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CoBpemMeHHbIe MPoGJjeMbl MATEMATUKN M MaTeMaTUudecKoro oopaszoBanusa: XV Biamgukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkoja (r. Biagukaskas, 20-25 cenrsopst 2020 r.)

NONSTANDARD ANALYSIS OF CONTINUOUS VS DISCRETE
IN MATHEMATICS, PHYSICS AND COMPUTER SCIENCE!

E. I. Gordon
(USA, Charleston; EIU)

Introduction

Nowadays many applied mathematicians share a point of view that the continuous
mathematics is an approximation of the discrete one but not vice versa. This point
of view is motivated by a great significance of modern computer methods not only
in the science but in the pure mathematics as well. Now we investigate continuous
objects and draw continuous pictures by means of computers. Since computers deal
only with finite objects, definitions and theorems of continuous mathematics are
usually violated in computer modelling of continuous problems due to the finiteness
of computer memory. This situation stimulates investigations of interrelation between
discrete and continuous approaches to problems in science and mathematics and
arises some foundational problems, which I’ll try to explain in these lectures.

These interrelations and the problems arising in their study are discussed in the
first lecture on three specific examples.

The first example relates to the definition of the limit of a function f(x) at a point
of the ambiguity a. It is known that the classical € — § definition fails in numerical
calculations, since the argument z cannot approach arbitrary close to a. So, for the
approximate calculation of the limit of f(x) one needs to calculate f for the values
of x close enough to a, but not too close to a. This statement cannot be formalized
in the framework of classical mathematics.

In the second example we consider a linear system of three equations and three
unknowns depending on two parameters a and b. We study the effects arising from
the computer solution of the original linear system for values of parameters close to
those ones, in which the system degenerates. The effects arising can be formalized
in the framework of classical mathematics, but the obtained statements are rather
cumbersome, and their proofs are rather complicated. However, the investigation of
similar examples can be used as good topics for undergraduate research projects.

The impressive example of a thermodynamics problem, for which the continuous
model failed to explain the results of experiments, while the discrete model perfectly
worked for this purpose, was presented by M. Plank in his classical article [8]. This
famous article originated the quantum mechanics.

!The research was supported financially by Russian foundation for basic research, pro-
jects Ne 95-01-00673, Ne 8-01-00045.



The subsequent presentation is forcedly short and superficial. It does not
require the reader to have any knowledge of thermodynamics — only some vague
understanding of the concepts of energy, radiation, frequency and, possibly, of a
harmonic oscillator. For a more detailed, and at the same time accessible to non-
specialists, acquaintance with the subject see Chapter I and Chapter VIII.1 of the
classic book [10].

The result of the discussion in the first lecture is the following statement:

Modern rigorous mathematics is too strong an idealization for the “study of
nature” as well as for the study of correspondence between computer and continuous
solutions of both applied and theoretical mathematical problems.

The main reason for this is the fact that the properties of objects in natural
science and computer mathematics are not well defined. In these lectures the term
“vague properties” is used. Here’s what Richard Feynman wrote about this in the
26th chapter of his famous lectures on physics:

“There are no actual boundaries between one range of wavelengths and another,
because nature did not present us with sharp edges. The number associated with a
given name for the waves are only approximate and, of course, so are the names we
give to the different ranges.”

This statement contradicts to the Axiom of the Least Upper Bound of continuous
mathematics.

The modern pure mathematics deals only with well defined properties. This
makes it impossible to formulate rigorously the laws of nature in the framework
of continuous mathematics, and to carry out rigorous proofs of the consequences
following from them.

In the 60th of the last century A. Robinson discovered a new approach to analysis,
which he called the Nonstandard Analysis. This new analysis allowed to introduce
the collections of objects defined by vague properties on the same level of rigour as
is adopted in classical mathematics.

The second lecture is devoted to one modified version of Nonstandard Analysis.
This version is a variant of Nonstandard Axiomatic Set Theory It is combination of
the Nonstandard Class Theory [12] and the Theory of Hyperfinite Sets [13]. We call
it Theory of Quasi-sets (TQS).

As in the von Neumann—Bernays—Godel theory (NBG), the main objects of this
theory are classes. Classes that are elements of other classes are called sets. Classes
that are not sets are called proper subclusses. All theorems about set that can be
proved in Cantor’s Theory of Sets are theorems of TQS. Its main difference of TQS
from NBG is that TQS admits proper subclasses of sets. These subclasses are called
quasi-sets. The presence of quasi-sets makes it possible to include vague collection
defined by vague properties in consideration. For example, a set is called small if it
does not have quasi-sets. Using small sets it is is to define infitely large numbers and
infinitesimals In this lecture we demonstrate also how the problems of interrelation
between discrete and continuous mathematics discussed in the previous lecture can
be treated within TQS.



Lecture 1. Examples of Interrelation between Discrete
and Continuous Mathematics

1°. Nowadays many applied mathematicians share a point of view that the
continuous mathematics is an approximation of the discrete one but not vice versa.
This point of view is motivated by a great significance of modern computer methods
not only in the science but in mathematics itself. Nowadays we investigate continuous
objects and even draw continuous pictures by means of computers, in spite of the
fact that computers deal only with finite objects. This situation stimulates more and
more investigations of discretization of various continuous objects, e.g. topological
and differential geometry structures and arises a lot of foundational problems, which
I’ll try to explain in these lectures.

I first heard this point of view in the report of the outstanding Russian pure
and applied mathematician Alexander Semyonovich Kronrod at the Workshop
on Mathematical Programming and Related Issues in March 1971 in Drogobych,
Ukraine. In this talk he presented a new finite difference method for solving
multidimensional parabolic equations. This method was fast and stable, but it did not
converge. A.S. commented on this situation as follows. He reminded that differential
equations are deduced from finite difference equations by setting Ax — 0, but for
numerical solution one forgets differential equations and returns to finite differences
equations. Then he asked “What for the differential equations are needed?”” and
answered to this question himself. He said that finite differences equations do not have
good formulas for solutions that differential equation do. So, if one has no powerful
methods of calculation the differential equations provide approximate solution. Thus,
the problem of convergence of finite differences equations to differential one is the
problem of continuous approximations to a real natural science problem that is,
indeed discrete. See [27] about A. S. Kronrod and his points of view on numerical
methods.

The following citation from the classical book [2] is another illustration to the
point of view on the correlation between continuous and discrete mathematics,
described above.

It is worth recalling that difference equations, for example, are usually derived
by first finding the finite approximation and then taking the limit. If the reverse step
cannot be taken (when small steps are used), then there is some doubt about the
validity of the differential equation.

In the book [3] V. I. Arnold retells his conversation with the prominent Russian
physicist Ya. B. Zeldovich, who explains the point of view on derivates shared by
physicists: “We are always interested in the ratio of finite increments, and not in some
abstract mathematical limit. Making an argument increment, say the coordinates of
a point or moment in time, is less than, say, 10719, or 1073 (with reasonable units) —
this is a clear excess of the model’s accuracy, since the structure of physical space
(or time) at such small intervals no longer corresponds to the mathematical model
due to quantum phenomena.

The point is simply that it is difficult to find the ratios of finite increments
of interest to us; therefore, approximate asymptotic formulas for them have
been invented. These approximate formulas mathematicians call their limits and
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mathematical derivatives. In any real application of the theory, it should be taken
into account that the increments should not be less than it is necessary for the results
of the theory to be consistent with the experiment.”

In his book [3], Arnold also retells the arguments regarding the correspondence to
reality, of the uniqueness theorem for ODE of his friend M. L. Lidov, who was engaged
in the calculation of trajectories satellites and spaceships.: "Like all mathematicians,
Misha told me, you teach the uniqueness theorem, which states that the integral
curves of an ODE do not intersect. But this is completely wrong (although you
prove it flawlessly). For example, the equation dx/dt = —z has solutions = 0 and
x = et Integral curves — graphs of these two solutions — any computer can draw
beautifully, and you will see clearly that they intersect. Since, for example, for t = 10
between these two integral curves you cannot even insert an atom. So, the uniqueness
theorem is a mathematical fiction that has little to do with the real world.

The same vision of relation between continuous and discrete mathematics is
shared by D. Zeilberger in [4]:

“Continuous analysis and geometry are just degenerate approximations to the
discrete world ... While discrete analysis is conceptually simpler ...than continuous
analysis, technically it is usually much more difficult. Granted, real geometry and
analysis were necessary simplifications to enable humans to make progress in science
and mathematics ...”.

Further, he expresses the opinion that with the development of computers, the
role of pure mathematics and rigorous proofs will significantly decrease and calls
for the widespread implementation of experimental mathematics in mathematical
education and research [5].

I strongly support this idea, but during my teaching in the US universities for
19 years and in Russia for 25 year, I did not notice any serious implementations of
experimental mathematics in pure mathematics courses, although, they are useful
even in the very first stage of the study of Calculus.

2°. Consider one example from the Calculus text [6], that is very popular in US
universities. This example is used there in the section where the notion of a limit is
discussed.

EXAMPLE 1. Consider the function f(x) = @. In this case lim;_o f(z) = %.
(In [6] the function f(z) is taken. Calculating values of f(z) for small values of z on
a calculator one obtains values of f(z) that are close to % as long as the value of x
does not become too small (of the order of 10=7 in [6]). After that the calculator
shows values for f(x) that are very far from L.This effect has the following simple
explanation. Let us consider the example from [6]. If z ~ 1077, then 22 ~ 10714,
That last number is smaller than the minimal number in our calculator, thus
calculator replaces it by 0. Then va2 +9 — 3 is also replaced by 0, which is the
(wrong) calculator’s for f(x) in this case. We see that this effect strongly depends
on computing device that we use and even on the algorithm for calculating f(x).
So, it cannot be formulated as a theorem of the pure mathematics. Intuitively, this
example shows that for numerical calculation of the limit lim; ¢ f(z), one should
calculate the values of f(z) for values z, that are close to 0, but not too close.
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Is it possible to modify the classical definition of a limit

lim f(z) = L:= (Ve) (30) (Vo) (0 <|z[ <d — |f(z) - L] <e), (1)
so that it would reflect this numerical effect? It looks like this is barely possible. Let’s
try two version of such modification.

(Ve) (301,82) (Vo) (0< & <z <8y — |f(z) = L| < e). 2)

It is easy to see that that (2) is equivalent to the statement L is the limit point
of the set range(f).

(Ve) (382) (V) (361) (0< 61 <z <8y —> |f(z) — L| < &). (3)

The statement (3) is equivalent to (1), so it allows arbitrary small x in the numerical
calculation of limit.

However, the computational results in this example suggest that continuous
mathematics should not be completely neglected. The fact that the calculation of the
values of the functionf(x) shows incorrect results, starting at the value x = 1077,
and at the value = 107°% calculates the limit with more than 62 significant digits
is apparently explained by the fact that these calculations use different methods of
calculation: when the values of x have small number of digits after the point the
standard algorithms of approximate calculations are used, while for values with very
big number of digits the methods of computer algebra systems are used. In natural
science we are dealing with quantities that are determined with accuracy that does
not exceed two-digit number of digits after the decimal point.

Thus, in some cases, the results in pure mathematics, can explain some of the
phenomena that arise in computer calculations, and sometimes suggest numerical
solutions. This is demonstrated in the following example on correlation between
continuous statements and their computer analogues. This example was elaborated
by me together with Dr. Duane Broline and students Jessica Murray and Brad Heller
from the Eastern Illinois University [7] in the framework of their undergraduate
research project.

ExaMPLE 2. Consider the following linear system of three equation with three
unknows z, y, 2z, depending on two parameters a, b

S — Ty + 8z = b;

3z —ay+ 4z = 5; (4)
ax + 4y — bz = 2.

The determinants are of the following forms:

A = 8a? + 5ab — 28a — 21b + 16,

A, = ab® + 16a — 51b + 104, .
A, = 4ab + 3b? — 40a — 25b + 8, (5)
A, = a’b — 45a + 12b — 58.
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We are interested in the case, when this system has infinitely many solutions.
This happens if the parameters a and b satisfy the following system of equations:

A=A, =A,=A,=0. (6)

Certainly, one of the equations (but not A = 0) can be skipped. The solution of this
system, obtained with the help of Maple has the following form:
21 3 5 5 19

__a 2 3 Y 2 Y
e=—35% 152" T2’ " ap” (7)

while b is the root of the polynomial
f(t) = 3t — 25¢3 + 260t — 2856t 4 4288. (8)
The resulting general solution of the system (4) also obtained using Maple is of
the form

245 19 5 3
— b+ —b3|,
29 116 232

=10-10 — ——b Py
x —i—u[ + 939

58 928 1856 1856

where b satisfies f(b) = 0 and fis the polynomial (8).

It is shown using Maple that the polynomial (8) has only two real solutions and
both of them are irrational. The values of a obtained by formula (7) for these values
of b are irrational as well.

Suppose that we try to solve the system (4) numerically with the parameters a
and b, satisfying (6) and wish to find the general solution. In this case we may
deal only with rational approximations of a and b. Substituting these rational
approximations @ and b in the system (4) we obtain a system that has only a
unique approximate solution. The question is how to find approximately the general
solution (9). More general question is the following one. Given arbitrary rational
parameters a and b how can one determine whether these parameters are close
to solutions of system (6) and, thus, to the case of infinitely many solutions, or
to the case of non-existence of solutions. In other words: both of these cases for
the system (4) belongs to continuous mathematics. How can they be reflected in
computer mathematics? To investigate this problem we calculate approximately the
values @ and b with 10, 12 and 15 significant digits and substitute them to the
system (4). We obtained the following solutions:

25 3 u[357 95 25 B2 15 bﬂ’

10 Significant Digits
x = 2.8850116341 y = 0.6249221609 z = —1.038737628
12 Significant Digits (10)
x = 1.83282895579 y = 0.747271181171 z = —0.274065119805
15 Significant Digits
x = 1.61877806403204 y = 0.772161155406311 =z = —0.118504584998824
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It can be seen from the table (10) that a very small perturbation of parameters
leads to a significant change in solutions. However, it is easy to check, using
formula (9), that each of solutions in the table is very close to the solution obtained
by the formula (9) for an an appropriate value of the parameter u. Taking differences
of any two of this solutions vectors, proportional to the vector

245 19 5 3
b b?

n 357 95 25 5 15 g
29 116 232 232

3
Yo b5s T o T Tese” 1856
of coefficients at the parameter u in (9). So, all these differences are elements of the
space of solutions of the homogeneous system, corresponding to the system 4. In our
case this space is one-dimensional.

These experiments allow to suggest that the following qualitative statements.

1. If a system of n linear equations with n unknowns, that contain k parameters
(k < m) is such that any small perturbation of parameters provide a small perturba-
tion of solutions, then the determinant of this system significantly differs from 0 and
this system has a unique solution.

2. If small perturbations of parameters of this system leads to a significant change
in solutions, then each of this solutions is very close to some particular solution of
this system.

These statements can be precisely formulated and proved in the continuous
mathematics, though to do this is not an easy exercise for undergraduate students.
However, investigation of similar situations could be good topics for undergraduate
research.

ExXAMPLE 3. The impressive example of a thermodynamics problem, for which
the continuous model failed to explain the results of experiments, while the discrete
model perfectly worked for this purpose, was presented by M. Plank in his classical
article [8]. This famous article originated the quantum theory.

The subsequent presentation is forcedly short and superficial. It does not
require the reader to have any knowledge of thermodynamics — only some
vague understanding of the concepts of energy, radiation, frequency and, possibly,
of a harmonic oscillator. For a more detailed, and at the same time accessible to
non-specialists, acquaintance with the subject, I recommend Chapter I and Chap-
ter VIIL.1 of the classic book [10].

The problem lies in the study of the dependence of the blackbody radiation energy
on the radiation frequency, in other words, of the spectrum of this radiation.

A blackbody is an object that is perfect absorber of radiation. In ideal case it
absorbs all light that falls on it — no light is reflected and no light passes through
it. However, when heated, it can emit light.

It is assumed that a blackbody consists of a finite number of emitters with
their own frequencies. The total energy of emitters with a frequency v is denoted
by E(v). If the number of emitters is very large, then the set of their frequencies is
considered continuous, and E(v) is interpreted as the density of energy distribution,
energy distribution, i.e., total energy in the frequency [v,nu + dv], where dv is an
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infinitesimal. For low frequencies, the black body radiation spectrum satisfies the
Reyleigh-Jeans law

Y kT, (11)

where c is the speed of light, T is the absolute temperature and k is the Boltzmann’s
constant. This formula was obtained by some theoretical considerations based on
statistical physics and the Maxwell theory of electricity under assumption that
emitters are harmonic oscillators. In particular, it used the Boltzmann formula for
average energy E = kT (actually this equality can be considered as the definition of
the temperature in classical thermodynamics).
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For high frequencies the Reyleigh-Jeans law does not work. Moreover it leads to
the contradiction named the “ultraviolet catastrophe”, since it shows that the energy
emitted by the unit volume of blackbody for high frequencies is infinitely large. This
contradicts to another law of radiation due to Wien

E(v) = Avde T (13)

for certain parameters A and 6. This law agrees with experiments for high frequences.
Trying to find the general law (that works for all frequencies), M. Planck first

found a formula that is asymptotically equal to the Reyleigh-Jeans formula for low

frequencies and to the Wien’s formula for high frequencies [9]. This is the formula

A3

M .
eT —1

E(v) =

To explain this formula Planck replaced the improper integrals, involved in the
formula (12) by infinite Riemann sums, with the width of partition € = hu:

o0

/ fw)ydv — hZ/Z f(nhv).
n=0

n=0

After simple calculations one obtains the discrete version of the Boltzman average
energy the Boltzman (12) formula

o0

> nhve™ ¥
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Substituting the expression for kT from (14) in (11) one comes to the Plank’s

radiation law
S1h V3

e 15

kTc3  oi% _ 1 (15)
which completely agrees with the experiments and s asymptotically equal to the
Reyleigh-Jeans formula for low frequencies and to the Wien’s formula for high
frequencies. Here and above h is the universal Plank constant, the value of which
was obtained experimentally:

h = 6.62 x 10~ joules/sec.

Quantum mechanics has introduced some correction to Planck’s law. In fact,
according to quantum mechanics, discrete values of energy are of the form (n+ %)hv.
To obtain the corrected formula for quantum discrete average Eqd replace n by n+ %
in the formula (14) and obtain

Eqd = 7 —|—Ed. (16)

REMARK 1. It was shown in the fundamental Calculus text [11] that, if a func-
tion f is monotonically decreasing to 0, then

gig(l)st(ns) = /f(:c) dz. (17)
n=0 0

A necessary and sufficient condition for function f to satisfy the equality (17) is
contained in [11, Section 1.2, Example 2].

The functions f(E) = Eef%, and g(F) = e~ T satisfy the above conditions for
the formula (17). After replacement improper integrals in (12) by infinite Riemann
sums with € = hv we obtain Ey4. Thus, by (17), we have

%i_)mo E;= %1_)mo Eg=kT (18)
Since we have the classical thermodynamics energy average on the right hand side of
the second equality in (18) and on the left hand side the limit of the quantum average,
the equality (18) can be considered as a particular case of the general principle: The
classical mechanics is the limit of quantum mechanics as h — 0.

From the discussion at the beginning of the lecture and the examples considered,
we can draw the following conclusion:

Contemporary rigorous mathematics is a too strong idealization for
the language of natural science.

This conclusion does not contradict the well-known statement of Galileo “The
Book of Nature is written in the language of Mathematics”, no nor Wigner’s
article [17], since neither of them kept in mind the modern rigorous mathematics.

For further discussion, it is necessary to clarify what is “modern rigorous
mathematics”.
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Lecture 2. Perfect Rigor in Mathematics

1°. Modern rigour in mathematics goes back to Euclid’s Principles. The rigorous
proofs in this book have had a tremendous impact on the development of mathematics
as well as philosophy history and other humanistic sciences. This influence was far
from always positive. It is enough to mention the “proofs” of the existence of God,
sustained in the canons of Euclidean proofs. See e.g. “The Open Society and its
Enemies” by K. Popper and “Pythagoras and Monkey” by A. I. Fet.

Perfect rigour in geometry was developed by D Hilbert in the book “Foundations
of Geometry”, where primary concepts were clearly identified that are not defined,
but are given axiomatically by enumerating their properties and relations between
them. Moreover, they had to be specified so that the truth of statements about them
did not depend on the names of these concepts. As an example, Hilbert said that in
the axiomatic formulation of geometry, the words “point”, “straight”, “plane” can be
replaced by the words “chair”, “table”, “beer mug”.

Perfect rigour in mathematical analysis was developed in the 19th century. Its de-
velopment is primarily associated with the names of Cauchy, Bolzano, Weierstrass
and Cantor. When studying some problems on the convergence of Fourier series,
Cantor introduced the concept of a set, defined the comparison of the cardinalities
of infinite sets, proved the uncountability of the set of real numbers, from which it
immediately followed, for example, the existence of transcendental numbers. This
was Cantor’s first published work on set theory [18]|. In subsequent publications,
Cantor developed set theory, which was destined to become the basis for the
strict formalization of all mathematics. In fact, any mathematical statement can
be formulated and proved in terms of set theory. Such reformulation can be very
long and unnatural, and in practice no one conducts it. However, the overwhelming
majority of mathematicians do not doubt that, in principle, this is possible.

REMARK 2. This does not mean that the way of thinking in mathematics is re-
ducible to one in set theory.

The concept of a set is primary and is not formally defined. Cantors formulated
the concept of a set on an intuitive level as follows [19]: “ We think of a set M as of
a combining of certain well distinguished objects of our observation or of our thought
1 some single whole”.

This formulation of Cantor can be clarified as follows:

PSEUDO-DEFINITION 1. A set is the collection of all objects that satisfy some
well-defined property and are combined into a single whole. In this case, a property
means some statement P(x) about sets, a property is well-defined if it is possible to
say unambiguously about any object & whether it has this property P, i.e., P(x) is
true or not, i.e., P(z) is false. Otherwise, the property is called vague. The set of all
objects x that satisfy P is denoted {z | P(x)}.

Already this Cantor’s pseudo-definition does not agree with reality. The
definitions of physical concepts are of an approximate intuitive nature. Their
formalization within the framework of modern pure mathematics based on Cantor’s
Set Theory often does not correspond to any physical intuition. Definitions of physical
concepts sometimes do not exist at all. Once I asked the famous Russian physicist
Professor M. A. Miller how to formulate a general definition of the concept of a wave,
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he replied that when he and his friend professor A. V. Gaponov-Grekhov — a member
of the Russian Academy of Science — wrote the article “Waves” for the Great Soviet
Encyclopedia, they dealt with this issue a lot, studied a large amount of literature
and realized that such a definition does not exist.

Real numbers in the Cantor’s Set Theory are defined as Dedekind cuts — the
specific subsets of the set of all rational numbers. Then the well-known Axiom of
the Least Upper bound is a theorem of Set Theory. Compare this theorem with the
following statement taken from the Chapter 26.1 of the famous Feynman Lectures on
Physics, vol. I: “There are no actual boundaries between one range of wavelengths and
another, because nature did not present us with sharp edges. The number associated
with a given name for the waves are only approximate and, of course, so are the
names we give to the different ranges.”

The physical results are fundamentally approximate for the reasons stated above
by Ya. B. Zel’dovich (page 10). The exact boundary between quantum and classical
sizes does not exist in principle.

That is why mathematically rigorous definitions of physical notions are rarely
used by physicists and mathematically rigorous proofs of the properties of such
notions often do not exist and if they do, they are not interesting for physicists.

Similar difficulties are encountered when studying the correspondence between
computer and continuous solutions of both applied and theoretical mathematical
problems. In this case the difficulties since we have to deal with numbers that are not
very close to the computer’s memory boundaries. Otherwise the computer operations
do not longer approximate operations in the field of reals, and even do not satisfy
the usual laws of arithmetic.

This circumstance makes it very hard, if not to say impossible to study the
correspondence between continuous mathematics and its computer simulation within
the framework of classical mathematics. See the discussion in the Example 1.

2°. At the beginning of the 20th century, some well-defined properties were
discovered such that the statements about the existence of the sets defined by
them led to a contradiction. These were the well-known paradoxes of set theory.
The simplest of them the Russel’s paradox: Consider the well-defined property
Px) =z ¢x. Lety={z |z ¢z} lfy €y, then y does not satisfy property P, thus
y ¢ y and y satisfy P and y € y. We obtained the contradiction. So it was necessary
to impose axiomatically some restrictions on the properties, that defines sets. The
first system of axioms for set theory was proposed by E. Zermelo 1908, later it was
improved by A. Fraenkel. It is called Zermelo—Fraenkel’s axiomatic and is denoted
by ZFC (C stays for the Axiom of Choice.)

The Pseudo-definition above is reformulated in ZFC as follows:

Axiom of Separation. For any well-defined property P(x) and any set y there
exists the set z such that

z={zey|Px)}

Sometimes this axiom is called the Axiom of Comprehension. Certainly the existence
of any set (except the empty set) can be deduced from this axiom. The axioms
about existence of sets, determined by well-defined properties, without he restriction
imposed by the Axiom of Separation are the following ones:
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Axiom of Pair. For any two sets a and b, there exists the set {a,b}.

Axiom of Union set. For any set x there exist the set {y | 3z € z (y € 2)}.

Axiom of Power set For any set x there exist the set Z(z) = {y | y C z}.

Axiom of infinity There exists a set x such that () € x and for any y € =z,
yU{y}t e

The minimal set that satisfies the Axiom of infinity is the set
{0,{0},{{0,{0}},...}. This set is the set N ={0,1,2,...} in ZF. The Principle of
Mathematical Induction follows from the minimality.

There are also the well-known Axiom of Choice and the Axioms of Regularity
and Foundation needed mainly in the Foundation of Mathematics. The Axiom of
Choice is not included in axiomatic. Zermelo—Fraenkel axiomatic without the Axiom
of Choice is denoted ZF. The definition of equality of two sets is given by the Axiom
of Extensionality: two sets are equal if they consist of the same elements. This axiom
is not needed if the logic of predicate with equality is used.

The axiomatic ZFC introduced above strictly speaking is not perfectly rigorous,
since the notion of property is not well defined. For this axiomatic the term “Naive
Set Theory” is used. This is the title of the book [20] containing a detailed exposition
of the basic set theory for non-logicians.

However, all statements of Cantor’s set theory including the axioms of ZFC can
be written as sentences of the formal language of first-order predicate logic with
equality and a single extra-logical symbol of a binary membership predicate €. These
sentences form a countable effectively enumerable set. The axioms of ZFC form is
an effectively enumerable subset. This subset is infinite since that the Axiom of
Separation is not one axiom, but a countable set of axioms — its own axiom for each
formal sentence.

A finite sequence of formal sentences is said to be a proof of a theorem T of ZFC,
if each of these sentences is either an axiom of the predicate logic with equality, or
an axiom of ZFC, or follows from the previous by deduction rules of the first-order
logic and the last sentence is T'. The formalization of the ZFC in predicate logic is
necessary mainly for proving the consistency of certain theories or the unprovability
of some sentences in the ZFC, and therefore, in view of the remarks on pages and in
mathematics.

The formalization of the ZFC in predicate logic is necessary mainly for proving
the consistency of certain theories or the unprovability of some sentences in the
ZFC, and therefore, in view of the remarks on pages and in mathematics. According
to Godel’s second incompleteness theorem, the consistency of the ZFC cannot be
proved in the ZFC. Therefore, all statements about the consistency (independence)
of sentences are conditional, i.e., begin with the words “If the ZFC is consistent,
then ...”

As it was mentioned on the page 17 most mathematicians are content with proofs
that can be formalized at the level of rigour adopted in Naive Set Theory.

3°. In the monograph [21], devoted to the proof of the consistency of the Axiom of
Choice and the Continuum of the Hypothesis, the author uses by necessity the formal
version of the ZFC, but makes it as accessible as possible for non-logicians. To do
this, he makes the ZFC finitely axiomatized, proving that it is sufficient to formulate
the Axiom of Separation for a certain finite number of well-defined properties, from
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which it can be proved, as a theorem for any other well-defined property. The primary
objects are interpreted as properties, called here classes and the sets are defined such
classes that can be included as elements in other classes. The classes that are not
sets are called proper classes. Sets are denoted by lowercase letters and classes are
denoted by uppercase letters. The axiomatic presented in [21] is called von Neumann—
Bernays—Gadel (NBG-axiomatic) or simply NBG.

Let us clarify how the finite axiomatizability of the NBG is obtained

Denote .Zzrc the formal language of ZFC. Set-theoretic statements formalized
in ZFC are called formulas of Zzpc. If a variable £ occurs in a formula ¢
under the universal quantifier or the existential quantifier, it is called bounded,
otherwise it is called free. Formula that does not contain free variables is called

a Proposition. Notation ¢(1,...,&k), means that each free variable included in ¢
is a variable from the list (£1,...,&). This formula is interpreted as a statement
about variables ({1, ...,&), i.e., when substituting specific values of these variables,

the corresponding statement is either true or false. Whether a statement is true or
false is independent of bounded variables.

The language of NBG is the same as the language .2z r¢. The formalization of the
property of a class X to be a set is formalized £z ¢ by a formula: (3Y) X € Y. The
notation ¢(x1,...,xk, Y1,...,Y,,) means that variables (x1, ..., x) assume values of
sets (are set-type variables) and Y7,...,Y,, assume values of arbitrary classes. This
formula can be easily rewritten as £z pc-formula where all variable are denoted by
uppercase letters and free variables are among Y7,...,Y),.

DEFINITION 1. We say that ¢(x1,...,2zk, Y1,...,Yy) is a set-type formula if all
its bounded variables are set-type variables.

We say the formula ¢(x1,..., 2, Y1,...,Y,,) define the class A(Y7,...,Y,,) =
{{lx=1,...,25) | o(z1,. .., 2k, Y1,.. ., Yiu) }.

Godel defined eight set-type-formulas (called Gédel operations) and postulated
the existence of classes, defined by these formulas. Using these eight axioms of
NBG he proved the existence of a class defined by an arbitrary set-type formula
(p(.%'l,... ,.%'k,Yl,... ,Ym)

The Axiom of Separation is formulated here as a single axiom: (Vz, X) (Jy)
x N X =y. Other axioms of NBG are the same as axioms of ZFC.

Theorem 1. Every set-type proposition is a theorem of NBG, if and only if it
is a theorem of ZFC.

This means that NBG and ZFC are equally consistent.

Lecture 3. Will Nonstandard Analysis
Become the Analysis of the Future?

In the second decade of the 20th century, mathematicians became decisively
convinced that the vague properties, which were mentioned in the previous lecture,
could not be introduced into mathematics at the level of rigor that was then formed.
This belief was overturned in the early 60s by A. Robinson who built a model
of mathematics in which infinitely large and infinitely small numbers are present,
which are defined by vague definitions. The analysis developed on these models was
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called Nonstandard Analysis (NSA) by Robinson. A brief introduction to Robinson’s
NSA can be found in the Section 2 of [22|, familiarity with which is not necessary,
but useful for understanding the main content of this lecture. In the NSA many
intuitive mathematical formulations that go back to Leibniz and later to Cauchy,
such as, for example, the definition of limit: “lim,_,, f(z) = L means that if z
is infinitely close to a but x # a, then f(x) is infinitely close to L”, received
the status of rigorous mathematical statements. This made it possible to simplify
significantly the proofs of many theorems of standard analysis and even obtain new
results in standard mathematics using nonstandard analysis. After the first edition
of Robinson’s book [14] was published in 1966, many articles appeared, in which
nonstandard analysis was used to obtain new results in various fields of standard
mathematics, especially in functional analysis, stochastic analysis and mathematical
physics (see e.g. [23]). Most of these applications were associated with the use of
hyperfinite sets, i.e., such cardinalities, which were infinitely large numbers in the
sense of NSA. Retaining many properties of finite sets, these sets made it possible to
more directly use intuition of finite mathematics in the continuous one and to obtain
rigorous results.

In 1973 Abraham Robinson gave a talk about the nonstandard analysis (NSA)
at the Institute for Advanced Study. After his talk Kurt G6édel made a comment,
in which he predicted that “...there are good reasons to believe that Non-Standard
Analysis in some version or other will be the analysis of the future” (see Robinson’s
Preface to the 1973 edition of the book [15]).

One has to admit that during more, than forty years since this prediction, it did
not come true. Although the NSA simplified proofs of many deep results in standard
mathematics and even allowed to obtain new standard results, among which there
are some long standing open problems, it did not become the working tool for the
most part of mathematicians. When they are interested in some result obtained with
the help of the NSA, they prefer to reprove it in standard terms. One of the reasons
of rejecting the NSA, is that as a rule the job of reproving is not difficult. The
other reason is that the transfer principle of the NSA that is crucial for deduction
of standard results from nonstandard ones relies significantly on formalization of
mathematics in the framework of superstructures or of the Axiomatic Set Theory. For
mathematicians working in ODE, PDE and other areas oriented toward applications,
who use at most the naive set theory, these formal languages may be difficult and
irrelevant, so they may not feel confident in nonstandard proofs. At the beginning
of our century the interest in NSA and its applications significantly decreased. The
stream of publications on NSA has turned into a thin brook. I don’t remember any
big meeting dedicated to the NSA within at least the last decade. There are very
few people who continue research in the field of NSA. I am one of them and I am
doing this because I believe that this Gédel’s prediction can come true. The purpose
of these lectures is to present some arguments in favor of this belief.

