüøåå çíà÷åíèå �óíêöèè (ñì., íàïðèìåð, [2, ñ. 97℄). Ê ñîæàëåíèþ, èìåííî

ýòà �ðàçà íåðåäêî âîñïðèíèìàåòñÿ â êà÷åñòâå îïðåäåëåíèÿ âîçðàñòàíèÿ. Îäíàêî

êàêàÿ-ëèáî íå îáëàäàþùàÿ ñâîéñòâîì âîçðàñòàíèÿ �óíêöèÿ, íà ãðà�èêå êîòî-

ðîé ñóùåñòâóþò äâå òî÷êè, óäîâëåòâîðÿþùèå óêàçàííîìó âûøå âïå÷àòëåíèþ

(íàïðèìåð, sinx íà âñåì ìíîæåñòâå âåùåñòâåííûõ ÷èñåë), ìîæåò ñ÷èòàòüñÿ ïðè

òàêîì ïîÿñíåíèè âîçðàñòàþùåé, õîòÿ îáû÷íî ó÷àùèéñÿ ïîíèìàåò, ÷òî âîçðàñ-

òàíèÿ çäåñü íåò. Äåëî â òîì, ÷òî â äàâíèõ ó÷åáíèêàõ ýòà �ðàçà áûëà êîððåêò-

íà, à èìåííî, â [4, ñ. 137℄ íàïèñàíî: ¾äðóãèìè ñëîâàìè, �óíêöèÿ íàçûâàåòñÿ

âîçðàñòàþùåé â íåêîòîðîì èíòåðâàëå, åñëè èç äâóõ ïðîèçâîëüíûõ çíà÷åíèé àð-

ãóìåíòà, âçÿòûõ èç ýòîãî èíòåðâàëà, áîëüøåìó ñîîòâåòñòâóåò áîëüøåå çíà÷åíèå

�óíêöèè¿, à â äàëüíåéøåì âûðàæåíèå îòíîøåíèÿ ê àðãóìåíòàì (èç äâóõ ïðîèç-

âîëüíûõ çíà÷åíèé) áûëî óòðà÷åíî. Êîíå÷íî, îïûòíûé â ìàòåìàòèêå ñïåöèàëèñò

çíàåò, ÷òî ïî óìîë÷àíèþ âñåãäà ïîíèìàåòñÿ êâàíòîð îáùíîñòè, íî âðÿä ëè òàêîå

óìîë÷àíèå ñïîñîáñòâóåò �îðìèðîâàíèþ ìàòåìàòè÷åñêîé êóëüòóðû ïðè ïåðâè÷-

íîì çíàêîìñòâå ñ ïîíÿòèåì.

Ïðèâåäåííûìè ïðèìåðàìè õîòåëîñü îáðàòèòü âíèìàíèå ïåäàãîãîâ (áóäóùèõ

è íàñòîÿùèõ) íà íåîáõîäèìîñòü âäóì÷èâîãî îòíîøåíèÿ ê èí�îðìàöèè, ñîäåðæà-

ùåéñÿ â ó÷åáíèêàõ. Âî âñÿêîì ñëó÷àå ñâåäåíèÿ, êîòîðûå âû ñîîáùàåòå ó÷àùå-

ìóñÿ, äîëæíû ïîçâîëÿòü åìó ñòàâèòü ý��åêòèâíûå âîïðîñû, ïîëó÷àòü íà íèõ
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êîððåêòíûå îòâåòû è òåì ñàìûì �îðìèðîâàòü ëîãè÷åñêóþ êóëüòóðó, ïîëåçíóþ

íå òîëüêî â ìàòåìàòèêå.

Ëåêöèÿ 3. Ôîðìèðîâàíèå ìàòåìàòè÷åñêîé êóëüòóðû

íà ïðèìåðå îïðåäåëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

Îáðàòèìñÿ ê êàêèì-òî ïðèìåðàì èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà. Â íåì

ìîæíî ïðèâåñòè ìíîãî �ðàãìåíòîâ, áîëåå ý��åêòèâíî èçó÷àåìûõ, åñëè ïîñëåäî-

âàòåëüíî ïðèäåðæèâàòüñÿ óêàçàííûõ âûøå ïðèíöèïîâ. Îñòàíîâèìñÿ íà äâóõ ìî-

ìåíòàõ, îòíîñÿùèõñÿ ê ïåðâîìó çíàêîìñòâó ñ âàæíûìè ðàçäåëàìè êóðñà, îò êî-

òîðûõ çàâèñèò äàëüíåéøåå åãî îñâîåíèå.

Îäèí èç òàêèõ ðàçäåëîâ � ïîíÿòèå ïðåäåëà ïîñëåäîâàòåëüíîñòè. Çäåñü ïðè-

âëå÷åíèå òåõíîëîãè÷íîñòè è öåëåïîëàãàíèÿ, îñíîâàííîãî íà ïîíèìàíèè çàâåð-

øåííîñòè ðåøåíèÿ çàäà÷è, èãðàþò áîëüøóþ ðîëü. Ìàòåðèàë ýòîãî ïóíêòà ñëå-

äóåò â îñíîâíîì êíèãå [1℄.

Îáû÷íî îïðåäåëåíèå ïðåäåëà ïîñëåäîâàòåëüíîñòè ïðåäâàðÿåòñÿ çíàêîìñòâîì

ñ òî÷íûìè ãðàíèöàìè, è çäåñü â ìåíåå ïðèâû÷íîé ïî ñðàâíåíèþ ñ íåîãðàíè÷åí-

íîñòüþ ñèòóàöèè ïðèñóòñòâóåò êâàíòîðíàÿ ãðóïïà ¾äëÿ ëþáîãî � ñóùåñòâóåò¿.

Äåëî, â ÷àñòíîñòè, â òîì, ÷òî çäåñü ïîÿâëÿåòñÿ ñåðèÿ ¾òåîðåòè÷åñêèõ¿ çàäà÷,

â êîòîðûõ òðåáóåòñÿ ÷òî-òî äîêàçàòü î òî÷íûõ ãðàíèöàõ íå äëÿ êîíêðåòíûõ

îáúåêòîâ, à âîîáùå äëÿ ÷èñëîâûõ ìíîæåñòâ: èìåþòñÿ â âèäó óòâåðæäåíèÿ òèïà

¾òî÷íàÿ ãðàíèöà ñóììû ìíîæåñòâ ðàâíà ñóììå òî÷íûõ ãðàíèö êàæäîãî èç ìíî-

æåñòâ, ñîñòàâëÿþùèõ ñóììó¿. Âîçíèêàåò ïîòðåáíîñòü ãàðàíòèðîâàòü ñóùåñòâî-

âàíèå ÷åãî-òî íå íà îñíîâå ñâîéñòâ êîíêðåòíîãî îáúåêòà (�óíêöèè, ïîñëåäîâà-

òåëüíîñòè), à íà îñíîâàíèè óêàçàííûõ â óñëîâèè äàííûõ. Ïîÿâëÿåòñÿ ñâÿçêà

¾äàíî � íàäî¿, â êîòîðîé äîëæíà áûòü ïîñòðîåíà ëîãè÷åñêàÿ öåïî÷êà îò äàí-

íûõ ê òðåáóåìîìó. Ýòà, íà ïåðâûé âçãëÿä òðèâèàëüíàÿ, ïðîöåäóðà îêàçûâàåòñÿ

äîâîëüíî òðóäíîé äëÿ âîñïðèÿòèÿ è ðåàëèçàöèè. Ïðèõîäèòñÿ êîíñòðóèðîâàòü

öåïî÷êè îò äàííûõ ê òðåáóåìîìó, ñîçäàâàòü ñõåìû ðàññóæäåíèé, ïðèìåíÿåìûå

ïðè àíàëèçå çàäà÷ îïðåäåëåííûõ òèïîâ, �îðìèðîâàòü ìîòèâû âûïîëíåíèÿ òåõ

èëè èíûõ äåéñòâèé.

Ïîêàæåì ïîñòðîåíèå öåïî÷êè îò äàííûõ ê ðåçóëüòàòó íà ïðèìåðå ïðîñòåé-

øåé çàäà÷è, êàñàþùåéñÿ òî÷íûõ ãðàíèö, ïîä÷åðêíóâ ïðè ýòîì ñîäåðæàíèå òåî-

ðåòè÷åñêîé è òåõíîëîãè÷åñêîé ñîñòàâëÿþùèõ àíàëèçà çàäà÷è.

Áóäåì îðèåíòèðîâàòüñÿ íà ñëåäóþùóþ õàðàêòåðèçàöèþ òî÷íîé âåðõíåé ãðà-

íèöû â ñîîòâåòñòâóþùèõ óñëîâèÿõ.

Òåîðåìà (êðèòåðèé òî÷íîé âåðõíåé ãðàíèöû). Åñëè A � íåïóñòîå îãðàíè-

÷åííîå ñâåðõó ìíîæåñòâî â R, òî ðàâåíñòâî supA = a ðàâíîñèëüíî òîìó, ÷òî
1) a � âåðõíÿÿ ãðàíèöà A;
2) äëÿ ëþáîãî ε > 0 ÷èñëî a− ε íå ÿâëÿåòñÿ âåðõíåé ãðàíèöåé A, ò. å.

(∀ ε > 0) (∃x ∈ A) x > a− ε.

Ñîãëàñíî êðèòåðèþ òî÷íîé âåðõíåé ãðàíèöû äëÿ äîêàçàòåëüñòâà òîãî, ÷òî

óêàçàííîå ÷èñëî a ∈ R ÿâëÿåòñÿ òî÷íîé âåðõíåé ãðàíèöåé íåïóñòîãî ìíîæå-

ñòâà X, íàäî, âî-ïåðâûõ, ïðîâåðèòü, ÷òî ýòî âåðõíÿÿ ãðàíèöà, à çàòåì ðàññóæ-

äàòü òàê. Ïîñêîëüêó óñëîâèå íà÷èíàåòñÿ ñ êâàíòîðà îáùíîñòè, íàõîäÿùåãîñÿ
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â óòâåðæäåíèè, êîòîðîå íàäî äîêàçàòü, ìû íå âïðàâå ðàñïîðÿæàòüñÿ âåëè÷è-

íîé ε è äîëæíû íà÷àòü ðàññóæäåíèÿ äëÿ íåïóñòîãî ìíîæåñòâà â R ñëîâàìè

¾ïóñòü äàíî ïðîèçâîëüíîå ε > 0¿, ïîä÷åðêèâàÿ ýòèì, ÷òî ìû îðèåíòèðóåìñÿ íà

âíåøíåå, íå çàâèñÿùåå îò íàñ îáñòîÿòåëüñòâî. Çàòåì ñîãëàñíî êðèòåðèþ íàäî

ñ�îðìèðîâàòü ïðàâèëî, ñîãëàñíî êîòîðîìó ìîæíî óêàçàòü ýëåìåíò x äàííîãî

ìíîæåñòâà X, óäîâëåòâîðÿþùèé âòîðîìó óñëîâèþ êðèòåðèÿ. �àðàíòèÿ ñóùå-

ñòâîâàíèÿ òàêîãî ýëåìåíòà âûòåêàåò ëèáî èç óñëîâèÿ, ëèáî, åñëè ìíîæåñòâî çà-

äàíî êîíêðåòíî, èç îïðåäåëÿþùèõ ýòî ìíîæåñòâî ñâîéñòâ. Íàëè÷èå óêàçàííîãî

ïðàâèëà îçíà÷àåò çàâåðøåíèå îáîñíîâàíèÿ.

Åñëè â çàäà÷å ãîâîðèòñÿ î êîíêðåòíûõ îáúåêòàõ � ìíîæåñòâå, ïîñëåäîâà-

òåëüíîñòè, �óíêöèè, òî îáåñïå÷åíèå ñóùåñòâîâàíèÿ òðåáóåìîãî ýëåìåíòà ïðîèñ-

õîäèò íà îñíîâå çàäàíèÿ äàííîãî îáúåêòà. Åñëè æå òðåáóåòñÿ äîêàçàòü ÷òî-òî

î òî÷íûõ ãðàíèöàõ âîîáùå, òî ãàðàíòèþ ñóùåñòâîâàíèÿ òðåáóåìîãî ýëåìåíòà

íàäî èñêàòü íà îñíîâå óñëîâèÿ, çàäàâàÿ âîïðîñ òèïà ¾÷òî ìîæåò îáåñïå÷èòü

òðåáóåìîå?¿ è ò. ï.

Ïðèâåäåì îäèí ïðèìåð, ðàçîáðàâ ñèòóàöèþ ñ âûñîêîé ñòåïåíüþ ïîäðîáíîñòè,

èç ÷åãî ìîæíî óâèäåòü (è íàó÷èòüñÿ), êàê âûñòðàèâàåòñÿ ïîñëåäîâàòåëüíîñòü

ðàññóæäåíèé ïðè îáðàùåíèè ñ òî÷íûìè ãðàíèöàìè. Êîíå÷íî, ïðèìåð àáñîëþòíî

òðèâèàëüíûé, íî èìåííî íà ïðîñòûõ ñèòóàöèÿõ ìîæíî ïðîñëåäèòü çà ëîãèêîé

ñîáûòèé, ïåðåíåñÿ åå íà áîëåå òðóäíûå çàäà÷è.

Ïðèìåð. Äîêàæåì, ÷òî äëÿ ëþáîãî íåïóñòîãî îãðàíè÷åííîãî ìíîæåñòâà

A ⊂ R è äëÿ ëþáîãî ÷èñëà λ > 0 ñïðàâåäëèâî ðàâåíñòâî

supλA = λ supA

(çäåñü λA = {λx : x ∈ A}).
⊳ Åñëè λ = 0, óòâåðæäåíèå î÷åâèäíî. Áóäåì ñ÷èòàòü, ÷òî λ > 0.
Îáîçíà÷èì a = supA. Òðåáóåòñÿ äîêàçàòü, ÷òî λa � òî÷íàÿ âåðõíÿÿ ãðàíèöà

ìíîæåñòâà λA. Êàê óêàçàíî âûøå, äëÿ ýòîãî íàäî ïðîâåðèòü, ÷òî λa � âåðõíÿÿ

ãðàíèöà è ÷òî ñäâèã âíèç íà ïðîèçâîëüíîå ε > 0 óæå íå áóäåò âåðõíåé ãðàíèöåé.
Íà ÷åì îñíîâûâàòü ïðîâåðêó? �àçóìååòñÿ, íà äàííûõ â óñëîâèè ñâîéñòâàõ. Òàê

êàê a = supA, ÷èñëî a � âåðõíÿÿ ãðàíèöà ìíîæåñòâà A, ñòàëî áûòü, (∀x ∈ A)
x 6 a. Óìíîæèâ íåðàâåíñòâî íà ïîëîæèòåëüíîå ÷èñëî, ïîëó÷àåì, ÷òî (∀x ∈ A)
λx 6 λa, òàê ÷òî λa � âåðõíÿÿ ãðàíèöà ìíîæåñòâà λA.

Ïðîâåðèì âòîðîå ñâîéñòâî. Ïóñòü äàíî ïðîèçâîëüíîå ε > 0. Íàäî ïîäîáðàòü
òàêîå x ∈ A, ÷òî λx > λa − ε. Ïîñêîëüêó â ïîèñêå òðåáóåìîãî ýëåìåíòà íàäî

îðèåíòèðîâàòüñÿ íà òî, ÷òî äàíî, åñòåñòâåííî â òðåáóåìîì íåðàâåíñòâå èçîëè-

ðîâàòü x: x > a − ε
λ , è îáðàòèòüñÿ ê òîìó, ÷òî äàíî. Ñîãëàñíî óñëîâèþ äëÿ

ëþáîãî ε1 > 0 íàéäåòñÿ òàêîå x ∈ A, ÷òî x > a − ε1. Ïîñêîëüêó çäåñü êâàíòîð

îáùíîñòè ïðèìåíÿåòñÿ â ñèòóàöèè, êîòîðàÿ íàì äàíà, ìû âïðàâå ðàñïîðÿæàòüñÿ

ε1 è áðàòü äëÿ íåãî òå çíà÷åíèÿ, êîòîðûå áóäóò öåëåñîîáðàçíû. Óñëîâèå ãàðàí-
òèðóåò, ÷òî ïðè ëþáîì íàøåì âûáîðå åñòü ñîîòâåòñòâóþùèé ýëåìåíò â ìíîæå-

ñòâå A. Ñîïîñòàâëÿÿ âûïèñàííûå âûøå íåðàâåíñòâà, íåòðóäíî çàìåòèòü, ÷òî ε1
öåëåñîîáðàçíî âûáðàòü òàê, ÷òî ε1 = ε

λ , è öåïî÷êà âûáîðà òðåáóåìîãî ýëåìåí-

òà â ìíîæåñòâå λA âûñòðàèâàåòñÿ òàê: áåðåì ε > 0, ïî íåìó íàõîäèì ε1 òàê,

÷òî ε1 = ε
λ , ïî ýòîìó ε1 íàéäåòñÿ ýëåìåíò x ∈ A òàêîé, ÷òî x > a − ε1 = a− ε

λ ,
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à ýòî îçíà÷àåò, ÷òî λx > λa− ε. Ïðàâèëî âûáîðà ïî çàäàííîìó ε > 0 òðåáóåìîãî
λx ∈ λA ñ�îðìèðîâàíî, à ýòî è îçíà÷àåò, ÷òî óòâåðæäåíèå äîêàçàíî. ⊲

Ïîíÿòèå ïðåäåëà ïîñëåäîâàòåëüíîñòè è âîîáùå ïîíÿòèå ïðåäåëà � öåíòðàëü-

íîå ïîíÿòèå â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà, è îò åãî îñâîåíèÿ âî ìíîãîì çàâè-

ñèò äàëüíåéøàÿ ñóäüáà ñòóäåíòà. Êîíå÷íî, ìîæíî äàâàòü îïðåäåëåíèå ïðåäåëà

â âûñîêîé ñòåïåíè îáùíîñòè è ñðàçó äëÿ î÷åíü îáùèõ îáúåêòîâ, ðàññ÷èòûâàÿ

íà òî, ÷òî âñå äàëüíåéøèå ñèòóàöèè ñ ïðåäåëîì (íàïðèìåð, ïðåäåë �óíêöèè)

ñóòü ÷àñòíûå ñëó÷àè ýòîãî îáùåãî îïðåäåëåíèÿ, è îñòàåòñÿ òîëüêî óêàçûâàòü

íåîáõîäèìûå â êîíêðåòíûõ ñèòóàöèÿõ ìîäè�èêàöèè. Îäíàêî ñ ïîäõîäîì îò îá-

ùåãî ê ÷àñòíîìó òðóäíî ñîãëàñèòüñÿ, åñëè ðàññìàòðèâàòü êóðñ ìàòåìàòè÷åñêîãî

àíàëèç êàê îáðàçîâàòåëüíóþ äèñöèïëèíó, à íå òîëüêî êàê îáëàñòü ìàòåìàòè-

êè. Òàêîé ïîäõîä âðÿä ëè ïðèíåñåò îáðàçîâàòåëüíóþ ïîëüçó, ò. å. â ðåçóëüòàòå

òðóäíî îæèäàòü �îðìèðîâàíèå áàçîâûõ íàâûêîâ ïðè èçó÷åíèè ìàòåìàòèêè ó

îáû÷íûõ ñòóäåíòîâ. Ïîýòîìó ïðåäëàãàåòñÿ íà÷èíàòü ñ ñàìîãî ïðîñòîãî îïðåäå-

ëåíèÿ, áåç êàêèõ-ëèáî óêðàøåíèé, ñîêðàùåíèé, ìàêðîñîâ, è öåëüþ äîëæíî áûòü

íå ýêîíîìèÿ âðåìåíè èëè íàøèõ óñèëèé, èëè äåìîíñòðàöèÿ íàéäåííûõ íàìè

¾óïðîùåíèé¿, à �îðìèðîâàíèå óñòîé÷èâûõ íàâûêîâ îáðàùåíèÿ ñ ñîäåðæàùèìè

êâàíòîðû âûñêàçûâàíèÿìè, â ÷àñòíîñòè, íà áàçå ïîíÿòèÿ ïðåäåëà, ïîääåðæàí-

íûõ ðàçíûìè èíòóèòèâíûìè ñðåäñòâàìè, íàïðèìåð, ãðà�èêàìè �óíêöèé.

Èñõîäÿ èç óêàçàííîé öåëè, ïðåäëàãàåòñÿ íà÷èíàòü ðàçãîâîð î ïðåäåëå ïîñëå-

äîâàòåëüíîñòè ñ åñòåñòâåííîñòè ýòîãî ïîíÿòèÿ.

Ïóñòü äàíû ïîñëåäîâàòåëüíîñòü xn è ÷èñëî a. Äîãîâîðèìñÿ î òîì, êàê ìà-

òåìàòè÷åñêè âûðàçèòü èíòóèòèâíî ÿñíîå ïðåäñòàâëåíèå î òîì, ÷òî ïîñëåäîâà-

òåëüíîñòü xn íåîãðàíè÷åííî ïðèáëèæàåòñÿ ê ÷èñëó a, ò. å. çíà÷åíèÿ xn ïðè

íåîãðàíè÷åííîì óâåëè÷åíèè n ñòàíîâÿòñÿ âñ�å áëèæå è áëèæå ê a Ñíà÷àëà îáðà-
òèìñÿ ê ãåîìåòðè÷åñêîé ïîääåðæêå. Òàê êàê ïîñëåäîâàòåëüíîñòü � ýòî �óíê-

öèÿ, îïðåäåëåííàÿ íà ìíîæåñòâå N íàòóðàëüíûõ ÷èñåë, äëÿ åå ãåîìåòðè÷åñêîãî

ïðåäñòàâëåíèÿ ìîæíî èñïîëüçîâàòü ãðà�èê êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ

ïàð (n, xn) íà êîîðäèíàòíîé ïëîñêîñòè. Ïðàâäà, â ýòîì ñëó÷àå ñïëîøíîé ëèíèè,

êàê ó ãðà�èêîâ îáû÷íûõ �óíêöèé, íå ïîëó÷èòñÿ, à áóäåò äèñêðåòíîå ìíîæåñòâî,

íî ýòî îáñòîÿòåëüñòâî íå äîëæíî íàñ ñìóùàòü.

Èçîáðàçèì êîîðäèíàòíóþ ïëîñêîñòü, íà êîòîðîé ïî îñè àáñöèññ îòìåòèì íà-

òóðàëüíûå n = 1, 2, . . . è íàä êàæäîé îòìå÷åííîé òî÷êîé íà âûñîòå xn ïîìåñòèì
â âèäå òî÷êè çíà÷åíèå xn ïîñëåäîâàòåëüíîñòè. Íà îñè îðäèíàò îòìåòèì òî÷-

êó a. (Çäåñü ïðè ðàáîòå ñî ñòóäåíòàìè ïîëåçíî ïðåäëîæèòü ðèñóíîê ñ óñëîâíûì
èçîáðàæåíèåì âñå îòìå÷åííûõ àòðèáóòîâ.)

Ïîñêîëüêó íàñ èíòåðåñóåò íåîãðàíè÷åííîå ïðèáëèæåíèå xn ê a ¾â ïåðñïåêòè-
âå¿, ïðè äàëåêèõ íîìåðàõ n, ðàñïîëîæåíèå ïîñëåäîâàòåëüíîñòè ïðè íà÷àëüíûõ

íîìåðàõ íàñ íå èíòåðåñóåò. Ïðåäñòàâèì ñåáå, ÷òî åñòü äâà ó÷àñòíèêà äîãîâîðåí-

íîñòè: Âû è ß. Âû íàìåðåíû óáåäèòü ìåíÿ â òîì, ÷òî ïîñëåäîâàòåëüíîñòü xn
íåîãðàíè÷åííî ïðèáëèæàåòñÿ ê a, è åñëè óäàñòñÿ ýòî ñäåëàòü, òî ìû âìåñòå íà-

çîâåì ýòî îáñòîÿòåëüñòâî âûðàæåíèÿìè ¾a åñòü ïðåäåë ïîñëåäîâàòåëüíîñòè xn¿
èëè ¾ïîñëåäîâàòåëüíîñòü xn ñõîäèòñÿ (èëè ñòðåìèòñÿ) ê a¿ (ïîñëåäíèå âûðà-
æåíèÿ íå ñëåäóåò ïîíèìàòü áóêâàëüíî, ýòî òåðìèíû, êîòîðûå îçíà÷àþò ëèøü

òî, ÷òî çà íèìè êðîåòñÿ).

Òàê êàê Âû óáåæäàåòå ìåíÿ â íåîãðàíè÷åííîì ïðèáëèæåíèè, ß, åñòåñòâåí-
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íî, äîëæåí ïðîâåðÿòü, íàñêîëüêî çíà÷åíèÿ xn îòëè÷àþòñÿ îò âåëè÷èíû a, äëÿ
÷åãî ïðèãîòîâëþ ÷èñëî, êîòîðûì áóäó èçìåðÿòü òî÷íîñòü ïðèáëèæåíèÿ, èëè,

èíà÷å ãîâîðÿ, âåëè÷èíó îòêëîíåíèÿ xn îò a. Åñòåñòâåííî, ÷èñëî äîëæíî áûòü

ïîëîæèòåëüíûì. ß áóäó îáîçíà÷àòü åãî ãðå÷åñêîé áóêâîé ε. Ñîãëàñíî äîãîâîðó
ïðèáëèæåíèå äîëæíî áûòü íåîãðàíè÷åííûì, ò. å. íàäî ãàðàíòèðîâàòü íåâîçìîæ-

íîñòü âñòàâèòü ãðàíèöó ìåæäó çíà÷åíèÿìè xn ñ äàëåêèìè íîìåðàìè è ÷èñëîì a.
Ýòî ìîæíî ãàðàíòèðîâàòü, íàïðèìåð, òàêîé ïðîöåäóðîé. ß áóäó ïðåäëàãàòü Âàì

êàêîå-òî, íåèçâåñòíîå Âàì çàðàíåå çíà÷åíèå ε > 0, à îò Âàñ áóäó îæèäàòü, ÷òî
Âû îáåñïå÷èòå îòêëîíåíèå xn îò a â ïðåäåëàõ çàäàííîé òî÷íîñòè ε äëÿ âñåõ äà-
ëåêèõ íîìåðîâ n, ò. å. ñóìååòå íàéòè òàêîé íîìåð n0, ÷òî äëÿ âñåõ íîìåðîâ n > n0
îòêëîíåíèå xn îò a áóäåò â ïðåäåëàõ îò −ε äî ε. Ïîñëåäíåå ìîæíî âûðàçèòü òàê:
a − ε < xn < a + ε, èëè òàê: |xn − a| < ε. Îáðàçíî îá ýòîì ìîæíî ñêàçàòü òàê:

Âû îáåñïå÷èòå òàêîé íîìåð n0, ÷òî äëÿ âñåõ n, ëåæàùèõ ïðàâåå îò ýòîãî íîìåðà,
îòìå÷åííûå íà âûñîòå xn òî÷êè, èçîáðàæàþùèå ýëåìåíòû ïîñëåäîâàòåëüíîñòè,

îêàæóòñÿ â ïîëîñå ìåæäó ãîðèçîíòàëüíûìè ëèíèÿìè, ïðîâåäåííûìè íà âûñî-

òàõ a− ε è a+ ε. Åñëè Âû íå ìîæåòå îáåñïå÷èòü îòêëîíåíèå xn îò a â ïðåäåëàõ
çàäàííîé ìíîé òî÷íîñòè ε > 0 äëÿ âñåõ äàëåêèõ íîìåðîâ n, òî ß íå ãîòîâ ñîãëà-

ñèòüñÿ ñ òåì, ÷òî xn íåîãðàíè÷åííî ïðèáëèæàåòñÿ ê a.
Ñ�îðìóëèðóåì äîãîâîðåííîñòü â ìàòåìàòè÷åñêèõ òåðìèíàõ.

Îïðåäåëåíèå.×èñëî a ∈ R áóäåì íàçûâàòü ïðåäåëîì ïîñëåäîâàòåëüíî-

ñòè xn, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå n0 ∈ N, ÷òî äëÿ ëþáîãî n > n0
âûïîëíÿåòñÿ íåðàâåíñòâî |xn−a| < ε, ïðè ýòîì áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

a = limn→∞ xn.

Ñ èñïîëüçîâàíèåì êâàíòîðîâ ñîîòíîøåíèå a = limn→∞ xn çàïèøåòñÿ òàê:

(∀ ε > 0) (∃n0 ∈ N) (∀n > n0) |xn − a| < ε.

×àñòü îáîçíà÷åíèÿ âèäà n→∞ ïîä÷åðêèâàåò, ÷òî ìû îöåíèâàåì áëèçîñòü xn
ê a ïðè íåîãðàíè÷åííîì âîçðàñòàíèè íîìåðîâ n. ×àñòî â ýòîì ñëó÷àå ãîâîðÿò

¾ïðè n, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè¿. Çàìåòèì îäíàêî, ÷òî êàæäîå ÷èñëî íà-

õîäèòñÿ íà ñâîåì ìåñòå è íèêóäà íå ñòðåìèòñÿ, òåì ñàìûì ýòó �ðàçó íå ñëåäóåò

âîñïðèíèìàòü áóêâàëüíî. Ýòî âñåãî ëèøü �ðàãìåíò òåðìèíà, çà êîòîðûì ñêðû-

âàåòñÿ îïðåäåëåííîå ñîäåðæàíèå. Ïîñêîëüêó íè ïðè êàêèõ äðóãèõ îáñòîÿòåëü-

ñòâàõ ìû îöåíèâàòü îòêëîíåíèå xn îò a íå áóäåì, â îáîçíà÷åíèÿõ ÷àñòü n→∞
èíîãäà (äàæå, ñêîðåå âñåãî, âñåãäà, åñëè äîñòàòî÷íî ÿñíî, ïî êàêîé ïåðåìåííîé

ïðîèñõîäèò ïåðåõîä ê ïðåäåëó) áóäåì îïóñêàòü è ïèñàòü ïðîñòî a = limxn.
Òîò �àêò, ÷òî a = limxn, âûðàæàþò òàêæå ñëîâàìè ¾ïîñëåäîâàòåëüíîñòü xn

ñõîäèòñÿ (èëè ñòðåìèòñÿ) ê a¿ è çàïèñûâàþò xn →
n→∞

−→ a èëè, êîðî÷å, xn → a.

Àíàëîãè÷íî ìîæíî ïîäîéòè ê ïîíÿòèþ áåñêîíå÷íûõ ïðåäåëîâ, è ïîñëåäîâà-

òåëüíîñòü, èìåþùóþ êàêîé-ëèáî èç áåñêîíå÷íûõ ïðåäåëîâ, íàçûâàþò áåñêîíå÷-

íî áîëüøîé. Åñëè ïîñëåäîâàòåëüíîñòü èìååò (êîíå÷íûé) ïðåäåë, òî åå íàçûâàþò

ñõîäÿùåéñÿ. Òåì ñàìûì òåðìèí ¾ñõîäèòñÿ¿ ïðèìåíÿþò òîëüêî â ñëó÷àå êîíå÷-

íîãî ïðåäåëà, â îáùåì ñëó÷àå èñïîëüçóþò òåðìèí ¾ñòðåìèòñÿ¿.

Ïîñëå òåîðåòè÷åñêîé ÷àñòè ìîæíî ïåðåéòè ê ÷àñòè òåõíîëîãè÷åñêîé, â êîòî-

ðîé èçëîæåíû ñðåäñòâà, ïðèãîäíûå äëÿ äîêàçàòåëüñòâà óòâåðæäåíèé, ñâÿçàííûõ

ñ ïðåäåëîì, è äëÿ ïðèìåíåíèÿ ýòîãî ïîíÿòèÿ.

111



Îáñóäèì, êàê äîêàçûâàòü ñ ïîìîùüþ îïðåäåëåíèÿ òîò �àêò, ÷òî a = limxn,
è âûðàáîòàåì ïðèçíàê êîíöà äîêàçàòåëüñòâà. Ïîñêîëüêó êîíñòðóêöèÿ ïðåäåëà

ïîñëåäîâàòåëüíîñòè ïîõîæà íà êîíñòðóêöèþ íåîãðàíè÷åííîñòè èëè òî÷íûõ ãðà-

íèö, ÿñíî, ÷òî è îáñóæäåíèå áóäåò àíàëîãè÷íûì ðàññìîòðåíèþ ñâîéñòâà íåîãðà-

íè÷åííîñòè èëè òî÷íûõ ãðàíèö.

Ïîñêîëüêó çäåñü åñòü âíåøíåå, îò íàñ íå çàâèñÿùåå òðåáîâàíèå äëÿ ëþáî-

ãî ε > 0, ìû äîëæíû âûðàáîòàòü ïðàâèëî ïîèñêà òðåáóåìîãî äàëåå çíà÷åíèÿ

n0 ∈ N â çàâèñèìîñòè îò êàêîãî-òî íàì íåèçâåñòíîãî çíà÷åíèÿ ε. �àññóæäåíèå,
ïîñâÿùåííîå ïîäáîðó n0, íàäî íà÷èíàòü, íàïðèìåð, òàê: ïóñòü äàíî ïðîèçâîëü-
íîå ε > 0. Ýòèì ìû ïîä÷åðêèâàåì, ÷òî ãîòîâû ê âûðàáîòêå ïðàâèëà. Çàòåì íàäî

ïîéòè â êîíåö è ïîñìîòðåòü, ÷òî îò íàñ îæèäàþò. À îò íàñ îæèäàþò, ÷òî ìû

äëÿ ïðîèçâîëüíîãî n > n0 ãàðàíòèðóåì îöåíêó |xn − a| < ε, ãäå n0 ïðåäñòîèò
óêàçàòü.

Âîçìîæíî, ñ�îðìèðîâàòü òðåáóåìîå ïðàâèëî âûáîðà íîìåðà n0 óäàñòñÿ ñðà-
çó â ïðîöåññå ðåøåíèÿ íåðàâåíñòâà |xn−a| < ε, åñëè åñòü ðåàëüíàÿ âîçìîæíîñòü
âûðàçèòü èç íåãî n ÷åðåç ε, ò. å., ïî-ñóùåñòâó, ðåøàÿ íåðàâåíñòâî, îñîçíàòü, êî-
ãäà íà÷íåòñÿ âûïîëíåíèå òðåáóåìîãî íåðàâåíñòâà. Îäíàêî òàêàÿ âîçìîæíîñòü

ïðåäîñòàâëÿåòñÿ äàëåêî íå âñåãäà, è åñëè ñðàçó ñ�îðìèðîâàòü ïðàâèëî íåâîç-

ìîæíî, òî ìîæíî ïîïðîáîâàòü îãðàíè÷èòü ñâåðõó ðàçíîñòü |xn−a| ÷åì-òî áîëåå
ïðîñòûì, íî âñå åùå ìàëûì. Èíà÷å ãîâîðÿ, ïîïðîáóåì ïîäîáðàòü òàêóþ ïîñëå-

äîâàòåëüíîñòü an, ÷òî |xn − a| 6 an è åñòü øàíñ ïîäîáðàòü ïî çàäàííîìó ε > 0
íîìåð n0 äëÿ ïîñëåäîâàòåëüíîñòè an òàê, ÷òî an < ε äëÿ âñåõ n > n0. Åñëè ÿñíî,
êàê ýòî ñäåëàòü, òî íàéäåííûé íîìåð n0 ïîäîéäåò è äëÿ ðàçíîñòè |xn− a| � îíà

âåäü íå áîëüøå ÷åì an è òåì áîëåå áóäåò ìåíüøå ÷åì ε. Åñëè åùå íåäîñòàòî÷-

íî âèäíî, êàê ïîäîáðàòü íîìåð äëÿ ïîñëåäîâàòåëüíîñòè an, òî, â ñâîþ î÷åðåäü,

ìîæíî ïîïðîáîâàòü îãðàíè÷èòü åå äðóãîé ïîñëåäîâàòåëüíîñòüþ, áîëåå ïðîñòîé,

íî âñå åùå ìàëîé. È òàê ïðîäîëæàòü ïðîöåññ äî ïîÿâëåíèÿ ïîñëåäîâàòåëüíîñòè,

äëÿ êîòîðîé òðåáóåìûé íîìåð íàéòè óæå ëåãêî. Êàê òîëüêî óäàñòñÿ âûðàáî-

òàòü ïðàâèëî âûáîðà òðåáóåìîãî íîìåðà n0 ïî çàäàííîìó ε > 0, äîêàçàòåëüñòâî
çàêîí÷èòñÿ. Ïîä÷åðêíåì, ÷òî îòëè÷èå îò íåîãðàíè÷åííîñòè èëè òî÷íûõ ãðàíèö

â òîì, ÷òî òàì äîñòàòî÷íî íàéòè îäèí ýëåìåíò, à çäåñü íàäî îáåñïå÷èòü âûïîë-

íåíèå íåðàâåíñòâà äëÿ âñåõ ÷ëåíîâ ïîñëåäîâàòåëüíîñòè, íà÷èíàÿ ñ íåêîòîðîãî.

Ìîæíî ðàññóæäàòü íåñêîëüêî èíà÷å. Ïóñòü äàíî ε > 0. Îáðàòèìñÿ ê òî-

ìó, ÷òî îò íàñ ïîòðåáóåòñÿ. Ìû äîëæíû îáåñïå÷èòü âûïîëíåíèå íåðàâåíñòâà

|xn − a| < ε äëÿ âñåõ äîñòàòî÷íî äàëåêèõ íîìåðîâ n. Ïîñòàâèì âîïðîñ: îòêóäà

ìîæíî ïîëó÷èòü âûïîëíåíèå òàêîãî íåðàâåíñòâà? Èíà÷å ãîâîðÿ, èç êàêîãî ñîîò-

íîøåíèÿ ýòî íåðàâåíñòâî âûòåêàåò? Åñëè âçÿòü ïîñëåäîâàòåëüíîñòü an òàêóþ,

÷òî |xn − a| 6 an, è íàéòè íîìåð n0 òàêîé, ÷òî an < ε äëÿ âñåõ n > n0, òî äëÿ
ýòèõ æå íîìåðîâ n áóäåò âûïîëíåíî è òðåáóåìîå íåðàâåíñòâî. Åñëè äëÿ ïîñëåäî-
âàòåëüíîñòè an âûáîð íîìåðà çàòðóäíåí, òî ïðîöåññ ìîæíî ïðîäîëæèòü è âíîâü
îáðàòèòüñÿ ê âîïðîñó: îòêóäà ìîæíî ïîëó÷èòü âûïîëíåíèå òàêîãî íåðàâåíñòâà?

Îòâåò íà íåãî ìîæåò ïðèâåñòè ê äðóãîé ïîñëåäîâàòåëüíîñòè, è òàê ñëåäóåò ïðî-

äîëæàòü ïðîöåññ äî òåõ ïîð, ïîêà íå íàéäåòñÿ òàêàÿ ïîñëåäîâàòåëüíîñòü, äëÿ

êîòîðîé âûáîð íîìåðà òðèâèàëåí.

Ìîæíî çàìåòèòü, ÷òî â ïðåäëîæåííîé öåïî÷êå ðàññóæäåíèé, õîòÿ è èìåþò

äåëî ñ íåðàâåíñòâîì, íåò çàäà÷è åãî ðåøèòü, à åñòü çàäà÷à îáåñïå÷åíèÿ íåêîåãî
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ñâîéñòâà, ñ ýòèì íåðàâåíñòâîì ñâÿçàííîãî. Ñàì ïðîöåññ îáåñïå÷åíèÿ ìîæåò ðå-

àëèçîâûâàòüñÿ êàê ¾îáðàòíûé õîä¿ â ðàññóæäåíèÿõ � ñòàâèòñÿ âîïðîñ ¾îòêóäà

ìîæíî ýòî ïîëó÷èòü?¿ è èùåòñÿ íà íåãî îòâåò. Òàêàÿ ïîñòàíîâêà âîïðîñà âñòðå-

÷àåòñÿ ó÷àùèìñÿ âïåðâûå è âûçûâàåò íà ïåðâûõ ïîðàõ îïðåäåëåííûå òðóäíîñòè,

âïðî÷åì, âïîëíå ïðåîäîëèìûå ïðè íàëè÷èè ÿñíî è ïîñëåäîâàòåëüíî èçëîæåííî-

ãî ìàòåðèàëà ñ ïðèìåðàìè.

Ïðèâåäåííûå ðàññóæäåíèÿ îòíîñÿòñÿ, ñêîðåå, ê äîêàçàòåëüñòâó ðàâåíñòâà

a = lim xn äëÿ êîíêðåòíîé ïîñëåäîâàòåëüíîñòè xn. Îò÷àñòè èõ ìîæíî ïðèìå-

íÿòü è òîãäà, êîãäà ðå÷ü èäåò î äîêàçàòåëüñòâå óòâåðæäåíèé ñ ó÷àñòèåì ïðåäåëà.

Îäíàêî åñëè äëÿ êîíêðåòíîé ïîñëåäîâàòåëüíîñòè âûáîð íîìåðà îáåñïå÷èâàåòñÿ

îãðàíè÷åíèåì ñâåðõó êàêèìè-òî òàêæå êîíêðåòíûìè ïîñëåäîâàòåëüíîñòÿìè, òî

â óòâåðæäåíèÿõ âûáîð òðåáóåìîãî íîìåðà, êàê ïðàâèëî, îáåñïå÷èâàåòñÿ îãðàíè-

÷åíèÿìè ñâåðõó, èñõîäÿùèìè èç ïðåäåëüíûõ ñâîéñòâ, äàííûõ â óñëîâèè.

Äëÿ íàõîæäåíèÿ ïðåäåëîâ êîíêðåòíûõ ïîñëåäîâàòåëüíîñòåé áîëüøóþ ðîëü

èãðàåò

Ïðèíöèï Àðõèìåäà. Ìíîæåñòâî íàòóðàëüíûõ ÷èñåë íå îãðàíè÷åíî ñâåðõó

â ìíîæåñòâå âåùåñòâåííûõ.

Íà ïðèíöèïå Àðõèìåäà îñíîâàí òîò �àêò, ÷òî lim 1
n = 0, è ýòî ðàâåíñòâî

èñïîëüçóåòñÿ âî ìíîãèõ ñèòóàöèÿõ, ñâÿçàííûõ ñ ïðåäåëàìè êîíêðåòíûõ ïîñëå-

äîâàòåëüíîñòåé. Ïðèíöèï Àðõèìåäà èñïîëüçóþò ðåãóëÿðíî, îäíàêî îáû÷íî ýòî

îáñòîÿòåëüñòâî íå óêàçûâàþò.

Ïðèìåð. Äîêàæåì, ÷òî

lim
n sinn2

n4 + 1
= 0. (∗)

⊳ Ïóñòü äàíî ε > 0. Ïîéäåì â êîíåö îïðåäåëåíèÿ ïðåäåëà ïîñëåäîâàòåëü-

íîñòè è ïîñìîòðèì, ÷òî îò íàñ áóäóò îæèäàòü. Îò íàñ ïîòðåáóåòñÿ îáåñïå÷èòü

âûïîëíåíèå íåðàâåíñòâà ∣∣∣∣
n sinn2

n4 + 1

∣∣∣∣ < ε

äëÿ âñåõ äàëåêèõ íîìåðîâ. Íåòðóäíî ïîíÿòü, ÷òî ñðàçó ïûòàòüñÿ, âûðàæàÿ n
÷åðåç ε, ñîçäàòü ïðàâèëî âûáîðà íîìåðà, íå íàäî. Ïîïðîáóåì îãðàíè÷èòü ëåâóþ

÷àñòü ïîñëåäíåãî íåðàâåíñòâà ñâåðõó ÷åì-òî áîëåå ïðîñòûì, íî âñå åùå ìàëûì.

Çàìåòèâ, ÷òî | sin n2| 6 1, èìååì
∣∣∣∣
n sinn2

n4 + 1

∣∣∣∣ 6
n

n4 + 1
.

Ëåãêî ëè ïîäîáðàòü òðåáóåìûé íîìåð, èñõîäÿ èç íîâîé ïîñëåäîâàòåëüíîñòè,

ò. å. íàñêîëüêî ëåãêî âûðàçèòü n ÷åðåç ε èç íåðàâåíñòâà

n

n4 + 1
< ε?

Ïî-âèäèìîìó, íå ñòîëü ëåãêî, ñêîëü õîòåëîñü áû. Ïîýòîìó ïîïðîáóåì îãðàíè÷èòü

âûðàæåíèå

n
n4+1

ñâåðõó ÷åì-òî áîëåå ïðîñòûì, íî âñå åùå ìàëûì. Óìåíüøèâ

çíàìåíàòåëü, ìû óâåëè÷èì äðîáü, ïîýòîìó

n

n4 + 1
6

n

n4
=

1

n3
.
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Ëåãêî ëè âûðàçèòü n ÷åðåç ε èç íåðàâåíñòâà 1
n3 < ε? Ëåãêî. Ìîæíî âûðàçèòü,

à ìîæíî åùå îáëåã÷èòü âûðàæåíèå, åñëè çàìåòèòü, ÷òî

1
n3 6 1

n , à èç íåðàâåíñòâà
1
n < ε âûðàçèòü n ÷åðåç ε ñîâñåì ëåãêî. Ïîñëåäíåå íåðàâåíñòâî ðàâíîñèëüíî

òîìó, ÷òî n > 1
ε , è â êà÷åñòâå òðåáóåìîãî íîìåðà n0 ìîæíî âçÿòü ëþáîå íàòó-

ðàëüíîå ÷èñëî, áîëüøåå ÷åì

1
ε . Íàïðèìåð, ìîæíî âçÿòü n0 =

[
1
ε

]
+1, ãäå âçÿòèå

öåëîé ÷àñòè (ñèìâîëèçèðóþò êâàäðàòíûå ñêîáêè) ¾îáíàòóðàëèâàåò¿ äðîáü

1
ε ,

ïðè ýòîì, âîçìîæíî, íåìíîãî óìåíüøàÿ åå, à äîáàâëåíèå åäèíèöû äåëàåò ðå-

çóëüòàò á�îëüøèì, ÷åì

1
ε . Åñëè n0 ∈ N è n0 >

1
ε , òî äëÿ ëþáîãî n > n0 òåì áîëåå

n > 1
ε , à òîãäà, ïîëüçóÿñü ëîãèêîé ïðåäûäóùèõ ðàññóæäåíèé, ìîæíî ãàðàíòè-

ðîâàòü, ÷òî äëÿ òàêèõ íîìåðîâ òàêæå

∣∣∣∣
n sinn2

n4 + 1

∣∣∣∣ < ε.

Ïðàâèëî âûáîðà òðåáóåìîãî íîìåðà n0 ïî çàäàííîìó ε ñ�îðìèðîâàíî, çíà-
÷èò, ñîîòíîøåíèå (∗) äîêàçàíî. ⊲

Ëåêöèÿ 4. Òåõíîëîãèÿ îáó÷åíèÿ íàõîæäåíèþ ïåðâîîáðàçíîé

Çàêëþ÷èòåëüíàÿ ëåêöèÿ ïîñâÿùåíà ðàñêðûòèþ ñëåäóþùåé îáðàçîâàòåëüíîé

òåìû. Èçâåñòíî, ÷òî, â îòëè÷èå îò ïðîèçâîäíîé, äëÿ ïåðâîîáðàçíîé íåò ïðàâèë

åå íàõîæäåíèÿ äëÿ ëþáûõ ýëåìåíòàðíûõ �óíêöèé. Ïîýòîìó çàäà÷à íàõîæäåíèÿ

ïåðâîîáðàçíîé, âàæíîñòü êîòîðîé íå ïîäâåðãàåòñÿ ñîìíåíèþ, ñòàíîâèòñÿ â èç-

âåñòíîé ìåðå òâîð÷åñêîé. Â ÷àñòíîñòè, âåñüìà âàæåí ïåðâûé ïåðèîä â îñâîåíèè

íàõîæäåíèÿ ïåðâîîáðàçíîé, èáî íåîáõîäèìî äëÿ êàæäîãî ñëó÷àÿ âûáèðàòü ñðåä-

ñòâà, äëÿ íåãî ïîäõîäÿùèå, è âûïîëíÿòü ñîîòâåòñòâóþùèå äåéñòâèÿ, íàïðàâëåí-

íûå íà ðåøåíèå çàäà÷è.

Íèæå èçëàãàþòñÿ íåêîòîðûå ðåêîìåíäàöèè, ïîëåçíûå íà ïåðâîì ýòàïå ðåøå-

íèÿ çàäà÷ íà íàõîæäåíèå ïåðâîîáðàçíîé. Ïðåäïîëàãàåòñÿ, ÷òî ñòóäåíòû çíàêîìû

ñ îñíîâíûìè òåîðåòè÷åñêèìè ñðåäñòâàìè, òàêèìè êàê ëèíåéíîñòü íåîïðåäåëåí-

íîãî èíòåãðàëà, �îðìóëû çàìåíû ïåðåìåííîé è èíòåãðèðîâàíèÿ ïî ÷àñòÿì.

Ïîñëå îçíàêîìëåíèÿ ñ òåîðåòè÷åñêîé ÷àñòüþ èäåò òåõíîëîãè÷åñêàÿ, â êî-

òîðîé èñïîëüçóåòñÿ àâòîðñêàÿ ìåòîäèêà îáó÷åíèÿ íàõîæäåíèþ ïåðâîîáðàçíîé.

Îíà ñîñòîèò â îïðåäåëåííîé ñèñòåìå, îñíîâàííîé íà âîïðîñàõ, âîçìîæíûõ íà íèõ

îòâåòàõ, è âûïîëíåíèè ñîîòâåòñòâóþùèõ ïðîñòûõ ðåêîìåíäàöèé. Ïðèâåäåì åå,

ïðîöèòèðîâàâ �ðàãìåíò òåêñòà èç ðàñïîëîæåííîãî íà àâòîðñêîì ñàéòå ìàòåðè-

àëà.

Åñëè ïîäûíòåãðàëüíàÿ �óíêöèÿ � ýòî îäíà èç �óíêöèé, ïåðâîîáðàçíàÿ

îò êîòîðûõ íàõîäèòñÿ íåïîñðåäñòâåííî (â òàêîì ñëó÷àå ãîâîðÿò î ¾òàáëè÷íîì

èíòåãðàëå¿), íàäî âîñïîëüçîâàòüñÿ ñîîòâåòñòâóþùåé �îðìóëîé èç òàáëèöû ïåð-

âîîáðàçíûõ.

Åñëè ïîäûíòåãðàëüíàÿ �óíêöèÿ íå ñîâïàäàåò íè ñ îäíîé èç �óíêöèé, óêà-

çàííûõ â òàáëèöå ïåðâîîáðàçíûõ, òî íàäî ïîñòàâèòü âîïðîñ ¾êàê óñòðîåíà �óíê-

öèÿ?¿. Ïîñêîëüêó, êàê îòìå÷åíî, ïðè íàõîæäåíèè ïåðâîîáðàçíîé íåò åäèíûõ àë-

ãîðèòìîâ, ïðèãîäíûõ äëÿ ëþáûõ �óíêöèé, ñîñòàâëåííûõ ñ èñïîëüçîâàíèåì àë-

ãåáðàè÷åñêèõ îïåðàöèé, êîìïîçèöèè è îáðàòíîé �óíêöèè, åñòåñòâåííî, ïðèäåòñÿ
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îáðàùàòü âíèìàíèå íà áîëåå ÷àñòíûå äåòàëè ïðè îòâåòå íà ïîñòàâëåííûé âîïðîñ.

Ïðåäñòàâëÿåòñÿ ïîëåçíûì àêöåíòèðîâàòü âíèìàíèå íà äåòàëÿõ, ñïîñîáñòâóþ-

ùèõ îáíàðóæåíèþ ïðèìåíåíèÿ òîãî èëè èíîãî èç èìåþùèõñÿ ñðåäñòâ, à èìåííî,

ëèíåéíîñòè èíòåãðàëà, çàìåíû ïåðåìåííîé (â ðàçíûõ êîíòåêñòàõ) è èíòåãðèðî-

âàíèÿ ïî ÷àñòÿì.

Òåì ñàìûì âîïðîñ îá óñòðîéñòâå �óíêöèè ïîëåçíî äîïîëíÿòü âîïðîñîì: åñòü

ëè â ïîäûíòåãðàëüíîé �óíêöèè �ðàãìåíòû, ïðèñóòñòâèå êîòîðûõ âñåãäà ïðåä-

ïîëàãàåò âûïîëíåíèå îïðåäåëåííûõ äåéñòâèé. Íàçîâåì òàêèå �ðàãìåíòû ñèì-

âîëîñî÷åòàíèÿìè èëè �èãóðàìè ñèìâîëîâ è ïåðå÷èñëèì íàèáîëåå ÷àñòî âñòðå-

÷àþùèåñÿ, ñîïðîâîæäàÿ ñèìâîëîñî÷åòàíèÿ îïèñàíèåì äåéñòâèé, êîòîðûå íàäî

âûïîëíèòü ïðè èõ îáíàðóæåíèè. Îáû÷íî òàêèå äåéñòâèÿ íàïðàâëåíû íà âûïîë-

íåíèå çàìåíû èëè íà ïîäñòàíîâêó è èñïîëüçîâàíèå ñîîòâåòñòâóþùåãî óòâåðæäå-

íèÿ.

1. Åñëè â ïîäûíòåãðàëüíîé �óíêöèè åñòü âûðàæåíèå âèäà kx + l, ìîæíî
ëèáî âûïîëíèòü çàìåíó, à èìåííî ïîëîæèòü kx + l = t, ïîäãîòîâèòü çàìåíó,

ò. å. âûðàçèòü x ÷åðåç t è dx ÷åðåç dt, è ïåðåéòè ê íàõîæäåíèþ ïåðâîîáðàçíîé îò

íîâîé �óíêöèè, çàâèñÿùåé îò t, ëèáî ïðåäâàðèòåëüíî ïîäãîòîâèâ �ðàãìåíò dx
ê âûïîëíåíèþ òàêîé çàìåíû, à èìåííî ñíà÷àëà âîñïîëüçîâàòüñÿ òåì, ÷òî dx =
1
kd(kx+ l), è òîëüêî ïîòîì ñäåëàòü çàìåíó.

2. Äîïóñòèì, ÷òî â ïîäûíòåãðàëüíîì âûðàæåíèè åñòü �ðàãìåíò x dx. Òîãäà
íàäî âîñïîëüçîâàòüñÿ ðàâåíñòâîì x dx = 1

2dx
2
, è åñëè îñòàâøàÿñÿ ÷àñòü ïîäûí-

òåãðàëüíîé �óíêöèè çàâèñèò îò x2, òî öåëåñîîáðàçíî âûïîëíèòü çàìåíó x2 = t.

3. Åñëè âñòðåòèëñÿ �ðàãìåíò

dx
2
√
x
, ìîæíî âîñïîëüçîâàòüñÿ ðàâåíñòâîì

dx
2
√
x
=

d
√
x è ïðîàíàëèçèðîâàòü öåëåñîîáðàçíîñòü çàìåíû

√
x = t. Â ýòîì ñëó÷àå äàæå

åñëè ïîäûíòåãðàëüíàÿ �óíêöèÿ çàâèñèò íå òîëüêî îò âûðàæåíèÿ

√
x, çàìåíà

ìîæåò îêàçàòüñÿ ïîëåçíîé. Â òàêîì ñëó÷àå åå íàäî ïîäãîòîâèòü â òîì ñìûñëå,

÷òî ñòàðóþ ïåðåìåííóþ âûðàçèòü ÷åðåç íîâóþ è âûðàçèòü dx ÷åðåç dt: x = t2,
dx = 2t dt, ïåðåéòè ê èíòåãðàëó îò íîâîé ïåðåìåííîé, è â ñëó÷àå íàõîæäåíèÿ

ïåðâîîáðàçíîé âåðíóòüñÿ ê ñòàðîé ïåðåìåííîé.

4. Ôðàãìåíòû sinx dx, cosx dx ïðåäïîëàãàþò èñïîëüçîâàíèå ðàâåíñòâ

sinx dx = −d cos x, cos x dx = d sinx è àíàëèç öåëåñîîáðàçíîñòè ñîîòâåòñòâóþ-

ùåé çàìåíû.

5. Ñèìâîëîñî÷åòàíèå

√
1− x2 èëè

√
a2 − x2 ÷àñòî ñâÿçàíî ñ ïîäñòàíîâêîé x =

sin t èëè x = a sin t, ãäå t ïðèíàäëåæèò êàêîìó-ëèáî èç ïðîìåæóòêîâ âçàèìíîé

îäíîçíà÷íîñòè ñèíóñà, íàïðèìåð −π/2 6 t 6 π/2. Â ðåçóëüòàòå åå âûïîëíåíèÿ

ïîëó÷àåòñÿ âûðàæåíèå | cos t|, ò. å. èñ÷åçàåò èððàöèîíàëüíîñòü.
6. Ôðàãìåíò

√
1 + x2 èëè

√
a2 + x2 ÷àñòî ñâÿçàí ñ ïîäñòàíîâêîé x = sh t èëè

x = a sh t, t ∈ R, è èñïîëüçîâàíèåì �îðìóë äëÿ ãèïåðáîëè÷åñêèõ �óíêöèé, èëè

ïîäñòàíîâêîé x = a tg t, −π/2 6 t 6 π/2, a > 0.

7. Åñëè â ïîäûíòåãðàëüíîé �óíêöèè åñòü êîðåíü, ïîä êîòîðûì íàõîäèòñÿ

ìíîãî÷ëåí ïåðâîé ñòåïåíè, ò. å. ïðèñóòñòâóåò âûðàæåíèå âèäà

n
√
kx+ l, òî öåëå-

ñîîáðàçíî âåñü êîðåíü âçÿòü â êà÷åñòâå íîâîé ïåðåìåííîé, ïîäãîòîâèòü çàìåíó,

à èìåííî âûðàçèòü x ÷åðåç t è dx ÷åðåç dt è ïåðåéòè ê íàõîæäåíèþ ïåðâîîáðàç-

íîé îò íîâîé �óíêöèè, çàâèñÿùåé îò t.
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8. Âûðàæåíèå

dx
x2
ìîæåò èñïîëüçîâàòüñÿ ïîñëå çàìå÷àíèÿ î òîì, ÷òî

dx
x2

= −d 1
x

è àíàëèçà öåëåñîîáðàçíîñòè ñîîòâåòñòâóþùåé çàìåíû.

×òî äàåò îáðàùåíèå ê ïîèñêó ñèìâîëîñî÷åòàíèé? Îíî ïîçâîëÿåò áîëåå ý�-

�åêòèâíî îðãàíèçîâàòü ïîèñê ïåðâîîáðàçíîé, öåëåíàïðàâëåííî èçó÷àÿ óñòðîé-

ñòâî ïîäûíòåãðàëüíîé �óíêöèè ñ öåëüþ îáíàðóæåíèÿ òîãî èëè èíîãî �ðàãìåíòà

è âûïîëíÿÿ ñîïóòñòâóþùèå ðåêîìåíäàöèè.

Ìîæíî îïèñàòü è îáùèå ðåêîìåíäàöèè ïî çàìåíå è ïîäñòàíîâêå, îäíàêî îòî-

øëåì çàèíòåðåñîâàííûõ ÷èòàòåëåé, íàïðèìåð, ê [1℄, à çäåñü êðàòêî îñòàíîâèìñÿ

íà èíòåãðèðîâàíèè ïî ÷àñòÿì, èáî ýòî òåõíè÷åñêîå ñðåäñòâî âûçûâàåò îïðåäå-

ëåííûå òðóäíîñòè ïðè íà÷àëüíîì çíàêîìñòâå ñ íèì.

Èíòåãðèðîâàíèå ïî ÷àñòÿì ïðèìåíÿåòñÿ â ñëåäóþùåé ñèòóàöèè. Åñëè

ïîäûíòåãðàëüíàÿ �óíêöèÿ ïðåäñòàâèìà (èëè ïðåäñòàâëåíà) â âèäå ïðîèçâåäå-

íèÿ äâóõ äè��åðåíöèðóåìûõ �óíêöèé è ìû íàõîäèì, ÷òî äè��åðåíöèðîâàíèå

îäíîé èç íèõ ïðèâîäèò ê áîëåå ïðîñòîé �óíêöèè, òî ìîæíî ïîïðîáîâàòü âîñ-

ïîëüçîâàòüñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì. Â òàêîì ñëó÷àå âòîðîé ñîìíîæèòåëü

íàäî ïðåäñòàâèòü â âèäå ïðîèçâîäíîé îò ñîîòâåòñòâóþùåé �óíêöèè (ò. å. íàé-

òè ïåðâîîáðàçíóþ âòîðîãî ñîìíîæèòåëÿ) è ïðèìåíèòü �îðìóëó èíòåãðèðîâàíèÿ

ïî ÷àñòÿì. Â ðåçóëüòàòå ïîñëå äè��åðåíöèðîâàíèÿ ïåðâîé �óíêöèè ìîæåò ïî-

ëó÷èòüñÿ ïîäûíòåãðàëüíàÿ �óíêöèÿ áîëåå ïðîñòîãî âèäà. Ïðè ýòîì ÷àùå âñåãî

óäîáíî ïîëüçîâàòüñÿ �îðìóëîé âèäà

∫
f(x) dg(x) = f(x)g(x) −

∫
g(x)f ′(x) dx.

Ïðîöåññ èíòåãðèðîâàíèÿ ïî ÷àñòÿì îðãàíèçóåòñÿ òàê. Äîïóñòèì, ÷òî â èí-

òåãðàëå âèäà

∫
f(x)ϕ(x) dx ìû íàøëè, ÷òî �óíêöèÿ f(x) â ðåçóëüòàòå åå äè�-

�åðåíöèðîâàíèÿ ñòàíîâèòñÿ ïðîùå (íàïðèìåð, ýòî xn èëè arctg x, èëè arcsinx
è ò. ï.). Òîãäà èùåì ïåðâîîáðàçíóþ �óíêöèè ϕ(x), ò. å. ïðåäñòàâëÿåì ϕ(x)
â âèäå ϕ(x) = g′(x). Äàëåå ¾çàíîñèì g(x) ïîä d¿, ò. å. äåëàåì çàïèñü âèäà

g′(x) dx = dg(x). Çàòåì âûïîëíÿåì îïåðàöèþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

∫
f(x) dg(x) = f(x)g(x) −

∫
g(x) df(x).

Íàêîíåö, â ïîñëåäíåì èíòåãðàëå äåëàåì ïîäãîòîâêó äëÿ äàëüíåéøåãî åãî íàõîæ-

äåíèÿ: ∫
g(x) df(x) =

∫
g(x)f ′(x) dx,

è ïåðåõîäèì ê íàõîæäåíèþ ïîñëåäíåãî èíòåãðàëà. Ýòó ïîñëåäîâàòåëüíîñòü äåé-

ñòâèé ìîæíî çàïèñàòü òàê:

∫
f(x)ϕ(x) dx =

∫
f(x)g′(x) dx =

∫
f(x) dg(x)

= f(x)g(x) −
∫
g(x) df(x) = f(x)g(x) −

∫
g(x)f ′(x) dx.

�àçóìååòñÿ, ïîñëå òàêîãî íàáîðà ðåêîìåíäàöèé ñëåäóåò íàáîð ïðèìåðîâ, ïî-

êàçûâàþùèõ èõ ïðèìåíåíèå. Â öåëîì ñëåäîâàíèå èçëîæåííûì ðåêîìåíäàöèÿì
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óìåíüøàåò íàïðÿæåíèå, íåðåäêî âîçíèêàþùåå íà íà÷àëüíîì ýòàïå îáó÷åíèÿ íà-

õîæäåíèþ ïåðâîîáðàçíîé, è çàêëàäûâàåò îñíîâó äëÿ îñâîåíèÿ òåõíèê, ñîïðî-

âîæäàþùèõ èíòåãðèðîâàíèå â ñïåöèàëüíûõ ñëó÷àÿõ.

Çàêëþ÷åíèå. Ïîòðåáíîñòü îáåñïå÷åíèÿ ñòèëÿ îðãàíèçàöèè ó÷åáíîé ëèòå-

ðàòóðû è ó÷åáíîãî ïðîöåññà, ïðè êîòîðîì ïðåèìóùåñòâî íà ñòîðîíå îáðàçîâà-

òåëüíîé ñîñòàâëÿþùåé, ïîçâîëÿþùåé �îðìèðîâàòü êîìïåòåíöèè ðàçíîãî òèïà

è ïîääåðæèâàþùåé ñïîñîáíîñòü ê íåïðåðûâíîìó îáðàçîâàíèþ, íà ïåðâûé ïëàí

âûäâèãàåò òåõíîëîãè÷åñêóþ ñîñòàâëÿþùóþ, íå â óùåðá, à â ïîääåðæêó òåîðåòè-

÷åñêîé (èí�îðìàöèîííîé). Â ïåðâóþ î÷åðåäü íàäî çàáîòèòüñÿ î �îðìèðîâàíèè

ñïîñîáíîñòè ê äåÿòåëüíîñòè â ðàìêàõ îáðàçîâàòåëüíîé äèñöèïëèíû, ïîä÷èíÿÿ

èí�îðìàöèîííóþ ñîñòàâëÿþùóþ ýòîé çàáîòå. Ýòî ìîæåò ïðèâåñòè ê ñóùåñòâåí-

íîé ïåðåñòðîéêå òðàäèöèîííûõ ñèñòåì è ñòèëåé èçëîæåíèÿ ìàòåðèàëà è ê ïî-

òðåáíîñòè âûðàáîòêè íîâûõ êîíöåïöèé ïðåïîäàâàíèÿ. Òðåõ÷àñòíàÿ îðãàíèçà-

öèÿ ó÷åáíûõ ìàòåðèàëîâ: òåîðèÿ � òåõíîëîãèè � ïðàêòèêà, è îñíîâàííàÿ íà

íåé ñòðóêòóðà îáðàçîâàòåëüíîãî ïðîöåññà ìîãóò ñëóæèòü îäíîé èç îñíîâ îáåñ-

ïå÷åíèÿ ïðèîðèòåòà îáðàçîâàòåëüíîé ñîñòàâëÿþùåé ó÷åáíîãî ïðîöåññà.

Ëèòåðàòóðà

1. Äÿòëîâ Â. Í. �àññóæäåíèÿ î ïðåïîäàâàíèè ìàòåìàòè÷åñêîãî àíàëèçà.�Âëàäèêàâêàç:

ÞÌÈ ÂÍÖ �ÀÍ, 2018.

2. Ìîðäêîâè÷ À. �., Ñåìåíîâ Ï. Â. Àëãåáðà. 9 êëàññ, 12-å èçä., ñòåð.: Ó÷åá. äëÿ îáùåîáðà-

çîâàò. ó÷ðåæäåíèé.�Ì.: Ìíåìîçèíà, 2010.

3. Äîðî�ååâ �. Â., Ñóâîðîâà Ñ. Â.,Áóíèìîâè÷ Å. À. è äð. Àëãåáðà. 8 êëàññ: Ó÷åá. äëÿ

îáùåîáðàçîâàò. îðãàíèçàöèé, 7-e èçä. / ïîä ðåä. �. Â. Äîðî�ååâà: �îñ. àêàä. íàóê, �îñ.

àêàä. îáðàçîâàíèÿ.�Ì.: Ïðîñâåùåíèå, 2013.�(Àêàäåìè÷åñêèé øêîëüíûé ó÷åáíèê).

4. Êî÷åòêîâ Å. Ñ., Êî÷åòêîâà Å. Ñ. Àëãåáðà è ýëåìåíòàðíûå �óíêöèè: Ó÷åá. ïîñîáèå

äëÿ ó÷àùèõñÿ 10 êë. ñð. øê., 3-å èçä.�Ì.: Ïðîñâåùåíèå, 1968.

5. Ìàêàðû÷åâ Þ. Í. Àëãåáðà. 9 êëàññ: Ó÷åá. äëÿ ó÷àùèõñÿ îáùåîáðàçîâàò. ó÷ðåæäå-

íèé, 12-å èçä., ñòåð. / ïîä ðåä. Þ. Í. Ìàêàðû÷åâ, Í. �. Ìèíäþê, Ê. È. Íåøêîâ,

Í. Å. Ôåîêòèñòîâ.�Ì.: Ìíåìîçèíà, 2013.

117



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÌÅÒÎÄÈ×ÅÑÊÈÅ Ï�ÎÅÊÒÛ

È ÌÅÒÎÄÈ×ÅÑÊÀß ÄÅßÒÅËÜÍÎÑÒÜ

È. Å. Ìàëîâà

(�îññèÿ, Áðÿíñê; Á�Ó èì. È. �. Ïåòðîâñêîãî)

Ëåêöèÿ 1. Èñïîëüçîâàíèå ìåòîäè÷åñêèõ ïðîåêòîâ êàê ñðåäñòâà

ïîâûøåíèÿ êà÷åñòâà ïîäãîòîâêè áóäóùåãî ó÷èòåëÿ

Öåëè ëåêöèè:

1) îáîñíîâàòü çíà÷èìîñòü ìåòîäè÷åñêèõ ïðîåêòîâ â ïîäãîòîâêå ó÷èòåëÿ ÷åðåç

èñòîðèþ èõ èñïîëüçîâàíèÿ â Áðÿíñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå;

2) ðàñêðûòü îðãàíèçàöèþ ïîäãîòîâêè ìåòîäè÷åñêèõ ïðîåêòîâ è òðåáîâàíèÿ

ê íèì;

3) ïðèâåñòè ïðèìåðû ìåòîäè÷åñêèõ ïðîåêòîâ ñòóäåíòîâ, äàòü èì êîììåíòà-

ðèé.

Ïëàí ëåêöèè:

1. Èñòîðèÿ èñïîëüçîâàíèÿ ìåòîäè÷åñêèõ ïðîåêòîâ â Á�Ó.

2. Îðãàíèçàöèÿ âûïîëíåíèÿ ìåòîäè÷åñêèõ ïðîåêòîâ ïðè ïîäãîòîâêå ó÷èòåëÿ

ìàòåìàòèêè èëè èí�îðìàòèêè â Á�Ó.

3. Ïðèìåðû ìåòîäè÷åñêèõ ïðîåêòîâ.

4. Ïîäâåäåíèå èòîãîâ ëåêöèè.

Õîä ëåêöèè

1. Èñòîðèÿ èñïîëüçîâàíèÿ ìåòîäè÷åñêèõ ïðîåêòîâ â Á�Ó.

Ýòàï 1. �åçóëüòàòû äèñöèïëèíû ¾ÈÊÒ¿ íà ñòàðøèõ êóðñàõ.

Çàìå÷àíèå. Ïðèåì ðàáîòû: 1) îáðàùåíèå ê ïðàêòèêå êàê èñòî÷íèêó íîâûõ

çàïðîñîâ; 2) ïðåäñòàâëåíèå òåìàòèêè ïðîåêòîâ òåõ ëåò: ¾Ó÷èìñÿ è ó÷èì ðåøàòü

ãåîìåòðè÷åñêèå çàäà÷è¿; ¾Ó÷èìñÿ è ó÷èì äîêàçûâàòü òåîðåìû¿.

Ñïîñîá ïðåäñòàâëåíèÿ ïðîåêòîâ � êîìïüþòåðíàÿ ïðåçåíòàöèÿ.

Êîëëåêòèâíûé ïðîåêò áûë ïðåäñòàâëåí íà ñàéòå ÁÈÏÊ�Î äëÿ ó÷èòåëåé.

�èñ. 1. Ñëàéä ïðåäñòàâëåíèÿ ñóùíîñòè ìåòîäèêè � ïîìî÷ü îñâîèòü

ýòàïû ðàáîòû íàä çàäà÷åé.
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�èñ. 2. Ñëàéä ïðåäñòàâëåíèÿ ñïîñîáà ðàáîòû ñ ïðîåêòàìè.

�èñ. 3. Ñëàéä ïðåäñòàâëåíèÿ çàäà÷è ñ âûáîðîì äàëüíåéøèõ äåéñòâèé:

ïðîâåðèòü îòâåò, çàïðîñèòü ïîìîùü èëè ïåðåéòè ê äðóãîé çàäà÷å.

�èñ. 4. Ñëàéä âûáîðà äàëüíåéøèõ äåéñòâèé, åñëè, íàïðèìåð, îòâåò íå ïîëó÷èëñÿ.
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�èñ. 5. Ñëàéä ïðåäñòàâëåíèÿ àâòîðà ïðîåêòà

ïî ðàáîòå ñ âûáðàííîé çàäà÷åé � ñòóäåíòêè 2006 ã.

�èñ. 6. Ñëàéä ýòàïà ¾Àíàëèç óñëîâèÿ çàäà÷è ñ îäíîâðåìåííûì ïîñòðîåíèåì ÷åðòåæà¿.

Çàäà÷à. Âûñîòû AH è BK îñòðîóãîëüíîãî òðåóãîëüíèêà ABC ïåðåñåêàþò-

ñÿ â òî÷êå M , óãîë AMB ðàâåí 105◦. Íàéäèòå ãðàäóñíóþ ìåðó óãëà ABO, åñëè
O � öåíòð îêðóæíîñòè, îïèñàííîé îêîëî òðåóãîëüíèêà ABC.

�èñ. 7. Ñëàéä ýòàïà ¾Ïîèñê ñïîñîáà ðåøåíèÿ¿.
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Ïðîåêò ïîëó÷èë äâå îöåíêè: â êîíêóðñå Intel ¾Çàÿâêà íà óñïåõ¿ çàíÿë II ìå-

ñòî â íîìèíàöèè ¾Ëó÷øàÿ ìåòîäè÷åñêàÿ ðàçðàáîòêà óðîêà ìàòåìàòèêè ñ ïðè-

ìåíåíèåì ÈÊÒ¿ (2007 ã.); ïîëó÷èë Ñâèäåòåëüñòâî î ðåãèñòðàöèè ýëåêòðîííîãî

ðåñóðñà ïîä íàçâàíèåì ¾Îðãàíèçàöèÿ äèàëîãà ñ ó÷àùèìèñÿ â ïðîöåññå ðåøåíèÿ

âû÷èñëèòåëüíûõ ïëàíèìåòðè÷åñêèõ çàäà÷ íà îñíîâå êîìïüþòåðíîé àíèìàöèè¿

(2012 ã.). Â Ñâèäåòåëüñòâå ñêàçàíî, ÷òî ðåñóðñ îòâå÷àåò òðåáîâàíèÿì íîâèçíû

è ïðèîðèòåòíîñòè.

Ýòàï 2. �åçóëüòàòû äèñöèïëèíû ¾Ìåòîäèêà îáó÷åíèÿ ìàòåìàòèêå¿ â êàæ-

äîì èç ñåìåñòðîâ.

Ïåðâûé ýòàï ïîêàçàë ïîëüçó ïðîåêòîâ êàê äëÿ ñòóäåíòîâ, òàê è ó÷èòåëåé. Ïî-

ýòîìó íà âòîðîì ýòàïå ìû âêëþ÷èëè ðàçðàáîòêó ñòóäåíòàìè ïðîåêòîâ â êàæäîì

èç ñåìåñòðîâ îáó÷åíèÿ.

Áàêàëàâðû, çàêîí÷èâøèå îáó÷åíèå â Á�Ó â 2020 ã., âûïîëíÿëè ïðîåêòû íà

òåìû:

� ¾Ó÷èì (ñÿ) ðåøàòü òåêñòîâûå çàäà÷è¿.

� ¾Ó÷èì (ñÿ) ðåøàòü ïëàíèìåòðè÷åñêèå çàäà÷è¿.

� ¾Ó÷èì (ñÿ) ðåøàòü çàäà÷è ïîâûøåííîé ñëîæíîñòè¿.

Â ðàìêàõ äèñöèïëèíû ¾Ìåòîäîëîãèÿ îáó÷åíèÿ ìàòåìàòèêå¿ îíè ðàçðà-

áàòûâàëè ïðîåêò, ñîäåðæàùèé ðàçäåëû: ¾Ó÷èì (ñÿ) äîêàçûâàòü òåîðåìû¿;

¾Ó÷èì (ñÿ) îðãàíèçîâûâàòü ñìûñëîâîå ÷òåíèå¿.

Ïî ìåòîäèêå îáó÷åíèÿ èí�îðìàòèêå ðàçðàáîòàíû ïðîåêòû:

� ¾Ó÷èì (ñÿ) ðåøàòü çàäà÷è Î�Ý (Å�Ý)¿.

� ¾Ó÷èì (ñÿ) îðãàíèçîâûâàòü ñìûñëîâîå ÷òåíèå ó÷åáíèêà¿.

Ýòàï 3. Îáîáùåíèå â íàó÷íûõ ïóáëèêàöèÿõ èñïîëüçîâàíèÿ ìåòîäè÷åñêèõ

ïðîåêòîâ.

Îáîáùåíèå ñòóäåíòàìè ñâîèõ ðåçóëüòàòîâ. Íîâèçíà ïóáëèêàöèé çàêëþ÷à-

ëàñü â îïèñàíèè ðàçðàáîòàííûõ èìè ïðèåìîâ (ñì., íàïðèìåð, [1℄).

Îáîáùåíèå ðåçóëüòàòîâ ïðåïîäàâàòåëåì. Íîâèçíà ïóáëèêàöèé çàêëþ÷à-

ëàñü â îáîñíîâàíèè ðîëè ïðîåêòîâ â ïîäãîòîâêå ó÷èòåëÿ (ñì., íàïðèìåð, [2℄).

Ïðî�åññîð Ì. À. ×îøàíîâ (Òåõàññêèé óíèâåðñèòåò, Ýëü Ïàñî, ÑØÀ) ñîîòíåñ

íàøè èäåè ñ íàïðàâëåíèåì îáó÷åíèÿ �leàrning to a
t in the moment�.