In order to facilitate the perception of the NSA for a wide range of
mathematicians, E. Nelson developed an axiomatic version of NSA based on the
Zermelo—Fraenkel’s axiomatic of set theory (ZFC), which, as noted in the first
lecture, is acceptable for most mathematicians at least in its non-formal version —
naive set theory [20]. It is called “Internal Set Theory” (IST). He added the unary
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predicate of standardness St and three axioms for this predicate to ZFC. The first
axiom is the Transfer Principle, similar to one in the Robinson’s (Model theoretic)
version of the NSA. The second one, the Idealization Principle ensures the existence
of nonstandard elements. This axiom is close to the Polysaturation Principle in Model
Theoretic version of the NSA (see [24, Section 2.9]), but it is somewhat weaker than
the latter. The third axiom — the Standardization Principle is of a technical nature
and is not used in the future.

In 1987, Nelson published a revolutionary, from my point of view, book [25]. In
this book, he developed a new approach to the foundations of probability theory
based on hyperfinite probability spaces. The presentation was based on IST, but
only some fragments of this theory were used, formulated informally, but intuitively
clear. The fundamental results of the theory of probability, on which its applications
are based, were formulated in this language. These formulations had a clear physical
meaning and were available not only to pure mathematicians, but also to all kinds of
applied mathematicians. This favorably distinguished them from formulations within
the framework of Kolmogorov’s axioms based on measure theory. This is how Nelson
himself wrote about it in the preface to his book:

“The foundations of probability theory were laid just over fifty years ago, by
Kolmogorov. I am sure that many other probabilists teaching a beginning graduate
course have also had the feeling that these measure-theoretic foundations serve more
to salve our mathematical consciences than to provide an incisive tool for the scientist
who wishes to apply probability theory.”

The problem of axiomatization of probability theory is a part of Hilbert’s 6th
problem [26]:

“6. Mathematical Treatment of the Axioms of Physics.

‘The investigations on the foundations of geometry suggest the problem: to treat in
the same manner, by means of axioms, those physical sciences in which already today
mathematics plays an important part; in the first rank are the theory of probabilities
and mechanics.’

In a further explanation Hilbert proposed two specific problems: (i) axiomatic
treatment of probability with limit theorems for the foundation of statistical physics
and (ii) the rigorous theory of limiting processes ‘which lead from the atomistic view
to the laws of motion of continua’:

‘As to the axioms of the theory of probabilities, it seems to me desirable that their
logical investigation should be accompanied by a rigorous and satisfactory development
of the method of mean values in mathematical physics, and in particular in the kinetic
theory of gases ... Boltzmann’s work on the principles of mechanics suggests the
problem of developing mathematically the limiting processes, there merely indicated,
which lead from the atomistic view to the laws of motion of continua’.”

Before the appearance of Nelson’s book, the overwhelming majority of publicati-
ons on applications of NSA were related only to obtaining new results or simplifying
proofs of known results of standard mathematics. In my opinion, this is also one of the
reasons for the decline in interest in NSA over the past decades. Nelson’s book was
apparently the first book in which this was said and illustrated using the example of
probability theory that NSA “in some version or other” is more appropriate language
for the book nature than the language of modern standard mathematics.
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The fundamental book [27] is devoted to various axiomatic versions of NSA.

As noted in the first lecture, the absence of variables that take values of
classes (i.e., collections of objects determined by properties) in ZFC makes it more
complicated for use than NBG, where they are present. These difficulties are even
stronger in IST, where, in addition to the well-defined aggregates should also be
used the vague ones. In order to make the nonstandard axiomatic set theory more
convenient for use, we have developed a non-standard class theory (NCT) [12], which
is an extension of the NBG.

On the basis of this theory, the Theory of Hyperfinite Sets (THS) was develo-
ped [13], in which only hyperfinite sets are considered, and classes are subclasses
of such sets. Among the subclasses of sets, proper classes are also allowed, i.e.,
those that are not sets. Such classes here are called quasi-sets. P. Vopenka's
books |28, 29| use the term “semiset”. The book [29] develops the so-called Alternative
Set Theory (AST), that can be considered as a variant of NSA, which differs both
from Robinson’s model-theoretic analysis, and from the axiomatic versions considered
in [27]. However, the concept of a semiset in is equivalent to the concept of a quasi-
set here. Also the idea of defining standard finite sets (here they are called small)
as those that do not contain proper subclasses belongs to Vopenka. The concept of
a semiset in the book [28| has a different content.

In the THS indiscernibility relations on a hyperfinite sets are defined that are
vague equivalence relations such that each hyperfinite subset contains at least one
pair of indiscernible elements. Continuous objects arise in the THS from factorization
of sets by indiscernibility relations. Moreover, a significant part of the theorems of
ZFC concerning continuous objects can be formalized and proved in THS.

In a sense, THS can be seen as a formalization of Plato’s famous allegory about
the cave, presented in his work “Republic” (360 BC) as a dialogue between Plato’s
brother Glaucon and his mentor Socrates.

In the allegory, Socrates describes a group of people who have lived chained to
the wall of a cave all of their lives, facing a blank wall. The people watch shadows
projected on the wall from objects passing in front of a fire behind them and give
names to these shadows. The shadows are the prisoners’ reality but are not accurate
representations of the real world.

In THS the real world (the world of ideas according to Plato) is thought of as
a discrete (atomistic) world — the world of finite sets, while continuous objects
are shadows that prisoners see. I hope that this theory may be appropriate for
investigation of problems (i) and (ii), formulated above in Hilbert’s explanations
to the sixth problem. The very first examples in this direction will be formulated in
forthcoming lectures.

The theory THS can be used to study the relationship between discrete and
continuous mathematics. We will demonstrate this below with Examples 1 and 2
of the previous lecture. We actually use the Theory of Quasi-Sets (TQS) presented
here for this goal. The theory THS is a mixture of theories NCT and THS, but
technically simpler, than THS. All theorems on the relationship between discrete
and continuous mathematics, proved in THS, can be, after some effort, re-proved in
THS. However, the latter seems to me to be the most adequate formalization of the
dialectic of the discrete and the continuous in mathematics.
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Lecture 4. Theory of Quasi-sets (TQS)

4.1. Axioms of TQS. As in NBG the variables of TQS are classes and the
sets are classes that are elements of other classes.

1°. Axiom of Extensionality (AE) is the same as in NBG:
X=Y ¢+ Vu)(ueX+—uey).

The principle difference between NBG and TQS is that the TQS allows classes
for which Axiom of Separation of NBG fails. The classes, for which the Axiom of
Separation holds are called the well defined classes, i.e., a class X is well defined
(a w.d. class), if Vo x N X is a set.

2°. Axiom of Weak Transfer [Weak Transfer Principle| (WTP). Every theorem
of NBG is a theorem about w.d. classes in TQS.

REMARK 3. If X is not a well defined set, then there exists a set x such that
x N X is a proper class, that is a subclass of . The proper subclasses of sets are
called quasi-sets. As in NBG we use to denote set variables, by low-case letters and
classes by uppercase letters. Since the classes that are not quasi-sets will be used
very rarely, by default an uppercase letter is interpreted as a quasi-set. In very rare
occasions, in which it is not so, this will be specified explicitly. A semiset that is not
a set is called a proper semiset.

REMARK 4. In the Robinson’s version of nonstandard analysis and in axiomatic
versions, where the predicate of standardness is involved, a strong transfer principle
is included as an axiom This strong , which is formulated approximately as follows:
any sentence that does not contain a standard predicate is a theorem of the
standard theory if and only if its version relativized to the predicate of standardness
is a theorem of non-standard theory. The strong Transfer Principle is key for proving
standard theorems using NSA. The TQS is intended for proving theorems in non-
standard mathematics, i.e., theorems containing vague concepts (sometimes using
standard mathematics). Therefore, TQS does not need the predicate of standardness
and the strong transfer principle.

Question 1. The absence of a strong Transfer Principle in TQS gives grounds
to assume the existence of NBG statements, unprovable in NBG, but provable in
TQS. It would be interesting to find meaningful examples of such statements. In
reverse mathematics examples of number theory statements are known that can only
be proved using the axioms of the existence of higher cardinals. It is interesting to
find out whether it is possible to prove these statements in the TQS. Is it possible
to place the TQS in any form in the Godel hierarchy? See e.g. [30].

3°. Axiom of Class Formation (ASF). If P(z) is any statement that involves a
free (not bounded by a quantifier) variable x and such that all quantifiers are applied
only to quasi-set variables, then there exists a class A that consists of those and only
those elements that satisfy P(z): Vx (x € A +— P(x)).

The proper quasi-sets serve as a formalization of vague aggregates of objects,
that was discussed in Introduction. For example a set x is called small if it does not
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contain proper subclasses. In what follows
S(z)=VX)(XCzr—3JY Xe€Y), (19)

i.e., S(z) means that x is a small set. We denote the collection of all small sets by S.
It follows from the Axiom of Class Formation that this collection is a class. It is easy
to see that the class S is not a quasi-set. For any class X denote S(X) the class of
all small sets in X (here X may be a set) A natural number n € N is small if the
set n = {0,1,...,n — 1} € S(N) is small. We denote the quasi-set of small natural
numbers by S(N) also and write S(n), if n is small. We also denote nU{n} by n+ 1.
The class S(N) satisfies the following Strong Induction Principle:
Proposition 1. If X CS(N),0€ X andVn € X n+1 € X, then X = S(N).
g Let m € S(N)\ X, then Y = m+1\X C m+1. Thus Y is a set, since
m+1 € S(N). Thus, 3 k¥ = minY by the WIP. Then k¥ # 0 and k¥ — 1 € X.
So k € X by the conditions of the proposition. Contradiction. >
REMARK 5. By the WST N is the set in TQS satisfy Induction Principle

VzCN)(0exAN(Vnezx) n+l1e€z)— xz=N.

Thus, in the Strong Induction Principle all subclasses of S(N) are involved, while in
the standard one only all subsets of N. This does not imply yet that N # S(N). This
inequality follows from the Axiom of Compactness, that will be introduced later.
We also define the quasi-set of small integers as follows: S(Z) := S(N)U (—S(N)).
Natural numbers (integers) that are not small are called infinite or infinitely
large. Notations: Ny, := N\ S(N) (Zs =Z\ S(2)).
Proposition 2. N, # ().
<1 This Proposition will be proved later. >

DEFINITION 2. A finite set a is said to be hyperfinite, if its cardinality is an
infinite number: |a| € Ny.

Thus, every finite set a is either small or hyperfinite.

DEFINITION 3. 1. A real a € R is called bounded (a € Ry), iff |a| < n for some
n € S(N).

2. A real a € R is called an infinitesimal (o € %)), if |a| < n~! for all n € S(N).
The quasi-set .# is called the monad of 0. Reals , b € R a said to be infinitesimally
close (a = ), if @« — v € #y. Sometimes we right a =~ 0 for a € .4 and

la] >0

for a ¢ M.

3. A real Q € R\ Ry is called infinitely large (2 € Ry). Obviously IR =
(o \ {0}) "

Proposition 3. The monad .#, is the maximal ideal in the ring Ry.

< The statement “Mj is an ideal in R}” is is similar to the theorem “The sum
of two infinitesimal functions is an infinitesimal function and the product of an
infinitesimal function by a bounded one is an infinitesimal function” of Calculus I.
The proofs are also similar.
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If .7 is an ideal in Ry such that . ;Cé & and a € I\ My, then obviously
1/CL € Ry, s0 1 € Ry. Thus, £ =Ry. >

In what follows the quotient class a + .#( for o € Ry, is denoted .Z,.

REMARK 6. Since any monad ., is a proper quasi-set one can not use the
quotient class R,/ that consists of monads. However, it will be shown later that
the existence of complete system of representative of monads .#,, a € R, exists.

Proposition 4. The classes Ny, Z, Roo, Ry, .4y are proper quasi-sets.

<1 Suppose that N, is a set. Then, since N, C N there exist a number
N =minNy, by WTS, so N —1 € S(N). Thus N € S(N) by Proposition 1, while
N € Ny. The contradiction. So, N, is a proper quasi-set as well as Z..

If Ry is a set, then Zo = {|a|| @ € Ry} is a set by WST. So R, is a proper
quasi-set. The proof of this Proposition for Ry and .#; follows immediately from
Definition 3 (3). >

Some simple properties of quasi-sets that may be needed later are listed in the
following

Proposition 5. If X, Y are quasi-sets, then dom(X), range(X), X NY, X UY,
X\Y, X xY,YX are also quasi-sets.

<tLet X C x,Y C y. Then first five operations applied to X and Y are subclasses
of the same operations applied to  and y. The latter are sets by WTP. So, the first
ones are quasi-sets. To complete the proof recall the Kuratowski’s definition of an
ordered pair.

(a,b) = {{a},{a,b}} (20)
So,forae X, beY (a,b) ¢ Z(XUY)C Z(xUy) and X xY C Z(xUy). Since
YX C X xY,one has X xY,Y¥X C x x y. Thus both of them are quasi-sets. >
DEFINITION 4. We say that a quasi-set X is sharp, if any its subset is small.
Proposition 6. The quasi-set S(N) is sharp.

< Let  C S(N). By Proposition 2 there exists N € Ny. If  is an infinite set,
then the following theorem is true:

(VneN)(3m e z) (m>n).

This is an NBG theorem and by WTP there exists M € x such that M > N. This
contradicts to the above assumption. So, z is a finite set. Since z C [min z, max x] C
S(N), z is small. >

Proposition 7. 1. Any subquasi-set of a sharp quasi-set is sharp.

2. If X and Y are sharp quasi-sets, then X NY, X UY, X\Y, X XY is a sharp
quasi-set.

3. If FF: X — Y is a surjective map and X is a sharp quasi-set, then Y is a sharp
quasi-set as well.

4. If F is a function and dom(F') is sharp, then F is a sharp quasi-set.

4°. Axiom of Compactness®. Let X be a sharp quasi-set that has finite
intersection property (FIP), i.e., every subset of X has a nonempty intersection,

then (X # 0.

>This axiom is the analog of the Axiom of Polysaturation in NSA.
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The Axiom of Compactness implies Proposition 2.

< Consider the sharp quasi-set X = {N\{0,1,...,n—1} | n € S(N) that exists by
the Axiom of class Formation. By the Axiom of Compactness (| X = N\ SN # (. >

Proposition 8. Let F' be a function such that dom(F') is a sharp quasi-set. Then
there exists a function f such that F C f.

Though we cannot include classes in sets we can consider classes that are indexed
families of some classes.

DEFINITION 5. We say that a class X is a family of classes {X; | i € I}, indexed
by elements of the set I (I-family), if dom(X) =T and Vi e I X; ={x | (i,x) € X}.

5°. Axiom of Choice for quasi-sets. If F' is a family of quasi-sets, indexed by
a sharp set I (i.e., dom(F) = I) and Vi € I F; # (), then there exists a function
G C F, such that dom(G) = I and Vi € I G(i) € F;. This function is called a choice
function as usual.

6°. Axiom of Exponentiation?. If X is a sharp quasi-set, then there exists the
sharp family of quasi-sets p(X). This means that

(Vie D) (p(X); € X) and (VY CX) Fiel) (p(X); =Y),  (21)

where I = dom(p(X)).
The theory TQS can be interpreted in NCT, whose consistency with respect to
ZFC is proved in [13]. So, the theory TQS is consistent with ZFC as well.

4.2. Standard Sets in TQS. Consider the set Viy = J,,cry Vi, Where Vo = 0
and V11 = 2(Vy,)*. The elements of Viy are those and only those sets that are
hereditarily finite, i.e., those that are small, their elements are small, elements of
elements are small, etc.

DEFINITION 6. We say that a set z is standard St(z) if it is hereditary small.

Obviously the class of standard sets St = S(Vn) = U, egy) Vn- It is clear that St
a sharp class. The classes S(N), S(Z) C St. Since every rational number can be
(uniquely) represented by an ordered pair of co-prime integers and each such pair is
a standard set we conclude, that S(Q) C St. In what follows we use sometimes the
notation St(Q) instead of S(Q)

Now we able to formulate rigorously and prove the existence of complete system
of representatives of monads € Ry (c.s.r.m.), mentioned in Remark 6.

Theorem 2. There exists a sharp class R C Ry, whose intersection with every
monad #,, a € Ry, has only one element.

< For every a € Ry, set

Coa={q€8S(Q)[g<a}u{qeS@Q)|g>a}.

Obviously, if o =~ «, then C, = Cy and 4, = () {(¢,¢') | ¢.¢' € Cy}. The family
¢ = {Cq | @ € Ry}, is a subfamily of the class p(S(Q)). By the Andreev’s Axiom

3This axiom was suggested by P. Andreev for the Theory of Hyperfinite Sets introduced in [13].
It is included in TQS without any changes.

4Those readers, who are familiar with axiomatic set in more detail will recognize in Vi the first
infinite set V,, of the von Neumann hierarchy. The general von Neumann hierarchy will not be
needed in these lectures (see e.g. the book [31]).
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of Exponentiation the latter is a sharp class, thus % is a sharp class as well. So,
the family of monads in R, indexed by the sharp class % has a choice function by
the Axiom of Choice for quasi-sets. The range of this choice function is a c.s.r.m.
in Ry. >

There are infinitely many c.s.r.m.’s. since if f : € — R} is a choice function and
g: % — Ry is a function such that VC € ¢ f(C) = ¢g(C), then g is also a choice
function and the range of g is a c.s.r.m. as well. Moreover, there does not exists any
definable in TQS c.r.s.m. This statement was proved in [13, Proposition 6.3.| in the
framework of THS. The proof presented there can be easily modified for TQS.

Operations in any c.s.r.m R are uniquely determined based on the requirement
that R must be a field isomorphic to Ry/.#y. Thus, for a,b € R

a®db=ceR, cma+b aG®b=deR, d=a-b. (22)

Here + and - are operation in R. The linear order in R is inherited from R;,. The
following Proposition is easy.

Proposition 9. For every c.s.r.m. R the algebraic system (R;®,®,<) is a
complete linearly ordered field. The completeness here means that every bounded
from above quasi-set A C Ry, has the least upper bound.

The next proposition follows immediately from the construction of c.s.r.m.
Proposition 10. For every a € Ry, there exists a € R such that a ~ «.

We see that generally speaking operations in R, are not equal to those in R but
only infinitesimally close to them. They depend on a choice of a set R. In other
versions of NSA | in which there is an external (i.e., not definable in standard terms)
predicate of standardness, the external set (quasi set in our version) of standard
elements is a c.s.r.m. that is a subfield of R;. In the TQS we can always choose
a c.s.r.m. R so that the field St(Q) that is a subfield of R. It follows from the non-
definability of c.s.r.m. in TQS, that no any c.s.r.m. in R can be a subfield of Ry.
However, there exists a definable extension of the field St(Q) in any c.s.r.m. R.
Let o7 be the field of all algebraic reals. If £ € &/ and its minimal polynomial
p(z) € St(Q)[z]?, then & € Ry,.

DEFINITION 7. 1) We say that a statement S(x,ay,...,a,) is an st-statement,
if x is a variable, aq,...,a, € St and every occurrence of a quantifier in .S is either
of the form Vx € St or of the form 3 x € St.

2) We say that a quasi-set A C St is standard definable (St? — quasi-set), if there

exists an st-statement S(x,ay,...,a,) such that A = {z | S(z,a1,...,an)}.

3) A real number z € R, is said to be an St?-number, if there exists an st-
statement P(x,Bi,...,B;), where constants By, ..., By, are St — quasi-sets, the
statement

(3'z) (P(z,By,...,Br) NP, By,...,By)) is true in TQS.

The configuration 3! X ... is the usual abbreviation for “there exists a unique X
such that ...”

®We assume that the highest coefficient of p(z) is equal to 1.
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The following lemma is obvious:
Lemma 1. The class St is standard definable.

< The class St = ac | S(N), where ac is the Ackermann’s function, that is
definable in ZFC and thus, in TQS. >

Theorem 3. 1) The field of algebraic numbers over St(Q) is a St? — quasi-set,
that is denoted St%(<7) below.
2) Every number in St%(</) is a St?-number.

< Let £ be an algebraic number over St(Q) and p(z) € St(Q)[z] be the minimal
polynomial for . The condition p(§) = 0 does not define £ uniquely, so it is necessary
to indicate interval (q1,42), g1, ¢2 € St(Q), that contains £ and does not contain other
zeros of the polynomial p(x). So, £ satisfies the statement

S(7,q1,92,P) ==z € (q1,42), \P(x) = 0AVy € (q1,92)(P(y) =0 — y =x), (23)

where p denotes the polynomial with coefficients in St(Q). Identifying the polynomial
with the tuple of its coefficients we may assume that the triple (¢1,q2,p) € St.
The number ¢ is definable by the statement S(z,q1,q2,p) since { satisfies it by
construction and 3!z S(z, g1, g2, p) is true. However, it is not a St? — number since
the variable y assumes values not only of standard sets. So, we need to modify the
definition of £. Notice that a polynomial p(x) for £ is minimal iff

p(z) =0Aged(p,p’) = 1. (24)

The condition of uniqueness of zero on (g1, g2) for a polynomial p € St(Q)[t]® is

the conjunction of the following statements
L. Sl(.%‘, q1, 42, p) =z (Q17 QQ) A p(.%') - 07
2. 82(q1, 92, p) == ged(p,P') = 1 Ap(a1) - P(g2) < 0.

3. 83(q1, 42, P) ==V € (q1,42) N St(Q) p(aq1) - P'(y) < 0.
The formula S3 means that p(y) is increasing (decreasing) on the interval (¢1,¢2),

if p(q1) < 0(> 0), since if p’(q1) is positive (negative) for all rational points in this
interval, then it is true for all points in this interval. So, S3 implies the uniqueness
of a root of p in the interval (g1, g2).

Set dec = {{(q1,92,p) | S2(q1,92,P) N S3(q1,92,p)} is an element of St and
defines an algebraic number & € St?(.e7) by the st-statement

SA(‘T) qla q2, p) = Sl(x) q1, 42, p) A S2(Q1) q2, p) A S3(Q1) q2, p) (25)
So, the surjective map dec : 2 — St?(.«7) such that

dec(<Q1a q2, p>) = 5 — SA(é-’ Q1,Q2’p)

is defined. The map dec is not bijective. Consider the equivalence relation =C & x
2 C such that

(q1,92,P) = (41,5, P") = dec({q1, g2, P)) = dec(d}, g5, P').

5Here t is not a variable — St(Q)][t] is a notation for the ring of polynomials over the field St(Q).
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Obviously, if (g1, ¢2,p) = (¢}, ¢5,p’), then p = p’. It is easy to see using Tarski’s
theorem about quantifier elimination in the theory of real-closed fields (see e.g. [32])
that the relation = is decidable. The set of pairs of rational numbers can be effectively
enumerated. So, there exists a decidable complete system 2’ of representatives for =.
So, dec | is an st-definable bijective function are St-codes of St%-algebraic numbers.
It is easy to see that operations + and x are st-definable. Thus, the field St?(.e7) is
St-definable. >

It is easy to see that any two infinitesimally close numbers in St%(«7) are equal.
So, we can assume that a field R C R, that is a c.s.r.m. contains St?(</) as a
subfield”. Below we fix some c.s.r.m that contains St?(.<7) as a subfield and denoted
it St(R). For any a € R, denote by °a the element of St(R) such that a ~ «
(see Proposition 10 above). The element % is said to be the standard part of a or
the shadow of a (recall the Plato’s allegory above).

As it was mentioned above this quasi-set is sharp but it is not standard definable.

Theorem 4. A number ¢ € St%(R) is standard definable if and only if
¢ € Sti().

< For simplicity, we restrict ourselves to the standard definability of numbers in
the language Lgt(.) of the theory of real ordered fields, extended by the definable
algebraic numbers as constants and the quasi-set St(/) as a constant quasi-set. So,

LSt(sz) = <+a 5T {St(d)} U St(d»

We assume that ¢ € St%(R) is standard definable in the language Lgg(ey if and
319 (x) are true and a statement (x), which involves only one free variable z, may
involve constants from St(<) and all bound variables are restricted to Sté(«7),
i.e., they are involved in configurations of the form V*'y and 3!y, which are
abbreviations for Vy € St(«7) and 3y € St?(.«7) respectively.

We call such statement ¢(x) a standard algebraic bounded statement (sab-
statement).

It is easy to see by Theorem 3 that every sab-statement is equivalent to a state-
ment of TQS that satisfies Definition 7.1. It looks like the converse proposition also
can be prove using the Ackermann function. However, this proof is not presented here
due to its technical complexity. Thus, only a slightly weaker version of Theorem 4
is presented here. I formulated this version in terms of Robinson’s NSA as an open
question in my letter to W. Henson in 2017. He proved it for an arbitrary real closed
field R using model theory of real ordered fields. This proof can be adjusted to our
case. >

The predicate of standardness can be extended to the superstructure St(.(R)
over St(R) as follows (see [22]):

St(SR) = ] Stu((R)),
neSt(N)

where

Sto(-#(R)) = St(R), Stn11((R)) = St (7 (R)) U p(St. (S (R)).

"Recall that operations in R are not the same as in Ry, but their restrictions on St?(.<7) are.
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Sharp quasi-sets simulate standard mathematics within TQS as follows. For any
sharp quasi-sets X, and Y set:

XeY:=3Fiedom(Y)X =Y, X=Y:=VZ ZeX +— ZeY. (26)

Let us denote the ZC ~ — the system of axioms of set theory that contains all
the axioms of the Zermelo—Fraenkel theory, except for the axioms of substitution
and regularity. This is a fairly rich theory, within which the proofs of a wide class of
theorems, especially those focused on applications in various fields of natural science
are formalized.

Theorem 5. Every ZC ~-theorem written in (¢, =)-language is a theorem about
sharp quasi-sets in TQS.

This theorem was proved for THS in [13]. This proof can be modified for the case
of TQS.

In TQS we can consider the superstructure .(R) as nonstandard extension of the
standard superstructure St(.(R) in the spirit of Robinson’s NSA, with the exception
that only weak Transfer Principle holds. By Theorem 5 we can use standard theorems
about .7 (R) for investigation of St(.”(R)). Various examples of applications of this
theorem, including those discussed in Lecture 2 will be demonstrated in forthcoming
lectures

References

1. Landis E. M., Yaglom I. M. About Aleksandr Semenovich Kronrod // Russian Math.
Surveys.—2001.—Vol. 56.—P. 993-1007. DOI: 10.1070/RM2001v056n05ABEH000448.

2. Hamming R. Numerical Methods for Scientists and Engeneers. 2nd edition.—New York:
McGraw-Hill, 1962.—411 p.

3. Arnold V. I. What is Mathematics?—Moscow: Moscow Center of Continuous Math. Educa-
tion, 2002.—104 p.

4. Zeilberger D. Real Analysis is a degenerate case of Discrete Analysis // New Progress in
Difference Equations / Eds. B. Aulbach, S. Elyadi, G. Ladas (B. Aulbach (Ed). Proceedings
of the Sixth International Conference on Difference Equations), CRS, Boca Raton, Fl.—
2004.—P. 25-33.

5. Zeilberger D. [Contemporary Pure] Math Is Far Less Than the Sum of its [Too Numerical]
Parts // Notices of the Amer. Math. Soc.—2013.—Vol. 60, Ne 11.—P. 9.

6. Stewart J. Calculus. 8th edition.—Mason, OH: Cengage Learning, 2015.

7. Broline D., Gordon E., Heller B., Murray J. Examples of Using Computer Algebra Systems in
Teaching Algebra // PRIMUS (Promblems, Resources, issues in Mathematics Undergraduate
Stadies).—2007.—Vol. 17, Ne 3.—P. 209-227. DOI: 10.1080/10511970601134419.

8. Plank M. Zur theorie des gesetzes der energieverteilung im normal spectrum // J. Physical
Society: magazine.—1900.—Vol. 2.—P. 237-245. (in German). English transl.: On the Theory
of the Energy Distribution Law of the Normal Spectrum // Old Quantum Theory / ed. by
D. ter Haar: Pergamon Press, 1967.—P. 82-90. Russian transl. in Selected Scientific Works.—
Moscow: Nauka, 1975.—P. 237-245.

9. Planck M. Uber eine Verbesserung der Wien’schen Spectralgleichung // German Physical
Society: magazin.—1900.—Vol. 2.—P. 202-204. (in German). English transl.: On an Impro-
vement of Wien’s Equation for the Spectrum // Old Quantum Theory / ed. by D. ter Haar:
Pergamon Press, 1967.—P. 79-81. Russian transl. in Selected Scientific Works.—Moscow:
Nauka, 1975.—P. 202-204.

10. Born M. Atomic Physics. 8th edition.—New York: Dover Publications, 1989.—495 p.—(Dover
Books on Physic). Russian transl.: Atomic Physics. 2nd edition.—Moscow: Mir, 1967.—493 p.

31



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.
32.

Fichtenholz G. M. Course on Differential and Integral Calculus, Vol. II.—Moscow: Fizmatlit,
1970.—800 p.

Andreev P. V., Gordon E. I. An axiomatic for nonstandard set theory based on von-
Neumann—Bernays—Gdodel theory // J. of Symbolic Logic.—2001.—Vol. 66, Ne 3.—P. 1321-
1341.

Andreev P. V. , Gordon E. I. A theory of hyperfinite sets // Annals of Pure and Applied
Logic.—2006.—Vol. 143, Ne 1.—P. 3-19.

Robinson A. Nonstandard Analysis // Proceedings of the Royal Academy of Sciences.—
Amsterdam, ser. A, 1961.—Vol. 64.—P. 432-440.

Robinson A. Nonstandard Analysis, Revised edition.—Princeton, NJ: Princeton Univ. Press,
1996.—313 p.

Nelson E. Internal set theory. A new approach to nonstandard analysis // Bulletin of the
Amer. Math. Soc.—1977.—Vol. 83, Ne 6.—P. 1165-1198.

Wigner E. The unreasonable effectiveness of mathematics in the natural sciences //
Communications in Pure and Applied Mathematics.—1960.—Vol. 13, Ne 1.—P. 1-14. Russian
transl. in UFN.—Vol. 94, Ne 3.—P. 535-546.

Cantor G. Uber eine Eigenschaft des Inbegriffes aller reellen algebraischen Zahlen //
J. fiir die Reine und Angewandte Mathematik.—1874.—Vol. 77.—P. 258-262. English transl.:
Ewald W. B., ed. From Immanuel Kant to David Hilbert: A Source Book in the Foundations
of Mathematics.—New York: Oxford University, 1996. Russian transl.: F. A. Medvedev.
Development of Set Theory i the XIX Century.—Moscow: Nauka, 1965.—232 p.

Cantor G. Beitrige zur Griindung der transfiniten Mengenlehre I // Mathematische
Annalen.—1895.—Vol. 46, Ne 4.—P. 481-512. DOIL: 10.1007/bf02124929; Beitrdge zur
Griindung der transfiniten Mengenlehre I // Mathematische Annalen.—1897.—Vol. 49, Ne 2.—
P. 207-246. DOI: 10.1007/bf01444205. English transl.: Contributions to the theory of transfi-
nite numbers. Translation, Introduction and Notes by P. E. B. Jourdain.—Dover Publications,
INC., 1915. Russian transl.: F. A. Medvedev. Development of Set Theory in the XIX
Century.—Moscow: Nauka, 1965.—232 p.

Halmos P. Naive Set Theory.—Princeton, NJ: D. Van Nostrand Company, 1960. Reprinted
by Springer-Verlag, New York, 1974.

Godel K. Consistency of Continuum Hypothesis.—Princeton, NJ: Princeton Univ. Press,
1940.

Gordon E. I Some remarks about nonstandard methods in analysis. I // Vladikavkaz
Math. J.—2019.—Vol. 21, Ne 4.—P. 25-41.

Albeverio S., Fenstad J. E., Hsegh-Krohn R., Lindstrém T. Nonstandard Methods in Sto-
chastic Analysis and Mathematical Physics.—Orlando, etc.: Academic Press, 1990.—514 p.
Loeb P. A., Wolff M. Nonstandard Analysis for the Working Mathematician.—Dordrecht—
Boston-London: Kluwer Academic Publishers, 2000.—293 p.

Nelson E. Radically Elementary Probability Theory.—Princeton, NJ: Princeton Univ. Press,
1987.—111 p.

Gorban A. N. Hilbert’s sixth problem: the endless road to rigor // Phil. Trans. R. Soc.: The
Royal Society Publishing, 2018.—Vol. 376, Issue 2118. DOI: 10.1098/rsta.2017.0238.
Kanovei V., Reeken M. Nonstandard Analysis, Axiomatically.—Berlin: Springer-Verlag,
2004.—408 p.

Vopenka P., Hajek P. The Theory of Semisets.—Prague-Amsterdam-London: Academia,
Publishing House of the Czechoslovak Academy of Sciences and North-Holland Publishing
Company, 1972.—332 p.

Vopenka P. Mathematics in the Alternative Set Theory.—Leipzig: Teubneg, 1979.

Simpson S. G. The Go6del Hierarchy and reverse mathematics // Kurt Godel. Essays for his
Centennial. Association for Symbolic Logic. Lecture Notes series.—New York, NY, 2010.—
P. 109-127.

Cohen P. Set Theory and the Continuum Hypothesis.—New York: Dover Publications, 2008.
Cohen P. J. Decision procedures for real and p-adic fields // Comm. Pure Appl. Math.—
1969.—Vol. 22.—P. 131-151.

32
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BOOLEAN VALUED ANALYSIS
AND INJECTIVE BANACH LATTICES!

A. G. Kusraev (Russia, Vladikavkaz; SMI VSC RAS),
S. S. Kutateladze (Russia, Novosibirsk; IM SB RAS)

Introduction

In 1963 P. Cohen discovered his method of ‘forcing’ and also proved the inde-
pendence of the Continuum Hypothesis. A comprehensive presentation of the Cohen
forcing method gave rise to the Boolean-valued models of set theory, which were first
introduced by D. Scott and R. Solovay (see Scott [1]) and P. Vopénka [2]. A systematic
account of the theory of Boolean-valued models and its applications to independence
proofs can be found in [3, 4].

D. Scott forecasted in 1969: “We must ask whether there is any interest in these
nonstandard models aside from the independence proof; that is do they have any
mathematical interest? The answer must be yes, but we cannot yet give a really
good arguments.”

The development of Boolean-valued analysis started at the end of the seventies
have shown that Scott was perfectly right (see, for example, [5, 6]). Boolean-valued
analysis starts with the fact that each internal field of reals of a Boolean-valued
model descends into a universally complete vector lattice. This remarkable fact was
discovered by E. Gordon in [7]. In the same period, two important particular cases
were independently studied by G. Takeuti, who observed that the vector lattice of
(equivalence classes of ) measurable function and a commutative algebra of (unboun-
ded) self-adjoint operators in Hilbert space can be considered as instances of Boole-
an-valued reals [8, 9].

The aim of these lectures is to survey recent results on injective Banach
lattices, outline a Boolean-valued approach, and pose some open problems. The
central idea of the presentation is a Boolean-valued transfer principle from AL-spa-
ces to injective Banach lattices: Every injective Banach lattice is embedded into
an appropriate Boolean-valued model, becoming an AL-space. According to this
fact and fundamental principles of Boolean-valued models, each theorem about the
AL-space within Zermelo—Fraenkel set theory has its counterpart for the original
injective Banach lattice interpreted as a Boolean-valued AL-space.

'The research was supported financially by Russian foundation for basic research, pro-
jects Ne 15-51-53119, Ne 14-01-91339.
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Lecture 1. Boolean Valued Analysis

The term Boolean-valued analysis, coined by G. Takeuti (see [8]), signifies the
technique of studying properties of an arbitrary mathematical object by means of
comparison between its representations in two different set-theoretic models whose
construction utilizes principally distinct Boolean algebras. As these models, the
classical Cantorian paradise in the shape of the von Neumann universe V and a speci-
ally-trimmed Boolean-valued universe V(®) are usually taken. Von Neumann universe
is defined as V:= Va, where On is the class of all ordinals and

a€On
Vo=,
Vai1:= P2(Va),
Vg:= U Vo (B is a limit ordinal).

a<f

Given a complete Boolean algebra B, we can define the universe V&) of B-valued
sets or Boolean valued universe as follows [3, 5, 6]:

v®= | ) v,
a€O0n

VE) .= {:c : Funct(z) A (38) (B < a Adom(x) C VSB) Aim(z) C IB%)} :

To speak about V) take an arbitrary formula ¢ = o(uq, ..., u,) of the language
of set theory and replace the variables ui,...,u, by z1,...,2z, € VB . Then we
obtain some statement about z1,...,x,. There is a natural way of assigning to each
such statement some element [¢(z1,...,2,)] € B which acts as the Boolean truth-
value of ¢(uy, ..., u,) in the universe V® and is defined by assigning the truth-values
[z € y] € B and [z = y] € B by putting

esl= \V v nlz=al,

z€dom(y)

[e=yl:= A =) = [zeyln N y) =[zea]

zedom(z) z€dom(y)

where z,y € V®_ and by naturally interpreting the propositional connectives and
quantifiers in the Boolean algebra B (making use of induction on the complexity
of ¢) as

[e Adl:=Ted ATYD TeVel=le] v I¥],

[ = ¥]:= el = [¥], [-¢]:=lel"
[(Vo)e@)]= A [p@)] [B2)e@)]:= \ @)

xeV(B) eV (B)

We say that (21, ...,2,) is valid within V& if [o(x1,...,2,)] = 1. In this event,
we also write VE) = o(zy,...,x,).
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There is a smooth mathematical toolkit, the ascending-and-descending technique
for revealing interplay between the interpretations of one and the same fact in the
two models V and V(®),

DEFINITION 1.1. Given an arbitrary element X of the Boolean-valued uni-
verse V) we define the descent X| of X as X|:= {y € VB . [y € 2] = 1}.
The class X is a set, i.e., X| € Vfor all X € VB If [X # @] = 1 then X| is
nonempty.

DEFINITION 1.2. Let X € Vand X € V®): i e let X be some set composed
of B-valued sets. There exists a unique X1 € V® such that [y € X1] = V{[z = 9] :
x € X} for all y € V). The element X1 is called the ascent of X.

DEFINITION 1.3. Given X € V, we denote by X* € V® the standard name of X.
The standard name is an embedding of V into V(® . Moreover, the standard name
sends V onto VP ie., V~V® c VB where 2:= {O,1} C B.

Observe that the ascent extend the standard name in the sense that Y is the
ascent of {y" : y € Y} whenever Y € V.

A general scheme of applying the method is as follows, see [6, 10]. Assume X C V
and X ¢ V®) are two classes of mathematical objects. Suppose we are able to prove.

The Boolean Valued Representation Result: Every external X € X embeds into
an Boolean valued model, becoming an internal object 2~ € X within V(B),

The Boolean Valued Transfer Principle then tells us that every theorem about 2~
within ZFC has its counterpart for the original object X interpreted as a Boolean
valued object 2 .

The Boolean Valued Machinery enables us to perform some translation
of theorems from 2~ € V(B to X € V making use of appropriate general operations
(ascending—descending) and the following principles of Boolean valued analysis.

Recall the following three basic principles of Boolean-valued set theory.

Theorem 1.4 (Transfer Principle). For every theorem ¢ of ZFC, we have [¢] = 1
(also in ZFC); i.e., ¢ is true inside the Boolean-valued universe v®).

Theorem 1.5 (Maximum Principle). Let ¢(x) be a formula of ZFC. Then
(in ZFC) there is a B-valued set xq satisfying [(3z)p(z)] = [¢(z0)].

DEFINITION 1.6. A formula is called restricted provided that each bound variable
in it is restricted by a bounded quantifier; i.e., a quantifier ranging over a particular
set. The latter means that each bound variable x is of the form (Vx € y) or (3x € y).

Theorem 1.7 (Restricted Transfer Principle). Let ¢(z1,...,z,) be a bounded
formula of ZFC. Then (in ZFC) for all z1,...,z, € V we have

o(x1,... 1) = VE o), ... z).

Recall the well-known assertion of ZFC: There exists a field of reals that is unique
up to isomorphism. Denote by R the field of reals (in the sense of V). Successively
applying the transfer and maximum principles, we find an element Z € V® for
which [ is a field of reals] = 1. Moreover, if an arbitrary 2’ € V®) satisfies
the condition [2' is a field of reals] = 1 then [the ordered fields # and Z’ are
isomorphic] = 1. In other words, there exists an internal field of reals #Z € VB
which is unique up to isomorphism.
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DEFINITION 1.8. We call Z the internal reals in V®).

Consider another well-known assertion of ZFC: If P is an Archimedean ordered
field then there is an isomorphic embedding h of the field P into R such that
the image h(P) is a subfield of R containing the subfield of rational numbers.
In particular, h(P) is dense in R.

Note also that ¢(+), presenting the conjunction of the axioms of an Archimedean
ordered field, is bounded; therefore, [¢(R")] = 1 by the Restricted Transfer
Principle, i.e., [R" is an Archimedean ordered field] = 1. “Pulling” the above
assertion through the transfer principle, we conclude that [R”" is isomorphic to
a dense subfield of Z] = 1. We further assume that R” is a dense subfield of Z.
It is easy to see that the elements 0" and 1" are the zero and unity of Z.

DEFINITION 1.9. The descent R := %] of the algebraic structure # :=
(R,®,®,<,0,1) is defined as the descent R| of the underlying set R together with
the descended operations &/ and ®J and order < | of the structure #Z. For simplicity,
we will denote the operations and order in & and #Z| by the same symbols +, -,
and <.

The fundamental result of Boolean-valued analysis is the Gordon Theorem which
describes an interplay between R, %, and R and reads as follows: Fach universally
complete vector lattice is an interpretation of the reals in an appropriate Boolean-
valued model.

Theorem 1.10 (Gordon [7]). Let # be a field of reals in V® and R = %|.
Then the following assertions hold:

(1) The algebraic structure R (with the descended operations and order) is an
universally complete vector lattice.

(2) The internal field % € V®) can be chosen so that

[R”" is a dense subfield of the field Z] = 1.
(3) There is a Boolean isomorphism x from B onto P(R) such that

x(b)z =x0)y <= b< [z =y],
x(b)z < x(b)y <= b< [z <y]
(x,y € R; beB).

DEFINITION 1.11. The restricted descent A C R = Z] of %] is the order ideal
in R generated by 1" equipped with the order-unit norm || « ||oo:

A={zeR: (3CeB) —C1"<zx<C1"};
|zl o :=1nf{C >0: —-C1" <2 < C1"} (z€A).
Write A = A(B), since A is uniquely defined by B. Clearly, A is a Dedekind complete

AM-space with unit 1. By Kreins—Kakutani Representation Theorem A ~ C(K)
with K being an extremally disconnected compact Hausdorff space.

Theorem 1.12 (Gordon Theorem for Complexes). Each complex universally
complete vector lattice is an interpretation of the complexes in an appropriate
Boolean-valued model. In more details, if € is the field of complex numbers within

V®) then €| = #| ®i%#).
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Lecture 2. Injective Banach Lattices
DEFINITION 2.1. A real Banach lattice X is said to be injective if, for every
Banach lattice Y, every closed vector sublattice Yy C Y, and every positive linear

operator Ty : Yy — X there exists a positive linear extension T : ¥ — X with
ITo]| = ||T||- This definition is illustrated by the commutative (Tp = T o ¢) diagram:

To N T

Yo Y

Other equivalent conditions are presented in the next result, see Lotz [11].

Theorem 2.2. For a Banach lattice X the following are equivalent:

(1) X is injective.

(2) If X is lattice isometrically embedded into a Banach lattice Y and Ty is a po-
sitive linear operator from X to a Banach lattice Z then there exists a positive linear
extension T : Y — Z with ||Ty|| = ||T]|.

(3) If X is lattice isometrically embedded into a Banach lattice Y then there
exists a positive contractive projection from Y onto X.

Thus, the injective Banach lattices are the injective objects in the category
of Banach lattices with the positive contractions as morphisms. Arendt [12, The-
orem 2.2] proved that the injective objects are the same if the regular operators with
contractive modulus are taken as morphisms.

Lotz [11] was the first who introduced this concept and proved among other
things the following two results. But the first example of injective Banach lattice
was indicated by Abramovich [13].

Theorem 2.3 (Abramovich [13]; Lotz [11]). A Dedekind complete AM -space
with unit is an injective Banach lattice.

Taking into account the Kakutani-Kreins Representation Theorem one can state
Theorem 2.3 equivalently: The Banach lattice of continuous function C'(K) is in-
jective, whenever K is an extremally disconnected Hausdorff compact topological
space.

Theorem 2.4 (Lotz [11]|). Every AL-space is an injective Banach lattice.

Theorem 2.4 shows that there is an essential difference between injective Banach
lattices and injective Banach spaces, since C'(K) with extremally disconnected
compactum K is the only (up to isomorphism) injective object in the category of
Banach spaces and linear contractions (see Goodner [14], Kelley [15], Nachbin [16]).

DEFINITION 2.5. A separable Banach lattice X is said to be separably-injective
if for every pair of separable Banach lattices Y C Z and every positive (continuous)
linear map from Y to X, there exists a norm preserving positive linear extension
from Z to Y.

In [17, Theorem 3| Buskes observed that every separably-injective Banach lattice
is injective.
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A geometric property which enables us to characterize injective Banach lattices
was discovered by Cartwright [18].

DEFINITION 2.6. A Banach lattice X has the splitting property if, given x1,x2,y €
X4 with ||z < 1, ||z2]] < 1, and ||z1 + z2 + y|| < 2, there exist y;,y2 € X4 such
that y1 +y2 =y, [lz1 +y1l| < 1, and [[z2 + yof| < 1.

DEFINITION 2.7. A Banach lattice X has the Cartwright property if, given
x1, 22,y € X4 and 0 < 11,79 € R with ||z1]| < 71, ||z2]] < 7o, and ||z + 22 + y|| <
r1 + 79, there exist yi,y2 € X, such that y; + y2 = v, ||l1 + y1]| < r1, and
22 + g2l < 72

DEFINITION 2.8. A Banach lattice X has the finite order intersection property

if, given z € Xy, finite collections z1,...,2, € X4, ¥1,...,¥m € X4, and strictly
positive reals r1,...,r, € Ry, s1,..., 5, € Ry such that |z;]| < 7y, [|y;]| < sj, and
lzi +y; + 2| <ri+sjforalli:=1,...,nand j:=1,...,m, there exist u,v € X
with

z=u+v, |z;i+ul| <r, |lyj+ol<s; (i=1,...,n, j:=1,...,m).

Theorem 2.9 (Cartwright [18]). For a Banach lattice the splitting property,
the Cartwright property, and the finite order intersection property are equivalent.

Theorem 2.10 (Cartwright [18]). A Banach lattice has the splitting property
if and only if its second dual is injective.

DEFINITION 2.11. A Banach lattice X is said to have: the property (P) if there
exists a positive contractive projection in X” onto X [19, p. 47]|; the Levi property
if 0 < 2o T and ||z,|| < 1 imply that sup, z, exists in X [20, Definition 7 (2)]; the
Fatou property if 0 < x4 1 x implies ||z4o| T ||z| [20, Definition 7(3)]. A Banach
lattice with the Levi (Fatou) property is also called order semicontinuous (resp. mo-
notonically complete) [19].

Cartwright [18, Corollary 3.8] proved that a Banach lattice is injective if and only
if it has the Cartwright property and the property (P). Haydon demonstrated that
the property (P) may be replaced with the intrinsic ‘completeness’ property.

Theorem 2.12 (Haydon [21]). A Banach lattice is injective if and only if it has
the Cartwright, Fatou, and Levi properties.

A crucial role in the structure theory of injective Banach lattices plays the concept
of M-projection which, in addition to their structure as Banach lattices, determines
important peculiar properties. The notion of an M-projection goes back to [22].

DEFINITION 2.13. A band projection 7 in a Banach lattice X is called an M-pro-
jection if ||z|| = max{||7z||,||[7tz|} for all z € X, where 7+ := Iy — . The set M(X)
of all M-projections in X forms a Boolean subalgebra of P(X). The f-subalgebra
of the center Z(X) generated by M(X) is called the M-center of X and denoted
by 2, (X). Clearly, Z,,(X) =R - Iy if and only if M(X) = {O, 1}.

Observe that M(X) is an order closed subalgebra of P(X) whenever X has the
Fatou and Levi properties. In this event the relations B ~ M(X) and A(B) ~ Z£,(X)
are equivalent. Note also that if X is an AL-space and Y is a Dedekind complete
ADM-space with unit then M(X) = {0, Ix} and M(Y) = P(Y).
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Theorem 2.14 (Haydon [21]). An injective Banach lattice X is an AL-space
if and only if there is no M-projection in it other than zero and identity,
i.e, M(X) = {0, Ix} (or, equivalently, if and only if its M-center is one-dimensional,
ie, Z(X)=R-Ix).

DEFINITION 2.15. A real Banach lattice X is said to be A-injective, if for every
Banach lattice Y, closed sublattice Yy C Y, and positive Ty : Yy — X there exists
a positive extension T : Y — X with ||T]] < \||Tp||.

It was proved in [23]| that every finite-dimensional A-injective Banach lattice is
lattice isomorphic to (Z;Zkll(nj))loo, while it was shown in [24] that every order
continuous A-injective Banach lattice is lattice isomorphic to Lj(u) space. But the
general question is still open:

PROBLEM 2.16. Is every A-injective Banach lattice order isomorphic to 1-injective
Banach lattice?

One of the intriguing problems is the classification of the Banach space whose
duals are isometric to an AL-space, see also [25]. We believe that the injective version
of this problem deserves an independent study.

PrOBLEM 2.17. Classify and characterize the Banach spaces whose duals are
injective Banach lattices.

Lecture 3. Boolean Valued Banach Lattices

In this lecture we present some Boolean valued representation results for Banach
lattices needed in the sequel. Assume that X is a Banach lattice and 4 is a complete
subalgebra of a complete Boolean algebra B(X) consisting of projection bands and
denote by B the corresponding Boolean algebra of band projections. If Z is isomor-
phic to a Boolean algebra B then we will identify the Boolean algebras % and B,
writing B C B(X). We also will identify P(A) and B.

DEFINITION 3.1. If (b¢)¢ecz is a partition of unity in B and (x¢)eez is a family
in X, then there is at most one element z € X with bexe = bex for all { € Z. This
element z, if existing, is called the mizing of (x¢) by (be). Clearly, x = O'ZfeE bexe.
A Banach lattice X is said to be B-cyclic or B-complete if the mixing of every family
in the unit ball U(X) of X by each partition of unity in B (with the same index set)
exists in U(X).

A Banach lattice (X, ||-||) is B-cyclic with respect to a complete Boolean algebra B
of band projections on X if and only if there exists a A(B)-valued norm [-] on X
such that (X,]|-]) is a Banach—Kantorovich space, |z| < |y| implies |z]| < |y| for
all z,y € X, and ||z|| = |||z]||lc (z € X), see Kusraev and Kutateladze [10, Theo-
rems 5.8.11 and 5.9.1].

DEFINITION 3.2. Let X and Y be Banach spaces with B € .Z(X) and B C Z(Y).
An operator T : X — Y is called B-linear, if it is linear and commutes with all
projections from B, i. e., if boT' = T'ob. (Here, of course, we mean ¢y (b)oT = Topx (b)
with x : B — B(X) and ¢y : B — B(Y') being Boolean isomorphism.) A bijective
B-linear operator is called a B-isomorphism and an isometric B-isomorphism is called
a B-isometry. A B-isometric lattice homomorphism is referred to as lattice B-isome-
try.

39



Let Z5(X,Y) stands for the set of all bounded B-linear operators from X into Y.
Clearly % (X,Y) is a B-cyclic Banach space whenever VY is.

DEFINITION 3.3. Denote by X#:= #(X,A), where A = A(B), the B-dual to X.

Now we are able to answer the question: What kind of category is produced
by applying the descending procedure to the category of Banach lattices in V(®)?
The answer is given in the following two results.

Let (2, ]|-|) be a Banach lattice within V(®). Define the map N : 27| — R:= %]
as the descent N(-) := (|| - ||)J of the norm || - ||. Then 2°| (with the descended
operations and order) is a vector lattice and N is an R-valued norm on 27|.

DEFINITION 3.4. The bounded descent Z || of 2" is defined as the set
Zl={reZ]: Nx)eA}
equipped with the descended operations, order relation and mized norm:

]l = IN (@)l (x € 2°Y).

Theorem 3.5. A restricted descent of a Banach lattice from the model V(®)
is a B-cyclic Banach lattice. Conversely, if X is a B-cyclic Banach lattice, then
in the model V® there exists up to the isometric isomorphism a unique Banach
lattice 2" whose restricted descent 2" is isometrically B-isomorphic to X . Moreover,
B = M(X) if and only if [there is no M-projection in 2" other than 0 and Iy ]| = 1.

< See Kusraev and Kutateladze [10, Theorem 5.9.1]. >

DEFINITION 3.6. The elements 2" € V® in Theorem 2.2 and .7 € V® in
Theorem 2.4 below are said to be the Boolean valued representations of X and T,
respectively.

Denote by 25 (X,Y") the space of all regular B-linear operators from X to Y
equipped with the regular norm ||T||,:= inf{||S]| : S € ZB(X,Y), £T < S}. Let 2~
and % be the Boolean valued representations of B-cyclic Banach lattices X and Y,
respectively, while Z"(2", %) stands for the space of all regular operators from 2
to & with the regular norm within V(®) . The following result states that .7 (2, %)
is the Boolean valued representation of £ (X,Y).

Theorem 3.7. Assume that X and Y are B-cyclic Banach lattices, while 2
and % are their respective Boolean valued representations. The space £ (X,Y)
is order B-isometric to the bounded descent L7 (2, %) of L"(Z,%). The
isomorphism is set up by assigning to any T' € £ (X,Y’) the element .7 := T of V(B)
is uniquely determined from the formulas [ .7 : & - # | =1and [Tz =Tz] =1
(x € X).

< Observe that Z5(X,Y) and Z(Z", #){ are B-isometric by [26, Theorem 8.3.6].
Since T'(X1)T = THNX+T) = T(Z4), it follows that T(X;) C Y, if and only
if [7(Z4) € %] = 1. This means that the bijection T <» 7 = T preserves
positivity and hence is an order B-isomorphism between £ (X,Y") and £" (2", % ).
Since for S € £ (X,Y) and . := 51 the relations 7 < S and [£+.7 < Y] =1
are equivalent, we have [||7], = |T|,] = 1, where |T|, = inf{|S] : S €
L5 (X,Y), £T < S} and |S]| := sup{|Sz| : |z| < 1}. Thus, it remains to prove
that [T, = 1T, | (T € Z5(X,Y)).
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If £7 < S then |||T]||oc < [[|S]lloo = ||S|| and hence |||, = |[|T],]|co- To prove
the reverse inequality take an arbitrary 0 < € € R and choose a partition of unity
(m¢)¢e= in B and a family (Sg)ecz in L5 (X,Y) such that S¢ > +T and 7¢|Se| <
(14 ¢)|T], for all £ € =. Define an operator S € £ (X,Y) by Sz := mixeecz m¢Sex
(z € X), where the mixing exists in Y, since [Sex| < (1 +¢)|T|,.|z| and hence (S¢x)
is norm bounded in Y. Moreover, Sz = Zg meSex in the sense of A-valued norm
on Y. Therefore, S > £T and |S| < (1 + ¢)|T|,, whence ||T|, < [|S|| = [[|S]]|ec <
1+ T, o &

Theorem 3.8. Let X be a B-cyclic Banach lattice and let 2" be its Boolean
valued representation in V®) . Then the following hold:

(1) V®) £ “2 is Dedekind complete” if and only if X is Dedekind complete.

(2) V®) & «2 s injective” if and only if X is injective.

(3) VB [ “2 is an AM- Space” if and only if X is an AM-space.

(4) V®) £ «2 is an AL-space” if and only if X is injective and B ~ M(X).

< See Kusraev and Kutateladze [10, Theorems 5.9.6 (1) and 5.12.1]. >

Now, we describe a Boolean valued analysis approach to the theory of injective
Banach lattices. First we clarify what the Boolean-valued representation of injective
Banach lattice is, see [27, Theorem 4.1].

Theorem 3.9. Suppose that X is a B-cyclic Banach lattice and 2" € V®) s jts
Boolean-valued representation. Then the following assertions hold:

(1) X is injective if and only if [Z is injective] = 1.

(2) X is injective and B ~ M(X) if and only if [Z" is injective and M(Z") =
{0,I9}] =1.

Theorem 3.10 (Haydon [21]). Let X is an injective Banach space. Then X is
an AL-space if and only if M(X) = {0, Ix }.

Now, putting together Theorems 3.5, 3.9, and 3.10 we arrive at our main
representation theorem for injective Banach lattice, see [27, Theorem 4.4].

Theorem 3.11. A bounded descent 2|} of an AL-space % from V®) is an
injective Banach lattice with B ~ M(.2"|}). Conversely, if X is an injective Banach
lattice and B ~ M(X), then there exist an AL-space 2 in V®) whose bounded
descent is lattice B-isometric to X; in symbols, X ~g 2.

Theorem 3.11 implies the transfer principles from AL-spaces to injective Banach
spaces which can be stated as follows:

(1) Every injective Banach lattice embeds into an appropriate Boolean valued
model, becoming an AL-space (Theorem 3.11).

(2) Each theorem about the AL-space within Zermelo—Fraenkel set theory with
choice has its counterpart for the original injective Banach lattice interpreted as
a Boolean-valued AL-space (Boolean-valued Transfer Principe, Theorem 1.4).

(3) Translation of theorems from AL-spaces to injective Banach lattices is carried
out by general operations and principles of Boolean-valued analysis (outlined at the
beginning of Sections 6).

The following important representation result (see [27, Corollary 4.5]) which
do not involve the concept of Boolean-valued model can deduce immediately from
Theorem 3.11. Before stating this result, recall some definitions.
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DEFINITION 3.12. A positive operator T : X — Y between vector lattices is said
to: 1) be a Maharam operator whenever it is an order continuous and order interval
preserving, i. e., T'([0,z]) C [0,Txz] for all z € X ; 2) have the Levi property if sup x,,
exists in Y for every increasing net (x,) C X, provided that the net (T'z,) is order
bounded in Y’; 3) be strictly positive if Tax = 0 implies x = 0 for all x € X .

If Y = A and T is strictly positive then L'(T') denotes the domain of 7" endowed
with the norm ||z|| = [|T(|z|)||eo (z € L*(T)), see Definition 3.4.

Theorem 3.13. If T is a strictly positive Maharam operator with the Levi
property taking values in a Dedekind complete AM-space A with unit, then
(LY(®),||-I) is an injective Banach lattice with M(L'(®)) = P(A).

Conversely, any injective Banach lattice X is lattice B-isometric to (L*(T), |||l
for some strictly positive Maharam operator T' with the Levi property taking values
in a Dedekind complete AM-space A with unit, where B = M(L'(T)) ~ P(A).

Haydon proved three representation theorems for injective Banach lattices
(see [21, Theorems 5C, 6H, and 7B]). These results may be also deduced from the
above representation theorem (see Theorems 3.11 and 3.13 and |27, Remark 4.13]).

As is seen from Theorem 3.13 an injective Banach lattice X has a mixed
L-M-structure. Thus, the dual X’ and the B-dual X# should have, in a sense, an
M-L-structure. Hence a natural question arises:

PRrROBLEM 3.14. What kind of duality theory is there for injectives?
The following result may be helpful towards problem 3.14.

Theorem 3.15. Let X be a Banach space with the dual X' and the duality
pairing (-,-). If B:=P7(X) then there exists a Banach space 2~ unique up to linear
isometry within V) such that the following hold:

(1) & has no nontrivial L-projections and 2 has no nontrivial M-projections.

(2) X is linearly B-isometric to 2°|* and X' is linearly B-isometric to 2"'|M.

(3) There exists a bilinear operator {(,-)) : X x X' — L'(B, ¢) satisfying

(rz,2") = ¢p(r{(z,2')) (ze€ X, 2’ €X', meB).

Lecture 4. Boolean Simplex Spaces

In this lecture we present some conditions on an ordered Banach space that are
necessary and sufficient for the space to be a predual of an injective Banach lattice.
We confine exposition to real Banach spaces, although the method we use works for
complex spaces as well. The positive cone of an ordered Banach space is assumed
closed and the dual space is endowed with the dual order.

DEFINITION 4.1. Let X be a normed vector space ordered by a positive cone X .
Then X is said to be normal if < y < z implies that ||y|| < max{||z|, ||z]|}. We say
that X directed if the closed unit ball of X is upward directed; i.e., for all 1,29 € X
with ||z1|| < 1 and [|z1]] < 1 there exists y € X such that z1,22 <y and |ly|| < 1.

The following characterization of AL-spaces is due to Davies [29] (also see Asimow
and Ellis [22]).
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Theorem 4.2. Let (X, X ) be an ordered Banach space. Then the dual X' is
an AL-space if and only if X has the Riesz decomposition property, X is directed,
and Xy is normal.

REMARK 4.3. For L'-predual spaces the name simplez spaces was introduced
by Effros [30]. Thus, the Davies theorem tells us that an ordered Banach space X
is a simplex space if and only if X has the Riesz decomposition property, X is
directed, and X is normal. Interpreting this fact in an appropriate Boolean valued
model we will characterize the preduals of injective Banach lattices. It is natu-
ral to call them Boolean simplex spaces. The following result on Boolean valued
representation of injective Banach spaces together with Theorem 3.8 provides a key
to the characterization of Boolean simplex spaces.

Given a Banach lattice X, denote by M(X) the set of the M-projections that
are simultaneously band projections: M(X) := P(X) N Py (X). Then M(X) is
a subalgebra of the Boolean algebra P(X). Moreover, M(X) is an order closed
subalgebra of P(X) whenever each upward directed set in the unit ball of X has
the least upper bound belonging to the unit ball of X; see [21].

Theorem 4.4. A Banach lattice X is injective with B = M(X) if and only if
there exists an AL-space 2" unique up to lattice isometry within V&) whose bounded
descent 2 [M is B-isometric to X.

< See |31, Theorem 2.1] or [10, Theorem 5.9.1]. >
Lemma 4.5. Py (X) = M(X) for every injective Banach lattice X.

< Let X and 2" be the same as in Theorem 4.4. The mapping 7 — 7l}:= 7}|x
is an isomorphism of Py/(27)] and Pp;(X). This can be proved as in [10, Theo-
rem 5.9.1]. If P € Py (X) and P ¢ M(X) then 7m:= P7 is a nontrivial M-projection
in 2" according to [10, Theorem 5.8.12|, because B-linearity of P amounts to saying
that P commutes with each operator from M(X). Apart from the trivial case
X =R, this contradicts to Behrends’ dichotomy (see [32, Theorem 1.8]), since the
AL-space Z has nontrivial L-projections. As to the trivial case, the M-projections of
ZM ~ C(K) coincide with the characteristic projections Py(f) = xuvf (f € C(K))
for clopen sets U C K [32, Example 1.4 (a)]. >

Now we introduce the Boolean versions of the concepts of normality and
directedness of ordered Banach spaces which appear in the Davies characterization
of L'-predual spaces.

DEFINITION 4.6. The norm on X is said to be B-normal if for x,y,z € X
with < y < z there exists a projection mp € B such that ||my| < ||mz| and
|may|| < [|m2z|| for all 7,72 € B with m; < mp and 7 < 7.

DEFINITION 4.7. Given a € X, define B,(X) C X as the set of x € X with
|lmx|| < ||mall for all # € Pr(X). Say that B,(X) is upward B-directed if, for all
x1,x2 € Ba(X), there exists y € B, (X) with y > z1, x9.

Lemma 4.8. Let X be the E-descent of an ordered Banach space 2 € V®
where E' is a Dedekind complete Banach lattice and B = P(E). Then the following
hold:

(1) 2% is normal if and only if Xy is B-normal.

(2) 2 is directed if and only if B,(X) is upward B-directed for all a € X.
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< Recall that the E-valued norm |-| of X is the descent of the norm || - || 2~ of 2~
and ||z||x = H|:c|HOO for all x € X. Observe first that for a,b € E; we have a < b
if and only if ||ra||g < ||7al/g for all # € B (see the proof of Lemma 2.8). It follows
that the conditions |z| < |y| and ||7z| < ||7y| for all # € B are equivalent. Now it
is clear that B,(X) = {z € X : |z| <|a|}.

(1) Suppose that 27 is normal and pick z,y,z € X with x < y < z. Then
[*r <y<z]=1and |ly]|2 < max{||z| 2, z|l2} It follows that |y|] < |z| V |2] and
there exists a band projection 7wy € B such that |x|V |z| = mo|z| + 75| 2]. The simple
argument indicated above shows that ||7y|| < ||[wmox| + ||77gz| for all 7 € B. Taking
=1 < mo, we get ||my|| < ||miz| and for m:= my < 7§ we have ||my|| < ||m2z]|.
The converse can be proven by similar arguments.

(2) Denote by B;(.2") the closed unit ball of 2" and put B,(2") = aB1(%"). Note
that B1(Z") is upward directed if and only if so is B,(%2") for all a = ||al|2 € Z
with a € £ . The straightforward calculation of Boolean truth-values yields that
B (Z") is upward directed if and only if B,(X) is upward directed for o = |al.
Thus the directedness of X implies that B,(X) is upward directed for all a € X,
since Bo(Z')] C X. To show the converse, choose a partition of unity (m¢) in B
and a family (a¢) in X such that m¢ae € X and m¢lag| = m¢l € X for all £. For
O # b € B denote by bB the relative subalgebra [O,b]. Assuming that all B, (X)
are upward directed and taking into account the rule for transition to the relative
universe V*B) (see [10, 1.3.7]) we infer that B, (2") = B1(2") within V(") and so
B1(2) is upward directed within V&), >

Theorem 4.9. For an ordered Banach space X the following are equivalent:
(1) X' is an injective Banach lattice.
(2) The four conditions hold:
(a) X has the Riesz decomposition property.
(b) P(X) consists of positive projections.
(¢) X4 is Pp(X)-normal.
(d) Bo(X) is upward Pr,(X)-directed for all a € X.
In cases (1) and/or (2) the Boolean algebras M(X') and Pr(X) are isomorphic.

< Let 2 be a Boolean valued representation of X as in Theorem 3.8. Just
as in [10, Theorem 5.9.1] we can demonstrate that X1 is a pointed cone in 2
over R%};i.e., Xyt + X 1 C X1 and R} - X+ C X 1. Define the positive cone
Z+ as the closure of X 1. Then 27 is a closed, possibly unpointed, cone so that
(27, 27) is a preordered Banach space within V&), Recall that for A C X we have
AT| = mix(A) C 2], where mix(A) consists of all x € 27| for which there exists
a partition of unity (7¢) in B and a family (a¢) in A such that mex = meae for all §;
see [10, 1.6.6]. Moreover, if 2 € X then x = } .= m¢a¢ by Lemma 2.11.

(1) = (2): If X’ is an injective Banach lattice then Pp/(X’) = M(X’) by
Lemma 4.4 and Pr(X) is isomorphic to M(X’) by Theorem 2.10 (3). Applying the
obvious duality representation Pr(X) = {7 € Z(X) : 7’ € Py(X)}, we conclude
that L-projections on X are positive and so X is invariant under all L-projections.
Together with Lemma 2.11, this implies that X = mix(X;)NX = X1 NX, which
in turn yields that X;1 is closed in Z7; i.e., 4+ = X4. Thus, £ is an ordered
Banach space and 2" is an AL-space within V(®) by Theorem 4.4. The Boolean
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valued transfer principle enables us to apply the Davies Theorem to %  and state
that 2" has the Riesz decomposition property, 2 is directed, and 27 is normal.
By Lemma 4.7 B, (X) is upward Pr,(X)-directed for all @ € X and X is Pr,(X)-nor-
mal. The Riesz decomposition property for 2 can be written in the equivalent form
¥([0,a] x [0,b]) = [0, X(a,b)], where a,b € 2 and ¥ is addition on 2". Then X is
addition on X and X([0,a] x [0,8])) = XJ([0,a]l x [0,b]}). The latter is equivalent to
the Riesz decomposition property for X, since obviously the descent of an internal
order interval {z € 2 : 0 < = < a} coincides with {z € X : 0 < z < a}.