Â ñòàòüå [3℄ ðàññìàòðèâàþòñÿ ðàçëè÷íûå âèäû çíàíèé: çíàíèå-÷òî (kno-

wing-that), çíàíèå-êàê (knowing-how), çíàíèå-ïî÷åìó (knowing-why), çíàíèå-î

(knowing-about) è îáîñíîâûâàåòñÿ, ÷òî ñêâîçü âñå ýòè âèäû çíàíèé äîëæíî ïðî-

õîäèòü çíàíèå-ê (knowing-to a
t in the moment). Òàêîé âûâîä ñîãëàñóåòñÿ ñ äå-

ÿòåëüíîñòíûì ïîäõîäîì ê îáó÷åíèþ, ïðåäñòàâëåííûì â Ô�ÎÑ êàê òðåáîâàíèå

ê îáó÷åíèþ íà ñîâðåìåííîì ýòàïå. Îáîáùåíèå ïðåäñòàâëåíî â äâóõ ïóáëèêàöè-

ÿõ [4, 5℄, âûøåäøèõ çà ðóáåæîì.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå îïûòà îáùåíèÿ ñ êîëëåãîé

èç ÑØÀ â ðàìêàõ Ìåæäóíàðîäíîé êîí�åðåíöèè: â ïëåíàðíîì äîêëàäå Ì. À. ×î-

øàíîâà áûë çàòðîíóò âîïðîñ î ïîäãîòîâêå ó÷èòåëåé â ÑØÀ; õîòåëîñü óçíàòü,

ñîãëàñóåòñÿ ëè íàø ïîäõîä ê ìåòîäè÷åñêèì ïðîåêòàì ñ çàðóáåæíûì, ïîòîìó ïî-

ñëå ñâîåãî âûñòóïëåíèÿ íà ñåêöèè, êîòîðîé ðóêîâîäèë Ì. À. ×îøàíîâ, ÿ çàäàëà

èíòåðåñóþùèé ìåíÿ âîïðîñ; îêàçàëîñü, ÷òî åñòü òàêîå íàïðàâëåíèå îáó÷åíèÿ

�learning to a
t in the moment�; 2) ïðåäñòàâëåíèå îïûòà ïîèñêà çàðóáåæíûõ íà-
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ó÷íûõ èñòî÷íèêîâ; 3) ññûëêà íà ñîáñòâåííûå ïóáëèêàöèè, ïðåäñòàâëåííûå â çà-

ðóáåæíûõ èçäàíèÿõ.

2. Îðãàíèçàöèÿ âûïîëíåíèÿ ìåòîäè÷åñêèõ ïðîåêòîâ ïðè ïîäãîòîâ-

êå ó÷èòåëÿ â Á�Ó (íà ïðèìåðå ïðîåêòîâ ïî îáó÷åíèþ ó÷àùèõñÿ ðåøåíèþ

çàäà÷). Âûïîëíåíèå ïðîåêòà îñóùåñòâëÿåòñÿ â 3 ýòàïà, íà êàæäîì èç êîòîðûõ

ðåøàþòñÿ ñâîè ìåòîäè÷åñêèå çàäà÷è.

Ýòàï 1. Âûïîëíåíèå çàäàíèÿ â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè ê ðåçóëüòàòó.

1. Îïðåäåëèòå òèï ðåøàåìûõ çàäà÷.

2. Âûäåëèòå òåîðåòè÷åñêèå îñíîâû ðåøåíèÿ çàäà÷ äàííîãî òèïà è ó÷òèòå

àêòèâíóþ äåÿòåëüíîñòü ó÷àùèõñÿ ïðè ðàáîòå ñ òåîðåòè÷åñêèì ìàòåðèàëîì.

3. �àñêðîéòå äèàëîã ñ ó÷àùèìèñÿ íà ÷åòûðåõ ýòàïàõ ðàáîòû ñ çàäà÷åé: àíà-

ëèç óñëîâèÿ ñ îäíîâðåìåííûì ñîñòàâëåíèåì êðàòêîé çàïèñè; ïîèñê ñïîñîáà ðåøå-

íèÿ, çàâåðøàþùèéñÿ ñîñòàâëåíèåì ïëàíà ðåøåíèÿ; î�îðìëåíèå ðåøåíèÿ; ïîä-

âåäåíèå èòîãîâ ðàáîòû íàä çàäà÷åé.

Íà ýòîì ýòàïå ðåøàþòñÿ ñëåäóþùèå ìåòîäè÷åñêèå çàäà÷è:

1. �àçðàáîòàòü òàêîé âèä êðàòêîé çàïèñè óñëîâèÿ çàäà÷è, ÷òîáû îíà ñïîñîá-

ñòâîâàëà ïîèñêó ñïîñîáà åå ðåøåíèÿ.

2. Ìîòèâèðîâàòü íàïðàâëåíèå ïîèñêà, âûáîð ïðèåìà èëè ìåòîäà ðåøåíèÿ,

äîïîëíèòåëüíîãî ïîñòðîåíèÿ è äð., îáîáùèòü ïðåäëîæåííûå ïðèåìû.

3. Ý��åêòèâíî èñïîëüçîâàòü àíèìàöèþ.

Ýòàï 2. Èñïðàâëåíèå ìåòîäè÷åñêèõ îøèáîê.

Íà ýòîì ýòàïå ðåøàþòñÿ ìåòîäè÷åñêèå çàäà÷è:

4. Âûäåëèòü ñïîñîáû îáåñïå÷åíèÿ ñàìîñòîÿòåëüíîé óñïåøíîñòè ó÷àùèõñÿ.

5. Âûÿâèòü ïðè÷èíû ìåòîäè÷åñêèõ çàòðóäíåíèé è ñïîñîáû èõ ïðåîäîëåíèÿ.

Ýòàï 3. Ïîäãîòîâêà ïóáëèêàöèé.

Íà ýòîì ýòàïå ðåøàåòñÿ çàäà÷à:

6. Îáîáùèòü ìåòîäè÷åñêèå ðåøåíèÿ.

3. Ïðèìåðû ìåòîäè÷åñêèõ ïðîåêòîâ.

Ïðèìåð 1. Ïðîåêò Âëàäèñëàâà Áîðöîâà ¾Ìåòîäèêà ðàáîòû ñ çàäà÷åé íà

ïðîöåíòû¿.

Ïðåäñòàâèì ýòàïû àíàëèçà óñëîâèÿ è ïîèñêà ñïîñîáà ðåøåíèÿ.

Àíàëèç óñëîâèÿ çàäà÷è

Çàäà÷à. Ñåìüÿ ñîñòîèò èç ìóæà, æåíû è èõ äî÷åðè ñòóäåíòêè. 1) Åñëè áû

çàðïëàòà ìóæà óâåëè÷èëàñü âäâîå, îáùèé äîõîä ñåìüè âûðîñ áû íà 67%. 2) Åñëè

áû ñòèïåíäèÿ äî÷åðè óìåíüøèëàñü âòðîå, îáùèé äîõîä ñåìüè ñîêðàòèëñÿ áû

íà 4%. Ñêîëüêî ïðîöåíòîâ îò îáùåãî äîõîäà ñåìüè ñîñòàâëÿåò çàðïëàòà æåíû?

� Êàêîãî ýòî òèïà çàäà÷à? (Íà ïðîöåíòû.)

� Î ÷åì èäåò ðå÷ü? (Î äîõîäàõ ñåìüè è åå ÷ëåíàõ.)

� Êàêèå ñèòóàöèè áûëè ðàññìîòðåíû? ×òî î íèõ èçâåñòíî?

� ×òî òðåáóåòñÿ íàéòè? (Ïðîöåíò çàðïëàòû æåíû.)
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�èñ. 8. Àíàëèç óñëîâèÿ çàäà÷è.

�èñ. 9. Ïîèñê ñïîñîáà ðåøåíèÿ.

1) Ñ ÷åãî íà÷èíàþò ðåøàòü çàäà÷è íà ïðîöåíòû? (Îïðåäåëÿþò, êàêîå ÷èñëî

ïðèíèìàåòñÿ çà 100%.)

2) Êàêîå ÷èñëî ïðèíèìàåòñÿ çà 100%? (Äîõîä ñåìüè ñîñòàâëÿåò 100%.)

3) ×òî ìîæíî íàéòè ïî óñëîâèþ, ÷òî äîõîä ñåìüè â ïåðâîé ñèòóàöèè óâåëè-

÷èòñÿ íà 67%? (Ìîæíî íàéòè ñêîëüêî ïðîöåíòîâ ïðèõîäèòñÿ íà ¾äîáàâëåííóþ¿

âåëè÷èíó, ò. å. íà äîõîä ìóæà.)

4) ×òî ìîæíî íàéòè ïî óñëîâèþ, ÷òî äîõîä ñåìüè âî âòîðîé ñèòóàöèè óìåíü-

øèòñÿ íà 4%? (Ìîæíî íàéòè, ñêîëüêî ïðîöåíòîâ ïðèõîäèòñÿ íà ¾óðåçàííóþ¿

âåëè÷èíó, ò. å. íà 2/3 äîõîäà äî÷åðè.)

5) Ïîìîãóò ëè ýòè äàííûå îòâåòèòü íà âîïðîñ çàäà÷è? (Äà. Ìîæíî íàéòè

äîõîä äî÷åðè, à ïîòîì îòâåòèòü íà âîïðîñ çàäà÷è.)

Îòñþäà âîçíèêàåò ïëàí ðåøåíèÿ. Íàçîâèòå åãî.

1) Íàéòè, ñêîëüêî ïðîöåíòîâ ñîñòàâëÿåò çàðïëàòà ìóæà.

2) Íàéòè, ñêîëüêî ïðîöåíòîâ ñîñòàâëÿþò 2/3 äîõîäà äî÷åðè.

3) Íàéòè, ñêîëüêî ïðîöåíòîâ ñîñòàâëÿåò äîõîä äî÷åðè.

4) Íàéòè, ñêîëüêî ïðîöåíòîâ ñîñòàâëÿåò çàðïëàòà æåíû.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) äåëîâàÿ èãðà ¾Ó÷èòåëü�ó÷àùèåñÿ¿ ñ èñ-

ïîëüçîâàíèåì êîìïüþòåðíîé ïðåçåíòàöèè; 2) èñïîëüçîâàíèå â ïðîåêòå äîìàøíåé

çàäà÷è, êîòîðàÿ ìîãëà âûçâàòü ó ñëóøàòåëåé çàòðóäíåíèÿ; 3) êîììåíòèðîâàíèå

èñïîëüçîâàííûõ ïðèåìîâ: ïðÿìûå âîïðîñû è ïðÿìûå îòâåòû èëè êîñâåííûå îò-

âåòû (ïðåäñòàâëåííûå â óñëîâèè çàäà÷è èëè â êðàòêîé çàïèñè); îòðàæåíèå â

êðàòêîé çàïèñè êàæäîãî óñëîâèÿ çàäà÷è è åå âîïðîñà; èñïîëüçîâàíèå ãðà�è÷å-

ñêèõ îáúåêòîâ äëÿ õàðàêòåðèñòèêè äîõîäîâ ðàçíûõ ÷ëåíîâ ñåìüè; èñïîëüçîâàíèå

âîïðîñîâ, âàæíûõ äëÿ ðåøåíèÿ çàäà÷ íà ïðîöåíòû, äëÿ âåäåíèÿ ïîèñêà ìåòîäîì

ñèíòåçà è äð.
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Ïðèìåð 2. Ïðîåêò Âàñèíîé Îëüãè ¾Ìåòîäîëîãè÷åñêèå îñíîâû òåìû ¾Íåðà-

âåíñòâà¿ (÷àñòü 2)¿.

�èñ 10. Èñïîëüçîâàíèå îïðåäåëåíèÿ ïðè äîêàçàòåëüñòâå òåîðåì î íåðàâåíñòâàõ.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) äåëîâàÿ èãðà ¾Ó÷èòåëü�ó÷àùèåñÿ¿ ñ èñ-

ïîëüçîâàíèåì êîìïüþòåðíîé ïðåçåíòàöèè; 2) êîììåíòèðîâàíèå èñïîëüçîâàííûõ

ïðèåìîâ: èñïîëüçîâàíèå óêðóïíåííîé äèäàêòè÷åñêîé åäèíèöû äëÿ äîêàçàòåëü-

ñòâà ñâîéñòâ íåðàâåíñòâà; èñïîëüçîâàíèå åäèíîé ñõåìû äëÿ äâóõ ñâîéñòâ; äå-

ìîíñòðàöèÿ àíàëèòè÷åñêîãî äîêàçàòåëüñòâà ñ îïîðîé íà ñõåìó ñ ïîñëåäóþùèì

ñèíòåòè÷åñêèì äîêàçàòåëüñòâîì; ñîïîñòàâëåíèå îáùåãî (ñâîéñòâà 1 è 3 äîêàçû-

âàþòñÿ îäèíàêîâî) è îñîáåííîñòåé (ñâîéñòâî 2 èìååò îñîáåííîñòü: âìåñòî ñëîæå-

íèÿ äâóõ ÷èñåë äîáàâëÿåòñÿ è âû÷èòàåòñÿ îäíî è òî æå ÷èñëî) è äð.

Âûâîä: Ìíîãîëåòíÿÿ ýêñïåðèìåíòàëüíàÿ ðàáîòà ïîêàçûâàåò, ÷òî ìåòîäè÷å-

ñêèå ïðîåêòû ðåøàþò òðè çàäà÷è:

1) ìîòèâèðóþò ñàìîñòîÿòåëüíóþ ðàçðàáîòêó ìåòîäè÷åñêîãî ïðîäóêòà;

2) îêàçûâàþò äåéñòâåííóþ ìàòåìàòè÷åñêóþ ïîìîùü ó÷àùèìñÿ, ïîñêîëüêó

ñïîñîáñòâóþò îáåñïå÷åíèþ èõ ñàìîñòîÿòåëüíîé óñïåøíîñòè, à òàêæå ìåòîäè÷å-

ñêóþ ïîìîùü ñòóäåíòó (ó÷èòåëþ) â ðàçðàáîòêå ñîâðåìåííîãî ìåòîäè÷åñêîãî ðå-

øåíèÿ;

3) îáîãàùàþò ìåòîäèêó îáó÷åíèÿ ìàòåìàòèêå íîâûìè ðàçðàáîòêàìè.

4. Ïîäâåäåíèå èòîãîâ ëåêöèè.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå âîïðîñà ¾Êàêèå âîïðîñû

îáñóæäàëè?¿; 2) ¾ïåðåêëè÷êà¿ äâóõ àóäèòîðèé; 3) âîïðîñû ëåêòîðó.

Íà âîïðîñ ¾Êàêèå âîïðîñû îáñóæäàëè?¿ ñòóäåíòû îòâåòèëè: 1) âàðèàòèâ-

íîñòü âûáîðà ñâîåãî ðîñòà ïðè èñïîëüçîâàíèè ìåòîäè÷åñêèõ ïðîåêòîâ; 2) ýòà-

ïû ðàçâèòèÿ èññëåäîâàíèÿ ïî èñïîëüçîâàíèþ ìåòîäè÷åñêèõ ïðîåêòîâ, íà÷èíàÿ
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ñ çàäà÷è ïðàêòèêè; 3) êàêèå øàíñû íåëüçÿ óïóñêàòü: âíèìàòåëüíî îòíîñèòüñÿ

ê çàìå÷àíèÿì ìåòîäèñòà, âûïèñûâàòü ïðèåìû â ñâîþ êîïèëêó, ðåøàòüñÿ íà ïóá-

ëèêàöèè è äð.

Áûë ïðèìåíåí ïðèåì, êîãäà îäíà àóäèòîðèÿ íàçûâàåò âîïðîñû, à äðóãàÿ íà

íèõ îòâå÷àåò. Ïîñëå ëåêöèè íà âîïðîñ ¾Êàêóþ ïîëüçó äëÿ ñåáÿ ïîëó÷èëè èç

ñåãîäíÿøíåé ëåêöèè?¿ ñòóäåíòû Á�Ó îòâåòèëè: 1) ïðèÿòíî áûëî âèäåòü ñâîè

ïðåçåíòàöèè è ïðåçåíòàöèè òåõ, êîãî çíàþò; 2) èíòåðåñíàÿ ïåðåêëè÷êà àóäèòî-

ðèé; 3) íîâàÿ âîçìîæíîñòü â ïðåçåíòàöèÿõ � âêëþ÷àòü ãèïåðññûëêè; 4) ìåòîäû

äîêàçàòåëüñòâà òåîðåì î íåðàâåíñòâàõ; 5) ¾ðàçëîæåíèå ïî ïîëî÷êàì¿ ãåîìåò-

ðè÷åñêîé çàäà÷è, êîòîðàÿ áûëà íå ðåøåíà äîìà; 6) ïîëåçíîñòü ñîïðîâîæäåíèÿ

êàæäîãî øàãà âîïðîñîì è àíèìàöèåé; 7) óâèäåëè ðîëü ïðîåêòîâ, êîòîðûå ïðåä-

ñòîèò âûïîëíèòü, è îáðàçöû ýòèõ ïðîåêòîâ; 8) ïîëó÷èëè îïûò ëåêöèé â òàêîì

�îðìàòå; 9) ñîãëàñíû ñ ñîâåòîì ¾Âñåãäà ó÷èòåñü!¿; 9) çàõîòåëîñü èçó÷èòü òîò

ýëåêòðîííûé ðåñóðñ, êîòîðûé äåìîíñòðèðîâàëè, ïîñêîëüêó ãåîìåòðè÷åñêèå çà-

äà÷è âûçûâàþò çàòðóäíåíèÿ.

Âûñêàçàííûå ñîâåòû íà áóäóùåå: óëó÷øèòü òåõíè÷åñêîå îñíàùåíèå òàêèì

îáðàçîì, ÷òîáû îáå àóäèòîðèè áûëè âèäíû, âñå îòâåòû ñ îáåèõ ñòîðîí áûëè áû

ñëûøíû.

Ëåêöèÿ 2. Ïðèåìû ìåòîäè÷åñêîé äåÿòåëüíîñòè

Öåëè ëåêöèè:

1) ðàñêðûòü ïîíÿòèå ìåòîäè÷åñêîé äåÿòåëüíîñòè (ÌÄ) ó÷èòåëÿ, ïîíÿòèå

ïðèåìà ÌÄ êàê ñïîñîáà ðåàëèçàöèè ÌÄ;

2) âûäåëèòü èñòî÷íèêè ïðèåìîâ ÌÄ äëÿ îáîãàùåíèÿ îïûòà ó÷èòåëÿ;

3) ïðèâåñòè ïðèìåðû ïðèåìîâ ÌÄ ó÷èòåëÿ, äàòü èì êîììåíòàðèé.

Ïëàí ëåêöèè:

1. Îïðåäåëåíèå ìåòîäè÷åñêîé äåÿòåëüíîñòè (ÌÄ) ó÷èòåëÿ ìàòåìàòèêè. Ïî-

íÿòèå ïðèåìà ÌÄ.

2. Èñòî÷íèêè ïðèåìîâ ÌÄ ó÷èòåëÿ äëÿ îáîãàùåíèÿ åãî îïûòà.

3. Ïðèìåðû ïðèåìîâ ÌÄ ó÷èòåëÿ.

4. Ïîäâåäåíèå èòîãîâ ëåêöèè.

Õîä ëåêöèè

1. Îïðåäåëåíèå ìåòîäè÷åñêîé äåÿòåëüíîñòè (ÌÄ) ó÷èòåëÿ ìàòåìà-

òèêè. Ïîíÿòèå ïðèåìà ÌÄ.

Îïðåäåëåíèå. Ìåòîäè÷åñêàÿ äåÿòåëüíîñòü ó÷èòåëÿ ìàòåìàòèêè � ýòî äå-

ÿòåëüíîñòü ïî îðãàíèçàöèè ïåäàãîãè÷åñêîãî ïðîöåññà, íàïðàâëåííàÿ íà ïîëíî-

öåííî ðåçóëüòàòèâíîå îñâîåíèå ó÷àùèìèñÿ ìàòåìàòèêè.

Çàìå÷àíèå 1. Îáîñíîâàíèå ýòîìó îïðåäåëåíèþ äàíî â äîêòîðñêîé äèññåð-

òàöèè È. Å. Ìàëîâîé.

2. Ïðèåì ðàáîòû: êîíñòðóèðîâàíèå îïðåäåëåíèÿ ïî ñóùåñòâåííûì ïðèçíàêàì

÷åðåç îáîñíîâàíèå êàæäîìó èç íèõ.
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Ïðèåì ÌÄ � ýòî ñïîñîá îñóùåñòâëåíèÿ ìåòîäè÷åñêîé äåÿòåëüíîñòè ó÷èòåëÿ.

Çàìå÷àíèå. Ïðèåì ðàáîòû: îáñóæäåíèå òîãî, êàêèå öåëè èìååò ïðèåì.

2. Èñòî÷íèêè ïðèåìîâ ÌÄ ó÷èòåëÿ äëÿ îáîãàùåíèÿ åãî îïûòà. Âû-

äåëèì 3 èñòî÷íèêà ïðèåìîâ ÌÄ ó÷èòåëÿ äëÿ îáîãàùåíèÿ åãî îïûòà, óñëîâíî

íàçîâåì èõ òàê: âûäåëåíû äðóãèìè; ¾ïîäñìîòðåíû¿ ó äðóãèõ; ðàçðàáîòàíû ñà-

ìèìè.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) ïðåäîñòàâëåíèå âîçìîæíîñòè ñàìèì ñëóøà-

òåëÿì íàçâàòü 3 âèäà èñòî÷íèêîâ; 2) èñïîëüçîâàíèå ãðà�è÷åñêîé ñõåìû; 3) ïî-

ÿñíåíèå êàæäîãî èñòî÷íèêà ïðèìåðàìè ñèòóàöèé èç èìåþùåãîñÿ îïûòà.

Ñèòóàöèè äëÿ èñòî÷íèêà 1. Ñåãîäíÿ íà ëåêöèè áóäóò ïðåäñòàâëåíû ïðèåìû,

êîòîðûå ëåêòîð â ñâîå âðåìÿ ïðî÷èòàë â ìåòîäè÷åñêîé ëèòåðàòóðå. Áûëà ñèòó-

àöèÿ, êîãäà êîëëåãà-ó÷èòåëü ïîäñêàçàëà ïðèåì ¾Õóäîæíèê¿, ÷òîáû ïðåîäîëåòü

îøèáêè ó÷àùèõñÿ â ïîñòðîåíèè òî÷åê íà êîîðäèíàòíîé ïëîñêîñòè.

Ñèòóàöèè äëÿ èñòî÷íèêà 2. Íàáëþäåíèÿ çà âûñòóïëåíèÿìè ó÷åíûõ-ìàòåìà-

òèêîâ íà Ìåæäóíàðîäíûõ êîí�åðåíöèÿõ ¾Ïîðÿäêîâûé àíàëèç è ñìåæíûå âî-

ïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ¿, êîòîðûå ðåãóëÿðíî ïðîâîäÿòñÿ â Ñå-

âåðíîé Îñåòèè-Àëàíèè, ïîçâîëèëè âûäåëèòü ìåòîäè÷åñêèå ïðèåìû ëåêòîðîâ,

÷òî â 2019 ã. áûëî îáîáùåíî â ðàìêàõ ïëåíàðíîãî äîêëàäà ¾Ïðèåìû êîíñòðó-

èðîâàíèÿ è àíàëèçà ìåòîäè÷åñêîé äåÿòåëüíîñòè¿. Ìîæåò áûòü, êòî-òî èç ñëó-

øàòåëåé íå òîëüêî çàìåòèë ïðèåì êîíñòðóèðîâàíèÿ îïðåäåëåíèÿ ÌÄ, íî è âçÿë

åãî ñåáå íà çàìåòêó.

Ñèòóàöèè äëÿ èñòî÷íèêà 3. Íàâåðíÿêà â îïûòå êàæäîãî èç ïðèñóòñòâóþùèõ

áûëà ñèòóàöèè óäà÷íîé ïîìîùè äðóãîìó â ìàòåìàòèêå. Çíà÷èò, áûë èñïîëüçî-

âàí êàêîé-òî ïðèåì. Ñòóäåíòû, âûïîëíÿÿ ìåòîäè÷åñêèå ïðîåêòû, âûíóæäåíû

ïðèäóìûâàòü ñâîè ïðèåìû, ïîòîìó ÷òî íè â êàêîé ëèòåðàòóðå íå íàéòè îòâåò

íà âîïðîñ, êàê äåéñòâîâàòü â òîé èëè èíîé êîíêðåòíîé ñèòóàöèè. �ÿä ñòóäåíòîâ

îáîáùàþò ñâîè ïðèåìû â ðàìêàõ íàó÷íûõ ïóáëèêàöèé.

�èñ. 1. Âèä ñëàéäà äëÿ 2-ãî ïóíêòà ïëàíà ëåêöèè.

3. Ïðèìåðû ïðèåìîâ ÌÄ ó÷èòåëÿ. Âûäåëèì 3 ãðóïïû ïðèåìîâ ÌÄ

ó÷èòåëÿ: èñïîëüçîâàíèå êîäèðîâàíèÿ èí�îðìàöèè; ïðèåìû óêðóïíåíèÿ äèäàê-

òè÷åñêèõ åäèíèö; ïðèåìû îðãàíèçàöèè ðàáîòû ó÷àùèõñÿ.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) ïîÿñíåíèå ñëîâ ¾âûäåëèì¿ è ¾ãðóïï¿; 2) îá-

ðàùåíèå ê èìåþùåìóñÿ îïûòó; 3) èñïîëüçîâàíèå ãðà�è÷åñêîé ñõåìû.
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�èñ. 2. Âèä ñëàéäà äëÿ 3-ãî ïóíêòà ïëàíà ëåêöèè.

Ïðèìåðû êîäèðîâàíèÿ èí�îðìàöèè

1. Áèññåêòðèñà � ýòî . . .

2. Êàæäûé îõîòíèê æåëàåò çíàòü . . .

3. Êòî è øóòÿ è ñêîðî ïîæåëàåòú ïè óçíàòü ÷èñëî óæú çíàåò.

4. ÍÈÇÎ (íóëè-èíòåðâàëû-çíàêè-îòâåò) äëÿ ðåøåíèÿ íåðàâåíñòâ ìåòîäîì èí-

òåðâàëîâ.

5. Êîäèðîâàíèå ïðè äîêàçàòåëüñòâå òåîðåìû îá îïèñàííîì ÷åòûðåõóãîëüíè-

êå.

�èñ. 3. �èñóíîê ê äîêàçàòåëüñòâó ñâîéñòâà îïèñàííîãî ÷åòûðåõóãîëüíèêà.

Ñóòü äîêàçàòåëüñòâà. Îòðåçêè êàñàòåëüíûõ, ïðîâåäåííûõ èç îäíîé òî÷êè,

ðàâíû. Îáîçíà÷èì äëèíû ðàâíûõ îòðåçêîâ îäèíàêîâîé áóêâîé: À�À, Â�Â, Å�Å,

���. ¾Ïðî÷èòàåì¿ ñóììó îòðåçêîâ ïðîòèâîïîëîæíûõ ñòîðîí ÷åòûðåõóãîëüíèêà:

ÂÅ�À�ÂÅ�À. Âîò ìû è ïîêàçàëè, ÷òî ñóììû äëèí ïðîòèâîïîëîæíûõ ñòîðîí

îïèñàííîãî ÷åòûðåõóãîëüíèêà, ðàâíû.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå êîìïüþòåðíîé àíèìàöèè;

2) ðàññêàç î òîì, êàê ýòîò ïðèåì áûë ïîêàçàí Â. Ô. Øàòàëîâûì â Áðÿíñêå âî

âðåìÿ êóðñîâ äëÿ ó÷èòåëåé ìàòåìàòèêè.

Èçâåñòíûé ìåòîäèñò Âèêòîð Ôåäîðîâè÷ Øàòàëîâ ðàçðàáîòàë ý��åêòèâíóþ

ñèñòåìó îáó÷åíèÿ, ñ êîòîðîé ìîæíî ïîçíàêîìèòüñÿ â êíèãå ¾Êóäà è êàê èñ÷åçëè

òðîéêè¿ [6℄.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå íàçâàíèÿ êíèãè äëÿ èëëþ-

ñòðàöèè ðåçóëüòàòà � â åãî ñèñòåìå âñå øêîëüíèêè ó÷èëèñü òîëüêî íà 4 è 5;
2) èñïîëüçîâàíèå îáðàçà ñîëåíîãî îãóðöà äëÿ îáîñíîâàíèÿ äåéñòâåííîñòè ñèñòå-

ìû � â êàêîì áû òû íè áûë ñîñòîÿíèè (óðîâíå ðàçâèòèÿ), ïîïàâ â ñèñòåìó, òû

îáÿçàòåëüíî ñòàíåøü ¾ñîëåíûì¿ (äîñòèãíåøü äîëæíîãî óðîâíÿ).
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Àâòîðîì ìåòîäèêè óêðóïíåíèÿ äèäàêòè÷åñêèõ åäèíèö ÿâëÿåòñÿ êàëìûöêèé

ó÷åíûé Ïþðâà Ìþ÷êàåâè÷ Ýðäíèåâ [7℄.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå íàçâàíèÿ êíèãè äëÿ èëëþ-

ñòðàöèè ñóòè ìåòîäèêè � çà ìåíüøåå âðåìÿ óñâîèòü áîëüøåå êîëè÷åñòâî èí�îð-

ìàöèè çà ñ÷åò åå óêðóïíåíèÿ; 2) ðåêîìåíäàöèÿ ïîñìîòðåòü ó÷åáíèêè, â êîòîðûõ

ðåàëèçîâàíà èäåÿ ÓÄÅ; 3) èñïîëüçîâàíèå ëè÷íîãî âïå÷àòëåíèÿ îò çíàêîìñòâà

ñ Ï. Ì. Ýðäíèåâûì è åãî ñèñòåìîé â 1982 ã. â ã. Ýëèñòå.

Ïðèìåðû óêðóïíåííûõ äèäàêòè÷åñêèõ åäèíèö

1. Èñïîëüçîâàíèå ¾äâóõýòàæíûõ¿ çàïèñåé â îïðåäåëåíèÿõ è �îðìóëèðîâêàõ

òåîðåì.

îêðóæíîñòü

ñ�åðà

� ýòî ìíîæåñòâî âñåõ òî÷åê

ïëîñêîñòè

ïðîñòðàíñòâà

, ðàâíîóäàëåííûõ îò

çàäàííîé òî÷êè.

2. Èñïîëüçîâàíèå ¾äå�îðìèðîâàííûõ¿ óïðàæíåíèé.

(· · ·+ 1)(2a − . . . ) = 4a2 − . . . · · · + x6y3

· · · − · · ·+ . . .
= 4 + . . .

3. �åøåíèå ïðÿìûõ, îáðàòíûõ è èçìåíåííûõ çàäà÷ áåç ðàçðûâà âî âðåìåíè.

Ïðèìåð êîìïëåêñíîé çàäà÷è (èç ó÷åáíèêà àëãåáðû 7 êëàññà, � 99):

à) Èç îäíîãî ñåëà â äðóãîå âåëîñèïåäèñò åõàë ñî ñêîðîñòüþ 18 êì/÷, à âîçâðà-
ùàëñÿ ñî ñêîðîñòüþ 15 êì/÷. Íà îáðàòíûé ïóòü îí çàòðàòèë íà 20ìèí áîëüøå,

÷åì íà ïðÿìîé ïóòü. Êàêîâî ðàññòîÿíèå ìåæäó ñåëàìè?

v (êì/÷) t (÷) S (êì)

Òóäà 18 ?

Îáðàòíî 15 íà 1/3 á.

á) Èç îäíîãî ñåëà â äðóãîå âåëîñèïåäèñò åõàë ñî ñêîðîñòüþ 18 êì/÷, à âîçâðà-
ùàëñÿ ñî ñêîðîñòüþ 15 êì/÷. Íà âåñü ïóòü îí çàòðàòèë 32

3 ÷ (3 ÷ 40ìèí). Êàêîâî

ðàññòîÿíèå ìåæäó ñåëàìè?

â) Ñîñòàâèòü çàäà÷ó ïî óðàâíåíèþ

x

12
− x

15
=

2

3
.

ã) Ïðîâåðèòü ñëåäóþùèå òîæäåñòâà è çàìåíèòü â íèõ ÷èñëî 60 áóêâîé x;
ñîñòàâèòü çàäà÷è, ðàññêàçàòü èõ óñëîâèÿ è ðåøèòü èõ:

1)
60

4
+

60

5
= 27; 2)

60

4
− 60

5
= 3.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå òàáëèöû äëÿ ïðåäñòàâëåíèÿ

óñëîâèÿ çàäà÷è; 2) îáñóæäåíèå ðåøåíèÿ çàäà÷è ñ èñïîëüçîâàíèåì óðàâíåíèÿ;

3) êîììåíòèðîâàíèå îñîáåííîñòåé êàæäîé ïîñëåäóþùåé çàäà÷è â ïðåäñòàâëåí-

íîì êîìïëåêñå: çàäà÷à á) çàòðàãèâàåò èíóþ çàâèñèìîñòü ìåæäó âåëè÷èíàìè �

âìåñòî çàâèñèìîñòè ¾íà¿ ïîÿâëÿåòñÿ çàâèñèìîñòü ¾âìåñòå¿, êðîìå òîãî èñïîëü-

çóåòñÿ îáðàòíûé ïåðåõîä â âûðàæåíèè ìèíóò â ÷àñû; çàäà÷à â) ïðåäïîëàãàåò

îáðàòíûé õîä � îò óðàâíåíèÿ ê óñëîâèþ çàäà÷è è èçìåíåíèå ÷èñëîâûõ äàííûõ
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(ñêîðîñòè è âðåìåíè); çàäà÷à ã) çàòðàãèâàåò ñâÿçü ÷èñëîâûõ òîæäåñòâ è óðàâ-

íåíèé (çà áóêâîé â òîæäåñòâå ìîæåò ñòîÿòü êàêîå-òî ÷èñëî), èçìåíåíèå ñþæåòà

(êòî ìîæåò ïåðåäâèãàòüñÿ ñî ñêîðîñòüþ 4 êì/÷ èëè 5 êì/÷); îáîáùåíèå ðàññìîò-
ðåííûõ çàâèñèìîñòåé (¾íà¿ è ¾âìåñòå¿).

Ïðèìåð èç ÓÌÊ ¾Ìàòåìàòèêà. Ïñèõîëîãèÿ. Èíòåëëåêò¿ (5 êëàññ).

(II) 367. Äâà ïîåçäà âûøëè íàâñòðå÷ó äðóã äðóãó îäíîâðåìåííî èç äâóõ

ãîðîäîâ, ðàññòîÿíèå ìåæäó êîòîðûìè 1260êì, è âñòðåòèëèñü ÷åðåç 7 ÷ ïîñëå

âûõîäà. Ñêîðîñòü îäíîãî èç íèõ � 80 êì/÷. Íàéäèòå ñêîðîñòü äðóãîãî ïîåçäà.
Îòâåòüòå, ÷òî ïðîèçîéäåò, åñëè:

à) ñëîâî ¾îäíîâðåìåííî¿ â òåêñòå çàäà÷è îòñóòñòâóåò;

á) ñëîâà ¾÷åðåç 7 ÷¿ çàìåíèëè ñëîâàìè ¾÷åðåç 2 ÷¿; ¾÷åðåç 9 ÷¿;

â) ñëîâà ¾îäíîâðåìåííî¿ çàìåíèëè ñëîâàìè ¾ïðè÷åì âòîðîé ïîåçä âûøåë

íà 2 ÷ ïîçæå ïåðâîãî¿.

Çàïèøèòå ðåøåíèå çàäà÷è â ñëó÷àå â).

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1. Ïðåäñòàâëåíèå ÓÌÊ è îïûòà åãî èñïîëü-

çîâàíèÿ â Ñåâåðíîé Îñåòèè. 2. Ïðåäñòàâëåíèå çàäà÷è, êîòîðóþ ïðàêòè÷åñêè âñå

ðåøàþò íåïðàâèëüíî èç-çà òðàäèöèîííîñòè ìûøëåíèÿ. 3. Êîììåíòèðîâàíèå îñî-

áåííîñòåé èñõîäíîé çàäà÷è è êàæäîé ïîñëåäóþùåé çàäà÷è â ïðåäñòàâëåííîì

êîìïëåêñå. Èñõîäíàÿ çàäà÷à òðàäèöèîííàÿ, åå ìîæíî ðåøèòü äâóìÿ ñïîñîáàìè.

Çàäà÷à à) ïîçâîëÿåò îáðàòèòü âíèìàíèå íà âàæíîñòü óñëîâèÿ ¾îäíîâðåìåííî¿.

Çàäà÷à á) ïðåäïîëàãàåò èçìåíåíèå ÷èñëîâûõ äàííûõ, êîòîðûå ñîõðàíÿþò õîä ðå-

øåíèÿ, íî ìîãóò ïîâëèÿòü íà ïðàâäîïîäîáíîñòü ðåçóëüòàòà. Çàäà÷à â) ïðåäïîëà-

ãàåò ðàññìîòðåíèå íåñêîëüêèõ ñèòóàöèé. Â óñëîâèè èñïîëüçóþòñÿ ñëîâà ¾âòîðîé

ïîåçä¿, çíà÷èò, ýòèì âòîðûì ïîåçäîì ìîæåò áûòü êàæäûé èç ïîåçäîâ. Â èñõîä-

íîé çàäà÷å ñêàçàíî ¾ñêîðîñòü îäíîãî èç íèõ 80 êì/÷¿, çíà÷èò íàäî ðàññìîòðåòü

äâå ñèòóàöèè, ïðèñâîèâ ýòó ñêîðîñòü êàæäîìó èç ïîåçäîâ. Â èñõîäíîé çàäà÷å åñòü

ñëîâà ¾âñòðåòèëèñü ÷åðåç 7 ÷ ïîñëå âûõîäû¿, ýòî åùå îäíà íåîïðåäåëåííîñòü: ïî-

ñëå âûõîäà êàêîãî ïîåçäà? Ïîëó÷àåòñÿ 4-ÿ ñèòóàöèè. 4. Ñîïðîâîæäåíèå çàäà÷è

ðèñóíêàìè è àíèìàöèåé. 5. Ïðåäñòàâëåíèå ïðèåìà ó÷èòåëÿ î ñïîñîáå íàíåñåíèÿ

äàííûõ íà ÷åðòåæ ïðè íàëè÷èè óñëîâèÿ ¾âñòðåòèëèñü ïîñëå 7÷ ïîñëå âûõîäà

. . . ïîåçäà¿ � âðåìÿ â ïóòè êàæäîãî ïîåçäà îòðàæàåì íà ðèñóíêå.

Ïðèåìû îðãàíèçàöèè äåÿòåëüíîñòè ó÷àùèõñÿ

1. Ïðèåì èñïîëüçîâàíèÿ âåðòèêàëüíîé ïîëîñêè ñ íóìåðîâàííûì ñïèñêîì

(Ñìîëåíñê, äëÿ îòðàáîòêè ñëîæåíèÿ öåëûõ ÷èñåë).

2. Ñìîòð çíàíèé (îïðîáîâàí ïðè îáó÷åíèè ìàòåìàòèêå â øêîëå � 1 ã. Êëèíöû

Áðÿíñêîé îáëàñòè).

3. Îïðîñ ïî ñèñòåìå Â. Ô. Øàòàëîâà (ïðîâîäèòñÿ ó íàñ äëÿ ñòóäåíòîâ).

4. ¾Âñòàíüòå òå, êòî çíàåò, êàê ðåøàåòñÿ ýòà çàäà÷à¿ (ïðèåì Â. Ô.Øàòàëîâà).

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) ïðåäñòàâëåíèå ïðèåìîâ èç ñîáñòâåííîé

ïðàêòèêè, ÷òî óñèëèâàåò èõ òåõíîëîãè÷íîñòü; 2) êîììåíòèðîâàíèå êàæäîãî ïðè-

åìà ÷åðåç îïèñàíèå ïîñëåäîâàòåëüíîñòè äåéñòâèé.

Ïðèåì âåðòèêàëüíîé ïîëîñêè. Äîìà ó÷àùèåñÿ çàãîòàâëèâàþò òàêèå ïîëîñêè.

Ó÷èòåëü ïðåäúÿâëÿåò ñåðèþ ïðèìåðîâ, ó÷àùèåñÿ íà ýòèõ ïîëîñêàõ çàïèñûâàþò

îòâåò. Îñóùåñòâëÿåòñÿ ïðîâåðêà ðåøåíèé.
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Ñìîòð çíàíèé. Çàãîòàâëèâàåòñÿ òðè âèäà çàäàíèé: íà äîêàçàòåëüñòâî (ðè-

ñóíêè íà äîñêå); ïðàêòè÷åñêèå çàäàíèÿ îäíîé íàïðàâëåííîñòè (êàðòî÷êè); ïðàê-

òè÷åñêèå çàäàíèÿ äðóãîé íàïðàâëåííîñòè (êàðòî÷êè). �îòîâèòñÿ îáùåñòâåííàÿ

êîìèññèÿ, äëÿ íåå çàãîòàâëèâàþòñÿ ìàòåðèàëû (ñïèñêè ó÷àùèõñÿ, ðåøåííûå çà-

äàíèÿ, ñâîäíûå âåäîìîñòè). Ñìîòð ïðîõîäèò â òðè ýòàïà. Íà ïåðâîì ýòàïå îäèí

ðÿä ó÷àùèõñÿ êîììåíòèðîâàíèåì äîêàçûâàåò òåîðåìû ñ ó÷èòåëåì, âòîðîé ðÿä

âûïîëíÿåò ðåøåíèå çàäàíèé ïåðâîé íàïðàâëåííîñòè, òðåòèé ðÿä � âòîðîé íà-

ïðàâëåííîñòè. Ïî çàâåðøåíèþ ýòàïà ðåøåííûå çàäàíèÿ îòäàþòñÿ íà ïðîâåðêó

êîìèññèè, à äëÿ ðÿäîâ ìåíÿþòñÿ çàäàíèÿ. Íà òðåòüåì ýòàïå ñíîâà ïðîèñõîäèò

ñìåíà çàäàíèé. Òàêèì îáðàçîì, êàæäûé ïîëó÷èë íà ñìîòðå òðè îöåíêè. Êîìèñ-

ñèÿ ïîäâîäèò èòîã è îáúÿâëÿåò èòîãîâûå ðåçóëüòàòû.

Îïðîñ ïî ñèñòåìå Â. Ô. Øàòàëîâà. Âñå èìåþò ñïèñîê âîïðîñîâ. Îòâåòû íà

âîïðîñû íå ðàç ïðîãîâàðèâàëèñü (íà ëåêöèÿõ, ïðè îò÷åòàõ ïî ëåêöèÿì ïîñëå

ñàìîñòîÿòåëüíîé ðàáîòû). Â ðåçóëüòàòå ñòóäåíòû îñâàèâàþò áîëüøîå êîëè÷åñòâî

âîïðîñîâ. Íà çà÷åòå ïåðåä ýêðàíîì â àóäèòîðèè ñòîÿò 10 ñòóäåíòîâ è ïî î÷åðåäè

îòâå÷àþò íà âîïðîñû (êàæäûé çíàåò, íà êàêîé âîïðîñ åìó ïðåäñòîèò îòâåòèòü,

è ïîêà îòâå÷àþò äðóãèå, ìîæåò ñîñðåäîòî÷èòüñÿ). Â ðåçóëüòàòå êàæäûé ñòóäåíò

îòâå÷àåò íà 5�6 âîïðîñîâ, ÷òî äàåò âîçìîæíîñòü îöåíèòü ðåçóëüòàò.

¾Âñòàíüòå òå, êòî çíàåò, êàê ðåøàåòñÿ ýòà çàäà÷à¿. Íà äîñêå ïðåäñòàâëå-

íû óñëîâèÿ çàäà÷. Ó÷àùèåñÿ îáäóìûâàþò, êàê ðåøèòü ïåðâóþ çàäà÷ó. Ó÷èòåëü

ïðîñèò âñòàòü òåõ, êòî çíàåò, êàê ðåøàåòñÿ çàäà÷à. Ñêàæåì, âñòàëè 2 ÷åëîâåêà.

Ó÷èòåëü ïðîñèò èõ ðàññêàçàòü ðåøåíèå. Åñëè ó îñòàëüíûõ ó÷åíèêîâ åñòü âîïðî-

ñû, îíè ìîãóò çàäàòü. Çàòåì âñå ó÷åíèêè îòðàæàþò ðåøåíèå â ñâîèõ òåòðàäÿõ.

Ïîñòåïåííî öåïî÷êà äåéñòâèé: ¾çàäà÷à�óñòíîå ðåøåíèå îòäåëüíûõ ó÷åíèêîâ�

çàïèñü âñåìè ðåøåíèÿ¿ ïîâòîðÿåòñÿ, íî òîëüêî çàïèñûâàþòñÿ ðåøåíèÿ ïîñëå

äâóõ ðàññêàçàííûõ çàäà÷. Òîãäà ðåøåíèå âòîðîé çàäà÷ îòñòîèò îò ïåðâîé âî

âðåìåíè, è ó÷àùèåñÿ óæå äîëæíû íå âñïîìèíàòü ðåøåíèå, à ñàìè ðàññóæäàòü.

Äîâîäèòñÿ óñòíîå ðåøåíèå äî 10 çàäà÷.

Äîìàøíåå çàäàíèå. �åøèòå çàäà÷è:

1. Ñåìüÿ ñîñòîèò èç ìóæà, æåíû è èõ äî÷åðè ñòóäåíòêè. Åñëè áû çàðïëàòà

ìóæà óâåëè÷èëàñü âäâîå, îáùèé äîõîä ñåìüè âûðîñ áû íà 67%. Åñëè áû ñòè-

ïåíäèÿ äî÷åðè óìåíüøèëàñü âòðîå, îáùèé äîõîä ñåìüè ñîêðàòèëñÿ áû íà 4%.
Ñêîëüêî ïðîöåíòîâ îò îáùåãî äîõîäà ñåìüè ñîñòàâëÿåò çàðïëàòà æåíû?

2. Âûñîòû AH è BK îñòðîóãîëüíîãî òðåóãîëüíèêà ABC ïåðåñåêàþòñÿ â

òî÷êå M , óãîë AMB ðàâåí 105◦. Íàéäèòå ãðàäóñíóþ ìåðó óãëà AOB, åñëè O �

öåíòð îêðóæíîñòè, îïèñàííîé îêîëî òðåóãîëüíèêà ABC.

4. Ïîäâåäåíèå èòîãîâ ëåêöèè.

Çàìå÷àíèå. Ïðèåìû ðàáîòû: 1) èñïîëüçîâàíèå âîïðîñà ¾Êàêèå âîïðîñû

îáñóæäàëè?¿; 2) ¾ïåðåêëè÷êà¿ äâóõ àóäèòîðèé; 3) âîïðîñû ëåêòîðó.

Íà âîïðîñ ¾Êàêèå âîïðîñû îáñóæäàëè?¿ ñòóäåíòû îòâåòèëè: 1) èñòî÷íèêè

ìåòîäè÷åñêèõ ïðèåìîâ; 2) ïðèìåðû ïðèåìîâ; 3) ïðèìåðû êîäèðîâàíèÿ èí�îð-

ìàöèè; 4) îïðåäåëåíèå ìåòîäè÷åñêîé äåÿòåëüíîñòè; 5) âàðèàòèâíîñòü óñëîâèé

â çàäà÷å; 6) äâîéíàÿ çàïèñü â îïðåäåëåíèÿõ; 7) äå�îðìèðîâàííîå óïðàæíåíèå;

8) èñïîëüçîâàíèå ïðÿìûõ è îáðàòíûõ çàäà÷ â îäíî âðåìÿ; 9) ïåäàãîãè-íîâàòîðû

(Â. Ô. Øàòàëîâ è Ï. Ì. Ýðäíèåâ).
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Ïðè íàëè÷èè âðåìåíè ìîæíî áûëî áû îáñóäèòü êàæäûé èç íàçâàííûõ îòâå-

òîâ.

Ïîñëå ëåêöèè íà âîïðîñ ¾×òî ïîíðàâèëîñü íà ñåãîäíÿøíåé ëåêöèè?¿ ñòóäåí-

òû Á�Ó îòâåòèëè: 1) çàäà÷è íà ñõåìàõ; 2) ïîñëåäîâàòåëüíîñòü â ëåêöèè; 3) ïîä-

âåäåíèå èòîãîâ, êîòîðîå äàëî âîçìîæíîñòü âñå ïîâòîðèòü; 4) ñëàéäû ñ ìèíèìó-

ìîì òåêñòà, íî ïîäðîáíûì ðàññêàçîì íà ïðèìåðàõ; 5) íàçâàíèÿ êíèã, êîòîðûå

çàõîòåëîñü ïðî÷èòàòü; 6) îáùåíèå; 7) ïðèåì ¾ÂÅ�À¿ è äð.

Íå ïîíðàâèëîñü: íå áûëî ñëûøíî âòîðîé àóäèòîðèè.
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÈÍÍÎÂÀÖÈÎÍÍÎÅ ÑÎÄÅ�ÆÀÍÈÅ È ÑÈÍÅ��Èß

ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÎÁ�ÀÇÎÂÀÍÈß ÁÓÄÓÙÅ�Î Ó×ÈÒÅËß

1

Å. È. Ñìèðíîâ

(�îññèÿ, ßðîñëàâëü; ß�ÏÓ)

Ââåäåíèå

Ìàòåìàòè÷åñêîå îáðàçîâàíèå â �îññèè è âî âñåì ìèðå ïðåòåðïåâàåò â ïîñëåä-

íèå äåñÿòèëåòèÿ ñóùåñòâåííûå èçìåíåíèÿ, åñëè íå ñêàçàòü êðèçèñíûå ÿâëåíèÿ

êàê îáúåêòèâíîãî, òàê è ñóáúåêòèâíîãî õàðàêòåðà. Àêöåíòèðîâàíèå ïåäàãîãèêè

íà ïðàêòèêî-îðèåíòèðîâàííûå ìåòîäû è ëè÷íîñòíûå ðåçóëüòàòû îáðàçîâàíèÿ,

çàòðîíóâøèå íàøó øêîëó, âåäóò ê ëó÷øåé ñîöèàëèçàöèè ëè÷íîñòè, áîëüøåé âîç-

ìîæíîñòè èñïîëüçîâàòü ìàòåìàòè÷åñêèå çíàíèÿ â ðåàëüíîé æèçíè. Îäíàêî èí-

òåëëåêòóàëüíûå îïåðàöèè ìûøëåíèÿ (ïîíèìàíèå, êîíêðåòèçàöèÿ, àáñòðàãèðîâà-

íèå, îáîáùåíèå, ìîäåëèðîâàíèå, àíàëîãèÿ, àññîöèàöèè è ò.ï.), ëåæàùèå â îñíîâå

�îðìèðîâàíèÿ óíèâåðñàëüíûõ ó÷åáíûõ äåéñòâèé îáó÷àåìûõ è �óíêöèîíàëüíîé

ãðàìîòíîñòè øêîëüíèêîâ, ïî ðàçíûì îáúåêòèâíûì è ñóáúåêòèâíûì ïðè÷èíàì

ïåðåñòàëè ïðè ýòîì ý��åêòèâíî ðàçâèâàòüñÿ â øêîëüíîì îáðàçîâàíèè. �àâíî

êàê è ïîòåðÿ îðèåíòèðîâ â �óíäàìåíòàëèçàöèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ,

êàê â �îññèè, òàê è â ìèðå, ïðèâîäèò ê äå�èöèòó êâàëè�èöèðîâàííûõ êàäðîâ

â ðàçâèòèè è ðåàëèçàöèè ñîâðåìåííûõ òåõíîëîãèé, ïîòåðå ãèáêîñòè, êðèòè÷íî-

ñòè è êðåàòèâíîñòè ìûøëåíèÿ îáó÷àþùèõñÿ, âåäåò ê óòðàòå ñïîñîáíîñòè �îññèè

çàíèìàòü ñîâðåìåííûå íèøè ïðîèçâîäèòåëüíûõ ñèë. �îññèéñêîå ìàòåìàòè÷å-

ñêîå îáðàçîâàíèå âñåãäà áûëî ïåðåäîâûì â âîïðîñàõ åãî �óíäàìåíòàëèçàöèè �

ìåòîäîëîãèè è òåõíîëîãèè Ï. ß. �àëüïåðèíà, Â. Â. Äàâûäîâà, Ë. Í. Çàíêîâà,

Â. À. Êðóòåöêîãî, Í. Ô. Òàëûçèíîé, Â. Ä. Øàäðèêîâà è äð. � ñîçäàëè ïðî÷íóþ

îñíîâó äëÿ ý��åêòèâíîãî ðàçâèòèÿ ëè÷íîñòè. Îäíàêî â ïîñëåäíèå äåñÿòèëåòèÿ

øêîëüíèê èçìåíèëñÿ: âîçìîæíîñòè èí�îðìàöèîííîé ñðåäû, ïðèîðèòåòû ëè÷-

íîñòíîãî ñòàíîâëåíèÿ è ðàçâèòèÿ, èçìåíåíèÿ ñîöèàëüíûõ çàäà÷ ïåðåä øêîëîé,

ðîñò ëè÷íîñòíûõ ïðå�åðåíöèé øêîëüíèêîâ ïðèâîäÿò ê ïðîáëåìàì è íåãàòèâ-

íûì ïîñëåäñòâèÿì â òðàäèöèîííîì îñâîåíèè ìàòåìàòèêè. Áîëåå òîãî, öè�ðî-

âèçàöèÿ øêîëû è âóçà îáúÿâëåíà ãëàâíûì òðåíäîì ðîññèéñêîãî îáðàçîâàíèÿ è

ïðèçâàíà äàòü îòâåòû íà ¾âçðûâíîå¿ ïîÿâëåíèå íîâûõ êîìïåòåíöèé, èçìåíåíèå

ðûíêà òðóäà è îòêðûòîñòè ãëîáàëüíîãî èí�îðìàöèîííîãî ïðîñòðàíñòâà. Òåì íå

ìåíåå, ðåçóëüòàòû íàøèõ øêîëüíèêîâ â ìåæäóíàðîäíûõ ìàòåìàòè÷åñêèõ îëèì-

ïèàäàõ îñòàâëÿþ æåëàòü ëó÷øåãî (çà ïîñëåäíèå 10 ëåò �îññèÿ îïóñêàëàñü äî 11

ìåñòà â ìèðå), ìåæäóíàðîäíîå òåñòèðîâàíèå PISA, òåñò îöåíèâàþùèé �óíêöè-

îíàëüíóþ ãðàìîòíîñòü øêîëüíèêîâ â ðàçíûõ ñòðàíàõ ìèðà è óìåíèå ïðèìåíÿòü

çíàíèÿ íà ïðàêòèêå (ïðîõîäèò ðàç â òðè ãîäà; â òåñòå ó÷àñòâóþò ïîäðîñòêè

â âîçðàñòå 15 ëåò), äàåò ñëåäóþùèå ðåçóëüòàòû:

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 19-29-14009.
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�èñ. 1. �åçóëüòàòû �îññèè â òåñòèðîâàíèè PISA.

�åçóëüòàòû 2018 ã. ïîêàçûâàþò, ÷òî îêîëî ïÿòîé ÷àñòè âûïóñêíèêîâ îñíîâíîé

øêîëû íå äîñòèãàþò ïîðîãîâîãî óðîâíÿ �óíêöèîíàëüíîé ãðàìîòíîñòè (ïî êàæ-

äîé îáëàñòè � ìàòåìàòè÷åñêîé, åñòåñòâåííîíàó÷íîé è ÷èòàòåëüñêîé) è îêîëî

òðåòè ó÷àùèõñÿ ïî îäíîé èç îáëàñòåé. �îññèÿ çàíèìàåò 27�35 ìåñòî â ìèðîâîì

ðåéòèíãå. Âûÿâëåíû îñíîâíûå çàòðóäíåíèÿ â âûïîëíåíèè çàäàíèé ìîíèòîðèíãà

�îðìèðîâàíèÿ �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè øêîëüíèêîâ:

• ïîíèìàíèå ñþæåòíîé ñèòóàöèè è ïåðåâîä åå íà ÿçûê ïðåäìåòíîé îáëàñòè,

íàõîæäåíèå ñïîñîáà ðåøåíèÿ;

• ðàáîòà ñ èí�îðìàöèåé, ïðåäñòàâëåííîé â ðàçíîé �îðìå (ðèñóíîê, òåêñò,

òàáëèöà, äèàãðàììà);

• ðàáîòà ñ ðåàëüíûìè äàííûìè, âåëè÷èíàìè è åäèíèöàìè èçìåðåíèé;

• èíòåðïðåòàöèÿ ðåçóëüòàòà ñ ó÷åòîì ïðåäëîæåííîé ñèòóàöèè;

• ïðîÿâëåíèå ñàìîñòîÿòåëüíîñòè, èñïîëüçîâàíèå ó÷åáíîãî è æèçíåííîãî îïû-
òà.

Ïåäàãîãè÷åñêèé îïûò, òåîðèÿ è ïðàêòèêà, çàïðîñû è âûçîâû ðåàëüíîé æèçíè

ïîêàçûâàþò, ÷òî öåíòðàëüíóþ ðîëü â îïðåäåëåíèè ðàçëè÷íûõ óðîâíåé óñïåøíî-

ñòè �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè èãðàþò �óíäàìåíòàëüíûå ìà-

òåìàòè÷åñêèå ñïîñîáíîñòè.

Ïðè ýòîì â ïîñëåäíèå äåñÿòèëåòèÿ óñèëèÿìè ó÷åíûõ-ìàòåìàòèêîâ, �èëîñî-

�îâ, ïñèõîëîãîâ è ïåäàãîãîâ ìåòîäîëîãè÷åñêè âûÿâëåíî è òåîðåòè÷åñêè äîêà-

çàíî, ÷òî ñëåäóþùèå òåõíîëîãè÷åñêèå êîíöåïòû ñïîñîáíû ïðîÿâèòü ìåõàíèç-

ìû è �àêòîðû àêòóàëèçàöèè �åíîìåíà �óíäàìåíòàëüíîñòè è ïîâûøåíèÿ êà÷å-

ñòâà ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè

øêîëüíèêîâ (ñîîòâåòñòâåííî ïåðå÷íþ ïðîáëåìíûõ çîí, óêàçàííûõ âûøå):

• �àêòîð-èìïóëüñ íàãëÿäíîãî ìîäåëèðîâàíèÿ (âñêðûòèÿ ñóùåñòâåííûõ ñâÿ-
çåé è äîñòèæåíèå ý��åêòà ïîíèìàíèÿ â îñâîåíèè ìàòåìàòèêè) îáúåêòîâ è ïðî-

öåäóð � Å. È. Ñìèðíîâ, Â. Â. Áîãóí, Â. Ñ. Àáàòóðîâà, �. Þ. Áóðàêîâà, Â. À. Äà-

ëèíãåð è äð.;

• ìíîæåñòâåííîå öåëåïîëàãàíèå âûÿâëåíèÿ ñóùíîñòè êîãíèòèâíûõ ïðàêòè-

êî-îðèåíòèðîâàííûõ çàäà÷ è àêòóàëèçàöèÿ ìîäàëüíîñòåé âîñïðèÿòèÿ â �óí-

äèðîâàíèè è èññëåäîâàíèè ïðàêòèêî-îðèåíòèðîâàííûõ çàäàíèé (Äæ. Áðóíåð,

Â. Âåêêåð, Â. Ä. Øàäðèêîâ, Ê. Ìàíöåíãåð, Å. È. Ñìèðíîâ, Â. Ñ. Ñåêîâàíîâ,

Ñ. Í. Äâîðÿòêèíà, �. Ì. Çàéíèåâ è äð.);

• èí�îðìàòèçàöèÿ è öè�ðîâèçàöèÿ ó÷åáíîãî ïðîöåññà, àêòóàëèçàöèÿ ïðè-

åìîâ îñâîåíèÿ ìåòîäîâ ýêñïåðèìåíòàëüíîé ìàòåìàòèêè â ¾ïðîáëåìíûõ çîíàõ¿
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îáó÷åíèÿ ìàòåìàòèêå (Ñ. Í. Áåøåíêîâ, À. Ë. Ñåìåíîâ, È. Â. �îáåðò, Â. Â. �ðèø-

êóí, À. À. Êóçíåöîâ, Å. È. Ñìèðíîâ è äð.);

• ñèìáèîç ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ â èíòåðïðåòà-

öèè ðåçóëüòàòîâ, êðèòè÷íîñòü è êðåàòèâíîñòü â ïîëó÷åíèè ïîáî÷íûõ ïðîäóê-

òîâ èññëåäîâàíèÿ (Â. Ñ. Ñåêîâàíîâ, Ì. Êëÿêëÿ, Â. Í. Îñòàøêîâ, Å. Ê. Õåííåð,

Ì. Áàðíñëè, Ïàéòãåð Õ. Î. è äð.);

• ñàìîîðãàíèçàöèÿ è ñàìîðàçâèòèå ëè÷íîñòè íà îñíîâå àêòóàëèçàöèè òðåõ

ñ�åð ïðîÿâëåíèÿ ñèíåðãèè ñëîæíîãî: ñîäåðæàòåëüíîé (ïðàêòèêî-îðèåíòèðîâàí-

íûå çàäà÷è, ÿâëåíèÿ è ðåàëüíûå ïðîöåññû � �ðàêòàëû, õàîñ, ñàìîîðãàíèçà-

öèÿ), ïðîöåññóàëüíîé (�óíäèðîâàíèå îïûòà, äèàëîã êóëüòóð è êîììóíèêàöèè,

êîíòåêñòû) è ëè÷íîñòíî-àäàïòàöèîííîé (ðàçâèòèå êðåàòèâíîñòè è êðèòè÷íîñòè

îáó÷àþùåãîñÿ, ñîâðåìåííûå äîñòèæåíèÿ â íàóêå, ðàçâèòèå ìîòèâàöèîííîé ñ�å-

ðû ó÷åíèÿ) � �. Õàêåí, �. �. Ìàëèíåöêèé, Ì. Áàõòèí, Ý. Ìîðåí, Â. Á. Áóäàíîâ,

Â. Ñ. Ñòåïèí, Å. Í. Êíÿçåâà, Á. Ìàíäåëüáðîò, Ñ. Ï. Êóðäþìîâ è äð.

Òàêèì îáðàçîì, ý��åêòèâíûì íàïðàâëåíèåì �îðìèðîâàíèÿ ìàòåìàòè÷å-

ñêîé ãðàìîòíîñòè øêîëüíèêîâ ìîæåò ñòàòü îáó÷åíèå ìàòåìàòèêå íà îñíîâå

îñâîåíèÿ ñëîæíîãî çíàíèÿ. Ïðè ýòîì ñòàâèòñÿ çàäà÷à ñîçäàíèÿ íàñûùåííîé

èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû îáó÷åíèÿ ìàòåìàòèêå çà ñ÷åò èçìåíå-

íèÿ ñîäåðæàíèÿ îáðàçîâàòåëüíûõ ïðîãðàìì â íàïðàâëåíèè îñâîåíèÿ ñëîæíîãî

çíàíèÿ è ïîääåðæêè äèñòàíöèîííûõ ñðåä è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ. Ýòî

ðåàëèçóåòñÿ â õîäå ýòàïíîãî èññëåäîâàíèÿ ñëîæíîãî çíàíèÿ è ðåøåíèÿ ïðàêòèêî-

îðèåíòèðîâàííûõ çàäàíèé ñ âîçìîæíîñòüþ ý��åêòèâíî èíòåðïðåòèðîâàòü çà-

äà÷è èç ðåàëüíîé æèçíè: ò. å. äëÿ ðåøåíèÿ øèðîêîãî äèàïàçîíà çàäà÷ â ðàç-

ëè÷íûõ ñ�åðàõ ÷åëîâå÷åñêîé äåÿòåëüíîñòè, îáùåíèÿ è ñîöèàëüíûõ îòíîøåíèé.

Áîëåå òîãî, ñòàâèòñÿ çàäà÷à íà áëèæàéøèå ãîäû íå òîëüêî äîñòèæåíèÿ óñòîé-

÷èâîãî ïîðîãîâîãî óðîâíÿ â òåñòèðîâàíèè PISA, ïðè äîñòèæåíèè êîòîðîãî ó÷à-

ùèåñÿ íà÷èíàþò äåìîíñòðèðîâàòü ïðèìåíåíèå çíàíèé è óìåíèé â ïðîñòåéøèõ

âíåó÷åáíûõ ñèòóàöèÿõ, íî è äîñòèæåíèå ñïîñîáíîñòè ðåøàòü ñëîæíûå çàäà÷è.

Ïðèîðèòåòîì ñòàíîâÿòñÿ ñèòóàöèè, êîãäà ïðîÿâëÿåòñÿ ñïîñîáíîñòü øêîëüíèêîâ

èñïîëüçîâàòü èìåþùèåñÿ çíàíèÿ è óìåíèÿ äëÿ ïîëó÷åíèÿ íîâîé èí�îðìàöèè,

òðåáóþòñÿ ñàìîñòîÿòåëüíî ìûñëÿùèå è ñïîñîáíûå �óíêöèîíèðîâàòü â ñëîæíûõ

óñëîâèÿõ è îâëàäåâàòü ñëîæíûìè çíàíèÿìè êðåàòèâíûå îáó÷àþùèåñÿ.

Ýòî ñîçäàåò ïðåöåäåíò ðàñøèðåíèÿ è óãëóáëåíèÿ îïûòà ëè÷íîñòè íà îñíîâå

òåêóùåãî åãî ñîñòîÿíèÿ (íåîáõîäèì ó÷åò èíäèâèäóàëüíûõ ðàçëè÷èé øêîëüíè-

êîâ, ò. å. ïðàêòèêî-îðèåíòèðîâàííûå çàäàíèÿ äîëæíû áûòü ðàçíîóðîâíåâûìè),

�îðìèðîâàíèÿ è ðàçâèòèÿ ìîòèâàöèîííîé ñ�åðû ó÷åíèÿ (çà ñ÷åò àêòóàëèçà-

öèè îáðàçöîâ è àäàïòàöèè ñîâðåìåííûõ, âîñòðåáîâàííûõ â æèçíè è äîñòóïíûõ

äëÿ âîñïðèÿòèÿ, íàó÷íûõ çíàíèé è òåõíîëîãèé), ðàçâèòèÿ èíòåëëåêòóàëüíûõ

îïåðàöèé è ñïîñîáíîñòåé ñ îïîðîé íà �óíäèðóþùèå ìåõàíèçìû, ìàòåìàòè÷å-

ñêîå è íàãëÿäíîå ìîäåëèðîâàíèå âîçìîæíîñòåé ïðîÿâëåíèÿ è êîððåêöèè �óíê-

öèîíàëüíûõ, îïåðàöèîíàëüíûõ è èíñòðóìåíòàëüíûõ êîìïåòåíöèé îáó÷àþùèõñÿ

â îñâîåíèè ñëîæíûõ êîíñòðóêòîâ è ïðîöåäóð ìàòåìàòèêè. Òàêèì îáðàçîì, ðåà-

ëèçàöèÿ ïðîöåññà ïîâûøåíèÿ êà÷åñòâà �óíêöèîíàëüíîé ãðàìîòíîñòè â îñâîåíèè

ìàòåìàòèêè â øêîëå âîçìîæíà òåïåðü íà îñíîâå àêòóàëèçàöèè ñèíåðãåòè÷åñêèõ

ïðèíöèïîâ è ïîäõîäîâ â êîíòåêñòå àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé â íàóêå

ê øêîëüíîé ìàòåìàòèêå. Òàêèå îáðàçîâàòåëüíûå ñèñòåìû õàðàêòåðèçóþòñÿ ñïî-
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ñîáíîñòüþ îáåñïå÷èòü â ïîëíîé ìåðå ïîòðåáíîñòè êàæäîãî îáó÷àþùåãîñÿ â ñàìî-

îáðàçîâàíèè è ñàìîàêòóàëèçàöèè ïðè îñâîåíèè ñëîæíûõ çíàíèåâûõ êîíñòðóêòîâ

è çàäàþò öåííîñòíûé èìïåðàòèâ ëè÷íîñòíîãî ðàçâèòèÿ. Ïîýòîìó è íåîáõîäèì

òàêæå äèàëîã èí�îðìàöèîííîé, ãóìàíèòàðíîé, ìàòåìàòè÷åñêîé è åñòåñòâåííî-

íàó÷íîé êóëüòóð â îñâîåíèè ìàòåìàòèêè ñëîæíîãî çíàíèÿ, êîòîðûé àêòèâèçè-

ðóåò ìåõàíèçìû ñèíåðãèè è ÿâëÿåòñÿ �àêòîðîì ñàìîîðãàíèçàöèè è ñâÿçóþùèì

çâåíîì ïðè îáðàçîâàíèè öåëîñòíûõ ñòðóêòóð â îáó÷åíèè ìàòåìàòèêå â øêîëå.

Èíòåãðàöèîííûå ïðîöåññû â ìàòåìàòèêå. Â ñîâðåìåííîé íàóêå è ïî-

òðåáíîñòÿõ ðàçâèòèÿ òåõíîëîãèé, ïðîèçâîäñòâ è îáúÿñíåíèÿ ñèòóàöèé â ñîöè-

àëüíûõ ïðîöåññàõ íàáëþäàåòñÿ òàêæå óñèëåíèå èíòåãðèðóþùåé ðîëè ìàòåìà-

òèêè êàê óíèâåðñàëüíîãî �åíîìåíà âñêðûòèÿ è óïðàâëåíèÿ çàêîíîìåðíîñòÿìè

�óíêöèîíèðîâàíèÿ è ðàçâèòèÿ. Äåéñòâèòåëüíî, ìàòåìàòè÷åñêèé àïïàðàò è ìà-

òåìàòè÷åñêèå ìåòîäû ìîãóò áûòü èñïîëüçîâàíû ïðè èçó÷åíèè êà÷åñòâåííî ðàç-

ëè÷íûõ �ðàãìåíòîâ äåéñòâèòåëüíîñòè. Ýòî âîçìîæíî, ïðåæäå âñåãî ïîòîìó, ÷òî

îáúåêòèâíî ñóùåñòâóþò îáùíîñòü, ñâÿçü, åäèíñòâî ìåæäó ðàçëè÷íûìè îáëàñòÿ-

ìè ðåàëüíîãî ìèðà, êîòîðûå ìîæíî îïèñàòü ñ ïîìîùüþ îäíèõ è òåõ æå ìîäå-

ëåé, çíàêîâî-ñèìâîëè÷åñêèõ �îðì è êîëè÷åñòâåííûõ ñîîòíîøåíèé. Òîò �àêò,

÷òî îäíà è òà æå ìàòåìàòè÷åñêàÿ òåîðèÿ ìîæåò áûòü èíòåðïðåòèðîâàíà íà îáú-

åêòàõ êà÷åñòâåííî ðàçëè÷íîé ïðèðîäû, ãîâîðèò îá îáùíîñòè ýòèõ îáúåêòîâ ïî

âíóòðåííèì ìåõàíèçìàì ãåíåçèñà è ðàçâèòèÿ, â òîì ÷èñëå â êîëè÷åñòâåííîì

îòíîøåíèè. Øèðîêîå, â ïðèíöèïå íåîãðàíè÷åííîå èñïîëüçîâàíèå ìàòåìàòèêè

â ñîâðåìåííîì ìèðå ñâèäåòåëüñòâóåò îá îáùíîñòè è ñîîòâåòñòâóþùèõ îáëàñòåé

ïðèðîäû, ñïîñîáñòâóåò ðàñêðûòèþ èõ åäèíñòâà è òåì ñàìûì óêàçûâàåò íîâûå

ïóòè èíòåãðàöèè çíàíèÿ.

�îâîðÿ îá èíòåãðèðóþùåé ðîëè ìàòåìàòèêè â ñîâðåìåííîé íàóêå, íåîáõî-

äèìî ñäåëàòü îäíî ïðèíöèïèàëüíî âàæíîå çàìå÷àíèå. Ëþáîé îáúåêò äåéñòâè-

òåëüíîñòè îáëàäàåò è êà÷åñòâåííûìè è êîëè÷åñòâåííûìè õàðàêòåðèñòèêàìè.

Êà÷åñòâåííàÿ è êîëè÷åñòâåííàÿ îïðåäåëåííîñòü îáúåêòà íàõîäÿòñÿ â åäèíñòâå

â ðàìêàõ êîíêðåòíîé ìåðû: ñ èçìåíåíèåì êà÷åñòâà èçìåíÿåòñÿ êîëè÷åñòâåííàÿ

îïðåäåëåííîñòü, à èçìåíåíèå êîëè÷åñòâåííîé îïðåäåëåííîñòè íåèçáåæíî ïðèâî-

äèò ê êà÷åñòâåííûì èçìåíåíèÿì. Îäíà ìåðà ñìåíÿåò äðóãóþ. Îïðåäåëåííîñòü

â ñìåíå ìåð �èêñèðóåòñÿ â âèäå çàêîíà, ïîýòîìó ëþáîé çàêîí âñåãäà ïðåäïîëà-

ãàåò è êà÷åñòâåííóþ è êîëè÷åñòâåííóþ õàðàêòåðèñòèêè.

Ñîâðåìåííûé ýòàï ðàçâèòèÿ íàóêè õàðàêòåðèçóåòñÿ óñèëåíèåì è óãëóá-

ëåíèåì âçàèìîäåéñòâèÿ îòäåëüíûõ åå îòðàñëåé, �îðìèðîâàíèåì íîâûõ �îðì

è ñðåäñòâ èññëåäîâàíèÿ, â òîì ÷èñëå ìàòåìàòèçàöèåé è êîìïüþòåðèçàöèåé ïî-

çíàâàòåëüíûõ ïðîöåññîâ. �àñïðîñòðàíåíèå ïîíÿòèé è ïðèíöèïîâ ìàòåìàòèêè â

ðàçëè÷íûå ñ�åðû íàó÷íîãî ïîçíàíèÿ îêàçûâàåò ñóùåñòâåííîå âëèÿíèå êàê íà

ý��åêòèâíîñòü ñïåöèàëüíûõ èññëåäîâàíèé, òàê è íà ðàçâèòèå ñàìîé ìàòåìà-

òèêè. Â ïðîöåññå ïîçíàíèÿ äåéñòâèòåëüíîñòè ìàòåìàòèêà èãðàåò âñå âîçðàñòà-

þùóþ ðîëü. Ñåãîäíÿ íåò òàêîé îáëàñòè çíàíèé, ãäå â òîé èëè èíîé ñòåïåíè íå

èñïîëüçîâàëèñü áû ìàòåìàòè÷åñêèå ïîíÿòèÿ è ìåòîäû. Ïðîáëåìû, ðåøåíèå êîòî-

ðûõ ðàíüøå ñ÷èòàëîñü íåâîçìîæíûì, óñïåøíî ðåøàþòñÿ áëàãîäàðÿ ïðèìåíåíèþ

ìàòåìàòèêè, òåì ñàìûì ðàñøèðÿþòñÿ âîçìîæíîñòè íàó÷íîãî ïîçíàíèÿ. Ñîâðå-

ìåííàÿ ìàòåìàòèêà îáúåäèíÿåò âåñüìà ðàçëè÷íûå îáëàñòè çíàíèÿ â åäèíóþ ñè-

ñòåìó. Ýòîò ïðîöåññ ñèíòåçà íàóê, îñóùåñòâëÿåìûé íà ëîíå ìàòåìàòèçàöèè, íà-

135



õîäèò ñâîå îòðàæåíèå è â äèíàìèêå ïîíÿòèéíîãî àïïàðàòà. Òàê, ïðèìåíåíèå ìà-

òåìàòèêè â ìåõàíèêå, àñòðîíîìèè, �èçèêå è â äðóãèõ îáëàñòÿõ åñòåñòâîçíàíèÿ,

ñ îäíîé ñòîðîíû, ñïîñîáñòâîâàëî ïðîíèêíîâåíèþ â íàó÷íûé àïïàðàò óêàçàííûõ

îáëàñòåé çíàíèÿ òàêèõ ïîíÿòèé, êàê ÷èñëî, �óíêöèÿ, ïðîèçâîäíàÿ, äè��åðåí-

öèàë, èíòåãðàë, ñòðóêòóðà, ñèñòåìà è ò.ä., ñ äðóãîé � ïðèâåëî ê �îðìèðîâà-

íèÿ äè��åðåíöèàëüíîãî èíòåãðàëüíîãî èñ÷èñëåíèÿ, òåîðèè âåðîÿòíîñòè, òåîðèè

ìíîæåñòâ è öåëîãî ðÿäà äðóãèõ íàïðàâëåíèé ìàòåìàòèêè. Èñïîëüçîâàíèå ìàòå-

ìàòèêè â áèîëîãè÷åñêèõ è îñîáåííî ãóìàíèòàðíûõ íàóêàõ ñîäåéñòâîâàëî îáðàçî-

âàíèþ íåîáû÷íûõ äëÿ êëàññè÷åñêîé ìàòåìàòèêè ïîíÿòèé êà÷åñòâî, ðàñïëûâ÷à-

òîå ìíîæåñòâî, �óíêöèÿ ïðèíàäëåæíîñòè, îòîáðàæåíèå, áèíàðíîå îòíîøåíèå,

àëãåáðàè÷åñêèå îïåðàöèè è äð. Ñïîñîáû è ìåòîäû ìàòåìàòè÷åñêîãî ìûøëåíèÿ

íàäåëåíû ïîòåíöèàëüíûìè ñèíòåòè÷åñêèìè âîçìîæíîñòÿìè. Ì. �. ×åïèêîâ ïè-

øåò: ¾Ìàòåìàòèçàöèÿ � îäèí èç ñàìûõ äðåâíèõ ïóòåé ñèíòåçà íàó÷íûõ çíàíèé,

ïîñêîëüêó îíà îáåñïå÷èâàëà è îáåñïå÷èâàåò íà îñíîâå îáùíîñòè ìàòåìàòè÷åñêèõ

ïîíÿòèé îáùíîñòü íàó÷íûõ ïðèíöèïîâ, çàêîíîâ, âîççðåíèé¿. Ýâðèñòè÷åñêîå âçà-

èìîäåéñòâèå êà÷åñòâåííûõ è êîëè÷åñòâåííûõ, ñîäåðæàòåëüíûõ è �îðìàëüíûõ

ìåòîäîâ èññëåäîâàíèÿ ñîñòàâëÿåò îáúåêòèâíóþ îñíîâó ìàòåìàòèçàöèè íàó÷íî-

ãî çíàíèÿ. Â ýòîì ïðîöåññå ìàòåðèàëèñòè÷åñêàÿ äèàëåêòèêà âûñòóïàåò êàê ìå-

òîäîëîãè÷åñêàÿ îñíîâà ìàòåìàòèçàöèè âñåãî íàó÷íîãî çíàíèÿ, åãî èíòåãðàöèè.

Àêòóàëèçàöèÿ ýòèõ èíòåãðàöèîííûõ ïðîöåññîâ ïðèäàåò ìàòåìàòè÷åñêîé íàóêå

öåëîñòíûé õàðàêòåð è âíóòðåííåå åäèíñòâî èäåé, ìåòîäîâ, ïîíÿòèé è òåîðåì,

àëãîðèòìîâ è ïðîöåäóð.