(2) = (1): Assume that X satisfies the conditions (a)—(d) of (2) and put
B = Pr(X). By (a), X4 is invariant under L-projections, which together with the
closedness of X, implies that X, is B-complete. Defining the positive cone in 2
by 2 := X1, we can demonstrate just as in [10, Theorem 5.9.1] that (2", Z7)
is an ordered Banach space within V®) . As was shown above, X has the Riesz
decomposition property if and only if so is 2~ within V®) . Prove that 2 is directed
and £ is normal. By Lemma 4.7, (¢) and (d) imply that 27 is normal and 2 is
directed. By the Boolean valued transfer principles Theorem 4.2 is true within V(®)
and so 2" is an L'-predual space; i.e., 2" is an AL-space. It remains to appeal again
to Theorem 4.4. By Lemma 4.5 M(X’) and P (X) are isomorphic. >
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

THE S. L. SOBOLEV SPACES.
METHOD OF SYMMETRIZATION

A. F. Tedeev
(Russia, Vladikavkaz; SMI VSC RAS)

Introduction

The study of isoperimetric inequalities goes back to antiquity. The solution of
Dido’s problem states that, of all plane domains of given perimeter, the circular
disc, and the disc alone, maximizes the enclosed area. Equivalently, of all domains
of given area, the disc minimizes the perimeter. This is expressed via the classical
isoperimetric inequality

L? > 47 A,

where L stands for the perimeter and A for the enclosed area of a domain in the
plane. Equality is attained only for the disc. In three dimensional space, if S is the
surface area of a body and V its volume, then

S3 > 36mV7?

and equality is attained only for the sphere. In the case of N-dimensional case
we proceed as follows. Fix R > 0, let B(R) be a ball centered at origin then
V(R) = wyRY and S(R) = NoyRN1 .

1

In terms of V we have § = ngv%. Therefore the isoperimetric inequality
should be in the form )
1 N1
S>NwyV v .

The classical S. L. Sobolev inequality reads as follows. Let u(z) € VVO1 P(RN) and
1 <p< N. Then

1 1
p* P

/ P dz | < S(N,p) / VuPdz | (0.1)
RN RN

where p* = NN—Z) the critical Sobolev exponent. Applying the Holder inequality we
obtain the Gagliardo—Nirenberg inequality:

0 1-0
ull, < ClIVully llull,

where 0 < € < 1, and 6 is determined by the dimensional analysis:

N_gN=p q_gX
q b r
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Here 0 < r < ¢. Sobolev inequalities were developed in several directions. We refer the
reader to monograph [1] for further references. Several approaches exist in literature
when proving the Sobolev inequality. The classical approach is based on the integral
representation:

N
u(x) :cz / Ly]lvuyidx,
i=1 gy |z —y|

which is valid for u € C§(RY). This approach works with p > 1. The case p = 1 is
due the Gagliardo result, which reads as follows

N

/yu\NNl dz < S(N) /yvu\ de | . (0.2)
RN RN

It is easy to prove that from the last inequality the Sobolev inequality for any p > 1
can be proved by choosing u = v in (0.2) for a suitable v. Indeed, we have

N—-1
N

/ \v\% dx < S(N) / v ]v[7_1 |Vl dx
RN RN

By the Holder inequality we have

p—1

p
(=1
/|v|“|vv|dx< /|v|”51 dw /|Vv|pdx
RN RN RN

Choose v as follows:

1
P

-1 N
r(y ): 7 that is v =

p(N —1)
p—1 N -1’ '

N-—p

Completely different approach to prove the Sobolev inequality was proposed
by V. G. Maz’ya [1] and later by G. Talenti [2, 3]. The proof was based on the
geometrical measure theory (see [4]). The symmetrization method which is based on
the geometric measure theory as well was applied for proving the Sobolev inequality
by G. Talenti [2, 3]. This way the precise constant in the Sobolev inequality was
obtained.

The goal of the lectures is to give the proof of the Sobolev inequality applying
the symmetrization technique following G. Talenti (see also [5]). Main ingredients of
symmetrization technique are: representation of the Lebesgue integral as a Riemann
integral by distribution function, the Federer co-area formula, the isoperimetric
inequality in the sense of De Georgi. The structure of lectures are as follows. In
the material of lectures 1 and 2 we use [1] in essential way. While in lectures we
follow [2, 3, 5].
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Lecture 1. Representation of the Lebesgue Integral
as a Riemann Integral along a Halfspace

Theorem 1.1. Let u : X — R! be a u-measurable nonnegative function. Then

[u@nta@) = [nonyde= [ ptia (1.1)
X 0 0

where My = {z € X :u(x) > t}, Ly = {x € X : u(x) > t}, p(My) := measy M,
< Let u(z) < A < oo. Let {t3}], be such that 0 = tg <t < --- < t,, = A.
Then

m—1

X =M, U < U (Mtk\MtHl)),

k=0
and therefore by additivity property of integral we have

[t S [ @n@)+ [ w@nd).
X k= OMtk\MtkH M,

Hence

3
L

(Mo \My, ) + trpt(My,,) < / w(@)uld(z) <
X

i

0
m—1

< Z tk+1H(Mtk\Mtk+1) + tm:U’(th)'
k=0

Evidently pu(My \My, ) = wu(My,) — p(My, ). By the discrete version of the
integration by parts formula we have

m—1 m—1
Z ag(by — brps1) = aobo — am—1bm + Z br(ar — ar—1).
k=0 k=0

Thus, putting ay = ty, by = (M, ), we have

m m—1
D k=t ) (M) = D (b — te1) (M) + (b — tin—1) (M) <
k=0 k=0
m—1
< /u (trs1 — t)(My, ).

Refining the partition and passing to the limit, we arrive at the inequality (1.1).
For the unbounded function we wuse the trancated functions. That is
ug(z) = min{u(z), k}. Note that ug(x),k > 1 converge in measure to u(z). Hence
by Beppo-Levi theorem,

i [ wn(e)u(d@)) = [ u(@n(d).

k—o0
X X
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Finally, noting that
k o)
[ w@ntd) = [ uayie— [ uarsar
X 0 0
as k — oo we arrive at the desired result. >

REMARK 1.1. The result of Theorem 1.1 is still valid if we formally replace the
measure by charge and without assuming that u(z) has the definite sign.

Lecture 2. The Fleming—Rishell-Federer Co-area Formula

Theorem 2.1. Let ® € C'(2), ® > 0, and u € C*°(R2), where ) is an open subset
of RN. Then

o0
/@(m) |Vu|de = /dt/fb(x) ds, (2.1)
Q 0 Ey
where Ey = {x € Q : |u(z)| = t}
< Let w be an N-tuple vector functions in D(€2). Using the integration by parts
formula and applying Theorem 1.1. we have

o) 0
/qudx:—/udivwd:c:—/dt/divwdm+/dt/divwd:c.
Q Q 0 u>t —oc0  u<t

Since u € C*°(Q), then almost all ¢ the sets {z : u(x) = t} are infinitely differentiable
manifolds. Therefore for almost all ¢

Vu
divwdx:—/wl/ds:—/
/ YVl \

u>t u=t u=t

where v is the normal to {z : u = t} directed into the set {z : u > t}. The integral

/ divw dx

u<t

must be treated analogously. Consequently,

o0

/qudx:/dt / w’gZ’ ds.
Q 0 u=t
Setting
PP VR
(\Vu]2 +¢€)2

where ® € D(Q2) and ¢ > 0, we obtain

/@ [Vul 1d:c_/dt/
b (IVuf? +¢)? |v

Passing to the limit as ¢ — 0 and making use of Beppo Levi’s monotone
convergence theorem we obtain (2.1). >
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Lecture 3. The Decreasing Rearrangements

Schwarz symmetrization is particular kind of rearrangements of functions defined
on domain Q C RM. Given a real valued function on such a domain, we construct an
associated function, on a ball centered at the origin and of he same measure of 2.
Given a Lebesgue measurable subset E C RY, we denote its N -dimensional measure
by |E|. Let u : Q@ — R be a measurable function. For ¢t € R, the level set {u > t} is
defined as {u > t} = {z € Q : uw > t}. Then the distribution function of u is given
by py(t) = [{w > t}|. This function is a monotonically decreasing function of ¢ and
for t > esssupu, we have p,(t) = 0, while for ¢t < esssupu, p,(t) = |Q|. Thus the
range of p,, is the interval [0, |©]].

DEFINITION 3.1. Let Q C R™ be a bounded and let u : 2 — R be a measurable
function. The decreasing rearrangement of u, denoted by u*, is defined on [0, |©2|] by
u*(0) = esssupu, u*(s) = inf{t : u,(t) < s}, s > 0.

Let us remark that u* is essentially the inverse function of the distribution
function p,, of u. However, since p,(t) is just monotonically decreasing, it can have
jump discontinuities. If ¢ is the point of discontinuity, then the above definition fixes
the value of u* is the interval {p,(t+), p.(t—)} as t.

Exampre 3.1. Let u(r) = [2[7% o > 0. Then pg-o(t) = [{|z[7* > t}| =

Cyt~a . Therefore the inverse to Pz o (t) is u*(s) = C]% s~ . Denote by u#(z) =
u*(Cn|z|™) the spherical symmetrization of u(x). Then for u(z) = |z|~® we have
u”(x) = |z|=®. That is for spherically symmetric functions u(z) = u? ()

Proposition 3.1. Let u: Q — R where ) is bounded. Then u* is a nonincreasing
and left-continuous function.

< (i) Let s; < s2. Then [{u > t}| < s; implies that [{u > t}| < s2. Thus,
{t : pu(t) < s1} CA{t: pu(t) < s2}. By definition of w* it follows that u*(s1) > u*(s2).

(73) Let s € (0,|92]). By definition of u*, given £ > 0, there exists a ¢ such that
u*(s) <t < u'(s)+¢e and py(t) < s. Choose h > 0 such that p,(t) < s —h < s.
Then for all 0 < b’ < h, we have u,(t) < s— k' < s and thus u*(s) < u*(s — h') <
t < u*(s) +¢e. That is u* is left-continuous.

Proposition 3.2. The mapping u — u* is nondecreasing, that is if u < v then
u* < v,

DEFINITION 3.2. The real valued functions are said to be equimeasarable if they
have the same distributional function.

Proposition 3.3. The functions u: Q — R and u*: [0, |2|] are equimeasurable:
{u >t} = {u” > t}].

< If w* > t, then by definition, it follows that |{u > t}| > s. Thus,
{s:{u* >t}} C {s:{u >t} > s}. Since u* is nonincreasing, we have [{u* > t}| =
sup{s : {u* > t}} < |[{u > t}|. In he same time let [{u* > t}| = s. Then by
left-continuity and nonincreasing nature of u* it follows that u*(s) = ¢. Then, by
definition, [{u* > t}| < s. Thus, [{u > t}| < [{u* > t}|. Applying above inequalities
for t + h, we have [{u* >t + h}| < [{u > t+ h}| < [{v* > t + h}|. Finally, letting
h — 0 we arrive at [{u* > t}| < {u > t}| < {u* > t}]. >
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Corollary 3.1. The Cavalieri principle. If u > 0, and ifu € LP(Q) for 1 < p < oo,
then u* € LP((0,|2|) and

"Ml

[l = 1wl 0,0

< If p = oo, then the result is obtained in the definition of the rearrangement.
Let 1 < p < oo0. By equimeasurability, both  and u* have the same distribution
function. We have

D x
HUHpa—p/tp () /““ £ dt? = [lu™l; o) -
0 0

Proposition 3.4. Let ¢y : R — R be a nondecreasing function. Then

Proposition 3.5. Let Q C RY is bounded and let u : 2 — R be an integrable
function. Let E C ) be a measurable subset. Then

E

/ u(z) de < / u*(s) ds.

E 0

Theorem 3.1 (Hardy-Littlewood). Let f € LP(Q) and g € L4()), where
pl+q¢1=11<p<qg< 0. Then

1

[ 1@t s < [ 7519 (s) s
Q 0
isoperimetric inequality.

In what follows we need the following isoperimetric inequality:

N—-1

1
P(t —‘{’U,—t}‘N 17 anN( ) N,

which holds true for u € Wy (Q).

Theorem 3.2 (the Polya—Szeg6 inequality). Let u € Wol’p(Q), p > 1. Then the
following inequality holds true

[e. 9]

CN/s%p(—u:(s))pds </\Vu\p dz.
Q

0

<1 By the Hélder inequality we have

1
P p—1

% / |Vu|dx<% / IVl do (%(u(t+h)—u(t))>p.

t<|u|<t+h t<|u|<t+h
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Next we note that by Theorem 2.1 we have

1 1 t+h
lim — / |[Vul? de = lim — / dr / VulP~tdS =
h—0 h h—0 h
t<|u|<t+h t {lul="}
o d
|[VulP™"dS = —— |Vul? dx.
dt
{lul=t} |u[>t

In particular, for p = 1 we have

_%/|Vu|d:c: / ds = P(t).

[u|>t {lul=7}
Therefore we have

d P A\
<[ - — p —— .
P(t) < ( o / |Vul dac) ( dt)

|u|>t

By the isoperimetric inequality we have

=

-1
1 n—1 d P dp pT
wryzlﬂ(t) n ( — E / \Vu]p d.%‘) <_E> .

|u|>t

Let pu(t) = s. Then u*(s) =t and we obtain

p—1
L N 1 d 1 !
Nwys ¥ < <— W) ds / ’Vu‘pdx> <—m> )
ds Ju|>u*(s) ds

3=

that is

P N1 du*(s)\* d
P, N p _ <_ p .
NPWI s < . > <—— / \VulP dz

[u|>u*(s)

Finally, integrating the last inequality between 0 and oo, we arrive at the desired
result. >

Corollary 3.2. Let s = wy|z|V, u?(z) = v*(wy|z|V), |QF| = ||, where |Q7|
is a ball centered at the origin. Then the inequality takes the form

/‘Vu#|pdx</|Vu|pdx.

Q# Q
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Lecture 4. The S. L. Sobolev Inequality

Theorem 4.1. Let u € Wy*(Q), and 1 < p < N. Then the following Sobolev
inequality holds true
Jull,» < SN, p) [[Vull,, (4.1)
where p* = NN—_I; is the critical Sobolev inequality.

< We will prove (4.1) by making use of the Lorentz spaces. Lorentz space LP4(E)
is defined as the space of measurable functions u : u — R such that

o0

q
1, \adt
fullyi= | [ ()" T | <o

0
where 0 < p < 00, 0 < g < 00. It is well known that

T d T d
1 t 1 t
[(Ewo)' T <o | [ (Beo)T)
0 0
where p < ¢q. Choosing g = p*, we get
1 1
oo ¥ oo P
Jull - = /u*(t)P*dt < ¢(p, N) /u*(t)?’t—% dt
0 0
We claim that the following Hardy inequality holds true:
‘PN dt < [ —L2 / ~ St ()) R .
[uwretas (F2) [ (< fuw) e
0 0
Indeed, we have
d / N d
G lwer [ fas ) —wore® 4 g F e o .
0
Integrating this inequality between 0 and oo, we obtain
T Np [ d
/u*(t)Pt—%dt - N_pp /u*(t)p_l <—£u*(t)) =% at.
0 0
Applying to the last inequality the Holder inequality, we get
P P
N d P
/u*(t)Pt—%dt < N_pp /u*(t)Pt—% dt /(—%u*(t)> =% dt
0 0 0
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Therefore, dividing both sides by

p—1
oo p

/ (PR dt ,
0

we arrive at the desired result. Finally, by the Hardy and the Polya—Szegé inequalities
we have

Therefore we arrive at the desired result. >
The following results are consequences of the Sobolev inequality.
1) The Hardy inequality
Let 1 < p < N. Then for any u € C§° (RN) he following inequality holds true

Juf” p p/

— dr < Pdx. 4.2

P dx N o |VulP dx (4.2)
N RN

<1 We have by the Hardy—Littlwood inequality

o0
|ul” ﬂ/U*(S)p
——dr < wh ds. 4.3
Pt sey | e 49
R
Next, we have the identity
S
d dr du dT
el CA O — | | =put(s)P 7 + = g
T TN TN SN

0
Integrating this inequality between 0 and oo, we obtaln

(4.4)

VAN
V2)
o
i
/T\
QU
QL Q*
» [~
VA
S~—
N———
i
Q
V2)
S =
o
ﬁ*
[Va)
e
S|
Q
V2)
QL
Va)



Combining this inequality with (4.4) and making use the Polya-Szego inequality, we
get

3 p ® * p

u* P 2 N-1 du*(s
[ () e [ (557 s
0 0

2z

w

ds

Finally the last inequality together with (4.3) yield the desired result. >
Let us remark that the constant in (4.2) is sharp

2) The Friedrich inequality.
Let u € C3°(2) and p > 1. Then

/|u|pd:c <C(N,p)|sz|z’$/|vu|pdx.
Q Q

< Applying the Holder inequality and using (4.1) one gets

b

p*
/yuv’dx < /\uyp* | % <S(N,p)p\m%/yvuyp da.
Q Q Q
As desired. >

3) The Hardy-Sobolev inequality.

Let 1 < ¢ < p, and p*(q) = (]X[ 9P Then for any u € CYN(RY) we have

z

N—qg
‘u’p (Q) -

e / |Vul? dx
RN

<1 Indeed, applying the Holder inequality, and making use Sobolev and Hardy

inequalities, we have
|u|p*(q) |ulP
[ aes| [
M

RN

]

P—gq

N—q
. =
/]u\p* dx <7 /\Vu]p dz .
RN RN

2
s

As desired. >
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Appendix. Lorentz spaces

Consider the space L(p,q) of all those measurable functions f satisfying

1
00

q
« |4 1,,..19dt
Il = | £ [ [Fro) T <o
0
when 1 < p < oo, 1< ¢g< o0, and
1
1fllpg = suptr f*(t) < oo,
>0

when 1 < p < 0o and ¢ = co. When p = g, then

o0

T /|f|pdw - /[f*]pdt — 10, 1<p<oo
Q

0

Note that these definitions make sense also when 0 < p < 1land 0 < ¢ < 1. We don’t
consider these cases. Note also that || fH;q is not a norm in general.

Theorem Al. If f € L(p,q1) and q1 < g2 then

1 15g: < 1F1pg, (A1)
consequently,
Suppose || || is order preserving norm that is ||g|| < ||f|| whenever |g(x)| < |f(x)],

a.e. defined on the simple function on €); then

1 . . *
Ixell < {u(E)}r for all E C Q implies || f|| < || f[5
for all simple functions f, (A3)

1 . . *
{(E)}? < xell for all E C Q implies || fll50 < [|f]
for all simple functions f. (A4)

< Inequality (A1) for g = oo can be shown simple way. Since f* is nonincreasing,

1 1
t au t
a1

15 f5(t) = f*(t) %/u? law b < 2/ [u%f*(u)}ql%u <A1, -
0

1
By taking supremum of ¢t» f*(t) over all ¢ > 0, we obtain the desired result. When
@2 < 00, it is enough to prove (A1) for simple functions. Let

n
f:chXE]., where E;NE, =@ if j#k.
j=1
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We may assume that ¢; > ¢y > -+ > ¢p, cpy1 = 0. Let dj = p(Eq) +- - + p(Ej),
1 < j <n, and define dy to be 0. Then the distributional function has a form

pu(s) =dj; if cj11 <s<¢j, 1<j<n, and p(s)=0if ¢; <5

It follows that f*(t) =¢; if dj_1 <t <dj, 1 <j<mn,and f*(t) =0if d,, <t. Thus
we have

1
q

17115, = Z ( )

Setting a; = & 2ob; = =d; v and 0 = q; we have to prove that

n n

> i (b —bi) <Y dl (bg’? - bf._l) : (A5)

J=1 J=1

where a1 > ag > - >a, >0,0=0y < by <--- <b, and 0 < # < 1. We proceed

1
by induction. When n = 1 (A5) reduces to aib; < (afb{)?, which is true. Assume
that (A5) is true for n = N. Let

=

S (1) + 2 (o) | — (4 2%8)
j=1

and
Za] j 1 —i—.%'(bN_H—bN) A1+ x2B;, 0<x<an.

We want to show that ¢(ant1) = l(any4+1) whenever 0 < any; < an. By the
induction assumption ¢(0) > (0) and ¢(ay) > l(an.). On the other hand , since
the derivative ¢/ (z) = B(Az? + B)%_1 of ¢ is decreasing on the positive real axis,
the function ¢ must be concave. Thus, the fact it dominates the linear function [ at
the end of points 0 and ay implies that ¢(x) > I(z) for 0 < z < ay. This proves
(A1). Part (A2) is then an immediate consequence. Since || || is order preserving it
suffices to show (A3) when

N
f = ZCjXEj
j=1
is a nonnegative simple function. Let ¢; > ¢c2 > -+ > ¢, > cp41 and the sets

En, ..., E, are pairwise disjoint. If k = 1,2, ..., n define fibyXxF,, where Fj, = U?ZlEj
and by = ¢x — ci+1. Then

H=> fit), t>0,
k=1
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and

- - - L1 [ N
SRS SANAED SRS SEY EF O
k=1 k=1 k=1 =17
171 Lodt 1 T N .
— > [8Y 0T =3 [eroT =1
Po = bor 0 '

This proves (A3). In order to show (A4) we observe that, in terms of the notation
developed before we have

1
* = sup dPc;
Il = 0 dies

Suppose that the supremum on the right is assumed at j = k; thus

1
£ llpoe = i k-

Let g = cxxF,.- Then 0 < g < f and, thus,

=

1f 150 = difcr = cu {p(Fi)}

The theorem is proved. >

< akllxrll = llgll < I £l
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I1nenapnbie gekiunm

MaremaTnieckoe MOJeJINPOBAHUE



CoBpemMeHHbIe MpPo6GJeMbl MATEMATUKN M MaTeMaTUudecKoro oopasoBanusa: XV Biamgukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

MATEMATNYECKUE MOJEJIN 2KNJIKOCTH, T'ABA 11 IEPEHOCA
QJIEKTPUYECKUM ITOJIEM B MHOT'OKOMITOHEHTHBIX
XUMNYECKN AKTUBHBIX CPEJAX

M. 1O. XKyxkos (Poccusg, Pocros-ua-/lomny; FODY),
T. ®. Hourux (Poccusg, Pocros-ua-/lomy; FODY)

OcHoBHasT 1EJIb JIEKIUIT — O3HAKOMJIEHUE C HEKOTOPBIMU METOJAMU TTOCTPOEHWST
MaTeMaTUIeCKUX Mojeseil Ha IpuMepe MOCTPOeHus ypaBHEHUN MeJIKO# BOJBI, mepe-
HOCA BEIECTBA B MHOTOKOMITOHEHTHBIX CMECIX TIOJT TeHCTBUEM SJIEK TPUIECKOTO TTOJIS,
a TaKyKe O3HAKOMJIEHUE C METOJAMU PeIlleHnud U MCCIe/I0BaHuS 3a7a4 JJId MOo/iesieil,
OTIMCHIBAEMBIX CHCTEMAMU KBA3UJINHENHBIX YPABHEHWH B YACTHBIX TPOW3BOTHBIX TTEP-
BOT'O TTOPSIIKA.

1. Cocobbl ITOCTPOEHUSI MATEMATUYECKUX MO/IeJIeit

JIIst OCTPOeHUsT MOJeNIeil MCIOMb3yeTcst TOAXO0I, KOTOPBIH yMECTHO Ha3BaTh
ACUMIITOTHYECKIM MOJIEJIMPOBAHNEM, OCHOBHAS IEJIb KOTOPOTO 3TO «JIOBEICHHE» N3~
BECTHBIX OCHOBHBIX 0A30BBIX ypaBHeHWi (B YaCTHOCTH, yPABHEHUl I'MIPOJIMHAMUKH,
Hampumep, [1| u Teopum MaccomepeHoca IEKTPUUECKUM TI0JIeM, HampuMep, [2]) mo
TAKOTO YPOBHSI, IIPU KOTOPOM, HE TePssd ODITHOCTH MOYKHO JITOO CTPOUTH TOUHBIE Pe-
[IeHWs, OO0 MOMYYaTh 3HAUUTETBHBINH 00beM HH(MOPMAIINU O MOBEJIEHUN PEIICHNI.

1.1. YpaBHeHUs MeJIKOIi BOJIbI. Y PaBHEHUsI, /I/Id ONMUCAHUS TOBEICHUSA CIKU-
MaeMoil BSI3KOI YKUIKOCTHU, 3AMMCAHHBIE B 0€3PAa3MEpPHBIX MEPEMEHHBIX, HIMEIOT BH]
(ypasuenust Hasre — Crokca (cm., nanpumep, [1, c. 71-78]))

pt+v-Vp+pdive =0, 0
1
p(ve +v - Vo) = =Vp(p) + vAv + pF,

rJle U — CKOPOCTh T€YEHUs JKUJIKOCTH, ) — IJIOTHOCTD, p — nasienune, F — ynennuas
cua (yCKOpeHue), v — JAMHAMHUYECKAS BI3KOCTH KUIKOCTH.

Cucrema (1) me siBIsIeTCS 3aMKHYTOl CHCTEMOMN (MMEETCsT 9eThIpe ypaBHEHUS —
OJTHO CKAJIIPHOE U OJHO BEKTOPHOE, U MATH HEU3BECTHBIX — IJIOTHOCTH P, TPH KOMIIO-
HEHTBI CKOPOCTH ¥ ¥ jnasenue p). Ina 3ambikanns cucrembl ypasaernit (1) cremyer
J06ABUTE €I1Ie OTHO yPABHEHNE, KOTOPOE CBA3BIBAET MEXK Iy CODOil JaBIeHne 1 MI0T-
HOCTDb, ¥ HA3LIBACTCS YPABHEHUEM COCTOSHUS

p=p(p). (2)

Cob6CTBEHHO TOBOPS, 3TO y¥Ke MOJeupoBanue. Y pasHenne (2) yKa3blBaeT KOHKPET-
HYIO CILTOINIHYIO CPeJLy, TOraa Kak ypaBuerus (1), cipaBeiuBbl, B HEKOTOPOM CMBIC-
Jie, JIJIsT TPOM3BOJIBHOMN CILIONTHOM Cpesbl (KUIKOCTE, ras).
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1.1.1. Hekoropnie moaesiu. [Ipuanmast pa3andnbie JOMYIIEHUT O BA3KOCTH U,
yaenbHoii cue F'| ypaBuenun cocrosuus p = p(p), ucxons u3 (1), MOXKHO TOCTPO-
UTh Pa3/JUIHbIE MOJEIN, B YaCTHOCTH, MOJEIb HE8A3K0U 0apomponnol sHcudkocmu
(Cc M3BECTHBIM ypaBHEHUEM COCTOSTHUSA)

pt+v-Vp+pdive =0, p(v;+v-Vv)=-Vp(p), (3)
HEBA3K020 NOAUMPONHO20 2030, (C TTOKa3aTe/JIEM TIOJINTPOIIBI 7Y 1 CKOPOCTHIO 3BYKa C())
i

_pv—l

pt+v-Vp+pdive =0, p(v,+v-Vv)=-Vp(p), p(/)):,y_l

;o (4)
MOJIENTb HECHCUMAEMOT HeGA3KOT dcudkocmu B moge Tskectn (F = —kg, g — ycko-
peHne CuJIbl TsiKecTr, k — OpT OCHU 2, HAIIPABJIEHHON TPOTUB JIEHCTBUS CHUJIbI TIXKe-

cT)
divv =0, v;+v-Vv=-Vp—kyg. (5)

Mogens (5) cymecrBenno otnmdaercst ot Mozesneii (3) u (4). Bo-mepBeix, orcyTcTBy-
eT ypaBHEHHEe COCTOsiHUsI (TOuHee, OHO BbIOpaHO TpeGoBanumeMm p = 1). Bo-BTOphIX,
MMEEeTCs 9eThIPe YPABHEHUs JJIsi YeThIPEX HEM3BECTHHIX ¥, p. B Tperbux ypaBHeHUE
divv = 0 He gBISETCS SBOIONHOHHBIM yPABHEHIEM.

1.1.2. IToreHmanbHOE TeYeHNE NAeaJIbHON >K1IKOCTH.

v =V, (6)
divoe=0 = Ap=0, (7)
1
vit+v-Vo=-Vp—kg = V<¢t+§(V@)2+p+zg>:0, (8)

rJe (p — TMOTeHInal TeIeHns.

9T0, BHOBb, MOJIEJIMPOBAHNE, HO YK€ WHOTO YpPOBHs. PaHee ucmo/ib3oBaincs Ghu-
3uueckne TpeboBanus — BLIONpaIach cpena (ypasHeHue COCTOSTHS ), TPeHeOpPeraaoch
BA3KOCTHIO. 3JIECh UCIIOJB3YETCS OTpAHWYeHNe Ha KJIACC PerieHuil — paccMaTpuBa-
FOTCS HEKOTOPhIe TeYeHUsI, 0013, af0IIIe OIPe/Ie/IeHHBIMU CBONCTBAMH.

1.1.3. IIpocTpaHCTBEHHO OJHOMEPHAsd MOOEJb MEJIKOI BOABI. s mpo-
CTOTBHI OTPAHUINM PACCMOTPEHTe TPOCTPAHCTBEHHO OJHOMEPHOM Moe1bio. Paccmar-
pUBaeM TOHKWI CJI0H KUAKOCTH OECKOHEUHON B TOPU3OHTAILHOM HAITPABICHWH, a B
BEPTHUKAJIHLHOM HAIPaB/JIEHUN, OTPAHWYEHHBIN TBepJbiM JHOM 2z = ( u CcBOBOIHOI
OBEpXHOCTH 2z = h(z,t). B ypaBrenusx (6)—(8) mpom3semem 3aMeHBI ITepeMEHHBIX
(macirrabuposanme)

z—¢ez, h—eh, w—ecw, g:@, go=0(1), v=(u,0,w),
€

u BBEsIeM (DYHKIIUIO TOKA 1) (3TO MO3BOJISET ABTOMATUIECKN YIOBJIETBOPUTEH yPaBHE-
HUIO HEPA3PBIBHOCTH Uy + w, = 0)

u = ¢Za w = _¢x~ (9)
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Bnech h(xz,t) — Tommuna cuost, u(x,t), w(z,t) — ropusoHTAIBHAST U BEPTUKAILHAS
KOMIIOHEHTBI CKOPOCTH, 1)(x,t) — GyHKIMS TOKA, £ — HapaMeTp, XapaKTepu3y oIl
OTHOIIIEHNE BEPTUKAIBHOIO U FOPU30HTAILHOIO PA3MEPOB CJIOSI.

Ypasuenus (7), (8) mocse 3aMeH IMePEMEHHBIX U HCIIOIB30BAHUN YCIOBUS TTOTEH-
muaabHocT Tevenns (v = Vo, w = rot v = ) npuHUMAaOT BUJI

Ut + Uy + WUy = —Py, 52(wt + vwg + wwz) = —Pz — 90, (10)

U, — 2wy =w=0 = 1, +2y, =0. (11)

Coberento roopst, ypasaerust (10), (11) — 3ro mpocro mepenucanubie B HHOM (hop-
me ypasaenus (6)—(8), B KOTOPBIX CIETaHBI MTPEITONI0KEHNST O TOPSIKAX BXOIAIINX
B ypaBHEHUs BeunH. /11 IOCTPOEHUST MOJIE/IN TPeOYeT s NCIOIb30BATh HEKOTOPOEe
ACUMIITOTHYECKOE Pa3/ioxkenue 1o napamerpy & — 0.

Cdopmysimpyem nocraHoBky 3aaaun. Ypassaenus (10), (11)

U + Uy + WU, = —Py, 52(wt + vw, + ww,) = —p, — go, (12)

Q;Z)zz + 52¢zz =0.

JIOTIOJIHUM KPAEeBbIMU yCJIOBHUSI, KOTOPbIE BBIGEPEM B CJIEJYIONIeM Buje (C/Ieayer CKa-
3aTh, UTO TO €I OJIMH ITAM MOETNPOBAHNI).

Kunemamuueckoe ycaosue (FacTIbl KUJIKOCTU JBUKYTCS BMECTE CO CBOGOIHOM
IOBEPXHOCTHIO)

)
C;_t = w(z,2,8) — ha(@, ) — u(zm, Oha(z,t) = 0, 2= h(z,),  (13)
i 0
@(CE,t):Z—h(CC,t), azaﬂ-’vv

Jlunamuueckoe ycaosue (TaBienne Ha CBOOOTHON MOBEPXHOCTH 3aIAHO)
p(z,z,t) =0, z=h(z,t). (14)
Yeaosue nenponuyaemocmu (aaa BOmOEMA)

w(z,z,t) =0, z=0 = (z,0,t) =0.

1.1.4. Tloaxon Jlarpauxka. [[g mocTpoeHWM ACHMITOTHKE (MOJEH) 3a1a-
an (12)—(14) ucnoswszyem noaxos Jlarpanzka (cm. nanpumep, [3, ¢. 32-39]), koropsrii
3aK/II0YAETCA B KOHCTPYHUPOBAHUU PEIeHNs HeIOOMPeaeaeH oM 3a0a4un I (DyHK-
i Y (x, 2, t)

oy + %30 = 0, Y(x,0,t) =0

B BHUIE ACHMIITOTHIECKOTO Psiga, KO3MMOUIIMEHTH KOTOPOTO wk (x,z,t) aBromMarnye-
CKH YIOBJIETBOPAIOT KPAEBOMY YCJIOBHIO

V(w2 t) = e PF(m,2,1),  F(@,0,t) = 0.
k=0
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BBuay HemoonpeseIeHHOCTH 3a0a97, PENeRne COAEPKUT HEKOTOPYIO TPOU3BOJIb-
ayio dyakimo F(x,t). Omyckas 10CTaTOYHO MPOCTHIE (HO TPOMO3JIKHE) TIOCTPOSHNUS,
3anuiiem perienve (1ogpobHee cM., Hanpumep, [3, ¢. 32-39], a Takxe [4, c. 139-152])

- 1)™m 2m z2m+1 82mF
1#(907»?715)—%(— )"e Gmt ) (z,1).

KowmmonenTsl ckopocTs u, w ¢ yaeroMm (9) uMeroT Buj

oo 2m
w(z, z,t) = b, = 7712%(-1)77@&?%%35@@, t), (15)
- m _2m Z2m+1 m
w(z, 2,t) = —thy = —mzo(—n g maﬁ LR, t). (16)

OcHoBHast naest — «cHoc» ypasuenuii (10) Ha nosepxHocTh z = h(z,t), yuer
coorrorrenuii (15), (16), n ncrnonb3oBanne TUHAMIIECKOT0 yeaoBus (14) s masie-
HHS.

Huddepennupys yenosue (14) mo z, momyunm

Torma, ¢ yuerom ypasuenuii (10)

(u 4wty + wu,) + (e (w; + vw, +ww,) 4+ go)he =0, 2z = h(z,1t). (17)
Kpowme sroro uz (15), (16) npu z = h(x,t) nmeem
u(x, hyt) = F(z,t) +O0(?), wu(z,h,t) = O0(?),
w(z, h,t) = —hF, + O(e?). "

[Moncrasnasa (18) B (17) u kureMarndeckoe ycaosue (13), OKOHIATESBHO MTOJIYTHM
(¢ TourocTIO 0 waeroB mopsaka O(e2))

hi(z,t) + Uz, t)hy(z,t) + Ug(x, t)h(z,t) = 0,
Up(x,t) + U(x,t)Uy(x,t) + gohy(x,t) = 0.

Bneck semmamna U(w,t) = F(z,t) = u(x, h(z,t),t) + O(e?), 1. e. ¢ ToanHOCTBIO /10
O(g?) — ropm3onTaTBHAS KOMIIOHEHTa, CKOPOCTH TEUeHHs YKUJKOCTH Ha CBOGOTHOI
rpanune z = h(z,t).

1.1.5. O6 3Tanax moCTpPOeHUs MOJEJIU MEJIKOU Boabl. Kiaccuueckuit Bapu-
aHT ypaBHEHWH MEJKON BOJBI (3aKOHBI COXPAHEHWs] MACCHI U MMITYJIbCA) UMEET BT
(U(x,t) 3ameneHo Ha u)

he + uhy + hu, =0,  uy + uug + gohye = 0.
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[Tepeuncanum 3TABl TTOCTPOEHUST MOJIEJIN.

1. Beibop 6a30BBIX ypaBHEHUi (MOTEHIMAILHOE TEUCHNE HECKUMAEMO HEBA3KO
KUJKOCTH).

2. Beibop obstacTut (TOHKHIL €107 KUIKOCTH CO CBOOOTHOIN MOBEPXHOCTHIO GECKO-
HEYHBIl B TOPU30HTAILHOM HAIPABJIEHUIT ), 3aMEHbI IEPEMEHHBIX (MacmTabupoBanue
U yKa3aHUe TOPSIKOB BEJIMYNH), KDAEBbIe YCJIOBHS U T. IT.

3. Pemtennte ypasuenust €24, 4+, = 0 (¢ HEZOOTIPEIETIEHHBIME KPAEBBIMU yCJI0-
BugMH ). MOXKHO HE UCIIO/IB30BATE PA3J/IOKEHUS B Psifl, & KOHCTPYHUPOBATH HEKOTOPBIi
(HesoKasbHBI) oneparop (cM., Hanpumep, [3]).

4. ITpm ncnorp30BaHUM TTOAX0a Jlarpam:ka — MONCK PeIreHnst B BIUAE PsIaa, MOXK-
HO He orpanmunBarhcsa wienamu O(1), a crpouts Gostee CIOKHBIE MOAEIN (MOIEIN
mod €*™) (B wacTHOCTH, ypaBHeHuss Byccmuecka M, IpyM HEKOTOPBIX JOTOJIHATEIh-
HBIX TPeNoIoKenunsx, ypasuenne Kopresera — me Bpusa).

ObparuM BHUMaHWE, YTO yPaBHEHWST MEJIKON BOABI (POPMAJIBHO COBITAJIAIOT
C YPaBHEHHUSMHU TIOJUTPONHOTO Taza (4) mpu v =3 (p = h, v = u, ¢§ = go).

1.2. IlepeHoc Macchl 3JIEeKTPUYECKUM II0JI€EM B MHOTOKOMITOHEHT-
HBIX XMMHUYECKU aKTUBHBIX pPacTBOpPax. ba3oBble ypaBHeHUs (CM., HAIPUMED,
[2, c. 13-56])

Orcp, + Ozix = o, k=1,...,n | ypaBHeHUd HaaHCA MACCHI;
iy = —eDp0ycr, + zeyer B OTIPEIEISTIONIIEe COOTHOITEHNST JIJIT TIOTOKORB;
n
> zper =0 ypaBHEHUE dJIeKTPOHEHTPATHEHOCTH;
k=1
n
Jj= > zipE onpeJeJisiollee cooTHomenrne — 3akon Oma;
k=1
0,7=0 ypaBHEHWE HEPA3PBIBHOCTH HJIEKTPUIECKOTO TOKA;
O = (Ha. OCHOBE XI/IMKI/IHGTI/IKI/I) onpeae/IdoImne COOTHOMIEHNA A/ MCTOIYHUKOB.

31ech ¢ — KOHIEHTPAINN, i), — IJIOTHOCTH TOTOKA KOHIEHTPAINN, 0) — IJIOTHOCTH
MCTOYHUKA MACChl, F/ — HAIPAKEHHOCTD JIEKTPUIECKOTO TIOJId, j — IJIOTHOCTH dJIEK-
TPUYECKOTO TOKA, 2 — 3apPAHOCTH (3apsif B €IMHWIAX 3apA/a JIEKTPOHA), Vg —
MOJIBUKHOCTH KOMIIOHEHT B 9JIEKTPUIECKOM MT0JIe (CKOPOCTh HA €IMHUILY HATPIZKEH-
HOCTH 3JIEKTPUUIECKOT0 1oJist), €Dy, — xoadbdurnments muddyszun.

Cucrema He SBJISIETCS 3aMKHYTOH — TPeOYIOTCS COOTHOINEHUS JJIsT UCTOTHU-
KOB O, KOTOpbIe MOYKHO TIOJIYIUTh Ha OCHOBE YPABHEHUN XUMWIECKON KUHETUKH.

[Ipu HAMYIMU PA3HOPOMHBIX MPOIECCOB OJHWM W3 BAPUAHTOB IMOCTPOEHUST MOIE-
Jieit, gaBJgeTcd pas3jiesieHre MPoIlecCOoB MO0 XapaKTepHOMY BPEMeHW WX MPOTEeKAHWS.

B paccmarpuBaemMom cityvdae MMeETCs, 110 KpaliHeil Mepe, mpu MakuT pasdHocko-
POCMHBLT npoyecca — JuPPy3us, neperoc INEKMPUIECKUM NOAEM, NPOMEKGHUE TU-
MUYECKUT PEAKUUY.

1. XapaxTeproe Bpemst quddy3un HAMHOTO TPEBBINIAET XaAPAKTEPHOE BPeMsT ITPO-
I[ECCOB TIEPEHOCA TOJ] JAEHCTBUEM DJIEKTPUIECKOTO TOJIS.

2. XapakTepHoe BpeMs TIPOIECCOB MEPEHOCA TOJT JeHCTBUEM SJIEKTPIUIECKOTO TI0-
Jisi, KOTOPOE, B CBOIO OYepe/ib, 3HAYNTEIHLHO OOJIbITIE XapaKTEPHOIO BPEMEHU TPOTE-
KAHWSA XUMUIECKUX PEAKITHIA.
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EcrecrBennblii myTh yHpoIeHUs ypaBHEHUl, ONMMUCHIBAIOIIMNX TaKHe «Pa3HOCKO-
POCTHEIE» IPOIECCHl, — GBHLOCAEHUE MEOACHHBLT TEPEMEHHDIT, CIA00 M3MEHIIOMIIXCT
HpI/I HpOTeKa.HI/H/I BCEX OCTaJIbHBIX HpOL[eCCOB.

[TokazkeM NPUHIUNHAILHYIO BO3MOXKHOCTD BEIIEJICHUS MEJJICHHBIX EPeMEHHBIX
MPUMEHUTEIHHO K XUMUYIECKW aKTUBHON cpeie, B KOTOPOit TPOTEKaoT 00paTuMble pe-
aKIINY, Ha TPUMepe JUCCONAIMN KUCJIOTHI U OCHOBaHwUs (moapobHee M. [2, ¢. 52-55])

kd k)
HYA"=A +H", BH"=B+H".
ka ki
Bnece HT A~ — xuciora, A~ — xuciaorneii ocratok, BHT — ocmosanue, B —

ocrosHoit ocrarok, H+ — won Bomopoza, ki, k,it — CKOPOCTHU PEaKIThii.

VpaBHeHUS XUMUYIECKOW KWHETUKH C MTEPEHOCOM MMEIOT BUT
OHTAT] + Oy a-) = —kg [HTA7] + kg [HT][AT],
O[A™] + Opipa-y = +kS [HTAT] — kg [HT][A7],
OHBH™| + Ovijpy+) = —k [BH"] + k, [H][B],
O B] + Ozifp) = —kf[BH*] + k; [H][B],
OHHT) + Opippre) = (kT [HT A7 =k [H][AT) +(kf [BHT] — k; [HT][B]).

Wurerpanbl (MenjieHHbIE IEpeMEHHbIE) YPABHEHU{l XUMUYECKOHl KWHETHKHU MPH OT-
CYTCTBHH TIepeHoca (MOTOKM PABHBI HYJIO), OUEBHIHO, UMEIOT BT

a=[HTAT|+[A7], b=[BH"|+[B], [HY]+[BHT|=[A"].

YpaBHeHUs [T Me/[JIEHHBIX [TePEMEHHBIX 3aIlChbiBaeM B (popMe (ypaBHEHUs HE sB-
JISTIOTCST 3AMKHY TBIMH )

ora + Ogiy = 0, O + azib =0, i,= i[H'*‘A—] + Z'[A—], ip = i[BHﬂ + Z[B}

Il 3aMBIKQHWS CHUCTEMBI CUWTAaeM, UTO peakInsd TPOTeKaeT IMOYTH MTHOBEHHO,
T. €. UCIOJIb3yeM yCJOBHE DPABHOBECUS YPABHEHUN XWMWYECKONH KWHETHKHU 0e3 Ire-
peHOCA

—kg [HTAT] + kg [HT)[AT] =0, —k[BHT]+ky [HT][B] =0,
peleHre KOTOPbIX NMeeT BHU/T

[HA]=(1-a)a, [AT]=aa, [B]=(1-pB), [BH']=}D,

K, [HT]
A([H)) = —0  BHY) =
Bnech K,, Kp — KOHCTaHTHI JMCCONMAIMU KUCIOTHI u ocHobanus, «([HT]),

B([HT]) — cremenn aucconuanuu (J0M MOHOB B KUCJIOTE W OCHOBAHUH).
BaaBast onmpeesonme COOTHOMERns i MoTOKOB (6e3and dy3nonnbe)

iA-] = Z[A_]V[A_}[A_]Ev lH+A-] = 2[H+A—}’Y[H+A—][H+A_]E,
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israt) = 4pa)sa+) [ BHTE, i = 2 [BIE,
2ia-) =1, zZp+a-1=0, zZr+ =1, 23 =0, Va1 =% VBHH =W

OKOHYATEIBHO HOMydnM besduddysuonnyro modeav ([HT] = h, oboznauenmue)
ar — (vaa(h)aE)y =0, b+ (vB(h)bE), =0,
h+ B(h)b = a(h)a,

J= (’Vaa(h)a’ + ’Vbﬁ(h)b)E’ Jz = 0.
K, h
a(h) = K B(h) = K1 h

3amMernM, UTo MPUBEIEHHBIE YPaBHEHUsI UMEIOT uHTerpast (a — b); =

1.2.1. O6 3Tanax mocTpoOeHus MO/IeJI1 MHOIOKOMIIOHEHTHbIX cMmeceii. [le-
PEYNCANM OCHOBHBIE 3TAIBI TTOCTPOEHUST MOJIETH.

1. Beibop 6a30BbIX ypaBHEHUIA.

2. Pasjenienne mporeccoB 1Mo XapKTepHOMY BpeMmeHu nportekanust (muddy3noH-
HBIE TPOIECCHI, IEPEHOC SJIEKTPUUECKUM TI0JIEM, XUMUYECKUE PEAKIIUY U T. 11). MoKHO
CTPOTO, BBOJS COOTBETCTBYIOIINE ITapaMeTphl, XapaKTepu3yIolue CKOPOCTU TIPOIleC-
COB.

3. Boigesienne MeJIeHHBIX EPEMEHHBIX (Ha OCHOBE YPABHEHUil XMMUIECKOil K-
HETUKW WJIM UHBIX COOOPasKEeHMIt).

4. Tlouck cBsi3eil MeXKJIy MeJJIEHHBIMU W OBICTPBIMU MEPEeMEeHHBIME (HAPHMED,
Ha OCHOBE THUMOTE3bl 0 MTHOBEHHBIX XMMWYECKUX PEeaKINi — YCJIOBUS PABHOBECHS
YPABHEHU{1 XUMUYECKOT KHHETHKH ).

5. Voporenns, CBSI3aHHBIE C MAJIOCTHIO TEX WJIM WHBIX BEJIUYINH.

2. UccaenoBanue mogeeii

2.1. NuBapuautsl Pumana. ['oBopar, 910 cucremMa KBa3WIMHEHHBIX yPABHEHU
ou’ 1L ouP
7 . 1 n
E+;Ak(u)a =0, i=1,....,n, wu=(u,...,u"),

NPUBOJNTCA K WHBApUAHTAM PuUMaHa, ecau ee MOXKHO 3amucarh B (opme (CM., Ha-
npumep, |5, ¢. 27-31|, rae Takxke yKazaH cnocod HaXOXKIeHWs] WHBApUAHTOB PrMana)

8Rk k 1 n
W'}‘)\(R)a—xzo, k:zl,...,n, R:(R,,R ),
rie RF(u) — nnsapuantsr Puvana, \¥(R) — cobersennbre snadtenns marpust Al (u)
W cymiecTByer obpaTHas 3asucuMocth uF(R).

B cnyuae n = 2 waBapuanTsl Pumana Bcerga CyIecTByIOT, HO 3TO HEe O3HATAET,
YTO MOYKHO MOJIYUIUTh SIBHYIO 3aBuCUMOCTh R = R(w). [Ij1s1 IpON3BOJILHOTO 1 UMEeT-
ca anaredpandecKkuii KpUTepuil CyIecTBOBAHNUST MHBAPUAHTOB PuMaHa — HEKOTOPBI
TEH30p YEeTBEPTOTO TOPSIIKA, HA3IBAEMbIl TEH30POM XaAHTHECA, TOTKEH 00PaIaTh-
Cd B HYJIb.
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B ciyuae n = 2 nmeercs J0CTATOYHO IMPOCTOi CIOCOD MOCTPOEHUS HEKOTOPO-
ro OOBIKHOBEHHOTO P EpeHITnaTHLHOT0 YPABHEHNUsI, PEIIEHIHEM KOTOPOTrO SBJISFOT-
ca naBapuantel Pumana. [IpogemoncTpupyem 3TOT Crrocod Ha mpuMmepe ypaBHEHU
Mesikoit Bozbl. IlycTh manbl ypaBHEHUS MEIKON BOMBI, KOTOPBIE 3aMuUcaHbl B (hopme

he = —uhy — hug, U = —uug, — ghy. (19)
PaccMmoTpuM ypaBHEHEE 119 KaKOro-1ubo MHBApHAHTa PuMaHa,
Ry(h,u) + Ah,u)R;(h,u) = 0.

Beimostasgst muddepeHnupoBanme u mojCTaHoBKY Uy, hy w3 (19), cumrast u,, h, He3a-
BUCHMBIMY, TIOJIyYMM YDABHEHUE JTsi onpejenennst A (Kak yCIOBHE CyNIECTBOBAHUS
HETPUBHAIBLHOTO DEIleHNs] CHCTEeMbl ypaBHEHUi oTHOCUTETbHO Ry, Rp), a 3areMm u
ypaBHEHUs i ompejeneHust R

A=uT\/gh, hR,++/ghR,=0 = hduT+/ghdh=0,

HHTErpaJibl KOTOPOro u OyayT MHBapHaHTaMu Pumamna
RY2 =uT2v/gh, M?=uTF/gh.

2.1.1. YpaBHeHus B mHBapumanTtax Pumana um mocraHoBka 3amauu. ma
ypaBHEHUIT MEJIKOH BOJBI M yPaBHEHUIT 371eKTPOdOpe3a NMEETCs sIBHASA 3aBUCUMOCTD
MeXIy WHBapUaHTaMu PruMaHa W MCXOTHBIMU ITepeMeHHBIMU.

Menxas 6oda:

1
R172:u¥2vgh7 )\1’2:’U,¥ \/gh7 ’U,:§(R1+R2), \/gh: (RQ_Rl)v

3 1 1 3
)\1:_ 1 - P2 )\2:_ 1 hd 2. )
SR+ R R+ R (20)
R} + M (R R*)RL =0, R}+ (R, R*)R%=0.

Oaexmpogpopes (obparubie 3asucumoctn w4 = u(R) onyiieHs BBUY MPOMO3IKO-
cTH):

A =RIRIR? N2 = R°R'R% (21)
R} + A'(R',R)R. =0, R?+X\}R',R*)R?=0,

Bamernm, 9T0 MOIEIN, (DAKTUIECKN, OTIMIAIOTCS JIUIIb 3aBUCHAMOCTSIMU )\k(R), 9TO
mM03BOJIsIET ChOPMYIUPOBATE ODIILYI0 TTOCTAHOBKY 33/1aUM B MHBapHaHTaxX Pumana.
IlocranoBka 3agauu Korrm.

R} +M(RY, R*)RL =0, R?+ )\(R',R)R2=0, (22)
Rl‘t:() = Ré(.%'), RQ{t:() - R%(.%‘), (23)
rie Ri(z), R3(z) — 3anannbie byrknnm.

2.2. Meron romorpadpa. OcHoBHAA uaes MeToa rogorpada 3aKII0IaeTCI BO
B3aMMO3aMeHe 3aBUCHMbIX H He3aBUCHMBIX mepemenubix (RY, R%) S (x,t).

68



1. KJACCUYIECKUI BAPUAHT. Cumraem, uto t = t(R', R?), z = x(R!, R?),
¥, IPOM3BO/IA OUEBHIHLIC 3aMEHbI MepeMeHHbIX, HampuMep, aua byakmn t(RY, R?),
moJIyv9aeM JIMHEHOoe YpaBHEHWA B TaCTHBIX MTPOU3BOJHBIX BTOPOT'O MOPAJIKa C TIEpe-
MeHHBIME KO3 dunmentamu (mogpobHee cM., Hampumep, [5, ¢. 33, 34])

()\1 — )\Q)tRle -+ )\Eltpg — )\%gtpbl = 0.

2. OBOBUIEHHBII METO/J TOAOTPA®A (dy6posun, Hosukos, lapes [6]). Ecau
BLBIITOJIHEHBI COOTHOIIIEHU A

9 OpiAF P Opi Ak
TO HETBHOE PEIeHNEe UCXOIHBIX YPABHEHUN 3aMUCHIBAETCA B (hOpME aaredpamdecKux
coorromrenuit  — A\¥(R)t = w*(R), rae w*(R) — KOMMYTHpYIOIHE TOTOKH, KOTOPHIE
ONPeJIeJISTIOTCST yPABHEHUSIMU
aRi’wk _ 8Ri )\k
wt — wk Ne— Nk

2.2.1. Metopn romorpacda HA OCHOBe 3aKOHOB coxpaHenus [7]. s ypas-
HEHU

R} +MRL =0, R}4+MNR2=0

paBI)ICKI/IBaeM HeKOTOprﬁ 3aKOH COXpaHeHI/IH B BUIe
@t(Rl’RQ) +%(Rl’32) =0, (24)

e p(RY, R?), ¢(R!, R?) — mI0THOCTD U MJIOTHOCTH TIOTOKA /71T 3aKOHA COXPAHEHS.
Bumosmstst aucbdepentmposanue, s ompenenenust (R, R?), v(RY, R?), nomy-
IUM CHCTEMY JIMHEHHBIX YPABHEHMUIT B YACTHBIX TPOM3BOIHBIX IIEPBOTO MOPSIKA

Yre = Mg, g = Nope, (25)

KOTOpast C MCIOIh30BAHUEM YCIOBUS PA3PEIIMMOCTH TPUBOIUTCA K OJHOMY JIMHEH-
HOMY yPaBHEHWIO B YACTHBIX MPOU3BOJHBIX BTOPOrO mopsiyika (¢ koaddunuenrammu,
sapucanpvu ot R, R?), manpumep, 1uis GyHKImn ¢ (1 aHagIorugHOe 1 1))

()\1 — AQ)(pRlRQ + )\}%Q(PRI — )\%1@}22 = 0. (26)

2.2.2. IlocTpoeHue HesasBHOro pemieHns. Kax yke TOBOPMIOCH, OCHOBHAS
niest mMetoma Tomorpada — ITO B3amMo3aMeHa Tepemenubix (x,t) S (R, R?).
Ha camom gene, ropasno s¢deKkTuBHee CTPOUThL HEBHOE PEIIeHne WCXOMHON
sagaan (22), (23) B asyxmapamerpudeckoii dopme, onpenenms dyHkmun t =
t(a,b), z = x(a,b), rae a, b HekoTopbie mapaMeTpsl Takue, uto Rl(x,t) = R}(b),
R%*(z,t) = R3(a) (T. e. B KOHEYHOM UTOT€, PEIIEHHE TIOJTHOCTBIO ONPE/IETEeHO HAYATD-
HBIMU JTAHHBIMUA R(l], Rg). st peanmm3anuu CKa3aHHOTO BOCITIOIB3YEMCs 3aKOHOM CO-
xpanenns (24), 3anucas ero B Buje auddepeHmanbaoil hopMbl

d(dt — pdx) = Yudr A dt — @udt A dz = (@; + g )dz A dt = 0. (27)

69



[TpounTerpupyem (27) M0 3aMKHYTOMY KyCOYHO-TIaAKOMY KOHTYPY PQM , KoTO-
phIit okazan Ha puc. 1. Ha jeBoMm pucynke m300paykeH KOHTYD, KOTODBIH BhIOUpa-
ercs B 00IIIeM CiIydae, & Ha IPABOM PUCYHKE — KOHTYD, KOTODPBIi C/IeyeT BhIONpATh
B CaydYae, KOTJA Hada bHbIE JaHHBbIE JTd 3amadn Ko Beibupatorcs mpu ¢t = 0.

e Ri=rl=R(b)
Yo .= x(t)
M
(r',r?)
o——
P(t(a), z(a)) a7 “L (t)(
t R? =r? = R}(a) t

Puc. 1. Kouryp unrerpuposanus PQM.

Vmobuee paccMaTpuBaTh 00N Ciydail, HE «IPUBSA3BIBASICHY K YaCTHON CHUTY-
aruu 7yt HadaabHBIX yeaomit npu ¢ = 0. IIpu BEIGOpEe KOHTYypa pPyKOBOJICTBYEMCS
CO0OParKeHUAME, aHAJIOTMYHBIME UCTIOIb3YeMbIM pK ocTpoernu byHKkun Puvana
J7IsT TUTIEPOOIMYIECKUX JIMHEHHBIX ypaBHeHuil (cM., Hampumep, (8, c. 446-453]).

B kawecrBe wactun koutypa PQ Beibupaem orpesok PQ = {(t(7),z(7)) : a <
7 < b}, HA KOTODO# 3a/1aHbl HAYAILHBIE YCIOBHS

R' = Ry(t(r),a(r)), R®=R3(t(r),a(r)), a<r<b,

rje T — napamerp, a, b — onpeJensioT HHTEPBaJ MU3MEHeHUsl napamerpa (B ciydae
HAYAIbHBIX JaHHBIX npH ¢ = 0 gunaus PQ — 310 oTpe3ok [a,b] Ha ocu ).
[Mpeamonaraem, uro juauu PM u QM xoutypa PQM 3amai0Tcst XapaKTePUCTH-
JEeCKIMHI HAIPABICHUSIMHI, KOTOPBIE OMPEIESIIOTCI YPABHEHISIMA
dz dz

M: ==X, PM: — =
Q ) dt

- A2,
dt

3BecTHO, 9TO HA XapaKTEPUCTHKAX MHBAapUaHThl Pumana coxpansiorcs [5, c. 30].
I = const u ma xouType M P nmeem

R? = r? = const (cm. puc. 1). B cBoo odepenp, KoHCTaHTH 1, 72 onpejensroTcs

Nubivu ciosamu, Ha KouType QM nveem R = r

Ha4aTbHBIMA YCJIOBUSIMU
rt = Ry(t(b),2(b)), r* = Rj(t(a),z(a)),

rak Kak jguanu PM u QM npoxogsr uepes touku P, Q).

Xapaxrepuctuku QM u PM (u3 pa3JndHBIX CEMENCTB) MePeCeKAIOTCsT B TOUKE
M, koropoii coorBercTBYIOT KOOpAMHATHI (t,x). D10 O3HAUaeT, 4TO B TOUKe (t,T)
MHBApUAHTH PrMana nMeroT BUI

R'(z,t) = r(b) = Ry(b), R*(x,t) = 1*(a) = Ri(a),

" TIOCTPOEHO ABYXIAPaAMETPUYICCKOE HEABHOEC PEIICHUEC.
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st Toro, 4robbl «CBsi3aThy MeXKy coboil nepementbie (z,t) mapamerps (a,b)
crepyer nocrpouts dyukmun t = t(a,b), z = x(a,b), Koropsie Ge3 Tpyma (dop-
MAaJIBHO) TOJIYHYaIOTCS Ty TEM WHTErPUPOBAHUS 3aKOHA coxpanenus (27 ) mo obmacTw,
OrPAHUICHHON 3aMKHYTBLIM KOHTYPOM

0= j{(¢dt—¢dx):</+/+/>(¢dt—¢dx).

PQM PQ QM MP

Ha sunnsx QM, M P, xoropsie 3a1anbl ypasaernsvu dr = A\ dt, de = N2 dt u
COXpAHSIOTCS NHBApUAHTH Puvana R, R? mmeem

Jwa—pin = [w-xpa.  [@ar-pin) = [0
QM Rl=rl MP R2=y2
[ToTrpeGyeM BBITOJHEHUST YCIOBHIA
(sz) - )‘1@) ‘QM = (¢ - )‘190) ‘Rlzrl = 15
(¥ =) yp = (= X9 | poo = 1.

Torya, BBIMOJIHSAS WHTErPUPOBAHUE (OMyCKasi TPOMO3IKHE MPOMEKYTOUHBIE MPeos-

(28)

pa30BaHMsI), TTOLYIUM

2t = t(a) + t(b) — /(wdt—apdx).
PQ

910 obIee COOTHOIIEHUe ISt CJydas, KOrJa HadabHbIE JAHHBbIE 3a/aHbl HA JIU-
Hun P(Q), CyIIeCTBEHHO YIPOIIAETCsI, eCJIN pacCMaTPUBATh HaYaJIbHBIE JAaHHBIE TTPU
t =0, 7. e. Korma PQ gByisiercst OTPE3KOM Ha ocu  (CM. mpaBblii puc. 1)

b

o) = 5 [ ¢ (R, RY(r) ar.

a

Taxmw o6pazom, dynxims t(a, b) TOTHOCTHIO ONPeTe eHa Hava bHBIMH JaHHLIME Ry,
R% u byskmumeit p(R', R?), KoTopas, B CBOIO 0O4epehb, ABISETCA PEeIIeHIeM 3a,Tax
(25), (26), (28) [9-11]

()\1 - )\2)<PR1R2 + )‘}{2‘:01%1 - )\%Nﬂm =0, ¢Yp = )\1901%17 Vg2 = )‘2901%27 (29)
(w - )\1(;0) ‘R1:r1 =1, (w - )‘2‘)0) ‘RQZTQ =—L (30)

Vrobuo wmemombzoBaTh obosmadenme ¢ = ¢t (R, R%|r! r?), momyepkmpas, [TO
dbyukims nosyuena s onpezesnennst t(a,b) w 3aBUCHT OT NApaMeTpoB rl =

)
Ry (t(b), x(b)) = r'(b), r* = R3(t(a), 2(a)) =r*(a)

b
tah) =5 [ ¢ (BY) B (0).02(0) (31)

a

AHaI0rnuHOE COOTHOIIEHNE MOXKHO MOy U Th [Jist (DyHKIWMK epementoii © = x(a, b).
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OxaszeiBaercs, aro pemenue 3a1aau (29), (30) ¢ TOYHOCTHIO 10 HEKOTOPOTO MHO-
wurena M(r!,r?, koropoiit onpenenserca yemosusyu (30), coBmamaer ¢ byHKImedt
Pumana — Ppuna gns ypasrenus (29). Crnoco6er nocrpoenns dbynknnn Puvana —
['puna mw3noxkensl, HampuMep, B [12, 13], [8, c. 446-453|). B ciiyuae ypaBHenuit Meskoi
BOZIBI U 37eKTpodopesa ypasHenue (29) sBISETCA XOPOIIO U3BECTHBIM yPABHEHUEM
Riinepa — Ilyaccoma — dap6y (r. e. mpu AF, ompenenennsivu coorromnrennsamu (20),
(21)), n dynknus Puvana — [pura 3anuceiBaeTcst B SBHOM BUJIE TIPU MTOMOIIN TH-
nepreoMerpudeckoii dpyukimm (B caydae smekTpodope3a — B BUje MoauHOMA Jle-
wanzpa). [loapobro mporepypa nocrpoenns gynkiun ! ommucana B [11, ¢. 20-40].

OkoHYaTEIFHO, HESIBHOE PEIeHNe 3aIMChIBAETCA B (Dopme

R'(z,t) = r'(b) = Ry(b), R*(z,t) = r*(a) = Rj(a),
t =t(a,b), z=uz(a,b). (32)
2.2.3. ITocrpoeHne siBHOrO perreHus Ha JuHusaX ypoBHs [9—11]. Ocuos-

Has TPOGJIEeMa 3aK/II09aeTCa B PEIIEHNT CUCTEMbI ajredpandecknx ypapaennii (32),
T. €. IOCTPOEHUN OOpPATHBIX OYHKITII

a=a(t,x), b=>btux),
nMed KOTOPbhIE TMTOJIyIUM sABHOE PEIIeHUue I/ICXO'Z[HOI;'I 3aa49mn
R'(z,t) = Ry(b(t,2)), R*(x.t) = Rj(a(t,2)).

Cuwnras Bu dbyuknuu t(a, b) ussectabiM (cM. (31), BBIGEPEM HEKOTOPBIN MOMEHT Bpe-
MeHH t4, 1 PACCMOTPUM JIMHUIO yPOBHs DyHKIWN t(a, b), Tak HA3BIBAEMYIO, W30XPOHY,
noJaras JUHUIO YPOBHS MapaMeTpU30BAHON TPH MTOMOIIU MapaMeTpa. [i:

te = t(a(u), b(p))- (33)

[Tpeamorarast JOCTATOYHYIO IIAJIKOCTh N30XpoHBI U auddepentupys (33) nmo mapa-
METPY [, TIOJyINM COOTHOIIIEHNE

0= ta(a(p), b(n)) au(p) + to(a(p), b)) bu(p),

KOTOpoe Oyler aBTOMATHUYECKU BBITOJHEHO, €CJd, B YACTHOCTH, MTOTpebOBaTH
(B obmem ciydae B TpaBble YaCTH MOXKHO JOOABUTH TPOU3BOJBHBIN MHOKUTED

K(a,b, ) # 0)
au(,u) = —ty(a, b)a bu(ﬂ) = ta(aa b)'

B [11, ¢.46-51] mokazano, 4TO JJIs ONMpENeIeHNs] SIBHOW 3aBUCHMOCTH DEIIeHUs
OT MPOCTPAHCTBEHHON KOOPIMHATHI & B MOMEHT BPEMeHH t, (Ha M30XPOHE) HET HEeOD-
XOJIMMOCTH CTPOUTH (hyHKIHMIO z(a,b), a JOCTATOYHO MHTErpupoBaTh 3aaady Komm
JIIsT OOBIKHOBEHHBIX DD EPEHITNATBHBIX YPABHEHMI

au(lu’) = _tb(a’ b)’ bu(ﬂ) = ta(a’ b)’ X,u(“) = ()\2(CL, b) - Al(a’ b)) ta(a’a b)tb(a’ b))
a(0) = ax, b(0) =0b,, X(0)=X,,
YTO IIO3BOJIAET B K&)K;[OI‘/’I TOYKEe U BBIYUC/IUTL pENIeHune
R'(t.,x) = Ry(b(w)), R*(ts,x) = Ri(a(p)), == X(n) = x(a(n),b(n)).
31ech ax, by — mapamerpel, WAeHTH(MUIMPYIOINE M30XPOHY (TOYKA HA M30XPOHE HA

I0CKOCTH (@, b), ctocob ompeeieHnst Takoii TOUKH, a Takke X, JeTATbLHO ONUCAH
B MoHorpaduu [11, c. 46-51]).
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3. lIpumepbl TpUMEHEHUS METOaa

B kavecTBe MpuMepoB, MOMUMO ypaBHEHUi MeTKON Bojbl (20) 1 ypaBHEHUiT J1eK-
rpocopesa (21), paccMOTpeH Psiji TPOCTHIX 3a/a4, JAEMOHCTPUPYIONMX MPUMEHU-
MOCTBb U BO3MOXKHOCTH MeTOja rogorpada.