Â öåëîì, ìàòåìàòèçàöèÿ ïðîöåññà ïîçíàíèÿ ñòàíîâèòñÿ îïðåäåëÿþùèì �àê-

òîðîì òîãî, ÷òî è ñàìà ñîâðåìåííàÿ ìàòåìàòèêà ïîäâåðãàåòñÿ ãëóáîêèì ñòðóê-

òóðíûì èçìåíåíèÿì. Â ýòîì ïëàíå ðàçâèòèå ìàòåìàòèêè, îáðàçîâàíèå îáùåíà-

ó÷íûõ ïîíÿòèé, íàìåòèâøóþñÿ òåíäåíöèþ ê âñåñòîðîííåìó îòîáðàæåíèþ îáú-

åêòîâ ïðèðîäíîé è ñîöèàëüíîé äåéñòâèòåëüíîñòè, ñëåäóåò ðàññìàòðèâàòü â êîí-

òåêñòå ñ åäèíûì òîòàëüíûì ïðîöåññîì ñèíòåçà íàó÷íîãî çíàíèÿ, ÿâëÿþùèìñÿ

îòîáðàæåíèåì åäèíñòâà ìàòåðèàëüíîãî ìèðà. Àêòóàëüíîñòü ðàññìîòðåíèÿ ýòèõ

âîïðîñîâ ïîäòâåðæäàåòñÿ âåäóùèì ïîëîæåíèåì ìàòåìàòèêè êàê ñðåäè �óíäà-

ìåíòàëüíûõ, òàê è ñðåäè ïðèêëàäíûõ íàóê (÷òî íàõîäèò ñâîå ÿðêîå ïðîÿâëåíèå

â èõ èíòåíñèâíîé ìàòåìàòèçàöèè); ñ äðóãîé ñòîðîíû, � îáúåêòèâíîé ñëîæíî-

ñòüþ óñâîåíèÿ ìàòåìàòè÷åñêîãî ñîäåðæàíèÿ, îáóñëîâëåííîé ïðåæäå âñåãî ìíî-

ãîñòóïåí÷àòûì õàðàêòåðîì ìàòåìàòè÷åñêèõ àáñòðàêöèé; â-òðåòüèõ, � íåîáõî-

äèìîñòüþ �îðìèðîâàíèÿ â õîäå ó÷åáíîãî ïðîöåññà ïñèõîëîãî-ïåäàãîãè÷åñêîé

ñèñòåìû ïðîåêòèðóåìîé ïðî�åññèîíàëüíîé äåÿòåëüíîñòè ó÷èòåëÿ.

Ïðè ýòîì ðåàëüíî ïðîÿâëåíèå ñèíåðãåòè÷åñêèõ ý��åêòîâ è âûÿâëåíèÿ íî-

âûõ ïîáî÷íûõ ïðîäóêòîâ èññëåäîâàíèÿ íà îñíîâå ñàìîîðãàíèçàöèè êîãíèòèâíîé

äåÿòåëüíîñòè. Òåì ñàìûì íàìåòèëèñü ïåðñïåêòèâû àäåêâàòíîãî îòâåòà íà ñî-

âðåìåííûå âûçîâû è ïðîòèâîðå÷èÿ â ìàòåìàòè÷åñêîì îáðàçîâàíèè, îòâå÷àþùèå

ïîòðåáíîñòÿì ðàçâèòèÿ ñîâðåìåííîãî ïðîèçâîäñòâà è òåõíîëîãèé, èí�îðìàöèîí-

íûõ, åñòåñòâåííûõ è ãóìàíèòàðíûõ íàóê, ëè÷íîñòíîãî ðàçâèòèÿ è ìàòåìàòèêî-

èí�îðìàöèîííîé êîìïåòåíòíîñòè êàæäîãî îáó÷àþùåãîñÿ, ïîíèìàíèÿ ñîâðåìåí-

íîé åñòåñòâåííîíàó÷íîé êàðòèíû ìèðà â XXI âåêå íà áàçå ðàçâåðòûâàíèÿ è ðå-

àëèçàöèè ñèíåðãåòè÷åñêîé ïàðàäèãìû â ìàòåìàòè÷åñêîì îáðàçîâàíèè â øêîëå

íà îñíîâå àäàïòàöèè è îñâîåíèÿ ñëîæíîãî çíàíèÿ.
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Ìåòîäîëîãèÿ, ìåòîäû è òåõíîëîãèè

Ñîâðåìåííûå ðåàëèè æèçíè, âëèÿíèå íîâûõ òåõíîëîãè÷åñêèõ óêëàäîâ, íåîá-

õîäèìîñòü ý��åêòèâíîãî ðàçâèòèÿ êðåàòèâíîñòè, êðèòè÷íîñòè, íåëèíåéíîãî

ìûøëåíèÿ ó îáó÷àþùèõñÿ ñòàâèò ïðîáëåìû îòðàæåíèÿ â ìàòåìàòè÷åñêîì îá-

ðàçîâàíèè â øêîëå ïðîÿâëåíèé ñèíåðãèè ñëîæíîãî çíàíèÿ íå òîëüêî íà óðîâíå

èññëåäîâàíèÿ �ðàãìåíòàðíûõ ðåçóëüòàòîâ àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé

â íàóêå, íî è íà óðîâíå ðåàëèçàöèè ñèíåðãåòè÷åñêîé ïàðàäèãìû â îñâîåíèè ñî-

äåðæàíèÿ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ â øêîëå. Äàííàÿ òåíäåíöèÿ íàïðàâëåíà

íà èíòåãðàöèþ íàóêè è îáðàçîâàíèÿ ñ ý��åêòîì ðàçâèòèÿ íåëèíåéíîãî ìûøëå-

íèÿ îáó÷àþùèõñÿ è ïîâûøåíèÿ êà÷åñòâà îáðàçîâàòåëüíûõ ðåçóëüòàòîâ, â òîì

÷èñëå, �îðìèðîâàíèå �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè øêîëü-

íèêîâ. Ïîñëåäíèå äåñÿòèëåòèÿ öåëûé ðÿä âåäóùèõ ó÷åíûõ ìèðà îáðàùàëè âíè-

ìàíèå íà íåîáõîäèìîñòü ïåðåñìîòðà îáðàçîâàòåëüíûõ ïàðàäèãì â íàïðàâëåíèè

ðåàëèçàöèè ñèíåðãåòè÷åñêîé ïàðàäèãìû îñâîåíèÿ ñëîæíîãî çíàíèÿ èëè ïàðà-

äèãìû ñàìîîðãàíèçàöèè â îáðàçîâàíèè (Ò. Êóí, �. Õàêåí, Ì. Ñ. Êàãàí, Ì. Áàõ-

òèí, Ý. Ìîðåí, Â. Á. Áóäàíîâ, Â. Ñ. Ñòåïèí, Å. Í. Êíÿçåâà, �. �. Ìàëèíåöêèé,

Á. Ìàíäåëüáðîò, Ñ. Ï. Êóðäþìîâ è äð.).

Íàó÷íàÿ ïðîáëåìà: êàêîâû êîíöåïöèÿ, ïðèíöèïû, ñîäåðæàíèå õàðàêòåðè-

ñòèê, òåõíîëîãèè, ñðåäñòâà, �îðìû è ïåäàãîãè÷åñêèå óñëîâèÿ îñâîåíèÿ ñëîæíîãî

çíàíèÿ è ðåàëèçàöèè ñèíåðãåòè÷åñêîé ïàðàäèãìû ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ

â øêîëå â êîíòåêñòå àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé íàóêè ê ý��åêòèâíîìó

îáó÷åíèþ øêîëüíîé ìàòåìàòèêå, ñïîñîáñòâóþùèå �îðìèðîâàíèþ ìàòåìàòè÷å-

ñêîé ãðàìîòíîñòè, ðàçâèòèþ íåëèíåéíîãî ìûøëåíèÿ, êðåàòèâíîñòè è êðèòè÷íî-

ñòè ëè÷íîñòè è åå àêòèâíîìó ó÷àñòèþ â æèçíåäåÿòåëüíîñòè îáùåñòâà?

Ïðè ýòîì íåîáõîäèìî ðåàëèçóåòñÿ èäåÿ íå òîëüêî ðàçðàáîòêè, ðåàëèçàöèè

è èññëåäîâàíèè èåðàðõè÷åñêèõ ðàçíîóðîâíåâûõ êîìïëåêñîâ PISA-ïîäîáíûõ çàäà-

íèé äëÿ øêîëüíèêîâ, íî è àêòóàëèçàöèè áàçîâûõ îáîáùåííûõ ïðîöåäóð è ÓÓÄ

(óíèâåðñàëüíûõ ó÷åáíûõ äåéñòâèé), èíòåãðàöèè ìàòåìàòè÷åñêèõ çíàíèé è êîì-

ïåòåíöèé. Òàêîâûìè ìîãóò áûòü: ëîêàëèçàöèè è ñòðóêòóðèðîâàíèå èí�îðìàöèè,

ïîíèìàíèå è îáîáùåíèå, èíòåãðàöèè è èíòåðïðåòàöèè, ìîäåëèðîâàíèÿ è ðå�ëåê-

ñèè, ñàìîîöåíêè è ñàìîêîíòðîëÿ çíàíèé, êîòîðûå êîððåëèðóþò ñ óðîâíÿìè è ñî-

äåðæàíèåì ìàòåìàòè÷åñêîé ãðàìîòíîñòè â êîíòåêñòå ðåàëèçàöèè èññëåäîâàòåëü-

ñêîé è èãðîâîé äåÿòåëüíîñòè øêîëüíèêîâ â õîäå îñâîåíèÿ ñëîæíîãî çíàíèÿ. Ýòà

èíòåãðàòèâíàÿ îñíîâà ñïîñîáñòâóåò âçàèìîäåéñòâèþ, âçàèìîâëèÿíèþ, âçàèìî-

îáîãàùåíèþ îáëàñòåé çíàíèÿ è íåîáõîäèìî áóäåò ñïîñîáñòâîâàòü �îðìèðîâàíèþ

�óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè øêîëüíèêîâ. Ñèíåðãèÿ ìàòåìà-

òè÷åñêîãî îáðàçîâàíèÿ ïðè ýòîì â êîíòåêñòå äèàëîãà êóëüòóð è àäàïòàöèè ñîâðå-

ìåííûõ äîñòèæåíèé â íàóêå â ¾ðåæèìå îáîñòðåíèÿ¿ Ñ. Ï. Êóðäþìîâà, áóäü òî

èíêëþçèâíîå (âêëþ÷åííîå) îáðàçîâàíèå, äèñòàíöèîííîå îáó÷åíèå èëè èíòåãðè-

ðîâàííûå êóðñû, ïîçâîëÿåò ñîçäàòü óñëîâèÿ äëÿ ïîâûøåíèÿ êà÷åñòâà ìàòåìà-

òè÷åñêîãî îáðàçîâàíèÿ, ó÷åáíîé è ïðî�åññèîíàëüíîé ìîòèâàöèè îáó÷àþùèõñÿ

ñ ðàñêðûòèåì èõ èíäèâèäóàëüíûõ îñîáåííîñòåé (¾. . . ðàçâîðà÷èâàÿ ñåáÿ ê êóëü-

òóðå è èñòîðèè . . . ¿ �. �åãåëü). Ïîýòîìó îáó÷åíèå ìàòåìàòèêå â øêîëå äîëæ-

íî ïðîèñõîäèòü â èí�îðìàöèîííî-íàñûùåííîé îáðàçîâàòåëüíîé ñðåäå îñâîåíèÿ

ñëîæíîãî óðîâíåâîãî çíàíèÿ â óñëîâèÿõ äèàëîãà ìàòåìàòè÷åñêîé, èí�îðìàöè-

îííîé ãóìàíèòàðíîé è åñòåñòâåííîíàó÷íîé êóëüòóð è èíòåãðàöèè äèäàêòè÷åñêèõ
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óñèëèé ïåäàãîãà è ó÷åíèêà â íàïðàâëåíèè âñêðûòèÿ ñóùíîñòåé áàçîâûõ ó÷åáíûõ

ýëåìåíòîâ (ïîíÿòèé, òåîðåì, ïðîöåäóð, àëãîðèòìîâ, èäåé) êàê �åíîìåíà �óíäà-

ìåíòàëèçàöèè îáðàçîâàíèÿ. Íåîáõîäèìî âûñòðàèâàíèå èåðàðõèé ñëîæíîãî ðàç-

íîóðîâíåâîãî çíàíèÿ, ìåòîäîâ è ñðåäñòâ â êîãíèòèâíîé äåÿòåëüíîñòè, îïîðû

íà äèäàêòè÷åñêèå ïðàâèëà è çàêîíîìåðíîñòè îñâîåíèÿ ìàòåìàòè÷åñêîé äåÿòåëü-

íîñòè íà îñíîâå ñèíåðãåòè÷åñêîãî ïîäõîäà (�ðàêòàëüíàÿ ãåîìåòðèÿ, íå÷åòêèå

ìíîæåñòâà è fuzzy-logi
, òåîðèÿ õàîñà è êàòàñòðî�, óñòîé÷èâîñòü äèíàìè÷åñêèõ

ñèñòåì è íåëèíåéíàÿ äèíàìèêà, òåîðèÿ êîäèðîâàíèÿ è øè�ðîâàíèÿ èí�îðìà-

öèè è ò.ï.).

Ý��åêòèâíûì êîíñòðóêòîì ìîæåò îêàçàòüñÿ ðàçâåðòûâàíèå ñëåäóþùèõ

ýòàïîâ ïðîÿâëåíèÿ ñèíåðãèè ñëîæíîãî çíàíèÿ â ìàòåìàòè÷åñêîì îáðàçîâàíèè

â øêîëå êàê ìåõàíèçì �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ:

ìîòèâàöèîííûé (ñàìîàêòóàëèçàöèÿ (¾ìíå ýòî èíòåðåñíî¿)); îðèåíòèðîâî÷íî-

èí�îðìàöèîííîé íàñûùåííîñòè (ñàìîîïðåäåëåíèå (¾÷òî ÿ ìîãó ñäåëàòü¿));

ïðîöåññóàëüíî-äåÿòåëüíîñòíûé (ñàìîîðãàíèçàöèÿ (¾ÿ ñïîñîáåí óïðàâëÿòü ïðî-

öåññîì¿)); êîíòðîëüíî-êîððåêöèîííûé (îöåíêà ýìïèðè÷åñêîé âåðè�èêàöèè ðå-

çóëüòàòîâ); îáîáùàþùå-ïðåîáðàçóþùèé (ñàìîðàçâèòèå ëè÷íîñòè (¾ÿ ìîãó ñäå-

ëàòü ÷òî-òî íîâîå¿)); ïðè ýòîì íåîáõîäèìû ðàçðàáîòêè ìåòîäèê îñóùåñòâëåíèÿ

îòáîðà, îáîñíîâàíèÿ è ðàçðàáîòêè ïñèõîäèàãíîñòè÷åñêèõ ìåòîäèê è îöåíî÷íûõ

ïðîöåäóð âûÿâëåíèÿ ïðî�åññèîíàëüíûõ äå�èöèòîâ ïåäàãîãîâ è òåõíîëîãèé âû-

ÿâëåíèÿ ñèíåðãåòè÷åñêèõ ý��åêòîâ â îáó÷åíèè ìàòåìàòèêå. Îáó÷àþùèéñÿ óæå

ñåé÷àñ äîëæåí çíàêîìèòüñÿ ñ íåëèíåéíûì ñòèëåì ìûøëåíèÿ â ïîñòíåêëàññè-

÷åñêèõ íàóêàõ, çíàòü è íàõîäèòü àññîöèàöèè â ðåàëüíîé æèçíè òàêèõ �åíîìå-

íîâ êîëëåêòèâíîé óïîðÿäî÷åííîñòè êàê ý��åêò Æàáîòèíñêîãî � Áåëîóñîâà,

ÿ÷åéêè Áèíàðà (¾äîðîãà ãèãàíòîâ¿ â Èðëàíäèè), òåîðèÿ �èíçáóðãà � Ëàíäàó

ñâåðõïðîâîäèìîñòè â ñèñòåìå êâàíòîâ, óðàâíåíèÿ Ëîòêè � Âîëüòåððà â ñèñòåìå

¾õèùíèê�æåðòâà¿, ñíåæèíêà Êîõà è öèëèíäð Øâàðöà, ñöåíàðèé Ôåðõþëüñòà

è ¾ý��åêò áàáî÷êè¿ ñòðàííîãî àòòðàêòîðà Ëîðåíöà è ò.ï.

Âåäóùàÿ èäåÿ òàêîâà: êëþ÷åâûì àñïåêòîì �åíîìåíà �îðìèðîâàíèÿ ìà-

òåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ è ïðîÿâëåíèÿ ñèíåðãåòè÷åñêèõ ý��åê-

òîâ â îáó÷åíèè ìàòåìàòèêå ñëîæíîãî çíàíèÿ íà îñíîâå àäàïòàöèè ñîâðåìåííûõ

äîñòèæåíèé â íàóêå ÿâëÿåòñÿ âîçìîæíîñòü àêòóàëèçàöèè îáîáùåííûõ ýòàïîâ

è èññëåäîâàíèÿ õàðàêòåðèñòèê îñâîåíèÿ ñóùíîñòè ñëîæíûõ ìàòåìàòè÷åñêèõ

çíàíèé, ÿâëåíèé è ïðîöåäóð, ñîçäàíèÿ óñëîâèé äëÿ êîììóíèêàöèé è äèàëîãà

êóëüòóð, âûÿâëåíèÿ àòðèáóòîâ ñàìîîðãàíèçàöèè ñîäåðæàíèÿ, ïðîöåññîâ è âçà-

èìîäåéñòâèé (àòòðàêòîðû, òî÷êè áè�óðêàöèè, áàññåéíû ïðèòÿæåíèÿ, èòåðàöè-

îííûå ïðîöåäóðû è ò.ï.) â õîäå îñâîåíèè ¾ïðîáëåìíûõ çîí¿ ìàòåìàòèêè.

Ïðîÿâèëàñü íåîáõîäèìîñòü ðàçðàáîòêè ñðåäû äèñòàíöèîííîãî îáó÷åíèÿ ìà-

òåìàòè÷åñêèì äèñöèïëèíàì â ðàìêàõ ðàçâåðòûâàíèÿ ìåòîäè÷åñêèõ èíèöèàòèâ

ðàçðàáîò÷èêîâ � ó÷èòåëåé ìàòåìàòèêè, à òàêæå êîìïëåêñîâ îíëàéí-êóðñîâ è äè-

ñòàíöèîííûõ ñðåä; íåîáõîäèìî ðàçðàáîòàòü îáåñïå÷åíèå ÈÊÒ ñðåäñòâ ïîääåðæ-

êè (â òîì ÷èñëå, ìàòåìàòè÷åñêîãî ïàêåòà êîìïüþòåðíîé àëãåáðû Mathemati
a)

â ðåøåíèè ñëîæíûõ çàäà÷ â îáó÷åíèè ìàòåìàòèêå øêîëüíèêîâ; áóäåò ðàçðàáî-

òàíà òåõíîëîãèÿ ¾òåòðàäû¿ â èññëåäîâàòåëüñêîé äåÿòåëüíîñòè øêîëüíèêîâ [1℄:

îñîáåííîñòü çäåñü ñîñòîèò â òîì, ÷òî îáó÷àþùèìñÿ ïðåäñòîèò âûïîëíÿòü ÷åòû-

ðå âèäà òâîð÷åñêîé äåÿòåëüíîñòè: à) òâîð÷åñêàÿ ìàòåìàòè÷åñêàÿ äåÿòåëüíîñòü;
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á) ïîñòðîåíèå �ðàêòàëüíûõ ìíîæåñòâ ñ ðàçðàáîòêîé àëãîðèòìîâ è ÿçûêîâ ïðî-

ãðàììèðîâàíèÿ âûñîêîãî óðîâíÿ; â) âûïîëíåíèå ëàáîðàòîðíûõ ðàáîò ïî ìàòå-

ìàòèêå ñ ïðîâåäåíèåì êîìïüþòåðíûõ ýêñïåðèìåíòîâ; ã) èçó÷åíèå òâîð÷åñêèõ

áèîãðà�èé ó÷åíûõ è ñîçäàíèå õóäîæåñòâåííûõ êîìïîçèöèé ñ ïîìîùüþ �ðàê-

òàëîâ è ÈÊÒ. Âñå ïîëó÷åííûå ðåçóëüòàòû õàðàêòåðèçóþò ïðîÿâëåíèå ñèíåðãèè

ñëîæíîãî çíàíèÿ â ìàòåìàòè÷åñêîì îáðàçîâàíèè â øêîëå íà îñíîâå àäàïòàöèè

ñîâðåìåííûõ äîñòèæåíèé â íàóêå, â îñíîâíîì, â �îðìàõ ðåàëèçàöèè èíòåãðàòèâ-

íûõ è ýëåêòèâíûõ êóðñîâ, ïðîåêòíîé äåÿòåëüíîñòè è âåá-êâåñòîâ, ëàáîðàòîðíî-

ðàñ÷åòíûõ è ðåñóðñíûõ çàíÿòèé, â òîì ÷èñëå, â èãðîâîé äåÿòåëüíîñòè.

Èìåííî óïðàâëåíèå îáðàçîâàòåëüíûìè ïðîöåññàìè íà áàçå îñâîåíèÿ ñëîæíî-

ãî çíàíèÿ ñðåäñòâàìè ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñïîñîá-

íû äàòü ìîùíûé ìîòèâàöèîííûé çàðÿä ê èçó÷åíèþ ìàòåìàòè÷åñêèõ äèñöèïëèí;

êàê ñëåäñòâèå, ïîâûñèòñÿ èíòåðåñ ê îñâîåíèþ ìàòåìàòèêè ñ ðåàëüíûì ðàçâèòè-

åì òåîðåòè÷åñêîãî è ýìïèðè÷åñêîãî ìûøëåíèÿ (ñðàâíåíèå, àíàëîãèÿ, àíàëèç,

ñèíòåç è ò.ï.) è ïîâûñèòñÿ óðîâåíü ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ,

êðåàòèâíîñòü è êðèòè÷íîñòü ìûøëåíèÿ îáó÷àþùèõñÿ. Ïðè ýòîì âîçìîæíîñòü

àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé â íàóêå ê øêîëüíîé ìàòåìàòèêå è êîìïüþ-

òåðíîãî èíòåðàêòèâíîãî âçàèìîäåéñòâèÿ ñ ó÷åáíûì ïðåäìåòîì óñèëèâàåò ðàç-

âèâàþùèé ý��åêò è ïîâûøàåò ó÷åáíóþ ìîòèâàöèþ, âûÿâëÿåò ñâÿçè ñ ðåàëüíîé

æèçíüþ è ïðàêòèêîé, ñîçäàåò �åíîìåí ïðîÿâëåíèÿ ñèíåðãåòè÷åñêèõ ý��åêòîâ

â îñâîåíèè ñëîæíîãî ìàòåìàòè÷åñêîãî çíàíèÿ.

�èïîòåçà. �åàëèçàöèÿ ñëåäóþùèõ ìåòîäîëîãè÷åñêèõ è ìåòîäè÷åñêèõ èäåé

áóäåò ñïîñîáñòâîâàòü ý��åêòèâíîìó �îðìèðîâàíèþ ìàòåìàòè÷åñêîé ãðàìîò-

íîñòè øêîëüíèêîâ â îáó÷åíèè ìàòåìàòèêå â êîíòåêñòå ðàçðàáîòêè òåõíîëîãèé

îñâîåíèÿ ñëîæíîãî çíàíèÿ â íàñûùåííîé èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðå-

äå, îñíîâàííûõ íà àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé â íàóêå è àêòóàëèçà-

öèè îáîáùåííûõ êîíñòðóêòîâ, �óíäèðóþùèõ ýòàïíîå èññëåäîâàíèå ïðàêòèêî-

îðèåíòèðîâàííûõ çàäàíèé, â ó÷åáíîé è èãðîâîé äåÿòåëüíîñòè íà îñíîâå ìàòå-

ìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ. Âàæíåéøèìè �àêòîðàìè ðåàëè-

çàöèè ïðè ýòîì òåõíîëîãèè �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè áóäóò

ÿâëÿòüñÿ ñëåäóþùèå ïåäàãîãè÷åñêèå óñëîâèÿ:

� èí�îðìàöèîííàÿ íàñûùåííîñòü è èíäèâèäóàëèçàöèÿ ìîòèâàöèîííîãî ïî-

ëÿ ó÷åíèÿ è èãðîâîé äåÿòåëüíîñòè (â òîì ÷èñëå, ïðîöåññîâ öè�ðîâèçàöèè øêîëû

è âóçà);

� ìíîæåñòâåííîñòü ïîñòàíîâêè öåëåé è ïîèñêà ýòàïîâ àäàïòàöèè îáîáùåí-

íûõ êîíñòðóêòîâ ñëîæíîãî çíàíèÿ;

� ïîèñê è èññëåäîâàíèå áè�óðêàöèîííûõ ïåðåõîäîâ â ðàçíîóðîâíåâîé ìàòå-

ìàòè÷åñêîé äåÿòåëüíîñòè;

� âûÿâëåíèå ÓÓÄ â ìàòåìàòè÷åñêîé äåÿòåëüíîñòè ïî ðåøåíèþ è èññëåäîâà-

íèþ ïðàêòèêî-îðèåíòèðîâàííûõ çàäàíèé â ýòàïíûõ ïðîöåññàõ àäàïòàöèè ñëîæ-

íîãî çíàíèÿ;

� �ëóêòóàöèîííîå ðàçíîîáðàçèå ïàðàìåòðèçàöèè è èíòåãðàöèè ìàòåìàòè÷å-

ñêèõ, èí�îðìàöèîííûõ, åñòåñòâåííîíàó÷íûõ è ãóìàíèòàðíûõ çíàíèé â ïîñòðîå-

íèè ìàòåìàòè÷åñêèõ ðåçóëüòàòîâ â �îðìå àòòðàêòîðîâ è áàññåéíîâ ïðèòÿæåíèÿ

íåëèíåéíûõ ïðåîáðàçîâàíèé íà îñíîâå ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäå-

ëèðîâàíèÿ;
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� äèàëîã êóëüòóð è ñåòåâîå âçàèìîäåéñòâèå íà åäèíûõ èí�îðìàöèîííûõ

ïëàò�îðìàõ èññëåäîâàòåëüñêîé äåÿòåëüíîñòè ñ ó÷åòîì ñòîõàñòè÷íîñòè ïðîöåñ-

ñîâ è îáîáùåííîñòè ðåçóëüòàòîâ �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè;

� ïîñòàíîâêà ýêñïåðèìåíòà â ìàòåìàòèêå è ïðîÿâëåíèå ñèíåðãåòè÷åñêèõ ý�-

�åêòîâ ðàçâèòèÿ ëè÷íîñòè â óñëîâèÿõ ïðîäâèæåíèÿ ê ïîíèìàíèþ ñóùíîñòè

ìàòåìàòè÷åñêèõ îáúåêòîâ è ïðîöåäóð â õîäå �óíêöèîíèðîâàíèÿ íàñûùåííîé

èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû.

1. Ñëîæíîå çíàíèå êàê ìíîãîîáðàçèå â åäèíñòâå. Èññëåäîâàíèå ïðî-

áëåìû è ðåàëèçàöèÿ àäåêâàòíîé òåõíîëîãèè �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðà-

ìîòíîñòè øêîëüíèêîâ ñâÿçàíà ñ îñâîåíèåì îáó÷àþùèìèñÿ ñëîæíîãî çíàíèÿ

ñðåäñòâàìè ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ â íàñûùåííîé

èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäå íà îñíîâå äèàëîãà êóëüòóð. Àíòè÷íûå

�èëîñî�û Ïëàòîí, Àðèñòîòåëü, Ñòàãèðèò [2℄ óñòàíàâëèâàëè îíòîëîãè÷åñêîå ðàç-

ëè÷èå ìåæäó ïðîñòûì è ñëîæíûì êîòîðîå âûðàæàåòñÿ â òðàäèöèîííûõ äëÿ

äðåâíåãðå÷åñêîé ìûñëè ïàðàõ ïðîòèâîïîëîæíîñòåé, òàêèõ êàê ¾åäèíîå�ìíîãîå¿,

¾ýëåìåíòàðíîå�ñîñòàâíîå¿, ¾íåîáõîäèìîå�ñëó÷àéíîå¿. �åøåíèå ïðîáëåì âû÷èñ-

ëèòåëüíîé ñëîæíîñòè (À. Òüþðèíã, Ñ. Êóê, Ì. �àáèí è äð.) ïîêàçàëî, ÷òî èìåííî

âðåìåííûå õàðàêòåðèñòèêè èãðàþò íàèáîëåå âàæíóþ ðîëü â îöåíêå ñëîæíîñòè

çàäà÷è (çàäà÷è �-êëàññà (�-òðóäíîñòü) � ïîëèíîìèàëüíîå âðåìÿ, çàäà÷à êîììè-

âîÿæåðà � ýêñïîíåíöèàëüíîå âðåìÿ è ò.ï.). ¾Ñëîæíîñòü îçíà÷àåò ìíîãî ðàçíûõ

âåùåé � ñóùåñòâóåò äåñêðèïòèâíàÿ ñëîæíîñòü è âû÷èñëèòåëüíàÿ ñëîæíîñòü.

Àëãîðèòì ìîæåò áûòü ÷ðåçâû÷àéíî ñëîæíûì â ñìûñëå ñïîñîáà åãî ïîñòðîå-

íèÿ è ïðè ýòîì ðàáîòàòü î÷åíü áûñòðî, òàê êàê åãî âû÷èñëèòåëüíàÿ ñëîæíîñòü

íèçêà. Òàêèì îáðàçîì, ìû èìååì ðàçëè÷íûå ïîíÿòèÿ î ñëîæíîñòè. Ìíå íå ÿñ-

íî, èìåþò ëè â âèäó îäíî è òîæå ïîíÿòèå èíæåíåðû-ýëåêòðîíùèêè, ýêîíîìè-

ñòû, ìàòåìàòèêè, ñïåöèàëèñòû ïî èí�îðìàòèêå è �èçèêè, êîãäà óïîòðåáëÿþò

òåðìèí ñëîæíîñòü¿ [3℄. Ñóùåñòâóþò ïîäõîäû, êîãäà ñëîæíîñòü ñâÿçûâàåòñÿ ñî

âðåìåíåì îáðàçîâàíèÿ ñèñòåìû èëè ñ åå èåðàðõè÷åñêîé ñòðóêòóðîé, à òàêæå,

ñ âåðîÿòíîñòüþ îáðàçîâàíèÿ ñèñòåìû èç èñõîäíûõ ýëåìåíòîâ, èíîãäà ñëîæíîñòü

ìîæåò îçíà÷àòü ñïîñîáíîñòü ñèñòåìû ê ãåíåðèðîâàíèþ ñåìèîòè÷åñêèõ èí�îð-

ìàöèîííûõ ñâÿçåé è îñóùåñòâëÿòü íà èõ îñíîâå âçàèìîäåéñòâèå ñ âíåøíåé ñðå-

äîé, ïîçâîëÿþùåå ðåàëèçîâàòü èåðàðõè÷åñêóþ ñòðóêòóðó óïðàâëåíèÿ. Ñëåäóÿ

È. �. Ïðèãîæèíó, ïîíÿòèÿ ¾ñëîæíîñòü åñòü âîçíèêíîâåíèå áè�óðêàöèîííûõ ïå-

ðåõîäîâ âäàëè îò ðàâíîâåñèÿ è ïðè íàëè÷èè ïîäõîäÿùèõ íåëèíåéíîñòåé, íàðó-

øåíèå ñèììåòðèè âûøå òî÷êè áè�óðêàöèè, à òàêæå îáðàçîâàíèå è ïîääåðæêà

êîððåëÿöèé ìàêðîñêîïè÷åñêîãî ìàñøòàáà¿ [4℄. Ïîñòíåêëàññè÷åñêîå ìûøëåíèå

ñîâðåìåííîãî èíäèâèäóóìà, áàçèðóþùååñÿ íà íåëèíåéíîñòü îêðóæàþùåé ðåàëü-

íîñòè, ñèòóàòèâíîñòè è íåîïðåäåëåííîñòè â ïðèíÿòèè ðåøåíèÿ, ìíîæåñòâåííîãî

öåëåïîëàãàíèÿ è íåîäíîçíà÷íîñòè âûáîðà íàñòîÿòåëüíî äèêòóåò íåîáõîäèìîñòü

è âîçìîæíîñòü îñâîåíèÿ è ïðèíÿòèÿ íîâîãî çíàíèÿ (ìàòåìàòè÷åñêîé ãðàìîò-

íîñòè) ïîñðåäñòâîì ïðåîäîëåíèÿ ñëîæíîãî (ñîâðåìåííûå äîñòèæåíèÿ â íàóêå),

âêëþ÷àþùåãî íîâîå çíàíèå, êàê èìïåðàòèâà ïåðåõîäà îò õàîñà ê ïîðÿäêó. Òàêèì

îáðàçîì, ìàòåìàòè÷åñêàÿ ãðàìîòíîñòü øêîëüíèêà ìîæåò âûñòóïàòü êàê àòòðàê-

òîð èòåðàöèé ïîýòàïíîãî ðàçâåðòûâàíèÿ ñèìáèîçà èññëåäîâàíèÿ îáîáùåííûõ

ïðîöåäóð (óíèâåðñàëüíûõ ó÷åáíûõ äåéñòâèé) è ïðîöåññîâ àäàïòàöèè ñëîæíîãî
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çíàíèÿ ê îñâîåíèþ áàçîâûõ ó÷åáíûõ ýëåìåíòîâ øêîëüíîé ìàòåìàòèêè. Ýòî äèê-

òóåò íåîáõîäèìîñòü âûñòðàèâàòü, èññëåäîâàòü è ðàññìàòðèâàòü ðàçíîóðîâíåâîå

ñëîæíîå êàê óñëîâèå âûñòðàèâàíèÿ ïàðàìåòðîâ ïîðÿäêà è ïåðåõîäà ê äèíàìè÷å-

ñêè óñòîé÷èâûì ñîñòîÿíèÿì íîâîãî óðîâíÿ ñëîæíîñòè. Èìåííî îñâîåíèå ñëîæ-

íîãî çíàíèÿ øêîëüíèêàìè ïîçâîëÿåò ñîçäàâàòü ñèòóàöèè, âåäóùèå ê ñïîñîá-

íîñòè ïîääåðæèâàòü äèíàìè÷åñêóþ óñòîé÷èâîñòü ñîñòîÿíèÿ (�îðìèðîâàíèå
ìàòåìàòè÷åñêîé ãðàìîòíîñòè) ïðè äîïóñòèìûõ çíà÷åíèÿõ âíóòðåííèõ èëè

âíåøíèõ âîçìóùåíèé (�ëóêòóàöèé) ìàòåìàòè÷åñêîé äåÿòåëüíîñòè â ïðîöåñ-

ñàõ àäàïòàöèè îáîáùåííûõ êîíñòðóêòîâ â èññëåäîâàíèè ñîâðåìåííûõ äîñòè-

æåíèé â íàóêå.

Ìàòåìàòè÷åñêîå îáðàçîâàíèå êàê ñëîæíàÿ è îòêðûòàÿ ñîöèàëüíàÿ ñèñòåìà

íåñåò â ñåáå ïðè ýòîì îãðîìíûé ïîòåíöèàë ñàìîîðãàíèçàöèè è ïîçèòèâíîãî ïðî-

ÿâëåíèÿ ñèíåðãåòè÷åñêèõ ý��åêòîâ â ðàçíûõ íàïðàâëåíèÿõ: ðàçâèòèå è âîñïèòà-

íèå ëè÷íîñòè â ïðîåêòíîé äåÿòåëüíîñòè, óïîðÿäî÷åííîñòü ñîäåðæàíèÿ è ñòðóê-

òóðû êîãíèòèâíîãî îïûòà, êîììóíèêàöèè è ñîöèàëüíîå âçàèìîäåéñòâèå ñóáúåê-

òîâ íà îñíîâå äèàëîãà êóëüòóð.

Ñèíåðãèÿ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ ïðè ýòîì áóäåò ðàññìàò-

ðèâàòüñÿ íàìè êàê ñèìáèîç è êà÷åñòâåííîå èçìåíåíèå íåëèíåéíûõ ý��åêòîâ

ñàìîîðãàíèçàöèè è ñàìîðàçâèòèÿ ëè÷íîñòè â õîäå îñâîåíèÿ ìàòåìàòè÷åñêîé

äåÿòåëüíîñòè â óñëîâèÿõ óïðàâëåíèÿ ñëîæíûìè ñòîõàñòè÷åñêèìè ïðîöåññàìè

íà îñíîâå ñîãëàñîâàíèÿ ðàçíûõ �àêòîðîâ è íà÷àë â òðåõ êîíòåêñòàõ: ñîäåð-

æàòåëüíîì (ñåìèîòè÷åñêîì), ïðîöåññóàëüíîì (èìèòàöèîííîì) è ñîöèàëüíî-

àäàïòàöèîííîì. Ïîñëåäíèå àñïåêòû îñîáåííî âàæíû â ïåäàãîãè÷åñêèõ ñèñòå-

ìàõ ââèäó âîçìîæíîñòè óñòàíîâëåíèÿ äîïîëíèòåëüíûõ ãîðèçîíòàëüíûõ ñâÿçåé

íà îñíîâå äèàëîãà êóëüòóð è ðåàëèçàöèè êîíòåêñòíîãî ïîäõîäà À. À. Âåðáèö-

êîãî [5℄. Ñèíåðãèÿ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ õàðàêòåðèçóåòñÿ ïðè ýòîì íà-

ëè÷èåì âíóòðåííèõ àòðèáóòîâ (ìåõàíèçìîâ) ñàìîîðãàíèçàöèè è ïàðàìåòðîâ

ïîðÿäêà, êîòîðûå �îðìèðóþò óñïåøíîñòü �óíêöèîíèðîâàíèÿ îáðàçîâàòåëüíîé

ñèñòåìû íà âñå íîâûõ óñëîæíÿþùèõñÿ óðîâíÿõ, ñïîñîáñòâóþùåé �îðìèðîâàíèþ

ìàòåìàòè÷åñêîé ãðàìîòíîñòè êàê ñëåäñòâèþ ïîçèòèâíûõ èçìåíåíèé. Ïðè ýòîì

äèäàêòè÷åñêèå ïðîöåññû ïðèîáðåòàþò íîâîå êà÷åñòâî: åñòåñòâåííîíàó÷íûå çíà-

íèÿ îáîãàùàþòñÿ ãóìàíèòàðíûì àñïåêòîì, ãóìàíèòàðíûå çíàíèÿ ïðèîáðåòàþò

íàó÷íóþ îñíîâó îáîñíîâàíèÿ ñóùíîñòè èñïîëüçîâàíèåì åñòåñòâåííîíàó÷íîãî è

ìàòåìàòè÷åñêîãî àïïàðàòà è ìåòîäîâ.

Âàæíûì êîíòåêñòîì ÿâëÿåòñÿ ïîñòàíîâêà âíåøíèõ �àêòîðîâ âîçäåéñòâèÿ

â âèäå ìíîæåñòâåííîñòè öåëåïîëàãàíèÿ, âûñòðàèâàíèÿ ýòàïîâ è èåðàðõèé çíàêî-

âî-ñèìâîëè÷åñêîé è îáðàçíî-ãåîìåòðè÷åñêîé äåÿòåëüíîñòè â íàïðàâëåíèè �óí-

äèðîâàíèÿ ñóùíîñòè ìàòåìàòè÷åñêèõ îáúåêòîâ è ïðîöåäóð [6℄, ïîèñêà è àíàëè-

çà ïîáî÷íûõ ðåøåíèé 
 èñïîëüçîâàíèåì èí�îðìàöèîííûõ òåõíîëîãèé, âûÿâëå-

íèÿ áè�óðêàöèîííûõ ïåðåõîäîâ è áàññåéíîâ ïðèòÿæåíèÿ â èññëåäóåìûõ ïðî-

öåññàõ íà îñíîâå âàðèàòèâíîñòè è ïàðàìåòðèçàöèè, îáåñïå÷åíèå êîãåðåíòíîñòè

èí�îðìàöèîííûõ ïîòîêîâ â ïîÿâëåíèè íîâîé ïðîäóêòà íà îñíîâå äèàëîãà êóëü-

òóð (â òîì ÷èñëå, â óñëîâèÿõ ñåòåâîãî âçàèìîäåéñòâèÿ). Íàìè âûÿâëåíû è îõà-

ðàêòåðèçîâàíû âñå ýòàïû ïðîÿâëåíèÿ ñèíåðãèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ:

ïîäãîòîâèòåëüíûé, ñîäåðæàòåëüíî-òåõíîëîãè÷åñêèé, îöåíî÷íî-êîððåêöèîííûé

è îáîáùàþùå-ïðåîáðàçóþùèé. Àêòóàëèçàöèÿ ïðîöåññîâ àäàïòàöèè ñîâðåìåí-

142



íûõ äîñòèæåíèé â íàóêå è îáîáùåííûõ êîíñòðóêòîâ ïàðàìåòðèçàöèè è ïðèå-

ìîâ íàãëÿäíîãî ìîäåëèðîâàíèÿ ñóùíîñòè ìàòåìàòè÷åñêèõ îáúåêòîâ øêîëüíîé

ìàòåìàòèêè íà îñíîâå êîìïüþòåðíîãî ìîäåëèðîâàíèÿ è èíòåãðàöèè ìåæïðåä-

ìåòíûõ çíàíèé è ïðîöåäóð ÿâëÿþòñÿ óíèêàëüíûì ìåõàíèçìîì è ý��åêòèâ-

íîé âîçìîæíîñòüþ �îðìèðîâàíèÿ �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé)
ãðàìîòíîñòè øêîëüíèêîâ.

Èññëåäîâàíèå è çíà÷èìîñòü ïðèìåðîâ ñàìîîðãàíèçàöèè â æèâîé è íåæèâîé

ïðèðîäå ÷åðåç ïðîöåññû ðàçðóøåíèÿ è ñîçèäàíèÿ (õàîñà è ïîðÿäêà) ïîêàçàëè,

÷òî íàðàñòàíèå ñëîæíîñòè â îòêðûòûõ è íåðàâíîâåñíûõ ñèñòåìàõ íå ÿâëÿ-

åòñÿ äåñòðóêòèâíûì ìåõàíèçìîì, à íàîáîðîò ÿâëÿåòñÿ íåîáõîäèìûì ïåðåõîäîì

ê íîâîìó óðîâíþ ðàçâèòèÿ, áîëåå ñëîæíûì è óïîðÿäî÷åííûì �îðìàì îðãàíè-

çàöèè, â òîì ÷èñëå, â îáðàçîâàòåëüíûõ ñòðóêòóðàõ. �àçðàáîòêà �èëîñî�ñêîé

êîíöåïöèè ñëîæíîñòè (È. Êàíò, �. Â. �åãåëü, È. Ïðèãîæèí, �. Õàêåí, Â. Â. Îð-

ëîâ, È. Ñ. Óòðîáèí, Õ. Àëüâåí, Ò. Ñ. Âàñèëüåâà è äð.) îïîñðåäîâàíà îáøèðíûì

ýêñïåðèìåíòàëüíûì ìàòåðèàëîì, ïðàêòèêîé è âçàèìîçàâèñèìîñòüþ èíòåãðàòèâ-

íûõ ïðîöåññîâ â íàóêå, òåõíîëîãèÿõ, ýêîíîìèêå, ñîöèàëüíûõ ïðåîáðàçîâàíèÿõ

è îáðàçîâàòåëüíûõ ïàðàäèãìàõ. Ïîëèâàëåíòíîñòü, ìíîæåñòâåííîñòü, ìíîãîïî-

ëÿðíîñòü, íåïðåäñêàçóåìîñòü, ýìåðäæåíòíîñòü è íåðàâíîâåñíîñòü ñîâðåìåííîãî

ìèðà íå ìîæåò íå áûòü óâÿçàíà ñ êàòåãîðèÿìè ðàçâèòèÿ ñóùíîñòè îáúåêòîâ, ÿâ-

ëåíèé è ïðîöåññîâ ïîñðåäñòâîì ïðîÿâëåíèÿ çàêîíîìåðíîñòåé ïåðåõîäîâ íà áîëåå

âûñîêèå óðîâíè ñëîæíîñòè êàê ñîñòàâëÿþùèõ êîíêðåòíî-âñåîáùåé òåîðèè ðàç-

âèòèÿ (Ñò. Áèð, Í. Âèíåð, Äæ. �îí Íåéìàí è äð.). Èññëåäîâàòåëè äåëàþò âûâîä

î òîì, ÷òî ñëîæíîñòü ÿâëÿåòñÿ èíòåãðèðóþùåé õàðàêòåðèñòèêîé ñïîñîáíîñòè ê

ñàìîîðãàíèçàöèè ïðè äîñòèæåíèè îïðåäåëåííûõ êðèòè÷åñêèõ åå óðîâíåé, ñïî-

ñîáíîñòè ê ý��åêòèâíîìó ðàçâèòèþ è ñàìîðàçâèòèþ ìûøëåíèÿ è ëè÷íîñòíûõ

êà÷åñòâ îáó÷àþùåãîñÿ. Ó÷åíûå �èëîñî�û, ïåäàãîãè è ïñèõîëîãè (Ñ. Ï. Êóð-

äþìîâ, �. Õàêåí, Ê. Ìàéíöåð, À. Í. Ïîäúÿêîâ [7℄, Â. Ñ. Ñòåïèí è äð.) óáåäè-

òåëüíî ïîêàçàëè, ÷òî ý��åêòèâíîå ðàçâèòèå ëè÷íîñòè ïðîèñõîäèò ïðè îñâîåíèè

ñëîæíîãî çíàíèÿ (ðàçíûõ óðîâíåé åãî ñëîæíîñòè â çàâèñèìîñòè îò ëè÷íîñòíîãî

ðàçâèòèÿ îáó÷àþùèõñÿ, âêëþ÷àÿ èíêëþçèâíîå îáðàçîâàíèå), ñîçäàíèÿ ñèòóàöèé

ïðåîäîëåíèÿ òðóäíîñòåé â ïðîöåññå îñâîåíèÿ çíàíèé è åäèíîé êàðòèíû ìèðà íà

îñíîâå âûñîêîé ñòåïåíè ðàçâåðòûâàíèÿ ó÷åáíîé è ïðî�åññèîíàëüíîé ìîòèâàöèè

îáó÷àþùèõñÿ â åäèíîé ñåòè âçàèìîäåéñòâèé, ñàìîñòîÿòåëüíîñòè è êîãåðåíòíî-

ñòè. Â ïîçíàíèè ñëîæíîãî ñàì ïðîöåññ ïîçíàíèÿ ¾ñòàíîâèòñÿ êîììóíèêàöèåé,

ïåòëåé ìåæäó ïîçíàíèåì (�åíîìåíîì, îáúåêòîì) è ïîçíàíèåì ýòîãî ïîçíàíèÿ¿

(Ý. Ìîðåí).

Òàê êàê ñóùíîñòü îáíàðóæèâàåò ñâîþ ðåàëüíîñòü â ñîâîêóïíîñòè âíåøíèõ

õàðàêòåðèñòèê ïðåäìåòà, â ñâîèõ ïðîÿâëåíèÿõ, òî ðàñêðûâàÿ ñóùíîñòü ÷åðåç �è-

ëîñî�ñêèå êàòåãîðèè âíóòðåííåãî, îáùåãî, ñîäåðæàíèÿ, ïðè÷èíû, íåîáõîäèìî-

ñòè è çàêîíà îïðåäåëèì, ïðåæäå âñåãî, êîìïîíåíòíûé ñîñòàâ ñîäåðæàòåëüíûõ

è ïðîöåññóàëüíûõ õàðàêòåðèñòèê ïðîÿâëåíèÿ ñóùíîñòè. Ñîäåðæàòåëüíûé ìî-

äóñ: çíàêîâî-ñèìâîëè÷åñêèå, âåðáàëüíûå, îáðàçíî-ãåîìåòðè÷åñêèå è òàêòèëüíî-

êèíåñòåòè÷åñêèå ïðîÿâëåíèÿ; ïðîöåññóàëüíûé ìîäóñ: èñòîðèêî-ãåíåòè÷åñêèå,

êîíêðåòíî-äåÿòåëüíîñòíûå, ýêñïåðèìåíòàëüíûå è ïðèêëàäíûå ïðîÿâëåíèÿ. Ïî-

ñòèæåíèå ñóùíîñòè ïðåäìåòà îáó÷àþùèìñÿ â îïðåäåëåííîì êàòåãîðèàëüíîì ïî-

ëå çíàíèé è ñïîñîáîâ äåÿòåëüíîñòè, äîñòàòî÷íîå äëÿ óñïåøíîñòè è ý��åêòèâ-

143



íîñòè îïåðèðîâàíèÿ ñ íåé, íå îáÿçàòåëüíî ñîâïàäàåò ïî ñîäåðæàíèþ è âûðà-

æåííîñòè íåîáõîäèìûõ ñóùåñòâåííûõ ñâÿçåé. Áîëåå òîãî, âîçìîæíî ïðèñîåäè-

íåíèå äîïîëíèòåëüíûõ ñâÿçåé, êîòîðûå â ñîâîêóïíîñòè ñ íåîáõîäèìûìè ñâÿ-

çÿìè ñîçäàþò öåëîñòíîñòü è èåðàðõè÷íîñòü ñóùíîñòè â äàííîì êàòåãîðèàëü-

íîì ïîëå. Ýòà èçìåí÷èâîñòü è ïîäâèæíîñòü ñóùíîñòè ïðåäìåòà òðåáóåò àêòó-

àëèçàöèè ïîýòàïíîãî ïðîäâèæåíèÿ ê åå ïîçíàíèþ è îïðåäåëÿåò òðåòüå èçìåðå-

íèå ñóùíîñòè � ëè÷íîñòíî-àäàïòàöèîííîå â åå õàðàêòåðèñòèêàõ, è îïðåäåëÿåò

òðåõêîìïîíåíòíóþ öåëîñòíîñòü ñóùíîñòè ïðåäìåòà êàê îáúåêòà ïîçíàíèÿ â õî-

äå êîãíèòèâíîé äåÿòåëüíîñòè. Òàêèì îáðàçîì, íàìè ïðåäñòàâëåíà ñëåäóþùàÿ

ñòðóêòóðíî-�óíêöèîíàëüíàÿ ìîäåëü ñóùíîñòè ìàòåìàòè÷åñêèõ ó÷åáíûõ ýëå-

ìåíòîâ (ðèñ. 3):

�èñ. 3. Ñòðóêòóðíî-�óíêöèîíàëüíàÿ ìîäåëü ïðîÿâëåíèÿ ñóùíîñòè

ìàòåìàòè÷åñêèõ ó÷åáíûõ ýëåìåíòîâ.

Ïðè ýòîì ïðîöåäóðû îñâîåíèÿ îáîáùåííîé ñóùíîñòè è ïåðåõîäà â ïðîöåñ-

ñàì èíäèâèäóàëèçàöèè â çîíàõ áëèæàéøåãî ðàçâèòèÿ îáó÷àþùèõñÿ áóäóò áîëåå

âûðàæåííûìè è íàïðàâëåííûìè, åñëè îðèåíòèðîâî÷íàÿ è èí�îðìàöèîííàÿ îñ-

íîâû ó÷åáíîé äåÿòåëüíîñòè îáó÷àåìûõ öåìåíòèðóþòñÿ ñïåöèàëüíî ïðîåêòèðó-

åìûì ñîäåðæàíèåì îáó÷åíèÿ, íàãëÿäíî ìîäåëèðóåìûì â �îðìå ñïèðàëåé èëè

êëàñòåðîâ �óíäèðîâàíèÿ áàçîâûõ ó÷åáíûõ ýëåìåíòîâ. Òàêèì îáðàçîì, �óíäèðî-

âàíèå îïûòà êàê èííîâàöèîííûé ìåõàíèçì ðàçâèòèÿ ëè÷íîñòè è ïîñòèæåíèÿ

ñóùíîñòè îáîáùåííîãî êîíñòðóêòà ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, �îðìèðî-

âàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêà â õîäå îñâîåíèÿ ñîâðåìåííûõ

äîñòèæåíèé â íàóêå ìîæåò ðàçâîðà÷èâàòüñÿ â òðåõ îáðàçîâàòåëüíûõ íèøàõ:

ñîäåðæàíèè øêîëüíîãî îáó÷åíèÿ ìàòåìàòèêå, òåõíîëîãèè ðåàëèçàöèè àäàïòà-

öèîííûõ ïðîöåññîâ è ðàçâèòèÿ ëè÷íîñòíûõ êà÷åñòâ îáó÷àþùèõñÿ.
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Çàêîíîìåðíîñòè âîñïðèÿòèÿ ñëîæíûõ ìàòåìàòè÷åñêèõ îáúåêòîâ.

Ïðîáëåìà âîñïðèÿòèÿ ÿâëÿåòñÿ êîðåííîé ïðîáëåìîé ïñèõîëîãè÷åñêîé íàóêè.

Åþ çàíèìàëèñü ìíîãèå âèäíûå �èçèîëîãè, ïñèõîëîãè, ïåäàãîãè XIX è XX âåêà

(Ñ. Ñòèâåíñ, Í. Í. Ëàíãå, Á. Ô. Ëîìîâ, À. À. Óõòîìñêèé, Ï. À. Àíîõèí, �. �åëüì-

ãîëüö, È. Ì. Ñå÷åíîâ, Á. �. Àíàíüåâ, Ï. Ï. Áëîíñêèé, È. Ï. Ïàâëîâ, Ä. Í. Óçíàä-

çå, À. Í. Ëåîíòüåâ, Â. Ï. Çèí÷åíêî, À. Â. Çàïîðîæåö, Á. Ì. Òåïëîâ è äð.).

Â äàííîì èññëåäîâàíèè âîñïðèÿòèå áóäåò ðàññìàòðèâàòüñÿ â øèðîêîì ñìûñëå

¾êàê ïðîöåññ íåïîñðåäñòâåííîãî èí�îðìàöèîííîãî âçàèìîäåéñòâèÿ îðãàíèçìà

ñ îáúåêòîì (ñðåäîé), â ðåçóëüòàòå êîòîðîãî ïðîèñõîäèò öåëîñòíîå îòîáðàæåíèå

îáúåêòà (ñðåäû) âñëåäñòâèå èçìåíåíèÿ ñòðóêòóðû è äèíàìèêè îïðåäåëåííûõ

ïîäñèñòåì îðãàíèçìà¿. Îáúåêòèâíîé îñíîâîé îáðàçà è äåòåðìèíàíòîì ïåðöåï-

òèâíûõ è èñïîëíèòåëüíûõ äåéñòâèé ÿâëÿåòñÿ îáúåêò, ïîýòîìó ñâîéñòâà îáúåêòà

äîëæíû áûòü ïîäâåðãíóòû âñåñòîðîííåìó èçó÷åíèþ. Âàæíåéøèì èç íèõ ÿâëÿ-

åòñÿ öåëîñòíîñòü. Âòîðûì íåîáõîäèìûì ýëåìåíòîì â ïðîöåññå âîñïðèÿòèÿ ÿâëÿ-

åòñÿ ñóáúåêò âîñïðèÿòèÿ � îáó÷àåìûé. Ïðèìåíèòåëüíî ê ñïåöè�èêàöèè ìàòå-

ìàòè÷åñêèõ îáúåêòîâ ñóùåñòâåííîé ÿâëÿåòñÿ ïðîáëåìà �îðìèðîâàíèÿ öåëîñò-

íîãî îáðàçà â ðåçóëüòàòå ñóêöåññèâíîãî, ÷àñòî ñèëüíî ðàñòÿíóòîãî ïî âðåìåíè

âîñïðèÿòèÿ ñëîæíîãî öåëîñòíîãî ìàòåìàòè÷åñêîãî îáúåêòà. Åñëè îáðàòèòüñÿ ê

èñòîðèè âîïðîñà, òî âèäèì, ÷òî, èçó÷àÿ ïðîöåññû ïðîñòðàíñòâåííîãî çðèòåëü-

íîãî âîñïðèÿòèÿ, �. �åëüìãîëüö îñîáåííî âûäåëÿë ðîëü äâèæåíèé. Îí ïðèäàâàë

äâèæåíèÿì áîëåå øèðîêèé ñìûñë: äâèæåíèå ñóáúåêòà (êàê è ñàìèõ îáúåêòîâ)

âûçûâàþò ïîñòîÿííûå èçìåíåíèÿ ÷óâñòâåííûõ âïå÷àòëåíèé, ïîëó÷àåìûõ îò îáú-

åêòîâ. Âìåñòå ñ òåì ïîâòîðÿþùèéñÿ îïûò îáíàðóæèâàåò óñòîé÷èâîñòü ñâÿçåé,

èõ ïðèçíàêîâ, áëàãîäàðÿ ÷åìó ñîâîêóïíîñòè îùóùåíèé è ïðèîáðåòàþò êà÷åñòâî

îòíîñèòåëüíî èíâàðèàíòíûõ îáðàçîâ. Îòìåòèâ íàëè÷èå â âîñïðèÿòèè ýëåìåíòàð-

íûõ ìîòîðíûõ àêòîâ òàêèõ, êàê àäàïòàöèîííûå ðå�ëåêñû ãëàçà è ò.ï., èçâåñò-

íûé ïñèõîëîã Í. Í. Ëàíãå íàïðàâèë ñâîè óñèëèÿ íà èññëåäîâàíèå ÷óâñòâåííûõ

îáðàçîâ òåõ îáúåêòîâ, êîòîðûå ìû íàìåðåííî âûäåëÿåì â îêðóæàþùåì ìèðå,

ò. å. íà àíàëèç ÿâëåíèé òàê íàçûâàåìîãî âîëåâîãî âíèìàíèÿ. Äëÿ Ëàíãå âîëåâîå

âíèìàíèå åñòü öåëåâîå, öåëåïîä÷èíåííîå âîñïðèÿòèå. Òîëüêî òàêîå âîñïðèÿòèå

è äàåò íàì áîëåå îò÷åòëèâîå, áîëåå êîíêðåòíîå è ïîëíîå çíàíèå âîñïðèíèìàå-

ìîãî îáúåêòà â îòëè÷èå îò çíàíèÿ òîëüêî ¾çðà÷êîâîãî¿, ñèãíàëüíîãî. Êàê ïîêà-

çûâàþò ýêñïåðèìåíòàëüíûå äàííûå, ïåðöåïòèâíûå äåéñòâèÿ âûñòóïàþò â ñâîåé

ðàçâåðíóòîé âíåøíåé �îðìå íà ðàííèõ ñòóïåíÿõ îíòîãåíåçà, ãäå íàèáîëåå ÷åò-

êî îáíàðóæèâàåòñÿ èõ ñòðóêòóðà è ðîëü â �îðìèðîâàíèè îáðàçîâ âîñïðèÿòèÿ.

Â õîäå äàëüíåéøåãî ðàçâèòèÿ îíè ïðåòåðïåâàþò ðÿä ïîñëåäîâàòåëüíûõ èçìåíå-

íèé è ñîêðàùåíèé, ïîêà íå îáëåêàþòñÿ â �îðìó ìãíîâåííîãî àêòà óñìîòðåíèÿ

îáúåêòà, êîòîðûé áûë îïèñàí ïðåäñòàâèòåëÿìè ãåøòàëüòïñèõîëîãèè è îøèáî÷íî

ïðèíèìàëñÿ èìè çà èñõîäíûé, ãåíåòè÷åñêè ïåðâè÷íûé. Â ÷àñòíîñòè, â äåéñòâè-

ÿõ, íàïðàâëåííûõ íà �îðìèðîâàíèå îáðàçà, âûäåëÿþòñÿ îïåðàöèè îáíàðóæå-

íèÿ, âûäåëåíèÿ àäåêâàòíûõ çàäà÷àì èí�îðìàòèâíûõ ïðèçíàêîâ, îçíàêîìëåíèå

ñ âûäåëåííûìè ïðèçíàêàìè. Ïñèõîëîãè÷åñêèå îñíîâû çðåíèÿ. Ê �óíêöèîíàëü-

íûì îáðàçîâàíèÿì ïåðöåïòèâíîãî ïðîöåññà îòíîñÿòñÿ ñåíñîðíûå �óíêöèè ðàç-

ëè÷íûõ ìîäàëüíîñòåé (çðèòåëüíûå, ñëóõîâûå, òàêòèëüíûå è ò.ä.), ìíåìè÷åñêèå,

ïñèõîëîãè÷åñêèå, ðå÷å-äâèãàòåëüíûå è ò.ä. Ê îïåðàöèîííûì ìåõàíèçìàì ïåðöåï-

òèâíûõ ïðîöåññîâ îòíîñÿòñÿ èçìåðèòåëüíûå, ñîèçìåðèòåëüíûå, òîíè÷åñêè-ðåãó-

ëÿòîðíûå è äðóãèå äåéñòâèÿ, �îðìèðóþùèåñÿ â ïðîöåññå ïðàêòè÷åñêîãî îïåðè-
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ðîâàíèÿ ñ âåùàìè è ÿâëåíèÿìè. Ìîòèâàöèîííàÿ ñòîðîíà ïåðöåïòèâíûõ ïðîöåñ-

ñîâ îïðåäåëÿåò èõ íàïðàâëåííîñòü, ñåëåêòèâíîñòü è íàïðÿæåííîñòü. Ôàêòîðû

ïîñòåïåííîãî óñëîæíåíèÿ ïðîöåññîâ âîñïðèÿòèÿ (ïåðöåïòèâíûõ) îáúÿñíÿëèñü

èìåííî òåì, ÷òî îáîáùàþùå-àáñòðàãèðóþùèå �óíêöèè ìûøëåíèÿ è îáîçíà÷àþ-

ùèå �óíêöèè ðå÷è ñòðîÿò ÷óâñòâåííûé îáðàç ïðåèìóùåñòâåííî èç ìàòåðèàëîâ

ïðîøëîãî îïûòà. ×åì ñòàðøå ðåáåíîê, òåì áîëüøå â åãî ïåðöåïöèè àïïåðöåïöèè.

Èññëåäîâàíèå ïåðöåïòèâíûõ ïðîöåññîâ ðàçëè÷íûõ âèäîâ (âîñïðèÿòèå ïðåäìåòà

èëè åãî èçîáðàæåíèÿ, ïðîñòðàíñòâà è âðåìåíè, äâèæóùèõñÿ îáúåêòîâ è ò.ä.)

âñåãäà îðèåíòèðîâàíî íà îïðåäåëåííóþ ìîäàëüíîñòü âîñïðèÿòèÿ â çàâèñèìîñòè

îò àíàëèçàòîðíîé ñèñòåìû (çðèòåëüíîé, ñëóõîâîé è ò.ä.). Â ñïåöèàëüíûõ ñëó-

÷àÿõ ïðèìåíÿþòñÿ êîìïëåêñíûå èëè êîìáèíèðîâàííûå îáúåäèíåíèÿ �óíêöèî-

íàëüíûõ ñèñòåì íà ðåøåíèå îáùåé ïåðöåïòèâíîé çàäà÷è (çðèòåëüíî-ñëóõîâîé,

çðèòåëüíî-êèíåñòåòè÷åñêîé è ò.ä.). Âî âñåõ ñëó÷àÿõ êàê îáùèõ, òàê è ñïåöè-

àëüíûõ èñõîäíîé ìîäåëüþ è ïðèíöèïèàëüíîé ñõåìîé ïåðöåïòèâíîãî ïðîöåññà

ÿâëÿåòñÿ çðèòåëüíûé îáðàç. Ï. Ï. Áëîíñêèé âûñêàçàë ïðåäïîëîæåíèå, ÷òî íå

ñóùåñòâóåò íèêàêîãî äðóãîãî ñèíòåçà ðàçíîðîäíûõ âïå÷àòëåíèé, êðîìå çðè-

òåëüíîãî. Çðèòåëüíûé õàðàêòåð ïðåäñòàâëåíèé â ñîñòîÿíèè îáùåé ïîíèæåííîé

âîçáóäèìîñòè ìîçãà è ñîõðàíåíèÿ â êà÷åñòâå ¾ñòîðîæåâîãî ïóíêòà¿ íå çðèòåëü-

íîé, à ñëóõîâîé çîíû � ÿâëåíèå óäèâèòåëüíîå. Çðèòåëüíàÿ ñèñòåìà ÿâëÿåòñÿ

äëÿ ÷åëîâåêà äîìèíàíòíîé íå òîëüêî ïîòîìó, ÷òî îíà ÿâëÿåòñÿ ñàìûì ìîùíûì

èñòî÷íèêîì èí�îðìàöèè î âíåøíåì ìèðå, íî òàêæå è òåì, ÷òî îíà èãðàåò ðîëü

âíóòðåííåãî êàíàëà ñâÿçè ìåæäó âñåìè àíàëèçàòîðíûìè ñèñòåìàìè è ÿâëÿåòñÿ

îðãàíîì ïðåîáðàçîâàòåëåì ñèãíàëîâ. Òàêîå íåîáû÷íîå äëÿ àíàëèçàòîðíûõ ñè-

ñòåì ìîçãà ñâîéñòâî ó ÷åëîâåêà çðèòåëüíàÿ ñèñòåìà ïðèîáðåòàåò áëàãîäàðÿ ñî÷å-

òàíèþ ÷åòûðåõ �àêòîðîâ: 1) öåëîñòíîãî ïðåäìåòíîãî õàðàêòåðà îáðàçà, ò. å. îò-

ðàæåíèþ ñòðóêòóðíîãî åäèíñòâà âîñïðèíèìàåìûõ âåùåé, îòíîñèìûõ ê îïðåäå-

ëåííîìó ïðîñòðàíñòâó îêðóæàþùåé ñðåäû; 2) ïðåäìåòíîãî äåéñòâèÿ, ïîñðåä-

ñòâîì êîòîðîãî ÷åëîâåê îïåðèðóåò ýòèìè âåùàìè è èçìåíÿåò èõ, ïðàêòè÷åñêè

ïðåîáðàçóÿ èõ ñòðóêòóðó è ñâîéñòâà; 3) ñèãíè�èêàöèè âîñïðèíèìàåìûõ âåùåé,

áëàãîäàðÿ ÷åìó îáîáùàåòñÿ, àáñòðàãèðóåòñÿ è ñîõðàíÿåòñÿ â êà÷åñòâå êîíñòàíò

ïåðöåïòèâíîå çíàíèå; 4) ïðîñòðàíñòâåííîé îðãàíèçàöèè ñèìóëüòàííîãî îáðàçà.

Çðèòåëüíàÿ ñèñòåìà ðàáîòàåò íà òðåõ óðîâíÿõ: ñåíñîðíîì (îùóùåíèÿ), ïåðöåï-

òèâíîì (âîñïðèÿòèÿ), àïïåðöåïòèâíîì (ïðåäñòàâëåíèÿ). Ñïîñîáíîñòü çðèòåëü-

íîé ñèñòåìû ïî-ðàçíîìó âèäåòü îäèí è òîò æå ïðåäìåò ÿâëÿåòñÿ íåîáõîäèìîé

îñíîâîé äëÿ �îðìèðîâàíèÿ êîíñòàíòíîñòè âîñïðèÿòèÿ. Í. Í. Ëàíãå îòêðûë çà-

êîí ïåðöåïöèè, ñîãëàñíî êîòîðîìó ïðîöåññ âîñïðèÿòèÿ ñòðîèòñÿ êàê íàãëÿä-

íîå ñóæäåíèå îá îáúåêòå. Îäíîé èç îñíîâíûõ ïñèõî�èçèîëîãè÷åñêèõ õàðàê-

òåðèñòèê ÷åëîâåêà ÿâëÿåòñÿ êîíñòàíòíîñòü âîñïðèÿòèÿ, îòíîñèòåëüíàÿ èíâàðè-

àíòíîñòü îáðàçà îáúåêòà â èçìåíÿþùèõñÿ óñëîâèÿõ íàáëþäåíèÿ. Êîíñòàíòíîñòü

âîñïðèÿòèÿ ÿâëÿåòñÿ òàêèì èíòåãðàëüíûì ñâîéñòâîì, êîòîðîå â ðàâíîé ñòåïå-

íè òðàêòóåòñÿ êàê çàêîí ñîõðàíåíèÿ èí�îðìàöèè (Akishige, 1965), òàê è êàê

ïðîÿâëåíèå çàêîíîìåðíîé óñòàíîâêè (Óçíàäçå, Íàòàäçå, 1963). Êîíñòàíòíîñòü

âîñïðèÿòèÿ ÿâëÿåòñÿ âåñüìà òîíêèì èíäèêàòîðîì èíäèâèäóàëüíîãî ðàçâèòèÿ,

îõâàòûâàþùèì âñå ñòîðîíû ïåðöåïòèâíûõ ïðîöåññîâ (�óíêöèîíàëüíóþ, îïåðà-

öèîííóþ è ìîòèâàöèîííóþ). Ïåðöåïòèâíûå ïðîöåññû ñ èõ ñëîæíîé ïðîòèâîðå-

÷èâîé ñòðóêòóðîé ÿâëÿþòñÿ íå òîëüêî ïðîäóêòîì èíäèâèäóàëüíîãî ðàçâèòèÿ, íî

è îäíèì èç åãî �àêòîðîâ. Êîíñòàíòíîñòü âîñïðèÿòèÿ îáóñëîâëåíà ïðàêòè÷åñêèì

146



âçàèìîäåéñòâèåì æèâîãî ñóùåñòâà ñ îêðóæàþùåé åãî ñðåäîé è �îðìèðóåòñÿ

â òå÷åíèå äëèòåëüíîãî âðåìåíè. Ó æèâîãî ñóùåñòâà â ïåðèîä åãî èíäèâèäóàëü-

íîé æèçíè âûðàáàòûâàåòñÿ ñïîñîáíîñòü âîñïðèíèìàòü ñòîéêèå, äåéñòâèòåëüíûå

ñâîéñòâà îáúåêòîâ (óñòîé÷èâûå ñâÿçè). Ôóíêöèÿ ïåðöåïòèâíîé êîíñòàíòíîñòè �

ïðîäóöèðîâàòü óñòîé÷èâûé, ñòàáèëüíûé è êîíñòàíòíûé ìèð âìåñòî ïîñòîÿííî

ìåíÿþùèõñÿ ñåíñîðíûõ âïå÷àòëåíèé. Íåñìîòðÿ íà íåêîòîðûå ðàçëè÷èÿ òåîðèè

ïåðöåïòèâíîé êîíñòàíòíîñòè (Äæ. �èáñîíà, Ê. Îãëÿ, Å. �åðèíãà, À. Áëàíêà,

Å. Áðóíñâèê è äð.), ó÷åíûå ïðèçíàþò âëèÿíèå àïïåðöåïöèè íà êîíñòàíòíîñòü

âîñïðèÿòèÿ, ïðàâäà, â ðàçëè÷íîé �îðìå è íà ðàçíûå åå êîìïîíåíòû.

Â ïðîòèâîïîëîæíîñòü ýòèì òåîðèÿì ãåøòàëüòïñèõîëîãèÿ ñ÷èòàåò êîíñòàíò-

íîñòü èììàíåíòíûì ñâîéñòâîì âîñïðèÿòèÿ, ïðè ýòîì ïåðöåïòèâíàÿ êîíñòàíò-

íîñòü îïðåäåëÿåòñÿ ñòðóêòóðîé ïîëÿ âîñïðèÿòèÿ. Äëÿ Â. Êåëëåðà êîíñòàíòíîå

âîñïðèÿòèå (âåëè÷èíû, �îðìû, öâåòà è ïð.) ïî ñâîåé ïðèðîäå íå îòëè÷àåòñÿ

îò ëþáîé îïòè÷åñêîé èëëþçèè, îáóñëîâëåííîé öåëîñòíîé ñòðóêòóðîé âîñïðè-

íèìàåìîãî çðèòåëüíîãî ïîëÿ. Äåéñòâèòåëüíî, âëèÿòåëüíûå �àêòîðû, ïî ìíå-

íèþ Êåëëåðà, � ýòî òàêèå àñïåêòû ðàçäðàæèòåëÿ, êàê êîí�èãóðàöèÿ, áëèçîñòü,

ñõîäñòâî, îáùåå íàïðàâëåíèå, ñèììåòðèÿ è äðóãèå îáúåêòèâíûå õàðàêòåðèñòèêè,

ïîäîáíûå ýòèì. �åøòàëüòòåîðèÿ èìååò äåëî ñ ÿâëåíèÿìè, êîòîðûå îáíàðóæèâà-

þòñÿ â çðèòåëüíîì ïîëå, ÿâëÿþùåìñÿ, â ñâîþ î÷åðåäü, äèíàìè÷åñêèì ðàñïðå-

äåëåíèåì ýíåðãèè, ïðè÷åì åãî ÷àñòè âçàèìîçàâèñèìû èç-çà èõ ó÷àñòèÿ â öåëîì.

Ïîëå ñòðóêòóðèðîâàíî â çàâèñèìîñòè îò òîãî, â êàêîé ìåðå âíóòðè íåãî ñóùå-

ñòâóþò ðàçëè÷èÿ ïî èíòåíñèâíîñòè èëè ïî êà÷åñòâó. Â òîé ìåðå, â êàêîé ïîëå

ñòðóêòóðèðîâàíî, îíî ñîäåðæèò ïîòåíöèàëüíóþ ýíåðãèþ, ñïîñîáíóþ ïðîèçâî-

äèòü ïåðöåïòèâíóþ ðàáîòó. Êàê ìíåíèå Êî��êè î ïàðàëëåëüíûõ �èçèîëîãè÷å-

ñêèõ ïðîöåññàõ, òàê è ïðèçûâ Êåëåðà ê ðàñêðûòèþ ïîëåâûõ ìîçãîâûõ �óíêöèé

îñíîâûâàþòñÿ íà ïðèíöèïå èçîìîð�èçìà. Áóêâàëüíî ýòî îçíà÷àåò ¾ðàâåíñòâî

�îðì¿, ìîãóùåå ïðèîáðåñòè òî÷íóþ �îðìóëèðîâêó ìàòåìàòè÷åñêèìè ìåòîäà-

ìè. Âèäåíèå áåëîãî êâàäðàòà ñîïðîâîæäàåòñÿ êâàäðàòî-ïîäîáíîé îáëàñòüþ âîç-

áóæäåíèÿ â íåéðîííîì ïîëå ìîçãà. �åøòàëüòïñèõîëîãèÿ óòâåðæäàåò, ÷òî ñîçíà-

òåëüíî âîñïðèíèìàåìûé êâàäðàò äîëæåí ñîîòâåòñòâîâàòü îáëàñòè âîçáóæäåíèÿ

â �îðìå êâàäðàòà â êàêîì-ëèáî ìåñòå íåéðîííîãî ïîëÿ, ò. å. åñëè �îðìà èç

÷åòûðåõ òî÷åê âîñïðèíèìàåòñÿ êàê ¾êâàäðàò¿, äîëæåí èìåòü ìåñòî íåêèé ïî-

äîáíûé êâàäðàòó �èçèîëîãè÷åñêèé ïðîöåññ. �åøòàëüòïñèõîëîãèÿ íå ïðèçíàåò

ëîêàëèçîâàííûõ ñïåöè�è÷åñêèõ ïóòåé, àññîöèàöèé, ïîñêîëüêó òàêèå �èçèîëîãè-

÷åñêèå ÿâëåíèÿ, èñõîäÿ èç ïðèíöèïà èçîìîð�èçìà, íå èìåþò ñîîòâåòñòâóþùåãî

ïðåäñòàâèòåëüñòâà â ñîçíàíèè. Ïîëåìèêà ãëàâíûõ ïðåäñòàâèòåëåé ãåøòàëüòòåî-

ðèè � Ì. Âåðòãåéìåðà, Â. Êåëëåðà è Ê. Êî��êè � áûëà íàïðàâëåíà ñâîèì

îðóäèåì ïðîòèâ àññîöèîèçìà, áèõåâèîðèçìà. Â îòëè÷èå îò íåêîòîðûõ ñîâðåìåí-

íûõ ïñèõîëîãîâ, ïðåíåáðåæèòåëüíî îòíîñÿùèõñÿ ê âîçìîæíîñòÿì íåéðî�èçèî-

ëîãèè â èíòåðïðåòàöèè ïñèõè÷åñêèõ ÿâëåíèé, ïðåäñòàâèòåëè ðàííåãî ãåøòàëü-

òèçìà óñèëåííî ïûòàëèñü ïîäêðåïèòü ñâîè ïîçèöèè àíàëèçîì ìîçãîâûõ ìåõà-

íèçìîâ. Ïðèìåðîì êðèòè÷åñêîãî îòíîøåíèÿ ê ãåøòàëüòòåîðèè ìîãóò ñëóæèòü

âûñêàçûâàíèÿ Äæ. Õîõáåðãà ïðè ðàññìîòðåíèè äâóõ ãëàâíûõ èíñòðóìåíòîâ ãå-

øòàëüòèçìà: �åíîìåíà �èãóðà��îí è çàêîíîâ îðãàíèçàöèè: à) çàêîíû ãåøòàëüòà

íå äåòåðìèíèðîâàíû: âîëåâûì óñèëèåì ìîæíî, íàïðèìåð, ìåíÿòü ñîîòíîøåíèå

�èãóðà��îí; á) ãåøòàëüòòåîðèÿ íå äàåò îáúÿñíåíèé ðàçëè÷èÿ ìåæäó âîñïðèÿ-

òèåì äâóìåðíûõ è òðåõìåðíûõ îáúåêòîâ; â) áàçîâûå çàêîíîìåðíîñòè âîñïðèÿòèÿ
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âûâîäÿòñÿ â ãåøòàëüòïñèõîëîãèè íà îñíîâå ýìïèðè÷åñêîãî ìàòåðèàëà, ïîëó÷åí-

íîãî ïðè ïðåäñòàâëåíèè ïëîñêèõ èçîáðàæåíèé, à çàòåì óæå ïåðåíîñèòñÿ â ñ�åðó

âîñïðèÿòèÿ îáúåìíûõ òåë. Ïðè ýòîì âîâñå íå ó÷èòûâàåòñÿ, ÷òî âîñïðèÿòèå ðè-

ñóíêà íå îòíîñèòñÿ ê ïåðâè÷íûì ñïîñîáíîñòÿì çðèòåëüíîé ñèñòåìû � äëÿ ýòîãî

òðåáóåòñÿ åå îáó÷åíèå. Óæå â 1933 ã. â ñâîäêå �. Õåëñîíà �èãóðèðîâàëî 114 çà-

êîíîâ ãåøòàëüòà. Ïîñëå ýòîãî ãåøòàëüòïñèõîëîãèÿ ðåøèëà ñóùåñòâåííî óìåíü-

øèòü ÷èñëî òàêèõ ¾çàêîíîâ¿. Ê 1942 ã. Ý. Áîðèíã îñòàâèë òîëüêî 14 çàêîíîâ,

è äàëåå, ïðîäîëæàÿ ïðîöåññ ðåäóêöèè, ñâåë òåîðåòè÷åñêèé áàëàíñ ãåøòàëüòà ê

øåñòè íàèáîëåå îáùèì ïîëîæåíèÿì:

1) ïîíÿòèå �îðìû è èçîìîð�èçìà;

2) öåëîñòíîñòü âîñïðèÿòèÿ è ïðèìàò öåëîãî ïî îòíîøåíèþ ê ÷àñòíîìó;

3) ïðèíöèï ñèëîâîãî ïîëÿ;

4) ñïîñîáíîñòü îáðàçà ê òðàíñ�îðìàöèÿì è òðàíñïîçèöèÿì;

5) ïðèíöèï ïðåãíàíòíîñòè (¾õîðîøåé �îðìû¿);

6) ïðèíöèï ñòðóêòóðíîñòè èëè îðãàíèçàöèè.

Äàëåå Â. Ìåòåçèð âîçâðàùàåòñÿ ê èñõîäíûì ïðèíöèïàì, ñ�îðìóëèðîâàííûì

Âåðòãåéìåðîì â 1923 ã., è âûäåëÿåò 7 �àêòîðîâ ãåøòàëüòà, âëèÿþùèõ íà âîñ-

ïðèÿòèå ñëîæíûõ îáúåêòîâ:

1) Ôàêòîð ñõîäñòâà è íàèáîëüøåé ãîëîãåííîñòè, âûðàæàþùèéñÿ â òåíäåíöèè

ê îáúåäèíåíèþ è ãðóïïèðîâêå ýëåìåíòîâ, ñõîäíûõ ïî êàêèì-ëèáî ïàðàìåòðàì;

2) Ôàêòîð áëèçîñòè, ïðîÿâëÿþùèéñÿ â òîì, ÷òî áëèçêî ðàñïîëîæåííûå ýëå-

ìåíòû ëåã÷å îáúåäèíÿþòñÿ â ãðóïïû, ÷åì îòäàëåííûå;

3) Ôàêòîð îáùåé ñóäüáû, ïîä÷åðêèâàþùèé çíà÷èìîñòü äèíàìè÷åñêèõ ñîáû-

òèé äëÿ îðãàíèçàöèè âèçóàëüíîé ñòðóêòóðû. �ðóïïèðîâêà ýëåìåíòîâ îïðåäåëÿ-

åòñÿ íå òîëüêî ñåìàíòè÷åñêèì ñõîäñòâîì, íî è îáùèì õàðàêòåðîì èçìåíåíèé:

îäíîíàïðàâëåííûì ïåðåìåùåíèåì, èçìåíåíèåì ðàçìåðà, �îðìû, ÿðêîñòè, öâåòà

è ò.ä.;

4) Ôàêòîð îáúåêòèâíîé óñòàíîâêè: åñëè ó íàáëþäàòåëÿ óæå ñ�îðìèðîâàíà

íåêàÿ ñòðóêòóðà ýëåìåíòîâ, òî ëþáóþ íîâóþ åå îðãàíèçàöèþ îí áóäåò ðàññìàò-

ðèâàòü êàê èçìåíåíèå, ïðîäîëæåíèå, ðåêîíñòðóêöèþ ïåðâîíà÷àëüíîé;

5) Ôàêòîð âõîæäåíèÿ áåç îñòàòêà (öåëîñòíîñòü). Ïðèìàò öåëîñòíîãî îõâàòà

ñòðóêòóðíîñòüþ äàæå â óùåðá äðóãèì �àêòîðàì;

6) Ôàêòîð ïåðåõîäÿùèõ êðèâûõ (¾õîðîøåãî ïðîäîëæåíèÿ¿) � íàèìåíüøåå

èçìåíåíèå êðèâèçíû ëèíèé � ñâîåãî ðîäà îïòèìàëüíîñòü è ïðîñòîòà;

7) Ôàêòîð çàìêíóòîñòè � çàìêíóòûå ëèíèè ïðåäïî÷èòàþòñÿ ðàçîðâàííûìè.

�àçëè÷íûå êîìáèíàöèè â îáúåäèíåíèè ïåðå÷èñëåííûõ âûøå 7 �àêòîðîâ ëå-

æàò â îñíîâå íàèáîëåå îáùåãî çàêîíà ãåøòàëüòà � çàêîíà ïðåãíàíòíîñòè. Ê ïà-

ðàìåòðàì, êîòîðûå îáóñëàâëèâàþò èíäèâèäóàëüíûå ðàçëè÷èÿ â ïðîöåññå âîñ-

ïðèÿòèÿ, îáû÷íî îòíîñÿò: îáúåì âîñïðèÿòèÿ � êîëè÷åñòâî îáúåêòîâ, êîòîðîå

ìîæåò âîñïðèíÿòü ÷åëîâåê â òå÷åíèå îäíîé �èêñàöèè; òî÷íîñòü � ñîîòâåòñòâèå

âîçíèêøåãî îáðàçà îñîáåííîñòÿì âîñïðèíèìàåìîãî îáúåêòà; ïîëíîòà � ñòåïåíü

òàêîãî ñîîòâåòñòâèÿ; áûñòðîòà � âðåìÿ, íåîáõîäèìîå äëÿ àäåêâàòíîãî âîñïðèÿ-

òèÿ ïðåäìåòîâ èëè ÿâëåíèé; ýìîöèîíàëüíàÿ îêðàøåííîñòü. Èìåííî ýòè ñâîéñòâà

ìîãóò âûñòóïàòü â êà÷åñòâå ïîêàçàòåëåé ïðîäóêòèâíîñòè âîñïðèÿòèÿ.

Êàê îòìå÷àë Ñ. Ë. �óáèíøòåéí, ¾. . . ãåíåðàëèçàöèÿ îòíîøåíèé ïðåäìåòíîãî

ñîäåðæàíèÿ âûñòóïàåò çàòåì è îñîçíàåòñÿ êàê ãåíåðàëèçàöèÿ îïåðàöèé, ïðîèç-
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âîäèìûõ íàä îáîáùåííûì ïðåäìåòíûì ñîäåðæàíèåì; ãåíåðàëèçàöèÿ è çàêðåïëå-

íèå â èíäèâèäå ýòèõ ãåíåðàëèçîâàííûõ îïåðàöèé âåäóò ê �îðìèðîâàíèþ ó èí-

äèâèäà ñîîòâåòñòâóþùèõ ñïîñîáíîñòåé¿. Äàííûé ïîäõîä îñîáåííî âàæåí äëÿ

ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, ãäå åñòåñòâåííûì îáðàçîì âîçíèêàþùèå ìíîãî-

ñòóïåí÷àòûå àáñòðàêöèè ïðåäìåòíîãî ñîäåðæàíèÿ ñîçäàþò óñëîâèÿ äëÿ òàêèõ

îáîáùåíèé â õîäå àêòóàëèçàöèè è èññëåäîâàíèÿ ¾ïðîáëåìíûõ çîí¿ â îáó÷åíèè

ìàòåìàòèêå, à òàêæå äðóãèì åñòåñòâåííîíàó÷íûì è ãóìàíèòàðíûì äèñöèïëè-

íàì. Ïðèìåðîì ýòîìó ìîãóò ñëóæèòü èçâåñòíûå ïñèõîëîãè÷åñêèå èññëåäîâàíèÿ

ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, ïðîâåäåííûå Ë. Â. Çàíêîâûì, Í. Ô. Òàëûçèíîé,

Â. À. Êðóòåöêèì, È. Ñ. ßêèìàíñêîé, Â. Ä. Øàäðèêîâûì [8℄ è äðóãèìè êðóï-

íûìè îòå÷åñòâåííûìè ïñèõîëîãàìè. Ïîýòîìó èìåííî ìàòåìàòè÷åñêîå îáðàçîâà-

íèå êàê ñëîæíàÿ è îòêðûòàÿ ñîöèàëüíàÿ ñèñòåìà íåñåò â ñåáå îãðîìíûé ïî-

òåíöèàë àêòóàëèçàöèè â èññëåäîâàòåëüñêîé è èãðîâîé äåÿòåëüíîñòè ïðîöåññîâ

ñàìîîðãàíèçàöèè è ïîçèòèâíîãî ïðîÿâëåíèÿ ñèíåðãåòè÷åñêèõ ý��åêòîâ â ðàç-

íûõ íàïðàâëåíèÿõ ñ èñïîëüçîâàíèåì èí�îðìàöèîííûõ òåõíîëîãèé: ðàçâèòèå è

âîñïèòàíèå ëè÷íîñòè, óïîðÿäî÷åííîñòü ñîäåðæàíèÿ è ñòðóêòóðû êîãíèòèâíîãî

îïûòà, êîììóíèêàöèè è ñîöèàëüíîå âçàèìîäåéñòâèå ñóáúåêòîâ íà îñíîâå äèà-

ëîãà êóëüòóð, àñïåêòû ïðîÿâëåíèÿ ðåçóëüòàòîâ èññëåäîâàòåëüñêîé äåÿòåëüíîñòü

â �îðìèðîâàíèè ìàòåìàòè÷åñêîé ãðàìîòíîñòè, ý��åêòèâíàÿ ñèñòåìà ñàìîðå-

ãóëÿöèè ëè÷íîñòíûõ ÷åðò îáó÷àþùåãîñÿ (Ô. Ìàñëîó, �. Îëïîðò, Ê. �îäæåðñ,

À. Ì. Ìàòþøêèí, Ì. Ì. Êàøàïîâ è äð.). �àçðåøåíèå ïðîòèâîðå÷èé, ñâÿçàííûõ

ñ êà÷åñòâîì è óñïåøíîñòüþ èññëåäîâàòåëüñêîé äåÿòåëüíîñòè øêîëüíèêîâ è �îð-

ìèðîâàíèåì �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè øêîëüíèêîâ, âîç-

ìîæíî ïðè óñèëåíèè èíäèâèäóàëèçàöèè èññëåäîâàòåëüñêîãî è èãðîâîãî ïðîöåñ-

ñîâ è ðàçâèòèè ñóáúåêòíîñòè øêîëüíèêîâ íà îñíîâå ðàñïîçíàâàíèÿ ïðîöåññîâ è

ðåçóëüòàòîâ àäàïòàöèè ñëîæíûõ çíàíèé è ïðîöåäóð. Íåîáõîäèìî ñîçäàíèå óñëî-

âèé äëÿ ðàñêðûòèÿ âíóòðåííèõ ïðîöåññîâ è ìåõàíèçìîâ àäåêâàòíîñòè îñâîåíèÿ

ïîçíàâàòåëüíûõ ïðîöåññîâ è âíåøíèõ àêòîâ íà îñíîâå èäåíòè�èêàöèè ëè÷íî-

ñòè â ïðîöåññå îñâîåíèÿ ñëîæíûõ çíàíèé è ïðîöåäóð: ïåðñîíàëèçàöèÿ � ïðåä-

ñòàâëåííîñòü ñóáúåêòà â äðóãèõ ëþäÿõ; îáîñîáëåíèå � âûäåëåíèå èíäèâèäà âî

âçàèìîäåéñòâèè ñ äðóãèìè ëþäüìè; ïðèñâîåíèå èíäèâèäîì âñåñòîðîííåé ÷åëîâå-

÷åñêîé ñóùíîñòè (Ç. Ôðåéä, Ì. À. Õîëîäíàÿ, Þ. Á. �èïïåíðåéòîð, Â. Ñ. Ìóõèíà,

Â. Â. Ñåðèêîâ, È. Ñ. ßêèìàíñêàÿ, À. Â. Õóòîðñêîé è äð.).

Âìåñòå ñ À. Í. Ïîäúÿêîâûì îòìåòèì ñëåäóþùèå îñîáåííîñòè â ðåøåíèè

ñëîæíûõ çàäà÷ , ðåàëèçàöèÿ êîòîðûõ ìîæåò ðåàëüíî ïðèâåñòè ê ðîñòó ìàòå-

ìàòè÷åñêîé ãðàìîòíîñòè è êðåàòèâíîñòè øêîëüíèêîâ â îñâîåíèè ìàòåìàòèêè:

◮ â ïîâåäåíèè è ðàçâèòèè êîìïëåêñíîé äèíàìè÷åñêîé ñèñòåìû, òàêîé êàê

ìàòåìàòè÷åñêîå îáðàçîâàíèå, âñåãäà åñòü äîëÿ íåîïðåäåëåííîñòè è íåïðåäñêà-

çóåìîñòè; îíà òðåáóåò ìíîæåñòâà ðàçíîîáðàçíûõ îïèñàíèé è ðåøåíèé, êàê â ñî-

äåðæàíèè, òàê è â êîãíèòèâíûõ ïðîöåññàõ, îòëè÷àþùèõñÿ äðóã îò äðóãà è äî-

ïîëíÿþùèõ äðóã äðóãà; íå ìåíåå ý��åêòèâíûìè îðóäèÿìè ÿâëÿþòñÿ ïðè ýòîì

ïîíÿòèÿ íåñòðîãèå è íå÷åòêèå, ïîñòðîåííûå íà îñíîâå ýìïèðè÷åñêèõ, à íå òåî-

ðåòè÷åñêèõ îáîáùåíèé, èññëåäîâàíèå êîòîðûõ íåâîçìîæíî áåç èñïîëüçîâàíèÿ

êîìïüþòåðíîãî è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ;

◮ êîìïëåêñíàÿ ñèñòåìà îñâîåíèÿ ó÷åáíûõ ýëåìåíòîâ õàðàêòåðèçóåòñÿ èçìå-

íåíèÿìè íå òîëüêî íà óðîâíå êîíêðåòíûõ ïðîÿâëåíèé, íî è íà óðîâíå ñâîåé ñóù-
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íîñòè (îáîáùåííûõ êîíñòðóêòîâ), íàèáîëåå çíà÷èìîé äëÿ àêòóàëèçàöèè ïðîöåñ-

ñîâ ïîíèìàíèÿ è íàëè÷èÿ ðàçâèâàþùèõ ý��åêòîâ ñàìîîðãàíèçàöèè. Â ñëîæ-

íûõ îáðàçîâàòåëüíûõ ñèñòåìàõ ý��åêòèâíûå ïðàâèëà (�óíäèðóþùèå ìîäóñû

(Å. È. Ñìèðíîâ [9℄) ïîýòàïíîãî ðàçâåðòûâàíèÿ ñóùíîñòè ìîãóò áûòü âûäåëåíû

(â òîì ÷èñëå ìåòîäîì îáðàòíûõ çàäà÷ òåîðèè ñàìîîðãàíèçàöèè (�. �. Ìàëè-

íåöêèé [10℄)), íî îíè áóäóò ñ íåèçáåæíîñòüþ äîñòàòî÷íî âàðèàòèâíû ïî òèïàì

ñàìîîðãàíèçàöèè íà îñíîâå ðåàëèçàöèè íàãëÿäíîãî ìîäåëèðîâàíèÿ (Å. È. Ñìèð-

íîâ [11℄) è ïðèíöèïèàëüíî çàâèñèìû îò êîíòåêñòà;

◮ òåîðåòè÷åñêèå ìîäåëè ñêîëü óãîäíî âûñîêîãî óðîâíÿ ïðèíöèïèàëüíî îãðà-

íè÷åíû. Äëÿ ý��åêòèâíîãî èññëåäîâàíèÿ ñëîæíûõ äèíàìè÷åñêèõ ñèñòåì íåîá-

õîäèìû ðàçíîîáðàçíûå ïîèñêîâûå ïðîáû (ýêñïåðèìåíòàëüíûå ñðåçû, ñðàâíè-

òåëüíûé àíàëèç êîíêðåòíûõ ïðîÿâëåíèé, êîìïüþòåðíîå ìîäåëèðîâàíèå, àíàëî-

ãèè, àíàëèç ÷åðåç ñèíòåç (S. L. Rubinstein [12℄) è ò.ï.) � ðåàëüíûå âçàèìîäåé-

ñòâèÿ ñ ñèñòåìîé, à íå òîëüêî òåîðåòè÷åñêàÿ äåÿòåëüíîñòü ñ åå àáñòðàêòíûìè

ìîäåëÿìè;

◮ ïðè èññëåäîâàíèè ñëîæíîé ñèñòåìû íåîáõîäèìà âàðèàòèâíîñòü öåëåïîëà-

ãàíèÿ � ïîñòàíîâêà ðàçíîîáðàçíûõ, ðàçíîòèïíûõ è ðàçíîóðîâíåâûõ öåëåé (ìíî-

æåñòâåííîå öåëåïîëàãàíèå), êîòîðûå ìîãóò êîíêóðèðîâàòü ìåæäó ñîáîé. Îäíèì

èç îñíîâíûõ ýìîöèîíàëüíûõ ñîñòîÿíèé ÷åëîâåêà ïðè èññëåäîâàíèè ñëîæíûõ ñè-

ñòåì â ìàòåìàòè÷åñêîì îáðàçîâàíèè ÿâëÿåòñÿ íåóâåðåííîñòü, ñîìíåíèå, ãîòîâ-

íîñòü ïðèíÿòü äâîÿêèå (íà îñíîâå ïðîãíîçà è ñëó÷àéíûå) ðåçóëüòàòû äåéñòâèé,

è ò.ä.;

◮ ðåçóëüòàòû äåÿòåëüíîñòè ÷åëîâåêà ñî ñëîæíîé ñèñòåìîé ñîäåðæàíèÿ è ìå-

òîäîâ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, ðåçóëüòàòû âçàèìîäåéñòâèÿ ñ íåé íå ìî-

ãóò áûòü ïðåäñêàçàíû ïîëíîñòüþ, èñ÷åðïûâàþùèì îáðàçîì. Âîçìîæíû òîëüêî

âåðîÿòíîñòíî ãàðàíòèðîâàííûå ðåçóëüòàòû îáðàçîâàíèÿ. Ïðè÷åì íàðÿäó ñ ïðÿ-

ìûìè, ïðîãíîçèðóåìûìè ðåçóëüòàòàìè îáðàçîâàíèÿ îáðàçóþòñÿ ðàçíîîáðàçíûå

ïîáî÷íûå, íåïðåäñêàçóåìûå ïðîäóêòû ëè÷íîñòíîãî ðàçâèòèÿ è ìàòåìàòè÷åñêîé

äåÿòåëüíîñòè, êàê â øêîëå, òàê è â âóçå.

2. Ñèñòåìíî-ãåíåòè÷åñêèå êîíòåêñòû. Âûäåëèì ñëåäóþùèå ñèñòåìíî-

ãåíåòè÷åñêèå êîíòåêñòû îñâîåíèÿ ñëîæíîãî çíàíèÿ ñ ïðîÿâëåíèåì ñèíåð-

ãèè è ý��åêòîì �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ

(ñð. À. À. Âåðáèöêèé).

• Ïðîöåññóàëüíûå êîíòåêñòû. Áàçîâûì ïîíÿòèåì ïðåäñòàâëåííîé êîí-

öåïöèè àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé â íàóêå ÿâëÿåòñÿ ïðèíöèï è òåõ-

íîëîãèÿ �óíäèðîâàíèÿ îïûòà ëè÷íîñòè (Ý. �óññåðëü, Â. Ä. Øàäðèêîâ [8℄,

Å. È. Ñìèðíîâ è äð.). Ïîýòîìó êîíöåïöèÿ �óíäèðîâàíèÿ ïðîöåññà ñòàíîâëå-

íèÿ ëè÷íîñòè âûñòóïàåò êàê ý��åêòèâíûé ìåõàíèçì ïðåîäîëåíèÿ ïðî�åññèî-

íàëüíûõ êðèçèñîâ ñòàíîâëåíèÿ ñïåöèàëèñòà è àêòóàëèçàöèè èíòåãðàòèâíûõ ñâÿ-

çåé ìåæäó íàóêîé, ïðî�åññèîíàëüíûì îáðàçîâàíèåì è øêîëîé. Àäàïòàöèîííûå

ïðîöåññû ðàññìàòðèâàþòñÿ ó÷åíûìè ïñèõîëîãàìè è ïåäàãîãàìè êàê äèíàìè÷å-

ñêèé êîìïëåêñ èíòåãðàëüíîãî âçàèìîäåéñòâèÿ âíóòðåííèõ ðåçóëüòàòîâ (ñèñòå-

ìû çíàíèé, óìåíèé, óñòàíîâîê, êîìïåòåíöèé, öåííîñòåé) è àäåêâàòíûõ ìåõà-

íèçìîâ ïðèñïîñîáëåíèÿ ëè÷íîñòè ê èçìåíåíèÿì âíåøíåé ñðåäû è ðåçóëüòàòàì

äåÿòåëüíîñòè ñ ðàçâèâàþùèì ý��åêòîì (À. À. �åàí [13℄, Þ. È. Òîëñòûõ [14℄,

Ñ. È. Ñîðîêî [15℄ è äð.). Â ñîîòâåòñòâèè ñ Ñ. Í. Äâîðÿòêèíîé è Ñ. À. �îçà-
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íîâîé [16℄ òàêîâûìè ìîãóò áûòü ñèíåðãåòè÷åñêèå ý��åêòû ðåàëèçàöèè àäàï-

òàöèîííûõ ïðîöåññîâ: êîãíèòèâíûé, ìîòèâàöèîííûé, ïðî�åññèîíàëüíûé, êðåà-

òèâíûé, ñîöèàëüíî-ýêîíîìè÷åñêèé è äóõîâíî-íðàâñòâåííûé. Ïðîöåññû ñîçäàíèÿ

ìîòèâàöèîííîãî ïîëÿ äëÿ èññëåäîâàíèÿ ñëîæíûõ ìàòåìàòè÷åñêèõ êîíñòðóê-

òîâ òðåáóþò êîìïüþòåðíîãî äèçàéíà è íàãëÿäíîãî ìîäåëèðîâàíèÿ ñîâðåìåí-

íûõ äîñòèæåíèé â íàóêå (ñòðàííûé àòòðàêòîð Ëîðåíöà, íå÷åòêèå ìíîæåñòâà

è fuzzy-logi
, ãóáêà Ìåíãåðà, ñöåíàðèé Ôåðõþëüñòà è ò.ï.). Âûñòðàèâàíèå èåðàð-

õèé â ðàçâåðòûâàíèè ñóùíîñòè îáîáùåííîãî êîíñòðóêòà ¾ïðîáëåìíîé çîíû¿ íà

îñíîâå ïàðàìåòðèçàöèè è àáñòðàãèðîâàíèÿ, ïîèñêà òî÷åê áè�óðêàöèè è áàñ-

ñåéíîâ ïðèòÿæåíèÿ ñðåäñòâàìè ïîñòðîåíèÿ èòåðàöèîííûõ ïðîöåññîâ íà îñíî-

âå èí�îðìàöèîííî-òåõíîëîãè÷åñêîé ïîääåðæêè ñîçäàþò ìåõàíèçìû àäàïòàöèè

ñëîæíîãî çíàíèÿ ê øêîëüíîé è âóçîâñêîé ìàòåìàòèêå. Ïðè ýòîì Å. È. Ñìèðíî-

âûì [17℄ áûëè âûÿâëåíû è õàðàêòåðèçîâàíû ÷åòûðå ýòàïà ïðîÿâëåíèÿ ñèíåð-

ãèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ íà îñíîâå àêòóàëèçàöèè äèàëîãà ìàòåìàòè÷å-

ñêîé, èí�îðìàöèîííîé, åñòåñòâåííîíàó÷íîé è ãóìàíèòàðíîé êóëüòóð: ïîäãîòî-

âèòåëüíûé, ñîäåðæàòåëüíî-òåõíîëîãè÷åñêèé, êîíòðîëüíî-êîððåêöèîííûé è îá-

îáùàþùå-ïðåîáðàçóþùèé. Íà ðèñ. 4 ïðåäñòàâëåí ãðà� ñîãëàñîâàíèÿ ýòàïîâ

ïðîÿâëåíèÿ ñóùíîñòè îáîáùåííîãî êîíñòðóêòà ñîâðåìåííîãî íàó÷íîãî çíàíèÿ

â îñâîåíèè ìàòåìàòèêè è ýòàïîâ ïðîÿâëåíèÿ ñèíåðãèè ìàòåìàòè÷åñêîãî îáðàçî-

âàíèÿ.

�èñ. 4. Ñîãëàñîâàíèå ýòàïîâ ïðîÿâëåíèÿ ñóùíîñòè ó÷åáíîãî ýëåìåíòà

è ñèíåðãèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ.
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Òèï ìîäåëèðîâàíèÿ îáîáùåííîãî êîíñòðóêòà ñîâðåìåííîãî íàó÷íîãî çíàíèÿ

íà îñíîâå âûÿâëåííîé ñóùíîñòè ìîæåò áûòü �åíîìåíîëîãè÷åñêèì è ãåíåòè÷å-

ñêèì. Ñëåäóÿ òåîðèè Â. Â. Äàâûäîâà è Ä. Á. Ýëüêîíèíà, ìîæíî îòìåòèòü, ÷òî

�åíîìåíîëîãè÷åñêèé òèï ñîîòâåòñòâóåò àòðèáóòàì è ñâîéñòâàì �îðìèðîâàíèÿ

ýìïèðè÷åñêîãî ìûøëåíèÿ, êîãäà ïðîèñõîäèò îáîçíà÷åíèå ÷óâñòâåííî äàííûõ

ñâîéñòâ îáúåêòîâ è èõ ñâÿçåé, àáñòðàãèðîâàíèå ýòèõ ñâîéñòâ, îáúåäèíåíèå èõ

â êëàññû è îáîáùåíèå íà îñíîâå �îðìàëüíîãî òîæäåñòâà èõ îòäåëüíûõ ñâîéñòâ

è èõ âíåøíèõ èçìåíåíèé âî âçàèìîäåéñòâèè. �åíåòè÷åñêèé òèï ìîäåëèðîâàíèÿ

ñîîòâåòñòâóåò àòðèáóòàì è ñâîéñòâàì �îðìèðîâàíèÿ òåîðåòè÷åñêîãî ìûøëåíèÿ,

êîãäà îñóùåñòâëÿåòñÿ óñòàíîâëåíèå íåÿâíûõ ñêðûòûõ ñóùåñòâåííûõ ñâÿçåé îáú-

åêòîâ, ïðîöåññîâ è ÿâëåíèé ðîëè è �óíêöèé îòíîøåíèÿ êîìïîíåíòîâ âíóòðè

ñèñòåìû, óñëîâèÿ èõ ïðîèñõîæäåíèÿ è ïðåîáðàçîâàíèÿ. Ïîñëå àíàëèçà âûÿâëå-

íèÿ ñóùíîñòè è ñàìîãî èäåàëüíîãî îáúåêòà ïðîèñõîäèò âîñõîæäåíèå ê èñòèííî-

ìó ÷óâñòâåííî-êîíêðåòíîìó öåëîìó. Ïîýòîìó òåõíîëîãèÿ ïðîÿâëåíèÿ ñèíåðãèè

â ïðîöåññàõ àäàïòàöèè ñîâðåìåííûõ äîñòèæåíèé â íàóêå â øêîëüíîé ìàòåìàòèêå

ìîæåò áûòü îðèåíòèðîâàíà ñîîòâåòñòâåííî íà �åíîìåíîëîãè÷åñêèé èëè ãåíåòè-

÷åñêèé òèï âûÿâëåíèÿ ñóùíîñòè îáîáùåííîãî êîíñòðóêòà íàó÷íîãî çíàíèÿ.

Ôóíäèðóþùèå ïðîöåäóðû ïåðåõîäà îò íàëè÷íîãî ñîñòîÿíèÿ ñóùíîñòè è åå

àêòóàëüíîãî ïðåäñòàâëåíèÿ ê îáîáùåííîìó ïîòåíöèàëüíîìó ðàçâèòèþ ñóùíîñòè

â �îðìå èäåàëüíîãî îáúåêòà (ïðîöåññà èëè ÿâëåíèÿ, ñîñòîÿíèÿ ëè÷íîñòíûõ êà-

÷åñòâ) ÿâëÿþòñÿ ìíîãîýòàïíûìè, ïîëè�óíêöèîíàëüíûìè, íàïðàâëåííûìè è èí-

òåãðàòèâíûìè ïî àêòóàëèçàöèè âíóòðè è ìåæïðåäìåòíûõ ñâÿçåé. Ïðè ýòîì ïðî-

öåäóðû ïåðåõîäà â çîíàõ áëèæàéøåãî ðàçâèòèÿ áóäóò áîëåå âûðàæåííûìè è íà-

ïðàâëåííûìè, åñëè îðèåíòèðîâî÷íàÿ è èí�îðìàöèîííàÿ îñíîâû ó÷åáíîé äåÿ-

òåëüíîñòè îáó÷àåìûõ öåìåíòèðóþòñÿ ñïåöèàëüíî ïðîåêòèðóåìûì ñîäåðæàíèåì

îáó÷åíèÿ, íàãëÿäíî ìîäåëèðóåìûì â �îðìå ñïèðàëåé èëè êëàñòåðîâ �óíäèðî-

âàíèÿ áàçîâûõ ó÷åáíûõ ýëåìåíòîâ. Âûäåëèì ðÿä òåõíîëîãè÷åñêèõ ýòàïîâ ðàç-

âåðòûâàíèÿ �óíäèðóþùèõ ïðîöåäóð â ïðîöåññàõ àäàïòàöèè ñîâðåìåííîãî íàó÷-

íîãî çíàíèÿ ê øêîëüíîé ìàòåìàòèêå ñ ïðîÿâëåíèåì ñèíåðãåòè÷åñêèõ ý��åêòîâ

è îòðàæåíèÿ �åíîìåíîëîãè÷åñêîãî òèïà ìîäåëèðîâàíèÿ ñóùíîñòè îáîáùåííîãî

êîíñòðóêòà:

� ìîòèâàöèîííûé (Ì) (ñàìîàêòóàëèçàöèÿ (¾ìíå ýòî èíòåðåñíî¿) � ïðî-

ÿâëÿåòñÿ â âûðàæåííîñòè öåííîñòíûõ è ëè÷íîñòíî-àäàïòàöèîííûõ õàðàêòåðè-

ñòèê ïîçíàâàòåëüíîé äåÿòåëüíîñòè îáó÷àåìûõ ïî îñâîåíèþ ýòàëîíîâ è îáðàçöîâ

�åíîìåíîëîãèè íàãëÿäíîãî ìîäåëèðîâàíèÿ îáîáùåííîãî êîíñòðóêòà è ðåçóëüòà-

òîâ äèàãíîñòè÷åñêèõ ïðîöåäóð íà: çíà÷èìîñòü è öåííîñòíûå îðèåíòèðû, âûáîð

ñïîñîáîâ äåÿòåëüíîñòè ïî ðàñêðûòèþ îòäåëüíîãî êà÷åñòâà ïðîÿâëåíèÿ îáîá-

ùåííîé ñóùíîñòè (ñîäåðæàòåëüíîãî èëè ïðîöåññóàëüíîãî êîìïîíåíòà); ïîèñê

è àíàëèç âûÿâëåíèÿ ýòàïîâ íàó÷íîãî ïîçíàíèÿ, ìåòîäîâ èññëåäîâàíèÿ è ìåõà-

íèçìîâ îñóùåñòâëåíèÿ âíóòðèïðåäìåòíûõ è ìåæïðåäìåòíûõ ñâÿçåé íà îñíî-

âå ïðî�åññèîíàëüíî-îðèåíòèðîâàííîãî è èññëåäîâàòåëüñêîãî ïîäõîäîâ; íàñòðîé

ëè÷íîñòè íà ñàìîîïðåäåëåíèå è ñàìîîðãàíèçàöèþ, îñâîåíèå ïðèíöèïîâ è ñòèëåé

íàó÷íîãî ìûøëåíèÿ: èíäóêöèè, äåäóêöèè, èíñàéòà, àíàëîãèè, èíâåðñèè è àíòè-

öèïàöèè;

� îðèåíòèðîâî÷íî-èí�îðìàöèîííîé íàñûùåííîñòè (Î) (ñàìîîïðåäå-

ëåíèå (¾÷òî ÿ ìîãó ñäåëàòü¿) â ðåàëèçàöèè ýìïèðè÷åñêèõ ïðîá è ïðîåêòè-
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ðîâàíèè íàãëÿäíûõ ìîäåëåé �óíäèðóþùèõ ïðîöåäóð ïðåäñòàâëåíèÿ ÷àñòíûõ

ïðîÿâëåíèé ñóùíîñòè îáîáùåííîãî êîíñòðóêòà íà îñíîâå ïîçíàâàòåëüíîé ñàìî-

ñòîÿòåëüíîñòè è àêòóàëèçàöèè äåéñòâèé, êîìïåòåíöèé è õàðàêòåðèñòèê ëè÷-

íîñòíûõ êà÷åñòâ. �åàëèçàöèÿ ïðîöåññà âûÿâëåíèÿ ñóùåñòâåííûõ ñâÿçåé è ïðå-

åìñòâåííîñòè ýìïèðè÷åñêèõ îáîáùåíèé, îñîçíàíèå �óíêöèîíàëüíîñòè óðîâíÿ

ìàòåìàòè÷åñêîãî ñîäåðæàíèÿ ïðîÿâëåíèÿ ñóùíîñòè îáîáùåííîãî êîíñòðóêòà

è êîððåêöèè ñîñòîÿíèÿ åãî ïàðàìåòðîâ è óñëîâèé, àäåêâàòíîñòè è ý��åêòèâíî-

ñòè ñîîòíåñåíèÿ íàïðàâëåííîñòè ¾öåëü�ðåçóëüòàò¿, áàçîâîñòè è èíòåãðàòèâíîñòè

ïðîåêòèðóåìûõ êîíñòðóêòîâ êàê îðèåíòèðîâî÷íîé è èí�îðìàöèîííîé îñíîâû

öåëåíàïðàâëåííîé è âàðèàòèâíîé ó÷åáíîé äåÿòåëüíîñòè;

� ïðîöåññóàëüíî-äåÿòåëüíîñòíûé (Ï) (ñàìîîðãàíèçàöèÿ (¾ÿ ñïîñîáåí

óïðàâëÿòü ïðîöåññîì¿) � ïðîÿâëÿåòñÿ â ïðîåêòèðîâàíèè è îðãàíèçàöèè òåõ-

íîëîãèè îñâîåíèÿ îáó÷àåìûìè èññëåäîâàòåëüñêèõ ïðîöåäóð îñâîåíèÿ èííîâàöè-

îííûõ ïðîÿâëåíèé ñóùíîñòè îáîáùåííîãî êîíñòðóêòà â õîäå ðàçâåðòûâàíèÿ åå

�óíäèðóþùèõ ýòàïîâ è íà îñíîâå àêòóàëèçàöèè ïðèåìîâ òâîð÷åñêîé ïîçíàâà-

òåëüíîé ñàìîäåÿòåëüíîñòè è äèàëîãà ìàòåìàòè÷åñêîé, èí�îðìàöèîííîé, åñòå-

ñòâåííîíàó÷íîé è ãóìàíèòàðíîé êóëüòóð. Ïðè ýòîì ðàçðàáàòûâàþòñÿ è ðåàëè-

çóþòñÿ �îðìû, ìåòîäû è ñðåäñòâà îñâîåíèÿ îáîáùåííîãî êîíñòðóêòà, àäåêâàò-

íûå ñâîèì ëîêàëüíûì, ìîäóëüíûì è ãëîáàëüíûì ïðîÿâëåíèÿì ðàçâåðòûâàíèÿ

�óíäèðóþùèõ ïðîöåäóð;

� êîíòðîëüíî-êîððåêöèîííûé (Ê) (îöåíêà ýìïèðè÷åñêîé âåðè�èêàöèè

ðåçóëüòàòîâ) � ïðîÿâëÿåòñÿ â ïðîåêòèðîâàíèè �óíêöèé è ýòàïîâ ìîíèòîðèíãà

è äèàãíîñòè÷åñêèõ ïðîöåäóð èçìåðåíèÿ ñîñòîÿíèÿ è ðàñøèðåíèÿ îïûòà, ðàç-

âèòèÿ ïñèõè÷åñêèõ �óíêöèé, ñèíåðãåòè÷åñêèõ ý��åêòîâ è õàðàêòåðèñòèê ëè÷-

íîñòíûõ êà÷åñòâ îáó÷àåìûõ; îïðåäåëåíèå è îïòèìèçàöèÿ òåõíîëîãè÷åñêèõ ïðî-

öåäóð è ïðåäìåòíîãî ñîäåðæàíèÿ îáðàçîâàíèÿ, óðîâíÿ îñâîåíèÿ ñóùíîñòè è ýòà-

ïîâ ðàçâåðòûâàíèÿ ñïèðàëåé è êëàñòåðîâ �óíäèðîâàíèÿ; îïðåäåëåíèå öåëîñò-

íîãî êîìïëåêñà ñïèðàëåé è êëàñòåðîâ �óíäèðîâàíèÿ îïûòà ëè÷íîñòè â õîäå

îñâîåíèÿ ñóùíîñòè îáîáùåííîãî êîíñòðóêòà êàê íåîáõîäèìîãî êîìïîíåíòà äè-

äàêòè÷åñêîãî ïîëÿ è îñíîâû âàðèàòèâíîñòè ïðîöåññîâ àäàïòàöèè ñîâðåìåííûõ

äîñòèæåíèé â íàóêå;

� îáîáùàþùå-ïðåîáðàçóþùèé (ÎÏ) (ñàìîðàçâèòèå ëè÷íîñòè (¾ÿ ìîãó

ñäåëàòü ÷òî-òî íîâîå¿) � õàðàêòåðèçóåòñÿ: ñîäåðæàíèåì è õàðàêòåðèñòèêà-

ìè ïåðåíîñà èííîâàöèé â ìàññîâóþ ïðàêòèêó îñâîåíèÿ øêîëüíîé ìàòåìàòèêè;

èíòåãðàöèåé èíäèâèäóàëüíîãî è ñîöèàëüíîãî â ïðîåêòèðîâàíèè èííîâàöèîííûõ

îáîáùàþùèõ êîíñòðóêòîâ; èí�îðìàöèîííûì îáìåíîì, ñîöèàëèçàöèåé è âåðè�è-

êàöèåé èííîâàöèîííîé äåÿòåëüíîñòè; õàðàêòåðèñòèêàìè, ïàðàìåòðàìè è ïîêà-

çàòåëÿìè ñòàíîâëåíèÿ è âûðàæåííîñòè èíäèâèäóàëüíûõ îáðàçîâàòåëüíûõ òðà-

åêòîðèé øêîëüíèêîâ.

• Ñîäåðæàòåëüíûé êîíòåêñò ïðîÿâëåíèÿ ñèíåðãèè â ìàòåìàòè÷å-

ñêîé äåÿòåëüíîñòè êàê ðàç è ÿâëÿåòñÿ òåì ñåíçèòèâíûì ìåõàíèçìîì, êîòî-

ðûé ïîçâîëèò àêòóàëèçèðîâàòü �àêòîðû óñïåøíîñòè ðåøåíèÿ òâîð÷åñêèõ çà-

äà÷ íà îñíîâå èññëåäîâàòåëüñêîé àêòèâíîñòè è ñàìîîðãàíèçàöèè îáó÷àþùèõ-

ñÿ. Ïîýòîìó îñíîâíûì ñðåäñòâîì ïðîÿâëåíèÿ ñèíåðãèè ìàòåìàòè÷åñêîãî îáðà-

çîâàíèÿ è ìåõàíèçìîì �îðìèðîâàíèÿ èññëåäîâàòåëüñêîãî ïîâåäåíèÿ øêîëü-

íèêîâ â ïðîöåññå îáó÷åíèÿ ìàòåìàòèêå ìû ñ÷èòàåì ðàçðàáîòêó è âíåäðåíèå
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â ó÷åáíûé ïðîöåññ èññëåäîâàòåëüñêèõ ïðàêòèêî-îðèåíòèðîâàííûõ ñëîæíûõ çà-

äà÷ â ¾ïðîáëåìíûõ çîíàõ¿ â �îðìå êîìïëåêñà ìíîãîýòàïíûõ ìàòåìàòèêî-

èí�îðìàöèîííûõ çàäàíèé (Ì. Êëÿêëÿ, Â. Ñ. Ñåêîâàíîâ, Å. È. Ñìèðíîâ [18℄

è äð.). Èññëåäîâàòåëüñêàÿ äåÿòåëüíîñòü îáó÷àþùèõñÿ ðåàëèçóåòñÿ â ñïåöèàëü-

íî îðãàíèçîâàííîé ñðåäå (íàïðèìåð, ðåñóðñíûõ çàíÿòèé) íà �îíå ðîñòà ìîòè-

âîâ ñàìîàêòóàëèçàöèè è ñàìîîðãàíèçàöèè, âûÿâëåíèÿ ïðèîðèòåòà öåííîñòíûõ

îðèåíòàöèé â ìàòåìàòè÷åñêîé äåÿòåëüíîñòè. Íåìàëîâàæíûì �àêòîðîì ñîäåð-

æàòåëüíîãî êîíòåêñòà ïðîÿâëåíèÿ ñèíåðãèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ ÿâ-

ëÿåòñÿ ïðîäóêòèâíàÿ äåÿòåëüíîñòü ïî èññëåäîâàíèþ íîâûõ ìàòåìàòè÷åñêèõ

ñâîéñòâ è õàðàêòåðèñòèê îáîáùåííûõ êîíñòðóêòîâ ñàìîîðãàíèçàöèè: �ðàê-

òàëüíûõ îáúåêòîâ, ìàòåìàòè÷åñêèõ ìîäåëåé íåóñòîé÷èâîñòè ðåøåíèé íåëèíåé-

íûõ äèíàìè÷åñêèõ ñèñòåì, ñðåäñòâ êîäèðîâàíèÿ è øè�ðîâàíèÿ, êëåòî÷íûõ àâ-

òîìàòîâ, íå÷åòêèõ ìíîæåñòâ è fuzzy logi
, êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ìíî-

ãîãðàííûõ ïîâåðõíîñòåé öèëèíäðà Øâàðöà, ñòîõàñòè÷åñêèõ ñòðóêòóð íà ñòðàí-

íûõ àòòðàêòîðàõ è ò.ï. (Â. Ñ. Ñåêîâàíîâ, Ñ. Í. Äâîðÿòêèíà, Å. È. Ñìèðíîâ,

À. Ä. Óâàðîâ è äð.).

• Ëè÷íîñòíî-àäàïòàöèîííûé è ñîöèàëüíûé êîíòåêñò ïðîÿâëåíèÿ

ñèíåðãèè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ. Âçàèìîäåéñòâèå ÷åëîâåêà ñ ìèðîì

è ëþäüìè àêòèâèçèðóåò åãî âíóòðåííèå ïîòåíöèàëû, ÷òî âûñòóïàåò îñíîâîé åãî

ñàìîïîçíàíèÿ, ñàìîðåãóëÿöèè è ñàìîàêòóàëèçàöèè, îáåñïå÷èâàÿ òåì ñàìûì åãî

ëè÷íîñòíîå ñàìîðàçâèòèå. Â ñâÿçè ñ ýòèì, îñîáîå âíèìàíèå íàìè óäåëåíî ðàñ-

ñìîòðåíèþ ïðîáëåì îðãàíèçàöèè ãðóïïîâîãî âçàèìîäåéñòâèÿ îáó÷àþùèõñÿ, ÿâ-

ëÿþùåãîñÿ âàæíåéøèì èñòî÷íèêîì èõ ñàìîàêòóàëèçàöèè è ðàçâèòèÿ, ñòèìóëîì

äëÿ òâîð÷åñêîé àêòèâíîñòè è äàëüíåéøåãî ëè÷íîñòíîãî ðîñòà. Ôóíäèðóþùèå

ïðîöåäóðû ïåðåõîäà îò íàëè÷íîãî ñîñòîÿíèÿ ñóùíîñòè ê îáîáùåííîìó ïîòåíöè-

àëüíîìó åå ðàçâèòèþ â �îðìå èäåàëüíîãî îáúåêòà (ïðîöåññà èëè ÿâëåíèÿ, ñîñòî-

ÿíèÿ ëè÷íîñòíûõ êà÷åñòâ) ÿâëÿþòñÿ ìíîãîýòàïíûìè, ïîëè�óíêöèîíàëüíûìè,

íàïðàâëåííûìè è èíòåãðàòèâíûìè ïî àêòóàëèçàöèè âíóòðè è ìåæïðåäìåòíûõ

ñâÿçåé. Ëè÷íîñòíî-àäàïòàöèîííûé êîìïîíåíò ñâÿçàí ñ âûðàæåííîñòüþ õàðàê-

òåðèñòèê è êà÷åñòâ ëè÷íîñòíîãî ðàçâèòèÿ è àäàïòàöèè îáó÷àþùåãîñÿ â ïðî-

öåññå îñâîåíèÿ ñîâðåìåííîãî íàó÷íîãî çíàíèÿ â íàïðàâëåíèè ñàìîàêòóàëèçàöèè

(¾ìíå ýòî èíòåðåñíî¿), ñàìîîïðåäåëåíèÿ (¾÷òî ÿ ìîãó ñäåëàòü¿), ñàìîîðãàíèçà-

öèè (¾ÿ ñïîñîáåí óïðàâëÿòü ïðîöåññîì¿), ñàìîðàçâèòèÿ (¾ÿ ìîãó ñäåëàòü ÷òî-òî

íîâîå¿).

Âû÷èñëèòåëüíîå ìûøëåíèå. Èññëåäîâàíèå ïðîöåññîâ ïðîÿâëåíèÿ ñèíåð-

ãèè ñëîæíîãî çíàíèÿ â îáó÷åíèè ìàòåìàòèêå îêàçûâàåòñÿ íåïîñðåäñòâåííî è åñ-

òåñòâåííî ñâÿçàííûì ñ ý��åêòîì �îðìèðîâàíèÿ íå òîëüêî �óíêöèîíàëüíîé

(ìàòåìàòè÷åñêîé) ãðàìîòíîñòè, íî è êàòåãîðèè âû÷èñëèòåëüíîãî ìûøëåíèÿ. Äå-

ëî â òîì, ÷òî îñíîâîé ðåøåíèÿ è èññëåäîâàíèÿ ïðàêòèêî-îðèåíòèðîâàííûõ çà-

äà÷ ÿâëÿåòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ò. å. çàìåùåíèå ðåàëüíûõ, ìà-

òåðèàëèçîâàííûõ è èäåàëüíûõ îáúåêòîâ è ïðîöåäóð çíàêîâî-ñèìâîëè÷åñêèìè,

ãåîìåòðè÷åñêèìè, ðåëÿöèîííûìè, ïðîöåäóðíûìè, �ðåéìîâûìè, �ðàêòàëüíû-

ìè ìîäåëÿìè êàê îáîáùåííûìè êîíñòðóêòàìè, âëîæåííûìè â ñòðóêòóðíî-

ëîãè÷åñêîå ïîëå ìàòåìàòè÷åñêèõ çíàêîâ è ñèìâîëîâ, ïîä÷èíÿþùèõñÿ ìèðèàäàì

çàêîíîâ è çàêîíîìåðíîñòåé, èìåþùèõ ñòàòóñ àáñîëþòíûõ èñòèí. Îäíàêî ðåàëè-

çàöèÿ ëîãè÷åñêîãî âûâîäà íå âñåãäà ïðèâîäèò ê òî÷íîìó ðåçóëüòàòó (ýòî è òåî-

154



ðåìà Ê. �åäåëÿ î íåïîëíîòå, ìíîæåñòâåííîñòü ñèëëîãèçìîâ, ÷òî èíîãäà ñòàíî-

âèòñÿ íåðåàëüíûì, íåîáõîäèìîñòü âû÷èñëèòåëüíûõ ïðîöåäóð è ìíîãîå äðóãîå),

òàê ÷òî, îñîáåííî ïðè èññëåäîâàíèè ñëîæíîãî çíàíèÿ íåîáõîäèìî òðåáóþòñÿ

èí�îðìàöèîííûå òåõíîëîãèè è âû÷èñëèòåëüíûå ïðîöåäóðû, õîòÿ áû äëÿ ïîëó-

÷åíèÿ ïðèáëèæåííîãî ðåøåíèÿ. Äðóãèìè ñëîâàìè, íóæíî òàê íàçûâàåìîå âû-

÷èñëèòåëüíîå ìûøëåíèå, êîãäà ñëåäóÿ Æ. Âèíã ¾. . . ìûñëèòåëüíûå ïðîöåññû,

ó÷àñòâóþùèå â ïîñòàíîâêå ïðîáëåì è èõ ðåøåíèÿ òàêèì îáðàçîì, ÷òîáû ðåøå-

íèÿ áûëè ïðåäñòàâëåíû â �îðìå, êîòîðàÿ ìîæåò áûòü ý��åêòèâíî ðåàëèçîâàíà

ñ ïîìîùüþ ñðåäñòâ îáðàáîòêè èí�îðìàöèè¿. Å. Ê. Õåííåð ïðèâîäèò ðÿä ïðè-

ìåðîâ îïðåäåëåíèé âû÷èñëèòåëüíîãî ìûøëåíèÿ (ÂÌ), êîòîðîå íåïîñðåäñòâåííî

âîçíèêàåò ïðè îïåðèðîâàíèè ñî ñëîæíûì çíàíèåì è îêàçûâàåò âëèÿíèå íà �îð-

ìèðîâàíèå ìàòåìàòè÷åñêîé ãðàìîòíîñòè. Íèæå íåêîòîðûå èç ýòèõ ñóæäåíèé:

• ÂÌ òåñíî ñâÿçàíî ñ ïðîöåññóàëüíûì ìûøëåíèåì, îïðåäåëåíèå êîòîðîãî

ñ�îðìóëèðîâàë Ñåéìóð Ïåéïåðò åùå â 1981 ã. Ïðîöåññóàëüíîå ìûøëåíèå âêëþ-

÷àåò â ñåáÿ ðàçðàáîòêó, ïðåäñòàâëåíèå, òåñòèðîâàíèå è îòëàäêó ïðîöåäóð, ïðåä-

ñòàâëÿþùèõ ñîáîé íàáîð ïîøàãîâûõ èíñòðóêöèé, êàæäàÿ èç êîòîðûõ ìîæåò

áûòü �îðìàëüíî èíòåðïðåòèðîâàíà è èñïîëíåíà ñïåöèàëüíûì èñïîëíèòåëåì, òà-

êèì êàê êîìïüþòåð èëè àâòîìàòè÷åñêîå îáîðóäîâàíèå;

• ÂÌ ñâÿçàíî ñ èçó÷åíèåì ìåõàíèçìîâ èíòåëëåêòà, ñîïðîâîæäàåìûì ïðàê-

òè÷åñêèìè ïðèëîæåíèÿìè, âûðàæàåìûìè â óñèëåíèè ÷åëîâå÷åñêîãî èíòåëëåê-

òà ïóòåì èñïîëüçîâàíèÿ èíñòðóìåíòîâ, ïîìîãàþùèõ àâòîìàòèçèðîâàòü ðåøåíèå

ñëîæíûõ çàäà÷;

• ÂÌ � ñïîñîá �îðìóëèðîâàíèÿ òî÷íûõ ìåòîäîâ ý��åêòèâíîãî ðåøåíèÿ

çàäà÷, âêëþ÷àÿ òùàòåëüíûé àíàëèç çàäà÷ è ïðîöåäóð ðåøåíèÿ.

Ñòðóêòóðíî-�óíêöèîíàëüíàÿ ìîäåëü �îðìèðîâàíèÿ

è äèàãíîñòèêè êà÷åñòâà ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ

è ìàòåìàòè÷åñêîé ãðàìîòíîñòè

Ïðàêòè÷åñêè ðå÷ü èäåò î âûÿâëåíèè îáîáùåííûõ êîíñòðóêòîâ è ïðîöåäóð

â èí�îðìàöèîííûõ ïðîöåññàõ, ñîïðîâîæäàþùèõ èññëåäîâàíèå ñëîæíîãî çíàíèÿ:

òàêèì îáðàçîì, íàñ èíòåðåñóþò îáîáùåííûå êîíñòðóêòû è ïðîöåäóðû ðåøå-

íèÿ è èññëåäîâàíèÿ ñëîæíîãî çíàíèÿ íà îñíîâå ìàòåìàòè÷åñêîãî è êîìïüþ-

òåðíîãî ìîäåëèðîâàíèÿ (â òîì ÷èñëå, èãðîâîé äåÿòåëüíîñòè) ñ àêòóàëèçàöèåé
ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ â õîäå ïðàêòèêî-îðèåíòèðîâàííûõ

ïðîöåäóð ðåøåíèÿ PISA-ïîäîáíûõ çàäàíèé. Èìåííî èõ àêòóàëèçàöèÿ, êàê óêà-

çûâàåò Ñ. Ë. �óáèíøòåéí, è åñòü îñíîâà äëÿ �îðìèðîâàíèÿ ñïîñîáíîñòåé, â òîì

÷èñëå, ìàòåìàòè÷åñêîé ãðàìîòíîñòè.
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Öåíòðàëüíûì ñèñòåìîîáðàçóþùèì êîìïîíåíòîì ïåäàãîãè÷åñêîé òåõíîëî-

ãèè �îðìèðîâàíèå ìàòåìàòè÷åñêîé ãðàìîòíîñòè ÿâëÿåòñÿ åå öåëü. Ìîæíî

âûäåëèòü òðè àñïåêòà öåëè: âî-ïåðâûõ, êàê òðàäèöèîííî ýòî ¾èäåàëüíûé èëè

ìûñëåííî ïðåäñòàâëÿåìûé åå ðåçóëüòàò¿; âî-âòîðûõ, êàê óðîâåíü òðåáîâàíèé,

íàïðàâëåííûõ íà õàðàêòåðèñòèêó ñîäåðæàíèÿ �óíêöèîíàëüíîé (ìàòåìàòè÷å-

ñêîé) ãðàìîòíîñòè: ïàðàìåòðû è óðîâíè ñîäåðæàíèÿ ìàòåìàòè÷åñêîé ãðàìîò-

íîñòè; øèðîòà îïûòà ëè÷íîñòè (÷åðåç îñâîåíèå ñëîæíîãî çíàíèÿ), ýòàïû

ïðîÿâëåíèÿ â ìàòåìàòè÷åñêîé ãðàìîòíîñòè â ñòðóêòóðå îáîãàùåííîãî îïûòà,

ýìîöèîíàëüíî-âîëåâîé è ìîòèâàöèîííîé ñ�åðû, êðåàòèâíîñòè è òâîð÷åñêîé àê-

òèâíîñòè ëè÷íîñòè è ò.ï.; â-òðåòüèõ, êàê öåëîñòíûé è äèíàìè÷åñêèé ïðîöåññ

ðàçâåðòûâàíèÿ èåðàðõèè öåëåé è óðîâíÿ äîñòèæåíèé è îòðàæåíèÿ ìà-

òåìàòè÷åñêîé ãðàìîòíîñòè â ó÷åáíîé (èãðîâîé) äåÿòåëüíîñòè, ïðèíÿòûõ ëè÷-

íîñòüþ.

Â ïðîöåññå îñâîåíèÿ �åíîìåíà è êîíöåïòà ìàòåìàòè÷åñêîé ãðàìîòíîñòè �îð-

ìèðîâàíèå öåëè íà÷èíàåòñÿ ñ ïåðåäà÷è øêîëüíèêó íîðìàòèâíîé öåëè�ðåçóëü-

òàòà �îðìèðóåìîãî îïûòà ëè÷íîñòè, âêëþ÷àþùåãî ñîäåðæàíèå êîíöåïòà âî

âñåì ìíîãîîáðàçèè ïðîÿâëåíèÿ ñóùíîñòè. Çàäà÷à îáó÷àþùåãî íà ïåðâîì ýòàïå

�îðìèðîâàíèÿ ïðåäñòàâëåíèé î êîíöåïòå ìàòåìàòè÷åñêîé ãðàìîòíîñòè ñîñòîèò

â òîì, ÷òîáû ñ�îðìèðîâàòü ó îáó÷àåìûõ ïðåäñòàâëåíèå î íîðìàòèâíîì ðåçóëü-

òàòå äåÿòåëüíîñòè (Í�Ä).

Àíàëèç ðàçëè÷íûõ âèäîâ äåÿòåëüíîñòè ïîçâîëÿåò âûäåëèòü äâà âèäà öåëè�

ðåçóëüòàòà ïî Â. Ä. Øàäðèêîâó:

öåëü�îáðàç � íåïîñðåäñòâåííî íàïðàâëÿþùàÿ è ðåãóëèðóþùàÿ ó÷åáíóþ

(èãðîâóþ) äåÿòåëüíîñòü íà âñåì åå ïðîòÿæåíèè (íàïðèìåð, ïîñëåäîâàòåëüíîñòü,

ýòàïû àäàïòàöèè ñëîæíîãî çíàíèÿ, òðåáîâàíèÿ, ñòðóêòóðà, ñöåíàðèé, ñðåäñòâà

è �îðìû);

öåëü�çàäàíèå � ðåãóëèðóþùàÿ ó÷åáíóþ (èãðîâóþ) äåÿòåëüíîñòü ÷åðåç êî-

íå÷íûé ðåçóëüòàò, êîòîðûé âûñòóïàåò â �îðìå ñîäåðæàíèÿ è ñóùíîñòíûõ ñâÿ-

çåé êîíöåïòà ìàòåìàòè÷åñêîé ãðàìîòíîñòè: ÓÓÄ è èõ õàðàêòåðèñòèêà, çíàíèÿ,

óìåíèÿ, íàâûêè, ìàòåìàòè÷åñêèå ìåòîäû, èäåè, àëãîðèòìû, ïðîöåäóðû.

Ôîðìèðîâàíèå ó îáó÷àþùèõñÿ ïðåäñòàâëåíèé î òîì, ÷òî äîëæíî áûòü ïîëó-

÷åíî â ðåçóëüòàòå ó÷åáíîé äåÿòåëüíîñòè, ñîñòàâëÿåò òîëüêî ïåðâûé ýòàï �îð-

ìèðîâàíèÿ öåëè�ðåçóëüòàòà. Íà âòîðîì è òðåòüåì ýòàïàõ �îðìèðóåòñÿ ïðåä-

ñòàâëåíèå î êà÷åñòâåííûõ è êîëè÷åñòâåííûõ ïàðàìåòðàõ äåÿòåëüíîñòè. Òàê, äè-

àãíîñòèðóåìîé îðèåíòèðîâî÷íîé îñíîâîé ó÷åáíîé äåÿòåëüíîñòè ïî �îðìèðîâà-

íèþ �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè ìîæåò âûñòóïàòü ïðîöå-

äóðà ïîýòàïíîé àäàïòàöèè ñëîæíîãî çíàíèÿ ê ñîäåðæàíèþ øêîëüíîé ìàòåìà-

òè÷åñêîé äåÿòåëüíîñòè, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ïðîåêòèðîâàíèå â ñâåðíó-

òîì âèäå ñîäåðæàíèÿ è ñòðóêòóðû òåîðåòè÷åñêèõ è ïðàêòèêî-îðèåíòèðîâàííûõ

êîíñòðóêòîâ, ðàçâåðòûâàþùèõñÿ â èåðàðõèÿõ èññëåäîâàòåëüñêîé äåÿòåëüíîñòè

øêîëüíèêîâ. Ïðè ýòîì íåîáõîäèìî îòðàæåíèå è îñâîåíèå ÓÓÄ è àêòóàëèçà-

öèÿ ïðîöåññîâ è êîãíèòèâíûõ ñõåì èíòåãðàöèè çíàíèé è ïðîöåäóð, àäåêâàòíîå

äèàãíîñòèðóåìîìó öåëåïîëàãàíèþ ïðèîáðåòåíèÿ, ïðèìåíåíèÿ è ïðåîáðàçîâàíèÿ

ñóùíîñòíûõ õàðàêòåðèñòèê ìàòåìàòè÷åñêîé ãðàìîòíîñòè ÷åðåç ïðèçìó ðåøåíèÿ

è èññëåäîâàíèÿ ïðàêòèêî-îðèåíòèðîâàííûõ çàäàíèé.

Êà÷åñòâåííûå ïàðàìåòðû îñâîåíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíè-

êàìè çàäàþòñÿ êîìïîíåíòíûì ñîñòàâîì, ñïîñîáàìè âûïîëíåíèÿ èññëåäîâàòåëü-
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ñêîé äåÿòåëüíîñòè è ïðîåêòèðîâàíèåì òåîðåòè÷åñêîãî è ýìïèðè÷åñêîãî çíà-

íèÿ, ïðàêòè÷åñêîãî è ïðèêëàäíîãî êîìïîíåíòîâ, ýâðèñòè÷åñêîé è àëãîðèòìèêî-

âû÷èñëèòåëüíîé äåÿòåëüíîñòè â íàñûùåííîé èí�îðìàöèîííî-îáðàçîâàòåëüíîé

ñðåäå. Ïðåäñòàâëåíèå î êîëè÷åñòâåííûõ ïàðàìåòðàõ �îðìèðóåòñÿ ñ îïîðîé íà

ïñèõî�èçè÷åñêèå îñîáåííîñòè øêîëüíèêîâ, àêöåíòû èíäèâèäóàëèçàöèè è äè�-

�åðåíöèàöèè èññëåäîâàòåëüñêîé äåÿòåëüíîñòè, òðåáîâàíèÿ �îñóäàðñòâåííîãî îá-

ðàçîâàòåëüíîãî ñòàíäàðòà îáùåãî îáðàçîâàíèÿ è åãî ðåãèîíàëüíûõ îñîáåííîñòåé,

ëîãèêó ïðîåêòèðîâàíèÿ è ðàçâåðòûâàíèÿ ñîäåðæàíèÿ èíòåãðàöèè ìàòåìàòè÷å-

ñêèõ, åñòåñòâåííîíàó÷íûõ, èí�îðìàöèîííûõ è ãóìàíèòàðíûõ çíàíèé è ïðîöå-

äóð, êðèòåðèè êîíòðîëüíî-îöåíî÷íîé äåÿòåëüíîñòè îáó÷àþùåãî.

Ó÷åáíûå öåëè ðåàëèçóþòñÿ ÷åðåç ìîòèâèðîâàííóþ ó÷åáíóþ äåÿòåëüíîñòü

â îïðåäåëåííûõ îáúåêòèâíûõ è ñóáúåêòèâíûõ óñëîâèÿõ àêòèâíîñòè ëè÷íîñòè

â ðåøåíèè äèäàêòè÷åñêèõ çàäà÷. Â ñâåòå äåÿòåëüíîñòíîãî ïîäõîäà (Ë. Ñ. Âû-

ãîòñêèé, Ñ. Ë. �óáèíøòåéí, Ï. ß. �àëüïåðèí, Í. Ô. Òàëûçèíà, À. Í. Ëåîíòüåâ

è äð.) â ñòðóêòóðå äåÿòåëüíîñòè âûäåëÿþòñÿ ñëåäóþùèå êîìïîíåíòû: ïîòðåá-

íîñòè, ìîòèâû, öåëè, óñëîâèÿ, ðåçóëüòàòû, îáúåêò, íà êîòîðûé îíà íàïðàâëåíà.

Äåÿòåëüíîñòü ïîíèìàåòñÿ êàê ðåàëüíûé ïðîöåññ âçàèìîäåéñòâèÿ ÷åëîâåêà, ÿâ-

ëÿþùåãîñÿ ñóáúåêòîì ýòîé äåÿòåëüíîñòè, ñ îêðóæàþùèì ìèðîì, âçÿòûì â

åãî öåëîñòíîñòè, ïðîöåññ ðåøåíèÿ æèçíåííî âàæíûõ çàäà÷ è ñêëàäûâàåòñÿ

èç ñîâîêóïíîñòè äåéñòâèé è îïåðàöèé. Äåéñòâèå (êàê åäèíèöà ïñèõîëîãè÷åñêî-

ãî àíàëèçà äåÿòåëüíîñòè) � ñîñòàâëÿþùèé ýëåìåíò äåÿòåëüíîñòè, ñîñòîèò èç

îïåðàöèé, ñ ïîìîùüþ êîòîðûõ âûïîëíÿåòñÿ äåéñòâèå, è âñåãäà íàïðàâëåíî íà

äîñòèæåíèå öåëè. Ï. ß. �àëüïåðèí âûäåëèë â ëþáîì äåéñòâèè òðè êîìïîíåíòà:

îðèåíòèðîâî÷íûé, èñïîëíèòåëüíûé è êîíòðîëüíî-êîððåêòèðîâî÷íûé. Í. Ô. Òà-

ëûçèíà îòìå÷àåò: ¾Îðèåíòèðîâî÷íàÿ îñíîâà � ýòî òà ñèñòåìà óñëîâèé, íà êîòî-

ðóþ ðåàëüíî îïèðàåòñÿ ÷åëîâåê ïðè âûïîëíåíèè äåéñòâèé. Åå ìîæíî ðàñêðûòü

êàê ïðîöåññ èñïîëüçîâàíèÿ îðèåíòèðîâî÷íîé îñíîâû äåéñòâèé¿. Íî, ðàññìàòðè-

âàÿ äåÿòåëüíîñòü ïðîöåññà ó÷åíèÿ êàê ñëîæíóþ ñèñòåìó äåéñòâèé è îïåðàöèé,

íåîáõîäèìî �îðìèðîâàòü îðèåíòèðîâî÷íóþ îñíîâó ó÷åáíîé äåÿòåëüíîñòè, àäåê-

âàòíî ñîîòíåñåííóþ ñ öåëüþ�ðåçóëüòàòîì ó÷åíèÿ. Ïðè ýòîì âàæíåéøåé, ñ ïñèõî-

ëîãè÷åñêîé òî÷êè çðåíèÿ, ÿâëÿåòñÿ îðèåíòèðîâî÷íàÿ ÷àñòü äåÿòåëüíîñòè, ïðåä-

íàçíà÷åííàÿ âûïîëíÿòü ñèãíàëüíóþ �óíêöèþ, îðèåíòèðîâàòü èíäèâèäóóìà íà

ïðîöåññ ðåøåíèÿ, â òîì ÷èñëå ïðàêòèêî-îðèåíòèðîâàííûõ çàäà÷, ðàçâåðòûâàþ-

ùèõñÿ â ñâîèõ èåðàðõèÿõ è îòðàæàþùèõ áàçîâûå öåëè �îðìèðîâàíèÿ ìàòåìà-

òè÷åñêîé ãðàìîòíîñòè.

Ñîäåðæàíèå ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ â íàøåé ïàðàäèãìå, îòðàæà-

þùåå ïðîöåññû �îðìèðîâàíèÿ �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíî-
ñòè øêîëüíèêîâ, îïðåäåëÿåòñÿ êàê ñîâîêóïíîñòü èíòåãðèðîâàííûõ ïðàêòèêî-

îðèåíòèðîâàííûõ çíàíèé, óìåíèé, íàâûêîâ, ìàòåìàòè÷åñêèõ ìåòîäîâ è ïðî-

öåäóð, âçãëÿäîâ è óáåæäåíèé ïî îñâîåíèþ è àäàïòàöèè ñëîæíîãî çíàíèÿ, à òàê-

æå îïðåäåëåííûé óðîâåíü ðàçâèòèÿ ïîçíàâàòåëüíûõ ñèë è ïðàêòè÷åñêîé ïîäãî-

òîâêè øêîëüíèêîâ, äîñòèãíóòîé â õîäå èññëåäîâàòåëüñêîé (èãðîâîé) äåÿòåëü-
íîñòè.

Ê ïåäàãîãè÷åñêèì îñîáåííîñòÿì ïðîåêòèðîâàíèÿ ñîäåðæàíèÿ ìàòåìàòè-

÷åñêîãî îáðàçîâàíèÿ øêîëüíèêîâ íà îñíîâå àäàïòàöèè ñëîæíîãî çíàíèÿ è èíòå-

ãðàöèîííûõ ïðîöåññîâ îòíåñåì:
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� ëè÷íîñòíî-îðèåíòèðîâàííûé ïîäõîä ê îïðåäåëåíèþ ñóùíîñòè ñëîæíîãî

çíàíèÿ ïîñðåäñòâîì åãî ñòðóêòóðèçàöèè, èíòåãðàöèè è âèçóàëèçàöèè çíàíèé

è ïðîöåäóð, àêòóàëèçàöèè ÓÓÄ è èõ õàðàêòåðèñòèê â ðåøåíèè è èññëåäîâà-

íèè PISA-ïîäîáíûõ ïðàêòèêî-îðèåíòèðîâàííûõ çàäàíèé. Ýòî äîëæíî ñïîñîá-

ñòâîâàòü ðàñêðûòèþ è âñåñòîðîííåìó ðàçâèòèþ ëè÷íîñòè, �îðìèðóþùåé îñíî-

âû äëÿ ñàìîðåàëèçàöèè è àêòèâíîñòè øêîëüíèêà, ñîçäàíèÿ ñèòóàöèé ïðîäóê-

òèâíîãî ó÷åáíîãî âçàèìîäåéñòâèÿ â ìàëûõ ãðóïïàõ íà îñíîâå òåõíîëîãè÷åñêîé

ãèáêîñòè è âàðèàòèâíîñòè ïðèíÿòèÿ èññëåäîâàòåëüñêèõ ðåøåíèé;

� ïðååìñòâåííîñòü ñîäåðæàòåëüíûõ ëèíèé øêîëüíîãî ìàòåìàòè÷åñêîãî

îáðàçîâàíèÿ (à òàêæå òèïîëîãèè PISA-îðèåíòèðîâàííîãî ïîäõîäà) è âàðèà-

òèâíîñòè ñïîñîáîâ àêòóàëèçàöèè ÓÓÄ è ðåøåíèÿ PISA-ïîäîáíûõ ïðàêòèêî-

îðèåíòèðîâàííûõ çàäà÷ â õîäå àäàïòàöèè ñëîæíîãî çíàíèÿ íà îñíîâå âçàèìîïå-

ðåõîäîâ çíàêîâûõ ñèñòåì (âåðáàëüíîé, íàãëÿäíî-äåéñòâåííîé, íàãëÿäíî-îáðàç-

íîé (ãåîìåòðè÷åñêîé), ëîãè÷åñêîé (çíàêîâî-ñèìâîëè÷åñêîé));

� öåëîñòíîñòü, èåðàðõè÷íîñòü è ïðî�åññèîíàëüíî-ïåäàãîãè÷åñêàÿ íàïðàâ-

ëåííîñòü ðàçâåðòûâàíèÿ ìàòåìàòè÷åñêîãî ñîäåðæàíèÿ ïðî�åññèîíàëüíîé ïîä-

ãîòîâêè ó÷èòåëÿ â åäèíñòâå òåîðåòè÷åñêîãî, ïðàêòè÷åñêîãî, ïðèêëàäíîãî, ýâðè-

ñòè÷åñêîãî, ìîòèâàöèîííîãî è àëãîðèòìèêî-âû÷èñëèòåëüíîãî êîìïîíåíòîâ;

� ïðî�åññèîíàëüíî-íàïðàâëåííûé ïðîöåññ ñîçäàíèÿ óñëîâèé (ïñèõîëîãè÷å-

ñêèõ, ïåäàãîãè÷åñêèõ, îðãàíèçàöèîííî-ìåòîäè÷åñêèõ) äëÿ àêòóàëèçàöèè áàçî-

âûõ ó÷åáíûõ ýëåìåíòîâ øêîëüíîé è âóçîâñêîé ìàòåìàòèêè ñ ïîñëåäóþùèì òåî-

ðåòè÷åñêèì îáîáùåíèåì ñòðóêòóðíûõ åäèíèö, ðàñêðûâàþùèõ èõ ñóùíîñòü, öå-

ëîñòíîñòü è òðàíñäèñöèïëèíàðíûå ñâÿçè â êîíòåêñòå èíòåëëåêòóàëüíîãî è ëè÷-

íîñòíîãî ðàçâèòèÿ ñòóäåíòîâ;

� íàãëÿäíîå ìîäåëèðîâàíèå äèäàêòè÷åñêèõ è êîãíèòèâíûõ ïðîöåññîâ íà îñ-

íîâå àäåêâàòíîãî âîñïðèÿòèÿ, àêòèâèçàöèè ìîòèâàöèîííîé è ýìîöèîíàëüíî-âî-

ëåâîé ñ�åðû, ìíåìè÷åñêèõ ïðîöåññîâ, à òàêæå ðàçíîîáðàçèÿ �îðì ïðåäñòàâëå-

íèÿ ìàòåìàòè÷åñêèõ îáúåêòîâ (ëîãè÷åñêèõ, ðåëÿöèîííûõ, ñåìàíòè÷åñêèõ, ïðî-

äóêöèîííûõ, �ðåéìîâûõ, ãèïåðòåêñòîâûõ);

� ñîçäàíèå óñëîâèé (ïåäàãîãè÷åñêèõ, ïñèõîëîãè÷åñêèõ, îðãàíèçàöèîííî-

ìåòîäè÷åñêèõ) äëÿ òâîð÷åñêîé àêòèâíîñòè ñòóäåíòà, ñîçäàþùåé îñíîâû ïðî-

�åññèîíàëüíîãî ìàñòåðñòâà è ìîäåëèðóþùåé ïðèåìû è ìåòîäû äåÿòåëüíîñòè

ó÷èòåëÿ ìàòåìàòèêè.

Öåëåíàïðàâëåííûé ïðîöåññ ïåðåõîäà ñîöèàëüíîãî îïûòà, íàêîïëåííîãî ïðåä-

øåñòâóþùèìè ïîêîëåíèÿìè â ðàìêàõ äàííîãî ó÷åáíîãî ïðåäìåòà (îáúåêòà, ÿâ-

ëåíèÿ èëè ïðîöåññà), â îïûò èíäèâèäóàëüíûé ïðè óñëîâèè àêòèâíîñòè ñóáúåê-

òà îáó÷åíèÿ ñîïðîâîæäàåòñÿ íåîáõîäèìûìè àòðèáóòàìè êîãíèòèâíîãî ïðîöåñ-

ñà: âîñïðèÿòèå, ïîíèìàíèå, ïðåäñòàâëåíèå, óçíàâàíèå, ëîêàëèçàöèÿ, öåëîñòíîñòü

è äð.

Â îñíîâíîé îáðàçîâàòåëüíîé ïðîãðàììå âóçà äîëæíû áûòü �îðìàëèçîâàíû

è ìàòåðèàëèçîâàíû â âèäå êîíêðåòíûõ ó÷åáíûõ äèñöèïëèí, ó÷åáíûõ ýëåìåíòîâ

è �îðì è âèäîâ ó÷åáíîé äåÿòåëüíîñòè íå òîëüêî äèäàêòè÷åñêèå (êîãíèòèâíûå

ïðîöåññû è ñðåäñòâà, �îðìèðóþùèå îñíîâîïîëàãàíèå, ïðèîáðåòåíèå, ïðèìåíå-

íèå è ïðåîáðàçîâàíèå îïûòà ëè÷íîñòè), à òàêæå àäàïòàöèîííûå ïðîöåññû, õà-

ðàêòåðèçóþùèå ïðî�åññèîíàëüíûå ïðîáû ïðèíÿòèÿ ñòóäåíòîì ïðî�åññèè ó÷è-

òåëÿ, è ëè÷íîñòíûå ïðîöåññû, íàïðàâëåííûå íà ïðîÿâëåíèå îñîáåííîñòåé è ðàç-

âèòèÿ ìîòèâàöèé è ýìîöèé, ðå�ëåêñèè è ñàìîðåãóëÿöèè ñàìîîöåíêè è âûáîðà,
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èíòåëëåêòà è êðåàòèâíîñòè ëè÷íîñòè. Ýòî ñ íåîáõîäèìîñòüþ ïðèâîäèò ê çàäà-

÷àì èññëåäîâàíèÿ è ó÷åòà âçàèìîâëèÿíèÿ ìåõàíèçìîâ èíòåãðàöèè øêîëüíûõ

ìàòåìàòè÷åñêèõ. âóçîâñêèõ ìàòåìàòè÷åñêèõ çíàíèé è âèäîâ äåÿòåëüíîñòè, îñî-

áåííîñòåé îñâîåíèÿ è èñïîëüçîâàíèÿ ìàòåìàòè÷åñêèõ êîíñòðóêòîâ ëè÷íîñòüþ

â íàïðàâëåíèè áóäóùåé ïðî�åññèîíàëüíîé àêòèâíîñòè è �îðìèðîâàíèÿ ñïîñîá-

íîñòåé ê óñïåøíîìó ðåøåíèþ ïðî�åññèîíàëüíûõ çàäà÷.

Òàêèì îáðàçîì, èííîâàöèîííàÿ òåõíîëîãèÿ îáó÷åíèÿ ìàòåìàòèêå íà îñíî-

âå èññëåäîâàíèÿ èíòåãðàöèîííûõ ìåõàíèçìîâ �îðìèðîâàíèÿ ïðî�åññèîíàëü-

íîé êîìïåòåíòíîñòè ïðåäñòàâëÿåò ñîáîé ïðîåêòèðîâàíèå è îðãàíèçàöèþ ðå-

àëüíîãî ó÷åáíîãî ïðîöåññà, ñîåäèíÿþùåå â ñåáå òåîðåòè÷åñêèé èëè îáúåêòíî-

ñóùíîñòíûé (ïðèîáðåòåíèå îïûòà), ïðîöåññóàëüíî-äåÿòåëüíîñòíûé (ïðèìåíåíèå

è ïðåîáðàçîâàíèå îïûòà), ëè÷íîñòíî-àäàïòàöèîííûé (ðàçâèòèå ëè÷íîñòíûõ õà-

ðàêòåðèñòèê, èíòåëëåêòà) êîìïîíåíòû.