1. Bagaga Korru myist mapse! ypasaernit Xorda, CBSI3aHHBIX MEXK Ty CODOI Haua Ib-
HBIMU YCJIOBUSIMU

R! +R'RL =0, R!+R’R2=0,
RY(,_, = Ri(z) = —F(z), R*|_, = Ri(x)=Fl(a),

B wacrHOCTH, TIpH F(2) = €%

[TpuBeeHEbIE yPABHEHUS COOTBETCTBYIOT YPABHEHWSIM TTOJUTPONHOTO rasa (4)
mpu v = 3. Kpome 3T0ro, npumep AeMOHCTPUPYET CBSA3b METO/a Tonorpada Ha OCHO-
Be 3aKOHA COXPAHEHUs JJIsi IBYyX KBA3WJIMHEWHBIX yPABHEHUN C OOBIYHBIM METOIOM
XapaKTEPUCTUK JJIsi OJTHOTO KBA3WINHEHHOTO ypaBHEHUS TUMEPOOJTMIECKOTO THUIA B
YACTHBIX IMPOU3BOJHBIX IIEPBOTO MOPSIIKA.

2. DBoJOIMOHHAs 3a/0a49a KOoTmm JjIsT KOMIIEKCHOTO ypaBHeHust Xorda, OTBeYa-
IOIIAsT MCXOJHBIM ypaBHEeHUAM (ypaBHEHUs OIM3KIEe K YPABHEHUSIM MEJIKON BOJBI Ha
MOTOJIKE, UMEIOIIUE 3/ITMITUYECKUI THII)

hy + why + hw, =0,  wy +ww, — hhy, = 0.

Ilna 3Tux ypaBHeHWI MHBApUAHTH PrMaHa gBITIOTCI KOMIIIEKCHO COTPIKEHHBIMU
u 3amada Ko 3anuceiBaerca B popme

R, +RR,=0, R|_,=Ry(z), R=uw—ih.

WaTepecuo, uro, moMmuMo MeToa rogorpada, 3a1ada permaercs popMaIbHBIM TPHU-
MeHEHHEeM MeTO/la XapaKTEePUCTUK U pellleHne 3allMChIBAeTCA B BHUJE

R(x’ t) = RO(b)’ L= tRO(b) +b,

rae b — HEekoTOpBIil KOMILIEKCHBINH napamerp (IT0CIe BBIJIENIEHNs BEIeCTBEHHBIX
U MHUMBIX YACTeil peleHne 3alnChbiBAeTCs B UCXOTHBIX TEPEMEHHBIX A, w).

Bce npuseiennbie npumeps! (Meskast B, 371eKTPOdOPE3, BADUAHTHI YPABHEHUST
Xorda) cOmpoBOKIAIOTCS PE3YIBTATAMI PACIETOB (B BUE COOTETCTBYIOMUX rpadu-
KOB) /711 KOHKPETHBIX HAYAIbHBIX JaHHBIX. QOPMYyIUPYIOTCS YCIOBUS, TPH KOTOPHIX
MeTo| mo3BosIsieT 3(HMHEKTUBHO CTPOUTH PEIenne (HaJInane siBHON CBSI3U NWHBAPUAH-
ToB PuMmana ¢ MCXOMHBIMU TEpEMEHHBIMY, HaJIU4Ine siBHOU dopMmbl dyHKIMN Prma-
na — [puna). [Toguepkusaercs, 9T0 METOMN HE WCIOJb3YET ANNPOKCHMAIWI ypaB-
HeHWii (TUMUYIHBIX JIJIS METOa KOHEUHBIX PA3HOCTEei, MeTO/a KOHEUYHBIX 00heMOB,
MeTO/1a KOHEIHBIX 3JIEMEHTOB U T.1.) U, (DAKTHUYECKH, ABISETCA TOTHBIM — MOTPETI-
HOCTW MOTYT BO3HWKATH JIUIIL PN UUCJIEHHOM pelrteHnu 3ajaqn Kormm maa cucrem
00BIKHOBEHHBIX MU PEePEeHITNATBHBIX YPABHEHNIT. YKa3aHO, 9TO B Caydae rumepdo-
JIMYECKUX YPABHEHWUiT METOJI MO3BOJISIET CTPOUTH MHOTO3HAYHBIE PENTeHus (OMpOKU-
JIBIBAHUE BOJIH). B CIy4ae //mMnTHYecKux ypaBHEHUi CTPOTO MOKa3aHO, 9TO OTPO-
KUIGIBAHYE PEIeHN He TTPOUCXO/TUT.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

HEPEBPAJIbHAA MEXAHUKA:
K/IMHNYECKHWE 1 JIABOPATOPHBIE NCCJIEJOBAHN I,
MATEMATUYECKOE 1 KOMIIBFOTEPHOE MOIEJINPOBAHUNE

A. II. Yynaxwun
(Poccusi, HoBocubupck; UT'nJI CO PAH, HI'Y)

UccrenoBanme Mo3ra 4UeoBeKa SIBISETCA CETOIHS OTHON W3 CAMBIX MPUOPUTET-
HBIX TIPOTPAMM MHUPOBOIl HayKu. DTa MpobdjeMa MMeeT MHOTO acleKTOB: (PU3UOJIOTH-
9eCKUii, MEIUIMHCKNY, KOTHUTUBHBIN U Tp. lj1d ncciemoBanust 3Tux 3a1ad HE0OXO-
JIUM KOMILTEKCHBIN TO/IXO0/T, BK/TIOUAOININI paboTy MeIuKoB, (DU3UKOB, MATEMATUKOB
U JPyTuX CHernuajncToB. BaxkHoe 3HaUEHNE B 3TUX UCC/IEIOBAHUAX NMEET U3yIEHUE
3aKOHOB JBUKEHWS KPOBW B COCYJIaX T'OJOBHOTO MO3ra. Beab MMeHHO KpOBH HeceT
K Pa3/mIHbIM (DyHKIINOHAJIBLHBIM 30HAM MO3Ta KUC/JIOPOJ U MUTATEIbHBIE BEIIeCTBa,
HEODXOIUMBIE JIJIsT TIOCTOSIHHOW €ro paboThl W AaKTHUBU3AINU PA3IUIHBIX 30H MO3-
ra. [lormManue 9TOr0 COBEPIIIEHHOTO MeXaHu3Ma, 00yCIaBIUBAIOIIEr0 BCIO HAITY KaK
COBHATEIBHYI0, TAK U OECCOBHATETBHYIO JMESITEIbHOCTh, TPEOYeT pa3BUTOTO MOJIE/IU-
pOBaHUS HA OCHOBE HAJIEXKHBIX IKCIIEPUMEHTAIBHBIX JTaHHBIX O 3aKOHAX IBUKEHUS
KPOBH B IepeOpaIbHBIX COCYAX in vivo.

Cocyapl TOIOBHOTO MO3Ta, TMPEJCTABIAIOT CODOil TeOMEeTPUIECKN Pa3BETBICHHYIO
CeTh, COCTOMAIILYIO U3 COCYIOB PA3JUIHOTO THUIA — apPTEPUH, BEHBI, CUHYCHI, KaIlu/I-
JIIPBI — IO KOTOPBIM JIBUKETCS MYIbCUPYIONINI TOTOK KPOBU — BA3KOM KUIKOCTH,
Hecyteit ¢popMenubie d1emenTsI. VccaeqoBanme 3aKOHOB JBUKEHUS TeMOINHAMUKN
mpeJcTaB/isger coboil BAXKHYIO U TPYIHYIO 33729y, aKTYaJbHYIO0 Kak Jjis (hyHIaMeH-
TaJIbHON HAYKW, TaK U IS TPAKTUIECKON MEIUIINHBI.

B nekmusx Oymer pacckazaHo 00 HCC/IEIOBAHUAX T€MOJMHAMUKN MO3ra U Iiepe-
OpaJIbHBIX COCY/IOB, OCYIIIECTBJ/ISIEMBIX COBMECTHO YUEHBIMHU U3 AKAJIEMUICCKUX HH-
crurytoB Cubupckoro ormenenns PAH (Tmapommnavuku, Teoperwueckoii u mpu-
kraaHoit mexanukm, Tomorpaduaeckoro nenrpa, Iluromorun u Fenernkn), Hosocn-
bupckoro yHuBepcurera, MeauKoB u3 PemepasbHOr0 HEHPOXUPYPrUUECKOTO MEHTPA,
Knuaukn Mermmankuna, HUUTO.

1. Cozganne yHUKAIBHON, HE UMEIOIIE aHAJIOTOB B MUPE, CUCTEMbBI MOHUTOPUHTA,
KPOBOTOKA BO BpeMsI HepoXupyprudeckux omeparuii. MogeaupoBanne 3M00113aIun
apPTEPUO-BEHO3HBIX MATHMOPMAIIHIA.

2. JlabopaTopHoe U KOMIBIOTEPHOE MOJIETUPOBAHUE PEOJIOTUN KPOBEHOCHBIX CO-
Cy/ZIOB TOJIOBHOI'O MO3Ta KaK HOPMeE, TaK U MPU MATOJOTUIX.

3. MaremaTndeckass XUpPyprusg — MOJIEJIUPOBAHNE PEATLHBIX HEeHPOXUPYprude-
CKUX OTepaluii Ha, OCHOBE MaTEMATHIECKUX W KOMITBIOTEPHBIX MOIEIENt.

4. DHepreTuka KPOBEHOCHBIX COCY/0B HA OCHOBE THAPOYIPYTUX MOJETEHl TeueHus
KPOBU B 1epebpaIbHBIX COCYIAX.

5. JlaboparopHoe MomenupoBaHue IepedpaJbHON TeMOJUHAMUKY HA, OCHOBE CO-
BPEMEHHBIX [POTOKOJ/IOB MATHUTO-PE30HAHCHONW TOMOTpaduu, HUCCIeTOBAHUE MTPO-
CTPAHCTBEHHON CTPYKTYPbI TEUEHUS B YIPYTUX COCYAAX CA0KHON M€OMETPUN.
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Hwxke npuBomguTcs crarhs, MOIOKEHHAS B OCHOBY IMKJIA W3 JABYX JIEKIIWI, PO-
qnTaHHbIx mpodeccopom A. IT.Uynaxumsim Ha BMMIII-2020:

Parshin D. V.12 Kuyanova Yu. 0.2, Kislitsin D. S.3, Windberger U.?,
Chupakhin A. P.12 On the impact of flow-diverters on the hemodynamics of human
cerebral aneurysms // Journal of Applied Mechanics and Technical Physics.—2018.—
Vol. 59, Ne 6.—P. 963-970. DOI: 10.1134/S0021894418060019.

ON THE IMPACT OF FLOW-DIVERTERS
ON THE HEMODYNAMICS OF HUMAN CEREBRAL ANEURYSMS

Abstract. The impact of flow-diverters used for cerebral aneurysm treatment
on human brain hemodynamics was evaluated qualitatively and quantitatively.
Numerical simulation of flow-diverter placement in cerebral vessels with aneurysms
was carried out for the case history of a real patient using the commercial ANSYS 17.2
package with different (Newtonian and non-Newtonian) hydrodynamic models for
blood rheology in different parts of the vessel and aneurysm, which is due to
experimental data. It is shown that after flow-diverter placement, the blood flow
through the artery segment containing the aneurysm neck decreases, resulting in
a redistribution of the cerebral blood flow, which becomes close to the blood flow
in healthy subjects. Changes in wall shear stresses in the flow-diverter region are
indicative of possible aneurysm recanalization.

Keywords: cerebral aneurysm, flow-diverter, brain hemodynamics, reconstruction
of DICOM images, non-Newtonian blood rheology.

Introduction

Cerebral aneurysms (CAs) are a common pathology of cerebral vessels. They
occur in 20 of 1000 people [1], and in some nationalities, even more frequently [2]. The
main danger associated with CAs is their possible rupture, which leads to mortality
in 30% of cases and to a significant neurological deficit in another 30% [3]. Treatment
of CAs is regulated by various standards. Usually, this pathology is treated by in one
of the two fundamentally different methods: microsurgical clipping or endovascular
surgery. Both methods are aimed at isolating the anomaly from the blood flow. In
microsurgical clipping, craniotomy is carried out to gain access to the aneurysm.
Endovascular surgery is a minimally invasive, maximally gentle method which has
recently been actively developed [4]. The choice of a method is determined, first,
by surgical accessibility of the pathology and, second, by the characteristics of the

'"Lavrentyev Institute of Hydrodynamics, Siberian Branch, Russian Academy of Sciences,
Novosibirsk, 630090 Russia; parshin@hydro.nsc.ru; july9696@mail.ru; chupakhin@hydro.nsc.ru.
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3Meshalkin ~ National = Medical Research  Center, Novosibirsk, 630055 Russia;
kislitsinmd@gmail.com.

iCenter for Biomedical Research Vienna Medical University, Vienna, 1090 Austria;
ursula.windberger@meduniwien.ac.at.
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aneurysm (the size of the dome of the aneurysm, its necks, the angles of blood vessels
in the region of the aneurysm, the presence of chronic diseases, patient age, etc.) [5].

This paper is devoted to the endovascular surgery in which different treatment
tactics are possible (Fig. 1). Tactic is chosen based on the clinical aspects of the
pathology: microcoil embolization (see Fig. la), stent-assisted coil embolization
(see Fig. 1b), and placement of a flow-diverter (see Fig. 1c) [6-8]. The aim of this
work was to study the hemodynamics of a vessel with an aneurysm and with an
implanted flow-diverter. Although the hemodynamics of cerebral vessels with flow-
diverter or flow-diverters has been the subject of extensive research [9-17], the causes
of recanalization (restoration of blood circulation) of aneurysms and their rupture
are still not clear.

(@) (b) (©)

Fig. 1. Variants of endovascular treatment of CAs: (a) microcoil embolization;
(b) stent-assisted coil embolization; (c¢) flow-diverter placement.

This paper addresses the case of treating a giant CA of the middle cerebral
artery (MCA) located at the intersection of the internal carotid artery (ICA), the
anterior cerebral artery (ACA), and the posterior communicating artery (PCA) at
the beginning of the M1 segment (afferent of the ICA). Flow-diverter implantation
surgery was performed in a patient (a woman aged 67 years) at the Meshalkin
National Medical Research Center (Novosibirsk). Due to its localization, this
aneurysm was a surgically difficult case, and assessment of hemodynamics before and
after surgery was not a trivial task. Qualitative and quantitative changes after the
treatment and indicators that could affect aneurysm recanalization were investigated.

Research Methods

The problem of assessing changes in cerebral blood flow and the risk of CA
recanalization includes a number of problems related to the processing of medical
image data and the setting and calculation using the ANSYS CFX 17.2 software.

Reconstruction of the Geometry of the Study Region

The region of the aneurysm vessel was reconstructed using data of three-
dimensional rotational and computed tomography angiography [18]. An array of
DICOM images with a resolution of 250 x 250 pixels, a pixel pitch of 0.5mm, and
pixel sizes of 0.465 x 0.465mm was processed with the ITK-SNAP software [19].
Image processing was carried out using a Gaussian filter (Fig. 2).
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Fig. 2. Stages of processing of DICOM images: (a) DICOM file; (b) result of segmentation;
(c) smoothed three-dimensional model.

Segmentation of the Flow Domain and Construction of the Grid

The main purpose of this work was preoperative simulation of the results of flow-
diverter placement. Therefore, a number of reasonable assumptions are made to speed
up the simulation process. Instead of an obstacle with complex geometry placed in
the vessel, as is proposed in many papers (see, for example, [20, 21]), the presence of
a flow-diverter in the vessel is modeled by a region of a porous medium [22] (Fig. 3).
Flow-diverter placement reduces the blood flow to the body of the aneurysm by
creating resistance to the flow through the neck. As a result, the blood flow in the
aneurysm slows down and initiates thrombosis [23]. These effects, in aggregate, can be
modeled by the formation of a kind of plug in the neck of the aneurysm, which slightly
exceeds the size of the flow-diverter. In the computational domain Q = Q, + Q,, + €,
a tetrahedral grid is constructed. Since we consider viscous fluid flow, additional
(five) layers of the prismatic grid are constructed in the near-wall region for correct
calculation of physical quantities in the region of the boundary layer (Fig. 4). Of great
importance is the choice of a rheological model for describing blood flow. Generally
speaking, blood is a non-Newtonian fluid [24]. However, in regions where the blood
flow rate is high (16 cm/s or more), non-Newtonian effects are weak, and in the dome
of the aneurysm after flow-diverter placement, it is significant [25, 26]. Therefore,
a mixed blood rheology model was used. In the flow region with high velocities
(MCA, ISA, and ACA segments), the fluid was assumed to be Newtonian, and its
viscosity was considered constant: p = pg = 0.004 Pa-s. The steady flow equations
have the form

p(uVu — pAu) = -Vp+ F, divu=0 (1)

(u and p are the velocity and density of the fluid, p is the pressure, and F' are the
external forces). In the region of the aneurysm dome and part of the PCA (Fig. 5),
rheology is described using the Casson model [21]:

n=(Var +vim)

78



Here 7 = | /gjj€;5 is the second invariant of the strain rate tensor for incompressible
fluid, €;; is the strain rate tensor component, and 7y is the yield strength. In the
ANSYS CFX and ANSYS Fluent solvers, the porous medium is modeled, e.g., by
adding a term due to the work of external forces to the momentum equations (1):

3 3
1
Iy = - (ZDijMUj + Zcijip‘umj)' (2)

Jj=1 Jj=1

Here C' and D are given isotropic tensors; the loss factors for the diffusion and
advective terms are 0 and 1.

Figure 6 shows the streamlines in the region of the flow-diverter and the neck of
the aneurysm using different blood rheology models: Casson and Newton. It is seen
that the streamlines for these two models are fundamentally different in behavior.
In the region of the basilar artery, this difference is less significant; therefore, an
additional calculations for the Cason model in the region of the basilar artery is not
reasonable.

Fig. 3. Model of the vessel 2, with theaneurysm €, and the flow-diverter implanted in it ().

Fig. 4. Grid in the computational domain €.
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Fig. 5. Segmentation of the computational domain: (1) aneurysm; (2) internal carotid artery;
(3) anterior cerebral artery; (4) posterior communicating artery;
(5) M1 segment; the arrow show the direction of blood flow.

Au, cm/s
2.112

1.584

1.056

0.528

Fig. 6. Streamlines of the vector field of the velocity difference Awu for the Newtonian
and non-Newtonian (Casson) fluid models in the computational domain .

Since in the formulation considered, the flow-diverter is a plate with holes, it is
assumed that there is no loss of mass inside the flow-diverter. This simplification
is permissible since the real flow-diverter thickness does not exceed 0.2-0.3 mm and
sticking of blood cells to the flow-diverter occurs already during thrombosis of the
aneurysm, approximately 6 months after the surgery [27, 28].

Boundary Conditions and Solver Settings

To determine the boundary conditions at the entrance (before the occurrence of
the anomaly in the vessel), we used data on the volumetric blood flow in the Willis
circle vessels of a healthy person [29]. At the entrance to the ICA region, volumetric
flow with a mass flow rate of 5 g/s was specified, and at the exits from the ACA, M1,
and PCA, a pressure of 89.9, 90.0, and 90.0 mm Hg, respectively, was specified. The
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porosity coefficient in the flow-diverter region was set equal to 0.8, which corresponds
to the real production standards for these devices [20]. An absolutely rigid material
was used as the structural skeleton of the porous medium. At this stage of the
simulation, where thrombosis was not taken into account, this assumption was valid.
Material properties must be considered when the model includes heat transfer and
(or) chemical reactions. In such cases, the correct determination of the flow-diverter
material is of great importance. Pressure data were obtained by intraoperative
intravascular monitoring using the ComboMap-ComboWire complex [30]. The steady
problem was solved using the finite volume method with a node-centered scheme.

Results of the Study and their Discussion

Numerical simulation offow-diverter placement in the basilar artery showed
qualitative changes in blood flow. As expected, the flow of blood entering the region
of the aneurysm dome significantly reduced (Table 1), which is in good agreement
with the average reduction in flow rate (20-50%) in such sort of interventions 31, 32].

In this case, there is a redistribution of blood flow from the aneurysm to the
anterior cerebral vessels (see Table 1); as a result, the total blood flow rates in the
M1 and ACA regions are close to those in a healthy person [29]. The presence of
residual blood flow is normal for such surgical operations, and final thrombosis of
the aneurysm region occurs, as a rule, within 6 months. The decrease in the flow rate
is also significant (see Fig. 7 and Table 2), resulting in a considerable reduction in
the risk of further growth of the aneurysm.

Table 1. Mass blood flow rate @ in cerebral vessels before

and after flow-diverter placement

Segment Q. 8/s
of vessels Vessel without Vessel with Normal values Difference
. . of the values before
a flow-diverter | a flow-diverter | for a healthy person
and after the surgery
M1 2.582 2.606 2.617 £0.374 +0.024
ACA 0.708 0.989 0.997 £ 0.374 +0.281
PCA 1.660 1.405 0.997 £ 0.124 —0.255
Aneurysm 1.775 1.404 — —0.371

Table 2. Maximum blood flow velocity u in cerebral

vessels before

and after flow-diverter placement

u, cm/s

Segment i

£ 1 Vessel without Vessel with Difference of values Difference of the values

oI vessels . . after and before the surgery,

a flow-diverter | a flow-diverter | after and before surgery .
% of the maximum values

M1 10.81 10.89 +0.08 +0.7
ACA 7.63 10.60 +2.97 +28.0
PCA 7.82 6.47 —1.35 -17.0
Aneurysm 0.44 0.35 —0.09 —20.5
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Au, cm/s
11.448

8.586
5.724

2.862

Fig. 7. Streamlines of the vector field of the velocity difference Au
in the region of €2 before and after the surgery.

Among all the changes that occurred in the aneurysm region after flow-diverter
placement, of greatest interest is an increase in the wall shear stress S in the flow-
diverter region by 2.71 Pa or 77% (Fig. 8). Interest in this quantity is due to the fact
that endovascular treatment of aneurysms involves a high risk of their recanalization
(10-30% depending on the factors complicating the course of the disease [33]). This
process is caused either by the insufficiently dense packing of the aneurysm with
coils due to inaccurate estimates of their size or number or by the occurrence of a
recirculation region due to a change in the geometry of the near-wall region. This
problem has scarcely been studied; however, in the opinion of the authors of this
paper, a significant increase in S in the region of the flow-diverter placement may
initiate changes in the geometry of the neck of the aneurysm and its subsequent
recanalization.

Conclusions

The results of the numerical simulation show that flow-diverters can be
successfully used to treat cerebral aneurysms. In the case considered, numerical
calculation allows simulating blood flow in the cerebral vessels both before and after
flow-diverter placement. It is shown that the use of different models for blood flow
inside the aneurysm dome and in the aneurysm-bearing artery flow is a fundamental
point, and the Casson model is adequate. The hypothesis that the wall shear stresses
in the neck region of the aneurysm can cause its recanalization was confirmed. Results
of the numerical calculations show that in addition to treating aneurysms (their
removal from blood flow), flow-diverter placement normalizes cerebral blood flow
abnormalities caused by the influence of the aneurysm.

This work was supported by the Ministry of Education and Science of the Russian
Federation (Grant Ne 14.W03.31.0002).
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S, Pa
3.414
3.073

12.731

+2.390
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1.366

1 1.024
£ 0.683
0.341

0.0025 m 0

S, Pa
3.486

' .. 3.138
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= 1.395
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= 0.697
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Fig. 8. Distributions of shear stresses S on the wall before (a) and after (b) the surgery
and the differences of maximum shear stresses before and after the surgery in the region Q(c).
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I1nenapnbie gekiunm

dOyHagMeHTAJIbHBIE ITPO0JIeMbI
obpa3oBaHUS



CoBpemMeHHbIe MpPo6GJeMbl MATEMATUKN M MaTeMaTUudecKoro oopasoBanusa: XV Biamgukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

MOJEJ/JIMPOBAHUE B ITPAKTNKO-OPUEHTUPOBAHHOM
OBYYEHUUN MATEMATUKE

B. C. AbarypoBa
(Poccust, Bnagmkaskas; FOMU BHIT PAH)

Jlekiusa 1. MoaeaupoBaHue
1 MaTeMaTudyeckoe MozejupoBanue B dpugocoduu,
MmeIaroruke U TeOPUU U METOJAUKE O0ydeHUs MaTeMaTUuKe

CTpaTeFI/IquKI/Ie JOKYMEHTBHI PYKOBOJCTBa CTPaHbI TOCJACAHUX MTATHAIIMATH-
JIBQJIIIATH JIET HAMPABJIEHBI HA pelieHue mpobjieM, CBSI3aHHBIX, C OJHON CTOPOHHI,
¢ TI00AJBLHBIMY BBI30BAMM, KPU3UCAMM U yrpo3amu (BHYTDEHHWMU W BHENTHUMH),
U, C JPYTOil CTOPOHBI, C TEPCIEKTHBAME, KOTODPBIE BBI3BAHBI (DOPMUPYIOMIUMCS B
MUDPE MECTbIM TEXHOJIOTUYECKUM YKJIQJI0M, BKJ/IIOYasd TIOABJICHUE HAHO- W KJIETOY-
HBIX TEXHOJIOTHII, HECIpEreIeHTHOe Pa3BUTHE TU(MPOBBIX TEXHOJIOTH U NI0OATBHBIX
nHMOPMAITMOHHBIX CeTell, MOsiBJIeHNe NCKYCCTBEHHOIO MHTE/LIEKTa, (DaKTUIeCKH CO-
3JIABIINUX [T JTFO/IEN HOBBIN yK/IaJ Ku3uu. KapauHaabHble U3MEHEHUs B CIIOCODAX
o0bpaboTkn mHMOPMAIINK, BKIIOYasd pabdOTy C OOJIBIMTUMA JAHHBIME, TOCTEIIEHHO Me-
HSIIOT WHCTUTYTHI OOIIECTBA, COBEPIIEHCTBYIOT BUJBI JEATETHHOCTH UETOBEKA, IMO/I-
BEpraioT Ka4eCTBEHHBIM M3MEHEHUIM ero MBIILIeHne, aKTyaJIn3upysi He0OX0IMMOCTh
dopMUpOBAHUS Y YETOBEKA, «MHOTOMOIEJIHHOT0Y MBIILIEHHUsI, CIIOCOOHOIO OCMBIC/IU-
BaTh CJIOXKHBIE SIBJIEHUS HA OCHOBE COBOKYIIHOCTH PA3JIMYHBIX MOJejeil, uro, Oes-
YCJIOBHO, BJIMSIET Ha, M3MEHEHUsI B HAYJIHOI cdepe n B cucreme 00Pa30BaHUSI.

Pesysmprarer 2018 roma mexaynapomuoit mporpammbl PISA  (Programme for
International Student Assessment) mo omenke 06pa30BaTENBHBIX JOCTUKEHUIT yUa-
UXCcs B Bo3pacte 15 JieT, MOKA3BIBAIOT, UTO POCCUUCKNE YUIAIIUECT WCIBITHIBAIOT
TPYAHOCTU B pPENICHUUN Ba,Z[aHI/H‘/'I, OMMUCBHIBAIONINX DPeEaJIbHbIE KU3HEHHBIE CUTYAIlUN.
[TosTomy BaxkHO# 3ajadeil B 00/IaCTH MATEMaTUIECKOTO OOpPAa30BAHUS CTAHOBUTCS
pasBuTne (DyHKINOHATIBHON (MaTeMAaTHIECKO) TPAMOTHOCTH, KOTOPAs OMPEIEIAET-
Cd B 9TOM MPOEKTEe KAK «CIOCOOHOCTH WHAWBUIYYMA MPOBOIUTH MATEMATUIECKUE
paccyX)aeHus u (OpMyIUPOBATH, TPUMEHSTH, HHTEPIPETUPOBATH MATEMATUKY JIJIsI
perenns Tpob/ieM B pa3HOOOPa3HbIX KOHTEKCTaX peanbHoro Mupas |1, 2|. IIpu sTom,
ymenue GopMYIuPosaAmd CUMYAUUIO HA A3BIKE MAMEMAMUKY, YMEHUE NPUMEHAND
MAMEMAMUYECKUE NONAMUSA, PAKMbL, NPOUEIYPYL; YMEHUE UHMEPNPEMUPOSAML, UC-
NOAB30BAMD U OUEHUBAMD MAMEMAMUYECKUE DPEZYALTNAMbL — TOJKHBI CTATh KJTIO-
YEBBIMU YMEHUAMU KazKJA0T'0 y4dallIlerocd CTapH_[eﬁ MIKOJIBI 1 CTYJEHTa BYy3a.

Omwmn mn3 xpymmeiimux MarematnkoB 20 Beka akagemuk AH CCCP B. U. Ap-
HOJIBJ, OTMEeYaJI, 9TO (bOpMI/IpOBa.HI/Ie yMeHusa MOAEJINPOBATH ABJJIACTCA yCJIOBUEM WH-
TEIEKTYAJBHOTO pa3BUTHA. B pabore ««2KecTKme» W «MATKHE» MATEMATHIECKHE
MOJEJII» [3] OH IIUIIIET: <<yMeHI/Ie COCTaBJIATH aJCKBATHBIEC MOJE/JIN PEaJIbHBIX CH-
Tyaluii TOKHO COCTABISITH HEOTHEMIEMYIO YaCTh MATEMATHIECKOT0 00pa30BaHUS.
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Yenex mpuHOCHT HE CTOJIBKO TPUMEHEHWE TOTOBBIX PEIENnTOB (KECTKUX MOjesneii),
CKOJIBKO MaTEMaTUYIECKUil TOIX0/T K ABJCHUSIM PEeaJbHOTO MUPAY.

Ma.TeMa.TI/ILIeCKoe MOJIE/IMPOBAHNE KaK Hay9IYHOE€ HallPaBJICHUE BO3HUKJIO U YTBEP-
JIII0CHL Garofaps paboTaM OTedecTBEHHBIX MaremMarwko — wi-K. AH CCCP
C. II. Kyparomona (1928-2004), ak. AH CCCP H. H. Mowuceera (1917-2000), ak. AH
CCCP A. A. Camapckoro (1919-2008), ak. AH CCCP A. H Tuxonosa (1906-1993)
u JpP., B KOTOPBIX JOCTATOYHO IMOJIHO OCBEIIEHbI IMPEJIMET, TTO/IX0Abl, METOJ MaTeMa-
TUYECKOT0 MOJIETUPOBAHUS, IPUBEIEHO DOJIBITOE KOJUYECTBO MPUMEDPOB MaTEMATH-
TeCKUX MO/JIesIel, yIemIeH0 BHUMaHNe MeTOIaM NCCIeOBAHIA COOCTBEHHO MaTeMaTH-
YeCKUX MOJesiel, KadeCTBeHHOMY aHajm3y perneruii. « Maremarudaeckoe MOmeanpo-
BaHWe — TpeTHii myTh mo3HaHus» cantana ak. A. H. Tuxomos.

Axkamemuku A. H. Tuxono u A. A. Camapckuii, onucbiBast CyTh METOOJOTHH,
OTMEYAJIA, YTO U3yUeHHe OOBEeKTa C TMOMOIIBI0 MATEMATHIECKOTO MOIEJTUPOBAHUS
MOYKHO TIPEICTABUTH B BUE CXEMBI: «MOIEIh — aJrOPUTM — TporpaMmay. [Ipn aTom
OJT «MOJIETBI0» MU MOHUMAJIOCh YPABHEHUE WU CUCTEeMa, YPABHEHU, MOTy IeHHBIX
B XOJle U3yYEHUs 3aKOHOB IIPUPOJHI.

Bosbmioit BKag B 9KOHOMUKO-MATEMATHYIECKOE MOJEINPOBAHUE BHECIH 3apy-
6exxubie yaensie — JI. Baaspac, O. Kypno, B. ITapero, ®. 9mxsopr, . Xukc, P. Co-
qoy, I1. Camyanbcon u gp. CTaHOBIEHUE U PA3BUTHE SKOHOMUKO-MATEMATUIECKOTO
mozenuposatust B Coserckom Coroze 0b1I0 cBsizano ¢ paboramu B. K. JImurpruesa —
MOJIE/Tb TIOJTHBIX SKOHOMUYIECKUX 3aTPAT TPY/JAa U MOJETUPOBAHUU CHCTEMBI COATAH-
cupoBanubixX 1eH, E. E. Caymkoro — monens moeemenns norpedburens, H. . Kon-
paTheBa — OTKPBITHE JIUHHBIX BOJH B 3KoHOMEUKe, B. B. JleonTheBa — paszpaborka
mepBoro Oasanca HapogHOTo Xo3siictBa, B. C. HemumuoBa — MOe/sb paciiupeH-
HOTO BOCITPOM3BOJICTBA, CTATUCTUYIECKAST MOETh ODIIECTBEHHOTO Pa3IeaeHnst TPY/IA,
JI. B. KaaToposuua — Teopusd onTUMaIbLHOTO MCIOIB30BaHUA pecypcosn, B. JI. Ma-
KapoBa — MaTEMaTUIeCKOe W KOMITHIOTEPHOE MOIEINPOBAHIE SKOHOMUKHU U JIP.