3. Èíòåãðàöèÿ ìàòåìàòè÷åñêèõ, åñòåñòâåííîíàó÷íûõ,

èí�îðìàöèîííûõ è ãóìàíèòàðíûõ çíàíèé è ïðîöåäóð

â ïðîöåññå îñâîåíèÿ ñëîæíîãî çíàíèÿ

Îáúåêòèâíûå �àêòîðû èíòåãðàöèîííûõ ïðîöåññîâ â ìàòåìàòè÷å-

ñêîì îáðàçîâàíèè. Â íàñòîÿùåå âðåìÿ öåëûé ðÿä îáúåêòèâíûõ �àêòîðîâ

îïðåäåëÿþò çíà÷èìîñòü, òåíäåíöèè è àêòóàëüíîñòü èññëåäîâàíèÿ èíòåãðàòèâ-

íûõ ïðîöåññîâ â ìàòåìàòè÷åñêîì îáðàçîâàíèè:

1) âàæíåéøåé ÷åðòîé ñîâðåìåííûõ îáðàçîâàòåëüíûõ ïðîöåññîâ â �îññèè ÿâ-

ëÿåòñÿ îáúåêòèâíûé ðîñò âçàèìîäåéñòâèÿ ó÷åáíûõ ïðåäìåòîâ, âèäîâ îáðàçîâà-

òåëüíîé äåÿòåëüíîñòè, èíòåãðàöèîííûõ ïðîöåññîâ íà ðàçíûõ óðîâíÿõ ïîçíàâà-

òåëüíîé àêòèâíîñòè è òâîð÷åñòâà îáó÷àåìûõ. Òàêàÿ çàêîíîìåðíîñòü îñîáåííî

àêòóàëüíà äëÿ èññëåäîâàíèÿ ïðîáëåì ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ êàê óíèâåð-

ñàëüíîãî êîíöåïòà ñòàíîâëåíèÿ ìèðîâîççðåíèÿ è åñòåñòâåííîíàó÷íîé êàðòèíû

ìèðà, ðàçâèòèÿ ìûøëåíèÿ è ëè÷íîñòíûõ êà÷åñòâ øêîëüíèêà. Ýòî, ïðåæäå âñå-

ãî, � ñëåäñòâèå ñòðåìèòåëüíîãî ðàçâèòèÿ íàóê, ïîâûøåíèÿ èõ îáúåìà, óðîâíÿ

è ñòåïåíè äè��åðåíöèàöèè, ïîâûøåíèÿ ñòåïåíè îáîáùåííîñòè è àáñòðàãèðî-

âàíèÿ íàó÷íûõ çíàíèé, âåäóùåå ê óíèâåðñàëèçàöèè èäåé, ìåòîäîâ, ïðîöåññîâ,

�îðìàëèçàöèîííûõ ñòðóêòóð ðàçëè÷íûõ íàóê è ìåòîäîâ èõ ïðåïîäàâàíèÿ. Â òî

æå âðåìÿ äîñòèãíóòûé óðîâåíü ïðåäñòàâëåííîñòè íàó÷íûõ çíàíèé â ó÷åáíûõ

ïðåäìåòàõ è ñòåïåíü �óíäàìåíòàëèçàöèè ñîäåðæàíèÿ îáðàçîâàíèÿ ñâèäåòåëü-

ñòâóþò îá èõ ðàçîáùåííîñòè, íåîïðàâäàííûõ ïîâòîðàõ ñîäåðæàíèÿ â ðàçëè÷-

íûõ ó÷åáíûõ ïðåäìåòàõ, îòñóòñòâèÿ öåëîñòíîñòè îòðàæåíèÿ íàó÷íûõ çíàíèé

â ñîäåðæàíèè øêîëüíîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ (òåì áîëåå, åñëè ó÷è-

òûâàòü òðåáîâàíèÿ ïðî�åññèîíàëüíîé íàïðàâëåííîñòè ïðåäìåòíîé ïîäãîòîâêè

áóäóùåãî ó÷èòåëÿ).

Òåçèñ 1. Îò âûñîêîãî óðîâíÿ ðàçâèòèÿ íàóêè ê àäåêâàòíîìó óðîâíþ åå

ïðåäñòàâëåííîñòè â îáðàçîâàòåëüíûõ ïðîöåññàõ ÷åðåç èíòåãðàöèþ ó÷åáíûõ

ïðåäìåòîâ è âèäîâ ó÷åáíîé äåÿòåëüíîñòè.

2) ñ äðóãîé ñòîðîíû, óñòîé÷èâûå èíòåãðàòèâíûå òåíäåíöèè â ñîöèàëüíî-

ýêîíîìè÷åñêèõ îòíîøåíèÿõ â îáùåñòâå è ïðîèçâîäñòâå, ñòèðàíèå ãðàíåé â ìè-

ðîâîì îáðàçîâàòåëüíîì ïðîñòðàíñòâå, ïðîáëåìû ñàìîðàçâèòèÿ, ñàìîðåàëèçàöèè
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è ñàìîàêòóàëèçàöèè ëè÷íîñòè â ñîâðåìåííîì îáùåñòâå äèêòóþò äèäàêòè÷åñêèå

òðåáîâàíèÿ ê ìàòåìàòè÷åñêîìó îáðàçîâàíèþ øêîëüíèêà â áîëüøåé ñèñòåìàòè÷-

íîñòè è öåëîñòíîñòè, ñèñòåìíîñòè ìàòåìàòè÷åñêèõ çíàíèé íà îñíîâå èõ èíòåãðà-

öèè, ðàçâèòèè öåëîñòíîñòè ïðåäñòàâëåíèé î ñîâðåìåííîé íàó÷íîé êàðòèíå ìèðà,

íàïðàâëåííîñòè îáðàçîâàòåëüíûõ ïðîãðàìì íà èíòåëëåêòóàëüíîå ðàçâèòèå ëè÷-

íîñòè.

Òåçèñ 2. Îò îáúåêòèâíîãî åäèíñòâà è öåëîñòíîñòè ìèðà, íàó÷íîãî ïðåä-

ñòàâëåíèÿ î íåì, âçàèìîñâÿçè è öåëîñòíîñòè ïðîöåññîâ ðàçâèòèÿ è ñîöèàëèçà-

öèè ëè÷íîñòè ê àêòóàëèçàöèè èíòåãðàòèâíûõ ïðîöåññîâ â ñîäåðæàíèè è òåõ-

íîëîãèÿõ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ.

3) â òî æå âðåìÿ ðàçâèòèå ñèñòåì ïðî�èëüíîãî îáó÷åíèÿ â ñðåäíåé øêîëå,

ìíîãî�óíêöèîíàëüíîñòü ïðî�åññèîíàëüíîé ïîäãîòîâêè ó÷èòåëÿ, òðåáîâàíèÿ öå-

ëîñòíîñòè ñòðóêòóðû ïðåäìåòíûõ çíàíèé êàê îñíîâû ïðî�åññèîíàëüíîé êîì-

ïåòåíòíîñòè áóäóùåãî ó÷èòåëÿ îðèåíòèðóþò ðàçðàáîò÷èêîâ îáðàçîâàòåëüíûõ

ïðîãðàìì ïðî�åññèîíàëüíîé ïîäãîòîâêè ó÷èòåëÿ íà èíòåãðàöèþ è ïðååìñòâåí-

íîñòü áëîêîâ ïðî�åññèîíàëüíî-çíà÷èìûõ çíàíèé êàê �óíäàìåíòàëüíîé òàê è

ìåòîäè÷åñêîé íàïðàâëåííîñòè, ñîãëàñîâàííîñòè ñîäåðæàíèÿ îáðàçîâàíèÿ, �îðì

è ìåòîäîâ îáó÷åíèÿ íà îáùíîñòü ïðèåìîâ è âèäîâ ìàòåìàòè÷åñêîé äåÿòåëüíîñòè

øêîëüíèêîâ ñ öåëüþ ïðèäàíèÿ èì îñîáåííîé äèäàêòè÷åñêîé îïðåäåëåííîñòè.

Òåçèñ 3. Îò îáúåêòèâíûõ òðåáîâàíèé ê ïðîåêòèðîâàíèþ ó÷åáíîãî ïðîöåññà

â øêîëå, îò òðåáîâàíèé ê óðîâíþ êîìïåòåíòíîñòè ïåäàãîãà ê èííîâàöèîííûì

�îðìàì, ìåòîäàì, ñðåäñòâàì, òåõíîëîãèÿì è ñîäåðæàíèþ ìàòåìàòè÷åñêîãî

îáðàçîâàíèÿ íà îñíîâå èíòåãðàöèè çíàíèé, ïðîöåäóð è êîìïåòåíöèé.

4) ðàçðåøåíèå ïðîáëåì öåëîñòíîñòè ìàòåìàòè÷åñêîãî è åñòåñòâåííîíàó÷íîãî

îáðàçîâàíèÿ â ñðåäíåé øêîëå, îïòèìèçàöèè è èíòåíñè�èêàöèè íà îñíîâå ïîâû-

øåíèÿ ý��åêòèâíîñòè �óíêöèîíèðîâàíèÿ âñåõ êîìïîíåíòîâ ìàòåìàòè÷åñêîãî

îáðàçîâàíèÿ â óñëîâèÿõ åãî öè�ðîâèçàöèè òðåáóþò ïðîåêòèðîâàíèÿ è êîíñòðóè-

ðîâàíèÿ óíèâåðñàëüíûõ ìåõàíèçìîâ (ìåòîäîâ) èíòåãðàöèè ìàòåìàòè÷åñêèõ, èí-

�îðìàöèîííûõ, åñòåñòâåííîíàó÷íûõ è ãóìàíèòàðíûõ çíàíèé è ïðîöåäóð, ïðèå-

ìîâ è âèäîâ ïîçíàâàòåëüíîé è òâîð÷åñêîé äåÿòåëüíîñòè, îñíîâàííûõ íà óñòàíîâ-

ëåíèè ïðååìñòâåííûõ ñâÿçåé ìåæäó áëîêàìè çíàíèé, àêòóàëèçàöèè îñíîâîïîëà-

ãàþùèõ êîíöåïöèé (â òîì ÷èñëå ñèíåðãåòè÷åñêèõ), èäåé è ñòðóêòóðîîáðàçóþùèõ

ëèíèé ãåíåçèñà áàçîâûõ ó÷åáíûõ ýëåìåíòîâ, óíèâåðñàëüíûõ çàêîíîìåðíîñòåé

ðàçâèòèÿ, ãåíåçèñà è öåëîñòíîñòè ïðåäñòàâëåíèÿ îáîáùåííûõ íàó÷íûõ çíàíèé

â øêîëüíîì ìàòåìàòè÷åñêîì îáðàçîâàíèè.

Òåçèñ 4. Îò îáîáùåííîñòè è öåëîñòíîñòè ñîâðåìåííûõ äîñòèæåíèé â íà-

óêå, èõ ïðèêëàäíîé è ïðàêòèêî-îðèåíòèðîâàííîé çíà÷èìîñòè ê âîçìîæíî-

ñòÿì àäàïòàöèè îáîáùåííûõ êîíñòðóêòîâ ìàòåìàòè÷åñêîãî çíàíèÿ ê øêîëü-

íîé ìàòåìàòèêå è �îðìèðîâàíèþ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ.

Êîíöåïöèÿ ëè÷íîñòíî-îðèåíòèðîâàííîé èíòåãðàöèè øêîëüíûõ ìàòåìà-

òè÷åñêèõ çíàíèé è äåÿòåëüíîñòè êàê îñíîâû îñâîåíèÿ ñëîæíîãî çíàíèÿ è �îð-

ìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ ïðåäïîëàãàåò ðàçâåð-

òûâàíèå â ïðîöåññå ïðî�åññèîíàëüíîé ïåðåïîäãîòîâêè ñëåäóþùèõ

êîìïîíåíòîâ è òðåáîâàíèé:

1. Öåëîñòíîå èññëåäîâàíèå òðåáîâàíèé Ô�ÎÑ ÎÎÎ íà ïðåäìåò äè��åðåí-

öèàöèè è èíòåãðàöèè áàçîâûõ ó÷åáíûõ ýëåìåíòîâ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ
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è êîíñòðóèðîâàíèÿ ñòðóêòóðíî-ëîãè÷åñêèõ ñõåì àêòóàëèçàöèè èõ âçàèìîñâÿçåé.

Âûÿâëåíèå òåîðåòè÷åñêèõ îñíîâ ñîäåðæàíèÿ è ñòðóêòóðíî-èíòåãðèðîâàííûõ

ñâÿçåé äèäàêòè÷åñêîãî ïîëÿ ó÷åáíûõ ýëåìåíòîâ îñíàùåíèÿ ìàòåìàòè÷åñêîé ãðà-

ìîòíîñòè.

2. �îòîâíîñòü ëè÷íîñòè ó÷èòåëÿ ìàòåìàòèêè ê îñóùåñòâëåíèþ èíòåãðàöèè

ïðî�åññèîíàëüíûõ êîìïåòåíöèé (ìàòåìàòè÷åñêèõ, åñòåñòâåííîíàó÷íûõ, èí�îð-

ìàöèîííûõ, ãóìàíèòàðíûõ) â õîäå èññëåäîâàíèÿ ñëîæíîãî çíàíèÿ îïðåäåëÿåòñÿ:

• àêòóàëèçàöèåé ëè÷íîñòíîãî ñìûñëà ó÷åáíîé (èãðîâîé) äåÿòåëüíîñòè ïî

îáúåêòèâàöèè è ñòðóêòóðèçàöèè îáúåäèíåíèÿ ðàçëè÷íûõ áëîêîâ ìàòåìàòè÷å-

ñêèõ çíàíèé è ïðîöåäóð;

• íàëè÷èåì äîñòàòî÷íîãî óðîâíÿ ìàòåìàòè÷åñêîé (ïðåäìåòíîé) ïñèõîëîãî-

ïåäàãîãè÷åñêîé êîìïåòåíòíîñòè è øèðîòû îñâîåíèÿ ìàòåìàòè÷åñêîé (èãðî-

âîé) äåÿòåëüíîñòè â çíàíèåâîì ïîëå îáðàçîâàòåëüíîãî ñòàíäàðòà;

• óìåíèåì ìîäåëèðîâàòü, âûäâèãàòü ãèïîòåçû, âûÿâëÿòü ïðîáëåìíûå ìåñòà

â àëãîðèòìå ðåøåíèÿ, óíè�èöèðîâàòü è îïòèìèçèðîâàòü äàííûå (ñèìâîëû, çíà-

êè, ïàðàìåòðû), îñóùåñòâëÿòü âçàèìîïåðåõîäû çíàêîâûõ ñèñòåì â õîäå èññëåäî-

âàíèÿ ïðàêòèêî-îðèåíòèðîâàííûõ çàäàíèé êàê ïðîìåæóòî÷íûõ â èññëåäîâàíèè

ñèíåðãèè ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòèæåíèé â íàóêå;

• çíàíèåì óðîâíåé è âèäîâ èíòåãðàöèè çíàíèé â ó÷åáíîé (èãðîâîé) äåÿòåëü-

íîñòè, óìåíèåì îñóùåñòâëÿòü è ðåàëèçîâûâàòü êîíêðåòíûå ìåõàíèçìû è ìåòî-

äû èíòåãðàöèè çíàíèé (ïðîåêòèðîâàíèå, ñèñòåìîãåíåç, �óíäèðîâàíèå, íàãëÿä-

íîå ìîäåëèðîâàíèå è äð.) â õîäå èññëåäîâàíèÿ ñîâðåìåííûõ äîñòèæåíèé â íàóêå;

• âëàäåíèå ïðèåìàìè àêòóàëèçàöèè ðàçëè÷íûõ âèäîâ óíèâåðñàëüíûõ ó÷åá-

íûõ äåéñòâèé, îðèåíòèðîâàííûõ íà �îðìèðîâàíèå ìàòåìàòè÷åñêîé ãðàìîòíî-

ñòè øêîëüíèêîâ, â êîíòåêñòå õàðàêòåðèñòèêè ãåíåçèñà è �óíêöèîíàëüíûõ ñè-

ñòåì îñâîåíèÿ ó÷åáíîé (èãðîâîé) äåÿòåëüíîñòè (öåííîñòíîé, ìîòèâàöèîííîé, ïî-

çíàâàòåëüíîé, ìåòàêîãíèòèâíîé, ýìîöèîíàëüíîé, âîëåâîé, ïñèõîìîòîðíîé) â õî-

äå îñâîåíèÿ ñëîæíîãî çíàíèÿ.

3. Ïðîöåññ èíòåãðàöèè çíàíèé è ïðîöåäóð â ó÷åáíîé (èãðîâîé) äåÿòåëüíî-

ñòè â õîäå îñâîåíèÿ ñëîæíîãî çíàíèÿ îñíîâûâàåòñÿ íà ñëåäóþùèõ ïðèíöèïàõ:

ëè÷íîñòíî-îðèåíòèðîâàííîãî îáó÷åíèÿ, äåÿòåëüíîñòíîãî ïîäõîäà, íàãëÿäíîãî

ìîäåëèðîâàíèÿ, �óíäèðîâàíèÿ îïûòà ëè÷íîñòè, ñàìîîðãàíèçàöèè äåÿòåëüíî-

ñòè, âàðèàòèâíîñòè òåõíîëîãè÷åñêèõ ðåøåíèé, îïòèìèçàöèè àëãîðèòìîâ è ïðî-

öåäóð èíòåãðàöèè çíàíèé, öåëîñòíîñòè èíòåãðèðîâàííûõ êîíñòðóêòîâ îáîáùåí-

íîãî çíàíèÿ.

4. �àçâèòèå ïðîöåññîâ ñàìîàêòóàëèçàöèè è êðåàòèâíîñòè ëè÷íîñòè ó÷èòå-

ëÿ ìàòåìàòèêè â íàïðàâëåíèè çíà÷èìîñòè è öåëîñòíîñòè ïðîöåññîâ àäàïòàöèè

ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòèæåíèé â íàóêå ê øêîëüíîé ìàòåìàòèêå

íà îñíîâå ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ, ñàìîñòîÿòåëüíî-

ñòè â âûáîðå ñòðàòåãèè äåéñòâèé è ïðèíÿòèè ðåøåíèÿ, âûáîðà ïóòåé è ñðåäñòâ

ðåøåíèÿ ó÷åáíûõ è ïðî�åññèîíàëüíûõ çàäà÷ îñâîåíèÿ ñëîæíîãî çíàíèÿ; ðåàëè-

çàöèè ðå�ëåêñèâíîé äåÿòåëüíîñòè â âûÿâëåíèè ýòàïîâ è ïðîöåññîâ �îðìèðîâà-

íèÿ îñíîâ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ.

5. �àçðàáîòêà ëè÷íîñòíî-îðèåíòèðîâàííîé, äèäàêòè÷åñêîé ìîäåëè èíòåãðà-

öèè ìàòåìàòè÷åñêèõ, åñòåñòâåííîíàó÷íûõ, èí�îðìàöèîííûõ è ãóìàíèòàðíûõ

çíàíèé è ïðîöåäóð â ïðîöåññå îñâîåíèÿ ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòè-
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æåíèé â íàóêå êàê �àêòîðà �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëü-

íèêîâ ïðåäïîëàãàåò íàëè÷èå ñëåäóþùèõ êîìïîíåíòîâ:

• îïðåäåëåíèå è êà÷åñòâåííûé àíàëèç öåëåé, èñõîäíûõ äàííûõ, ñîäåðæàíèÿ,
óñëîâèé è ñâÿçåé êàê �àêòîðîâ è ñðåäñòâ èíòåãðàöèè çíàíèé è ïðîöåäóð, àêòóà-

ëèçàöèè ÓÓÄ è ìåòàïðåäìåòíîé äåÿòåëüíîñòè êàê êîìïîíåíòîâ îáðàçîâàòåëüíî-

ãî ïðîöåññà, ìîòèâàöèè è ìíîæåñòâåííîãî öåëåïîëàãàíèÿ, ïðîáëåìíîñòè è çíà-

÷èìîñòè èññëåäîâàíèÿ ñëîæíîãî çíàíèÿ, ïîñòðîåíèÿ ñåìàíòè÷åñêîé ìîäåëü è åå

àäåêâàòíîñòè ïðîöåññàì ðåøåíèÿ è èññëåäîâàíèÿ ñëîæíîãî çíàíèÿ è ïðîöåäóð;

• ïðîåêòèðîâàíèå òåõíîëîãè÷åñêèõ äåéñòâèé â ïðîöåññàõ èíòåãðàöèè çíà-

íèé è ïðîöåäóð: àíàëèç è âûáîð âàðèàíòîâ òåõíîëîãè÷åñêèõ ïðîöåäóð îñâîå-

íèÿ ñîâðåìåííûõ äîñòèæåíèé â íàóêå; âûÿâëåíèå ¾ïðîáëåìíûõ çîí¿ â îñâîåíèè

ìàòåìàòèêè è �îðìèðîâàíèè ìàòåìàòè÷åñêîé ãðàìîòíîñòè, ïîòðåáíîñòè â èí-

òåãðàöèè çíàíèé; îòáîð è ëîãèêî-ñòðóêòóðíûé àíàëèç èí�îðìàöèîííûõ áàíêîâ

ñðåäñòâ èíòåãðàöèè çíàíèé è ïðîöåäóð; êîíñòðóèðîâàíèå è âèçóàëèçàöèÿ ñòðóê-

òóðû ñâÿçåé ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ è ïîñòðîåíèÿ

èíòåãðàòèâíîé ìîäåëè ðåàëèçàöèè òåõíîëîãè÷åñêèõ ïðîöåäóð, ïðîãíîçèðîâàíèè

áóäóùåãî ðåçóëüòàòà; �îðìèðîâàíèå àäåêâàòíîé êîãíèòèâíîé ñõåìû �îðìèðî-

âàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ;

• îïðåäåëåíèå ñóùíîñòè, ñîñòàâà è ñòðóêòóðû òâîð÷åñêîé àêòèâíîñòè øêîëü-

íèêîâ â ïðîöåññå îñâîåíèÿ ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòèæåíèé â íàóêå

â êîíòåêñòå èíòåãðàöèè ìàòåìàòè÷åñêèõ çíàíèé è ïðîöåäóð êàê ìåõàíèçìà �îð-

ìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ; ïðåçåíòàöèÿ ðåçóëüòàòîâ

è êîððåêöèÿ îáðàçîâàòåëüíûõ ïðîöåäóð.

6. Îïðåäåëåíèå ñîäåðæàíèÿ è èííîâàöèîííîé èåðàðõè÷åñêîé ñòðóêòóðû ïðî-

öåññîâ ãåíåðàöèè è ðåàëèçàöèè ïðàêòèêî-îðèåíòèðîâàííîé áàçû ìàòåìàòè÷å-

ñêîé ãðàìîòíîñòè ïî ñ�åðàì ðåàëüíîé æèçíè (êîìïëåêñ òèïîâûõ PISA-ïîäîá-

íûõ çàäàíèé (ñöåíàðèåâ) 3 óðîâíåé (ïîðîãîâîãî, íîâîãî è ñëîæíîãî íîâîãî) äè-

äàêòè÷åñêèõ ìîäóëåé ó÷åáíûõ ïðåäìåòîâ (ìàòåìàòè÷åñêèé àíàëèç, ñòîõàñòèêà

è äð.) íà îñíîâå òåõíîëîãèè èíòåãðàöèè çíàíèé è ïðîöåäóð â õîäå èññëåäîâà-

íèÿ ñëîæíîãî çíàíèÿ. Ñèñòåìîîáðàçóþùàÿ ðîëü èíòåãðèðîâàííûõ êîíñòðóêòîâ

ÓÓÄ êàê ìåõàíèçìà �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ.

7. �àçðàáîòêà òðåáîâàíèé, êðèòåðèåâ, ïàðàìåòðîâ è ïîêàçàòåëåé îöåíêè

ó÷åáíî-ìåòîäè÷åñêèõ ìàòåðèàëîâ íîâîãî ïîêîëåíèÿ äëÿ îáåñïå÷åíèÿ ïðîöåññîâ

�îðìèðîâàíèÿ ìàòåìàòè÷åñêîé ãðàìîòíîñòè øêîëüíèêîâ íà îñíîâå èíòåãðàöèè

çíàíèé è ïðîöåäóð â õîäå îñâîåíèÿ ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòèæåíèé

â íàóêå íà îñíîâå ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ. �àçðàáîòêà

ýêñïåðòíûõ òàáëèö è îöåíî÷íûõ ïîêàçàòåëåé òðåáîâàíèé ê ó÷åáíî-ìåòîäè÷åñêèì

ìàòåðèàëàì íîâîãî ïîêîëåíèÿ.

8. Âûÿâëåíèå ïñèõîëîãè÷åñêèõ çàêîíîìåðíîñòåé è ïðî�åññèîíàëüíûõ äå�è-

öèòîâ ïåäàãîãîâ â ïðîöåññàõ îñâîåíèÿ ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòèæå-

íèé â íàóêå, â òîì ÷èñëå, íà îñíîâå èññëåäîâàíèÿ è äèàãíîñòèêè ïðîöåññîâ èí-

òåãðàöèè ìàòåìàòè÷åñêèõ, åñòåñòâåííîíàó÷íûõ, èí�îðìàöèîííûõ è ãóìàíèòàð-

íûõ çíàíèé. �àçðàáîòêà ïàêåòà ïñèõîëîãî-äèàãíîñòè÷åñêîãî ìåòîäà âûÿâëåíèÿ

ïñèõîëîãè÷åñêîé ñèñòåìû ïåäàãîãè÷åñêîé äåÿòåëüíîñòè íà îñíîâå ðåàëèçàöèè

èíòåãðàòèâíûõ ñâÿçåé â îñâîåíèè ñëîæíîãî çíàíèÿ è ñîâðåìåííûõ äîñòèæåíèé

â íàóêå.

163



Òåõíîëîãèÿ ïðîÿâëåíèÿ ñèíåðãèè â èññëåäîâàíèè

¾ïðîáëåìíûõ çîí¿ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ

Îòìåòèì, ÷òî îðèåíòèðîì äëÿ ïðîåêòèðîâàíèÿ òåõíîëîãèè àäàïòàöèè ñëîæ-

íîãî çíàíèÿ â ïðîöåññå îáó÷åíèÿ ìàòåìàòèêå áóäåò äëÿ íàñ èññëåäîâà-

íèÿ è èíñòðóìåíòàðèé òåõíîëîãè÷åñêèõ êàðò Â. Ì. Ìîíàõîâà [19℄, êîòîðûå

¾. . . ïðåäñòàâëÿþòñÿ òðåìÿ èíñòðóìåíòàëüíûìè ñîñòàâëÿþùèìè: ïåðâàÿ � äè-

àãíîñòèêà (òî, ÷òî áóäåò äèàãíîñòèðîâàòüñÿ); âòîðàÿ � äîçèðîâàíèå (òî, ÷òî

îáåñïå÷èâàåò âåðîÿòíîñòíóþ ãàðàíòèðîâàííîñòü ïðåäñòîÿùåé êîãíèòèâíîé äåÿ-

òåëüíîñòè íà áàçå óñïåøíîé äèàãíîñòèêè); òðåòüÿ ñîñòàâëÿþùàÿ � ýòî ñèñòåìà

êîððåêöèîííîé ïðî�èëàêòèêè. . . ¿.

Íàì ïðåäñòàâëÿåòñÿ ñëåäóþùàÿ êîððåêöèÿ ïîñëåäîâàòåëüíîñòè ââåäåíèÿ èí-

ñòðóìåíòàëüíûõ ñîñòàâëÿþùèõ òåõíîëîãè÷åñêîé êàðòû ðàçâåðòûâàíèÿ ýòàïîâ

àäàïòàöèè ñëîæíîãî çíàíèÿ:

X äèàãíîñòèêà ñèíåðãåòè÷åñêèõ ý��åêòîâ è íàëè÷íîãî ñîñòîÿíèÿ ëè÷íîñò-

íûõ ñìûñëîâ è ïðåäïî÷òåíèé â ñïîñîáàõ îñâîåíèÿ ìàòåìàòè÷åñêîãî ñîäåðæàíèÿ;

X îïðåäåëåíèå êðèòåðèåâ îòáîðà, îáúåìà, ñòðóêòóðû è ñîäåðæàíèÿ ¾ïðî-

áëåìíûõ çîí¿ â îñâîåíèè ìàòåìàòè÷åñêîãî çíàíèÿ, îáëàäàþùèõ ïîòåíöèàëîì

ñëîæíîñòè è âîçìîæíîñòÿìè ïðîÿâëåíèÿ ñèíåðãèè â îáó÷åíèè ìàòåìàòèêå;

X èññëåäîâàíèå îáðàçöîâ íàó÷íûõ ïðîáëåì (íà ýòàëîííîì è ñèòóàòèâíîì

óðîâíÿõ) ñ ïðîÿâëåíèåì ñèíåðãèè ñëîæíîãî çíàíèÿ ñðåäñòâàìè ìàòåìàòèêè íà

îñíîâå ðåàëèçàöèè ÈÊÒ-ñðåäñòâ ïîääåðæêè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ;

X àêòóàëèçàöèÿ àòðèáóòîâ è ïàðàìåòðîâ ïðîÿâëåíèÿ ñèíåðãèè íàó÷íîé ïðî-

áëåìû (¾ïðîáëåìíîé çîíû¿ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ) ñ äåòàëèçàöèåé, àíà-

ëèçîì, îñîáåííîñòÿìè è ýòàïàìè;

X àêòóàëèçàöèÿ, îáîáùåíèå è îöåíêà ìàòåìàòè÷åñêèõ, èí�îðìàöèîííûõ, ãó-

ìàíèòàðíûõ è åñòåñòâåííîíàó÷íûõ çíàíèé è ìåòîäîâ â ïðîöåññóàëüíîì ïåðèîäå

èññëåäîâàíèÿ ¾ïðîáëåìíîé çîíû¿ â êîíòåêñòå èíòåãðàöèè, ýòàïíîñòè è âàðèà-

òèâíîñòè ïðîÿâëåíèé.

Òåõíîëîãèÿ âûÿâëåíèÿ è èññëåäîâàíèÿ ¾çîí ñîâðåìåííûõ äîñòèæåíèé â íà-

óêå¿ (ïðîáëåìíûõ çîí), àäàïòàöèè èõ ïðèìåíèòåëüíî ê îáó÷åíèþ ìàòåìàòèêå

ïîçâîëÿåò ïðîåêòèðîâàòü è ðåàëèçîâûâàòü ýòàïû àäàïòàöèè ñîâðåìåííûõ äî-

ñòèæåíèé â íàóêå ê íàëè÷íîìó ñîñòîÿíèþ îïûòà ìàòåìàòè÷åñêîé äåÿòåëüíîñòè

øêîëüíèêîâ, ïîçâîëÿåò èíòåãðèðîâàòü çíàíèÿ èç ðàçëè÷íûõ îáëàñòåé íàóê â

êîíòåêñòå îñâîåíèÿ ñëîæíîãî çíàíèÿ. Âûäåëèì ðÿä òåõíîëîãè÷åñêèõ ýòàïîâ

ðàçâåðòûâàíèÿ �óíäèðóþùèõ ïðîöåäóð â ïðîöåññàõ àäàïòàöèè ñëîæíîãî

çíàíèÿ ê øêîëüíîé è âóçîâñêîé ìàòåìàòèêå ñ ïðîÿâëåíèåì ñèíåðãåòè÷åñêèõ ý�-

�åêòîâ è îòðàæåíèÿ �åíîìåíîëîãè÷åñêîãî òèïà ìîäåëèðîâàíèÿ ñóùíîñòè îáîá-

ùåííîãî êîíñòðóêòà:

1. Îñâîåíèå ýòàëîíîâ è îáðàçöîâ �åíîìåíîëîãèè íàãëÿäíîãî ìî-

äåëèðîâàíèÿ îáîáùåííîãî êîíñòðóêòà è ðåçóëüòàòîâ äèàãíîñòè÷åñêèõ

ïðîöåäóð êîíêðåòíûõ ïðîÿâëåíèé ñóùíîñòè îáîáùåííîãî êîíñòðóêòà;

2.Ñîçäàíèå ìîòèâàöèîííîå ïîëÿ â îñâîåíèè îáîáùåííîãî êîíñòðóê-

òà: íàãëÿäíîå ìîäåëèðîâàíèå (óðîêè-ëåêöèè, âèäåî-êëèïû, ïðîåêòíàÿ äåÿòåëü-

íîñòü, ïðåçåíòàöèè, äåëîâûå èãðû) ìîòèâàöèîííî-ïðèêëàäíûõ ñèòóàöèé ðàç-

ëè÷íîãî òîëêîâàíèÿ ýòàëîíîâ è îáðàçöîâ ïðîÿâëåíèÿ ñèíåðãèè;
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3. Çàäà÷è äëÿ àêòóàëèçàöèè ðàçâåðòûâàíèÿ èíäèâèäóàëüíûõ îáðàçîâàòåëü-

íûõ òðàåêòîðèé äëÿ ìàëûõ ãðóïï ñòóäåíòîâ (îïðåäåëåíèå ñîñòàâà è íàïðàâ-

ëåííîñòè ìàëûõ ãðóïï, ðàñïðåäåëåíèå ðîëåé, âûáîð è àêòóàëèçàöèÿ ïðàêòèêî-

îðèåíòèðîâàííîé èññëåäîâàòåëüñêîé äåÿòåëüíîñòè ïî ýòàïàì �óíäèðîâàíèÿ

è àäàïòàöèè îáîáùåííîãî êîíñòðóêòà;

4. Ìíîæåñòâåííîå öåëåïîëàãàíèå ïðîöåññîâ èññëåäîâàíèÿ îáîáùåííîãî

êîíñòðóêòà ¾ïðîáëåìíîé çîíû¿;

5. �îòîâíîñòü ê äèñêóññèÿì è ìíîæåñòâåííîñòè ðåøåíèé ïðîáëåìû;

âûÿâëåíèå êðèòåðèåâ îòáîðà, ïîñòàíîâêè è ïîèñêà ðåøåíèÿ èññëåäîâàòåëüñêèõ

ïðàêòèêî-îðèåíòèðîâàííûõ çàäà÷ íà îñíîâå äèàãíîñòè÷åñêîé èí�îðìàöèè, ñè-

ñòåìàòèçèðîâàííûõ â �îðìå �óíäèðóþùèõ êîìïëåêñîâ;

6. Ñîçäàíèå òâîð÷åñêîé ñðåäû â ïðîöåññå îñâîåíèÿ ñóùíîñòè îáîáùåí-

íîãî êîíñòðóêòà (ñòèìóëèðîâàíèå ñèòóàöèè óñïåõà; ðàáîòà â ìàëûõ ãðóïïàõ è

äèàëîã êóëüòóð; òîëåðàíòíîñòü ê íåîïðåäåëåííîñòè è ðàçâèòèå äèâåðãåíòíîãî

ìûøëåíèÿ; âûÿâëåíèå è ïîïóëÿðèçàöèÿ îáðàçöîâ òâîð÷åñêîãî ïîâåäåíèÿ è åãî

ðåçóëüòàòîâ); ñáîð è ðàçíîîáðàçèå �îðì è ìåòîäîâ ïðåäñòàâëåíèÿ èí�îðìàöèè;

îñâîåíèå ñòàòèñòè÷åñêèõ ïàêåòîâ è î�èñíûõ ðåäàêòîðîâ, ñèñòåì êîìïüþòåðíîé

àëãåáðû è Web- ïîääåðæêè;

7. Óìåíèÿ àäàïòèðîâàòüñÿ è ðàçâèâàòüñÿ â ñîöèàëüíûõ êîììóíèêàöèÿõ íà îñ-

íîâå äèàëîãà ìàòåìàòè÷åñêîé, èí�îðìàöèîííîé, åñòåñòâåííîíàó÷íîé è ãóìàíè-

òàðíîé êóëüòóð. Ý��åêòèâíûé äèàëîã ìàòåìàòè÷åñêîé, èí�îðìàöèîí-

íîé, åñòåñòâåííîíàó÷íîé è ãóìàíèòàðíîé êóëüòóð íà îñíîâå êîìïüþòåð-

íîãî è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ êîìïîíåíòîâ è ýòàïîâ àäàïòàöèè îáîá-

ùåííîãî êîíñòðóêòà ¾çîíû ñîâðåìåííûõ äîñòèæåíèé â íàóêå¿ â âóçîâñêîé ìà-

òåìàòèêå;

8. Àêòóàëèçàöèÿ àòðèáóòîâ ñèíåðãèè (áè�óðêàöèè, àòòðàêòîðû,

�ëóêòóàöèè, áàññåéíû ïðèòÿæåíèÿ) â ïðîöåññå èññëåäîâàíèÿ îáîáùåííîãî

êîíñòðóêòà, �óíäèðîâàíèÿ; âûÿâëåíèå çàêîíîìåðíîñòåé, àíàëîãèé, àññîöèàöèé,

äèíàìèêè èññëåäóåìûõ ïðîöåññîâ, ÿâëåíèé è �àêòîâ; ïðîãíîç è ¾ïîáî÷íûå ïðî-

äóêòû¿ èññëåäîâàíèÿ.

Ñèíåðãåòè÷åñêèé ý��åêò èññëåäîâàíèÿ

ìíîãîãðàííûõ ïîâåðõíîñòåé öèëèíäðà Øâàðöà

Ïðèìåð 1. Ìàòåìàòè÷åñêîå îáðàçîâàíèå êàê ñëîæíàÿ è îòêðûòàÿ ñîöèàëü-

íàÿ ñèñòåìà íåñåò â ñåáå îãðîìíûé ïîòåíöèàë ñàìîîðãàíèçàöèè è ïîçèòèâíî-

ãî ïðîÿâëåíèÿ ñèíåðãåòè÷åñêèõ ý��åêòîâ â ðàçíûõ íàïðàâëåíèÿõ: ðàçâèòèå

è âîñïèòàíèå ëè÷íîñòè, óïîðÿäî÷åííîñòü ñîäåðæàíèÿ è ñòðóêòóðû êîãíèòèâ-

íîãî îïûòà, êîììóíèêàöèè è ñîöèàëüíîå âçàèìîäåéñòâèå ñóáúåêòîâ íà îñíîâå

äèàëîãà êóëüòóð. Ïðè ýòîì íåîáõîäèìî ïðîåêòèðîâàòü ïðèåìû è ñïîñîáû îòðà-

æåíèÿ è èññëåäîâàíèÿ òåõíîëîãè÷åñêèõ ïàðàìåòðîâ îáîáùåííîãî êîíñòðóêòà íà

�îíå �óíêöèîíèðîâàíèÿ ñèñòåìû àäàïòàöèè è ïîëó÷åíèÿ íîâûõ ðåçóëüòàòîâ:

â íàøåì ñëó÷àå îáîáùåííûé êîíñòðóêò íàó÷íîãî çíàíèÿ � ïîíÿòèå ïëîùàäè

ïîâåðõíîñòè êîñâåííî àêòóàëèçèðóåòñÿ ÷åðåç êîìïüþòåðíîå è ìàòåìàòè÷åñêîå

ìîäåëèðîâàíèå (Á. Ìàíäåëüáðîò [20℄) ïðîöåññîâ èññëåäîâàíèÿ ¾ïëîùàäè¿ áîêî-

âîé ïîâåðõíîñòè öèëèíäðà Øâàðöà [21℄.
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Ìíîæåñòâåííîå öåëåïîëàãàíèå ïðîöåññîâ àêòóàëèçàöèè ïîíÿòèÿ ïëîùàäè

ïîâåðõíîñòè ïðèåìàìè èññëåäîâàíèÿ ¾ïëîùàäè¿ öèëèíäðà Øâàðöà (ñîäåðæà-

òåëüíûé àñïåêò): ïàòîëîãè÷åñêèå ñâîéñòâà ¾ïëîùàäè¿ áîêîâîé ïîâåðõíîñòè

öèëèíäðà õîðîøî èçó÷åíû â òàê íàçûâàåìîì ¾ðåãóëÿðíîì¿ ñëó÷àå [22, 23℄. Ýòî

ïðîèñõîäèò òîãäà, êîãäà åãî âûñîòà H ðàçáèâàåòñÿ íà m ðàâíûõ ÷àñòåé (ñîîò-

âåòñòâåííî ñëîåâ öèëèíäðà), à îêðóæíîñòü, ëåæàùàÿ â îñíîâàíèè äåëèòñÿ íà n
ðàâíûõ ÷àñòåé ñ ïîñëåäóþùèì ñäâèãîì ϕ íà êàæäîì ñëîå íà

π
n . Ïðè òàêîé òðè-

àíãóëÿöèè áîêîâîé ïîâåðõíîñòè öèëèíäðà, �îðìóëà äëÿ âû÷èñëåíèÿ åå ¾ïëîùà-

äè¿, ïîñðåäñòâîì ïîëó÷èâøèõñÿ ìíîãîãðàííèêîâ ïðè m,n→∞ èìååò âèä:

Sq = 2πR

√
R2

π4

4
q2 +H2, ãäå q = lim

m,n→∞
m

n2
. (1)

Òàêèì îáðàçîì, ¾ïëîùàäü¿ áîêîâîé ïîâåðõíîñòè Sq ðåãóëÿðíîãî öèëèíäðà

Øâàðöà âûñîòû H è ðàäèóñà R (åñëè äàííûé ïðåäåë ñóùåñòâóåò � êîíå÷íûé

èëè áåñêîíå÷íûé) ïîëíîñòüþ îïðåäåëÿåòñÿ ïðåäåëîì (1). Ïðè ýòîì ââèäó íåçà-

âèñèìîãî õàðàêòåðà ñòðåìëåíèÿ m,n→∞ ðåçóëüòàò ïðåäåëüíîãî ïðîöåññà ñòà-

íîâèòñÿ ñëàáî ïðîãíîçèðóåìûì, ìíîãîçíà÷íûì, ñ îòñóòñòâèåì çàêîíîìåðíîñòåé

â õàîòè÷åñêîì ðàçâåðòûâàíèè �ðàêòàëüíûõ ñòðóêòóð ìíîãîãðàííèêîâ. Á. Ìàí-

äåëüáðîò [24℄ ïîêàçàë, ÷òî ïðè m = nk ïëîùàäü ìíîãîãðàííîé ïîâåðõíîñòè ðàñ-
òåò êàê nk (k 6= 2). Âîçíèêàþò èåðàðõèè âîïðîñîâ, ñâÿçàííûõ ñ èññëåäîâàíèåì

ìíîãîãðàííûõ ïîâåðõíîñòåé öèëèíäðà Øâàðöà è ðåøàåìûõ ñðåäñòâàìè êîì-

ïüþòåðíîãî è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ èññëåäîâàòåëüñêîé äåÿòåëüíîñòè

â ìàëûõ ãðóïïàõ øêîëüíèêîâ â äèñòàíöèîííîé ñðåäå èëè â �îðìå èññëåäîâàíèÿ

ìíîãîýòàïíûõ ìàòåìàòèêî-èí�îðìàöèîííûõ çàäàíèé. Ïîäîáíûå èññëåäîâàíèÿ,

ïðîâåäåííûå ñòóäåíòàìè íà ðåñóðñíûõ èëè ëàáîðàòîðíî-ðàñ÷åòíûõ çàíÿòèÿõ,

ïðè âûïîëíåíèè ìíîãîýòàïíûõ ìàòåìàòèêî-èí�îðìàöèîííûõ çàäàíèé, â õîäå

ïðîåêòíîé äåÿòåëüíîñòè èëè ñåòåâîãî âçàèìîäåéñòâèÿ ðàçâèâàþò èíòåëëåêòó-

àëüíûå îïåðàöèè ìûøëåíèÿ, ïîâûøàþò ó÷åáíóþ ìîòèâàöèþ è êà÷åñòâî îñâîå-

íèÿ ìàòåìàòè÷åñêèõ äåéñòâèé [25, 26℄.

�àññìîòðèì îêðóæíîñòü ñ öåíòðîì â òî÷êå A è ðàäèóñîì g1 = 1. Â îêðóæ-

íîñòü âïèñàí ïðàâèëüíûé øåñòèóãîëüíèê è ïðîâåäåí ðàäèóñ AT òàê, ÷òî AT
ïåðåñåêàåò ñòîðîíó øåñòèóãîëüíèêà â òî÷êå U . Ïðåäïîëîæèì, ÷òî òî÷êà T äâè-

æåòñÿ ïî îêðóæíîñòè. Ïðè ýòîì ïîñòàâèì â ñîîòâåòñòâèå öåíòðàëüíîìó óãëó

c1 = α äëèíó îòðåçêà UT , ïîëó÷èì �óíêöèþ f(α). Ââåäåííàÿ �óíêöèÿ ÿâëÿåò-

ñÿ îãðàíè÷åííîé è ïåðèîäè÷åñêîé, à èìåííî 0 6 |f(α)| 6 1−
√
3
2 è ïåðèîä T = π

6 .

Ôóíêöèþ f(α) ìîæíî îïðåäåëèòü ÿâíûì îáðàçîì:

f(α) = 1−
√
3
2

sin
(
120◦ −

(
α−

[
α
60◦

]
· 60◦

)) . (2)

Íåñëîæíî îïðåäåëèòü �óíêöèþ fn(α), ïîäîáíóþ �óíêöèè èç �îðìóëû (2) â

ñëó÷àå, êîãäà â îêðóæíîñòü âïèñàí ïðîèçâîëüíûé ïðàâèëüíûé n-óãîëüíèê. Äåé-
ñòâèòåëüíî, îáîçíà÷èì ÷åðåç ϕ = 360◦

n öåíòðàëüíûé óãîë âïèñàííîãî n-óãîëüíè-
êà, òîãäà fn(α) ïðèìåò âèä:

f(α) = 1− sin
(
90◦ − ϕ

2

)

sin
(
90◦ + ϕ

2 −
(
α−

[
α
ϕ

]
· ϕ
)) . (3)
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Îïðåäåëèì ñëåäóþùóþ �óíêöèþ g(α) êàê �óíêöèîíàëüíûé ðÿä:

g(α) =

∞∑

n=1

fk�n(α). (4)

ãäå �óíêöèè fk�n(α) îïðåäåëÿþòñÿ �îðìóëîé (3). Ëåãêî âèäåòü, ÷òî ãðà�èê

�óíêöèè g(α) èìååò �ðàêòàëüíóþ ñòðóêòóðó, íàïîäîáèå ãðà�èêà �óíêöèè Âàí

Äåð Âàðäåíà. Òåïåðü ðàññìîòðèì ñëîé öèëèíäðà Øâàðöà, ïåðåñå÷åííûé ïëîñ-

êîñòüþ îðòîãîíàëüíîé åãî îñè. Âîçíèêàåò åñòåñòâåííàÿ çàäà÷à. Ïóñòü çàäàí öè-

ëèíäð Øâàðöà âûñîòû H = 1 è ðàäèóñà R = 1. Ïðè ýòîì åãî âåðõíåå îñíîâàíèå

ðàçáèâàåòñÿ íà n ðàâíûõ ÷àñòåé, à âûñîòà íà m ðàâíûõ ÷àñòåé. Ïðîâåäåì ñå-

÷åíèå, ïåðïåíäèêóëÿðíîå îñè öèëèíäðà ÷åðåç ïðîèçâîëüíóþ òî÷êó x íà íåé. Åñ-
ëè n ñòðåìèòñÿ ê áåñêîíå÷íîñòè, à m �èêñèðîâàíî, òî êàêîé âèä áóäåò èìåòü

�óíêöèÿ g(a), îïðåäåëåííàÿ â �îðìóëå (4)?

Åñëè ïðåäïîëîæèòü, ÷òî â �îðìóëå (4) ïåðåìåííûå α è ε íåçàâèñèìû, òî íà
ðÿä, îïðåäåëÿåìûé ýòîé �îðìóëîé, ìîæíî ñìîòðåòü êàê íà �óíêöèþ äâóõ ïåðå-

ìåííûõ s(α, x). �ðà�èêîì ýòîé �óíêöèè áóäåò ïîâåðõíîñòü (¾Êóáîê Øâàðöà¿).

Íà ñëåäóþùåì ðèñóíêå èçîáðàæåíà ÷àñòü ïîâåðõíîñòè z = s(α, x), ïðè ýòîì

0 6 α 6 360◦ è 0 6 x 6 1
30 . Ïîëàãàåì, ÷òî âûñîòà îäíîãî ñëîÿ öèëèíäðà Øâàðöà

ðàâíà

1
30 (äëÿ íàãëÿäíîñòè ïîâåðõíîñòü èçîáðàæåíà â öèëèíäðè÷åñêîé ñèñòåìå

êîîðäèíàò). Íà ïîñëåäíåì ðèñóíêå ëèíèè óðîâíÿ, èçîáðàæåííûå æåëòûì öâå-

òîì, ñîîòâåòñòâóþò ãðà�èêàì �óíêöèè g(α) â ïîëÿðíîé ñèñòåìå êîîðäèíàò ïðè
k = 0, k = 1

3 , k = 2
3 , k = 1.

�èñ. 5. ¾Êóáîê Øâàðöà¿ êàê �ðàêòàëüíàÿ ïîâåðõíîñòü.
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Àíàëîãè÷íî ìîãóò áûòü èññëåäîâàíû äðóãèå ¾çîíû ñîâðåìåííûõ äîñòèæå-

íèé â íàóêå¿: ýëåìåíòû �ðàêòàëüíîé ãåîìåòðèè, êëåòî÷íûå àâòîìàòû, êîäèðî-

âàíèå è øè�ðîâàíèå èí�îðìàöèè, òåîðèÿ õàîñà è êàòàñòðî�. Êàê ïîêàçûâàåò

ðàññìîòðåííûé ïðèìåð ëîíãèòþäíîå èññëåäîâàíèå ¾çîí ñîâðåìåííûõ äîñòèæå-

íèé â íàóêå¿ ïðåäúÿâëÿåò ïîâûøåííûå òðåáîâàíèÿ ê èõ îòáîðó è êîëè÷åñòâó,

â òî æå âðåìÿ ðàçâèâàþùèé ý��åêò îò îñâîåíèÿ øêîëüíèêàìè ñëîæíîãî çíà-

íèÿ â êîíòåêñòå ñîâðåìåííûõ äîñòèæåíèé â íàóêå è äèàëîãà ìàòåìàòè÷åñêîé,

èí�îðìàöèîííîé, åñòåñòâåííîíàó÷íîé è ãóìàíèòàðíîé êóëüòóð òðóäíî ïåðåîöå-

íèòü.

�åçóëüòàòû. Òàêèì îáðàçîì, âûÿâëåíû è õàðàêòåðèçîâàíû ñîäåðæàíèå,

êîìïüþòåðíûé äèçàéí è òåõíîëîãèÿ àäàïòàöèè ñëîæíîãî çíàíèÿ â õîäå èññëå-

äîâàíèÿ îáîáùåííûõ êîíñòðóêòîâ âûÿâëåíèÿ ñóùíîñòè îäíîé èç ¾ïðîáëåìíûõ

çîí¿ øêîëüíîé èëè âóçîâñêîé ìàòåìàòèêè (íàïðèìåð, ïëîùàäè ïîâåðõíîñòè

â äåòàëèçàöèè íåëèíåéíîé äèíàìèêè ðîñòà ïëîùàäåé ìíîãîãðàííûõ êîìïëåê-

ñîâ ïðè èçìåëü÷åíèè òðèàíãóëÿöèé áîêîâîé ïîâåðõíîñòè öèëèíäðà èëè ¾ñàïîãà¿

Øâàðöà ñðåäñòâàìè êîìïüþòåðíîãî è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ). Âûÿâ-

ëåíû è õàðàêòåðèçîâàíû ýòàïû àäàïòàöèîííûõ ïðîöåññîâ, òåõíîëîãèÿ èññëå-

äîâàíèÿ ñëîæíîãî çíàíèÿ, òî÷êè áè�óðêàöèè, áàññåéíû ïðèòÿæåíèÿ, âû÷èñëè-

òåëüíûå ïðîöåäóðû è �ëóêòóàöèè ïàðàìåòðîâ ñîñòîÿíèÿ, êîìïüþòåðíûé äèçàéí

è ïîáî÷íûå ðåçóëüòàòû èññëåäîâàíèÿ. Âûñòðîåíû èåðàðõèè �îðì è ñðåäñòâ èñ-

ñëåäîâàòåëüñêîé äåÿòåëüíîñòè øêîëüíèêîâ: ðåñóðñíûå è ëàáîðàòîðíî-ðàñ÷åòíûå

çàíÿòèÿ, êîìïëåêñû ìíîãîýòàïíûõ ìàòåìàòèêî-èí�îðìàöèîííûõ çàäàíèé, ïðî-

åêòíûå ìåòîäû è ñåòåâîå âçàèìîäåéñòâèå.
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ÎÏÈÑÀÍÈÅ ÑÎÏ�ßÆÅÍÍÛÕ ÄËß Ï�ÎÑÒ�ÀÍÑÒÂ �ÎËÎÌÎ�ÔÍÛÕ

ÔÓÍÊÖÈÉ ÇÀÄÀÍÍÎ�Î �ÎÑÒÀ Â ÎÁËÀÑÒßÕ ÊÀ�ÀÒÅÎÄÎ�È

1

À. Â. Àáàíèí (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ),

Ò. Ñ. Àíäðååâà (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïóñòü G � îáëàñòü â C, H(G) � ïðîñòðàíñòâî âñåõ �óíêöèé, ãîëîìîð�íûõ

â G. Ñ êàæäîé íåïðåðûâíîé �óíêöèåé v(z) : G → R (âåñîì) ñâÿæåì áàíàõîâî

ïðîñòðàíñòâî

Hv(G) :=

{
f ∈ H(G) : ‖f‖v := sup

z∈G

|f(z)|
ev(z)

<∞
}
.

Ïî óáûâàþùåé (âîçðàñòàþùåé) ïîñëåäîâàòåëüíîñòè âåñîâ V = (vn) îáðàçó-
åì ïðîåêòèâíûé (èíäóêòèâíûé) ïðåäåë HV (G) := projHvn(G)

(
ñîîòâåòñòâåííî,

V H(G) := indHvn(G)
)
. Â ñâÿçè ñ ðÿäîì çàäà÷ ïðåäñòàâëÿåò èíòåðåñ èññëåäîâà-

íèå âîïðîñà îá îïèñàíèè ñîïðÿæåííûõ ñ HV (G) è V H(G), óäîáíîì äëÿ èñïîëü-

çîâàíèÿ â ïðèëîæåíèÿõ. Â äîêëàäå áóäóò ïðåäñòàâëåíû íîâûå, áîëåå îáùèå ïî

ñðàâíåíèþ ñ ïðåäûäóùèìè, ðåçóëüòàòû â óêàçàííîì íàïðàâëåíèè äëÿ ñëó÷àÿ,

êîãäà íå òðåáóåòñÿ âûïóêëîñòü G è èñïîëüçóåòñÿ ïðåîáðàçîâàíèå Êîøè �óíê-

öèîíàëîâ. �àíåå ñ�îðìóëèðîâàííàÿ çàäà÷à èçó÷àëàñü äëÿ êîíêðåòíûõ âåñîâûõ

ïîñëåäîâàòåëüíîñòåé ïðîåêòèâíîãî [1℄ è èíäóêòèâíîãî [2, 3℄ òèïîâ ïðîñòðàíñòâ.

Îñíîâíîå îãðàíè÷åíèå íà ïðîåêòèâíóþ âåñîâóþ ïîñëåäîâàòåëüíîñòü, èñïîëü-

çóåìîå â ðàáîòå, ñîñòîèò â ïðåäïîëîæåíèè, ÷òî èìååòñÿ òàêàÿ ïîëîæèòåëüíàÿ

�óíêöèÿ ρ(z) < dist(z, ∂G), ÷òî äëÿ ëþáîãî n ∈ N ñóùåñòâóåò Cn > 0, ïðè
êîòîðîì

sup
|ζ−z|6d(z)

vn+1(ζ) + ln
1

ρ(z)
6 Cn + inf

|ζ−z|6d(z)
vn(ζ), ∀ z ∈ G.

Äëÿ èíäóêòèâíîé ïîñëåäîâàòåëüíîñòè íóæíî ëèøü ïîìåíÿòü vn+1 è vn ìå-

ñòàìè. Îò G òðåáóåòñÿ, ÷òîáû îíà áûëà îáëàñòüþ Êàðàòåîäîðè.

Ïðè ýòèõ îãðàíè÷åíèÿõ ïðåîáðàçîâàíèå Êîøè óñòàíàâëèâàåò òîïîëîãè÷å-

ñêèé èçîìîð�èçì ìåæäó HV (G)
(
èëè V H(G)

)
è íåêîòîðûì ïðîñòðàíñòâîì ãî-

ëîìîð�íûõ âíå G �óíêöèé, èñ÷åçàþùèõ â áåñêîíå÷íîñòè è ïðîäîëæèìûõ â G
êàê áåñêîíå÷íî äè��åðåíöèðóåìûå â âåùåñòâåííîì ñìûñëå �óíêöèè g ñ îïðå-
äåëåííîé îöåíêîé ∂g/∂z̄.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 15-01-01404.
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ÌÍÎ�Î×ËÅÍÛ ÔÀÁÅ�À È ÊÎÍÑÅ�ÂÀÒÈÂÍÛÅ ÑÈÑÒÅÌÛ

Ñ ÎÄÍÎÉ ÑÒÅÏÅÍÜÞ ÑÂÎÁÎÄÛ

Å. Ñ. Àëåêñååâà (�îññèÿ, Íèæíèé Íîâãîðîä; ÍÌÎ),

À. Ý. �àññàäèí (�îññèÿ, Íèæíèé Íîâãîðîä; ÍÈÓ ¾ÂØÝ¿)

Ìíîãî÷ëåíû Ôàáåðà Φn(z), îïðåäåëåííûå íà êîìïàêòíîé îäíîñâÿçíîé îáëà-

ñòè D êîìïëåêñíîé ïëîñêîñòè C, ÿâëÿþòñÿ âåñüìà èíòåðåñíûì îáúåêòîì òåîðèè

�óíêöèé [1℄.

Áóäåì ñ÷èòàòü îáëàñòü D íå ïðîèçâîëüíîé, à îãðàíè÷åííîé çàìêíóòîé �àçî-

âîé òðàåêòîðèåé ñëåäóþùåé ãàìèëüòîíîâîé ñèñòåìû:

H(x, y) =
y2

2
+ U(x), (1)

òîãäà âñÿêàÿ àíàëèòè÷åñêàÿ â îáëàñòè D �óíêöèÿ f(z) ðàçëàãàåòñÿ â ðÿä ïî

ìíîãî÷ëåíàì Ôàáåðà ýòîé îáëàñòè:

f(z) =
∞∑

n=0

anΦn(z), z = x+ i y ∈ D. (2)

Â ñòàòüå [2℄ ïðåäñòàâëåíà ïðîöåäóðà ý��åêòèâèçàöèè òåîðåìû �èìàíà, êîòî-

ðàÿ ïîçâîëÿåò âûïèñàòü ÿâíî ýòè ìíîãî÷ëåíû äëÿ ëþáîé îáëàñòè D â òåðìèíàõ

åå ãàðìîíè÷åñêèõ ìîìåíòîâ �è÷àðäñîíà, îäíàêî äëÿ ïðèìåíåíèÿ íà ïðàêòèêå

ýòà ïðîöåäóðà îêàçûâàåòñÿ ñëèøêîì ãðîìîçäêîé.

Òåì íå ìåíåå, â ñëó÷àå, êîãäà ïîòåíöèàë U(x) ñèñòåìû (1) ñëàáî îòëè÷àåòñÿ

îò ïîòåíöèàëà ãàðìîíè÷åñêîãî îñöèëëÿòîðà ñ åäèíè÷íîé öèêëè÷åñêîé ÷àñòîòîé,

äëÿ ìíîãî÷ëåíîâ Ôàáåðà, âõîäÿùèõ â ðÿä (2), ìîæíî ïîëó÷èòü ïðîñòûå àñèìïòî-

òè÷åñêèå �îðìóëû â ðàìêàõ òåîðèè ïðèáëèæåííûõ êîí�îðìíûõ îòîáðàæåíèé

âíåøíîñòè îáëàñòåé, áëèçêèõ ê åäèíè÷íîìó êðóãó, íà âíåøíîñòü åäèíè÷íîãî

êðóãà, ðàçâèòîé â ìîíîãðà�èè [3℄.

Â ÷àñòíîñòè, äëÿ òàêèõ îáëàñòåé ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà. Ïóñòü D � çâåçäíàÿ îáëàñòü ñ ãðàíèöåé, çàäàâàåìîé â ïîëÿðíûõ

êîîðäèíàòàõ óðàâíåíèåì r(θ) = 1 + ε δ(θ), ïðè÷åì 0 < ε ≪ 1, òîãäà äëÿ ìíîãî-

÷ëåíîâ Ôàáåðà ýòîé îáëàñòè âåðíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ:

Φn(z, ε) = zn + εΦ(1)
n (z) +O(ε2),

ãäå

Φ(1)
n (z) = n zn

2π∫

0

δ(θ)
exp(i θ) + z

exp(i θ)− z
dθ

2π
.

Ïðèìåíÿÿ ýòó ëåììó ê ðåçóëüòàòàì äîêëàäà [4], ëåãêî äîêàçàòü, ÷òî èìååò

ìåñòî:
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Òåîðåìà. Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ìíîãî÷ëåíîâ Ôàáåðà äëÿ îáëàñòè,

îãðàíè÷åííîé �àçîâîé òðàåêòîðèåé ñèñòåìû (1) ñ ïîòåíöèàëîì U(x) = x2/2 +
ε x4/4, 0 < ε≪ 1, ïðîõîäÿùåé ÷åðåç òî÷êó x = a (a > 0) è y = 0, èìåþò âèä:

Φn(z, ε) =
(z
a

)n
+
ε a2

32
n
(z
a

)n [
5− 4

(z
a

)2
−
(z
a

)4 ]
+O(ε2).

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïîëåçíû äëÿ âûÿâëåíèÿ ñêðûòûõ ñâÿçåé

ìåæäó êîìïëåêñíîé è ñèìïëåêòè÷åñêîé ñòðóêòóðîé, êîòîðûå ìîæíî ââåñòè íà

âåùåñòâåííîé äâóìåðíîé ïëîñêîñòè R2
. Óêàçàíèÿ íà íåîáõîäèìîñòü ïîèñêà òà-

êèõ ñâÿçåé èìåþòñÿ åùå â îñíîâîïîëàãàþùåé äëÿ êâàíòîâîé ýëåêòðîäèíàìèêè

ñòàòüå [5℄.

Â çàêëþ÷åíèå àâòîðû áëàãîäàðÿò ä. �.-ì. í. Í. Í. Øàìàðîâà çà ññûëêó íà

ðàáîòó [5℄.
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Ï�ÈÁËÈÆÅÍÍÎÅ �ÅØÅÍÈÅ ÍÅËÈÍÅÉÍÎ�Î

ÈÍÒÅ��Î-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î Ó�ÀÂÍÅÍÈß ÒÈÏÀ ÑÂÅ�ÒÊÈ

1

Ñ. Í. Àñõàáîâ

(�îññèÿ, �ðîçíûé; ×�ÏÓ, ×�Ó)

Îáúåêòîì èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ óðàâíåíèå

uα(x) = a(x)

x∫

0

k(x− t)u′(t) dt+ f(x), x > 0, α > 1, (1)

ãäå çàäàííûå �óíêöèè k(x), a(x) è f(x) óäîâëåòâîðÿþò óñëîâèÿì:

k ∈ C1[0,∞), k′(x) íå óáûâàåò íà [0,∞), k(0) = 0 è k′(0) > 0, (2)

a ∈ C1[0,∞), a(x) íå óáûâàåò íà [0,∞) è a(x) > 0 ïðè x > 0, (3)

f ∈ C1[0,∞), f(x) íå óáûâàåò íà [0,∞) è f(0) = 0. (4)

�åøåíèÿ óðàâíåíèÿ (1) ðàçûñêèâàþòñÿ â êëàññå:

Q1
0 =

{
u(x) : u ∈ C1(0,∞), u(0) = 0 è u(x) > 0 ïðè x > 0

}
.

Íàðÿäó ñ óðàâíåíèåì (1) ðàññìàòðèâàåòñÿ óðàâíåíèå

uα(x) = a(x)

x∫

0

k′(x− t)u(t) dt+ f(x), x > 0, α > 1, (5)

â êîíóñå Q0 = {u(x) : u ∈ C[0,∞), u(0) = 0 è u(x) > 0 ïðè x > 0}.
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (2)�(4). Åñëè u ∈ Q1

0 ÿâëÿåòñÿ ðåøå-

íèåì óðàâíåíèÿ (1), òî u ∈ Q0 è ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5). Îáðàòíî,
åñëè óðàâíåíèå (5) èìååò ðåøåíèå u ∈ Q0, òî u ∈ Q1

0 è ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ (1).

Ïðåäïîëàãàÿ äîïîëíèòåëüíî g(0) = 0, ãäå g(x) = f(x)/a(x), äîêàçûâàåòñÿ,
÷òî åñëè u ∈ Q0 ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ (5), òî u(x) óäî-
âëåòâîðÿåò íåðàâåíñòâàì:

(
α− 1

α
k′(0)

)1/(α−1)

a1/α(x)

( x∫

0

a1/α(t) dt

)1/(α−1)

6 u(x) 6

6

(
α− 1

α

)1/(α−1)

a1/α(x)

( x∫

0

a1/α(t)k′(t) dt+ g(α−1)/α(x)

)1/(α−1)

.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-41-200001, è ïóáëèêóåòñÿ â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííî-

ãî çàäàíèÿ â ñîîòâåòñòâèè ñ Äîïîëíèòåëüíûì ñîãëàøåíèåì îò 07.07.2020 � 075-03-2020-

239/2 ðååñòð � 248 ÊÁÊ 01104730290059611, ïî ïðîåêòó ¾Íåëèíåéíûå ñèíãóëÿðíûå èíòåãðî-

äè��åðåíöèàëüíûå óðàâíåíèÿ è êðàåâûå çàäà÷è¿.

175



Èñïîëüçóÿ ýòè àïðèîðíûå îöåíêè è òåîðåìó 1, ìåòîäîì âåñîâûõ ìåòðèê äî-

êàçûâàåòñÿ, ÷òî óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå êàê â êîíóñå Q1
0,

òàê è â íåêîòîðîì ïîëíîì ìåòðè÷åñêîì ïðîñòðàíñòâå Pb è (îñíîâíîé ðåçóëüòàò)
ìîæåò áûòü íàéäåíî â Pb ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ñî ñõîäèìî-

ñòüþ ïî ìåòðèêå ýòîãî ïðîñòðàíñòâà. Â ÷àñòíîì, ñóùåñòâåííî áîëåå ïðîñòîì äëÿ

èññëåäîâàíèÿ ñëó÷àå a(x) = 1, ýòè ðåçóëüòàòû ïîäðîáíî èçëîæåíû â [1℄.

Ñëåäóåò îòìåòèòü, ÷òî â ñâÿçè ñ ðàçëè÷íûìè ïðèëîæåíèÿìè â ãèäðîàýðî-

äèíàìèêå, ïîïóëÿöèîííîé ãåíåòèêå è äðóãèõ, óðàâíåíèå (5) èçó÷àëîñü â ðàáî-

òàõ [2�5℄.
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×ÈÑËÅÍÍÎÅ ÌÎÄÅËÈ�ÎÂÀÍÈÅ ÏÀÌßÒÈ

Â ÂßÇÊÎÓÏ��ÈÕ Ñ�ÅÄÀÕ

Ç. À. Àõìàòîâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè âîëíîâûõ ïðîöåññîâ â ðàçëè÷íûõ îá-

ëàñòÿõ åñòåñòâîçíàíèÿ âñòðå÷àþòñÿ ñèñòåìû ¾ñ ïàìÿòüþ¿, ïîâåäåíèå êîòî-

ðûõ íå îïðåäåëÿåòñÿ öåëèêîì ñîñòîÿíèåì â íàñòîÿùèé ìîìåíò, à çàâèñèò îò

âñåé ïðåäûñòîðèè ïðîöåññà è ïîýòîìó îïèñûâàåòñÿ èíòåãðî-äè��åðåíöèàëüíûì

óðàâíåíèåì, ñîäåðæàùèì ñîîòâåòñòâóþùèé èíòåãðàë ïî âðåìåííîé ïåðåìåí-

íîé. Îäíîìåðíàÿ îáðàòíàÿ çàäà÷à îá îïðåäåëåíèè ÿäðà (�óíêöèè ïàìÿòè) k(t),
t ∈ [0, T ], èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ áûëà ðàññìîòðåíà â [1℄. �å-

çóëüòàòû ýòîãî èññëåäîâàíèÿ � òåîðåìà ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè

è îöåíêà óñòîé÷èâîñòè ðåøåíèÿ îáðàòíîé çàäà÷è. Öåëüþ äàííîé ðàáîòû ÿâëÿåò-

ñÿ ÷èñëåííàÿ ðåàëèçàöèÿ çàìêíóòîé ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâ-

íåíèé, ïîëó÷åííûõ â ðåçóëüòàòå àíàëèòè÷åñêîãî ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ

óðàâíåíèÿ âÿçêîóïðóãîñòè [1℄. Ïîëó÷åííóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

ìîæíî çàïèñàòü â âèäå îïåðàòîðíîãî óðàâíåíèÿ

ϕ = Aϕ, (1)

ãäå ϕ = [ϕ1(y, t), ϕ2(y, t), ϕ3(t), ϕ4(t), ϕ5(t), ϕ6(t)]. Êîìïîíåíòû ϕi (i =
1, 2, 3, 4, 5, 6) ïðåäñòàâëÿþò ñîáîé �óíêöèè, ñâÿçàííûå ñ ðåøåíèÿìè ïðÿìîé è

îáðàòíîé çàäà÷, â ÷àñòíîñòè, èñêîìîå ÿäðî âõîäèò â

ϕ4(t) = k(t) exp(r(0)t/2), r(t) = −k(t)−
t∫

0

k(t− τ)r(τ) dτ.

Íåëèíåéíûé îïåðàòîð A îïðåäåëåí íà ìíîæåñòâå �óíêöèé ϕ ∈ C[DT ], DT =
((y, t) : 0 6 y 6 t 6 T − y).

Ñèñòåìà (1) ñëóæèò îñíîâîé äëÿ ÷èñëåííîé ðåàëèçàöèè àëãîðèòìà îïðåäå-

ëåíèÿ çíà÷åíèé �óíêöèè ïàìÿòè (èëè ðåëàêñàöèîííîé �óíêöèè). ×èñëåííàÿ

ðåàëèçàöèÿ ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé, ê êîòîðîé ñâîäèòñÿ

çàäà÷à îïðåäåëåíèÿ ÿäðà óðàâíåíèÿ âÿçêîóïðóãîñòè, îñíîâûâàåòñÿ íà ìåòîäèêå

÷èñëåííîãî ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà, ïðåäëî-

æåííîé â ìîíîãðà�èè [2, ãë. 5℄. Â îáëàñòè DT ââîäèòñÿ ðàâíîìåðíàÿ ñåòêà ñ

øàãîì h = T/(2N), N � êîëè÷åñòâî òî÷åê ðàçáèåíèÿ îòðåçêà [0, T/2]. Èíòåãðà-
ëû âû÷èñëÿþòñÿ ñ ïîìîùüþ êâàäðàòóðíûõ �îðìóë ïðÿìîóãîëüíèêîâ, à ñàìè

èíòåãðàëüíûå óðàâíåíèÿ ïîñëå ââåäåíèÿ ðàâíîìåðíîé ñåòêè ïðåâðàùàþòñÿ â

ðåêóððåíòíûå �îðìóëû.

Àëãîðèòì ðåàëèçîâàí ñ ïîìîùüþ ïàêåòà ïðèêëàäíûõ ïðîãðàìì Ñè++.

177



�åçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ïîçâîëèëè â ÿâíîì âèäå ïîëó÷èòü ãðà�èê

ðåëàêñàöèîííîé �óíêöèè. Áîëåå òîãî, âûÿâëåíû çàâèñèìîñòè ïîâåäåíèÿ èñêî-

ìîé �óíêöèè îò ðàçëè÷íûõ âõîäíûõ äàííûõ, êîòîðûìè ÿâëÿþòñÿ ïàðàìåòðû

Ëàìý, ïëîòíîñòü ñðåäû, à òàêæå äîïîëíèòåëüíàÿ èí�îðìàöèÿ î ðåøåíèè ïðÿ-

ìîé çàäà÷è � �óíêöèÿ îòêëèêà ñìåùåíèÿ íà çàäàííîé èìïóëüñíîå âîçäåéñòâèå

g(t) (�óíêöèÿ ϕ1(y, t) ïðè y = 0).
Äëÿ ïðîâåðêè ðàáîòû àëãîðèòìà çàäàâàëàñü �óíêöèÿ k(t) è íàñ÷èòûâàëèñü

çíà÷åíèÿ èí�îðìàöèè g(t) ïî êâàäðàòóðíûì �îðìóëàì ïðèìåíèòåëüíî ê ñèñòå-

ìå (1). Â íàñ÷èòàííûå çíà÷åíèÿ ââîäèëàñü ñëó÷àéíàÿ àääèòèâíàÿ îøèáêà:

g̃(ti) = g(ti) + (θi − 1/2) · 2εḡ/100, i = 1, 2, . . . , 2N,

ãäå ḡ � ñðåäíåå çíà÷åíèå �óíêöèè g(t) íà îòðåçêå [0, T ]; ε� óðîâåíü ïîãðåøíîñòè

â ïðîöåíòàõ; θi � ñëó÷àéíî ðàñïðåäåëåííàÿ íà îòðåçêå [0, 1] âåëè÷èíà.
Íà îñíîâàíèè ÷èñëåííûõ ýêñïåðèìåíòîâ ìîæíî ñäåëàòü âûâîä î òîì, ÷òî àë-

ãîðèòì óñòîé÷èâî ðàáîòàåò ïðè îïðåäåëåíèè çíà÷åíèé k(t) ñ óðîâíåì ñëó÷àéíîé

îøèáêè, âíîñèìîé â èí�îðìàöèþ, äî ε = 10%.
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Ê�ÀÉÍÈÅ ÒÎ×ÊÈ ÂÛÏÓÊËÛÕ ÌÍÎÆÅÑÒÂ

ÎÄÍÎ�ÎÄÍÛÕ ÏÎËÎÆÈÒÅËÜÍÛÕ ÏÎËÈÍÎÌÎÂ

À. Â. Áàãàåâà (�îññèÿ, Âëàäèêàâêàç; ÑÎ�Ó),

Ì. Ì. Êîêàøâèëè (�îññèÿ, Âëàäèêàâêàç; ÑÎ�Ó),

Ç. À. Êóñðàåâà (�îññèÿ, �îñòîâ-íà-Äîíó, �ÍÎÌÖ ÞÔÓ;

Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Â ðàáîòå [1℄ ïðåäëîæåí ïîäõîä ê èçó÷åíèÿ ýêñòðåìàëüíîé ñòðóêòóðû âûïóê-

ëûõ ìíîæåñòâ ëèíåéíûõ îïåðàòîðîâ íà îñíîâå òåîðèè âåêòîðíûõ ðåøåòîê. Öåëü

íàñòîÿùåé ðàáîòû � ïîêàçàòü, ÷òî ýòîò ïîäõîä ìîæíî ðàñïðîñòðàíèòü â äóõå [2℄

íà îäíîðîäíûå ïîëèíîìû, äåéñòâóþùèõ â âåêòîðíûõ ðåøåòêàõ, èñïîëüçóÿ ëè-

íåàðèçàöèþ ïîñðåäñòâîì òåíçîðíîãî ïðîèçâåäåíèÿ Ôðåìëèíà.

Âñþäó íèæå E � àðõèìåäîâà âåêòîðíàÿ ðåøåòêà. Èñïîëüçóþòñÿ îáîçíà÷åíèÿ

è òåðìèíîëîãèÿ èç [3℄. Â ÷àñòíîñòè, Pr(nE,F ) îáîçíà÷àåò ïðîñòðàíñòâî âñåõ n-
îäíîðîäíûõ ðåãóëÿðíûõ ïîëèíîìîâ èç E â F , à P+(nE,F ) � ïîëîæèòåëüíûé

êîíóñ â íåì; ïðè ýòîì Pr(1E,F ) � ïðîñòðàíñòâî ëèíåéíûõ ðåãóëÿðíûõ îïåðà-

òîðîâ, îáîçíà÷àåìîå ÷åðåç L r(E,F ). Ñèìâîëîì
⊗

n,sE îáîçíà÷àåòñÿ n-êðàòíîå
àëãåáðàè÷åñêîå ñèììåòðè÷íîå òåíçîðíîå ïðîèçâåäåíèå âåêòîðíîé ðåøåòêè E.

Îïðåäåëåíèå 1. Îäíîðîäíûé ïîëèíîì P : E → F ñòåïåíè n íàçûâàþò ðå-

øåòî÷íûì n-ïîëèìîð�èçìîì, åñëè àññîöèèðîâàííûé ñ íèì ïîëèëèíåéíûé îïå-

ðàòîð P̌ : En → F ÿâëÿåòñÿ ðåøåòî÷íûì n-ìîð�èçìîì.
Ýòî ðàâíîñèëüíî òîìó, ÷òî P îðòîãîíàëüíî àääèòèâåí (|x| ∧ |y| = 0 âëå÷åò

P (x+y) = P (x)+P (y)) è P (x)∧P (y) = 0, åñëè x∧y = 0. Åùå îäíî ðàâíîñèëüíîå
óñëîâèå ãëàñèò, ÷òî P ñîõðàíÿåò òî÷íûå ãðàíèöû êîíå÷íûõ ìíîæåñòâ. Ïîäðîáíåå

î ñòðîåíèè ðåøåòî÷íûõ ïîëèìîð�èçìîâ ñì. â [4℄.

Òåîðåìà 1. Äëÿ âåêòîðíîé ðåøåòêè E ñóùåñòâóåò åäèíñòâåííàÿ ñ òî÷íîñòüþ

äî ðåøåòî÷íîãî èçîìîð�èçìà âåêòîðíàÿ ðåøåòêà Ē òàêàÿ, ÷òî:

(1) ñóùåñòâóåò ðåøåòî÷íûé n-ïîëèìîð�èçì θn : E → Ē, èíäóöèðóþùèé
âëîæåíèå

⊗
n,sE â Ē;

(2) äëÿ ëþáîé àðõèìåäîâîé âåêòîðíîé ðåøåòêè F è ëþáîãî n-îäíîðîäíîãî
ðåøåòî÷íîãî ïîëèìîð�èçìà P : E → F ñóùåñòâóåò åäèíñòâåííûé ðåøåòî÷íûé

ãîìîìîð�èçì P̄ : Ē → F , îáåñïå÷èâàþùèé �àêòîðèçàöèþ P = P̄ ◦ θn.
Îïðåäåëåíèå 2. Âåêòîðíóþ ðåøåòêó Ē èç òåîðåìû 1 îáîçíà÷àþò ñèìâîëîì

_⊗
n,sE, à ïàðó

( _⊗
n,sE, θ

)
íàçûâàþò n-êðàòíûì �ðåìëèíîâñêèì ñèììåòðè÷-

íûì òåíçîðíûì ïðîèçâåäåíèåì E.

Òåîðåìà 2. Åñëè E � ïîðÿäêîâî ïîëíàÿ âåêòîðíàÿ ðåøåòêà, òî Pr(nE,F )
òàêæå ïîðÿäêîâî ïîëíàÿ âåêòîðíàÿ ðåøåòêà è îòîáðàæåíèå T 7→ T ◦ θn ñëóæèò
ðåøåòî÷íûì èçîìîð�èçìîì èç L r

( _⊗
n,sE,F

)
íà Pr(nE,F ).

Îïðåäåëåíèå 3. �àññìîòðèì ìíîæåñòâî U ñîäåðæàùååñÿ â Pr(nE,F ). �î-
âîðÿò, ÷òî U ñëàáî (ïîðÿäêîâî) îãðàíè÷åíî, åñëè ìíîæåñòâî {U(x) : U ∈ U }

179



ïîðÿäêîâî îãðàíè÷åíî â F äëÿ âñåõ x ∈ E; ïîòî÷å÷íî o-çàìêíóòî, åñëè äëÿ

ëþáîé ñåòè (Ti) â U è ëþáîãî ïîëèíîìà P ∈ Pr(nE,F ) èç o-ñõîäèìîñòè ñåòè

(Pix) ê Tx äëÿ âñåõ x ∈ E ñëåäóåò T ∈ U ; îïåðàòîðíî âûïóêëî (èëè, òî÷íåå,

Orth(F )-âûïóêëî), åñëè αU + βU ⊂ U äëÿ ëþáûõ α, β ∈ Orth(F )+ òàêèõ, ÷òî

α+ β = IF . (Çäåñü Orth(F ) � ìíîæåñòâî âñåõ îðòîìîð�èçìîâ â F ).