B ocHoBe MaTeMaTHueCcKOT0 MOETUPOBAHUS JIEXKUT METOJ MojenupoBanus. Pu-
JTIOCOMCKME TIOAXOIB! K UCCACTOBAHNIO METO/IA MOTETMPOBAHNST KaK METO/Ia TIO3HAHST
orpaxensl B paborax K. B. Baropoesa, B. C. Butmepa, M. Baprodckoro, B. A. Be-
nukoBa, H. Bunepa, B. A. Timrackoro, K. E. Mopososa, . B. Hosuka, H. I'. Cau-
munoit, . T. @pososa, B. A. Illtodda, A. . Yemosa u ap.

H.dunoc.u., npodeccop U. B. HoBuk mox MojgesmpoBaHneM TOHUMAET «METOT
OTTOCPEIOBAHHOTO TMPAKTUIECKOTO WM TEOPETHIECKOTO OTMEPUPOBAHUSA OOBEKTOM,
IpU KOTOPOM WKCIIOIB3YETCS MPOMEXKYTOUHBIN WM €CTECTBEHHBIN «KBAa3HOOBHEKT»
(MOzIenh), HAXOAAIIUICA B HEKOTOPOM OOBEKTHBHOM COOTBETCTBUU C TTO3HABAEMBIM
00bEKTOM, CITOCOOHBIN 3aMEIATh €ro B ONPEIEJeHHBIX OTHOIIEHUSIX U AN Tpu
€r0 WCCIETOBAHNT B KOHETHOM CYeTe MH(POPMAINIO O CAMOM MOIETHPYEMOM 00HEK-
Te» [4].

B ognoit n3 ceoux pador [5] a.m.1., mpodeccop JI. M. @puavan numer «[Tpuaimm
MOJIEJIUPOBAHUST B ODYUEHUU MaTeMaTHKe O3HAYAET, BO-TEPBLIX, M3yUYEHHE CAMOTO
COJZIePrKaHu MIKOJIBHOIO KypCa MaTEMATUKH C MOJEJBHON TOYKN 3PEHUS, BO-BTOPBIX,
dopMUpOBaHUE Y YUIANIUXCSI YMEHUN U HABBIKOB MATEMATUYIECKOTO MOIEJTUPOBAHUS
pPeasIbHBIX SIBJIEHUN U CUTyalluii, W, HAKOHEI[, B TPETbUX, MIUPOKOE HCIIOJIb30BAHUE
MO,Z[eJIeI;'I KaK BHEITHUX OIIOP IJId BHyTpeHHeﬁ ACATEJIBHOCTHU, IJIA PA3BUTUA HAYTHO-
TEOPETUIECKOTO MBIILIEHUST».
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MO,Z[eJII/IpOBa.HI/Ie B O6yquI/H/I MaTeMaTUKe N3y4vaJIOCb MHOT'MMU MCCJIEJ0BATEIA-
ME, B TOM 4ucjae: Kak mpuanun obydenus: (B. B. JlaBbiioB u 1p.); Kak CpeacTBO
obyuenns (E. C. Mypasbes u 1p.); kak meroy obyuenns (P. A. Huzamos, A. A. [1In-
6anoB, A. A. Pean, B. C. Kapaneran, B. A. Taiiauiknii); Kak SBPUCTHIECKUI METOJI
yuebroro nmozuanus (A. I. Mopakosuya, FO. A. Kycerit, /1. B. Bunbkeen); kak MeTos
npenogasanus (H. B. Kyspmuna); kak 1esb obyuenns u 3G ekTuBHOe CpeicTBO pea-
mu3arun psiga negarorndeckux 3aaa4a (JI. T. Tlerepcon); Kak CpescTBO aK THBU3AINY
MO3HABATEIBHON JesiresibHoCTH B yueonoM mporecce (E. C. MypaBbes); Kak 0JuH u3
meronos pemenns 3aga4 (E. C. Kanun, ®. ®. Harubun, P. A. Maiiep); kax cro-
€00 WCCIIeI0BATEIBLCKON eTeILHOCTH, 00yUeHne mpueMaM KOTOPOTO CIIOCOOCTBYeT
peasm3aIuy JuaKkTHaeckoro mpuanuma Hayauoctu (M. . Memkosa).

B 90-x romax 20 Beka a.mei.H., K.¢.-M.H., mpodeccopom E. . CmupHOBBIM OBLITA
paspaboTaHa TEXHOJOTHUS HAIJISITHOTO MOJIETUPOBAHUS, COIVIACHO KOTOPOM MO Ha-
TJIIAIHBIM MOJIECTINPOBAHUEM B O6yquI/H/I MaTEMATUKE IMTOHNMAETCA «IIPOIEeCC d)opMI/I-
pOBaHUs AJEKBATHOINO KATETOPUM TUATHOCTUUECKU MTOCTAB/IECHHON €U YCTOWINBO-
ro pesy/bTara BHYTPEHHUX JeHCTBUil 00y9aeMoro Ha, OCHOBE MOIEIUPOBAHUS CyIIle-
CTBEHHBIX CBOWMCTB, OTHOIIIEHUI, CBA3€il U B3aUMOIENCTBUI NPU HENOCPEICTBEHHOM
BOCHIpUATHUHN TPUEMOB 3HAKOBO-CUMBOJINYECKOMN AedTe/JIbHOCTU C OTACJIbHBIM MaTeMa-
TUYECKUM 3HAHUEM WU YIOPSAI0YeHHBIM HAGOPOM 3HaHUiT» [6].

E. 1. CMupHOB OTMeUaeT TaM Ke, UTO «HATJISIIHO-MOJIEIRHOE 00y YeHIe MaTeMa-
TUKE KaK JUJAKTHIECKUN mporece OPMUPOBAHNUS HOBBIX MATEMAaTUIECKUX 3HAHUI
BKJTFOYAET B Ce0sI CIeYIOIIe KOMITOHEHTBI:

1. lenenoraranue (Teopermyeckuit, MPaK THMECKUIT, METOINIECKUTT JT€ATETHHOCT-
HBIT MOZIYJIH).

2. [Ipencrapierne MOme/IN METOCTHONO MaTEMATHIECKOTO 00bEKTA.

3. OnepupoBanue 3HAKOBO-CUMBOJIMIECKUME CPEJICTBAMU (MATePUATBHBIMA 1 Ma-
TEePpUAJIN30BaHHBIMU, TEPIENITUBHBIMA 1 I/I,Z[ea.HBHI)IMI/I).

4. 3HAKOBO-CUMBOJIMYIECKAST JeITETLHOCTD (MOZETHPOBAHIE — CXeMATH3AIHST, KO-
ANPpOBaHNE 1 SaMeH_[eHI/Ie) " ynupaBJI€eHUE O3HaBaTeJIbLHON AedTeJIbHOCTBIO.

5. Co3manne yc/J0BUil YCTONYNBOCTU TEPIENITUBHOTO 00pa3a U MPeICTABICHUS.

6. AEeKBATHOCTH ANPUOPHON MOEenn (KO/a, CXEMBI, 3aMECTUTENsI) PE3YIbTATY
BHYTDEHHUX JIeficTBHUiI 06ydaeMoro (MeprenTuBHOMY 06pasy)».

[Tocnequue 30 jer B memarorumke M3y4daeTcsd BO3MOXKHOCTH BBEJEHUS dJIEMEH-
TOB MaTeMaTHIEeCKOr0 MOJE/JUPOBAHUS B IKOJHHOE MaTeMaTHIeCKoe 0Dpa3OBaHUE.
B mporpammax mo maremaTnke 00IE00pa30BATENBHBIX ITKOJ W yIEOHUKAX 1O Ma-
TeMaTuKe, ajredpe u reoMeTpuu Jjisi 00IIe00PA30BATEIHHON U TPOMUIHHON ITKOIBI
maen.., npod. B. A. I'ycesa, n.d.-m.H., mpod. I. B. opodeesa, m.mem.H., npod.
A. T. Mopakosuua, akagemuka PAH AH CCCP, n.¢.-m.u., npod. C. M. Hukoss-
ckoro, a.¢.-m.H., npod. 1. M. CMupHOBOi1 BBEIEHBI TIOHITUSA «MATEeMATUIECKAsT MO-
JIe/Iby, «MATEMaTUIECKOe MOJIETUPOBAHUE.

H.aemua. A. C. CuUMOHOBBIM B XOJe CBOEr0O HCCIeA0BaHus OLLT pa3paboTaH CIIell-
Kypc n (haKyIbTATHB « DKOHOMWUKA HA, YPOKAX MATEMATUKNY IS yIAIUXCST U CTY-
JIEHTOB MJIQJIINX KypcoB U crenkypc «OCHOBBI MaTeMaTuveCKuX 3HAHWI W UX Ma-
TeMaTUIeCKuil aHaan3y — JJIs CTAPIIEeKJTACCHUKOB, 00yJaloIuXCs B KJIACCAX C KO-
HOMUYECKOW OPHUEHTAIMel W CTYIeHTOB, a TaKyKe MeTOJNKa ODyJYeHUs MATeMaTHKe,
UCTIOJIB3YIONIAS MUPOKUl HAOOP SKOHOMUYECKUX MOHSTUN W HAMOJHIAIONIAS HOBBIM
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TEOPETUIECKUM U MPAKTUIECKUM COJEPIKAHUEM OCHOBHBIE Pa3esbl Kypca aarebpbl
7-9 xmaccoB u anredbpsl u Haga 1 anaam3a 10-11 kiraccos.

B nepuog ¢ 2003 mo 2010 roxer B Jlaboparopun 06pa30BaTe/bHBIX TEXHOIOTHIA
FOxmoro maremarndeckoro nucruryta BHIL PAH, a takke Bo BragukaBrazckom
IlenTpe HEMPEPHIBHOTO MATEMAaTHIECKOTO OODPA30BAHWS W B 00IIE0OPA30BATENIHHBIX
mkoax Ne 41, Ne 44 Ne 27 r. Baanukaskasza, mkose Ne 6 r. Becnana, mkoe Ne 2
r. Anarupa, mkoje Ne 1 ¢. Okrsiopsckoe PCO-A, wamu npooguiach paboTa mo BbIsIB-
JIEHUIO U TEOPETUIECKOMY ODOCHOBAHUIO MMEIATOTMIECKUX YCIOBUIA, & TAKXKE MTOCTPO-
EHUIO JUIAKTHIECKON MOoIe n (POPMUPOBAHUS TTO3HABATEIHHON CAMOCTOSTETHHOCTH
YUAIUXCsT TPOMUIBHBIX KJIACCOB 3KOHOMUYECKOW HAMPABIEHHOCTH CPEICTBAMU Ma-
TEeMaTUIEeCKOTO MOJIE/TUPOBAHUSA.

Boun paspaboran n peanmsosan (dakynbratusabiii) Kype «Maremarnaeckoe Mo-
JIeJIUpOBaHNe — IKOJIbHUKAM. JIuHEelHbIe MOmen s s yJIaImmuxcsi MTpOoMUIbHBIX
KJIACCOB 9KOHOMUYECKOI HAIIPABIEHHOCTH C IeJIHI0 BHEIPEHUSI B IITKOJIBHOE 00y YeHne
MaTeMATHKe 3JIEMEHTOB SKOHOMHUKO-MATEMATUIECKOTO MOJIETUPOBAHUS U O3HAKOM-
JIEHUST y9aIUXCsa ¢ SKOHOMUKO-MATEMATHIECKUME MOJIETAME (MO/Ie/Ib MTPOCTPAHCTBA,
TOBapOB U II€H, MOJE/Ib PBIHOYHOTO PABHOBECHUSI, MOJE/Ib U3IEPHKEK, MOJIETh H3MeHe-
HUst el (May THHOOOpa3Has MOJIENb), MOJENb TPUHSTUS ONTHMAILHOTO PEIIeHNns ),
KOTOPBIE OTUCHIBAIOTCST JTUHEHHBIMU MOJEIIME, BKJIOUAS OMTUMUABAINOHHBIE.

B nmporpammy snektusaOTO ((haKymbraTHBHOTO) Kypca ObLIa BKIIOUEHA CJIETy-
IOIAsT TeMATUKA: JUHeHble (DYHKINN OJHOMN, IBYX U TPeX MEePEeMEeHHBIX, JIMHEHHbIE
ypaBHEHUs, HEPABEHCTBA W CUCTEMbI yDAaBHEHUII U HEPABEHCTB C JBYMs HEU3BECTHBI-
MU; TpaUIECKUil METOJ] PEIleHrsT CUCTEM JIMHEHHBIX HEPABEHCTB C JABYMSI U TPEMSsI
HEU3BECTHBIMU; JUHEHHbIE ONTUMU3AIMOHHBIE MOJEIN, CUMILIEKC-METOSI.

B 2007 romay mo mroram anpobanuu 3Toro 31eKTUBHOTO ((haKyIbTATUBHOIO) Kyp-
ca B mkrosax PCO-A B UncturyTe npukaaguoil maremarnkn u uHgopmarukn BHIT
PAH (abre — FOxuniit maremarnaeckuit uacruryr BHIT PAH) Boimio yaebuoe mo-
cobue k.mem.u. B. C. ABarypoBoii [7| ¢ Takum ke, Kak y Kypca, Ha3zBaruem «Mare-
MaTHUYIEeCKOe MOIEIMPOBaHNe — MKOAbHUKaM. 1. JIuneitasie mogemms. I[Tocobne mpes-
HA3HAYEHO JJIsl yIUTesell, CTy/IEHTOB MeIarornieckKX By30B U IMIKOJIBHUKOB C IEJIBI0
O3HAKOMJIEHHUS C METOIOM MaTeMaTHIECKOTO MOJIEJIUPOBAHUS HA MPUMEpE JIMHEHHBIX
MOjieseil, BK/TIOUAsT ONMTUMU3AIIMOHHbBIE, OMUCHIBAIONINX PEATbHBIE SKOHOMUUIECKNE U
MIPOU3BOCTBEHHBIE TTPOITECCHI.

B mpeauciosun HayuHoro pegakropa ga.¢.-M.H., mpodeccopa A. I'. Kycpaesa or-
Meuaercs: «B xome m3ydenns 3/eKTUBHOTO (haKyJIBTATHBHOrO) KypCa IMTKOJBLHUK
BBIpA0ATHIBAET HABBIKM 3AMMCHIBATH B MATEMATUUECKUX TEPMUHAX KAYeCTBEHHBIE
U KOJIMIECTBEHHBIE MPEJCTABICHUST M3YIAeMON MPAKTUIECKON 3a7a9l, K KOTOPBIM
MPUBOIAT MOJEJIN, WHTEPIPETUPOBATH Oy YeHHBIE PEIIeHNsT B TEDMUHAX WCXOIHOM
Mozenu . .. lenb Kypca — mokazarh, 9TO MATEMATHIECKUE TIOHSITHUS, TaKnue, KaK JIu-
Hetinas QyHKIUS, JUHEHHOE ypPaBHEHNE, TUHEHHOe HEPABEHCTBO ABJISIIOTCA OCHOBOM
JIJTsT TIOCTPOEHUsT JIMHEWHBIX MAaTEMATHIECKUX MOJIe/ell, KOTOPble UMEIOT MHOTOYNC-
JIEHHBIE MPUJIOXKEHUSI, B YACTHOCTHU, B S9KOHOMUKEY.

B xonme xoHcTpympoBaHus Kypca HaMmu ObLiu paspaboraHbl rpad coriacoBa-
HUST MATeMATUIeCKUX U SKOHOMUUIECKUX BHAHWI, KOTOPbIE WHTEIPUPYIOTCI B XO-
Jie TIPOBEJIEHUST SJIEKTUBHOTO KYPCa; COCTABJIEHBI DAHKN MOTHBAIIMOHHO-TTPUKIATHBIX
(IpaKTUKO-OPMEHTHPOBAHHBIX) 33Ja4 HA JIMHEHHBIE MOJETN pPEeabHBIX TPOIECCOB;
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ONMMCaHbl HEKOTOPhIEe MOAEJIN PeaJIbHBIX JINHEHHBIX TPOIIEeCCOB: MOJE/JIb BpEMEH, MO-
JIeJib PABHOMEPHOTO MPAMOJIUHENHOTO JBUKEHUs, MOJIEIb PBHIHOYHOTO PABHOBECHS,
MOJIeJIb HAIIMOHAJIBHOTO J0X0/a, JUHEHHbIE ONTUMU3AIMOHHBIE MOJEN.

ITod momusayuorHo-npuKsadHol (NPAKMUKO-OPUEHMUPOBAHHOUT) 3a-
daueli MbL NOHUMAEM CIOHCETMHYIO NPUKAGIHYIO 3adayuy, ONUCHLBAIOULYIO
peaavHble NPoyeccs. 8 npupode, obuecmesee u NPou3sodcmee u PeULGEMYIO
MAMEMATNUYECKUMY CPEICNBAMU.

C 1espio peanu3aluu TpUHIUIA DyHIAMEHTATN3AIN 3HAHUI BCe TOHITHST BBO-
JISITCSI HA, OCHOBE TEOMETPUIECKOr0 MOIX0a, KOTOPKIM peaJn30BaH MOCPEICTBOM KO-
OPJAMHATHOTO METO/Ia, MO3BOJISIONIEr0 JaTh HAIVISIHYIO WHTEPIPETAINI0 CBSI3U OC-
HOBHBIX TIOHSITHIT aJrebpbl ¥ TEOMETPUN — YHUCEJ U TOYEK COOTBEeTCTBeHHO. Kpome
9TOT0, KYPC MOCTPOEH Ha CTPOTOM JOKA3ATETHCTBE TEOPETUIECKUX TIOJIOXKEHU O Tpa-
dure muHelHON QYHKINN, rpadhuKe JUHEHHOTO YyPABHEHUS C JBYMS HEM3BECTHBIMHU,
rpadugeckom criocobe perrennst CUCTeM JINHEHHBIX YPABHEHU 1 HEPABEHCTB C IBY Ms
HEU3BECTHBIMU U UX MPUJIOXKEHUSX. B moceHme roapl MaTeMaTHIeCKoe MOETHPO-
BaHUE BCe Jallle MPOHUKAET B IITKOJILHOE MaTeMaTHIeCKOoe 00pa30BaHue, MpaB/a, ToKa
TOJBKO B TE€X IMKOJAX, I/e TPAKTHKO-OPUEHTUPOBAHHOMY OOYUIEHUIO Y/IEIsIeTCS OC-
HOBHOE€ BHUMaHNE, 9allle BCEro — B CIIeIUaAJIN3NPOBAHHBIX HpO(bI/I.)'H)HbIX MIKOJIaX TP
KpynHbIX By3ax crpansl — CYHIL MI'Y, CYHL HI'Y u map.

Ha Halll B3TJIAL, MTPAKTUKO-OPUEHTUPDOBAHHOE O6yquI/Ie MaTeEMATUKE IITKOJIbHU-
KOB JIOJI?KHO, B TIEPBYIO 0U€PE/Ib, 3HAKOMUTH yUAIUXCS C METOOM MATEMATHIECKOTO
MOJIEJIUPOBAHUS HA, YPOKAX B XOJ€ PelIeHus yIeOHBIX 3a/1ad MPAKTUIECKOTO XapaK-
Tepa (MOTHBAIMOHHO-NTPUKIAIHBIX 331249 ), M BO BHEYPOUYHOI JIeATETbHOCTH — B XOJIe
y9acTus B KOHKYPCaX U OJIUMINA/IAX [T0 MATEMATHIECKOMY MOJETUPOBAHUIO TIPU pe-
IMIeHNN 33/TaHWii, KOTOPBIE MBI HA3BIBAEM MHO209MANHBMY MYALMUIUCUUNAU-
HAPHBLMU 3adavamu — 300a4aMU HG MAMEMATMUYECKOE MOOJEAUPOBAHUE
PEAABHBLT CUMYAUUT, OA% PEUWEHUS KOMOPHL HEOOToduMd, 3HAHUS NO
mamemamure, urn@opmamure u 00HOTU UAU HECKOABKUM eCmecmeeHHO-
HAYUHBM OUCUUNAUHAM.

[IkobHBIE UHTEIEKTYAJIbHBIE MYIbTUIUCIAILINHAPHBIE KOMAH/IHO-/TUIHbBIE CO-
pesroBanust IMMC y»xe Hojiee ABaAATH JIET C YCIIEXOM MTPOBOJSTCA B PA3HBIX CTPa-
max. B Kurae, k mpumepy, B TaKuX KOHKYPCaX €YKEroJlHO MPUHUMAET yJacTue OoJiee
40000 mKOJIBLHUKOB, a MPEIMEeT «MATEeMATHIECKOe MOIEINPOBAHUE» B ITOH CTpame
BBE/IEH B IITKOJIBHYIO 00111e06pa30BaTEILHYIO TPOrPAMMY, IPUIEM y2Ke pPa3paboTaHb
METOJMKN 00YUEeHUsT MATEMATHIECKOMY MOJEJTUPOBAHUIO YUAIUXCS CTAPIINX KJIAC-
COB HE TOJIBKO B CHEIUAIN3UPOBAHHON, HO U B MaCCOBOil IIKOJIE.

B Poccuu Bnepewrie B HOsiope 2018 roma k.dp-m.H. morerTom CYHIL MIY
B. H. [y6posckum 6b1L1 opramm3oBan | MexyHapoaHbiii KOMAHIHO-TAYHBIN TYP-
HUD MKOJBHUKOB 8-10 KjaccoB mo Mmaremarwmueckomy wmomenuposanuio (TMM,
MaMoHT). Ocuosroit sran komkypca 2018 roma — pemenune peanbHON TPO-
u3BONCTBEHHON 3a7aun «KamubpoBka akcesepoMeTpoB», MPEIIOKEHHON (upMmoit
Huawei — wmHOrosramuoit My/IbTHAMCIAIIMHAPHON 3aJadu, C YCJIOBUEM 3aa-
YU MOXKHO O3HAKOMHTBCS IO CChLIKe: http://internat.msu.ru/wp-content/
uploads/2018/10/zadacha_KMM2018.pdf.

[Togpobree 0 TMM wu kKoHKypcax, TPOBOAMMBIX B pamkKax Typuupa: «IIpu-
MaT» — KOHKYPC 3a/1ad [0 TPHUKJIAJHON Maremaruke, «OMap» — KOHKYpPC 33724
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mo peasbHOM Maremarkue, «KO3a» — KOHKYypC ONTUMUBAMMOHHBIX 33739 MOXKHO
y3uarh Ha caiite CYHLL MI'Y, ma crpanune typuupa: http://internat.msu.ru/
educational-projects/turniry-i-konferentsii/turnir-mml/.

Yaactue 8 TMM 2018, 2019 roma xomawngsl u3 derbipex yuamwmxcs BITHMO
(mnammag rpynmna, 7-8 K1acc), aHam3 pe3yJIbTaTOB TYPHHUPA JIBYX JIET BCEX ydaCT-
HUKOB TYDHUpA B ABYX jurax (craprreit — 10-11 kmacest u mtarmeit — 8-9 Kaccer),
9TO BBICOKWII yPOBEHD C(POPMUPOBAHHOCTH YMEHUI B 00JIACTU MATEMATHIECKOTO MO-
JIeJIUPOBAHUS TMOKA3BIBAIOT ydualuecs: 11 KJIaccoB crenuan3npoBaHHbIX MaTeMaTh-
YECKUX MIKOJI U HEHTPOB, KOTOPBhIE KPOME TTOJIYy9YEeHUA TPAAUITUOHHBIX aKaJEMUIECKUX
3HAHUI B 00/1aCTH MaTeMAaTHKU, WH(MOPMATUKYN U eCTECTBEHHO-HAY YHBIX JUCIIATLINH,
MOJTYyIat0T HEOOXOAMMbIe 3HAHWS Ha KPYKKAX [0 MATEeMATHIECKOMY MOJETHPOBa-
HUO, OPTaHW30BAHHOMY B OTHX IIKOJAX, [I€ Yy yIAMUXCAd (DOPMHUPYIOTCST YMEHUST
GOpMyIUPOBATH CUTYAIUIO HA sI3bIKE MATEeMATUKW; YMEHUS MPUMEHSTH MaTeMaTH-
9eCcKre MOHATHS, PAKTHI, TPOIEAYPhl; YMEHUsT MHTEPIPETHPOBATH, UCIOIH30BATH U
OIIEHUBATH MATEMATUIECKHE PE3YIbTATHI, T. €. CTPOUTH MATEMATHIECKIEe MOJIETN pe-
aJbHBIX CUTyalluii 1 IIPOIECCOB.

Ha marmmn B3r/s1/1, HEOOXOAUMO PACIHIUPITH MPAKTUKY MPOBEJIEHUST TAKUX KOHKYP-
COB IO MATEMATUYIECKOMY MOJECJINPOBAHWIO BO BCEX MIKOJIaX CTPaHBI, HO JJid 3TOTO
HEODXOIUMO MOBBICUTH YPOBEHb KOMIIETEHITHI B 00/TACTH MATEeMaTUIEeCKOTO MOJIE/IH-
pOBaHUS y IIKOJBHBIX yUHUTE/IeH, pa3paborarh aJalTHPOBAHHBIE 00PA30BATEILHBIE
MpPOTPAMMBI TI0 MATEMATHYECKOMY MOJEJUPOBAHUIO JJIsi OPTAHW3AIUN IITKOJBHBIX
KPY?KKOB, CIIEIKYPCOB U/un (DaKyJbTATHBOB U CEPUH MHOTOITAITHBIX MYJIBTUIC-
OUITIJIMHAPHBIX 3a/a9, 9TO TeéM CaMbIM CO BPEMEHEM IIpuBeAeT IKOJIbI K BKJIIOYE-
HUIO B y4eOHBI MPOTecC MeXKIUCITUILINHAPHBIX 00pa3oBaTebHBIX mporpamMM STEM
(Science, Technology, Engineering and Mathematics), koTtopsie yxke peanmmsyrorcs
muoro jet B Kurae, CIITA n gpyrux crpaHax.

Jlekiua 2. @PopmMupoBaHue IMO3HABATEJbHON CaMOCTOSTEJIbHOCTU
MIKOJIbHUKOB CPEACTBAMU MATE€MATHUYECKOTO MOJIEJIMPOBAHUSI

Heobxomumocts obecnedenus IlpasureascrBom P® mo 2024 roma riobaabHOM
KOHKYPEHTOCIIOCOOHOCTH CTPaHbl (CIOCOOHOCTH BBIJIEPKUBATH KOHKYDPEHIIUIO B OBJIA~
JIEHUY HOBBIMU TEXHOJIOTHSAMU, CIIOCOOHOCTU TPaXKIaH aJalTHPOBATHLCA K M3MEHSIO-
MUMCS yCIOBUSAM O0yHU€eHust, TPy/Ia W >KW3HK ), BKII0Yas Bxoxkaenne Poceuiickoit Pe-
Jeparuu B uncao 10 Beaymmx cTpaH MUpa M0 KadecTBY 00Iero o6pa3oBaHus CTABUT
3a/lavy MOJIEDHU3AIINN CUCTEMbBI 00PA30BaHNs, B TOM YNCJIE, TTOCPEICTBOM BHEIPEHUS
AJANTUBHBIX, MPAKTUKO-OPHEHTUPOBAHHBIX 00Pa30BATENbHBIX MPOIPAMM B By3axX U
B IIIKOJIAX.

[TpakTuko-opuenTrpoBanuoe (MPohecCnOHaTbHO-OPUEHTUPOBAHHOE) 00yUeHne B
BY3e XapaKTepU3yeTcs YCUIeHueM POJIU MpodeCcCHOHATBHO-TPUKIIATHON HAIIpaBIeH-
HOCTH 00pa30BaTEJIbHLIX MPOrPAMM, B XOje M3y4YeHWs KOTOPHIX y CryieHTa dop-
MUDPYIOTCS 3HAHWSA, YMEHUs W KOMITETEHITNH, HeoOXOIUMble eMy B OyayIieit mpodec-
CUH, & TaK>Ke IPUBJIEYEHNEM K 00YHYEHNIO MPAKTUKYIOIIUX CHEIUAJINCTOB, CIIOCOOHBIX
nepeIaTh HAKOIIEHHBIH OMBIT PabOThl OPraHU30BATH CTYIEHTAM COOTBETCTBYIOIIYIO
MPAKTHUKY W CTaKMPOBKY.
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IIpakTnko-oprenTrpoBanHoe oOydeHne B ITKOJE, KAK OTMEYaeT B CBOEM HCCJIe-
moBamnu m.aem.H. M. B. ErynmoBa «cocTonT B pa3BUTHN CIIOCOOHOCTH YUAIMIXCS Ma-
TeMaTU3NPOBATH MHAMOPMAINIO 00 OKPYIKAIOIIEM MUPe U M0JIy4YaTh Ha OCHOBE 3TOT0
HOBYO HH(OPMAIINIO, UYTO SIBISIETCSA OJHON U3 XapAKTEPUCTUK CAMOCTOSITE/THHO MBIC-
JISIIIEr0, MHTEJIJIEKTYAIbHO PA3BUTOrO YeoBeKkay [8].

Bcemmprnaa mammemus koponasmpyca 2020 roma axTyann3wpoBasa, Ha HaIll
B3IJIsiZl, OJJHY W3 OCHOBHBIX COBPEMEHHBIX MPOD/eM CHCTeMbl 00pa30BaHUS, CBIA3AH-
HYIO C HEOOXOUMOCTBIO OCYIIeCTBIeHUs 3P HEKTUBHOTO YIAIEHHOTO YIeOHOTO B3au-
MogieficTBus npenogasarens (yaurens) u cryaenta (yuaamerocs) Ha (poHe nMerommx-
st TPOBJIEM MATEPUATBLHO-TEXHUYECKOTO Xapakrepa (0TcyTcTBus gocTyna K cern n-
TEepHEeT WU HeOOXOIUMOI CKOPOCTH COeIUHEHWs, OTCYTCTBUS WU HU3KOTO KAUECTBA
HEOOXOIMMBIX WHCTPYMEHTOB JIJIsi TUCTAHIIMOHHOTO B3aUMOIEHCTBIST — KOMIIBIOTEPA,
HOYTOYKA, IJIAHIIETa, CMapTdOoHa).

OHOM M3 TPUYWH HAJTUYIUST JAHHOM MPOOIEMBbI SIB/ISIETCS, Ha, HAIT B3TJIsI, HU3KWi
yPOBeHb C(OOPMUPOBAHHOCTHU Y DOJIBIITEN JACTH ODYUAIOIIUXCA OHOTO U3 KJIFOUEBBIX
MHTEJIEKTYAJIbHBIX Ka4eCTB PA3BUBAIOIIENCH JTUYHOCTH — NO3HAB8AMEAbHOU Ca-
MOCTMOAMEALHOCTNAY,, TECHO CBSI3aHHOTO C YPOBHEM MOTHBAIIUU YUEHUS U yMEHU-
€M YIUTHCA CaMOCTOATE/IBHO, NUCIIOJJIb3YyA PA3JIUIHBIC UCTOYHUKU TTOJTyYEHU A 3HAHUN
(memaror, HTEpHET-pECYPCH, AUCTAHIMOHHBIE KYPCHI U JIP.).

[Touck sdpdexTrBHBIX METOAOB (DOPMUPOBAHUS TO3HABATEILHON CAMOCTOATE b=
HOCTH 00yJaomuxcsi (IMKOJBHAKOB W CTYIEHTOB) B YCJIOBUSIX CMEITAHHOTO 00y YeHus
(OUIHOI"O u ,Z[I/ICT&HHI/IOHHOI"O) CTAHOBHUTCS aKTYaJIbHON TEMOM JjIsI MCCAeTOBAHMIA B 00-
JlacTu HayK 00 oOpa3oBaHmM, BK/IIOYAsi TEOPHUIO M METOJAMKY OOydeHUs MaTeMaThKe.
TepMmun «mo3HABATEIBHAST CAMOCTOSITE/ILHOCTDY YUAIUXCA B HAayKe He HOBBIHM, XO-
porrio m3ydeHublit B 20 BeKe MHOTUMU COBETCKUMU, POCCHACKUMU ¥ 3apyOeKHBIMEU
yueHbiME — (ustocodamu, ICUX0JT0TAME, TeIaroraMu, MeTOIUCTAM.

B 0TEe4YEeCTBEHHO IeJarornke OCHOBATEJEM TEOPHUW BOCIHUTAHUA CaMOCTOATEIb-
Hoctn yuarmuxcda apagercd K. II. YmumHcKmit, KOTOPBIA MO, CAMOCTOATETLHOCTHIO
MMOHMMAJI KAYeCTBO JIMYHOCTH, (DOPMHUPYEMOE B ITPOIIECCE CAMOCTOATEIHLHON JesTe b
HOCTH yYAIErocs Mo/l PYKOBOJCTBOM YUUTEJS U BHIPAYKEHHOE B CAMOCTOSTEIHHOCTH
MBITIIJIEHUA, a CHOCO6OM BOCIIUTaHUA CaMOCTOATEJIBbHOCTU OH CHUTAJI IPUYYECHUE yda-
IUXCS «K CO3EPIAHUI0, HAOIIOMEHNI0, TAK KaK TOJBKO HAOJIOJEHUE AT BO3MOXK-
HOCTBH CAMOCTOSITEIBHO JTyMAaTh, & MOTOM BBIPAXKATh STU MBICJU B CJA0BAX, CAMOCTO-
dTeJIbHBIE K€ MBICJIN BBITEKAIOT TOJIBKO M3 CaMOCTOATE/IBHO HpI/IO6peTeHHbIX 3Ha-
Huity [9].