Îïðåäåëåíèå 4. Ñóáëèíåéíûì îïåðàòîðîì íàçûâàþò îòîáðàæåíèå ϕ : E →
F , åñëè ϕ(x + y) 6 ϕ(x) + ϕ(y) è ϕ(λx) = λϕ(x) äëÿ âñåõ x, y ∈ E è 0 6 λ ∈
R. Ñóáëèíåéíûé îïåðàòîð ϕ : E → F íàçûâàþò ðåøåòî÷íûì ñóáìîð�èçìîì,

åñëè ϕ(x ∨ y) = ϕ(x) ∨ ϕ(y) äëÿ âñåõ x, y ∈ E. Ñîâîêóïíîñòü âñåõ ëèíåéíûõ

îïåðàòîðîâ èç E â F , ìàæîðèðóåìûõ îïåðàòîðîì ϕ, ïðèíÿòî íàçûâàòü îïîðíûì
ìíîæåñòâîì ϕ è îáîçíà÷àòü ñèìâîëîì ∂ϕ:

∂ϕ := {T ∈ L(, F ) : (∀x ∈ E)Tx 6 ϕ(x)}.

Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ îñíîâíûì. Èñïîëüçóþòñÿ îáîçíà÷åíèÿ: U ◦
θn := {S◦θn : S ∈ U }; ext(U ) � ñîâîêóïíîñòü âñåõ êðàéíèõ òî÷åê ìíîæåñòâà U ;

l∞(U , F ) � âåêòîðíàÿ ðåøåòêà âñåõ ïîðÿäêîâî îãðàíè÷åííûõ îòîáðàæåíèé èç

U â F ; εU : l∞(U , F )→ F � ñóáëèíåéíûé îïåðàòîð, äåéñòâóþùèé ïî ïðàâèëó

f 7→ supv∈U f(v). Ëåãêî âèäåòü, ÷òî εU � ðåøåòî÷íûé ñóáìîð�èçì.

Òåîðåìà 3. Ïóñòü E è F � âåêòîðíûå ðåøåòêè, ïðè÷åì F ïîðÿäêîâî ïîë-

íà. Äëÿ ñëàáî ïîðÿäêîâî îãðàíè÷åííîãî ìíîæåñòâà ïîëèíîìîâ U ⊂P+(nE,F )
ðàâíîñèëüíû ñëåäóþùèå óòâåðæäåíèÿ:

(1) ñóùåñòâóåò âîçðàñòàþùèé ðåøåòî÷íûé ñóáìîð�èçì ϕ :
_⊗
n,sE → F òà-

êîé, ÷òî U = (∂ϕ) ◦ θn;
(2) U îïåðàòîðíî âûïóêëî, ïîòî÷å÷íî o-çàìêíóòî è åñëè A + B ∈ U äëÿ

íåêîòîðûõ A,B ∈P+(nE,F ), òî ñóùåñòâóþò α, β ∈ Orth+(F ) òàêèå, ÷òî α+β =
IF , A ∈ αU è B ∈ βU ;

(3) U îïåðàòîðíî âûïóêëî, ïîòî÷å÷íî o-çàìêíóòî è êðàéíèå òî÷êè U ÿâëÿ-

þòñÿ ðåøåòî÷íûìè n-ïîëèìîð�èçìàìè;
(4) U äîïóñêàåò �àêòîðèçàöèþ U = ∂(ε

ext(U )) ◦T ◦ θn, ãäå T � ðåøåòî÷íûé

ãîìîìîð�èçì èç

_⊗
n,sE â l∞(ext(U ), F ).
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EXTREMAL STRUCTURE OF CONES

OF POSITIVE MULTILINEAR OPERATORS

A. V. Bagaeva (Ruusia, Vladikavkaz; NOSU),

M. M. Kokashvili (Ruusia, Vladikavkaz; NOSU),

Z. A. Kusraeve (Ruusia, Rostov-on-Don, RMC SFEDU;

Vladikavkaz, SMI VSC RAS)

An element x ∈ E+ of a Bana
h latti
e E is 
alled an atom if the order interval

[0, x] = {y ∈ E : 0 6 y 6 x} 
ontains only multiples of x or, what is the same,

the order ideal in E generated by x is one-dimensional. Denote by E (E+) the set
of all atoms of E+. Re
all that if f ∈ E′

+ is an atom if and only if f is a latti
e

homomorphism, see [1, Theorem II.4.4℄. Let L (E,F ) stand for the spa
e of bounded
linear operators from E into F with the 
one of positive operators L (E,F )+, and
also use H (E,F ) to denote the 
olle
tion of latti
e homomorphisms from E into F .

In [2℄, Wi
kstead raised the question of when L (E,F )+ is the 
losed 
onvex

hull of the set of latti
e homomorphisms for the strong operator topology. For the

following result see [2, Theorem 5.1℄.

Theorem 1. The following 
onditions on a Bana
h latti
e E are equivalent:

(1) E′
+ is a weak

∗

losed 
onvex hull of E (E′

+).
(2) L (E,F )+ is a strongly 
losed 
onvex hull of H (E,F ) for all Bana
h

latti
es F .

In this note, we announ
e a similar results in the multilinear setting.

Definition 1. Say that an n-linear operator T : E1 × · · · × En → F is positive

and write T > 0 if T (x1, . . . , xn) > 0 for all 0 6 x1 ∈ E1, . . . , 0 6 xn ∈ En; T is said

to be latti
e multimorphism or latti
e n-morphism |T (x1, . . . , xn)| = T (|x1|, . . . , |xn|)
for all x1 ∈ E1, . . . , xn ∈ En. The 
one of positive n-linear operators (resp.

latti
e n-morphisms) from E1 × . . . × En to F is denoted by L (E1, . . . , En;F )+
(resp. H (E1, . . . , En;F )).

A remarkable tool for studying positive multilinear operators is the Fremlin tensor

produ
t E1⊗ . . .⊗En of Ar
himedean ve
tor latti
es E1, . . . , En, see [3℄. If E1, . . . En
are Bana
h latti
es, then we 
an de�ne the positive-proje
tive norm ‖ · ‖|π| on E1 ⊗
. . .⊗ En by means of

‖u‖|π| = inf

{
∑

i6m

∏

k6n

‖xi,k‖ : 0 6 xi,k ∈ Ek, |u| 6
∑

i6m

xi,1 ⊗ · · · ⊗ xi,n
}
.

Definition 2. Positive-proje
tive tensor produ
t E1⊗̃ . . . ⊗̃En is a Bana
h spa
e
de�ned as the 
ompletion of E1 ⊗ . . .⊗ En with respe
t to the norm ‖ · ‖|π|.

Now, one 
an prove the following linearization result: For any Bana
h latti
e F
there is a one-to-one norm and order preserving 
orresponden
e between 
ontinuous
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positive n-linear operators T : E1 × · · · × En → F and 
ontinuous positive linear

operators T⊗ : E1⊗̃ . . . ⊗̃En → F with T⊗ ◦ ⊗ = T , see [3, 4℄.

Example. Re
all that any ve
tor latti
e F has a universal 
ompletion F u, so
that F 
an be identi�ed with an order dense ve
tor sublatti
e of F u. Moreover, for

any weak order unit 1 ∈ F u there exists a unique multipli
ation (x, y) 7→ x ∗ y in F u
su
h that (F u,⊙) is an f -algebra and 1 is a ring unit.

An example of the disjointness preserving multilinear operator 
an be 
onstru
ted

as follows. Let F1, . . . , Fn be ve
tor sublatti
es of F
u
. Given a �nite 
olle
tion of po-

sitive linear operators Tk : Ek → Fk (k = 1, . . . , n), one 
an 
onstru
t a disjointness
preserving multilinear operator T from E1 × · · · × En to F u by putting

T (x1, . . . , xn) = T (x1) ∗ · · · ∗ T (xn) (x1 ∈ E1, . . . , xn ∈ En).

In this event, we denote T = T1 ⊛ · · ·⊛ Tn. A fa
torization result (Theorem 6) in [5℄

asserts that ea
h latti
e n-morphism from the Cartesian produ
t of ve
tor latti
e

into an arbitrary ve
tor latti
e has a similar stru
ture.

Putting together these fa
ts about fa
torization and linearization together with

Theorem 1, we arrive at the following result. We denote F1 ∗ . . . ∗Fn = {f1 ∗ · · · ∗fn :
fk ∈ Fk (k = 1, . . . , n)} and U1 ⊛ · · · ⊛ Un = {T1 ⊛ · · · ⊛ Tn : Tk ∈ Uk}, where
Uk ⊂ L (Ek, Fk).

Theorem 2. For a �nite 
olle
tion of Bana
h latti
es E1, . . . , En, the following

onditions are equivalent:

(1) (E′
k)+ is the weak

∗

losed 
onvex hull of E ((E′

k)+) for all k = 1, . . . , n.
(2) For ea
h Bana
h latti
e F , the 
one L (E1, . . . , En;F )+ is the strongly 
losed


onvex hull of the union of sets of the form H (E1, F1) ⊛ . . . ⊛ H (En;Fn) with
F1, . . . , Fn Bana
h sublatti
es of F u satisfying F1 ∗ . . . ∗ Fn ⊂ F .

Remark. It may happen that the assertion (2) in Theorem 2 holds for a Bana
h

latti
e F , whilst E ((E′
k)+) is trivial for some k 6 n, see [2, Example 5.2℄.
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ÎÏÒÈÌÀËÜÍÎÅ ÑÒÀ�ÒÎÂÎÅ ÓÏ�ÀÂËÅÍÈÅ

ÄÂÓÌÅ�ÍÛÌ ÍÅÈÇÎÒÅ�ÌÈ×ÅÑÊÈÌ ÒÅ×ÅÍÈÅÌ

Å. Ñ. Áàðàíîâñêèé

(�îññèÿ, Âîðîíåæ; Â�Ó)

�àññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî ñòàðòîâîãî óïðàâëåíèÿ äëÿ ñèñòåìû

óðàâíåíèé Áóññèíåñêà, îïèñûâàþùåé íåèçîòåðìè÷åñêîå òå÷åíèå âÿçêîé æèäêî-

ñòè â îãðàíè÷åííîé îáëàñòè Ω ⊂ R2
:

∂v

∂t
+ vx

∂v

∂x
+ vy

∂v

∂y
− ν∆v +∇p = f(x, y, t, θ) â Ω× (0, tM ), (1)

∇ · v = 0 â Ω× (0, tM ), (2)

∂θ

∂t
+ vx

∂θ

∂x
+ vy

∂θ

∂y
− k∆θ = h â Ω× (0, tM ), (3)

2ν[D(v)n]τ = −αvτ , v · n = 0, k
∂θ

∂n
= −βθ â ∂Ω× (0, tM ), (4)

v(x, y, 0) = u(x, y), θ(x, y, 0) = ζ(x, y), (x, y) ∈ Ω, (5)

(u, ζ) ∈ U1 ×U2, (6)

M∑

i=0

µi

(
λi
∥∥v(·, ti)− v̂i(·)

∥∥2
L

2(Ω)
+ (1− λi)

∥∥θ(·, ti)− θ̂i(·)
∥∥2
L2(Ω)

)
→ min, (7)

ãäå x, y � ïðîñòðàíñòâåííûå êîîðäèíàòû; t � âðåìÿ; t0, t1, . . . , tM � çàäàííûå

ìîìåíòû âðåìåíè, ïðè÷åì 0 = t0 < t1 < · · · < tM ; ∂Ω îáîçíà÷àåò ãðàíèöó îáëà-

ñòè Ω; v � ñêîðîñòü äâèæåíèÿ æèäêîñòè; D(v) � òåíçîð ñêîðîñòåé äå�îðìàöèè,

θ � òåìïåðàòóðà; p � äàâëåíèå; f � ïîëå âíåøíèõ ñèë; h � èíòåíñèâíîñòü òåï-

ëîâûõ èñòî÷íèêîâ; n � åäèíè÷íàÿ âíåøíÿÿ íîðìàëü ê ∂Ω; ν � êîý��èöèåíò

âÿçêîñòè; β � êîý��èöèåíò òåïëîîòäà÷è íà ∂Ω; α � êîý��èöèåíò ñêîëüæåíèÿ;

k � êîý��èöèåíò òåïëîïðîâîäíîñòè, u è ζ � ðàñïðåäåëåíèå ñêîðîñòåé è òåì-

ïåðàòóðû â íà÷àëüíûé ìîìåíò âðåìåíè (óïðàâëÿþùèå �óíêöèè); v̂i è θ̂i � çà-

äàííûå �óíêöèè; U1 ×U1 � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé; λ0, λ1, . . . , λM
è µ0, µ1, . . . , µM � ÷èñëîâûå ïàðàìåòðû, ïðè÷åì 0 < λi < 1, 0 6 µi 6 1 äëÿ

êàæäîãî i ∈ {0, 1, . . . ,M} è ∑M
i=0 µi = 1.

Ââåäåì îáîçíà÷åíèÿ:

W (Ω)
def
=
{
w ∈ C∞(Ω) : ∇ ·w = 0 â Ω, w · n = 0 íà ∂Ω

}
,

L2
σ,τ (Ω)

def
= çàìûêàíèå ìíîæåñòâà W (Ω) â L2(Ω),

H1
σ,τ (Ω)

def
= çàìûêàíèå ìíîæåñòâà W (Ω) â H1(Ω).
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Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) ∂Ω ∈ C 0,1
, v̂i ∈ L2

σ,τ (Ω), θ̂i ∈ L2(Ω), h ∈ L2(0, tM ;L2(Ω));
(ii) âåêòîðíàÿ �óíêöèÿ f(·, ·, ̺) : Ω× (0, tM )→ R2

ïðèíàäëåæèò ïðîñòðàí-

ñòâó Ëåáåãà L2(Ω × (0, tM )) ïðè ëþáîì ̺ ∈ R;
(iii) âåêòîðíàÿ �óíêöèÿ f(r, t, ·) : R→ R2

íåïðåðûâíà ïðè ï.â. (r, t) ∈ Ω ×
(0, tM );

(iv) |f(r, t, ̺1)− f(r, t, ̺2)| 6 K|̺1 − ̺2| äëÿ ëþáûõ ̺1, ̺2 ∈ R è ï.â. (r, t) ∈
Ω× (0, tM ) ñ íåêîòîðîé ïîñòîÿííîé K > 0;

(v) ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé U1 ñåêâåíöèàëüíî ñëàáî çàìêíóòî

è îãðàíè÷åíî â ïðîñòðàíñòâå H1
σ,τ (Ω);

(vi) ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé U2 ñåêâåíöèàëüíî ñëàáî çàìêíóòî

è îãðàíè÷åíî â ïðîñòðàíñòâå H1(Ω).
Ñ�îðìóëèðóåì òåïåðü îñíîâíîé ðåçóëüòàò ðàáîòû.

Òåîðåìà. Ïðè âûïîëíåíèè (i)�(vi) â ìîäåëè (1)�(7) ñóùåñòâóåò ïî êðàéíåé
ìåðå îäíî îïòèìàëüíîå óïðàâëåíèå. Åñëè ïðè ýòîì µ0 > 0,K = 0 è ìíîæåñòâî U1

ñîñòîèò èç åäèíñòâåííîãî ýëåìåíòà, a ìíîæåñòâî U2 âûïóêëî, òî îïòèìàëüíîå

óïðàâëåíèå åäèíñòâåííî.

Çàìå÷àíèå. Òî÷íàÿ óïðàâëÿåìîñòü óðàâíåíèé Áóññèíåñêà èçó÷àåòñÿ â [1℄.

Çàäà÷è îïòèìèçàöèè äëÿ ìîäåëåé ñòàöèîíàðíûõ íåèçîòåðìè÷åñêèõ òå÷åíèé âÿç-

êîé æèäêîñòè ðàññìàòðèâàþòñÿ â [2�4℄.

Ëèòåðàòóðà

1. Ôóðñèêîâ À. Â., Ýìàíóèëîâ Þ. Ñ. Òî÷íàÿ óïðàâëÿåìîñòü óðàâíåíèé Íàâüå � Ñòîêñà è

Áóññèíåñêà // Óñïåõè ìàò. íàóê.�1999.�Ò. 54, � 3.�Ñ. 93�146.

2. Àëåêñååâ �. Â. �àçðåøèìîñòü ñòàöèîíàðíûõ çàäà÷ ãðàíè÷íîãî óïðàâëåíèÿ äëÿ óðàâíå-

íèé òåïëîâîé êîíâåêöèè // Ñèá. ìàò. æóðí.�1998.�Ò. 39, � 5.�Ñ. 982�998.

3. Mallea-Zepeda E., Lenes E., Valero E. Boundary 
ontrol problem for heat 
onve
tion

equations with slip boundary 
ondition // Mathemati
al Problems in Engineering.�2018.�

Vol. 2018.�Arti
le ID 7959761.

4. Baranovskii E. S., Domni
h A. A., Artemov M. A. Optimal boundary 
ontrol of non-

isothermal vis
ous �uid �ow // Fluids.�2019.�Vol. 4, � 3.�Arti
le ID 133.
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

Î �ÀÂÍÎÌÅ�ÍÎÉ ÑÕÎÄÈÌÎÑÒÈ �ßÄÀ ÔÓ�ÜÅ ÏÎ ÑÈÑÒÅÌÅ

ÏÎËÈÍÎÌÎÂ, ÏÎ�ÎÆÄÅÍÍÎÉ ÑÈÑÒÅÌÎÉ ÏÎËÈÍÎÌÎÂ ËÀ�Å��À

1

�. Ì. �àäæèìèðçàåâ

(�îññèÿ, Ìàõà÷êàëà; ÄÔÈÖ �ÀÍ)

Ïóñòü α > −1, ρ(x) = e−xxα � âåñîâàÿ �óíêöèÿ, 1 6 p <∞, Lpρ � ïðîñòðàí-

ñòâî èçìåðèìûõ �óíêöèé f , îïðåäåëåííûõ íà ïîëóîñè [0,∞) è òàêèõ, ÷òî

‖f‖Lp
ρ
=

( ∞∫

0

|f(x)|pρ(x) dx
) 1

p

<∞,

W r
Lp
ρ
� ïðîñòðàíñòâî �óíêöèé f , íåïðåðûâíî äè��åðåíöèðóåìûõ r − 1 ðàç,

äëÿ êîòîðûõ f (r−1)
àáñîëþòíî íåïðåðûâíà íà ïðîèçâîëüíîì ñåãìåíòå [a, b] ⊂

[0,∞), à f (r) ∈ Lpρ. Â ïðîñòðàíñòâå W r
L2
ρ
îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå òèïà

Ñîáîëåâà

〈f, g〉S =

r−1∑

ν=0

f (ν)(0)g(ν)(0) +

∞∫

0

f (r)(x)g(r)(x)ρ(x) dx, (1)

êîòîðîå ïðåâðàùàåò W r
L2
ρ
â ãèëüáåðòîâî ïðîñòðàíñòâî.

Â ðàáîòå [1℄ äëÿ çàäàííîãî r ∈ N áûëà ââåäåíà ñèñòåìà ïîëèíîìîâ

lαr,r+n(x) =
1

(r − 1)!
√
hαn

x∫

0

(x− t)r−1Lαn(t) dt, n = 0, 1, . . . ,

lαr,n(x) =
xn

n!
, n = 0, 1, . . . , r − 1,

îðòîíîðìèðîâàííàÿ ïðè α > −1 îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (1) è

ïîðîæäåííàÿ ñèñòåìîé ïîëèíîìîâ Ëàãåððà {Lαn(x)}∞n=0. Â ðàáîòàõ [2�3℄ áûëè

èññëåäîâàíû ñâîéñòâà ýòîé ñèñòåìû, òàêèå êàê ïîëíîòà è îðòîíîðìèðîâàííîñòü

â W r
L2
ρ
, ÿâíîå ïðåäñòàâëåíèå, ðåêóððåíòíûå ñîîòíîøåíèÿ, ïðåäñòàâëåíèå ÷åðåç

ïîëèíîìû Ëàãåððà. Êðîìå òîãî, â ðàáîòå [3℄ áûëî ïîêàçàíî, ÷òî ðÿä Ôóðüå �óíê-

öèè f ∈W r
L2
ρ
ïî ñèñòåìå {lαr,k(x)}∞k=0 èìååò ñëåäóþùèé âèä:

f(x) ∼
r−1∑

k=0

f (k)(0)
xk

k!
+

∞∑

k=r

cαr,k(f)l
α
r,k(x), (2)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00477 ìîë_à.
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ãäå

cαr,k(f) =
1√
hαk−r

∞∫

0

f (r)(t)Lαk−r(t)ρ(t) dt, k = r, r + 1, . . .

Â òîé æå ðàáîòå áûëà äîêàçàíà ñëåäóþùàÿ

Òåîðåìà À. Ïóñòü −1 < α < 1, f ∈W r
L2
ρ
, 0 6 A <∞. Òîãäà äëÿ ïðîèçâîëü-

íîãî x ∈ [0,∞) èìååò ìåñòî ðàâåíñòâî

f(x) =
r−1∑

k=0

f (k)(0)
xk

k!
+

∞∑

k=r

cαr,k(f)l
α
r,k(x),

â êîòîðîì ðÿä Ôóðüå �óíêöèè f ïî ïîëèíîìàì lαr,k(x) ñõîäèòñÿ ðàâíîìåðíî îò-

íîñèòåëüíî x ∈ [0, A].

Îòìåòèì, ÷òî ðÿä Ôóðüå ïî ñèñòåìå {lαr,n(x)}∞n=0 ìîæíî îïðåäåëèòü äëÿ ëþ-

áîé �óíêöèè f ∈W r
Lp
ρ
, p > 1. Â ñâÿçè ñ ýòèì âîçíèêàåò âîïðîñ î òîì, ñïðàâåäëèâî

ëè óòâåðæäåíèå òåîðåìû À äëÿ ñëó÷àÿ p 6= 2. Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé

ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü −1 < α < 1, 1 6 p < ∞, ρ(x) = e−xxα. Òîãäà, åñëè
f ∈W r

Lp
ρ
, òî ïðè p > 2 ðÿä (2) ñõîäèòñÿ ðàâíîìåðíî ê f íà ëþáîì îòðåçêå [0, A].

Åñëè æå 1 6 p < 2, òî ñóùåñòâóåò �óíêöèÿ f ∈ W r
Lp
ρ
, ðÿä Ôóðüå êîòîðîé ðàñõî-

äèòñÿ â òî÷êå x = π2.

Ëèòåðàòóðà
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÔÓÍÊÖÈß ��ÈÍÀ ÂÍÓÒ�ÅÍÍÅÊ�ÀÅÂÎÉ ÇÀÄÀ×È

ÄËß ÎÁÛÊÍÎÂÅÍÍÎ�Î ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î Ó�ÀÂÍÅÍÈß

Ä�ÎÁÍÎ�Î ÏÎ�ßÄÊÀ Ñ ÏÎÑÒÎßÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

1

Ë. Õ. �àäçîâà

(�îññèÿ, Íàëü÷èê; ÈÏÌÀ ÊÁÍÖ �ÀÍ)

Â èíòåðâàëå 0 < x < 1 ðàññìîòðèì óðàâíåíèå

m∑

j=1

βj ∂
αj

0x u(x) + λu(x) = f(x), (1)

ãäå αj ∈]1, 2[, λ, βj ∈ R, β1 > 0, α1 > . . . > αm, ∂
γ
0xu(x) � îïåðàòîð �åðàñèìîâà �

Êàïóòî [1, 
. 11℄:

∂γ0xu(x) =
1

Γ(n− γ)

x∫

0

u(n)(t)(x− t)n−γ−1 dt, n− 1 < γ 6 n.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à: íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíå-

íèÿ (1) â èíòåðâàëå ]0, 1[, óäîâëåòâîðÿþùåå óñëîâèÿì

u(0) = u0, u(1) −
n∑

k=1

aku(xk) = u1, xk ∈ (0, 1),

ãäå ak, u0, u1 � çàäàííûå ïîñòîÿííûå.

Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ è ïîñòðîåíà

�óíêöèÿ �ðèíà èññëåäóåìîé çàäà÷è.

Ëèòåðàòóðà

1. Íàõóøåâ À. Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå.�Ì.: Ôèçìàòëèò, 2003.�272 ñ.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

Ï�ÅÄÑÒÀÂËÅÍÈÅ �ÅØÅÍÈÉ ÇÀÄÀ×È ÊÎØÈ Ñ ÏÎÌÎÙÜÞ

Ï�ÅÎÁ�ÀÇÎÂÀÍÈß ÔÓ�ÜÅ ÄËß ËÈÍÅÉÍÛÕ Ó�ÀÂÍÅÍÈÉ

Ñ ÏÅ�ÅÌÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

1

Â. È. �èøëàðêàåâ (�îññèÿ, �ðîçíûé; ×�Ó),

À. À. Òîâñóëòàíîâ (�îññèÿ, �ðîçíûé; ×�Ó)

Ñòàíäàðòíàÿ ñõåìà ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå ïîçâîëÿåò âûïèñàòü

ðåøåíèÿ çàäà÷è Êîøè â ñëó÷àå óðàâíåíèé ∂kt u(t, x) +
∑

|α|6m aα∂
α
xu(t, x) =

f(t, x). Â [1℄ äëÿ óðàâíåíèé âèäà

∂tu(t, x) +
∑

|α|6m
εαaα(t)∂

α
x u(t, x) = 0, (1)

ãäå ìíîæèòåëè εα ñîâïàäàþò èëè ñ 1 èëè ñ îäíîé èç ïðîñòðàíñòâåííûõ ïåðåìåí-
íûõ, ïðèâîäèòñÿ èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèé, ïîëó÷àåìîå íåêîòîðîé

ìîäè�èêàöèåé ýòîé ñòàíäàðòíîé ñõåìû.

Âûâåäåì àíàëîãè÷íûå �îðìóëû äëÿ çàäà÷ âèäà

∂tu(t, x) +
∑

|α|6m
aα(t, x)∂

α
xu(t, x) = f(t, x), u|t=0 = u0(x) ∈ S(Rn),

ãäå S(Rn) � ïðîñòðàíñòâî Øâàðöà áûñòðî óáûâàþùèõ �óíêöèé. Ââåäåì ïðî-

ñòðàíñòâî êîý��èöèåíòîâ

CAF (R
n) :=

{
Φ
∣∣∣
Rn

∣∣Φ : Cn → C � öåëàÿ �óíêöèÿ : (Im Φ(x) = 0 ∀x ∈ Rn)∧

∧
(
∃ c = c(Φ), r ∈ R : |Φ(z)| < cer|Imz| ∀ z ∈ Cn

)}
.

Òåîðåìà 1. Ïóñòü u0 ∈ S(Rn), aα(t) ∈ C(0, T ), bα(x) ∈ CAF (Rn). Òîãäà çàäà÷à

∂tu(t, x) +
∑

|α|=2

aα(t)bα(x)∂
α
x u(t, x) = 0, u|t=0 = u0(x), (2)

èìååò åäèíñòâåííîå â S(Rn) ðåøåíèå è ýòî ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

u(t, ξ) = Fξ→x

( ∑

|α|=2

e
∫ t
0 aα(τ)dτAα ŭ0(ξ)

)
, (3)

1

�àáîòà âòîðîãî àâòîðà ïóáëèêóåòñÿ â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñî-

îòâåòñòâèè ñ Äîïîëíèòåëüíûì ñîãëàøåíèåì îò 07.07.2020 � 075-03-2020-239/2 ðååñòð � 248

ÊÁÊ 01104730290059611 è ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ

èññëåäîâàíèé, ïðîåêò � 18-41-200001.
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ãäå (Aαg)(ξ) =
∫
Rn
ζ
b̆α(ξ − ζ)ζαg(ζ) dζ � îïåðàòîð íà L2(Rn), ñèìâîë ¾ïåðåâåð-

íóòàÿ êðûøêà¿ îçíà÷àåò âçÿòèå îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, à Fξ→x �

ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå â ñìûñëå [1].
Ñõåìà äîêàçàòåëüñòâà. Ïðèìåíèâ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ê çà-

äà÷å (2), ïîëó÷èì

∂tŭ(t, ξ) =
∑

|α|=2

aα(t)(Aαŭ)(t, ξ), ŭ(t, ξ)|t=0 = ŭ0(ξ) ∈ S(Rn). (4)

Äîêàçûâàåòñÿ, ÷òî Aα (S(Rn)) ⊂ S(Rn), Aα : S(Rn) → S(Rn) ëèíååí è íåïðå-

ðûâåí. Äàëåå, ïîëüçóÿñü òåîðèåé äè��åðåíöèàëüíûõ óðàâíåíèé, ðåøàåì çàäà-

÷ó (4), îòêóäà, ïðèìåíèâ ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷èì (3).

Òåîðåìà 2. Ïóñòü u0 ∈ S(Rn), aα(t) ∈ C(0, T ), bα(x) ∈ CAF (R
n), f(t, x) ∈

C ([0, T ];S(Rn)). Òîãäà çàäà÷à

∂tu(t, x) +

m∑

k=0

∑

|α|=2k

aα(t)bα(x)∂
α
xu(t, x) = f(t, x), u|t=0 = u0(x),

èìååò åäèíñòâåííîå â S(Rn) ðåøåíèå, è ýòî ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

u(t, ξ) = Fξ→x

(
m∑

k=0

∑

|α|=2k

(
e
∫ t
0 aα(τ)dτAα ŭ0(ξ) +

t∫

0

e(t−τ)Aα f̆(τ, ξ) dτ

))
.

Çàìåòèì, ÷òî óðàâíåíèÿ òèïà (1) âîçíèêàþò âî ìíîãèõ ïðèêëàäíûõ âîïðîñàõ

(ñì., íàïðèìåð, [2℄).
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ÂÎÇÌÎÆÍÎÑÒÈ ÈÑÏÎËÜÇÎÂÀÍÈß ÍÅÉ�ÎÍÍÛÕ ÑÅÒÅÉ

ÄËß Ï�Î�ÍÎÇÈ�ÎÂÀÍÈß �ÛÍÊÀ Ï�ÎÈÇÂÎÄÍÛÕ

ÔÈÍÀÍÑÎÂÛÕ ÈÍÑÒ�ÓÌÅÍÒÎÂ

Ä. À. �îëîâèí

(�îññèÿ, Åëåö; Å�Ó èì. Áóíèíà)

Â ñîâðåìåííîì ìèðå íàáëþäàåòñÿ ïîâûøåíèå ðîëè �îíäîâîãî ðûíêà â ñè-

ñòåìå �èíàíñîâûõ ðûíêîâ, òàê êàê â öåííûõ áóìàãàõ çàêëþ÷åíà áîëüøàÿ ÷àñòü

�èíàíñîâûõ àêòèâîâ ðàçâèòûõ ñòðàí ìèðà. Ôîíäîâûå ðûíêè ÿâëÿþòñÿ îäíèì

èç ãëàâíûõ ìåõàíèçìîâ ïðèâëå÷åíèÿ äåíåæíûõ ðåñóðñîâ íà öåëè èíâåñòèöèé,

ìîäåðíèçàöèè, ñòèìóëèðîâàíèè ðîñòà ïðîèçâîäñòâà.

Äî íà÷àëà ýïîõè èí�îðìàöèîííûõ òåõíîëîãèé òîðãîâëÿ àêöèÿìè ïðîèçâî-

äèëàñü â îñíîâíîì íà èíòóèòèâíîé îñíîâå. Ïîñêîëüêó óðîâíè èíâåñòèðîâàíèÿ

è îáîðîòîâ òîðãîâëè ðîñëè, òðåéäåðû èñêàëè èíñòðóìåíòû è ìåòîäû, êîòî-

ðûå óâåëè÷èëè áû èõ ïðèáûëü ïðè ìèíèìèçàöèè ðèñêîâ. Ñ öåëüþ ïðåäñêàçàòü

íàïðàâëåíèå ðûíêà è èçâëå÷ü èç íåãî âûãîäó èñïîëüçîâàëè ñëåäóþùèå ìåòî-

äû: ýëåìåíòû îïèñàòåëüíîé ñòàòèñòèêè, òåõíè÷åñêèé àíàëèç, �óíäàìåíòàëüíûé

àíàëèç, ëèíåéíóþ ðåãðåññèþ è ò.ä. Íè îäèí èç äàííûõ ìåòîäîâ íå îêàçàëñÿ òî÷-

íûì èíñòðóìåíòîì ïðîãíîçèðîâàíèÿ, ïîýòîìó ìíîãèå àíàëèòèêè âûñêàçûâàþò

ñîìíåíèå î ïîëåçíîñòè äàííûõ èíñòðóìåíòîâ. Îäíàêî äàííûå ìåòîäû ïðåäñòàâ-

ëÿþò ñîáîé áàçîâûé ñòàíäàðò, êîòîðûé íåéðîííûå ñåòè äîëæíû ïðåâîñõîäèòü

ïî ïðîèçâîäèòåëüíîñòè. Êðîìå òîãî, ìíîãèå èç ýòèõ ìåòîäîâ èñïîëüçóþòñÿ äëÿ

ïðåäâàðèòåëüíîé îáðàáîòêè âõîäíûõ íåîáðàáîòàííûõ äàííûõ, à èõ ðåçóëüòàòû

ïåðåäàþòñÿ â íåéðîííûå ñåòè â êà÷åñòâå âõîäíûõ ïàðàìåòðîâ [1℄.

Ñïîñîáíîñòü íåéðîííûõ ñåòåé îáíàðóæèâàòü íåëèíåéíûå îòíîøåíèÿ âî âõîä-

íûõ äàííûõ äåëàåò èõ èäåàëüíûìè äëÿ ìîäåëèðîâàíèÿ íåëèíåéíûõ äèíàìè÷å-

ñêèõ ñèñòåì, òàêèõ êàê �îíäîâûé ðûíîê. Îíà ý��åêòèâíî ñòàðàåòñÿ ¾ïîíÿòü¿

òåêóùåå ðûíî÷íîå ñîñòîÿíèå, ñðàâíèòü åãî ñ ðàíåå âñòðå÷àâøèìèñÿ ñèòóàöèÿìè

è ñ íàèáîëüøåé âåðîÿòíîñòüþ âîñïðîèçâåñòè ðåàêöèþ ðûíêà [2℄.

Îäíîé èç ãëîáàëüíûõ ÷àñòåé ðûíêà, âêëþ÷àþùåãî â ñåáÿ êàê �îíäîâûé, òàê

è âíåáèðæåâîé, ÿâëÿåòñÿ òîðãîâëÿ äåðèâàòèâàìè. Äëÿ ïðîãíîçèðîâàíèÿ ðûíêà

ïðîèçâîäíûõ �èíàíñîâûõ èíñòðóìåíòîâ ëó÷øå âñåãî èñïîëüçîâàòü ìíîãîñëîé-

íûå ïåðñåïòðîíû. Ïîñòðîåíèå ñåòåé ñ îáðàòíûìè ñâÿçÿìè â äàííîì ñëó÷àå íåöå-

ëåñîîáðàçíî èç-çà êðàòêîñðî÷íîé ïàìÿòè òàêèõ ñèñòåì è ñëîæíîñòè èõ îáó÷åíèÿ.

Äëÿ íà÷àëà íåîáõîäèìî îïðåäåëèòü áàçîâûå õàðàêòåðèñòèêè äàííûõ è ñ�îð-

ìèðîâàòü áàçó äàííûõ. Íà íà÷àëüíîì ýòàïå ïðåäñêàçàíèå äèíàìèêè öåíû ñâî-

äèòñÿ ê àïïðîêñèìàöèè �óíêöèé ìíîãèõ ïåðåìåííûõ ïî çàäàííîìó íàáîðó ïðè-

ìåðîâ ñ ïîìîùüþ ïðîöåäóðû ïîãðóæåíèÿ ðÿäà â ìíîãîìåðíîå ïðîñòðàíñòâî.

Îáó÷åíèå íåéðîííîé ñåòè ïðîãíîçèðîâàíèþ îñíîâàíî íà ñòàíäàðòíîì ïîä-

õîäå. Âñå ïðèìåðû äåëÿòñÿ íà òðè âûáîðêè: îáó÷àþùóþ, âàëèäàöèîííóþ è òå-

ñòîâóþ. Îáó÷àþùàÿ âûáîðêà ñëóæèò äëÿ ïîäñòðîéêè ñèíàïòè÷åñêèõ êîý��è-

öèåíòîâ îáó÷àåìûõ íåéðîííûõ ñåòåé ñ öåëüþ ìèíèìèçàöèè îøèáêè íà âûõîäå
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ñåòè. Âàëèäàöèîííàÿ âûáîðêà ïðèìåíÿåòñÿ äëÿ îïðåäåëåíèÿ ëó÷øåé èç íåñêîëü-

êèõ îáó÷åííûõ ñåòåé, à òàêæå äëÿ âûáîðà ìîìåíòà îñòàíîâà îáó÷åíèÿ. Òåñòîâàÿ

âûáîðêà íóæíà äëÿ êîíòðîëÿ êà÷åñòâà ïðîãíîçèðîâàíèÿ.

×òîáû îáó÷èòü íåéðîííóþ ñåòü, íåîáõîäèìî òàêæå îïðåäåëèòü îøèáêó ïðåä-

ñêàçàíèé, òàê êàê âõîäíûõ è âûõîäíûõ äàííûõ íåäîñòàòî÷íî. Äëÿ ïðîãíîçèðî-

âàíèÿ ðûíî÷íûõ êàòåãîðèé ñðåäíåêâàäðàòè÷íàÿ îøèáêà ÿâëÿåòñÿ ìàëîý��åê-

òèâíîé, âåäü ïðè ïðîãíîçèðîâàíèè �èíàíñîâûõ ïîêàçàòåëåé ãëàâíîé ÿâëÿåòñÿ

îäíî íàïðàâëåííîñòü ïðîãíîçà è èñòèííîãî çíà÷åíèÿ. Ïîýòîìó îøèáêà íåéðîí-

íîé ñåòè ïðåäñòàâëÿåòñÿ â âèäå �óíêöèè îò ñèíàïòè÷åñêèõ êîý��èöèåíòîâ è ìè-

íèìèçèðóåòñÿ îäíèì èç ãðàäèåíòíûõ ìåòîäîâ [3℄:

E = − ln[1 + y · d],

ãäå y � âûõîä íåéðîííîé ñåòè, d � æåëàåìîå çíà÷åíèå âûõîäà.

Çíà÷åíèå îøèáêè E � óñðåäíåííîå ïî âñåì ïðèìåðàì, èñïîëüçóåòñÿ äëÿ ïîä-

ñòðîéêè ñèíàïòè÷åñêèõ êîý��èöèåíòîâ.

Ïîñëå îáó÷åíèÿ íåéðîííàÿ ñåòü ñïîñîáíà ïðåäñêàçàòü áóäóùåå çíà÷åíèå ðû-

íî÷íîé öåíû íà îñíîâå ïðåäûäóùèõ çíà÷åíèé è äðóãèõ �àêòîðîâ, êîòîðûå ìîãóò

ïîâëèÿòü íà åå èçìåíåíèå.

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò îãðîìíîå ìíîæåñòâî ñðåäñòâ ñîçäàíèÿ íåé-

ðîííûõ ñåòåé ñ èñïîëüçîâàíèåì ñèñòåì êîìïüþòåðíîé ìàòåìàòèêè. Íàïðèìåð,

Matlab, à èìåííî âñòðîåííûé ïàêåò Neural Networks Tool, S
ilab è äð.

Ïîìèìî ñèñòåì êîìïüþòåðíîé ìàòåìàòèêè, â ïîñëåäíåå âðåìÿ îãðîìíóþ ïî-

ïóëÿðíîñòü, ñðåäè ñïåöèàëèñòîâ â îáëàñòè èñêóññòâåííîãî èíòåëëåêòà è ïðîãíî-

çèðîâàíèÿ, çàâîåâàë ÿçûê ïðîãðàììèðîâàíèÿ Python, à èìåííî åãî áèáëèîòåêè:

Tensor Flow, Keras, Theano, S
ikit-learn, Pandas, NumPy è äð.

Ïîäâîäÿ èòîã, ìîæíî îòìåòèòü, ÷òî èñïîëüçîâàíèå íåéðîííûõ ñåòåé â ïðî-

ãíîçèðîâàíèè ðûíêà ïðîèçâîäíûõ �èíàíñîâûõ èíñòðóìåíòîâ � ïåðñïåêòèâíîå

íàïðàâëåíèå ðàçâèòèÿ ñèñòåì èñêóññòâåííîãî èíòåëëåêòà.
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ÔÓÍÊÖÈÎÍÀËÜÍÀß Ê�ÀÅÂÀß ÇÀÄÀ×À ÄËß ÑÈÑÒÅÌÛ ÎÄÓ

È ÅÅ �ÅØÅÍÈß ÑÎ ÑÂÎÉÑÒÂÀÌÈ ÊÎËÅÁËÅÌÎÑÒÈ

1

À. Ë. Äæàáðàèëîâ

(�îññèÿ, �ðîçíûé; ×�Ó)

�àññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé

(ÎÄÓ) âèäà

y′i = Φi(x, y1, y2, . . . , yn)yi + f(x, y1, y2, . . . , yn), (1)

ãäå �óíêöèè Φi è fi îïðåäåëåíû è íåïðåðûâíû ïî ñîâîêóïíîñòè àðãóìåíòîâ â

îáëàñòè D: {|yi| 6 di, i = 1, . . . , n, x ∈ I}, I =
⋃m
v=0(av, av+1), a = a0 < a1 < a2 <

. . . < am < am+1 = b, di > 0 äàííûå ÷èñëà, è óäîâëåòâîðÿþò óñëîâèÿì:

|f(x, y1, y2, . . . , yn)| 6 ψi(x), i = 1, . . . , n, (2)

−ψ2i(x) 6 Φi(x, y1, y2, . . . , yn) sign (x− cv) 6 −ψ1i(x), v = 0, . . . ,m. (3)

Çäåñü �óíêöèè ψi(x) èíòåãðèðóåìû íà [a, b], à �óíêöèè ψ2i(x), ψ1i(x) � íà

îòðåçêàõ [av + δv, cv ], [cv , av+1 − δv], av < cv < av+1, δv > 0, ïðè ýòîì ïðåäïîëà-

ãàåòñÿ, ÷òî ψ2i(x) > 0, ψ1i(x) > 0 è

av+δv∫

av

ψki(t) dt =

av+1∫

av+1−δi

ψki(t) dt = +∞, k = 1, 2. (4)

�å÷ü èäåò î ðåøåíèÿõ ñèñòåìû (1), óäîâëåòâîðÿþùèõ ñèíãóëÿðíûì �óíêöè-

îíàëüíûì óñëîâèÿì

av+1∫

av

aiv(t)yi(t) dt = liv, liv = const, (5)

ïðè çàäàííûõ íåïðåðûâíûõ ïîëîæèòåëüíûõ �óíêöèÿõ aiv(x) íà (av, av+1), èìå-
þùèõ ñèíãóëÿðíîñòè íà êîíöàõ ýòèõ èíòåðâàëîâ òàêîãî æå õàðàêòåðà, ÷òî è

�óíêöèè ψ1i(x), ψ2i(x) (ñì. (4) è [1, 2℄).
Åñëè äîïóñòèòü âûïîëíåíèå äîïîëíèòåëüíûõ óñëîâèé

aiv =

av+1∫

av

aiv(s)e
−

cv∫

s

ψ2i(τ) sign (τ−s) dτ
ds 6= 0,

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-41-200001, è ïóáëèêóåòñÿ â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííî-

ãî çàäàíèÿ â ñîîòâåòñòâèè ñ Äîïîëíèòåëüíûì ñîãëàøåíèåì îò 07.07.2020 � 075-03-2020-

239/2 ðååñòð � 248 ÊÁÊ 01104730290059611, ïî ïðîåêòó ¾Íåëèíåéíûå ñèíãóëÿðíûå èíòåãðî-

äè��åðåíöèàëüíûå óðàâíåíèÿ è êðàåâûå çàäà÷è¿.
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a−1
iv βiv + γiv 6 di, βiv = |liv|+

av+1∫

av

aiv(s)φiv(s) ds,

γiv = max

{ cv∫

av

ψi(t) dt,

av+1∫

cv

ψi(t) dt

}
,

φiv(x) =

x∫

cv

exp

(
−

x∫

t

ψ1i(s) sign (s− t) ds
)
ψi(t) sign (t− cv) dt,

òî çàäà÷à (1), (2) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå, êîòîðîå óäîâëåòâîðÿåò

åùå è óñëîâèÿì êîëåáëåìîñòè

yi(av) = 0, i = 1, . . . , n, v = 0, . . . ,m.

Ýòî ðåøåíèå íåïðåðûâíî íà [a, b] è íåïðåðûâíî äè��åðåíöèðóåìî ïðè x ∈ I.
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ÑÈÑÒÅÌÍÛÉ ÀÍÀËÈÇ È ÄÈÑÊ�ÅÒÍÛÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ

ÀÍÀËÈÇ Â ÎÖÅÍÊÅ ÑÅÉÑÌÈ×ÅÑÊÎÉ ÎÏÀÑÍÎÑÒÈ

1

Á. À. Äçåáîåâ

(�îññèÿ, Ìîñêâà; �Ö �ÀÍ)

Â ðàáîòàõ [1, 2℄ áûë ðàçðàáîòàí ïðèíöèïèàëüíî íîâûé ìåòîä FCAZ

(Formalized Clustering And Zoning) ðàñïîçíàâàíèÿ ìåñò âîçìîæíîãî âîçíèêíî-

âåíèÿ ñèëüíûõ çåìëåòðÿñåíèé. FCAZ ÿâëÿåòñÿ ÷àñòüþ îðèãèíàëüíîãî ïîäõîäà

ê àíàëèçó äèñêðåòíûõ äàííûõ ÄÌÀ (Äèñêðåòíûé Ìàòåìàòè÷åñêèé Àíàëèç),

ñîçäàííîãî íàó÷íîé øêîëîé àêàäåìèêà �ÀÍ À. Ä. �âèøèàíè. Îí ïîçâîëÿåò ý�-

�åêòèâíî ïðîâîäèòü ðàñïîçíàâàíèå ìåñò âîçìîæíîãî âîçíèêíîâåíèÿ ñèëüíûõ

çåìëåòðÿñåíèé íà áàçå êëàñòåðíîãî àíàëèçà êàòàëîãà ñåéñìè÷åñêèõ ñîáûòèé. ßä-

ðîì FCAZ ÿâëÿåòñÿ àëãîðèòì òîïîëîãè÷åñêîé �èëüòðàöèè DPS (Dis
rete Perfe
t

Sets), âõîäÿùèé â áëîê ¾ÄÌÀ-êëàñòåðèçàöèÿ¿. Àëãîðèòì âûäåëÿåò êëàñòåðû

êàê ñîáñòâåííûå ïîäìíîæåñòâà âî ìíîæåñòâå îáúåêòîâ. Ýòî îòëè÷àåò DPS îò

êëàññè÷åñêèõ àëãîðèòìîâ êëàñòåðèçàöèè. Îí íàöåëåí íà âûäåëåíèå â êîíå÷íîì

ìíîæåñòâå åâêëèäîâà ïðîñòðàíñòâà ïëîòíûõ îáëàñòåé çàäàííîãî óðîâíÿ ïëîò-

íîñòè. Â íàñòîÿùåé ðàáîòå FCAZ-ðàñïîçíàâàíèå èçó÷àåòñÿ ñ òî÷êè çðåíèÿ òåî-

ðåòè÷åñêîãî ñèñòåìíîãî àíàëèçà (â àíãëîÿçû÷íîé ëèòåðàòóðå ASA � Advan
ed

Systems Analysis). Ïðîöåññ è ðåçóëüòàò FCAZ-îïðåäåëåíèÿ ïîòåíöèàëüíûõ çîí

âûñîêîé ñåéñìè÷åñêîé îïàñíîñòè ïðåäñòàâëÿåò ñîáîé ñëîæíóþ ñèñòåìó [3]. Ñî-
ñòîÿíèå ñèñòåìû çàâèñèò êàê îò ïðîñòðàíñòâåííûõ êîîðäèíàò îáúåêòîâ ðàñïî-

çíàâàíèÿ, òàê è îò âðåìåíè. �åçóëüòàòû FCAZ-ðàñïîçíàâàíèÿ ñëåäóþò èç àë-

ãîðèòìè÷åñêîãî àíàëèçà îïðåäåëåííûõ â íàñòîÿùèé ìîìåíò âðåìåíè îáúåêòîâ

ðàñïîçíàâàíèÿ, ïðåäñòàâëÿþùèõ ñîáîé ìíîãî÷èñëåííûå ýïèöåíòðûñëàáûõ çåì-

ëåòðÿñåíèé. Â ðàáîòàõ [1�3℄ ïîêàçàíî, ÷òî äëÿ êàðòèíû ñåãîäíÿøíåãî äíÿ FCAZ

âûïîëíèë äîñòîâåðíîå ðàñïîçíàâàíèå èñêîìûõ âûñîêîñåéñìè÷íûõ çîí â öåëîì

ðÿäå ãîðíûõ ñòðàí. Ïðèâåäåíû îáîñíîâàíèÿ òàêîé äîñòîâåðíîñòè äëÿ íåêîòîðî-

ãî ïåðèîäà âðåìåíè. Ýòîò ïåðèîä õàðàêòåðèçóåòñÿ òåì, ÷òî íà åãî ïðîòÿæåíèè

ìíîæåñòâî îáúåêòîâ ðàñïîçíàâàíèÿ êàðäèíàëüíûì îáðàçîì íå ìåíÿåòñÿ. Áóäåì

îáîçíà÷àòü ÷åðåç ∆t ïðîìåæóòîê âðåìåíè, â êîòîðûé ñ ìíîæåñòâîì îáúåêòîâ

íå ïðîèçîøëî êàðäèíàëüíûõ èçìåíåíèé. Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ïî-

ëó÷åííûé â ìîìåíò âðåìåíè t1 FCAZ-ðåçóëüòàò áóäåò èìåòü ìåñòî âïëîòü äî

ìîìåíòà t2 = t1 +∆t. Íà÷èíàÿ ñ t2, ìíîæåñòâî îáúåêòîâ ïðåòåðïèò êàðäèíàëü-
íûå èçìåíåíèÿ. Ñëåäîâàòåëüíî, â ìîìåíò t2 íåîáõîäèìî âûïîëíèòü íîâîå FCAZ-
ðàñïîçíàâàíèå ñ ó÷åòîì âíîâü ïîñòóïèâøèõ èñõîäíûõ äàííûõ. �àññìàòðèâàÿ ýòî

ðàññóæäåíèå êàê ïåðâûé øàã ìàòåìàòè÷åñêîé èíäóêöèè, ìîæíî òåîðåòè÷åñêè

îïðåäåëèòü T = tn, n = 1, 2, . . . , ãäå tn � ñóòü ìîìåíòû, êîãäà äîëæíû ïîâòî-

ðÿòüñÿ FCAZ-ðàñïîçíàâàíèÿ. Òàêèì îáðàçîì, FCAZ åñòü àíàëèòè÷åñêèé ïîäõîä

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 20-35-70054.
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ê ðàñïîçíàâàíèþ ïîòåíöèàëüíûõ âûñîêîñåéñìè÷íûõ çîí êàê ê èçìåíÿþùåéñÿ

ñ òå÷åíèåì âðåìåíè ñëîæíîé ñèñòåìå, ñòàáèëüíîé ïðè ýòîì íà äîñòàòî÷íî ïðî-

òÿæåííûõ ëîêàëüíûõ ïðîìåæóòêàõ. Òàêîé ïîäõîä áàçèðóåòñÿ íà äèíàìè÷åñêèõ

èçìåíåíèÿõ îñíîâíûõ ïàðàìåòðîâ ñèñòåìû. Ïîñëåäíåå îáîñíîâûâàåò îòíåñåíèå

àëãîðèòìè÷åñêîé ïîñëåäîâàòåëüíîñòè T (n) × FCAZ ê ìåòîäàì ñèñòåìíîãî àíà-

ëèçà.
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ÎÁ Î��ÀÍÈ×ÅÍÍÎÑÒÈ ÎÏÅ�ÀÒÎ�À ÒÈÏÀ ÏÎÒÅÍÖÈÀËÀ �ÈÑÑÀ

Ñ ÑÓÌÌÈ�ÓÅÌÎÉ ÏËÎÒÍÎÑÒÜÞ Â Ï�ÎÑÒ�ÀÍÑÒÂÅ ÏÅ�ÅÌÅÍÍÎÉ

�

�

ÅËÜÄÅ�ÎÂÎÑÒÈ ÍÀ ÊÂÀÇÈÌÅÒ�È×ÅÑÊÎÉ �ÈÏÅ�ÑÔÅ�Å

1

Þ. Å. Äðîáîòîâ

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïóñòü Sn−1 = {x ∈ Rn : d(x, 0) = 1}, ãäå d : Sn−1× Sn−1 → [0,∞) � êâàçèðàñ-

ñòîÿíèå, ðåãóëÿðíîå ïîðÿäêà θ ∈ (0, 1], ò. å.

|d(x, y) − d(y, z)| 6 Adθ(x, y){d(x, z) + d(y, z)}1−θ , A > 0.

�àññìàòðèâàåòñÿ îïåðàòîð òèïà ïîòåíöèàëà �èññà I
α(·)
Sn−1 ïåðåìåííîãî ïîðÿä-

êà α(x), îïðåäåëÿåìûé êàê

(
I
α(·)
Sn−1f

)
(x) :=

∫

Sn−1

f(σ) dσ

|x− σ|n−1−α(x) , x ∈ Sn−1.

Áóäåì ïîëàãàòü, ÷òî Reα(x) ìîæåò âûðîæäàòüñÿ íà íåêîòîðîì ïîäìíîæå-

ñòâå Sn−1
è ïîëîæèì, ÷òî

∣∣{x ∈ Sn−1 : Reα(x) = 0
}∣∣ = 0.

Èññëåäóþòñÿ óñëîâèÿ îãðàíè÷åííîñòè ïîòåíöèàëà I
α(·)
Sn−1 ïðè îòîáðàæåíèè

�óíêöèè f ∈ Lp(Sn−1) â ïðîñòðàíñòâî ïåðåìåííîé ã�åëüäåðîâîñòè Hλ(·)(Sn−1),
îïðåäåëÿåìîå â òåðìèíàõ ëîêàëüíîãî ìîäóëÿ íåïðåðûâíîñòè

Md(f, x, t) = sup
y∈Sn−1: d(x,y)6t

|f(x)− f(y)|, x ∈ Sn−1,

ñëåäóþùèì óñëîâèåì ðîñòà:

∀x ∈ Sn−1, 0 < t < 1 Md(f, x, t) 6 Ctλ(x), 0 < C <∞.

Îòïðàâíûå ðåçóëüòàòû äëÿ íàñòîÿùåãî èññëåäîâàíèÿ ñîäåðæàòñÿ â ðàáî-

òå [1℄, ãäå ïîñòàâëåííàÿ çàäà÷à áûëà ðåøåíà äëÿ ïîñòîÿííîãî α â ñëó÷àå ìåò-

ðè÷åñêèõ ïðîñòðàíñòâ, à òàêæå [2, 3℄, â êîòîðûõ äåéñòâèå ïîòåíöèàëà I
α(·)
Sn−1 ðàñ-

ñìàòðèâàëîñü ìåæäó ïðîñòðàíñòâàìè, ñîîòâåòñòâåííî, îáîáùåííîé ïåðåìåííîé

è ïåðåìåííîé ã�åëüäåðîâîñòè, âî âòîðîì ñëó÷àå � íà êâàçèìåòðè÷åñêîì ïðî-

ñòðàíñòâå.

Àâòîð áëàãîäàðèò ñâîåãî íàó÷íîãî ðóêîâîäèòåëÿ Á. �. Âàêóëîâà çà ïîñòàíîâêó çà-

äà÷è è ïîìîùü â ïðîâåäåíèè èññëåäîâàíèÿ.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 20-51-46003, è Íàó÷íîãî è òåõíîëîãè÷åñêîãî èññëåäîâàòåëüñêîãî ñîâåòà

Òóðöèè.
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ÈÍÒÅ�ÏÎËßÖÈß ÎÏÅ�ÀÒÎ�ÎÂ, Î��ÀÍÈ×ÅÍÍÛÕ ÍÀ ÊÎÍÓÑÀÕ

Â ÂÅÑÎÂÛÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ×ÈÑËÎÂÛÕ

ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ, È ÅÅ Ï�ÈÌÅÍÅÍÈÅ Ê ÍÅÊÎÒÎ�ÛÌ

ÂÎÏ�ÎÑÀÌ ÒÅÎ�ÈÈ ÁÀÇÈÑÎÂ Â Ï�ÎÑÒ�ÀÍÑÒÂÀÕ Ô�ÅØÅ

À. Ê. Äðîíîâ

(�îññèÿ, �îñòîâ-íà-Äîíó; ��ÝÓ (�ÈÍÕ))

Îáîáùàåòñÿ êëàññè÷åñêàÿ çàäà÷à èíòåðïîëÿöèè ëèíåéíûõ îïåðàòîðîâ, îãðà-

íè÷åííûõ íà ïàðàõ áàíàõîâûõ ïðîñòðàíñòâ, íà ñëó÷àé ëèíåéíûõ îïåðàòîðîâ,

îãðàíè÷åííûõ íà ïàðàõ êîíóñîâ. Ââîäèòñÿ ïîíÿòèå èíòåðïîëÿöèîííîãî ñâîé-

ñòâà òðîéêè êîíóñîâ è ðàâíîìåðíîãî èíòåðïîëÿöèîííîãî ñâîéñòâà ñåìåéñòâà òðî-

åê êîíóñîâ ïî îòíîøåíèþ ê òðîéêå áàíàõîâûõ ïðîñòðàíñòâ. Ïîëó÷åí ðåçóëüòàò

î ðàâíîìåðíîì èíòåðïîëÿöèîííîì ñâîéñòâå ñåìåéñòâà êîíóñîâ â ïðîñòðàíñòâàõ

âåñîâûõ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé.

Òåîðåìà. Ïóñòü Ei = c0(ai), F = c0(bi)(i = 0, 1), E = c0(a), F = c0(b), ïðè÷åì
E1 ⊂ E ⊂ E0, F1 ⊂ F ⊂ F0 è áàíàõîâà òðîéêà (E0, E1, E) îáëàäàåò èíòåðïîëÿ-
öèîííûì ñâîéñòâîì ïî îòíîøåíèþ ê áàíàõîâîé òðîéêå (F0, F1, F ). Ïóñòü A �

ìíîæåñòâî êîíóñîâ â ω+
òàêîå, ÷òî äëÿ êàæäîãî êîíóñà Q ∈ A âûïîëíÿþòñÿ

óñëîâèÿ:

1) Q � íèæíÿÿ ïîëóðåøåòêà â ω;
2) Q ∩ E+

1 � òîòàëüíûé êîíóñ â ïðîñòðàíñòâå E1;

3) Q ∩ E++
1 6= {∅}.

Òîãäà ñåìåéñòâî òðîåê êîíóñîâ

M =
{(
E+

0 , Q ∩ E+
1 , Q ∩ E+

)
: Q ∈ A

}

îáëàäàåò ðàâíîìåðíûì èíòåðïîëÿöèîííûì ñâîéñòâîì ïî îòíîøåíèþ ê áàíàõî-

âîé òðîéêå (F0, F1, F ).

Äàííûé ðåçóëüòàò ïîçâîëÿåò èññëåäîâàòü âîïðîñ î ñóùåñòâîâàíèè áàçèñà

â äîïîëíÿåìûõ ïîäïðîñòðàíñòâàõ ïðîñòðàíñòâ Äðàãèëåâà.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÕÀ�ÀÊÒÅ�ÈÑÒÈÊ ÝËÅÊÒ�ÎÓÏ�Ó�Î�Î

ÂÎËÍÎÂÎÄÀ Ï�È ÍÀËÈ×ÈÈ Ï�ÅÄÂÀ�ÈÒÅËÜÍÛÕ ÍÀÏ�ßÆÅÍÈÉ

1

Â. Â. Äóäàðåâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

Ì. À. Ëåòóíîâ (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Èñïîëüçóÿ ìîäåëü ïðåäâàðèòåëüíîãî íàïðÿæåííîãî ýëåêòðîóïðóãîãî òå-

ëà [1, 2℄ ñ�îðìóëèðîâàíà çàäà÷à äëÿ ïüåçîóïðóãîãî âîëíîâîäà. Îäíîðîäíîå ïîëå

ïðåäíàïðÿæåíèé ÿâëÿåòñÿ äâóõîñíûì è õàðàêòåðèçóåòñÿ äâóìÿ êîìïîíåíòàìè.

Âåðõíÿÿ è íèæíÿÿ ãðàíèöû âîëíîâîäà ñâîáîäíû îò íàãðóçîê, ýëåêòðîäèðîâà-

íû è çàêîðî÷åíû. Èñïîëüçóÿ ïðåîáðàçîâàíèå Ôóðüå ïî ïðîäîëüíîé êîîðäèíà-

òå ðàññìîòðåíèå çàäà÷è ñâåäåíî ê ðåøåíèþ ñèñòåìû øåñòè äè��åðåíöèàëüíûõ

óðàâíåíèé ïåðâîãî ïîðÿäêà ïî òîëùèííîé êîîðäèíàòå. Â êà÷åñòâå ìåòîäà ðå-

øåíèÿ ýòîé ñèñòåìû âûáðàí ìåòîä ïðèñòðåëêè. Ñ ïîìîùüþ ñîñòàâëåííîé ÷èñ-

ëåííîé ñõåìû ïîñòðîåíû äèñïåðñèîííûå êðèâûå. Ïðîâåäåí àíàëèç âëèÿíèÿ âè-

äà è óðîâíÿ ïðåäâàðèòåëüíîãî íàïðÿæåííîãî ñîñòîÿíèÿ íà çíà÷åíèÿ òîëùèí-

íûõ ðåçîíàíñîâ è õàðàêòåð èçìåíåíèÿ äèñïåðñèîííîãî ìíîæåñòâà. Òàêæå ïðåä-

ñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ïîñòðîåíèþ îòäåëüíûõ

äèñïåðñèîííûõ êðèâûõ, äåìîíñòðèðóþùèõ ó÷åò òîëüêî ïðîäîëüíûõ èëè ïîïå-

ðå÷íûõ ïðåäíàïðÿæåíèé. Íà îñíîâå âûÿâëåííûõ îñîáåííîñòåé ñ�îðìóëèðîâàíà

îáðàòíàÿ êîý��èöèåíòíàÿ çàäà÷à ïî îïðåäåëåíèþ äâóõ ìàëûõ ïàðàìåòðîâ, õà-

ðàêòåðèçóþùèõ ïðåäâàðèòåëüíîå íàïðÿæåííîå ñîñòîÿíèå, ïî äàííûì î òî÷êàõ

íà äèñïåðñèîííûõ êðèâûõ. Äëÿ ïðèáëèæåííîãî ïîñòðîåíèÿ ïåðâûõ äâóõ äèñ-

ïåðñèîííûõ êðèâûõ èñïîëüçîâàí ìåòîä �àëåðêèíà. Ïðîâåäåí àíàëèç òî÷íîñòè

ïîëó÷åííûõ ðåçóëüòàòîâ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ. Âûÿâëåíî, ÷òî

ñ ïîìîùüþ ýòîãî ìåòîäà ìîæíî àïïðîêñèìèðîâàòü âòîðóþ âåòâü äèñïåðñèîí-

íîãî ìíîæåñòâà òî÷íåå, ÷åì ïåðâóþ. Ïîñòðîåíû ñîáñòâåííûå �îðìû êîëåáàíèé

äëÿ ïåðâûõ äâóõ äèñïåðñèîííûõ êðèâûõ. Â ðàìêàõ àñèìïòîòè÷åñêîãî ïîäõîäà

ïîëó÷åíà �îðìóëà äëÿ âû÷èñëåíèÿ óãëîâîãî êîý��èöèåíòà ïðÿìîé, àïïðîê-

ñèìèðóþùåé âòîðóþ äèñïåðñèîííóþ êðèâóþ â îêðåñòíîñòè íà÷àëà êîîðäèíàò.

Ïðåäñòàâëåíû ãðà�èêè âòîðîé äèñïåðñèîííîé êðèâîé, ïîñòðîåííûå ñ ïîìîùüþ

ðàçëè÷íûõ ìåòîäîâ.
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ÎÁ ÓÑÒÀÍÎÂÈÂØÈÕÑß ÊÎËÅÁÀÍÈßÕ

ÔÓÍÊÖÈÎÍÀËÜÍÎ-��ÀÄÈÅÍÒÍÛÕ ÒÅË Ï�È ÍÀËÈ×ÈÈ

È ÎÒÑÓÒÑÒÂÈÈ Ï�ÅÄÂÀ�ÈÒÅËÜÍÛÕ ÍÀÏ�ßÆÅÍÈÉ

1

Â. Â. Äóäàðåâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

�. Ì. Ìíóõèí (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ),

Ì. Å. �îëîâàòåíêî (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Íà îñíîâå ìîäåëè íåîäíîðîäíîãî èçîòðîïíîãî óïðóãîãî òåëà [1℄ ðàññìîòðåíû

ïðÿìûå çàäà÷è îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ ïîëîãî öèëèíäðà è ïðÿìîóãîëü-

íîé îáëàñòè. Âíóòðåííÿÿ ÷àñòü öèëèíäðà ñâîáîäíà îò íàãðóçîê, íà âíåøíåé

áîêîâîé ïîâåðõíîñòè çàäàíî ïåðåìåííîå ïî ïðîäîëüíîé êîîðäèíàòå äàâëåíèå,

íà òîðöàõ ðåàëèçîâàíû óñëîâèÿ ñêîëüçÿùåé çàäåëêè. Êîëåáàíèÿ îïèñûâàþòñÿ

ñèñòåìîé äâóõ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïåðå-

ìåííûìè êîý��èöèåíòàìè [2℄. Â ðàìêàõ ïåðâîãî ïîäõîäà ðåøåíèå ñòðîèòñÿ ñ

ïîìîùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ è ñâîäèòñÿ ê ÷èñëåííîìó ðåøåíèþ

íàáîðà ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ïî ðàäèàëüíîé

êîîðäèíàòå. Êàæäàÿ èç ñèñòåì èññëåäóåòñÿ ñ ïîìîùüþ ìåòîäà ïðèñòðåëêè. Òàê-

æå çàäà÷à äëÿ öèëèíäðà ðåøåíà ñ ïîìîùüþ ÌÊÝ, ðåàëèçîâàííîãî â ïàêåòå

FlexPDE. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåøåíèé äëÿ êîìïîíåíò âåêòîðà

ñìåùåíèÿ è òåíçîðà íàïðÿæåíèé. Äàíà îöåíêà âëèÿíèÿ ïåðåìåííûõ ñâîéñòâ íà

àìïëèòóäíî-÷àñòîòíûå õàðàêòåðèñòèêè (À×Õ).

Çàäà÷à äëÿ íåîäíîðîäíîé ïðÿìîóãîëüíîé îáëàñòè èññëåäîâàëàñü ÷èñëåííî ñ

ïîìîùüþ ÌÊÝ. Ñíîâà èñïîëüçóÿ ìîäåëü ïðåäâàðèòåëüíî íàïðÿæåííîãî óïðóãî-

ãî òåëà, ïðîâåäåí àíàëèç âëèÿíèÿ óðîâíÿ è ñòðóêòóðû ïðåäíàïðÿæåíèé íà À×Õ

è çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò êîëåáàíèé. Ïðè ýòîì áûëà ðåàëèçîâàíà ïðîöåäó-

ðà òðàíñëÿöèè äàííûõ äëÿ ó÷åòà õàðàêòåðèñòèê ïðåäâàðèòåëüíîãî ñîñòîÿíèÿ.

Ïîëó÷åíû ãðà�èêè êîìïîíåíò ïîëÿ ñìåùåíèÿ è íàïðÿæåíèé. Èñïîëüçóÿ âîç-

ìîæíîñòè ïàêåòà FlexPDE, ïðîâåäåíû ðàñ÷åòû À×Õ äëÿ ðàçëè÷íûõ çàêîíîâ

èçìåíåíèÿ ïåðåìåííûõ óïðóãèõ ñâîéñòâ è âèäîâ ïðåäíàïðÿæåíèé. Âûÿâëåíî,

÷òî ïåðåìåííûå ñâîéñòâà îêàçûâàþò ñóùåñòâåííî áîëüøåå âëèÿíèå íà îñíîâíûå

àêóñòè÷åñêèå õàðàêòåðèñòèêè, ÷åì ïðåäíàïðÿæåíèÿ.
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ÈÍÂÀ�ÈÀÍÒÍÛÅ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂÀ ÎÏÅ�ÀÒÎ�À

ÎÁ�ÀÒÍÎ�Î ÑÄÂÈ�À Â Ï�ÎÑÒ�ÀÍÑÒÂÅ ÖÅËÛÕ ÔÓÍÊÖÈÉ

Î. À. Èâàíîâà

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïóñòü H(C) � ïðîñòðàíñòâî âñåõ öåëûõ â C �óíêöèé ñ òîïîëîãèåé êîìïàêò-

íîé ñõîäèìîñòè. Ôóíêöèÿ g0 ∈ H(C) òàêàÿ, ÷òî g0(0) = 1, çàäàåò îïåðàòîð

îáîáùåííîãî îáðàòíîãî ñäâèãà (îäíîìåðíîå âîçìóùåíèå îïåðàòîðà îáðàòíîãî

ñäâèãà) D0,g0(f)(t) :=
f(t)−g0(t)f(0)

t , ëèíåéíûé è íåïðåðûâíûé â H(C). Â äîêëà-

äå èäåò ðå÷ü î ñîáñòâåííûõ çàìêíóòûõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâàõ D0,g0

âH(C). Åñëè ìíîæåñòâî Z(g0) íóëåé g0 íåïóñòî, òî nλ îáîçíà÷àåò êðàòíîñòü íóëÿ
λ ∈ Z(g0). Êðàòíûì ìíîãîîáðàçèåì â C íàçûâàåòñÿ êîíå÷íàÿ èëè áåñêîíå÷íàÿ

ïîñëåäîâàòåëüíîñòü W ïàð (µ,mµ), ãäå Z(W ) := {µ} � äèñêðåòíîå ïîäìíîæå-

ñòâî C è mµ ∈ N. Äëÿ íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W = {(µ,mµ)} â C ââå-

äåì ìíîæåñòâî S(W ) := {f ∈ H(C) : f (j)(µ) = 0, 0 6 j 6 mµ−1 äëÿ ëþáîãî µ}.
Äëÿ êðàòíûõ ìíîãîîáðàçèé W = {(µ,mµ)} è V = {(λ, nλ)} â C áóäåì ïèñàòü

W ≺ V , åñëè Z(W ) ⊂ Z(V ) èmµ 6 nµ äëÿ ëþáîãî µ ∈ Z(W ). Íèæå ñèìâîë D(g0)
îáîçíà÷àåò ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p òàêèõ, ÷òî p(0) = 1 è �óíêöèÿ g0/p
ãîëîìîð�íà â C. Ïóñòü C[z]n � ïðîñòðàíñòâî ìíîãî÷ëåíîâ ñòåïåíè íå âûøå n
(n > 0) íàä ïîëåì C.

Îòìåòèì ñëåäóþùèå ñâîéñòâà ñåìåéñòâà LatD0,g0 âñåõ çàìêíóòûõ D0,g0-èí-

âàðèàíòíûõ ïîäïðîñòðàíñòâ H(C). Åñëè �óíêöèÿ g0 íå èìååò íóëåé, òî D0,g0

ÿâëÿåòñÿ îäíîêëåòî÷íûì, ò. å. LatD0,g0 ëèíåéíî óïîðÿäî÷åííîå ïî âëîæåíèþ.

Åñëè æå g0 èìååò íóëè, òî D0,g0 îäíîêëåòî÷íûì íå ÿâëÿåòñÿ. Â ýòîì ñëó÷àå

LatD0,g0 ðàñïàäàåòñÿ íà äâà ìíîæåñòâà, îäíî èç êîòîðûõ ñîäåðæèò òîëüêî áåñ-

êîíå÷íîìåðíûå ïîäïðîñòðàíñòâà, à äðóãîå � òîëüêî êîíå÷íîìåðíûå.

Òåîðåìà. Ïðåäïîëîæèì, ÷òî g0 èìååò íóëè â C.
(i) Äëÿ ëþáîãî íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W ≺ W (g0) â C ìíîæå-

ñòâî S(W ) ÿâëÿåòñÿ ñîáñòâåííûì çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîäïðîñòðàí-

ñòâîì H(C).
(ii) Äëÿ ëþáûõ ìíîãî÷ëåíà p ∈ D(g0), öåëîãî n > 0 òàêîãî, ÷òî n > deg (p)−1,

ìíîæåñòâî

g0
p C[z]n ÿâëÿåòñÿ ñîáñòâåííûì çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîä-

ïðîñòðàíñòâîì H(C).
(iii) Äëÿ ëþáîãî ñîáñòâåííîãî çàìêíóòîãî D0,g0-èíâàðèàíòíîãî ïîäïðîñòðàí-

ñòâà S ïðîñòðàíñòâà H(C) ëèáî ñóùåñòâóåò íåïóñòîå êðàòíîå ìíîãîîáðàçèå

W ≺ W (g0), äëÿ êîòîðîãî S = S(W ), ëèáî íàéäóòñÿ ìíîãî÷ëåí p ∈ D(g0),
öåëîå n > 0 òàêîå, ÷òî n > deg (p)− 1, äëÿ êîòîðûõ S = g0

p C[z]n.
Ïðèâåäåííûå ðåçóëüòàòû ñîäåðæàòñÿ â [1℄.
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ÎÁ ÎÄÍÎÌ ÑËÓ×ÀÅ ÂÛ�ÎÆÄÅÍÈß ËÈÍÅÉÍÎÉ ÑÈÑÒÅÌÛ

Ñ ÎÏÅ�ÀÒÎ�ÎÌ ÑÒÎÊÑÀ Â �ËÀÂÍÎÉ ×ÀÑÒÈ

Ì. �. Èøìååâ

(�îññèÿ, Ìîñêâà; Òèíüêî��)

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â R3
ñî ñêîëü óãîäíî ãëàäêîé ãðàíèöåé ∂Ω,

m ∈ N , ω ≫ 1. Â áåñêîíå÷íîì öèëèíäðå Q = Ω×R ðàññìîòðèì çàäà÷ó î

2π
ω -ïå-

ðèîäè÷åñêèõ ïî âðåìåíè t ðåøåíèÿõ ñèñòåìû óðàâíåíèé

∂u

∂t
+∇p = ∆u+B0(x)u+

1

ω
C(x)u+

∑

16|k|6m
(Mk(x)u+ dk(x))e

ikωt + d0(x), (1)

div u = 0, (2)

u|∂Ω = 0. (3)

Çäåñü x = (x1, x2, x3) ∈ Ω, t ∈ R, u = u(x, t) � íåèçâåñòíàÿ âåùåñòâåííàÿ òðåõ-

ìåðíàÿ �óíêöèÿ, p = p(x, t) � íåèçâåñòíàÿ âåùåñòâåííàÿ ñêàëÿðíàÿ �óíêöèÿ,

B0(x), C(x), Mk(x) è d0(x), dk(x) � èçâåñòíûå áåñêîíå÷íî ãëàäêèå ìàòðèöû-

�óíêöèè è âåêòîð-�óíêöèè ñîîòâåòñòâåííî, ïðè÷åì B0(x), C(x) è d0(x) � âå-

ùåñòâåííûå, à Mk(x), dk(x) êîìïëåêñíî ñîïðÿæåíû ñ M−k(x), d−k(x).
Ñèìâîëîì Π îáîçíà÷èì èçâåñòíûé îðòîãîíàëüíûé ïðîåêòîð â L2(Ω) íà S2(Ω)

(ñì. [1, 2℄). Ââåäåì â S2(Ω) îïåðàòîð A = Π∆+ΠB0(x) ñ îáëàñòüþ îïðåäåëåíèÿ

D(A) =
{
u ∈ S2(Ω) ∩W 2

2 (Ω), u|∂Ω = 0
}
è âûðàæåíèå

B = ΠC(x) +
∑

16|k|6m

ΠMk(x)ΠM−k(x)
ik

.

Ïðåäïîëîæèì, ÷òî λ = 0 � n-êðàòíîå (n ∈ N) ñîáñòâåííîå çíà÷åíèå îïåðàòî-

ðà A, êîòîðîìó îòâå÷àåò íàáîð èç s, 1 6 s 6 n, ëèíåéíî íåçàâèñèìûõ ñîáñòâåí-
íûõ âåêòîð-�óíêöèé: a1(x), a2(x), . . . , as(x). Áóäåì ïðåäïîëàãàòü, ÷òî íè îäíà

ñîáñòâåííàÿ âåêòîð-�óíêöèÿ a(x) îïåðàòîðà A, îòâå÷àþùàÿ íóëåâîìó ñîáñòâåí-
íîìó çíà÷åíèþ, íå èìååò ïðèñîåäèíåííûõ âåêòîð-�óíêöèé îòíîñèòåëüíî ïàðû

A, B [3℄, ò. å. çàäà÷à

Av(x) = −Ba(x),
v(x)|∂Ω = 0,

íå èìååò êëàññè÷åñêèõ ðåøåíèé.

Çàäà÷åé (A) íàçîâåì çàäà÷ó Äèðèõëå òàêîãî âèäà:





(∆ +B0)u(x) +∇p(x) = G(x),

div u(x) = 0,

(u(x), ai(x)) = 0, i = 1, . . . , s,

u(x)|∂Ω = 0,

ãäå G ∈ C∞(Ω̄), (G, bi) = 0, bi(x), i = 1, . . . , s, � ëèíåéíî íåçàâèñèìûå ñîáñòâåí-

íûå âåêòîðû, îòâå÷àþùèå íóëåâîìó ñîáñòâåííîìó çíà÷åíèþ A∗
.
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Çàäà÷åé (B) íàçîâåì çàäà÷ó Íåéìàíà òàêîãî âèäà:




∆q(x) = G(x),

∂q(x)
∂n

∣∣∣
∂Ω

= 0,

ãäå G ∈ C∞(Ω̄),
∫
ΩG(x) dx = 0.

Çàäà÷à (C) � çàäà÷à îá l-ïåðèîäè÷åñêèõ ïî âðåìåíè ðåøåíèÿõ:

{
∂y(τ)
∂τ = G(x)eilτ ,

〈y(τ)〉 = 0,

ãäå l � öåëîå ÷èñëî.

Çàäà÷è (D), (E) è (F) � ñëåäóþùèå çàäà÷è íà ëó÷å ρ > 0:





ikz(ρ) = ∂2z(ρ)
∂ρ2

+ g(ρ),

z(ρ)|ρ=0 = c,

z(ρ)|ρ→∞ = 0,

ãäå k � íåíóëåâîå öåëîå ÷èñëî, g(ρ) = g0ρ
se−γρ, g0 ∈ R3

, s � íåîòðèöàòåëüíîå

öåëîå ÷èñëî, ℜγ > 0, c � âåùåñòâåííîå ÷èñëî;

{
∂2v(ρ)
∂ρ2

= g(ρ),

v(ρ)|ρ→∞ = 0,

ãäå g(ρ) = g0ρ
se−γρ, g0 ∈ R3

, s � íåîòðèöàòåëüíîå öåëîå ÷èñëî, ℜγ > 0;

{
∂s(ρ)
∂ρ = g(ρ),

s(ρ)|ρ→∞ = 0,

ãäå g(ρ) = g0ρ
se−γρ, g0 ∈ R3

, s � íåîòðèöàòåëüíîå öåëîå ÷èñëî, ℜγ > 0. Î÷å-
âèäíî, çàäà÷è (A)�(F) îäíîçíà÷íî ðàçðåøèìû, â ñëó÷àå çàäà÷ (A) è (B), åñëè

åäèíñòâåííîñòü p è q ïîíèìàòü ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî.

Äëÿ çàäà÷è (1)�(3) áûëè óñòàíîâëåíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü

2π
ω -ïåðèîäè÷åñêîãî ðåøåíèÿ ïðè äîñòàòî÷íî áîëüøèõ ω, ýòî ðåøåíèå ÿâëÿåòñÿ

âåùåñòâåííûì è áåñêîíå÷íî äè��åðåíöèðóåìûì, à òàêæå ïîñòðîåíà è îáîñíîâà-

íà åãî ïîëíàÿ àñèìïòîòèêà. Åå ïîñòðîåíèå ñâîäèòñÿ ê ðåøåíèþ êîíå÷íîãî ÷èñëà

îäíîçíà÷íî ðàçðåøèìûõ çàäà÷ âèäà (A)�(F).
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ÈÄÅÍÒÈÔÈÊÀÖÈß ÏÀ�ÀÌÅÒ�ÎÂ ÑÈÑÒÅÌ �ÅÀÊÖÈÈ-ÄÈÔÔÓÇÈÈ

ÏÎ ÈÍÔÎ�ÌÀÖÈÈ Î ÒÜÞ�ÈÍ�ÎÂÛÕ ÑÒ�ÓÊÒÓ�ÀÕ

À. Â. Êàçàðíèêîâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

Õ. Õààðèî (Ôèíëÿíäèÿ, Ëàïïååíðàíòà; ËÒÓ-óíèâåðñèòåò)

Ñèñòåìû ðåàêöèè-äè��óçèè ïðåäñòàâëÿþò ñîáîé âàæíûé êëàññ ìàòåìàòè÷å-

ñêèõ ìîäåëåé, ñïîñîáíûõ îïèñûâàòü ïðîöåññû ñòðóêòóðîîáðàçîâàíèÿ [1℄. Âïåð-

âûå äàííûå óðàâíåíèÿ áûëè ïðåäëîæåíû À. Òüþðèíãîì [2℄ äëÿ îáúÿñíåíèÿ

ïðîöåññà ãàñòðóëÿöèè, ïðîèñõîäÿùåãî â ñàìîì íà÷àëå áèîëîãè÷åñêîãî ìîð�î-

ãåíåçà. Â äàííîé ìîäåëè �îðìèðîâàíèå ïðîñòðàíñòâåííûõ íåîäíîðîäíîñòåé íà

ïîâåðõíîñòè ýìáðèîíà îáúÿñíÿåòñÿ êàê ðåçóëüòàò íåëèíåéíîãî âçàèìîäåéñòâèÿ

äâóõ äè��óíäèðóþùèõ âåùåñòâ (ìîð�îãåíîâ), êîíöåíòðàöèè êîòîðûõ �îðìè-

ðóþò óñòîé÷èâûå ïðîñòðàíñòâåííûå ñòðóêòóðû (ñòðóêòóðû Òüþðèíãà), îïðåäå-

ëÿþùèå äàëüíåéøèå ìîð�îëîãè÷åñêèå èçìåíåíèÿ. Äàííàÿ òåîðèÿ áûëà óñïåø-

íî ïðèìåíåíà äëÿ îáúÿñíåíèÿ �îðìèðîâàíèÿ íîâûõ êîíå÷íîñòåé ïðåñíîâîäíîãî

ïîëèïà Hydra Linnaeus [3℄, à ïîñëå óñïåøíîãî âîñïðîèçâåäåíèÿ òüþðèíãîâûõ

ñòðóêòóð â ýêñïåðèìåíòå [4℄ áûëà ðàñïðîñòðàíåíà è íà äðóãèå áèîëîãè÷åñêèå

îáúåêòû [5℄.

Êàê ïðàâèëî, íà÷àëüíûå êîíöåíòðàöèè ìîð�îãåíîâ íåèçâåñòíû è çàäàþòñÿ

ìàëûìè ñëó÷àéíûìè âîçìóùåíèÿìè íåêîòîðîãî íåóñòîé÷èâîãî ïðîñòðàíñòâåí-

íî-îäíîðîäíîãî ðåøåíèÿ çàäà÷è, ñîîòâåòñòâóþùåãî ñîñòîÿíèþ îäíîðîäíîé ñìå-

ñè. Ýòî çàòðóäíÿåò ñîïîñòàâëåíèå ìîäåëè è ýêñïåðèìåíòà, òàê êàê äåëàåò íåâîç-

ìîæíûì ïðèìåíåíèå ñòàíäàðòíûõ ïîäõîäîâ, òàêèõ êàê ìåòîä íàèìåíüøèõ êâàä-

ðàòîâ. �àññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îá èäåíòè�èêàöèè ïàðàìåòðîâ ñèñòåì

ðåàêöèè-äè��óçèè ïî èí�îðìàöèè î ñòàöèîíàðíûõ (òüþðèíãîâûõ) ñòðóêòóðàõ,

áåç ó÷åòà äàííûõ î íà÷àëüíûõ óñëîâèÿõ èëè ïåðåõîäíûõ ïðîöåññàõ.

Â ðàáîòå ðàññìàòðèâàþòñÿ òðè ñèñòåìû ðåàêöèè-äè��óçèè: ìîäåëü

Ôèòöõüþ � Íàãóìî, ñèñòåìà �èðåðà � Ìàéíõàðäòà è ïðîñòðàíñòâåííî-

ðàñïðåäåëåííàÿ ìîäåëü áðþññåëÿòîðà. Ñèñòåìà Ôèòöõüþ � Íàãóìî ïðåäñòàâëÿ-

åò ñîáîé áåñêîíå÷íîìåðíûé àíàëîã äâóõêîìïîíåíòíîé ðåäóêöèè ìîäåëè Õîäæ-

êèíà � Õàêñëè ðàñïðîñòðàíåíèÿ íåðâíîãî èìïóëüñà â ãèãàíòñêîì àêñîíå êàëü-

ìàðà è èìååò âèä

vt = ν1∆v + ε(w − αv), wt = ν2∆w − v + µw − w3, x ∈ Ω = (0, 1)2, (1)

ãäå v = v(x, t) � ïîòåíöèàë ìåìáðàíû, w = w(x, t) � ïåðåìåííàÿ âîññòàíîâëå-

íèÿ, µ ∈ R, α > 0, ε > 0 � ïàðàìåòðû ðåàêöèè, ν1, ν2 > 0 � êîý��èöèåíòû

äè��óçèè. Ñèñòåìà �èðåðà � Ìàéíõàðäòà áûëà ïðåäëîæåíà êàê ìîäåëü �îð-

ìèðîâàíèÿ êîíå÷íîñòåé ïðåñíîâîäíîãî ïîëèïà ãèäðû. Îíà èìååò âèä

vt = ν1∆v − µvv +
v2

w
, wt = ν2∆w − µww + v2, x ∈ Ω = (0, 1)2, (2)
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ãäå v(x, t) è w(x, t) � àêòèâàòîðíàÿ è èíãèáèòîðíàÿ ïåðåìåííûå, µv, µw > 0 �

êîý��èöèåíòû óáûâàíèÿ êîíöåíòðàöèé, ν1, ν2 > 0 � êîý��èöèåíòû äè��óçèè.

Ïðîñòðàíñòâåííî-ðàñïðåäåëåííàÿ ìîäåëü áðþññåëÿòîðà çàäàåòñÿ óðàâíåíèÿìè

vt = ν1∆v+A− (B +1)v + v2w, wt = ν2∆w+Bv− v2w, x ∈ Ω = (0, 1)2, (3)

ãäå v(x, t) è w(x, t) � ïåðåìåííûå êîíöåíòðàöèè ïðîìåæóòî÷íûõ êîìïîíåíòîâ,

A,B > 0 � ïîñòîÿííûå êîíöåíòðàöèè êîìïîíåíòîâ ðåàêöèè. Äëÿ âñåõ ðàññìàò-

ðèâàåìûõ ñèñòåì ïðåäïîëàãàåòñÿ, ÷òî íà ãðàíèöå îáëàñòè Ω çàäàíû îäíîðîäíûå

êðàåâûå óñëîâèÿ Íåéìàíà.

Îáîçíà÷èì ÷åðåç p = (p1, p2) âåêòîð óïðàâëÿþùèõ ïàðàìåòðîâ, ïîëàãàÿ

(p1, p2) = (µ, ε) äëÿ ìîäåëè Ôèòöõüþ � Íàãóìî (1), (p1, p2) = (µv, µw) äëÿ

ñèñòåìû �èðåðà � Ìàéíõàðäòà (2) è (p1, p2) = (A,B) äëÿ ïðîñòðàíñòâåííî-

ðàñïðåäåëåííîé ìîäåëè áðþññåëÿòîðà (3). Ïðåäïîëàãàåòñÿ, ÷òî p ïðèíàäëåæèò

îáëàñòè íåóñòîé÷èâîñòè Òüþðèíãà íà ïëîñêîñòè ïàðàìåòðîâ (p1, p2). Îñòàëüíûå
ïàðàìåòðû ðåàêöèè è êîý��èöèåíòû äè��óçèè ñ÷èòàþòñÿ �èêñèðîâàííûìè.

Â ðàáîòå [6℄ áûë ïðåäëîæåí ñòàòèñòè÷åñêèé àëãîðèòì èäåíòè�èêàöèè ïàðà-

ìåòðîâ ñèñòåì ðåàêöèè-äè��óçèè ïî èí�îðìàöèè î òüþðèíãîâûõ ñòðóêòóðàõ

ïðè óñëîâèè, ÷òî â íàëè÷èè èìååòñÿ N ñòðóêòóð, ãäå N > 50. Â íàñòîÿùåé

ðàáîòå äàííûé ïîäõîä ðàñïðîñòðàíÿåòñÿ íà ñëó÷àé 1 6 N < 50. Ïðèìåíÿÿ ìå-

òîäû, àíàëîãè÷íûå [7, 8℄, îïðåäåëåíà ñòîõàñòè÷åñêàÿ �óíêöèÿ íåâÿçêè äëÿ ðàñ-

ñìàòðèâàåìûõ çíà÷åíèé N . Èñïîëüçóÿ àäàïòèâíûé àëãîðèòì Ìåòðîïîëèñà �

�àñòèíãñà, ïîñòðîåíû àïîñòåðèîðíûå ðàñïðåäåëåíèÿ ïàðàìåòðîâ äëÿ ðàçëè÷-

íûõ N , ÷òî ïîçâîëèëî îöåíèòü çàâèñèìîñòü ïîãðåøíîñòè ìåòîäà îò êîëè÷åñòâà

âõîäíûõ äàííûõ. Ïðè ïîìîùè ñòîõàñòè÷åñêèõ ìåòîäîâ îïòèìèçàöèè ïðîâåäåíû

÷èñëåííûå ýêñïåðèìåíòû ïî èäåíòè�èêàöèè ïàðàìåòðîâ äëÿ ðàññìàòðèâàåìûõ

óðàâíåíèé.
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êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÇÀÄÀ×À Â ÍÅÎ��ÀÍÈ×ÅÍÍÎÉ ÎÁËÀÑÒÈ

ÄËß ÏÀ�ÀÁÎËÈ×ÅÑÊÎ�Î Ó�ÀÂÍÅÍÈß ÂÛÑÎÊÎ�Î ÏÎ�ßÄÊÀ

Ñ Ä�ÎÁÍÎÉ Ï�ÎÈÇÂÎÄÍÎÉ ÏÎ Â�ÅÌÅÍÍÎÉ ÏÅ�ÅÌÅÍÍÎÉ

1

Ë. Ë. Êàðàøåâà

(�îññèÿ, Íàëü÷èê; ÈÏÌÀ ÊÁÍÖ �ÀÍ)

�àññìîòðèì óðàâíåíèå

∂α

∂tα
u(x, t) + (−1)n ∂

2n

∂x2n
u(x, t) = f(x, t), (1)

ãäå n ∈ N, ∂α

∂tα � äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà α [1, ñ. 9℄, 0 < α 6 2.
Óðàâíåíèå (1) ïðè n = 1 ñîâïàäàåò ñ äè��óçèîííî-âîëíîâûì óðàâíåíèåì,

êîòîðîå øèðîêî èññëåäîâàíî (ñì. [2℄ è áèáëèîãðà�èþ òàì). Â ÷àñòíîñòè, â ïîëó-

áåñêîíå÷íîé îáëàñòè â ðàáîòå [3℄ èññëåäîâàíà êðàåâàÿ çàäà÷à äëÿ îäíîðîäíîãî

óðàâíåíèÿ (1) ïðè n = 1 ñ äðîáíîé ïðîèçâîäíîé �èìàíà � Ëèóâèëëÿ. Â ðà-

áîòå [4℄ äëÿ óðàâíåíèÿ äè��óçèè äðîáíîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��è-

öèåíòàìè ïðè ìëàäøèõ ÷ëåíàõ ðåøåíà çàäà÷à â ïîëóïîëîñå. Â ðàáîòå [5℄ äëÿ

óðàâíåíèÿ (1) ïîñòðîåíî �óíäàìåíòàëüíîå ðåøåíèå è ðåøåíà çàäà÷à Êîøè.

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) ðåøåíà çàäà÷à â íåîãðàíè÷åííîé îáëàñòè,

äîêàçàíà òåîðåìà åäèíñòâåííîñòè â êëàññå �óíêöèé áûñòðîãî ðîñòà.
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êà ñ äðîáíîé ïðîèçâîäíîé ïî âðåìåííîé ïåðåìåííîé // Ñèá. ýëåêòðîí. ìàò. èçâ.�2018.�

Ò. 15.�Ñ. 696�706.

1

�àáîòà ïóáëèêóåòñÿ â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñîîòâåòñòâèè

ñ Äîïîëíèòåëüíûì ñîãëàøåíèåì îò 07.07.2020 � 075-03-2020-239/2 ðååñòð � 248 ÊÁÊ

01104730290059611, ïî ïðîåêòó ¾Íåëèíåéíûå ñèíãóëÿðíûå èíòåãðî-äè��åðåíöèàëüíûå óðàâ-

íåíèÿ è êðàåâûå çàäà÷è¿.
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ÎÏÅ�ÀÒÎ�Û ÂÎËÜÒÅ��À È �ÅËÜÔÎÍÄÀ � ËÅÎÍÒÜÅÂÀ

ÍÀ ÂÅÑÎÂÛÕ ÁÀÍÀÕÎÂÛÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ

Â. Î. Êîâàëåíêî

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Âñþäó äàëååH(C)� ïðîñòðàíñòâî âñåõ �óíêöèé, àíàëèòè÷åñêèõ â êîìïëåêñ-

íîé ïëîñêîñòè C. Îïåðàòîðû îáîáùåííîãî äè��åðåíöèðîâàíèÿ è îáîáùåííîãî

èíòåãðèðîâàíèÿ ðàññìàòðèâàþòñÿ íà âåñîâûõ ïðîñòðàíñòâàõ

Hv(C) =
{
f ∈ H(C) : ‖f‖v = sup

z∈C

|f(z)|
v(z)

<∞
}
,

H0
v (C) :=

{
f ∈ H(C) : lim

z→∞
|f(z)|
v(z)

= 0

}
,

ãäå v � ðàäèàëüíûé âåñ â C, ò. å. v(z) = v(|z|), z ∈ C. Ïðè ýòîì �óíêöèÿ v(r)
íåïðåðûâíà è âîçðàñòàåò íà (0,+∞).

Âîçüìåì öåëóþ �óíêöèþ e(z) =
∑∞

n=0 enz
n
ïîðÿäêà ρ ∈ (0,∞) è òèïà

σ ∈ (0,∞), äëÿ êîòîðîé en 6= 0, n = 0, 1, 2, . . . , è ñóùåñòâóåò ïðåäåë

lim
n→0

n1/ρ|en|1/n = (σeρ)1/ρ.

Òîãäà îïåðàòîðû îáîáùåííîãî äè��åðåíöèðîâàíèÿ è îáîáùåííîãî èíòåãðè-

ðîâàíèÿ èìåþò ñëåäóþùèé âèä:

(Def)(z) =
∞∑

n=1

fn
en−1

en
zn−1, z ∈ C,

(Jef)(z) =
∞∑

n=0

fn
en+1

en
zn+1, z ∈ C,

ãäå f(z) =
∑∞

n=0 fnz
n ∈ H(C).

Äèíàìè÷åñêèå ñâîéñòâà îïåðàòîðîâ îáû÷íîãî äè��åðåíöèðîâàíèÿ è èíòå-

ãðèðîâàíèÿ èçó÷àëèñü ðàíåå â ðàáîòàõ [1, 2℄. Â íèõ áûëè ïîëó÷åíû ðåçóëüòàòû îá

èõ ãèïåðöèêëè÷íîñòè, õàîòè÷íîñòè, ýðãîäè÷íîñòè â ñðåäíåì, íàëè÷èè ïåðèîäè-

÷åñêèõ ýëåìåíòîâ è ò.ä. Ïðåäñòàâëÿåò èíòåðåñ ðàñïðîñòðàíåíèå ýòèõ ðåçóëüòàòîâ

íà áîëåå îáùèå îïåðàòîðû òèïà �åëü�îíäà � Ëåîíòüåâà, ïîñêîëüêó ïîñëåäíèå

ñîäåðæàò â êà÷åñòâå ÷àñòíûõ ñëó÷àåâ îïåðàòîðû, èñïîëüçóåìûå â ïðèëîæåíèÿõ

(íàïðèìåð, îïåðàòîð Äàíêëà, ñì. [2℄) Ñëåäóþùèé ðåçóëüòàò óñòàíîâëåí â ñòà-

òüå [1℄.

Ïðåäëîæåíèå 1. Îïåðàòîð J íå ÿâëÿåòñÿ ãèïåðöèêëè÷åñêèì íà H0
v (C) è íå

èìååò ïåðèîäè÷åñêèõ òî÷åê íà Hv(C), îòëè÷íûõ îò íóëÿ. Çäåñü J � îïåðàòîð

îáû÷íîãî äè��åðåíöèðîâàíèÿ, ò. å. Jf(z) =
∫ z
0 f(ζ) dζ, z ∈ C.
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Â äàííîé ðàáîòå óñòàíàâëèâàþòñÿ àíàëîãè÷íûå ðåçóëüòàòû äëÿ áîëåå îáùåãî

ñëó÷àÿ.

Ïðåäëîæåíèå 2. Îïåðàòîð Je : Hv(C)→ Hv(C) íå ÿâëÿåòñÿ ãèïåðöèêëè÷å-
ñêèì íà H0

v (C).

Äëÿ äîêàçàòåëüñòâà îòñóòñòâèÿ íåíóëåâûõ ýëåìåíòîâ ó îïåðàòîðà Je òðåáó-
åòñÿ ëåììà, èìåþùàÿ ñàìîñòîÿòåëüíûé èíòåðåñ.

Ëåììà. �åøåíèåì óðàâíåíèÿ Dn
e f = f ÿâëÿþòñÿ ëèíåéíûå êîìáèíàöèè

ýëåìåíòîâ âèäà e(λkz) =
∑∞

n=0 enλ
nzn, ãäå λk � êîðíè óðàâíåíèÿ λn = 1,

k = 0, . . . , n − 1.

Ñ ïîìîùüþ ëåììû è èñïîëüçîâàíèÿ �àêòà î òîì, ÷òî De ÿâëÿåòñÿ ïðàâûì

îáðàòíûì ê îïåðàòîðó Je, äîêàçûâàåòñÿ, ÷òî åñëè ïåðèîäè÷åñêèé ýëåìåíò è ñó-

ùåñòâóåò â Hv(C), òî îí îáÿçàòåëüíî íóëåâîé.
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ÇÀÄÀ×À ÊÎØÈ ÄËß ÂÎËÍÎÂÎ�Î Ó�ÀÂÍÅÍÈß

Ñ ÁÛÑÒ�Î ÎÑÖÈËËÈ�ÓÞÙÅÉ Ï�ÀÂÎÉ ×ÀÑÒÜÞ

Ý. Â. Êîðàáëèíà

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïóñòü T > 0, Π = {(x, t) : x ∈ R, t ∈ [0, T ]} � ïîëîñà, Ω = {(x, t, τ) :
(x, t) ∈ Π, τ ∈ [0;∞)} � áåñêîíå÷íûé ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä. Íà ìíî-

æåñòâå Π ðàññìàòðèâàåòñÿ çàäà÷à Êîøè ñ áîëüøèì ïàðàìåòðîì ω âèäà [1℄





utt − uxx = f(x, t, ωt);

u|t=0 = 0;

ut|t=0 = 0.

(1)

Çäåñü f(x, t, τ) � âåùåñòâåííàÿ �óíêöèÿ, îïðåäåëåííàÿ, íåïðåðûâíàÿ, äâàæäû

íåïðåðûâíî äè��åðåíöèðóåìàÿ ïî ïåðåìåííîé x è ïî (t, τ) íà ìíîæåñòâå Ω, à
òàêæå 2π-ïåðèîäè÷åñêàÿ ïî τ . Ïóñòü uω(x, t) � ðåøåíèå çàäà÷è (1). Åãî k-÷ëåí-
íóþ àñèìïòîòèêó ðàññìàòðèâàåì â âèäå:

ukω ∼ u0(x, t) +
1

ω
u1(x, t) +

1

ω2
(u2(x, t) + v2(x, t, ωt)) + . . . +

+
1

ωk
(uk(x, t) + vk(x, t, ωt)) ,

ãäå �óíêöèè uk(x, t), vk(x, t, τ) îïðåäåëåíû è íåïðåðûâíû â Π è Ω ñîîòâåòñòâåí-

íî, à òàêæå äâàæäû íåïðåðûâíî äè��åðåíöèðóåìû ïî x è ïî (t, τ) [2℄. Êðîìå
òîãî, �óíêöèè vk(x, t, τ) � 2π-ïåðèîäè÷åñêèå ïî τ ñ íóëåâûì ñðåäíèì.

Òåîðåìà 1. Äëÿ êàæäîãî M > 0 íàéäåòñÿ ω0 = ω0(M) > 0 òàêîå, ÷òî ïðè

ω > ω0 ∥∥uω − u2ω
∥∥
C(ΠM )

= O(ω−3), ω →∞.
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Î ÍÅÏ�Å�ÛÂÍÎÑÒÈ ÊËÀÑÑÈ×ÅÑÊÈÕ ÎÏÅ�ÀÒÎ�ÎÂ Â ÂÅÑÎÂÛÕ

ÁÀÍÀÕÎÂÛÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ �ÎËÎÌÎ�ÔÍÛÕ ÔÓÍÊÖÈÉ

Þ. Â. Êîðàáëèíà

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

�àññìàòðèâàåòñÿ çàäà÷à î íåïðåðûâíîñòè êëàññè÷åñêèõ îïåðàòîðîâ â âåñî-

âûõ áàíàõîâûõ ïðîñòðàíñòâàõ ãîëîìîð�íûõ �óíêöèé Hv(G). Óêàçàííîå ïðî-

ñòðàíñòâî ââîäèòñÿ ñëåäóþùèì îáðàçîì:

Hv(G) =

{
f ∈ H(G), ‖f‖v = sup

z∈G

|f(z)|
v(z)

<∞
}
.

Çäåñü G � îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C,H(G) � ïðîñòðàíñòâî âñåõ �óíê-

öèé, àíàëèòè÷åñêèõ â G, ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ

èç G, v � âåñ.

Âñþäó äàëåå X � áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé ‖ · ‖, íåïðåðûâíî âëî-

æåííîå â H(G), X∗
� ñîïðÿæåííîå ñ X ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ

�óíêöèîíàëîâ íà X ñ ñîïðÿæåííîé íîðìîé ‖·‖∗, à δz � äåëüòà-�óíêöèÿ Äèðàêà

äëÿ �èêñèðîâàííîé òî÷êè z ∈ G, ò. å. δz : f 7→ f(z), f ∈ H(G).
Â ðàáîòå ñ�îðìóëèðîâàíà òåîðåìà, êîòîðàÿ ÿâëÿåòñÿ îáîáùåíèåì àáñòðàêò-

íîãî êðèòåðèÿ [1, òåîðåìà 2.1℄ íà ñëó÷àé ïðîèçâîëüíîé îáëàñòè G âìåñòî åäè-

íè÷íîãî êðóãà D è ëþáîãî, íå îáÿçàòåëüíî ðàäèàëüíîãî, âåñà v.

Òåîðåìà 1. Ïóñòü v � ïðîèçâîëüíûé âåñ íà G. Ëèíåéíûé îïåðàòîð T : X →
Hv(G) êîððåêòíî îïðåäåëåí è îãðàíè÷åí òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:

à) δz(T ) ∈ X∗
ïðè âñåõ z ∈ G;

á) sup
z∈G

‖δz(T )‖∗
v(z)

<∞.

Íà îñíîâàíèè ýòîé òåîðåìû ïîëó÷åíû êðèòåðèè íåïðåðûâíîñòè îïåðàòîðîâ

âåñîâîé êîìïîçèöèè è Âîëüòåððà íà âåñîâîì áàíàõîâîì ïðîñòðàíñòâå Hv(C),
êîòîðûå îáîáùàþò ðåçóëüòàòû, ïîëó÷åííûå â ñòàòüå Í. Çîðáîñêà [1℄. Äàëåå

óñòàíîâëåíû êðèòåðèè êîððåêòíîé îïðåäåëåííîñòè è îãðàíè÷åííîñòè îïåðàòî-

ðà Âîëüòåððà íà âåñîâûõ ïðîñòðàíñòâàõ Áåðãìàíà, Õàðäè è êëàññè÷åñêîì ïðî-

ñòðàíñòâå Ôîêà. Íàêîíåö, ïîëó÷åíû �îðìóëû äëÿ âû÷èñëåíèÿ íîðìû îïåðàòîðà

Âîëüòåððà â ïðîñòðàíñòâàõ Áåðãìàíà è Õàðäè.

Ëèòåðàòóðà
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ÊÀ×ÅÑÒÂÅÍÍÛÅ ÑÂÎÉÑÒÂÀ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ

ÏËÎÑÊÎÉ ÑÒÅ�ÆÍÅÂÎÉ ÑÈÑÒÅÌÛ

1

�. ×. Êóëàåâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ, ÑÎ�Ó),

Ì. À. Ïëèåâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

À. À. Óðòàåâà (�îññèÿ, Âëàäèêàâêàç; ÑÎ�Ó)

Èçó÷àåòñÿ îäíîðîäíîå äè��åðåíöèàëüíîå óðàâíåíèå

Lu = 0, x ∈ Γ, (1)

çàäàííîå íà ãåîìåòðè÷åñêîì ãðà�å Γ. Ïðè ýòîì, ïîä äè��åðåíöèàëüíûì óðàâíå-

íèåì (1) íà ãðà�å ìû ïîäðàçóìåâàåì, ñëåäóÿ [1, 2℄, íàáîð îáûêíîâåííûõ äè��å-

ðåíöèàëüíûõ óðàâíåíèé íà ðåáðàõ ãðà�à è íàáîð óñëîâèé ñîãëàñîâàíèÿ âî âíóò-

ðåííèõ âåðøèíàõ.

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì óðàâíåíèå, îïèñûâàþùåå ìàëûå ïîïåðå÷-

íûå äå�îðìàöèè ïëîñêîé ñòåðæíåâîé ñèñòåìû ñ óñëîâèÿìè øàðíèðíîãî ñî÷ëå-

íåíèÿ ñòåðæíåé â óçëîâûõ òî÷êàõ. Òàêàÿ ìîäåëü ïîðîæäàåòñÿ ñîâîêóïíîñòüþ

äè��åðåíöèàëüíûõ óðàâíåíèé íà ðåáðàõ ãðà�à

(pi(x)u
′′
i )

′′ − ri(x)u = 0, x ∈ γi ⊂
◦
Γ, (2)

ñ êîý��èöèåíòàìè, îïðåäåëÿåìûìè �óíêöèÿìè p(x) ∈ C2[Γ], inf
x∈

◦

Γ
p(x) > 0,

r(x) ∈ C[Γ], r(x) > 0 íà Γ, äîïîëíÿåìîé â êàæäîé âíóòðåííåé âåðøèíå a ∈ J(Γ)
ðàâåíñòâàìè

ui(a) = uk(a), u′′i (a) = 0,
∑

i∈I(a)
(pi(a)ui(a)

′′)′ = 0, a ∈ J(Γ).

Òåîðåìà 1. Ïóñòü u(x) � ðåøåíèå óðàâíåíèÿ (1), ðàâíîå íóëþ íà ∂Γ è èìå-

þùåå âíóòðè ãðà�à S-çîíó Γ0, Γ0 ⊂⊂ Γ. Òîãäà ëþáîå çíàêîïîñòîÿííîå íà Γ0

ðåøåíèå v(x) óðàâíåíèÿ (1), ðàâíîå íóëþ íà ∂Γ, êîëëèíåàðíî u(x) íà Γ0.

Òåîðåìà 2. Ïóñòü u(x) � ðåøåíèå óðàâíåíèÿ (1), ðàâíîå íóëþ íà ∂Γ è èìåþ-

ùåå âíóòðè ãðà�à S-çîíó Γ0, Γ0 ⊂⊂ Γ. Òîãäà ëþáîå ðåøåíèå v(x) óðàâíåíèÿ (1),
ðàâíîå íóëþ íà ∂Γ è íåêîëëèíåàðíîå u(x) íà Γ0, ìåíÿåò çíàê â Γ0.

Òåîðåìà 2 ÿâëÿåòñÿ àíàëîãîì òåîðåìû î ïåðåìåæàåìîñòè íóëåé äëÿ óðàâíå-

íèÿ ÷åòâåðòîãî ïîðÿäêà íà îòðåçêå [2, òåîðåìà 3.1℄: íóëè ëþáûõ äâóõ ëèíåéíî

íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (2) íà îòðåçêå [a, b], ðàâíûõ íóëþ íà êîíöàõ

îòðåçêà, ïåðåìåæàþòñÿ â (a, b).

1

�àáîòà âòîðîãî àâòîðà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäà-

ìåíòàëüíûõ èññëåäîâàíèé, ïðîåêò � 17-51-12064.
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ÑÓÌÌÛ ÏÎ�ßÄÊÎÂÎ Î��ÀÍÈ×ÅÍÍÛÕ ÎÏÅ�ÀÒÎ�ÎÂ,

ÑÎÕ�ÀÍßÞÙÈÕ ÄÈÇÚÞÍÊÒÍÎÑÒÜ

1

Ç. À. Êóñðàåâà

(�îññèÿ, �îñòîâ-íà-Äîíó, �ÍÎÌÖ ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Â íàñòîÿùåì èññëåäîâàíèè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ,

ïðè êîòîðûõ äëÿ íàòóðàëüíûõ ÷èñåë n è N ñóììà N ïîðÿäêîâî îãðàíè÷åííûõ

ñîõðàíÿþùèõ äèçúþíêòíîñòü îïåðàòîðîâ ÿâëÿåòñÿ n-äèçúþíêòíûì îïåðàòîðîì.

Ïîêàçàíî, ÷òî ðàçëîæåíèå ïîðÿäêîâî îãðàíè÷åííîãî n-äèçúþíêòíîãî îïåðàòîðà
â ñóììó ñîõðàíÿþùèõ äèçúþíêòíîñòü îïåðàòîðîâ åäèíñòâåííî ñ òî÷íîñòüþ äî

¾áóëåâîé ïåðåñòàíîâêè¿ ñëàãàåìûõ.

Èñïîëüçóþòñÿ ñòàíäàðòíûå îáîçíà÷åíèÿ è òåðìèíîëîãèÿ èç òåîðèè âåêòîð-

íûõ ðåøåòîê è ïîëîæèòåëüíûõ îïåðàòîðîâ, ïðèíÿòûå â êíèãå Àëèïðàíòèñà è

Á�åðêèíøî [1℄. Âñå âåêòîðíûå ðåøåòêè ïðåäïîëàãàþòñÿ âåùåñòâåííûìè è àðõè-

ìåäîâûìè. Âñþäó â òåêñòå ¾îïåðàòîð¿ îçíà÷àåò ëèíåéíûé îïåðàòîð.

�îâîðÿò, ÷òî ýëåìåíòû x, y ∈ E äèçúþíêòíû è ïèøóò x ⊥ y, åñëè |x|∧|y| = 0.
Äèçúþíêòíîå äîïîëíåíèå A⊥

íåïóñòîãî ìíîæåñòâà A ⊂ E îïðåäåëÿåòñÿ �îðìó-

ëîé A⊥ := {x ∈ E : x ⊥ a äëÿ âñåõ a ∈ A}, à äëÿ äâîéíîãî äèçúþíêòíîãî

äîïîëíåíèÿ èñïîëüçóåòñÿ îáîçíà÷åíèå A⊥⊥ := (A⊥)⊥. Åñëè E = A⊥ ⊕ A⊥⊥
, òî

ñîîòâåòñòâóþùèé îïåðàòîð ïðîåêòèðîâàíèÿ â E íàçûâàþò ïîðÿäêîâûì ïðîåêòî-

ðîì. Ñèìâîëîì P(E) îáîçíà÷àåòñÿ áóëåâà àëãåáðà âñåõ ïîðÿäêîâûõ ïðîåêòîðîâ

â âåêòîðíîé ðåøåòêå E. �àçáèåíèåì åäèíèöû â P(E) íàçûâàþò ïîïàðíî äèçú-

þíêòíîå ñåìåéñòâî ïîðÿäêîâûõ ïðîåêòîðîâ, ñóììà êîòîðûõ ðàâíà òîæäåñòâåí-

íîìó îïåðàòîðó IE ÷èñåë.

Îïðåäåëåíèå 1. Îïåðàòîð T : E → F íàçûâàþò ñîõðàíÿþùèì äèçúþíêò-

íîñòü èëè ãîâîðÿò, ÷òî T ñîõðàíÿåò äèçúþíêòíîñòü, åñëè îáðàçû îòíîñèòåëü-

íî T ëþáûõ äâóõ äèçúþíêòíûõ ýëåìåíòîâ èç E äèçúþíêòíû â F , ò. å. |x|∧|y| = 0
âëå÷åò |T (x)| ∧ |T (y)| = 0 äëÿ ëþáûõ x, y ∈ E.

Îïðåäåëåíèå 2.Ëèíåéíûé îïåðàòîð T : E → F íàçûâàþò n-äèçúþíêòíûì,
åñëè äëÿ ëþáîãî íàáîðà èç n+1 ïîïàðíî äèçúþíêòíîãî ýëåìåíòà x0, . . . , xn ∈ E,
òî÷íàÿ íèæíÿÿ ãðàíèöà ìíîæåñòâà {|Tx1|, . . . , |Txn|} ðàâíà íóëþ:

(∀x0, x1, . . . , xn ∈ E) xk ⊥ xl (k 6= l) =⇒ |Tx0| ∧ · · · ∧ |Txn| = 0.

Îïðåäåëåíèå 3. Ëèíåéíûé îïåðàòîð T : E → F íàçîâåì ÷èñòî n-
äèçúþíêòíûì, åñëè n � ýòî íàèìåíüøåå íàòóðàëüíîå ÷èñëî, äëÿ êîòîðîãî

πT ÿâëÿåòñÿ n-äèçúþêíòíûì äëÿ ëþáîãî íåíóëåâîãî ïîðÿäêîâîãî ïðîåêòîðà

π ∈ P
(
T (E)⊥⊥)

.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00205.
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Ñ�îðìóëèðóåì ïåðâûé îñíîâíîé ðåçóëüòàò, õàðàêòåðèçóþùèé êîíå÷íûå

íàáîðû ïîðÿäêîâî îãðàíè÷åííûõ ñîõðàíÿþùèõ äèçúþíêòíîñòü îïåðàòîðîâ

S1, . . . , SN , èìåþùèõ n-äèçúþíêòíûå ñóììû |S1|+ · · ·+ |SN |.
Òåîðåìà 1. Ïóñòü E è F � âåêòîðíûå ðåøåòêè, ïðè÷åì F ïîðÿäêîâî ïîëíà,

à n,N ∈ N òàêîâû, ÷òî n 6 N . Äëÿ íàáîðà S1, . . . , SN ïîðÿäêîâî îãðàíè÷åí-

íûõ ëèíåéíûõ îïåðàòîðîâ èç E â F , ñîõðàíÿþùèõ äèçúþíêòíîñòü, îïåðàòîð

|S1| + · · · + |SN | ÷èñòî n-äèçúþíêòåí â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ñó-

ùåñòâóåò P(F )-ïåðåñòàíîâêà T1, . . . , TN íàáîðà S1, . . . , SN òàêàÿ, ÷òî T1, . . . , Tn
ïîïàðíî äèçúþíêòíû è åñëè n < N , òî êàæäûé èç îïåðàòîðîâ Tn+1, . . . , TN äî-

ïóñêàåò ïðåäñòàâëåíèå â âèäå Tj =
∑n

k=1 αj,kTk äëÿ íåêîòîðîãî íàáîðà ïîïàðíî
äèçúþíêòíûõ îðòîìîð�èçìîâ 0 6 αj,1, . . . , αj,n ∈ Z (F ) (j := n+ 1, . . . , N).

Îïðåäåëåíèå 4. Êîíå÷íóþ ïîñëåäîâàòåëüíîñòü ïàð (k1, π1), . . . , (kl, πl) íà-
çûâàþò äåêîìïîçèöèîííûì ðÿäîì â P(F ), åñëè 1 6 k1 < · · · < kl � íàòóðàëü-

íûå ÷èñëà è {π1, . . . , πl} � ðàçáèåíèå åäèíèöû â P(F ), ñîñòîÿùåå èç íåíóëåâûõ
ïîðÿäêîâûõ ïðîåêòîðîâ. Ñêàæåì, ÷òî n-äèçúþíêòíûé îïåðàòîð T îáëàäàåò äå-

êîìïîçèöèîííûì ðÿäîì (k1, π1), . . . , (kl, πl) â P(F ), åñëè, ñâåðõ ñêàçàííîãî âûøå,
kl 6 n è ñóùåñòâóþò ïîðÿäêîâî îãðàíè÷åííûå ñîõðàíÿþùèå äèçúþíêòíîñòü îïå-
ðàòîðû T1, . . . , Tkl èç E â F òàêèå, ÷òî T = T1+ · · ·+Tkl è πiT1, . . . , πiTki ïîïàðíî
÷èñòî äèçúþíêòíû äëÿ âñåõ i = 1, . . . , l.

Âòîðîé îñíîâíîé ðåçóëüòàò îòâå÷àåò íà âîïðîñ îá åäèíñòâåííîñòè ðàçëîæå-

íèÿ ïîðÿäêîâî îãðàíè÷åííîãî n-äèçúþíêòíîãî îïåðàòîðà â òåðìèíàõ ïîïàðíî

÷èñòî äèçúþíêòíûõ îïåðàòîðîâ, ñîõðàíÿþùèõ äèçúþíêòíîñòü.

Òåîðåìà 2. Ëþáîé ïîðÿäêîâî îãðàíè÷åííûé n-äèçúþíêòíûé îïåðàòîð T èç

âåêòîðíîé ðåøåòêè E â ïîðÿäêîâî ïîëíóþ âåêòîðíóþ ðåøåòêó F èìååò åäèí-

ñòâåíííûé äåêîìïîçèöèîííûé ðÿä (k1, π1), . . . , (kl, πl) â P
(
T (E)⊥⊥)

.

Çàìå÷àíèå 1. Çàäà÷à î õàðàêòåðèçàöèè îïåðàòîðîâ ìåæäó âåêòîðíûìè èëè

áàíàõîâûìè ðåøåòêàìè, êîòîðûå ìîæíî ïðåäñòàâèòü â âèäå êîíå÷íîé ñóììû ðå-

øåòî÷íûõ ãîìîìîð�èìîâ, áûëà âïåðâûå ñ�îðìóëèðîâàíà íåçàâèñèìî â ðàáîòàõ

Êàðîòåðñà è Ôåëüäìàíà [2℄ è �þñìàíñà è äå Ïàõòå [3, çàìå÷àíèå 2.3℄.

Çàìå÷àíèå 2. Çàäà÷à î íàõîæäåíèè íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé,

ïðè êîòîðûõ êîíå÷íàÿ ñóììà ïîðÿäêîâî îãðàíè÷åííûõ ñîõðàíÿþùèõ äèçúþíêò-

íîñòü îïåðàòîðîâ ÿâëÿåòñÿ n-äèçúþíêòíîé èçó÷àëàñü â êíèãå Êóñðàåâà è Êó-

òàòåëàäçå [4, ãë. 3, � 8℄, èñïîëüçóÿ áóëåâîçíà÷íûé ïîäõîä. Òåîðåìà 1 ÿâëÿåòñÿ

óòî÷íåíèåì òåîðåìû 3.8.7 èç [4℄. Îäíàêî, äîêàçàòåëüñòâî òåîðåìû 1 â íàñòî-

ÿùåì èññëåäîâàíèè èñïîëüçóåò ñòàíäàðòíûé èíñòðóìåíòàðèé è íå çàâèñèò îò

áóëåâîçíà÷íîãî àíàëèçà.
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ÏÎ×ÒÈ ÂÛÏÓÊËÛÅ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ

È ÈÕ ÑÂÎÉÑÒÂÀ

À. À. Ëèòâèíîâ

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Âûïóêëûå ÷èñëîâûå ïîñëåäîâàòåëüíîñòè, ïîìèìî ñàìîñòîÿòåëüíîãî èíòåðå-

ñà äëÿ èññëåäîâàíèÿ, èãðàþò ñóùåñòâåííóþ ðîëü â ïðîáëåìå îïèñàíèÿ (íå) êâà-

çèàíàëèòè÷åñêèõ êëàññîâ áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé â ïîäõîäå

Äàíæóà � Êàðëåìàíà, òåîðèè óëüòðàäè��åðåíöèðóåìûõ �óíêöèé è óëüòðà-

ðàñïðåäåëåíèé �óìüå � Êîìàòñó, òåîðèè ðîñòà öåëûõ �óíêöèé. Â ïîñëåäíèå

10�15 ëåò ñ èõ ïîìîùüþ áûë ïîëíîñòüþ èññëåäîâàí ðÿä çàäà÷, êàñàþùèõñÿ

ñâîéñòâ êëàññè÷åñêèõ îïåðàòîðîâ èíòåãðèðîâàíèÿ è äè��åðåíöèðîâàíèÿ â âåñî-

âûõ áàíàõîâûõ ïðîñòðàíñòâàõ ãîëîìîð�íûõ �óíêöèé (ñì. [1�5℄). Îäíàêî íåêî-

òîðûå èç ýòèõ ñâîéñòâ íå óäàåòñÿ îõàðàêòåðèçîâàòü â ðàìêàõ âûïóêëûõ ïîñëå-

äîâàòåëüíîñòåé. Â ñâÿçè ñ ýòèì ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î íåòðèâèàëüíîì

ðàñøèðåíèè êëàññà âûïóêëûõ ïîñëåäîâàòåëüíîñòåé. Íåòðèâèàëüíîñòü ïîíèìà-

åòñÿ â òîì ñìûñëå, ÷òî ñ ïîìîùüþ íîâûõ âåñîâûõ ïîñëåäîâàòåëüíîñòåé ìîæíî

îïðåäåëèòü ïðîñòðàíñòâà, êîòîðûå íåâîçìîæíî çàäàòü âûïóêëûìè ïîñëåäîâà-

òåëüíîñòÿìè. Â ðàáîòå ïðåäñòàâëåí òàêîé êëàññ, ýëåìåíòû êîòîðîãî íàçâàíû

ïî÷òè âûïóêëûìè ïîñëåäîâàòåëüíîñòÿìè.

Îïðåäåëåíèå 1. Ïîñëåäîâàòåëüíîñòü (xn)
∞
n=0 íàçûâàåòñÿ âûïóêëîé, åñëè

xn 6
xn−1 + xn+1

2
(∀n > 0).

Îïðåäåëåíèå 2. Ïóñòü ïîñëåäîâàòåëüíîñòü (xn)
∞
n=0 âîçðàñòàåò, xn → +∞.

Ïîñëåäîâàòåëüíîñòü (xn)
∞
n=0 íàçûâàåòñÿ ïî÷òè âûïóêëîé, åñëè

(∀ p > 1) (∃N) : xn 6 p
xn−1 + xn+1

2
(∀n > N).

Îïðåäåëåíèå 3. Ïóñòü ïîñëåäîâàòåëüíîñòü (xn)
∞
n=0 âîçðàñòàåò, xn → +∞.

Ïîñëåäîâàòåëüíîñòü (xn)
∞
n=0 íàçûâàåòñÿ ñèëüíî ïî÷òè âûïóêëîé, åñëè

(∃C > 0) : 2xn 6 xn−1 + xn+1 + C (∀n > 0).

Óñòàíîâëåíû ïðîñòåéøèå ñâîéñòâà (ñèëüíî) ïî÷òè âûïóêëûõ ïîñëåäîâàòåëü-

íîñòåé, ñâÿçàííûå ñ àðè�ìåòè÷åñêèìè îïåðàöèÿìè íàä íèìè.

Ïðåäëîæåíèå 1. Ïîñëåäîâàòåëüíîñòü (xn)
∞
n=0 ïî÷òè âûïóêëà òîãäà è òîëü-

êî òîãäà, êîãäà

lim
n→∞

xn
xn−1 + xn+1

6
1

2
.
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�àññìîòðåíû ñëåäóþùèå çàäà÷è:

1. Äëÿ âñÿêîé ëè (ñèëüíî) ïî÷òè âûïóêëîé ïîñëåäîâàòåëüíîñòè (xn)
∞
n=0 ñó-

ùåñòâóåò òàêàÿ âûïóêëàÿ ïîñëåäîâàòåëüíîñòü (yn)
∞
n=0, ÷òî ïðè íåêîòîðîì C > 0

|xn − yn| 6 C (∀n ∈ N0)?

2. Ïóñòü (xn)
∞
n=0 � ïî÷òè âûïóêëàÿ ïîñëåäîâàòåëüíîñòü. Òðåáóåòñÿ âûÿñ-

íèòü, ñóùåñòâóåò ëè òàêàÿ âûïóêëàÿ ïîñëåäîâàòåëüíîñòü (yn)
∞
n=0 è C > 1, ÷òî

1

C
yn 6 xn 6 Cyn (∀n ∈ N0).

Äîêàçàíà íåâîçìîæíîñòü àïïðîêñèìàöèè (ñèëüíî) ïî÷òè âûïóêëûõ ïîñëå-

äîâàòåëüíîñòåé âûïóêëûìè. Òàêèì îáðàçîì, îòâåò íà îáå ïîñòàâëåííûå çàäà÷è

îòðèöàòåëåí. Ýòî îçíà÷àåò, ÷òî êëàññ ïî÷òè âûïóêëûõ ïîñëåäîâàòåëüíîñòåé ìî-

æåò áûòü â áóäóùåì èñïîëüçîâàí äëÿ ðåøåíèÿ íåêîòîðûõ çàäà÷ âåñîâûõ ïðî-

ñòðàíñòâ, äëÿ êîòîðûõ êëàññ âûïóêëûõ ïîñëåäîâàòåëüíîñòåé íåäîñòàòî÷åí.
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GENERALIZED MATHEMATICAL MODEL

FOR POPULATION DYNAMICS AND AGE STRUCTURE

F. M. Losanova (Russia, Nal
hik; IAMA KBSC RAS),

R. O. Kenetova (Russia, Nal
hik; IAMA KBSC RAS)

In the domain Ω = {(x, t) : 0 < x < l, 0 < t} 
onsider a mathemati
al model

that des
ribes the dynami
s of the population size of a spe
ies

∂α0xu(x, t) + λ∂β0tu(x, t) + c(x)u(x, t) = f(x, t), (1)

with α = 1 and β = 1 it is a generalization for the M
Kendri
k von Foerster equati-

on [1℄. Here u = u(x, t) is interpreted as the population density of the age x ∈ (0, l)
at time t > 0, ∂α0xu(x, t) � 
hange in the number of individuals of age x at �xed t,

∂β0tu(x, t) � 
hange in the number of individuals at di�erent times for a �xed x,

∂α0x, ∂
β
0t is the regularized (Caputo) derivative [2℄, 0 < α < β < 1, f(x, t), c(x) are

the given fun
tions, while the fun
tion c(x) is the fun
tion of mortality, and f(x, t)
des
ribes various demographi
 pro
esses, λ = const � 
oe�
ient 
hange status. For

equation (1) the solution of the Cau
hy problem was found in [1℄.

By a regular solution of equation (1) in the domain Ω we mean the fun
tion

u = u(x, t) from the 
lass u(x, t) ∈ C(Ω); ux(x, t), ∂
α
0xu(x, t), ∂

β
0tu(x, t) ∈ C(Ω)

satisfying equation (1) in the domain Ω.

Problem. Find a regular solution u(x, t) to equation (1) in the domain Ω
satisfying 
onditions

u(0, t) +

l∫

0

M(ξ)u(ξ, t) dξ = ϕ(t), 0 < t, (2)

u(x, 0) = τ(x), 0 6 x 6 l. (3)

Condition (2) is 
alled the fertility equation [1℄, where u(0, t) is the is the density
of newborn individuals in the population, l is the age limit, M(ξ) is the fertility
fun
tion, and ϕ(t) is some 
ontrol fun
tion for possible human intervention on

population dynami
s.

The initial 
ondition (3) is ne
essary to study the dynami
s of the age stru
ture

of the population.

In arti
le the existen
e of a unique regular solution to the problem (1)�(3) is

proved.
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ow: Vysshaja shkola, 1995

2. Nakhushev A. M. Fra
tional Cal
ulus and its Appli
ation.�Mos
ow: Fizmatlit, 2003.�272 p.

217



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÑÒ�ÓÊÒÓ�ÍÛÅ ÊÎÌÏÎÍÅÍÒÛ ÑÒÎÕÀÑÒÈ×ÅÑÊÎ�Î
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1

Ê. �. Ëûêîâà

(�îññèÿ, Åëåö; Å�Ó èì. È. À. Áóíèíà)

Âîïðîñ �îðìèðîâàíèÿ ñòîõàñòè÷åñêîãî ìèðîâîççðåíèÿ ñòàðøåêëàññíèêîâ

íà ñåãîäíÿøíèé äåíü â óñëîâèÿõ ïðîèñõîäÿùèõ èçìåíåíèé, íåîïðåäåëåííîñòè

è íåñòàáèëüíîñòè ïðèîáðåòàåò õàðàêòåð îáúåêòèâíîé íåîáõîäèìîñòè, ïðèâîäèò

ê ðîñòó âîñïðèèì÷èâîñòè ìèðîâûõ òåíäåíöèé â îáðàçîâàíèè, ïîâûøåíèþ èíòå-

ðåñà ê çíàíèÿì, íàóêå è èííîâàöèîííûì òåõíîëîãèÿì. Ñòîõàñòè÷åñêîå ìèðîâîç-

çðåíèå ó÷àùåãîñÿ � åñòü çàêîíîìåðíûé ðåçóëüòàò ïîçíàâàòåëüíîé äåÿòåëüíî-

ñòè, íå èñêëþ÷àþùèé ìíîæåñòâî ñëó÷àéíîñòåé â õîäå àíàëèçà óñëîâèé è íàèáî-

ëåå ðàöèîíàëüíîãî èñòîëêîâàíèÿ òåíäåíöèé èõ �óíêöèîíèðîâàíèÿ èëè îòêëî-

íåíèÿ. Îâëàäåíèå ñòàðøåêëàññíèêàìè óíèâåðñàëüíûìè ìåòîäàìè è ñïîñîáàìè

ïîçíàíèÿ ìèðà äëÿ îðèåíòàöèè â íåì è àäàïòàöèè ê íåìó íà îñíîâå çíàíèé

ñòîõàñòèêè â ñèòóàöèÿõ íåîïðåäåëåííîñòè ïîëîæèòåëüíî âëèÿåò íà �îðìèðîâà-

íèå ñòîõàñòè÷åñêîãî ìèðîâîççðåíèÿ. Öåíòðàëüíîé îñíîâîé �îðìèðîâàíèÿ ñòîõà-

ñòè÷åñêîãî ìèðîâîççðåíèÿ âûñòóïàåò âûäåëåíèå òðåõ åãî ñòðóêòóðíûõ êîìïî-

íåíòîâ: ìîòèâàöèîííî-öåííîñòíûå îòíîøåíèÿ, èíòóèòèâíî-îáðàçíîå âîñïðèÿòèå

è ðàöèîíàëüíî-ëîãè÷åñêîå ïðèíÿòèå.

Ìèðîâîççðåíèå êàæäîãî ÷åëîâåêà íåïîâòîðèìî, â åãî îñíîâó çàëîæåí óíè-

êàëüíûé èíäèâèäóàëüíûé îïûò è ñïåöè�è÷åñêèå çíàíèÿ î ïðèðîäå. Íà îñíî-

âå ìèðîâîççðåí÷åñêèõ ïîëîæåíèé îñóùåñòâëÿåòñÿ îöåíêà ÿâëåíèé äåéñòâèòåëü-

íîñòè. Âçàèìîñâÿçü ÷óâñòâåííûõ è èíòåëëåêòóàëüíûõ ïðåäñòàâëåíèé ÷åëîâåêà

î ìèðå è ñàìîì ñåáå, ïðîÿâëÿåòñÿ â êà÷åñòâå âàæíåéøåãî àñïåêòà ñòðóêòóðû ìè-

ðîâîççðåíèÿ. Ìèðîâîççðåí÷åñêîìó ïîçíàíèþ ñâîéñòâåííà ñïåöè�è÷åñêàÿ íåçà-

âåðøåííîñòü è äèíàìè÷íîñòü, ïîáóæäåíèå ê âíóòðåííèì îáíîâëåíèÿì è ñîâåð-

øåíñòâîâàíèÿì [1℄.

Áîëüøèíñòâî ó÷åíûõ (Â. Ï. Èâàíîâ, Á. Ò. Ëèõà÷åâ, Í. À. Ìåí÷èíñêàÿ,

Ý. È. Ìîíîñçîí è äð.) î ñîäåðæàòåëüíîì íàïîëíåíèè ìèðîâîççðåíèÿ ïðèäåðæè-

âàþòñÿ ìíåíèÿ, ÷òî â ìèðîâîççðåíèè âçàèìîïåðåïëåòåíû ÷óâñòâåííàÿ è èíòåë-

ëåêòóàëüíàÿ ñòîðîíû ëè÷íîñòè. Â ìèðîâîççðåíèè óïîðÿäî÷èâàåòñÿ âçàèìîñâÿçü

÷óâñòâåííîé è ðàöèîíàëüíîé ñ�åð ñîçíàíèÿ ñ îáðàçîâàíèåì íîâîé êà÷åñòâåííîé

öåëîñòíîñòè.

Â êà÷åñòâå ñòðóêòóðíûõ êîìïîíåíòîâ ñòîõàñòè÷åñêîãî ìèðîâîççðåíèÿ áûëè

âûÿâëåíû: ìîòèâàöèîííî-öåííîñòíûå îòíîøåíèÿ, èíòóèòèâíî-îáðàçíîå âîñïðè-

ÿòèå è ðàöèîíàëüíî-ëîãè÷åñêîå ïðèíÿòèå.

Ìîòèâàöèîííî-öåííîñòíûå îòíîøåíèÿ â ñîñòàâå ñòîõàñòè÷åñêîãî ìèðî-

âîççðåíèÿ ñòàðøåêëàññíèêîâ. Îòíîøåíèÿ ñòàðøåêëàññíèêîâ ê ýëåìåíòàì ñòî-

õàñòèêè �îðìèðóþòñÿ íå òîëüêî ïîä âîçäåéñòâèåì âíåøíèõ îáñòîÿòåëüñòâ, íî

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 20-313-9019.
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è â çàâèñèìîñòè îò èíäèâèäóàëüíûõ èíòåðåñîâ, ñêëîííîñòåé, â òîì ÷èñëå ñîá-

ñòâåííîé ñèñòåìû öåííîñòåé. Èññëåäóÿ îòíîøåíèÿ â êà÷åñòâå äåéñòâèòåëüíî ñó-

ùåñòâóþùåé ñâÿçè ìåæäó ó÷àùèìñÿ è çàêîíîìåðíîñòÿìè îêðóæàþùåãî ìèðà,

îïðåäåëèì õàðàêòåð ýòèõ îòíîøåíèé êàê öåííîñòíî-ñìûñëîâîé. Ìîòèâàöèîííûå

ñîñòîÿíèÿ â ïîçíàâàòåëüíîé äåÿòåëüíîñòè ÿâëÿþòñÿ ñâîåãî ðîäà ¾ñòðîèòåëüíûì

ìàòåðèàëîì ëè÷íîñòè¿.

Èíòóèòèâíî-îáðàçíîå âîñïðèÿòèå â ñîñòàâå ñòîõàñòè÷åñêîãî ìèðîâîççðåíèÿ

ñòàðøåêëàññíèêîâ. ×åëîâå÷åñêîå ìûøëåíèå èíòóèòèâíî è â áîëüøåé ñòåïåíè

ïðåäñòàâëåíî âåðîÿòíîñòíûì õàðàêòåðîì. Ïîçíàâàÿ îêðóæàþùèé ìèð, ÷åëîâåê

âîñïðèíèìàåò åãî â çðèòåëüíûõ îáðàçàõ, ïî ñðåäñòâàì ìèðîîùóùåíèÿ è ýìîöèî-

íàëüíî-÷óâñòâåííîãî îïûòà, áåç óñòàíîâëåíèÿ ëîãè÷åñêèõ âçàèìîñâÿçåé âîçíè-

êàþùèõ îáðàçîâ. Àäåêâàòíîñòü ñîçäàâàåìûõ îáðàçîâ ïî îòíîøåíèþ ê ðåàëüíîìó

ìèðó îïðåäåëÿåòñÿ èíòóèòèâíî. Òàêèå âûäàþùèåñÿ ìàòåìàòèêè, êàê Ë. Ä. Êóä-

ðÿâöåâ, À. Ïóàíêàðå, À. ß. Õèí÷èí è äð. îòìå÷àëè íåîáõîäèìîñòü çàäåéñòâî-

âàíèÿ èíòóèòèâíîé ñîñòàâëÿþùåé è îáðàçíûõ êîìïîíåíòîâ â ïîçíàâàòåëüíîì

ïðîöåññå äëÿ ðàñêðûòèÿ ìàòåìàòè÷åñêèõ ïîíÿòèé. Ïðè òàêîì âîñïðèÿòèè âû-

ÿâëÿþòñÿ íîâûå ïîäõîäû ê ðåøåíèþ ïðîáëåìíûõ ñèòóàöèé, à âçàèìîñâÿçè è çà-

êîíîìåðíîñòè èññëåäóþòñÿ ñ ðàçëè÷íûõ òî÷åê çðåíèÿ.

�àöèîíàëüíî-ëîãè÷åñêîå ïðèíÿòèå â ñîñòàâå ñòîõàñòè÷åñêîãî ìèðîâîççðå-

íèÿ ñòàðøåêëàññíèêîâ. Èçó÷åíèå ó÷àùèìèñÿ 10�11 êëàññîâ ýëåìåíòîâ ñòîõàñòè-

êè ïîçâîëÿåò ñîâåðøåíñòâîâàòü îñíîâíûå ìûñëèòåëüíûå äåéñòâèÿ è îïåðàöèè:

àíàëèç, ñèíòåç, ñðàâíåíèå, àáñòðàêöèþ, îáîáùåíèå, ñèñòåìàòèçàöèþ, êîíêðå-

òèçàöèþ è äð. Â ñâÿçè ñ ÷åì ðàçâèòèå ìûøëåíèÿ øêîëüíèêîâ ÿâëÿåòñÿ çà-

êîíîìåðíûì ðåçóëüòàòîâ ïîçíàâàòåëüíîé äåÿòåëüíîñòè, îñóùåñòâëÿåòñÿ áîëåå

êà÷åñòâåííîå óñâîåíèå ñòîõàñòè÷åñêèõ çíàíèé, ÷òî ïðèâîäèò ê êîìïëåêñíîìó

è îïîñðåäîâàííîìó ïîíèìàíèþ óñòðîéñòâà ìèðà. �åçóëüòàò ïðèíÿòèÿ ðåøåíèé

ÿâëÿåòñÿ ïðîèçâîäíûì ñèòóàöèè íåîïðåäåëåííîñòè, â ðàìêàõ êîòîðîé îí îñó-

ùåñòâëÿåòñÿ. Àìåðèêàíñêèé ïñèõîëîã Ê. Õàëë îòìå÷àåò: ¾Ïðèíÿòèå ðåøåíèÿ

ïðåäñòàâëÿåò ñîáîé ñèñòåìó ïðîöåäóð, íàïðàâëåííûõ íà èçâëå÷åíèå ïðè÷èííî-

ñëåäñòâåííîé ñâÿçè, ñáîð èí�îðìàöèè èç ðàçëè÷íûõ èñòî÷íèêîâ, èñïîëüçîâàíèå

çíàíèé äëÿ àíàëèçà ñèòóàöèè è ïîñòðîåíèÿ ïðåäñòàâëåíèÿ î íåé¿ [2℄. �àöèîíàëü-

íî-ëîãè÷åñêîå ïðèíÿòèå íàïðàâëåíî íà âûáîð íàèáîëåå îïòèìàëüíîãî ðåøåíèÿ

èç ìíîæåñòâà àëüòåðíàòèâ äëÿ êîíêðåòíîé ïðîáëåìû.

Òàêèì îáðàçîì, ïðåäñòàâëåííûå êîìïîíåíòû ïîçâîëÿþò ñóäèòü î êà÷åñòâå,

íàïðàâëåííîñòè ñòîõàñòè÷åñêîãî ìèðîâîççðåíèÿ ó ñòàðøåêëàññíèêîâ, î ïðåîáëà-

äàþùèõ îòäåëüíûõ åãî îñîáåííîñòÿõ è ÷åðòàõ. À ñàì ïðîöåññ �îðìèðîâàíèÿ ìè-

ðîâîççðåíèÿ â èññëåäîâàíèè âîçìîæíîñòåé ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ â ðàì-

êàõ ñòîõàñòèêè äëÿ ðàçâèòèÿ íàó÷íûõ ïðåäñòàâëåíèé îá óíèâåðñàëüíîé ïðèðîäå

ìíîãèõ ñëó÷àéíûõ ÿâëåíèé è ïðîöåññîâ äåéñòâèòåëüíîñòè ÿâëÿåòñÿ âåñüìà ïåð-

ñïåêòèâíûì.

Ëèòåðàòóðà

1. Øóðòàêîâ Ê. Ï.Ìèðîâîççðåíèå è ìåòîäû åãî �îðìèðîâàíèÿ: Êîíöåïòóàëüíî-�èëîñî�-

ñêèé àíàëèç.�Êàçàíü, 1989.�212 ñ.

2. Õàëë Ê. Ë. Ïðèíöèïû ïîâåäåíèÿ.�1943.
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Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÑÎÁÎËÅÂÑÊÈÅ ÑÈÑÒÅÌÛ, Î�ÒÎ�ÎÍÀËÜÍÛÅ

ÎÒÍÎÑÈÒÅËÜÍÎ ÑÊÀËß�ÍÎ�Î Ï�ÎÈÇÂÅÄÅÍÈß

Ñ ÄÂÓÌß ÄÈÑÊ�ÅÒÍÛÌÈ ÒÎ×ÊÀÌÈ

1

Ì. �. Ìàãîìåä-Êàñóìîâ

(�îññèÿ, Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ; Ìàõà÷êàëà, ÄÔÈÖ �ÀÍ)

Ïóñòü â ïðîñòðàíñòâå W 1
L2 =W 1

L2[a,b], ñîñòîÿùåì èç àáñîëþòíî íåïðåðûâíûõ

�óíêöèé, ïðîèçâîäíûå êîòîðûõ ïðèíàäëåæàò L2 = L2[a, b], çàäàíî ñêàëÿðíîå

ïðîèçâåäåíèå

〈f, g〉S = f(a)g(a) + f(b)g(b) +

b∫

a

f ′(t)g′(t) dt. (1)

Ñèñòåìû �óíêöèé, îðòîãîíàëüíûå îòíîñèòåëüíî ñêàëÿðíûõ ïðîèçâåäåíèé âè-

äà (1), íî ñ îäíîé äèñêðåòíîé òî÷êîé, äåòàëüíî èññëåäîâàëèñü â ðàáîòàõ

È. È. Øàðàïóäèíîâà (ñì., íàïðèìåð, [1, 2℄). Â äàííîé ðàáîòå ìû ïåðåíåñåì íåêî-

òîðûå èç ðåçóëüòàòîâ, ïîëó÷åííûõ â óïîìÿíóòûõ ðàáîòàõ, íà ñëó÷àé ñêàëÿðíîãî

ïðîèçâåäåíèÿ (1).

Ïóñòü Φ = {ϕk}∞k=0 � ñèñòåìà �óíêöèé, çàäàííàÿ â ïðîñòðàíñòâå L2
. Íà

îñíîâå ýòîé ñèñòåìû îïðåäåëèì íîâóþ ñèñòåìó �óíêöèé Φ1 = {ϕ1,k}∞k=0 ñ ïîìî-

ùüþ �îðìóë:

ϕ1,0(x) =
1√
2
, (2)

ϕ1,1(x) =
1√

1 + 1
2J

2
0

(
− 1

2
J0 +

x∫

a

ϕ0(t) dt

)
, J0 =

b∫

a

ϕ0(t) dt, (3)

ϕ1,k(x) =

x∫

a

ϕk−1(t) dt, k > 2. (4)

Òåîðåìà 1. Åñëè ñèñòåìà �óíêöèé Φ îðòîíîðìèðîâàíà â L2
è äëÿ íåå âû-

ïîëíåíû óñëîâèÿ

b∫

a

ϕ0(t) dt 6= 0,

b∫

a

ϕk(t) dt = 0, k > 1, (5)

òî ñèñòåìà �óíêöèé Φ1, ïîðîæäåííàÿ �îðìóëàìè (2)�(4), áóäåò îðòîíîðìèðî-

âàíà îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (1).

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00477 ìîë_à.
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Óòâåðæäåíèå. Ïóñòü Φ = {ϕk}∞k=0 � ïîëíàÿ îðòîíîðìèðîâàííàÿ â L2
ñè-

ñòåìà �óíêöèé. Òîãäà óñëîâèÿ (5) âûïîëíåíû â òîì è òîëüêî â òîì ñëó÷àå, åñëè

ϕ0 = const ïî÷òè âñþäó.

Îòñþäà âûòåêàåò, ÷òî åñëè Φ = {ϕk}∞k=0 � ïîëíàÿ îðòîíîðìèðîâàííàÿ ñè-

ñòåìà â L2
, òî â ñèëó íîðìèðîâàííîñòè ϕ0(x) =

1√
b−a . Ñëåäîâàòåëüíî, äëÿ òàêèõ

ñèñòåì �îðìóëó (3) ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

ϕ1,1(x) =

(
x− a+ b

2

)
1

√
b− a

√
b−a
2 + 1

. (6)

Òåîðåìà 2. Ïóñòü Φ = {ϕk} � îðòîíîðìèðîâàííàÿ â L2
ñèñòåìà �óíêöèé,

ïðè÷åì ϕ0 = const = 1√
b−a . Ïóñòü Φ1 = {ϕ1,k} � ñèñòåìà, ïîðîæäåííàÿ �îðìó-

ëàìè (2)�(4). Åñëè Φ ïîëíà â L2
, òî Φ1 áóäåò ïîëíà â W

1
L2 .

�àññìîòðèì ðÿä Ôóðüå �óíêöèè f ∈ W 1
L2[a,b] ïî ñèñòåìå Φ1, ïîðîæäåííîé

ïîëíîé îðòîíîðìèðîâàííîé ñèñòåìîé Φ ïîñðåäñòâîì �îðìóë (2)�(4):

f(x) ∼
∞∑

k=0

c1,k(f)ϕ1,k(x), c1,k(f) = 〈f, ϕ1,k〉S .

Íåòðóäíî ïîêàçàòü, ÷òî

c1,0(f) =
f(a) + f(b)√

2
,

c1,1(f) = (f(b)− f(a))
(
b− a
2

+ 1

)
1

√
b− a

√
b−a
2 + 1

,

c1,k(f) =

b∫

a

f ′(t)ϕk−1(t) dt = 〈f ′, ϕk−1〉 = ck−1(f
′), k > 2. (7)

Îòñþäà, èñïîëüçóÿ (2) è (6), ìîæíî ïîëó÷èòü ñëåäóþùåå ïðåäñòàâëåíèå ðÿäà

Ôóðüå:

f(x) ∼ f(a) + f(b)

2
+
f(b)− f(a)

b− a

(
x− a− b− a

2

)
+

∞∑

k=2

c1,k(f)ϕ1,k(x).

×àñòè÷íûå ñóììû ðÿäà Ôóðüå áóäåì îáîçíà÷àòü ñèìâîëîì S1,n:

S1,n(f, x) =
f(a) + f(b)

2
+
f(b)− f(a)

b− a

(
x− a− b− a

2

)
+

n∑

k=2

c1,k(f)ϕ1,k(x).

Îòìåòèì íåêîòîðûå ñâîéñòâà ÷àñòè÷íûõ ñóìì.

1. Ñîâïàäåíèå íà êîíöàõ ñ ïðèáëèæàåìîé �óíêöèåé:

S1,n(f, a) = f(a), S1,n(f, b) = f(b), n > 2.
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2. Äè��åðåíöèàëüíîå ñâîéñòâî:

S′
1,n(f, x) = Sn−1(f

′, x).

Òåîðåìà 3. Åñëè Φ1 � ïîëíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà â W 1
L2 , òî äëÿ

ëþáîé �óíêöèè f ∈ W 1
L2 ðÿä Ôóðüå ýòîé �óíêöèè ïî ñèñòåìå Φ1 ðàâíîìåðíî

ñõîäèòñÿ ê ñàìîé �óíêöèè.

Ëèòåðàòóðà

1. Øàðàïóäèíîâ È. È. Îðòîãîíàëüíûå ïî Ñîáîëåâó ñèñòåìû �óíêöèé è íåêîòîðûå èõ

ïðèëîæåíèÿ // Óñïåõè ìàò. íàóê.�2019.�Ò. 74, � 4.�Ñ. 87�164.

2. Øàðàïóäèíîâ È. È. Ñèñòåìû �óíêöèé, îðòîãîíàëüíûå ïî Ñîáîëåâó, àññîöèèðîâàííûå

ñ îðòîãîíàëüíîé ñèñòåìîé // Èçâ. �ÀÍ. Ñåð. ìàòåìàòèêà.�2018.�Ò. 82, � 1.�Ñ. 225�258.

222



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

Ê�ÀÅÂÀß ÇÀÄÀ×À ÑÎ ÑÌÅÙÅÍÈÅÌ ÄËß ËÈÍÅÉÍÎ�Î

ÎÁÛÊÍÎÂÅÍÍÎ�Î ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î Ó�ÀÂÍÅÍÈß

Ñ Ï�ÎÈÇÂÎÄÍÎÉ �ÈÌÀÍÀ � ËÈÓÂÈËËß

Ñ ÇÀÏÀÇÄÛÂÀÞÙÈÌ À��ÓÌÅÍÒÎÌ

1

Ì. �. Ìàæãèõîâà

(�îññèÿ, Íàëü÷èê; ÈÏÌÀ ÊÁÍÖ �ÀÍ)

�àññìîòðèì óðàâíåíèå

Dα
0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

ãäå 1 < α 6 2, λ, µ � ïðîèçâîëüíûå ïîñòîÿííûå, τ � �èêñèðîâàííîå ïîëîæè-

òåëüíîå ÷èñëî, H(t) � �óíêöèÿ Õåâèñàéäà, Dα
0t � îïåðàòîð äðîáíîãî èíòåãðî-

äè��åðåíöèðîâàíèÿ â ñìûñëå �èìàíà � Ëèóâèëëÿ [1℄:

Dν
stg(t) =





sign (t−s)
Γ(−ν)

t∫
s

g(ξ) dξ
|t−ξ|ν+1 , ν < 0;

g(t), ν = 0;

sign

n(t− s) dndtnDν−n
st g(t), n− 1 < ν 6 n, n ∈ N.

Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u(t) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
óñëîâèÿì

lim
t→0

Dα−2
0t u(t) = c1, lim

t→1
Dα−2

0t u(t)− a lim
t→tk

n∑

k=1

Dα−2
0t u(t) = c2, (2)

ãäå c1, c2 � çàäàííûå ïîñòîÿííûå.

�àññìîòðèì �óíêöèþ

Wν(t) =Wν(t, τ ;λ, µ) =
∞∑

m=0

µm(t−mτ)αm+ν−1
+ Em+1

α,αm+ν

(
λ(t−mτ)α+

)
, ν ∈ R,

ãäå

Eρα,β(z) =

∞∑

k=0

(ρ)kz
k

Γ(αk + β)k!

� îáîáùåííàÿ �óíêöèÿ Ìèòòàã-Ëå��ëåðà [2℄, Γ(z) � ãàììà-�óíêöèÿ Ýéëåðà,

(ρ)k = Γ(ρ+k)
Γ(ρ) � ñèìâîë Ïîõãàììåðà,

(t−mτ)+ =

{
t−mτ, t−mτ > 0;

0, t−mτ 6 0.

1

�àáîòà ïóáëèêóåòñÿ â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñîîòâåòñòâèè

ñ Äîïîëíèòåëüíûì ñîãëàøåíèåì îò 07.07.2020 � 075-03-2020-239/2 ðååñòð � 248 ÊÁÊ

01104730290059611, ïî ïðîåêòó ¾Íåëèíåéíûå ñèíãóëÿðíûå èíòåãðî-äè��åðåíöèàëüíûå óðàâ-

íåíèÿ è êðàåâûå çàäà÷è¿.
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Â ðàáîòå ïîêàçàíî, ÷òî �óíêöèÿ

G(t, ξ) = H(t− ξ)Wα(t− ξ)−
Wα(t)

△

[
W2(1− ξ)− a

n∑

k=1

H(tk − ξ)W2(tk − ξ)
]
,

ãäå

△ =W2(1)− a
n∑

k=1

W2(tk) 6= 0, (3)

ÿâëÿåòñÿ �óíêöèåé �ðèíà èññëåäóåìîé çàäà÷è.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà. Ïóñòü f(t) ∈ L(0, 1) ∩C(0, 1) è âûïîëíåíî óñëîâèå (3). Òîãäà
1) ðåøåíèå çàäà÷è (1), (2) ñóùåñòâóåò è èìååò âèä

u(t) = −c1G(t, ξ)
∣∣
ξ=0

+ c2Gξ(t, ξ)
∣∣
ξ=1

+

1∫

0

f(ξ)G(t, ξ) dξ; (4)

2) ðåøåíèå çàäà÷è (1), (2) åäèíñòâåííî òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî
óñëîâèå (3).

Ëèòåðàòóðà

1. Íàõóøåâ À. Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå.�Ì.: Ôèçìàòëèò, 2003.�272 ñ.

2. Prabhakar T. R. A singular integral equation with a generalized Mittag-Le�er fun
tion in the

kernel // Yokohama Math. J.�1971.�Vol. 19.�P. 7�15.
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êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

�ÀÇ�ÀÁÎÒÊÀ Ñ�ÅÄÑÒÂ ÊÎÌÏÜÞÒÅ�ÍÎ�Î

ÌÎÄÅËÈ�ÎÂÀÍÈß Ï�ÎÖÅÑÑÎÂ, Ï�ÎÈÑÕÎÄßÙÈÕ

Â ÈÇÌÅËÜ×ÈÒÅËÜÍÎÌ ÎÁÎ�ÓÄÎÂÀÍÈÈ

1

Ä. �. Ìèíàñÿí (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),
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Áûëè èññëåäîâàíû ïðîöåññû ïðîèñõîäÿùèå â èçìåëü÷èòåëüíîì îáîðóäîâà-

íèè íà ïðèìåðå öåíòðîáåæíîé ìåëüíèöû âåðòèêàëüíîãî òèïà. Ïðîâåäåíî ìîäå-

ëèðîâàíèå ïðîöåññîâ ñ ïîìîùüþ äâóõ ðàçëè÷íûõ ìàòåìàòè÷åñêèõ ìîäåëåé �

êîíòèíóàëüíîé ìîäåëè, ïðåäñòàâëÿþùåé ñûïó÷óþ ñðåäó êàê íåíüþòîíîâñêóþ

æèäêîñòü, â êîòîðîé êîý��èöèåíò âÿçêîñòè çàâèñèò îò äàâëåíèÿ, à òàê æå, ñ èñ-

ïîëüçîâàíèåì ìåòîäà äèíàìèêè ÷àñòèö. Áûëà âûáðàíà íàèáîëåå ý��åêòèâíàÿ

ìîäåëü è ðàçðàáîòàíî ïðîãðàììíîå îáåñïå÷åíèå äëÿ êîìïüþòåðíîãî ìîäåëèðî-

âàíèÿ ïðîöåññîâ, ïðîèñõîäÿùèõ â èçìåëü÷èòåëüíîì îáîðóäîâàíèè.

Ïðåäñòàâëÿåòñÿ èíòåðåñíûì ïðîâåäåíèå ñðàâíåíèÿ äàííûõ äâóõ ìîäåëåé

è îïðåäåëåíèå ñ�åðû ïðèìåíåíèÿ è îñîáåííîñòè èñïîëüçîâàíèÿ äëÿ ðàçíûõ ìî-

äåëåé.

Ñ ýòîé öåëüþ áûëî ïðîâåäåíî ìîäåëèðîâàíèå äâèæåíèÿ ñûïó÷åé ñðåäû â öåí-

òðîáåæíîé ìåëüíèöå âåðòèêàëüíîãî òèïà ñ èñïîëüçîâàíèåì äâóõ ìîäåëåé.

Öèëèíäðè÷åñêèé êîðïóñ öåíòðîáåæíîé ìåëüíèöû íåïîäâèæåí è íà åãî ïî-

âåðõíîñòè, íà âñåé ïîâåðõíîñòè ðîòîðà çàäàâàëèñü óñëîâèÿ îòñóòñòâèÿ îòíîñè-

òåëüíîé ñêîðîñòè äâèæåíèÿ èçìåëü÷àåìîãî ìàòåðèàëà. Äëÿ ãèäðîäèíàìè÷åñêîé

ìîäåëè ïðèíèìàëîñü, ÷òî âåðõíÿÿ (ñâîáîäíàÿ) ïîâåðõíîñòü ñòîëáà èçìåëü÷àå-

ìîãî ìàòåðèàëà â êîðïóñå öåíòðîáåæíîé ìåëüíèöû ÿâëÿåòñÿ ãîðèçîíòàëüíîé,

÷òî ÿâëÿåòñÿ ñïðàâåäëèâûì ïðè áîëüøèõ âûñîòàõ çàñûïêè è íà íåé ñòàâèëîñü

óñëîâèå îòñóòñòâèÿ òðåíèÿ.

Äëÿ ïðèâÿçêè ðåçóëüòàòîâ ñ÷åòà ê êîíêðåòíîìó, ëåãêî ïðîâåðÿåìîìó â ëàáî-

ðàòîðíûõ óñëîâèÿõ, ñëó÷àþ áûë ïðîñ÷èòàí âàðèàíò ðàáîòû öåíòðîáåæíîé ìåëü-

íèöû ñ äèàìåòðîì ðîòîðà R = 0, 15ì ïðè ÷àñòîòå âðàùåíèÿ ðîòîðà 310ìèí

−1
,

âûñîòå ñòîëáà ìàòåðèàëà â êîðïóñå � 0,27ì, óñòàíîâêå â ïîëîñòè ðîòîðà òðåõ

ðàäèàëüíûõ ðåáåð è ðàçìåùåíèè â ðàáî÷åì ïðîñòðàíñòâå êîàêñèàëüíîãî êîëüöà.

Èñõîäÿ èç ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ìîæíî ñäåëàòü âûâîä, ÷òî äëÿ áîëåå

òî÷íîãî ìîäåëèðîâàíèÿ ïðîöåññîâ ïðîèñõîäÿùèõ ïðè áûñòðîì äâèæåíèè ñûïó-

÷åãî ìàòåðèàëà â èçìåëü÷èòåëüíîì îáîðóäîâàíèè ïðåäïî÷òèòåëüíåå èñïîëüçî-

âàòü ìîäåëü èñïîëüçóþùóþ ìåòîä äèñêðåòíîãî ýëåìåíòà. �èäðîäèíàìè÷åñêóþ

ìîäåëü öåëåñîîáðàçíî èñïîëüçîâàòü äëÿ ïðîâåäåíèÿ áîëüøîãî êîëè÷åñòâà ïîèñ-

êîâûõ ðàññâåòîâ èëè êàê ìîäåëü ïðåäèêàòîâ, êîòîðàÿ ïîçâîëèò áûñòðî çàäàòü

íà÷àëüíûå çíà÷åíèÿ ñêîðîñòè äëÿ ÷àñòèö â ìîäåëè èñïîëüçóþùåé ìåòîä äèñ-

êðåòíîãî ýëåìåíòà.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00476.
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Òàê æå áûëè ðàçðàáîòàíû ñðåäñòâà êîìïüþòåðíîãî ìîäåëèðîâàíèÿ íà áó-

çå ïàêåòà LIGGGHTS, êîòîðûå ïîçâîëÿþò çíà÷èòåëüíî óïðîñòèòü è óñêîðèòü

ïðîöåññ ìîäåëèðîâàíèÿ çà ñ÷åò ïðèìåíåíèÿ GUI. Â ïðîåêòå èñïîëüçîâàíà áèá-

ëèîòåêà VTK øèðîêî ïðèìåíÿåìàÿ äëÿ íàó÷íîé ãðà�èêè. Ïðîãðàììíûé êîì-

ïëåêñ ðàçðàáîòàí íà ÿçûêå Java è ìîæåò áûòü èñïîëüçîâàí íà êîìïüþòåðàõ ïîä

óïðàâëåíèåì ÎÑ Windows, Linux, Ma
OS.
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ÌÎÄÅËÈ ÄÂÈÆÅÍÈß ÎÁÂÀËÜÍÛÕ �Î�ÍÛÕ ÏÎ�ÎÄ
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Ñóùåñòâóåò äâà îñíîâíûõ ïîäõîäà ê ìîäåëèðîâàíèþ äâèæåíèÿ îáâàëüíûõ

ãîðíûõ ïîðîä. Ïåðâûé ïîäõîä � äèñêðåòíûé, ïðè êîòîðîì äâèæåíèå îáâàëüíîé

ìàññû ðàññìàòðèâàåòñÿ êàê äâèæåíèå ñîâîêóïíîñòè îáëîìêîâ (÷àñòèö), âçàèìî-

äåéñòâóþùèõ äðóã ñ äðóãîì è ñ ïîâåðõíîñòüþ ñêëîíà. Âòîðîé ïîäõîä � êîí-

òèíóàëüíûé, ïðè êîòîðîì îáâàëüíàÿ ìàññà ïðåäñòàâëÿåòñÿ â âèäå êîíòèíóóìà.

Õàðàêòåðèñòèêè êîíòèíóóìà òðàêòóþòñÿ êàê ìåñòíûå ñðåäíèå çíà÷åíèÿ ïàðà-

ìåòðîâ îáëîìêîâ.

Êàæäûé èç ïîäõîäîâ èìååò ñâîè ïðåèìóùåñòâà è íåäîñòàòêè. Äèñêðåòíûé

ïîäõîä �èçè÷åñêè áîëåå åñòåñòâåííûé äëÿ èìèòàöèè ïàäàþùèõ ïîðîä, íî ðå-

àëèçàöèÿ ìîäåëåé, îñíîâàííûõ íà òàêîì ïîäõîäå, òðåáóåò äîñòàòî÷íî ìîùíûõ

âû÷èñëèòåëüíûõ ðåñóðñîâ (â îòëè÷èå îò êîíòèíóàëüíîãî ïîäõîäà). Ìîäåëè íà îñ-

íîâå êîíòèíóàëüíîãî ïîäõîäà ïîçâîëÿþò ïîëó÷èòü ðàñ÷åòû áûñòðåå, ÷åì ìîäåëè

íà îñíîâå äèñêðåòíîãî ïîäõîäà (÷òî ÿâëÿåòñÿ ñóùåñòâåííûì ïðè ìîäåëèðîâàíèè

ðåàëüíûõ îáâàëîâ), íî ïðè ýòîì íåâîçìîæíî ïðîñëåäèòü òðàåêòîðèè äâèæåíèÿ

îòäåëüíî âçÿòûõ îáëîìêîâ.

Ñëåäóåò òàêæå îòìåòèòü, ÷òî íåêîòîðûå ìîäåëè íà îñíîâå êîíòèíóàëüíîãî

ïîäõîäà ó÷èòûâàþò ÷àñòè÷íîå îæèæåíèå îáëîìêîâ, êîòîðîå ìîæåò âîçíèêàòü

â ïðîöåññå èõ äâèæåíèÿ âäîëü ñêëîíà. Òàêèì îáðàçîì, ìîäåëè, îñíîâàííûå íà

äèñêðåòíîì è êîíòèíóàëüíîì ïîäõîäàõ èìåþò ñâîè îáëàñòè ïðèìåíåíèÿ. Áîëåå

ïîäðîáíîå èññëåäîâàíèå ìîäåëåé ïðåäñòàâëåíî â ðàáîòàõ [1�6℄.

Ëèòåðàòóðà

1. Êóñðàåâ À. �., Ìèíàñÿí Ä. �., Îðëîâà Í. Ñ., Ïàíòèëååâ Ä. �., Õóáåæòû Ø. Ñ. Âåðè�è-

êàöèÿ ìîäåëè îáâàëîâ, èñïîëüçóþùåé ìåòîä äèñêðåòíîãî ýëåìåíòà // �åîëîãèÿ è ãåî�è-

çèêà Þãà �îññèè.�2016.�� 4.�Ñ. 83�93.

2. Îðëîâà Í. Ñ., Âîëèê Ì. Â. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äâèæåíèÿ îáâàëîâ ñ èñïîëü-

çîâàíèåì êîíòèíóàëüíîãî ïîäõîäà // Èçâ. âóçîâ. Ñåâ.-Êàâê. ðåãèîí. Åñòåñòâ. íàóêè.�

2016.�� 3.�Ñ. 20�24.

3. Îðëîâà Í. Ñ., Âîëèê Ì. Â. Èññëåäîâàíèå âëèÿíèÿ ãðàíè÷íûõ óñëîâèé íà ðåçóëüòàòû

ìîäåëèðîâàíèÿ äâèæåíèÿ îáâàëîâ // Ïðîöåññû â ãåîñðåäàõ.�2017.�� 4.�Ñ. 693�699.

4. Îðëîâà Í. Ñ., Êàìåíåöêèé Å. Ñ. Âåðè�èêàöèÿ ìîäåëè ãîðíûõ îáâàëîâ íà îñíîâå êîí-

òèíóàëüíîãî ïîäõîäà // Óñòîé÷èâîå ðàçâèòèå ãîðíûõ òåððèòîðèé.�2018.�� 1.�Ñ. 7�13.

5. Îðëîâà Í. Ñ. Èññëåäîâàíèå âëèÿíèÿ êîý��èöèåíòà âîññòàíîâëåíèÿ íà ðåçóëüòàòû ìî-

äåëèðîâàíèÿ îáâàëîâ // Ïðîöåññû â ãåîñðåäàõ.�2018.�� 3.�Ñ. 1037�1041.

6. Orlova N. S., Volik M. V. Study of falling ro
ks using dis
rete element method // Pro
esses

in GeoMedia. Springer Geology.�2020.�Vol. 1.�P. 75�82.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 16-35-00147.

227



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)
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Â ãîðíûõ ðàéîíàõ Ñåâåðíîãî Êàâêàçà âåäåòñÿ àêòèâíàÿ ïðîìûøëåííàÿ è õî-

çÿéñòâåííàÿ äåÿòåëüíîñòü, äîáûâàþòñÿ ýíåðãèÿ è ìèíåðàëüíûå ðåñóðñû, ýêñ-

ïëóàòèðóþòñÿ òðàíñïîðòíûå àðòåðèè, ïðîâîäèòñÿ ñàíàòîðíî-êóðîðòíîå ëå÷åíèå.

Â õîäå îñâîåíèÿ ãîðíûõ òåððèòîðèé âîçíèêàþò ðàçíîãî ðîäà èñòî÷íèêè çàãðÿç-

íåíèÿ, â âèäå îòâàëîâ ïîðîäû, âûáðîñîâ àýðîçîëåé, ïûëè è âðåäíûõ âåùåñòâ.

Îïðåäåëåíèå òåêóùåãî è äîëãîâðåìåííîãî âëèÿíèÿ âðåäíûõ �àêòîðîâ, ñîñòîÿ-

íèÿ êëèìàòè÷åñêèõ çîí è ïðîãíîçèðîâàíèå èçìåíåíèé ÿâëÿåòñÿ àêòóàëüíîé íà-

ó÷íîé çàäà÷åé.

Äëÿ òðåõìåðíîãî ìîäåëèðîâàíèÿ âû÷èñëèòåëüíûå ìîäåëè çàãðÿçíåíèÿ âáëè-

çè Óíàëüñêîãî è Ôèàãäîíñêîãî õâîñòîõðàíèëèù ñòðîèëèñü íà îñíîâàíèè ãåîäàí-

íûõ äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè êîñìè÷åñêîé ïðîãðàììû Spa
e Shuttle,

êîòîðûå íàõîäÿòñÿ â íàñòîÿùåå âðåìÿ â îòêðûòîì äîñòóïå. Ïðîâåäåíî îïðåäå-

ëåíèå ðàéîíà èññëåäîâàíèé, ïîëó÷åíèå ãåîäàííûõ ñ èí�îðìàöèîííîãî ñåðâèñà

â âèäå ãðà�è÷åñêîãî �àéëà, äåêîäèðîâàíèå è ïðåîáðàçîâàíèå äàííûõ î âûñî-

òàõ â �îðìàò ñòåðåîëèòîãðà�èè ñ èñïîëüçîâàíèåì ïðîãðàììíîãî îáåñïå÷åíèÿ

heightmap2stl, Meshmixer. Ïîñòðîåíèå ñåòêè è ïðèñîåäèíåíèå ê âû÷èñëèòåëüíîé

ìîäåëè âûïîëíåíî ñ èñïîëüçîâàíèåì èíñòðóìåíòîâ blo
kMesh è snappyHexMesh

èç êîìïëåêñà ïðîãðàììíûõ ñðåäñòâ OpenFOAM.

Äëÿ îöåíêè âðåäíîãî âîçäåéñòâèÿ ïûëè õâîñòîõðàíèëèùà íà ýêîëîãèþ, íåîá-

õîäèìî çíàòü ðàñïðåäåëåíèå ÇÂ íà ñêëîíàõ àëàãèðñêîãî óùåëüÿ ïî âñåé åãî ïðî-

òÿæåííîñòè. Ñîçäàíèå ìîäåëè, òî÷íî ó÷èòûâàþùåé áîëüøîå ðàçíîîáðàçèå àòìî-

ñ�åðíûõ óñëîâèé (íàïðàâëåíèå è ñèëà âåòðà, òåìïåðàòóðà, âëàæíîñòü, îáëà÷íûé

ïîêðîâ) â ãîðíîé àòìîñ�åðå çàäà÷à âåñüìà òðóäîåìêàÿ. Â óïðîùåííóþ ìîäåëü

âêëþ÷àëèñü ðåãèîíàëüíûå òîïîãðà�è÷åñêèå îñîáåííîñòè è õàðàêòåðíûå ðîçû

âåòðîâ, ïîëó÷åííûå èç äàííûõ ñïóòíèêîâûõ ãðóïïèðîâîê NASA ÈÑÇ GOES,

METEOSAT, EOS Terra/Aqua -AVHRR/MODIS. Ïðåäñòàâëåíèå î ïðèáëèçèòåëü-

íîì çíà÷åíèè êîíöåíòðàöèè ÇÂ â êàæäîé òî÷êå ñêëîíîâ óùåëüÿ ìîæíî ïîëó÷èòü

ïîñëå íîðìèðîâêè íà íàáëþäàåìûå â ïîëåâûõ óñëîâèÿõ çíà÷åíèÿ ÇÂ.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÂÎËÍÎÂÛÕ Ï�ÎÖÅÑÑÎÂ

Â ÒÎÏÎ��ÀÔÈ×ÅÑÊÎÌ ÂÎËÍÎÂÎÄÅ

Ñ Ó×ÅÒÎÌ ÇÀÒÓÕÀÍÈß

1

Ë. È. Ïàðèíîâà

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

�åçóëüòàòû èññëåäîâàíèÿ îñîáåííîñòåé ðàñïðîñòðàíåíèÿ àêóñòè÷åñêèõ âîëí,

âîçíèêàþùèõ â ïðîòÿæåííûõ êëèíîâèäíûõ ñòðóêòóðàõ, àêòóàëüíû äëÿ óñîâåð-

øåíñòâîâàíèÿ ðàáîòû �èëüòðîâ è ëèíèé çàäåðæêè. Èçó÷åíèå èçìåíåíèÿ ñêîðî-

ñòè àêóñòè÷åñêîé âîëíû â çàâèñèìîñòè îò óãëà ðàñòâîðà êëèíà èìååò ïðàêòè-

÷åñêîå ïðèìåíåíèå äëÿ ðàçðàáîòêè íîâûõ ìåòîäîâ íåðàçðóøàþùåãî êîíòðîëÿ,

à òàêæå äëÿ äå�åêòîñêîïèè è ñåéñìîëîãèè. Îòìåòèì, ÷òî â ðåàëüíûõ òîïîãðà-

�è÷åñêèõ ñòðóêòóðàõ èìååò ìåñòî çàòóõàíèå, êîòîðîå â íàñòîÿùåì ñîîáùåíèè

ìîäåëèðóåòñÿ â ðàìêàõ ìîäåëè ëèíåéíîé âÿçêîóïðóãîñòè è êîíöåïöèè êîìïëåêñ-

íûõ ìîäóëåé äëÿ ñòàíäàðòíîãî âÿçêîóïðóãîãî òåëà.

Â ïðåäñòàâëåííîì èññëåäîâàíèè èçó÷àþòñÿ îñîáåííîñòè ðàñïðîñòðàíåíèÿ

âîëíîâûõ ïðîöåññîâ ñ ó÷åòîì çàòóõàíèÿ. �àññìàòðèâàåòñÿ îãðàíè÷åííûé ïî âû-

ñîòå âÿçêîóïðóãèé êëèí ñ òðåóãîëüíûì ïîïåðå÷íûì ñå÷åíèåì è æåñòêî çàùåì-

ëåííûé ïî îñíîâàíèþ. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïðîâîäÿòñÿ â ïðåäïîëî-

æåíèè, ÷òî òîïîãðà�è÷åñêèé ïëàñòèí÷àòûé âîëíîâîä èìååò ìàëûé óãîë ðàñ-

êðûâà. Äëÿ îïðåäåëåíèÿ îñîáåííîñòåé çàòóõàíèÿ ïîâåðõíîñòíûõ àêóñòè÷åñêèõ

âîëí ââîäÿòñÿ êîìïëåêñíûå ìîäóëè.

Ïðè èññëåäîâàíèè ñòðóêòóðû âîëíîâûõ ïîëåé ïðèíèìàåòñÿ âî âíèìàíèå, ÷òî

êîëåáàíèÿ ïðîòÿæåííûõ ñòðóêòóð ðàçäåëÿþòñÿ íà ñèììåòðè÷íûå è àíòèñèì-

ìåòðè÷íûå, íî äëÿ ñèììåòðè÷íîãî ñëó÷àÿ îòñóòñòâóþò èçó÷àåìûå òèïû äâèæå-

íèé. Ïîýòîìó ó÷èòûâàåòñÿ àíòèñèììåòðè÷íîñòü è ïîñëå ïåðåõîäà îò òðåõìåðíîé

ìîäåëè ê ïëîñêîìó ñëó÷àþ ïóòåì îòûñêàíèÿ ïëîñêèõ âîëí ââîäÿòñÿ ãèïîòåçû

÷åòíîñòè-íå÷åòíîñòè ïî îäíîé èç êîîðäèíàò.

Âîëíîâûå ïðîöåññû, âîçíèêàþùèå â âÿçêîóïðóãîì îðòîòðîïíîì òîïîãðà-

�è÷åñêîì âîëíîâîäå, èçó÷àþòñÿ â ðàìêàõ ìîäåëè ïëàñòèíû ïåðåìåííîé æåñò-

êîñòè. Ââåäåíû ãèïîòåçû î ñòðóêòóðå ïîëåé, àíàëîãè÷íûå ãèïîòåçàì Êèðõãî-

�à â òåîðèè ïëàñòèí. Ñ èñïîëüçîâàíèåì âàðèàöèîííîãî ïðèíöèïà �àìèëüòîíà-

Îñòðîãðàäñêîãî �îðìèðóåòñÿ óïðîùåííûé �óíêöèîíàë, ñòàöèîíàðíîå çíà÷åíèå

êîòîðîãî íàõîäèòñÿ ïðè ïîìîùè ïðèáëèæåííîãî ìåòîäà �èòöà. Ââåäåíû êîîðäè-

íàòíûå �óíêöèè, óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì íà çàùåìëåííîé ãðàíè

âîëíîâîäà. Èçó÷åíà ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé â çàâèñèìîñòè îò ÷èñëà

êîîðäèíàòíûõ �óíêöèé.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 19-31-90079.
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Ïîñòðîåíà ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ êîìïëåêñíûìè êî-

ý��èöèåíòàìè, ðàâåíñòâî íóëþ îïðåäåëèòåëÿ êîòîðîé äàåò êîìïëåêñíîå äèñ-

ïåðñèîííîå ìíîæåñòâî. �àçðàáîòàíû âû÷èñëèòåëüíûå êîìïëåêñû, ïðè ïîìîùè

êîòîðûõ îïðåäåëÿþòñÿ �àçîâûå ñêîðîñòè è êîý��èöèåíòû çàòóõàíèÿ äëÿ ðÿäà

ìàòåðèàëîâ, ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

Àâòîð áëàãîäàðèò íàó÷íîãî ðóêîâîäèòåëÿ À. Î. Âàòóëüÿíà çà âíèìàíèå ê ðàáîòå.
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êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÀÑÈÌÏÒÎÒÈÊÀ ÑÏÅÊÒ�À ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î

ÎÏÅ�ÀÒÎ�À Ò�ÅÒÜÅ�Î ÏÎ�ßÄÊÀ

1

Ä. Ì. Ïîëÿêîâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Ïóñòü L2[0, ω] = L2([0, ω],C). Íàñòîÿùèé äîêëàä ïîñâÿùåí îïèñàíèþ àñèìï-

òîòèêè ñîáñòâåííûõ çíà÷åíèé äè��åðåíöèàëüíîãî îïåðàòîðà òðåòüåãî ïîðÿäêà

Lθ : D(Lθ) ⊂ L2[0, ω] → L2[0, ω], θ ∈ [0, 1], êîòîðûé îïðåäåëÿåòñÿ ñëåäóþùèì

äè��åðåíöèàëüíûì âûðàæåíèåì:

l(y) = iy(3)(t)− ia(t)y′(t)− b(t)y(t),

ãäå êîý��èöèåíòû a, b ÿâëÿþòñÿ êîìïëåêñíîçíà÷íûìè è ïðèíàäëåæàò L2[0, ω].
Îáëàñòü îïðåäåëåíèÿ D(Lθ) = {y : y ∈ W 3

2 ([0, ω],C)} çàäàåòñÿ êâàçèïåðèîäè÷å-

ñêèìè êðàåâûìè óñëîâèÿìè

y(j)(0) = eiπθy(j)(ω), θ ∈ [0, 1], j = 0, 1, 2.

Îòìåòèì, ÷òî ïðè θ = 0 êðàåâûå óñëîâèÿ áóäóò ïåðèîäè÷åñêèìè, à ïðè θ = 1 �
àíòèïåðèîäè÷åñêèìè.

Èíòåðåñ ê èçó÷åíèþ äàííîãî îïåðàòîðà ñâÿçàí ñ òåì, ÷òî îí âîçíèêàåò â ðàç-

ëè÷íûõ çàäà÷àõ ìåõàíèêè è �èçèêè. Â ÷àñòíîñòè, ïðè èññëåäîâàíèè ìîäåëåé

ïîòîêà òîíêîé ïëåíêè âÿçêîé æèäêîñòè èëè ìîäåëåé êîëåáàíèÿ ýëàñòè÷íîé áàë-

êè [1℄. Êðîìå òîãî, îïåðàòîðû òðåòüåãî ïîðÿäêà âîçíèêàþò â ìåòîäå îáðàòíîé

çàäà÷è èíòåãðèðîâàíèÿ íåëèíåéíîãî ýâîëþöèîííîãî óðàâíåíèÿ Áóññèíåñêà [2℄.

Ñïåêòðàëüíûé àíàëèç âåùåñòâåííîãî ñàìîñîïðÿæåííîãî îïåðàòîðà òðåòüåãî ïî-

ðÿäêà ñ íåãëàäêèìè êîý��èöèåíòàìè áûë ðàíåå ïðîâåäåí â [3℄.

Äëÿ èññëåäîâàíèÿ îïåðàòîðà Lθ ïðèìåíÿåòñÿ íîâàÿ òåõíèêà, êîòîðàÿ ðàçâè-
âàåò èäåè èç [4℄ è [5℄. Ýòà òåõíèêà ïîçâîëÿåò óòî÷íèòü, à â ðÿäå ñëó÷àåâ óñèëèòü,

èçâåñòíóþ ðàíåå àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé [6℄.

Òåîðåìà 1. Äè��åðåíöèàëüíûé îïåðàòîð Lθ, θ ∈ [0, 1], ÿâëÿåòñÿ îïåðàòî-

ðîì ñ äèñêðåòíûì ñïåêòðîì. Áîëåå òîãî, íàéäåòñÿ òàêîå äîñòàòî÷íî áîëüøîå

÷èñëî m ∈ Z+, ÷òî ñïåêòð îïåðàòîðà Lθ ïðåäñòàâèì â âèäå

σ(Lθ) = σ(m) ∪
{
λ̃n,θ, |n| > m+ 1

}
, (1)

ãäå σ(m) � êîíå÷íîå ìíîæåñòâî ñ ÷èñëîì òî÷åê íå ïðåâîñõîäÿùèì 2m+ 1. Ñîá-

ñòâåííûå çíà÷åíèÿ λ̃n,θ ÿâëÿþòñÿ ïðîñòûìè è äîïóñêàþò ñëåäóþùóþ àñèìïòî-

òèêó:

λ̃n,θ =
π3(2n+ θ)3

ω3
+
π(2n + θ)

ω2

ω∫

0

a(t) dt− 1

ω

ω∫

0

b(t) dt−

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00205.

231



− 1

8π

( ω∫

0

a(t)(a ∗ hn)(t) dt− h0n

)
− 1

2iπ
√
3

( ω∫

0

a(t)(a ∗ h̃n)(t) dt − h̃0n

)
+

+
ω

6π2(2n + θ)

(
12√
3

ω∫

0

a(t)(b ∗ gn)(t) dt+
ω∫

0

a(t)(b ∗ fn)(t) dt+

+

ω∫

0

(a ∗ fn)(t)b(t) dt − g0n − 2f0n

)
+ O(n−2), |n| > m+ 1,

ãäå

fn(t) = −iπ
(
2t

ω
+ e−πvt/ω − eπv(t/ω−1)

)
,

gn(t) =
π

2

(
eπvi(i−

√
3)t/(2ω) + eπvi(i+

√
3)(−t/(2ω)+1/2)

)
,

hn(t) = −
i4πt

3ω

(
2− (1− i

√
3)ei2παt/ω − (i

√
3 + 1)e−i2πβt/ω

)
,

h̃n(t) =
i2πt

ω

(
e−i2πβt/ω − ei2παt/ω

)
,

α =
i
√
3− 3

4
(2n+ θ), β =

i
√
3 + 3

4
(2n + θ), v =

√
3(2n+ θ),

è f0n, g
0
n, h

0
n, h̃

0
n � ñðåäíèå çíà÷åíèÿ �óíêöèé a ∗ (b ∗ fn), a ∗ (b ∗ gn), a ∗ (a ∗ hn),

a ∗ (a ∗ h̃n), ñîîòâåòñòâåííî:

f0n =

ω∫

0

(a ∗ (b ∗ fn))(t) dt, g0n =

ω∫

0

(a ∗ (b ∗ gn))(t) dt,

h0n =

ω∫

0

(a ∗ (a ∗ hn))(t) dt, h̃0n =

ω∫

0

(a ∗ (a ∗ h̃n))(t) dt.
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Î ÍÓËßÕ ÀÍÀËÈÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

ÈÇ ÊËÀÑÑÎÂ È. È. Ï�ÈÂÀËÎÂÀ

1

Å. �. �îäèêîâà

(�îññèÿ, Áðÿíñê; Á�Ó èì. È. �. Ïåòðîâñêîãî)

Ïóñòü C � êîìïëåêñíàÿ ïëîñêîñòü, D � åäèíè÷íûé êðóã íà C, H(D) � ìíî-

æåñòâî âñåõ �óíêöèé, àíàëèòè÷åñêèõ â D, Zf � ìíîæåñòâî âñåõ íóëåé íåòðèâè-

àëüíîé �óíêöèè f ∈ H(D), n(r) = 
ard {zk : |zk| < r < 1}.
Ïðè âñåõ 0 < q < +∞ îïðåäåëèì êëàññ Ïðèâàëîâà Πq (ñì. [1℄):

Πq =

{
f ∈ H(D) : sup

0<r<1

1

2π

π∫

−π

(
ln+

∣∣f
(
reiθ

)∣∣
)q
dθ < +∞

}
.

Îòìåòèì, ÷òî êëàññû Πq âïåðâûå áûëè ðàññìîòðåíû È. È. Ïðèâàëîâûì â [1℄.

Ïðè q = 1 êëàññ Ïðèâàëîâà ñîâïàäàåò ñ õîðîøî èçâåñòíûì â íàó÷íîé ëèòåðàòóðå

êëàññîì �óíêöèé îãðàíè÷åííîãî âèäà èëè êëàññîì �. Íåâàíëèííû N (ñì. [2℄).

Çàäà÷à õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ �óíêöèé ðàçëè÷íûõ êëàññîâ

àíàëèòè÷åñêèõ �óíêöèé íåîäíîêðàòíî ïîäíèìàëàñü â ðàáîòàõ ñïåöèàëèñòîâ

â îáëàñòè êîìïëåêñíîãî àíàëèçà. Â ÷àñòíîñòè, â ðàáîòàõ àâòîðà [3, 4℄. Äàí-

íàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íóëåâûõ ìíîæåñòâ êëàññà È. È. Ïðèâàëîâà

â êðóãå. Ïðè 1 6 q < +∞ ñïðàâåäëèâî âêëþ÷åíèå Πq ⊆ N , ãäå N � êëàññ

�óíêöèé îãðàíè÷åííîãî âèäà, è èç ñâîéñòâ ïðîèçâåäåíèÿ Áëÿøêå

B(z, zk) =

+∞∏

k=1

z̄k
|zk|

zk − z
1− z̄kz

ñëåäóåò, ÷òî êîðíåâûå ìíîæåñòâà õàðàêòåðèçóþòñÿ õîðîøî èçâåñòíûì óñëîâèåì

Áëÿøêå

+∞∑

k=1

(1− |zk|) < +∞. (1)

Îäíàêî ïðè 0 < q < 1 óñëîâèå Áëÿøêå óæå íå ÿâëÿåòñÿ íåîáõîäèìûì, áîëåå òîãî,
íóëåâûå ìíîæåñòâà êëàññîâ Πq, 0 < q < 1, ñóùåñòâåííî çàâèñÿò îò çíà÷åíèÿ

ïàðàìåòðà q, êàê âïåðâûå áûëî óñòàíîâëåíî â ðàáîòå Ô. À. Øàìîÿíà è åãî

ñîàâòîðîâ [5℄. Â äàëüíåéøåì, â ðàáîòàõ [6℄ è [7℄ ýòîò ðåçóëüòàò áûë óòî÷íåí.

Â ÷àñòíîñòè, â íåäàâíåé ðàáîòå [7℄ Ô. À. Øàìîÿíîì áûë ïîëó÷åí ñëåäóþùèé

èíòåðåñíûé ðåçóëüòàò.

Òåîðåìà Ø. Ïóñòü {zk} ⊂ D, 0 < q < 1. Åñëè {zk} = Zf äëÿ íåêîòîðîé

f ∈ Πq , òî

n(r) 6
1

(1− r)1/q .

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00180.
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Îáðàòíî, åñëè òî÷êè ïîñëåäîâàòåëüíîñòè {zk} ⊂ D ðàñïîëîæåíû â êîíå÷íîì

÷èñëå óãëîâ Øòîëüöà è

1∫

0

nq(r) dr < +∞, (2)

òî ìîæíî ïîñòðîèòü �óíêöèþ g ∈ Πq òàêóþ, ÷òî Zg = {zk}.
Íàïîìíèì îïðåäåëåíèå:

Îïðåäåëåíèå. Óãëîì Øòîëüöà Γδ(θ) ñ âåðøèíîé â òî÷êå eiθ íàçûâàåòñÿ
óãîë ðàñòâîðà πδ, 0 < δ < 1, áèññåêòðèñà êîòîðîãî ñîâïàäàåò ñ îòðåçêîì reiθ,
0 6 r < 1.

Íàì óäàëîñü óòî÷íèòü íåîáõîäèìîå óñëîâèå òåîðåìûØ ñëåäóþùèì îáðàçîì.

Òåîðåìà 1. Ïóñòü {zk} ⊂ D, 0 < q < 1. Åñëè {zk} = Zf äëÿ íåêîòîðîé

f ∈ Πq , òî
1∫

0

nq(r) dr < +∞.

Òàêèì îáðàçîì, â òåîðåìå 1 óñòàíîâëåíî, ÷òî äîñòàòî÷íîå óñëîâèå íà íóëè,

ðàñïîëîæåííûå â óãëàõ Øòîëüöà, íàéäåííîå Ô. À. Øàìîÿíîì, ÿâëÿåòñÿ òàêæå

è íåîáõîäèìûì. Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå òåîðåìû 1 èñïîëüçîâàëàñü

Òåîðåìà Ì [8℄. Åñëè f ∈ Πq , 0 < q < 1, òî

ln+M(r, f) = o
(
(1− r)−1/q

)
, r → 1− 0, (3)

ãäå M(r, f) = max|z|=r |f(z)|.
Îáúåäèíÿÿ âîåäèíî ðåçóëüòàòû òåîðåì Ø è 1, ïîëó÷èì ñëåäóþùåå óòâåð-

æäåíèå.

Òåîðåìà 2. Ïóñòü {zk} � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü òî÷åê, ñîäåðæà-

ùàÿñÿ â êîíå÷íîì ÷èñëå óãëîâ Øòîëüöà â åäèíè÷íîì êðóãå, 0 < q < 1. Äëÿ òîãî
÷òîáû {zk} = Zf äëÿ íåêîòîðîé íåòðèâèàëüíîé f ∈ Πq, íåîáõîäèìî è äîñòàòî÷íî

÷òîáû

∫ 1
0 n

q(r) dr < +∞.

Îäíàêî óéòè ïðè äîêàçàòåëüñòâå äîñòàòî÷íîñòè îò òðåáîâàíèÿ ïðèíàäëåæ-

íîñòè êîðíåé óãëàì Øòîëüöà ïîêà íå óäàëîñü. Òàêèì îáðàçîì, ïðîáëåìà ïîëíîé

õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ �óíêöèé èç êëàññà È. È. Ïðèâàëîâà â êðóãå

ïîêà îñòàåòñÿ îòêðûòîé.
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�ÅÊÓ��ÅÍÒÍÛÅ ÔÎ�ÌÓËÛ ÄËß Î�ÒÎ�ÎÍÀËÜÍÛÕ

ÏÎ ÑÎÁÎËÅÂÓ ÏÎËÈÍÎÌÎÂ, ÏÎ�ÎÆÄÅÍÍÛÕ

ÊËÀÑÑÈ×ÅÑÊÈÌÈ Î�ÒÎ�ÎÍÀËÜÍÛÌÈ ÏÎËÈÍÎÌÀÌÈ

ÄÈÑÊ�ÅÒÍÎÉ ÏÅ�ÅÌÅÍÍÎÉ

Ì. Ñ. Ñóëòàíàõìåäîâ

(�îññèÿ, Ìàõà÷êàëà; ÄÔÈÖ �ÀÍ)

Õîðîøî èçâåñòíî, ÷òî ðåêóððåíòíûå ñîîòíîøåíèÿ ÿâëÿþòñÿ îäíèì èç êëþ-

÷åâûõ ñâîéñòâ êëàññè÷åñêèõ îðòîãîíàëüíûõ ïîëèíîìîâ. Îíè èñïîëüçóþòñÿ â èñ-

ñëåäîâàíèè ðàçëè÷íûõ ñâîéñòâ ñèñòåì îðòîãîíàëüíûõ ïîëèíîìîâ, à òàêæå äëÿ

âû÷èñëåíèÿ çíà÷åíèé ïîëèíîìîâ â ïðîèçâîëüíî çàäàííîé òî÷êå.

Â ðàáîòå [1℄ àâòîðîì áûëè óñòàíîâëåíû ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ïî-

ëèíîìîâ, ïîðîæäåííûõ êëàññè÷åñêèìè îðòîãîíàëüíûìè ïîëèíîìàìè è îðòîãî-

íàëüíûõ â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ òèïà Ñîáîëåâà âèäà

〈f, g〉sob =
r−1∑

ν=0

f (ν)(a)g(ν)(a) +

b∫

a

f (r)(t)g(r)(t)ω(t) dt,

ãäå ω(t) � âåñîâàÿ �óíêöèÿ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ äèñêðåòíûé àíàëîã óêàçàííûõ ïîëèíî-

ìîâ, à èìåííî ïîëèíîìû, ïîðîæäåííûå êëàññè÷åñêèìè îðòîãîíàëüíûìè ïîëè-

íîìàìè äèñêðåòíîé ïåðåìåííîé è îðòîãîíàëüíûõ â ñìûñëå ñêàëÿðíîãî ïðîèçâå-

äåíèÿ òèïà Ñîáîëåâà âèäà

〈f, g〉 =
r−1∑

ν=0

△νf(0)△νg(0) +
∑

t∈Ω
△rf(t)△rg(t)ω(t), (1)

ãäå Ω = {0, 1, 2, . . .} � äèñêðåòíàÿ ñåòêà, à △f(t) = f(t + 1) − f(t) � îïåðàòîð

êîíå÷íîé ðàçíîñòè, äëÿ êîòîðîãî △k+1f(t) = △(△kf(t)).
Îáîçíà÷èì ÷åðåç {ψn}∞n=0 ñèñòåìó ïîëèíîìîâ, îðòîíîðìèðîâàííûõ â ïðî-

ñòðàíñòâå lp,ω(Ω) �óíêöèé f(x), çàäàííûõ íà Ω, äëÿ êîòîðûõ

∑

t∈Ω
|f(t)|p ω(t) dx <∞.

Äðóãèìè ñëîâàìè, ñïðàâåäëèâî ðàâåíñòâî

(ψn, ψm) = 〈ψn, ψm〉l2,ω(Ω) =
∑

t∈Ω
ψn(t)ψm(t)ω(t) dt = δn,m,

ãäå δn,m � ñèìâîë Êðîíåêåðà.
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�àññìîòðèì íîâóþ ñèñòåìó ïîëèíîìîâ {ψr,n(x)}, çàäàííûõ ñëåäóþùèìè ðà-
âåíñòâàìè:

ψr,n(x) =
x[n]

n!
, n = 0, 1, . . . , r − 1, (2)

ψr,n(x) =





1
(r−1)!

x−r∑
t=0

(x− 1− t)[r−1] ψn−r(t), x > r

0, x < r



 , n > r, (3)

ãäå a[k] = a(a− 1) · · · (a− k + 1), a[0] = 1.
Ïðè ýòîì ìû óñëîâèìñÿ ñ÷èòàòü, ÷òî ψ0,n(x) = ψn(x).
Â ðàáîòå [2℄ ïîêàçàíî, ÷òî ñèñòåìà {ψr,n(x)} ÿâëÿåòñÿ îðòîãîíàëüíîé â ñìûñ-

ëå ñêàëÿðíîãî ïðîèçâåäåíèÿ (1) è ïîëíîé â ïðîñòðàíñòâå W r
lω
⊂ lω, ñîñòîÿùåì

èç äèñêðåòíûõ �óíêöèé, äëÿ êîòîðûõ ñêàëÿðíîå ïðîèçâåäåíèå (1) èìååò ñìûñë.

Ïîëîæèì òåïåðü {ψn}∞n=0 îäíîé èç ñèñòåì êëàññè÷åñêèõ îðòîãîíàëüíûõ ïî-

ëèíîìîâ äèñêðåòíîé ïåðåìåííîé. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òðåõ÷ëåííàÿ

ðåêóððåíòíàÿ �îðìóëà:

ψn(x) = (Anx+Bn)ψn−1(x) + Cnψn−2(x), n = 2, 3, . . . (4)

Íàìè äîêàçàíî ñëåäóþùåå óòâåðæäåíèå, óñòàíàâëèâàþùåå ðåêóððåíòíûå ñî-

îòíîøåíèÿ äëÿ ïîëèíîìîâ, îðòîãîíàëüíûõ ïî Ñîáîëåâó è ïîðîæäåííûõ êëàññè-

÷åñêèìè îðòîãîíàëüíûìè ïîëèíîìàìè äèñêðåòíîé ïåðåìåííîé.

Òåîðåìà 1. Ïðè r > 1 äëÿ ñèñòåìû ïîëèíîìîâ {ψr,n}∞n=0, îðòîãîíàëüíûõ â

ñìûñëå (1) è ïîðîæäåííûõ ñèñòåìîé îðòîãîíàëüíûõ ïîëèíîìîâ {ψn}∞n=0, èìåþò

ìåñòî ñëåäóþùèå ðåêóððåíòíûå �îðìóëû

ψr,0(x) = 1, ψr,n(x) =
x− n+ 1

n
ψr,n−1(x), n = 1, 2, . . . , r − 1;

ψ0,0(x) = ψ0, ψr+1,r+1(x) =
2x− r
r

ψr,r(x)−
(
x+ 1

r + 1

)
ψ0 =

=

[
x− r
r
− pψ1

rkψ1

]
ψr,r(x) +

ψ0

rkψ1
ψr,r+1(x), r = 1, 2, . . . ,

Anrψr+1,r+n(x) = [An(x− r) +Bn]ψr,r+n−1(x)+

+ Cnψr,r+n−2(x)− ψr,r+n(x), n > 2,

ãäå kψ1 è pψ1 � êîý��èöèåíòû ïîëèíîìà ïåðâîé ñòåïåíè ψ1(t) = kψ1 t+ pψ1 , à An,
Bn è Cn èìåþò òîò æå ñìûñë, ÷òî è â (4).

Çàìå÷àíèå 1. �åêóððåíòíûå ñîîòíîøåíèÿ äëÿ ïîëèíîìîâ ψ1,n+1(x), n > 1,
äëÿ êàæäîé êîíêðåòíîé ñèñòåìû íåîáõîäèìî óñòàíàâëèâàòü, îòäåëüíî èñïîëüçóÿ

ñïåöèàëüíûå ñâîéñòâà èñõîäíîé îðòîãîíàëüíîé ñèñòåìû {ψn}∞n=0.

Ëèòåðàòóðà

1. Sultanakhmedov M. S. Re
urren
e Relations for Sobolev Orthogonal Polynomials // Probl.

Anal. Issues Anal.�2020.�Vol. 9 (27), � 2.�P. 97�118.

2. Øàðàïóäèíîâ È. È., �óñåéíîâ È. �. Ïîëèíîìû, îðòîãîíàëüíûå ïî Ñîáîëåâó, ïîðîæäåí-

íûå ïîëèíîìàìè Øàðëüå // Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð. Ìàòåìàòèêà. Ìåõàíèêà.

Èí�îðìàòèêà�2018.�Ò. 18, � 2.�Ñ. 196�205.

237



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

ÑÆÈÌÀÞÙÈÅ Ï�ÎÅÊÒÎ�Û Â Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ËÅÁÅ�À

Ñ ÏÅ�ÅÌÅÍÍÛÌ ÏÎÊÀÇÀÒÅËÅÌ

1

Á. Á. Òàñîåâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Â äîêëàäå ïðèâîäèòñÿ îïèñàíèå ñòðóêòóðû ïîëîæèòåëüíûõ ñæèìàþùèõ ïðî-

åêòîðîâ â ïðîñòðàíñòâàõ Ëåáåãà Lp(·) ñ σ-êîíå÷íîé ìåðîé è ñ ñóùåñòâåííî îãðà-
íè÷åííûì ïåðåìåííûì ïîêàçàòåëåì p(·). Äàííîå îïèñàíèå îáîáùàåò àíàëîãè÷-
íûå ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòàõ [1�3℄.

Ïóñòü (Ω,Σ, µ) � ïðîñòðàíñòâî ñ σ-êîíå÷íîé ìåðîé. Ñèìâîëîì L0(Ω,Σ, µ)
áóäåì îáîçíà÷àòü ìíîæåñòâî êëàññîâ ýêâèâàëåíòíîñòè èçìåðèìûõ ïî÷òè âñþäó

êîíå÷íûõ �óíêöèé. Âñþäó äàëåå �óíêöèÿ p(·) ∈ L∞(Ω,Σ, µ) òàêàÿ, ÷òî 1Ω 6 p(·)
ïî÷òè âñþäó íà Ω. Îáîçíà÷èì ñèìâîëîì Lp(·)(Ω,Σ, µ) ìíîæåñòâî âñåõ �óíêöèé

f ∈ L0(Ω,Σ, µ), äëÿ êîòîðûõ
∫
Ω |f(t)|p(t) dµ(t) <∞. Â ïðîñòðàíñòâå Lp(·)(Ω,Σ, µ)

ââåäåì íîðìó ‖ · ‖ ïî �îðìóëå

‖f‖ := inf

{
λ > 0 :

∫

Ω

∣∣∣∣
f(t)

λ

∣∣∣∣
p(t)

dµ(t) 6 1

}
(f ∈ Lp(·)(Ω,Σ, µ)).

Òîãäà (Lp(·)(Ω,Σ, µ), ‖ · ‖) ÿâëÿåòñÿ áàíàõîâîé ðåøåòêîé. Êðîìå òîãî,

Lp(·)(Ω,Σ, µ) � èäåàëüíîå ïîäïðîñòðàíñòâî â L0(Ω,Σ, µ). Àëãåáðàè÷åñêèå è ðå-

øåòî÷íûå îïåðàöèè â Lp(·)(Ω,Σ, µ) îñóùåñòâëÿþòñÿ ïîòî÷å÷íî ïî÷òè âñþäó.
Ïóñòü 0 < e ∈ Lp(·)(Ω,Σ, µ) è Σ0 � íåêîòîðîå σ-ïîäêîëüöî â Σ ñ åäèíèöåé

Ω0 = supp e. Òàê êàê 1 6 p(·) ∈ L∞(Ω,Σ, µ), òî â ñèëó [4, Proposition 2.12℄ ep(·) ∈
L1(Ω,Σ, µ). Ââåäåì êîíå÷íóþ ìåðó ep(·)µ ïî �îðìóëå ep(·)µ(A) :=

∫
A e

p(·) dµ äëÿ

âñåõ A ∈ Σ. ßñíî, ÷òî ïðîèçâîëüíàÿ �óíêöèÿ h ïðèíàäëåæèò L1(Ω,Σ, e
p(·)µ)

òîãäà è òîëüêî òîãäà, êîãäà

∫
Ω |h|ep(·) dµ < ∞. Âîçüìåì ïðîèçâîëüíóþ �óíê-

öèþ h ∈ L1(Ω,Σ, e
p(·)µ) è ïîëîæèì ïî îïðåäåëåíèþ λ(A) :=

∫
A he

p(·) dµ äëÿ

âñåõ A ∈ Σ0. Òîãäà λ : Σ0 → R êîíå÷íàÿ ìåðà è ïî òåîðåìå �àäîíà � Íèêîäèìà

ñóùåñòâóåò åäèíñòâåííàÿ �óíêöèÿ E ep(·)µ(h|Σ0) ∈ L1(Ω0,Σ0, e
p(·)µ) òàêàÿ, ÷òî

∫

A

hep(·) dµ =

∫

A

E
ep(·)µ(h|Σ0)e

p(·) dµ (1)

äëÿ âñåõ A ∈ Σ0. Ïðîäîëæèì �óíêöèþ E ep(·)µ(h|Σ0) íà Ω, ïîëàãàÿ

E ep(·)µ(h|Σ0)(t) = 0 äëÿ âñåõ t ∈ Ω \ Ω0, è îáîçíà÷èì ýòî ïðîäîëæåíèå ñíîâà

÷åðåç E ep(·)µ(h|Σ0). Òîãäà â ñèëó îïðåäåëåíèÿ 3.1 E ep(·)µ(h|Σ0) � åäèíñòâåííûé

ýëåìåíò èç L1(Ω,Σ0, e
p(·)µ), óäîâëåòâîðÿþùèé ñîîòíîøåíèþ (1).

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 14-01-91339 ÍÍÈÎ_à.
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Îïðåäåëåíèå 1. Îòîáðàæåíèå E ep(·)µ(·|Σ0) : h 7→ E ep(·)µ(h|Σ0) èç

L1(Ω,Σ, e
p(·)µ) â L1(Ω,Σ0, e

p(·)µ), îïðåäåëÿåìîå ñîîòíîøåíèåì (1), íàçûâàåòñÿ
îïåðàòîðîì óñëîâíîãî îæèäàíèÿ äëÿ ìåðû ep(·)µ îòíîñèòåëüíî σ-êîëüöà Σ0

ñ åäèíèöåé Ω0.

Îïðåäåëåíèå 2. Îïåðàòîð T : X → Y ìåæäó íîðìèðîâàííûìè ïðîñòðàí-

ñòâàìè X, Y íàçûâàåòñÿ ñæèìàþùèì, åñëè åãî íîðìà ìåíüøå åäèíèöû.

Ñèìâîëîì R(T ) := {T (f) : f ∈ X} áóäåì îáîçíà÷àòü îáðàç îïåðàòîðà

T : X → Y , äåéñòâóþùåãî â íîðìèðîâàííûõ ïðîñòðàíñòâàõ X è Y .

Òåîðåìà. Ïóñòü (Ω,Σ, µ) � ïðîñòðàíñòâî ñ σ-êîíå÷íîé ìåðîé, E � çàìêíó-

òûé ïî íîðìå ïîðÿäêîâûé èäåàë â Lp(·)(Ω,Σ, µ), P : E → E � ïîëîæèòåëü-

íûé ñæèìàþùèé ïðîåêòîð. Òîãäà ñóùåñòâóþò 0 < e ∈ R(P ), σ-ïîäêîëüöî Σ0

â Σ ñ åäèíèöåé Ω0 := supp e è åäèíñòâåííàÿ ïîëîæèòåëüíàÿ �óíêöèÿ w ∈
L0(Ω,Σ, e

p(·)µ) òàêèå, ÷òî suppR(P ) = Ω0, suppw ⊂ suppΩ0 è ñïðàâåäëèâî ïðåä-

ñòàâëåíèå P (f) = eE ep(·)µ(e−1wf |Σ0) äëÿ âñåõ f ∈ {e}⊥⊥ ⊂ E.
Ñëåäñòâèå. Ïóñòü (Ω,Σ, µ) � ïðîñòðàíñòâî ñ σ-êîíå÷íîé ìåðîé, E � çà-

ìêíóòûé ïî íîðìå ïîðÿäêîâûé èäåàë â Lp(·)(Ω,Σ, µ), P : E → E � ïîëîæèòåëü-

íûé ñæèìàþùèé ïðîåêòîð. Òîãäà ñóùåñòâóþò çàìêíóòûå èäåàëüíûå ïîäïðî-

ñòðàíñòâà E1, E2 â E è ïîëîæèòåëüíûå ñæèìàþùèå îïåðàòîðû P11 : E1 → E1

è P12 : E2 → E1 òàêèå, ÷òî E = E1 ⊕ E2, P11P12 = P12, P
2
11 = P11 è îïåðàòîð P

èìååò ìàòðè÷íîå ïðåäñòàâëåíèå

P =

(
P11 P12

0 0

)
.

Áîëåå òîãî, ñóùåñòâóþò 0 < e ∈ R(P ), σ-ïîäêîëüöî Σ0 â Σ ñ åäèíèöåé

Ω0 = supp e è åäèíñòâåííàÿ ïîëîæèòåëüíàÿ �óíêöèÿ w ∈ L0(Ω,Σ, e
p(·)µ) òà-

êèå, ÷òî suppR(P ) = Ω0, suppw = Ω0, è èìååò ìåñòî ïðåäñòàâëåíèå P11(f) =

eE ep(·)µ(e−1wf |Σ0) äëÿ âñåõ f ∈ E1.
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ÍÅËÎÊÀËÜÍÀß ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ �ÈÊÊÀÒÈ

È ÏÎÊÀÇÀÒÅËÜ ÕÅ�ÑÒÀ ÄËß ÈÑÑËÅÄÎÂÀÍÈß ÄÈÍÀÌÈÊÈ 23 È 24

ÖÈÊËÎÂ ÑÎËÍÅ×ÍÎÉ ÀÊÒÈÂÍÎÑÒÈ ÍÀ ÑÒÀÄÈÈ ÏÎÄÚÅÌÀ

1

Ä. À. Òâåðäûé

(�îññèÿ, Íàëü÷èê, ÈÏÌÀ ÊÁÍÖ �ÀÍ;

Ïåòðîïàâëîâñê-Êàì÷àòñêèé, Êàì�Ó)

Â íàñòîÿùåé ðàáîòå ïðåäëîæåíî èññëåäîâàíèå äèíàìèêè ñîëíå÷íîé àêòèâíî-

ñòè 23 è 24 öèêëà íà ñòàäèè ïîäúåìà [1℄, ïî äàííûì [2℄, ñ ïîìîùüþ ìîäåëüíîãî

óðàâíåíèÿ �èêêàòè ñ ïðîèçâîäíîé äðîáíîãî ïîðÿäêà è íåïîñòîÿííûìè êîý��è-

öèåíòàìè [3, 4℄. Ïîäîáíûå èññëåäîâàíèÿ óæå ïðîâîäèëèñü, íàïðèìåð, â ðàáî-

òå [5℄. Îäíàêî â ýòîé ðàáîòå ìîäåëüíîå óðàâíåíèå �èêêàòè ñ ïðîèçâîäíîé äðîá-

íîãî ïîðÿäêà áûëî ñ ïîñòîÿííûìè êîý��èöèåíòàìè, à òàêæå áûëà èññëåäîâàíà

äèíàìèêà ñîëíå÷íîé àêòèâíîñòè â ïåðèîä 1998�2010 ãã. è óñòàíîâëåíà åå ñâÿçü

ñ ñåëåâûìè ïîòîêàìè â Êàáàðäèíî-Áàëêàðñêîé �åñïóáëèêå.

Â íàñòîÿùåé ðàáîòå èññëåäîâàíèå ïðîâîäèòñÿ ñ ïîìîùüþ íåëîêàëüíîé ìà-

òåìàòè÷åñêîé ìîäåëè �èêêàòè. Ýòà íåëîêàëüíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü áûëà

âïåðâûå ðàññìîòðåíà â ðàáîòå [4℄. Îíà ïðåäñòàâëÿåò ñîáîé çàäà÷ó Êîøè äëÿ

óðàâíåíèÿ �èêêàòè ñ ïðîèçâîäíîé äðîáíîãî ïåðåìåííîãî ïîðÿäêà:

∂
α(t)
0t u(τ) + a(t)u2(t) + b(t)u(t) + c(t) = 0, u(0) = u0, (1)

ãäå u (t) ∈ C2[0, T ] � �óíêöèÿ ðåøåíèÿ; ∂
α(t)
0t u(τ) = 1

Γ(1−α(t))
∫ t
0

u̇(τ)

(t−τ)α(t) dτ �

äðîáíàÿ ïðîèçâîäíàÿ ïåðåìåííîãî ïîðÿäêà 0 < α(t) < 1 òèïà �åðàñèìîâà �

Êàïóòî; u̇(t) = du
dt � ïðîèçâîäíàÿ ïåðâîãî ïîðÿäêà; Γ(·) � ãàììà-�óíêöèÿ;

t ∈ [0, T ] � âðåìÿ; T � âðåìÿ ìîäåëèðîâàíèÿ; u0 � çàäàííàÿ êîíñòàíòà;

�åøåíèå ýòîé ìàòåìàòè÷åñêîé ìîäåëè äàåòñÿ ÷èñëåííî ñ ïîìîùüþ ìåòîäà

Íüþòîíà. Ïîëó÷åííîå ðåøåíèå ñîïîñòàâëÿåòñÿ ñî ñãëàæåííûìè, ñ ïîìîùüþ êó-

áè÷åñêîãî ñïëàéíà, ýêñïåðèìåíòàëüíûìè äàííûìè ñîëíå÷íîé àêòèâíîñòè 23 è 24

öèêëîâ. Äàëåå ñ ïîìîùüþ ìåòîäà íàèìåíüøåãî êâàäðàòà âûáèðàåòñÿ îïòèìàëü-

íîå çíà÷åíèå ïîðÿäêà äðîáíîé ïðîèçâîäíîé, ïðè êîòîðîì êîý��èöèåíò äåòåð-

ìèíàöèè äîñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ.

Ïî ðåçóëüòàòàì äàííîãî ðåøåíèÿ è èñõîäíûì äàííûì î èññëåäóåìîì ïðî-

öåññå, ñ ïîìîùüþ ïðîãðàììû Fra
tan, âû÷èñëÿåòñÿ ïîêàçàòåëü Õåðñòà [6℄. Òàê

êàê îáúåìà èñõîäíûõ äàííûõ íå äîñòàòî÷íî äëÿ ðàñ÷åòà ïîêàçàòåëÿ, òî ñ ïîìî-

ùüþ ñãëàæèâàíèÿ êóáè÷åñêèì ñïëàéíîì ïîëó÷èì íóæíîå êîëè÷åñòâî: âåñü 23

è 24 öèêë � 3000 òî÷åê; ýòàï ïîäúåìà � ïîðÿäêà 1400; à ìîäåëèðîâàíèå ýòàïà

ïîäúåìà ïðîâîäèëîñü ñîîòâåòñòâåííî íà 1400 òî÷åê.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò �19-31-50027 ìîë_íð, ïî òåìå ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåêîòî-

ðûõ �èçè÷åñêèõ ïðîöåññîâ ñ ïîìîùüþ ýðåäèòàðíîãî óðàâíåíèÿ �èêêàòè¿
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ÌÅÒÎÄÈÊÀ ÂÛßÂËÅÍÈß Ï�ÎÔÅÑÑÈÎÍÀËÜÍÛÕ ÄÅÔÈÖÈÒÎÂ

Â ÍÀÏ�ÀÂËÅÍÈÈ ÈÑÏÎËÜÇÎÂÀÍÈß ÒÅÕÍÎËÎ�ÈÉ

ÈÑÊÓÑÑÒÂÅÍÍÎ�Î ÈÍÒÅËËÅÊÒÀ

Â ÌÀÒÅÌÀÒÈ×ÅÑÊÎÌ ÎÁ�ÀÇÎÂÀÍÈÈ

1

À. Â. Õèæíÿê

(�îññèÿ, Åëåö; Å�Ó èì. Áóíèíà)

Óñòîé÷èâàÿ òåíäåíöèÿ ê êîìïüþòåðèçàöèè è èí�îðìàòèçàöèè îáðàçîâà-

íèÿ â ðàìêàõ Öè�ðîâîé òðàíñ�îðìàöèè îáðàçîâàíèÿ, çàêðåïëåíèå ïîëîæåíèé

î íåîáõîäèìîñòè ïåðåõîäà ê �îðìèðîâàíèÿ åäèíîãî îáðàçîâàòåëüíîãî ïðîñòðàí-

ñòâà, èíäèâèäóàëèçàöèþ îáðàçîâàíèÿ, îáåñïå÷åíèÿ ïðàâà ãðàæäàí íà íåïðå-

ðûâíîå îáðàçîâàíèå, ïóáëè÷íîñòü è èí�îðìàöèîííóþ îòêðûòîñòü îáðàçîâà-

íèÿ â ðàìêàõ Ôåäåðàëüíîãî çàêîíà ¾Îá îáðàçîâàíèè â �îññèéñêîé Ôåäåðà-

öèè¿ îò 29.12.2012 ã. � 273-ÔÇ, ìàññîâûé ïåðåõîä íà äèñòàíöèîííîå îáó÷åíèÿ

â ðàìêàõ ñîáëþäåíèÿ ñàíèòàðíî-ýïèäåìèîëîãè÷åñêèõ íîðì âî âðåìÿ ïàíäåìèè

COVID-19 òåñíî ñîïðÿæåíû ñ òðàíñ�îðìàöèåé âñåé ñèñòåìû îáðàçîâàíèÿ â �îñ-

ñèè, à òàêæå ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ â ÷àñòíîñòè. Çàòðàãèâàÿ âîïðîñû

öè�ðîâèçàöèÿ îáó÷åíèÿ, óìåñòíî ðàçîáðàòü âîïðîñû èíòåãðàöèè èííîâàöèîí-

íûõ äîñòèæåíèé IT-èíäóñòðèè â îáðàçîâàíèå è ïîñëåäóþùèå çà ýòèì ýòàïû àê-

òóàëèçàöèè ïðàêòèêóåìûõ ìåòîäè÷åñêèõ ñïîñîáîâ è ïðèåìîâ îáó÷åíèÿ.

Â ñâÿçè ñ ïðîòåêàþùèìè ãëîáàëüíûìè ìèðîâûìè ïîëèòè÷åñêèìè è ýêîíî-

ìè÷åñêèìè èçìåíåíèÿìè, íåèçìåííî çàòðàãèâàþùèìè ñîöèàëüíî-ýìîöèàëüíóþ

ñ�åðó ÷åëîâå÷åñêèõ âçàèìîîòíîøåíèé, ïðåäñòàâëÿåòñÿ íåîáõîäèìûì îöåíèòü

êîìïåòåíòíîñòü äåéñòâóþùèõ ïåäàãîãè÷åñêèõ ðàáîòíèêîâ â îáëàñòè ìàòåìàòè-

êè è òî÷íûõ äèñöèïëèí â ïëàíå èõ ãîòîâíîñòè ê èíòåëëåêòóàëèçàöèè ïðåä-

ìåòíîãî îáðàçîâàíèÿ êàê �îðìû îòâåòà íà ñ�îðìèðîâàâøèåñÿ óñëîâèÿ ñóùå-

ñòâîâàíèÿ è ðàçâèòèÿ ëè÷íîñòè. Äëÿ âûÿâëåíèÿ ïðî�åññèîíàëüíûõ äå�èöè-

òîâ â íàïðàâëåíèè èñïîëüçîâàíèÿ òåõíîëîãèé èñêóññòâåííîãî èíòåëëåêòà â ìà-

òåìàòè÷åñêîì îáðàçîâàíèè èíòåðåñíî èñïîëüçîâàòü êåéñ-òåñòèðîâàíèå, íàïðàâ-

ëåííîå íà âûÿâëåíèå óðîâíÿ ñ�îðìèðîâàííîñòè êëþ÷åâûõ êîìïåòåíöèé, òàêèõ

êàê ¾Ñïîñîáíîñòü �îðìèðîâàòü íàñûùåííóþ èí�îðìàöèîííî-îáðàçîâàòåëüíóþ

ñðåäó ñðåäñòâàìè êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñ ó÷åòîì òðåáîâàíèé öè�ðî-

âîé ýêîíîìèêè¿ è ¾�îòîâíîñòü ê âêëþ÷åíèþ â ñîâðåìåííóþ èí�îðìàöèîííî-

îáðàçîâàòåëüíóþ ñðåäó è ê èñïîëüçîâàíèþ àâòîìàòèçèðîâàííûõ èíòåëëåêòóàëü-

íûõ îáó÷àþùèõ ñèñòåì äëÿ îñâîåíèÿ ïðåäìåòíîãî ìàòåðèàëà¿.

Êåéñ-òåñò, êàê �îðìà îöåíèâàíèÿ, ïðåäñòàâëÿåò ñîáîé íàáîð âõîäíûõ çíà÷å-

íèé, ïðåäóñëîâèé âûïîëíåíèÿ, îæèäàåìûõ ðåçóëüòàòîâ òåñòèðîâàíèÿ è ïîñòó-

ñëîâèé âûïîëíåíèÿ, ðàçðàáîòàííûé äëÿ ïðîâåðêè ñîîòâåòñòâèÿ îïðåäåëåííîìó

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 19-29-14009.
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òðåáîâàíèþ, â íàøåì ñëó÷àå, ñïîñîáíîñòè è ãîòîâíîñòè ê �îðìèðîâàíèþ è èí-

òåãðàöèè â ó÷åáíûé ïðîöåññ ñîâðåìåííûõ èíòåëëåêòóàëüíûõ EdTe
h. Â îòëè÷èè

îò òðàäèöèîííûõ òåñòîâ èëè îïðîñíèêîâ, êåéñ-òåñòû ïîçâîëÿþò îïðåäåëèòü ïðî-

�åññèîíàëüíûå è ïñèõîëîãè÷åñêèå õàðàêòåðèñòèêè ðåñïîíäåíòà â äèíàìèêå åãî

ëè÷íîñòíîãî ðàçâèòèÿ, à òàêæå îöåíèòü åãî íàâûêè è óìåíèÿ ¾â äåëå¿, à íå

ïðîñòî ïîëó÷èòü òåîðåòè÷åñêèé ñðåç â òåêóùèé ìîìåíò âðåìåíè.

Äëÿ ïðåäëîæåííûõ êîìïåòåíöèé êåéñ-òåñòèðîâàíèå ïîçâîëèò îïðåäåëèòü íà-

ñêîëüêî ïðåïîäàâàòåëü ìàòåìàòèêè çíàåò ñòðóêòóðíûå êîìïîíåíòû íàñûùåí-

íîé èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû è èõ èåðàðõèþ; ýòàïû, ñîäåðæàíèå

è �îðìû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïðè ðåøåíèè ó÷åáíî-ìåòîäè÷åñêèõ çà-

äà÷ âûáðàííîé ïðåäìåòíîé îáëàñòè; îñîáåííîñòè è õàðàêòåðèñòèêè àâòîìàòè-

çèðîâàííûõ èíòåëëåêòóàëüíûõ îáó÷àþùèõ ñèñòåì, òåõíîëîãèé è ñðåä, âîçìîæ-

íîñòè îðãàíèçàöèè îáðàçîâàòåëüíîãî ïðîöåññà ñ èõ ïðèìåíåíèåì; óìååò àäàï-

òèðîâàòü ñîâðåìåííûå òåõíè÷åñêèå äîñòèæåíèÿ è ïðèîðèòåòíûå ñêâîçíûå òåõ-

íîëîãèè (BigData è DLT, VR, AR è MR, èñêóññòâåííûå èíòåëëåêò, ýëåìåíòû

ðîáîòîòåõíèêè, ñåíñîðèêè è äð.) ê îðãàíèçàöèè è ýêñïëóàòàöèè íàñûùåííîé

èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû; âûáèðàòü è ïðèìåíÿòü öè�ðîâûå èí-

ñòðóìåíòû è ñåðâèñû äëÿ ðåøåíèÿ êîíêðåòíûõ îáðàçîâàòåëüíûõ çàäà÷; âëàäååò

ñïîñîáàìè àíàëèçà è êðèòè÷åñêîé îöåíêè ðàçëè÷íûõ òåîðèé, êîíöåïöèé, ïîä-

õîäîâ ê �îðìèðîâàíèþ íàñûùåííîé èí�îðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû;

äîñòóïíûìè öè�ðîâûìè ó÷åáíî-ìåòîäè÷åñêèìè ìàòåðèàëàìè, èíñòðóìåíòàìè

è ñåòåâûìè ñåðâèñàìè.

Èç ïðèâåäåííûõ âûøå ïîëîæåíèé âèäíî, ÷òî êåéñ-òåñòèðîâàíèå ÿâëÿåòñÿ

ñîâðåìåííîé èíòåðåñíîé ìåòîäè÷åñêîé �îðìîé âûÿâëåíèÿ ïðî�åññèîíàëüíûõ

äå�èöèòîâ â íàïðàâëåíèè èñïîëüçîâàíèÿ òåõíîëîãèé èñêóññòâåííîãî èíòåëëåêòà

â ìàòåìàòè÷åñêîì îáðàçîâàíèè, è ìîæåò áûòü ñ óñïåõîì âíåäðåíî â îöåíî÷íóþ

äåÿòåëüíîñòü ðîññèéñêîé ñèñòåìû ïîñëåâóçîâñêîãî îáðàçîâàíèÿ.

Ëèòåðàòóðà

1. HolmesW., Bialik M., Fadel C. Arti�
ial Intelligen
e in Edu
ation: Promises and Impli
ations

for Tea
hing and Learning.�Boston: Center for Curri
ulum Redesing, 2020.�228 ð.

2. Ñåìåíîâ À. Ë., Óâàðîâ À. Þ. Îáíîâëåíèå òåõíîëîãè÷åñêîãî îáðàçîâàíèÿ è èí�îðìàòè-

çàöèÿ øêîëû // Âåñòí. Ìîñêîâñê. ãîñ. ïåä. óí-òà. Ñåð.: èí�îðìàòèêà è èí�îðìàòèçàöèÿ

îáðàçîâàíèÿ.�Ì.: ÌÏ�Ó, 2017.�� 4 (42).�Ñ. 17�31.

3. Òðóäíîñòè è ïåðñïåêòèâû öè�ðîâîé òðàíñ�îðìàöèè îáðàçîâàíèÿ / ðåä. À. Þ. Óâàðîâ,

È. Ä. Ôðóìèí.�Ì.: Èçäàòåëüñêèé äîì Âûñøåé øêîëû ýêîíîìèêè, 2019.�344 ñ.

243



Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ: XV Âëàäèêàâ-

êàçñêàÿ ìîëîäåæíàÿ ìàòåìàòè÷åñêàÿ øêîëà (ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2020 ã.)

Î ÍÅÊÎÒÎ�ÛÕ ÑÂÎÉÑÒÂÀÕ ÑÈÑÒÅÌ,

Î�ÒÎ�ÎÍÀËÜÍÛÕ ÏÎ ÑÎÁÎËÅÂÓ

1

Ò. Í. Øàõ-Ýìèðîâ (�îññèÿ, Ìàõà÷êàëà; ÄÔÈÖ �ÀÍ),

Ì. �. Ìàãîìåä-Êàñóìîâ (�îññèÿ, Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ;

Ìàõà÷êàëà, ÄÔÈÖ �ÀÍ)

Ïóñòü L2[a, b] ïðîñòðàíñòâî �óíêöèé, äëÿ êîòîðûõ

b∫

a

f2(x) dx <∞.

×åðåçW r
L2[a,b], r ∈ N, îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç àáñîëþòíî

íåïðåðûâíûõ �óíêöèé f , ó êîòîðûõ ïðîèçâîäíûå f ′, . . . , f (r−1)
òàêæå àáñîëþòíî

íåïðåðûâíû, à f (r) ∈ L2[a, b]. Â W r
L2[a,b] ìîæíî ââåñòè ñêàëÿðíîå ïðîèçâåäåíèå

òèïà Ñîáîëåâà

〈f, g〉S =

r−1∑

ν=0

f (ν)(a)g(ν)(a) +

b∫

a

f (r)(x)g(r)(x) dx. (1)

Â ðàáîòàõ [1�3℄ áûë ðàçðàáîòàí îäèí èç ìåòîäîâ ïîñòðîåíèÿ ñèñòåì �óíêöèé,

îðòîãîíàëüíûõ îòíîñèòåëüíî (1) èç ñèñòåì, îðòîãîíàëüíûõ îòíîñèòåëüíî îáû÷-

íîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ â L2[a, b]

〈f, g〉L2[a,b] =

b∫

a

f(x) g(x) dx,

è áûëî ïîêàçàíî, ÷òî åñëè èñõîäíàÿ ñèñòåìà ïîëíà â L2[a, b], òî ïîðîæäåííàÿ

åþ ñèñòåìà îðòîãîíàëüíûõ ïî Ñîáîëåâó �óíêöèé áóäåò òàêæå ïîëíà â W r
L2[a,b].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñ îáùèì âèäîì îð-

òîãîíàëüíûõ îòíîñèòåëüíî (1) ñèñòåì, ñîîòâåòñòâóþùèõ ïîðîæäàþùèõ ñèñòåì

è èõ ïîëíîòû â ñëó÷àå, êîãäà r = 1. Â ÷àñòíîñòè îêàçàëîñü, ÷òî ñèñòåìû

Φ1 = {ϕ1,k}∞k=0, îðòîãîíàëüíûå îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ

〈f, g〉S = f(a)g(a) +

b∫

a

f ′(t)g′(t) dt, (2)

íå ìîãóò áûòü ïîëíûìè, åñëè ϕ1,k(a) = 0 äëÿ âñåõ k ∈ N. À èìåííî, èìååò ìåñòî

ñëåäóþùàÿ

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 18-31-00477 ìîë_à.
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Òåîðåìà 1. Ïóñòü Φ1 � îðòîíîðìèðîâàííàÿ îòíîñèòåëüíî (2) ñèñòåìà �óíê-
öèé. Åñëè ϕ1,k(a) = 0 äëÿ âñåõ k > 0, òî ñèñòåìà Φ1 íå áóäåò ïîëíîé.

�àññìîòðåí ñëó÷àé, êîãäà ðîâíî n �óíêöèé îòëè÷íû îò íóëÿ â òî÷êå a. Îò-
ìåòèì îòäåëüíî â ñâÿçè ñ ðàáîòàìè [1�3℄ ñëó÷àé, êîãäà ðîâíî îäíà �óíêöèÿ

îòëè÷íà îò íóëÿ â òî÷êå a. Â ýòîì ñëó÷àå ñïðàâåäëèâû ñëåäóþùèå óòâåðæäå-

íèÿ.

Òåîðåìà 2. Ïóñòü Φ1 � ïîëíàÿ ÎÍÑ. Äëÿ òîãî ÷òîáû ðîâíî îäíà èç �óíêöèé

ñèñòåìû Φ1 áûëà îòëè÷íà îò íóëÿ â òî÷êå a, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ýòà �óíêöèÿ áûëà êîíñòàíòîé, ðàâíîé ±1:
(
ϕ1,k0(a) 6= 0 ∧ ϕ1,k(a) = 0, k 6= k0

)
⇔ ϕ1,k0(t) ≡ const = ±1.

Òåîðåìà 3. Ïóñòü Φ1 � ïîëíàÿ â W 1
L2 îðòîíîðìèðîâàííàÿ ñèñòåìà ñ ðîâ-

íî îäíîé �óíêöèåé, îòëè÷íîé îò íóëÿ â òî÷êå a. Ìîæíî ñ÷èòàòü, ÷òî òàêîé

�óíêöèåé ÿâëÿåòñÿ ϕ1,0. Òîãäà ñèñòåìà Φ = {ϕ′
1,k, k > 0} áóäåò ïîëíîé è îðòî-

íîðìèðîâàííîé â L2[a, b].

Êàê óæå áûëî îòìå÷åíî, â ðàáîòàõ [1�3℄ áûëî ïîêàçàíî, ÷òî åñëè ïîðîæ-

äàþùàÿ ïîëíà â L2[a, b], òî ïîðîæäåííàÿ åþ ñèñòåìà ïîëíà â W r
L2[a,b]. Â òî æå

âðåìÿ òåîðåìà 3 óòâåðæäàåò, ÷òî äëÿ r = 1 âåðíî è îáðàòíîå, òî åñòü èç ïîëíîòû
ïîðîæäåííîé ñèñòåìû â W 1

L2[a,b] âûòåêàåò ïîëíîòà èñõîäíîé ñèñòåìû â L2[a, b].
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ÊÎËÅÁÀÍÈß ÍÅÎÄÍÎ�ÎÄÍÎ�Î ÂÎËÍÎÂÎÄÀ

Ñ ÎÒÑËÎÅÍÈÅÌ Â ÊÎËÜÖÅÂÎÉ ÎÁËÀÑÒÈ

1

Â. Î. Þðîâ

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Ñ öåëüþ ðàçâèòèÿ ìåòîäèê èäåíòè�èêàöèè ñêðûòûõ äå�åêòîâ ïðîâîäèòñÿ

èññëåäîâàíèå ðàñïðîñòðàíåíèÿ âîëí â öèëèíäðè÷åñêîì âîëíîâîäå ñ êîëüöåâûì

ïîïåðå÷íûì ñå÷åíèåì. Ïðè ðåøåíèè çàäà÷è ó÷èòûâàåòñÿ íåîäíîðîäíîñòü ìàòå-

ðèàëà âäîëü ðàäèàëüíîé êîîðäèíàòû è íàëè÷èå êîëüöåâîãî îòñëîåíèÿ. Âñÿ ãðà-

íèöà âîëíîâîäà ñ÷èòàåòñÿ ñâîáîäíîé îò íàïðÿæåíèé è ëèøü îñåñèììåòðè÷íàÿ

îáëàñòü âíåøíåé ãðàíèöû çàíÿòà ïåðèîäè÷åñêîé âî âðåìåíè íàãðóçêîé; îòñëîå-

íèå òàêæå èìååò îñåñèììåòðè÷íóþ �îðìó, ÷òî ïîçâîëÿåò ðàçûñêèâàòü ðåøåíèå

â âèäå �óíêöèè íåçàâèñÿùåé îò îêðóæíîé êîîðäèíàòû. Äëÿ ðåøåíèÿ âîçíèêàþ-

ùåé çàäà÷è â ÷àñòíûõ ïðîèçâîäíûõ ïðèìåíÿåòñÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå

Ôóðüå âäîëü ïðîäîëüíîé êîîðäèíàòû.

Â ïðîñòðàíñòâå ïðåîáðàçîâàíèÿ Ôóðüå ñ�îðìóëèðîâàíà êàíîíè÷åñêàÿ ñèñòå-

ìà äè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà è ðåøåíû ÷åòûðå âñïîìîãà-

òåëüíûå çàäà÷è Êîøè. Íà îñíîâå ìåòîäà ïðèñòðåëêè ïîñòðîåíî ðåøåíèå çàäà÷è

â ïðîñòðàíñòâå òðàíñ�îðìàíò. �åøåíèå ñîäåðæèò äâå íåèçâåñòíûå �óíêöèè ðàñ-

êðûòèÿ. Äëÿ èõ îòûñêàíèÿ ñ�îðìóëèðîâàíà ñèñòåìà äâóõ ãðàíè÷íûõ èíòåãðàëü-

íûõ óðàâíåíèé ñ ãèïåðñèíãóëÿðíûìè ÿäðàìè. Äëÿ ðåøåíèÿ ñèñòåìû ïðèìåíÿ-

åòñÿ ìåòîä ãðàíè÷íûõ ýëåìåíòîâ [1℄ èëè àñèìïòîòè÷åñêèé ìåòîä, îñíîâàííûé íà

ðàçëîæåíèè ïî ìàëîìó ïàðàìåòðó, õàðàêòåðèçóþùåìó øèðèíó îòñëîåíèÿ. �àñ-

õîäÿùèåñÿ èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå êîíå÷íîãî çíà÷åíèÿ ïî Àäàìàðó.

Ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïî ñðàâíåíèþ äâóõ ìåòîäîâ.

Àâòîð áëàãîäàðèò À. Î. Âàòóëüÿíà çà âíèìàíèå ê ðàáîòå.

Ëèòåðàòóðà

1. Áåëîöåðêîâñêèé Ñ. Ì., Ëè�àíîâ È. Ê. ×èñëåííûå ìåòîäû â ñèíãóëÿðíûõ èíòåãðàëüíûõ

óðàâíåíèÿõ è èõ ïðèìåíåíèå â àýðîäèíàìèêå, òåîðèè óïðóãîñòè, ýëåêòðîäèíàìèêå.�Ì.:

Íàóêà, 1985.�253 ñ.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 19-31-90017.
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