Meromnsl hopMuUpPOBaHUS U PA3BUTHS CAMOCTOSITEILHOCTH, B TOM YHC/IE TIO3HABA~
TeJIbHOI CaMOCTOATEILHOCTH, HHTEPECOBAJIN MHOIUX POCCUMCKUX UCCIeIoBaTeIeil —
ncuxoJi0roB u negaroros, Bkiodas 11, dA. Dansmepuna, E. 4. Tomanra, B. B. [la-
BormoBa, M. A. Jlanunosa, B. I1. Ecurosa, B. 1. Barsasunckoro, 1. 5. Jlepuepa,
IT. . Mugkacucroro, I'. . Capanmnesa, M. U. Ckarkuna, C. JI. Pybunmreiina,
A. B. Yeoroit, K. JI. Yummuckoro, B. /1. IlTanpukosa, T. . Illamosoit, 1. B. Dab-
KOHWHA, 9TO OTpakeHo B mx paborax. Tak, U. 4. Jlepuep cumras, 910 «II03HABA-
TeJIbHAsT CAMOCTOSITE/IbHOCTh — 9TO YMEHUE U CTPEMJIEHUEe TBOPUECKU MOIXOJIUTH K
oKpyzkaormeii geiicreurensroctny [10]. T. 1. IITamosa B pabote [11] onpegenmna mo-
3HABATEIBHYIO CAMOCTOATEIHHOCTh KAK «CBOWCTBO JIMYHOCTHU, XapPAKTEPU3YIOMIEECs
CTPEMJIEHUEM U YMEHUEM yJaIuXcs 0e3 TOCTOPOHHEH TTOMOIIY OBJIA/IeBATh 3HAHUSIMHI
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U CITOCODAMY JIeSITEIHHOCTHU, PeliaTh MO3HABATEIbHBIE 33/Ia9H C IEIbI0 JaIbHENHIIero
peobpPaA30BAHUS U COBEPITIEHCTBOBAHUS OKPYKAOIIEH JeHCTBUTETEHOCTIY.

B pesysnbrare stHxX m Apyrux MCCAEIOBAHUM OBLIN MTPEIOKEHBI, 8 3aTEM U BHEJI-
PEHBI B MPAKTUKY Pa3Hble TyTH (DOPMUPOBAHUS MO3HABATEIHHONW CAMOCTOSITETHHO-
CTH, B YaCTHOCTHU: BBEIEHUE B COAEPZKaHNe O6yquI/I${ METOJOJIOTNYICCKHUX 3HAHUN
(A. JI. 2Koxos, . . Unbscos, U. 4. Jlepuep, H. A. Jlomxkapesa, B. 4. Jlaymuc,
H. C. IMypeimesa), ncnonb3osanne 0600MEHHBIX 3HAHWI, COCTABISAIONINX OPUEHTH-
poBounyto ocuoBy gesrensuoctu (II. f. Tamsnepun, B. A. Cracrennn, H. ®@. Tanbr-
suna, JI. M. ®puaman, 1. M. Dpauues); dopMupoBanne NpueMoB MO3HABATEIHHOM
nesrensaoctn (B. B. Taseimos, A. M. Martomkun, /1. B. Dapkonun); opranusanus
CaMOCTOATETBHON paboTsl, pemrenne yuebubix 3amad (H. 1. Tomant, B. I1. Ecumos,
M. 1. Ckarkus).

B xome mpoBesieHHOr0 HaMU UCCAETOBAHUS MO Mpobseve (HOPMUPOBAHUS U PA3-
BUTHUY ITO3HABATEABHON CAMOCTOSITEIHHOCTI y4d9amuxce HpOd)I/I.HBHI)IX KJIaCCOB 9KOHO-
MUYECKOli HAIPABIEHHOCTH CPEJICTBAME MATEMATHIECKOTO MOIEIUNPOBaHUs (MaTeMar-
TUYECKOE COIEPIKaHNE KOTOPOTO OTMCAHO B JIeKIn 1) ObLIM ONpeIeIenbl CTPYKTYpPa,
XapaKTEPUCTUKU, KPUTEPUU U YPOBHU IMO3HABATEIBHON CAMOCTOSITETBHOCTH Y IAIIX-
Cd, TIPeJJIOYKeHa aBTOPCKAsd METOANKA OOyYeHWs MATEeMATHKE YJAIUXCs TPOdpuIh-
HBIX KJIACCOB 9KOHOMUUECKOIl HANPABIEHHOCTH Ha 6a3e 31eKTUBHOTO (haKynmbraTus-
HOT0) KypCa, OCHOBAHHOTO HA MATEMATHYECKOM MOJETMPOBAHUN PEAJTbHBIX SKOHO-
MUYECKUX U TPOU3BOJICTBEHHBIX MPOIECCOB, OMUCHIBAEMbBIX JTUHEHHBIMU MOIETAMHA,
BKJTIOYAsT ONMTUMU3AIUOHHBIE.

ITon no3nasamenvHoOl caMOCMOAMEABHOCTNBIO OOYHUAIOUWUTCA HAMU NO-
HUMAEMCA KAGYECMBO AUYHOCTU, OCHOBAHHOE MG COOCMBEHHOT NO3HA-
8ameabHOlT AKMUBHOCMU, U YCMOUYUBO NPOABAAIOULEECS 8 CNOCOOHO-
cmu 06YuaWUTCs 8eCTU  UEAECHANPABAEHHYIO NO3HABATMEADHYIO Jdes-
MeAbHOCTMD® NO NPUOOPemerHUI0, NPUMEHEHUIO U NPeobpa3osarnuIo 3HAHUY,
YMEHUT U YHUBEPCANLHBT Yuebnux deticmeud (12, 13].

CrpyKTypa Mo3HABATEIBHON CAaMOCTOATETLHOCTH, YTOYHEHHAST HAMU B XOJI€ MTPO-
BEJIEHHOTO aHA/IN3a YKA3aHHBIX BBIIIE UCCAETOBAHUN, COMEPKUT CJIEAYIONINE KOMIIO-
HEHTHI:

MOMUBAUUOHHO-UENEB0T, KOMNOHEHM, XaPAKTEPUIYIONIUNCT YPOBHEM Ke-
nmarust (MOOYKIEHNsT) YIamerocss K CaMOCTOATETHHON TO3HABATEIBHON JIesITeTbHO-
CTU, BOBHUKAIOMIET'O N3-3a HAJINYINA MIPOTUBOPEINA ME2K Y HMeIOLLLeﬁCH ITIO3HABATEJIb-
HOI TOTPEOHOCTHI0 U BO3MOXKHOCTHIO YOBJIETBOPEHUS €€ COOCTBEeHHBIMU CUIAMU;

codeparcamenvbHO-onePayUOHHbLT KOMNOHEHM , XAPAKTEPUIYIOIITIICS YPOB-
HEM BJIQJICHUS 3HAHUSIMU (COEepPIKATENbHBINN KOMIIOHEHT MO3HABATETHHONW CaMOCTO-
ATEHLHOCTH) W CIIOCOOAMU y9Ie6HO-TO3HABATEIHLHON eATEeTbHOCTH (ONepannOHHbIH
KOMITOHEHT MO3HABATE/TBLHON CAMOCTOSITE/THEHOCTH );

pePaekcUuUBHO-0UEHOUHBIT, KOMNOHEHT, XaPAKTEPUIYIOMNHcsT YpPOBHEM
chOpPMUPOBAHHOCTH YMEHUsI AHAJIM3UPOBATH U OIEHUBATH CAMOCTOSITEIHHYIO
MO3HABATEIBHYIO IeATEIbHOCTh C [MO3WIMKA PACIIUPEHWUs] [PUEMOB TO3HAHUS
(Mo1esTMpoOBanUe, TMOUCK, 0TOOD, MepepabOTKA M TPAHCIAINS 3HAHMWS).

Krnaccudukarus ypoBHeil MO3HABATEJBHONW CAMOCTOSATEIBHOCTH OIPEIe/ISIeTC S
HaM¥ TI0 CJIeAYIOMEMY KPUTEPUIO — CTEHIEHBIO BJIAJCHUA yqe6HbIMI/I JIEMEHTaMN
(mo B. II. Becrianbko, [14]) — 3HaHUAMEI, YMEHUSIMU, HABBIKAMHI, METOJAMU U AJl-
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ropurmamu (BYHMA), a Takke yHUBEPCATBLHBIMU yIeOHBIMU JEHCTBUSIME, yKA3aH-
HBIME BBIIEe. B COOTBETCTBUM C STWM MBI BBIAEININ B XOJA€ TPOBEIEHHOTO WCCIIe-
JIOBAHUs TPU YPOBHSA CPOPMUPOBAHHOCTH MTO3HABATEILHON CAMOCTOSITEILHOCTH Y9I~

MUXCs TPOMUIBHBIX KJIACCOB SKOHOMUYIECKON HAMPABIEHHOCTH.

BOCIIPOU3BO/ISLININ )

qecKoe [eMCTBHE): yJammecd
BBIMTOJTHSIIOT €r0, CAMOCTOSITEeTh-
HO BOCIIPOWU3BOOA W TMPUMEHAA
wHGOPMANMIO O paHee YCBOEH-
HOIT OPMEHTHPOBOYHONH OCHOBE
BBINOJTHEHUS JAHHOTO JIEeNCTBUSA

Yposenn chop- | — mo cremeHu OBJIAJEHNS 3HAHUS- | — [0 CTEIEHM OBJIQICHUST YHUBEP-
MHPOBaHHOCTH MU, YMEHUSIME, HABBIKAMHU, METO- | CAJbHBIMHA y4YeOHBIMHU [1eHCTBUS-
IO3HABATE/IbHOMN mamvu anropurmamu (3YHMA) MM — JIMYHOCTHBIMH, PerysisaTUB-
CaMOCTOSITeTHHOCTH HBIMH, [O3HABATEIbLHBIMHU, KOM-
yIAIuXCa myHnukarusabiMu (YY)

HU3KUM OelictBe Ha YpPOBHe BoOc- | AelicTBue IO oGpasiyy — yda-
(penponykTuBHO- npousBejeHns (AJrOpUTMU- | IUECS YMEIOT BBIIOJHSTE [1aH-

HOe JefiCTBUe CaMOCTOsITeILHO, HO
JIATTh 110 06pasiLy, moaparxKast Iei-
CTBUSAM yUIUTEJIS WJIN CBEPCTHUKOB

cpemHuit OelicTBre Ha YpPOBHE MpUMe- | HelCTBHE CaMOCTOSITEJIbHOE,
(‘{aCTI/I‘{HO- HEeHUA (ﬂeﬁCTBﬂe IBpucruve- OCHOBaAHHOE€ Ha yCTOfI‘{I/IBOM
IIOMICKOBBIIA) CKOTI'O THUIIA): 9BPUCTUYECKAA /€~ | YMEHUH — YyYalluecd yMeIoT
ATEeJIbHOCTh, BBIIIOJTHEHHAd HE II0 JOCTATOYHO CBO60,HHO BBITIOJIHATH
TOTOBOMY aJITOPUTMY WJIN TIDABU- ,I[efICTBI/ISI, OCO3HaBad Ka)K,HBII./JI
JIy, a TI0 CO3JaHHOMY WJIN TPeod- | mar
Pa30BaHHOMY B XOJe CaMOro Oei-
CTBUA
BI)ICOKI/Iﬁ (I/ICCJIe- L[el./'ICTBI/Ie TBOpYEeCKOro TuIlia, aBTOMaTU3NpPOBaHHOEe ﬂel';l-
[IOBaTEJbCKUM, KOTJIa YYaIIUMCS CO3/1aeTcs 00b- | CTBHUE (HaBbIK) — ydamwuecd
TBOPYECKUIT) €KTHUBHO HOBasl ODMEHTHPOBOYHAS | aBTOMATU3WPOBAHHO,  CBEPHYTO
OCHOBA, JIeSITEILHOCTh, HOBAst WH- | U 0€30MMUO0YHO  BBIMTOJHSIIOT
dopmarust JefCTBYS

[Temaroruaeckumu  yCaOBUSAMU, HEOOXOMUMBIMU [jid (DOPMUPOBAHUS TIO3HABA~
TEeJIBHON CAMOCTOATEILHOCTH, MBI B HAIleM HCCAEIOBAHNE OMPEIE/IIN CAeLY IOIIne:

e 000TaIEeHHOCTh NH(MOPMAIMOHHO-00PA30BATENIBHOM CPeIbl yJaarmxcs Ha 6a3e
B3aNMOJIEHCTBUS PA3IMIHBIX AKTUBHBIX U MHTEPAKTUBHBIX (POPM, METOIOB U CPEJICTB
00yUIeHnsT MaTEMATHKE;

® WHTErpaImst MTpodJIEeMHOTO, HATVISIIHO-MOAEIBHOTO W MTPAKTHKO-OPUEHTUPOBAH-
HOTO OOyUYeHMs MaTeMaTHKe Ha OCHOBe ODOOIEHHBIX MOJEIeH aKTyaJIn3allini MeTa-
MPEIMETHBIX YMEHW U YHUBEPCAJIbHBIX YIEOHBIX AeHCTBUI, XapaKTepU3yOIuX yPo-
BeHb MO3HABATEIHHON CAMOCTOSTETLHOCTH 00yJaomuxcst (Auwnocmuvir — mpodec-
CHUOHAJIFHOE CAMOOIIPEIeIeHe W JefiCTBIE CMBICTIO00PA30BAHUST; PE2YAAMUCHOIL —
IIeJIEII0IAraHe, CAMOOIIEHKA, CAMOPErYJIAIHS; N03Ha8amesbHbi — BEIOOp HambOIee
3 peKTUBHBIX CIOCOOOB peIeHnst 3339 B 3aBUCUMOCTA OT KOHKPETHBIX YCJIOBHI
(obmeyuebmbie YVY/I), MogemupoBanue (3HAKOBO-CHMBOJINIECKUE), OOIINiT MpreM pe-
mreHnst 3304 (JIOTUIECKUE); KOMMYHUKAGMUGHHLE — TLIAHUPOBAHUE yIeOGHOTO COTPY/I-
HUYECTBA C YIUTENEM M CBEPCTHUKAMM);

e OTpaxKeHne MEeXIUCIUIINHAPHBIX CBI3eil MareMaTuku, HHGOPMATUKHA U
,Zl;pyFI/IX eCTeCTBeHHO—Ha.yLIHBIX AUCIHUTIINH B TPAKTUKO-OPUMEHTUPOBAHHBIX o6pa—
30BATEIBLHBIX IPOTPAMMAX M Kypcax II0 MaTeMaTHKe, COAEPXKAIUX KOMILIEKCHI
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MOTHWBAIMOHHO-TIPUK/IAIHBIX YI€OHBIX 337a9 HA MaTEMATHIECKOE MOETHPOBAHWE
PEeAJIbHBIX MPOIECCOB U SIBJIEHUI.

[Ipennaraemast Hamu MeToauka (POPMHUPOBAHUS ITO3HABATEJIBHOI CaMoO-
CTOATEJIbHOCTH ydYaIuxcs N1poduIbHbIX KJIACCOB SKOHOMUYECKOUN HAIIPaB-
JIGHHOCTU B XOjie OOydYeHusi 3JeKTUBHOMY ((haKyJabTAaTUBHOMY) KypCY
«MaremaTuieckoe MomeMpPOBaHe — MIKOJbHUKaM. JInHeiliHble Moaesn» ,
UMeeT CJIeAYIONIYI0 CTPYKTYPY:

I sran. Amanus m akTyagwsanuss TpodecCHOHATBHO BaXKHBIX JMIHOCTHBIX Ka-
9ecTB Oy/IyIIero SKOHOMUCTA, MOCTAHOBKA, Iesell n 3a7ad o0yvennst (Kak Jis ydqu-
TesIsl, TaK W JIsl YYAIlerocst) B COOTBETCTBUU C HEOOXOIUMOCTHIO (hOPMUPOBAHUS
MMO3HABATEIHHON CAMOCTOATETLHOCTH Y yUAIUXCS;

IT sran. Axkryanusamnyss MaTeMaTHIECKUX, SIKOHOMUIECKUX U MH(MOPMAIUOHHBIX
3HAHUN.

III sran. ITocranoska npobaemsr (nocrpoerne rpada cormacoBanus y4eOHbIX MPO-
rpamm Maremaruku, skoHomuku u KT, cocrasienne paboueil mporpaMmbl Kypca,
mo100P KOMILIEKCA MOTUBAIIMOHHO-TPUKJIAIHBIX 3339 U TUIIOJIOTH3AINS UX 0 YPOB-
HSIM CJIOYKHOCTH).

IV sran. Opranuzaliiist HHTErPATUBHBIX YPOKOB U CO3/IaHNE BAPUATUBHBIX (HOPM
paboThl yuamuxcst (KOJJIEKTUBHO, B MAJIBIX IPYTINAX, WHIUBUIYATHHO) MO PEITeHIO
MOTHBAIUOHHO-TIPUKJIATHBIX 33039 METOIOM MATEMaTUIECKOTO MOIETUPOBAHUSI.

V sran. [lpesenranusi pe3ysbTaToB yUeOHON MEATEIBHOCTH YUAIIEroCs, BKJIIO-
qagd CO3JAHUE CYOBEKTUBHO HOBBIX MOTHBAIMOHHO-TPUKIAIHBIX 33729 YUIAIIUMUICS
U TTPOEKTHO-UCCJIEIOBATEIHCKUX TPOEKTOB; CO3IAHNE TIearOrIIeCKuX yC/I0BUit, 0bec-
MEYUBAIOIINX UHTETPAIINIO 3HAHWI U YIeOHYI0 MOTUBAIIUIO; TJIAHUPOBAHUIE CAMOCTO-
SITETBHON PADOTHI yIAIAXCS.

VI stam. Onenka yauTeaeM JOCTUXKEHUI yUaIlnerocs, CaMoOIeHKa, pedIeKCus.

VII sran. Aramms pe3yabTaToB ¥ KOPPEKTUPOBKA, 1eSITETHbHOCTH.

C mpuMepaMmu peajn3aiui MeTOIUKN (DOPMUPOBAHUS TO3HABATEILHON CaAMOCTO-
ATENLHOM JIEeITETbHOCTH yIalUXCs B X0/1€ 00ydeHust 31eKTuBHOMY (haKyIbTaTuBHO-
My) Kypcy «MareMarndyeckoe MOJETHPOBAHIE — MIKOIbHUKAM. JIMHeHbIe MOIeTI
MOYKHO O3HAKOMHThLCsI B KHWUrax [2, 12].

B reuenme mocnemuux gecatu jer FOxwubiit maremarmdeckuit macturyt BHIL
PAH comectro ¢ CeBepo-OCeTUHCKIM HHCTUTYTOM TTOBBINIEHIS KBATHMUKAIINNA Pa-
OOTHUKOB 00pa30BaHUs MPOBOAUT HaydHO-TpakTrdeckuit cemunap «Hayka — Illko-
qe» (copykoBomurenn cemunapa — K.mea.H. B. C. Abaryposa, kK.d.-v.u. T. JI. Yrm-
eBa), B X0Jie KOTOPOrO ObLIM HEOJHOKPATHO MPUMEHEHBI PE3Y/IBTATHI OMUCAHHOTO
UCCJIeIOBAHUS, TIOJTOTOBIEHBI METOINYIECKUE PA3ZPADOTKY YUUTeel M0 pean3aiun
MTAHHON TUIAKTUYECKON MOIe/n, OMyDJIMKOBAHBI CTATHU YUIUTE/IeH B HAYyIHBIX COOp-
unkax (k.mem.H. T. B. Beruena, JI. II. Oxsar, /1. A. Kapaesa).

Hwxke npusemena aBTOpCKasi AuIaKTUYIECKas MOIEIb (POPMUPOBAHUSA TTO3HABA~
TeJILHON CAMOCTOSITEIBHOCTH CPEJICTBAMHI MATEeMATHIECKOT0 MOjgeupoBanust [13].
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Io3HaBaTeIbHAS NOTPEOHOCTH, MOTHBAIHS Y4eOHO-TI03HABATEILHOI CAMOCTOATEBLHOI JeATEIbHOCTH

A 4 A 4

Vuurenn

Opranusanusi Nearoru4eckoro Mpouecca Ha OCHOBe
TEXHOJOTHH HATJISITHOTO MOJeTHPOBAHHUS

Mpunuunb:

- npoBieMHOCTH;

- HaIJIAHO-MOJICILHOTO
o0yuenus;

- MOJIYTbHOCTH;

- HAYYHOCTH;

- CO3HATEIBHOCTH, AKTHBHOCTH
M CaMOCTOATEIIBHOCTH;

- BAPHATHBHOCTH;

- IPaKTHYECKOH
HATIPABICHHOCTH;

- PAHOHAIBHOTO COYETAHHS
KOJLICKTHBHEIX
MHIMBHIYaTBHBIX HOPM.

Llens

Conepxanue

Metonst Dopmbl

Cpencta

DaKTopsI:

Brewmnue

- conuym;

- MHDOPMALHMOHHO- 0Gpa3oBaTebHas
LIKOJIBHAS CPejia;

Buympennue

-aKTHBHOCTh y4eOHO-TTO3HABATEIBHOM
JIeATENBHOCTH;

- C0CcOBHOCTH K caMo0BpasoBammio (06uue
CMocoOGHOCTH; PaBOTOCIOCOOHOCTB);

- chopMHPOBAHHOCTL 0GOBIICHHBIX MOjIEIICH 1
YHHBEPCATBHBIX YUeOHBIX ASHCTBHI;

- BO3DACTHBIE OCOGEHHOCTH;

- HHTEpeC K H3y4aeMOMy MaTepuary

®I'OC obutero o6pasopanus 11 nokoneHus
VueGHble 11anb 0611c06pazoBaTC/bHbIX
Yyupex/eHuit

VueGHbIe IPOrpaMMBbI TEKTHBHBIX KyPCOB 110
MaTeMaTHKe 115 IPODHIBHBIX KIacCoB
9KOHOMHHECKOIT HAIIPABICHHOCTH

JlnjaakTHyecKuii MOy b
«MartemaTH4€eCKOEe MOJIC/IHPOBAHKE —
e

- OpHEHTHPOBOYHASI OCHOBA ICATETBHOCTH:
onucanue cmpykmypul u cocmasa
dessmenvrocmu, ocobennocmeli Kypea
(BBEZEHHE);

npeemcmeennocms dessmensiocmu (Gpeiim
6a30BbIX YUEOHBIX YIEMEHTOB, [IH/IAKTHYECKHE
npasuia, gppeiim octatouHoii 6aser);
paseeprymocms cooeparcanus (hpeim
AHHOTHPOBAHHOM y4eOHOM MPOrpamMMBl,
JIETAIM3HPOBAHHOI 110 YPOBHAM 3HAHHIL,
cTyneHsM abCTpaKIui, MOTHBAIIHH H
NPOJTYKTHBHOCTH YUeGHOI JIATENBHOCTH);
o6obuyennocmy desmensiocmu (ToKaTbHbIE
(parMeHTHI IACTOB crMpaieii GyHmpoBaHus,

JIbHO-HATIPABJICHHBIH) 1
MOTHBAIHOHHBIH KOMIIOHEHT);
d

Tlenaroruyeckue yc/aoBusi:
Opzanuszayuonnvie
- 060raIeHHOCTh HH(POPMAIHOHHO-

ceey 1 mu u yciosue 015
npeemcmeennocmu J{M - nHTEerpaTHBHAs
5K3aMEHALMOHHAs TIPOTPaMMa;

- Undopmannonnas 0CHOBA IesITeTbHOCTH;
-BIIOK ynpaBieHHs y4UHTeeM KOTHHTHBHOI

00pa3oBaTeIbHOI IIKOIBHON CPeIbl;
- BKIIIOUCHHE WIKOJILHUKA B
CaMOCTOSITEIILHYIO yueOHO-
TIO3HABATENbHYIO JIESTENBHOCTD;

- MOCTPOEHHE ONTHMAITBHOM CHCTEMBI

pobd: 0 M HATJISIHO: 0
00yYeHHS;
Memoouueckue

-BBCJICHHE DJICMEHTOB MATEMATHYCCKOTO
MOJICTMPOBaHHS B YueOHBII mpoiiecc;

- 0TGOP M HCTIOTB30BAHHE MOTHBAIIHOHHO-
TPHKJIAHBIX 3a]1a4;

- Pa3BHTHE NPOCKTHOM i y4eOHO-
HCCIIEI0BATELCKOH JIeATEIBHOCTH

JESITEILHOCTHIO YHeHHKA

| Vuenuk
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- BJIa/IECHHE METOJIAMH MBICIHTETbHOI
JIEATENLHOCTH (CHHTE3, QHAH3,
cpasHenue, 0Gobuennue,
MO/ICTHPOBAHHE);

- CaMOCTOATENLHOCTh;

- OlIEHKa H CaMOOIIEHKa;

- OTBETCTBEHHOCTH;

- KOMMYHHKAGCTbHOCTb.

KoMNOHEHTBI 103HABATEILHON
CaMOCTOSITEIbHOCTH:

- MOTHBALHOHHO-LIEJICBOIH;
-CO/ICPIKATEIILHO-OTICPALMOHHBII;
-peIIeKCHBHO-OLEHOYHbII

Kpurepun chopmuposansocTn
no3HaBATEeNbHON
CaMOCTOSITETLHOCTH:

- YPOBEHb MOTHBAIIHH;

- YPOBEHb CHOPMHPOBAHHOCTH
3YHMA;

- yposens copmuposannocti Y[
(JIMYHOCTHBIX, PEryIATHBHBIX,
MO3HABATE/bHBIX, KOMMYHHKATHBHBIX)

Mo3HaBaTeabHAsi  CAMOCTOSITENLHOCTD
T103HABATENBHOI CaMOCTOSTENBHOCTEIO
O0yJaOIMXCA HAMH TIOHHMACTCS  KauecTBO
JIMYHOCTH, ~ OCHOBAHHOEC  Ha  COOCTBEHHOH
I03HABATENBHOI aKTHBHOCTH, H  YCTOMYHBO
B GHocTH 06
BECTH  IIC/ICHANPABIICHHYIO  103HABATCILHYIO
JIESTENBHOCTb 110 IPHOOPETEHHNIO, IPUMEHEHHIO
M npeoGpajoBaHMIo  3HaHmMii, yMeHHil W
YHHBEPCATBHBIX yueGHBIX AcHCTBHH
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

O COAEP2KAHUU 1 CTPYKTYPE YVUEBHBIX MATEPUAJIOB

B. H. [dgarios
(Poccusi, Hosocubupck, HI'Y; Bragnkaskas, KOMIU BHIT PAH)

[ToTpebHOCTH TOATOTOBKY CHENUAIUCTOR, 00/IaJal0nX CIOCOOHOCTHIO K Herpe-
PBIBHOMY 00Pa30BAHUI0, TPUBOIUT K HEOOXOIUMOCTH AHAIN3A COAEPIKAHUST U CTPYK-
TYypbl y9eOHBIX MATEPUAJIOB, PACCTAHOBKE AKIIEHTOB MEYXKIYy WX HH(OPMAIIMOHHOM
u obpa3oBaTesibHON cocTaBigomuMu. llpegnaraerca obpaTuTh BHUMAHWE HA, TPO-
MEXKYyTOYHYIO MeXK/Iy TeOpHeidl W IMPAKTUKON COCTABJIAIONLYIO, TAK HA3BIBACMYIO TeX-
HOJIOTHIECKYI0, KOTOpas MO3BOJISIET TOBBICUTH 3P (MEKTUBHOCTE 00pPAa30BATETHLHOTO
mpotiecca. MarepuaJsi mor0TOBEH 0 JIEKITUSIM, TPOUYNTAHHBIM Ha BiainkaBka3ckoii
MOJIOZIEXKHOIT MaTemarndeckoil mkose B 2020 r.

ebro 3TOr0 TEKCTa ABISETCST MIPUBJIEUEHNE BHUMAHUS K HEKOTOPBIM BOIIPOCAM
o0pazoBaHusi, KACAIOIINMCS COJIEPKAHUS U CTPYKTYPhI y4UeOHBIX MaTepPHUaJIOB.

Jlekua 1. MudopmaliimonHas 1 oopa3oBaTeibHast
cocTaBJIgIONIas y4eOHOro mpoiiecca

Ob6paszoBanue BKIO4YaeT B cebs 10 KpaiiHell Mepe JBe COCTaBJAronme: nHop-
MAIMOHHY0 U 00pa3oBare/bHyto. MHpopMaImonHas COCTOUT 13 HAOOpa CBEIEHUil B
paMKax M3ydaemoil mpeaMerHoil objacTu, obpas3oBare/bHas — B OBJIQJEHUN CIIOCO-
H6aMu uxX BOCIpusTHsi, 00paboTKM u ucmoib30Banus. 1o cyrecTBy, nadopmalmonHas
COCTABJISIIOIIAST TPEIHAZHAUEH, [IJIsT OCBOEHUS sI3bIKa, TIPEIMETHO 06J1acT, 00paz3o-
BaTebHAS — JJIsI OCBOEHUS OOIINUX MPUHIIUIIOB eITEIbHOCTH, MOKHO CKA3aTh, s
dopMupoBaHust PA3HOOOPA3HOTO THUIA KOMIETEHINI Ha OCHOBE WH(MOPMAIMOHHOM
COCTABJIAIOIIEI.

Mexry 9TuMu AByMS KOMIOHEHTAMU KEJIATETHHO PACCTABUATEH MPUOPUTETHI, aK-
IIEHTHI.

OOBIYHO TPU WBIOKEHWM MaTepuaja B JIUTEPAType W MPEJCTABJICHUN €ro Ha
JIEKIIASAX W 3aHATASX MpeobiamaeT wHAOPMAIIMOHHAS COCTABISONAst. Kak mpaBu-
JIO, COODINAETCA TEPMUHOJIOTHS U PE3YIbTATHI, MOJyJYeHHBIE HA ee OCHOBE, B BHUE
YTBEPXKAEHUI, TPpaBUI U T. 1. Pazymeercs, 370 HEOOXOAuMasd JaCTh U3y IEHUsT TP
Mera. OHAKO y2Ke JAaBHO MoJIydeHne nH(MOPMAIUT He TIPeICTaB/IsIeT coboii O0JIBITOi
npobJieMbl — BCE HAIMCAHO B KHUTAX, MHOTOe nocTynHo depe3 Uurepuer. Kpowme To-
ro, HeT YBEPeHHOCTH, UYTO M3ydeHHas mHMOpMaIusa 0yaer obyIaeMoMy HeOOXOMImMa
B TIPEICTOMAIIEH AeATe/bHOCTH, Pa3Be UTO HMPU OCBOEHUU [IPYTUX yYI€OHBIX TUCITH-
mwinH. Ckopee Bcero, moTpebHOCTh B KOHKPETHON TpejaMeTHONW 00/acTh B JajbHeil-
IIIeM HEBEJIMKA, U TEM CAMBIM U3y 9IaeMbIil IpeaMeT ¢ HH(MOPMAIINOHHON TOUKN 3PEHUST
OOJIBIITON TEHHOCTH HE TPEICTABJISET.

EcrectBen Bompoc: Jjisd dero JaHHYI 0O0pa30BATEIbHYIO JUCIUIINHY U3YydaTh!
OH BO3HUKACT Y MHOTUX yYallIUXCA U CTYJEHTOB.
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B Hallle BpeMdA Ha HepBbIﬁ TJIaH BBICTYIIAET HeO6XO,Z[I/IMOCTI) IOArOTOBKH CIICIIU-
AJIUCTOB, CIIOCOOHBIX K HEMPEPBIBHOMY OOYUEHHIO B TeUEHUE [JINTEJIHHOTO BPEMEHH,
U HE TOJIBKO B TOI CIENWabHOCTH, 10 KOTOPOH OHU MOJIYyYW/IN TEPBUYHOE 0DPa30-
Banue. [loaToMy MOYXKHO TPEANOIOKUTH, UTO aKIeHT ¢ obecrevdenus: wHMOpMaIueit
CMEITAETCS B HAMPABIEHUN ODECIeUeHUs] CPeICTBAMU U CIIOCODAMU ee TIOJIyUIeHUs,
00pabOTKI 1 UCHOIB30BAHUS (B IINPOKOM CMBICIIE).

Nmes B Buly yKa3aHHYIO PACCTAHOBKY AaKIIEHTOB, 00paTWM BHUMaHWe Ha BTO-
PYIO COCTaBJISIIOIIYIO YI€OHOTO MPOIECcca, a UMEHHO HA ero 00pa30BaTEIbHYIO YaCTh.
Hamowmuro u3zBecTHOE JIIOOOTBITHOE «OIMpeeeHres: 0DPa30BaHNEe 9TO TO, UYTO Y BaC
oCTaHeTCs, KOr/[a Bbl 3a0y/eTe BCe, 4eMy Bac y4uu/n. B 5Toil myTke ecTh J0J1s Iy TKH.
[Tepedpazupyst ero 60jee cepbe3HO, MOXKHO TOHSITH, YTO B 00pAa30BAHUN OOJIBITYIO
posib urpaer (GOPMUPOBAHNE HABBIKOB JIEATEJIHHOCTH YHUBEPCAIBLHOIO XapaKTepa,
MPUMEHUMBIX HE TOJHKO B W3ydaemoil objacTtu, HO u B 000 Apyroit cdhepe e-
stresibHOCTH. Takasi paccTaHOBKa MPUOPUTETOR € mpeobiiagaHueM 00pa30BaTEIbLHOM
COCTABJISIIOIIEH B CMBIC/IE OBJIAJIEHUS CIocobaMu 006paboTKu WHGMOPMAIIAN TPE/IoIa-
raeT UCIOJIB30BaHUe HECKOJIBKO WHOM 110 CPABHEHUIO C OOBIYHON CTPYKTYPBI YIEOHBIX
MaTEepHUaJIOB U B KAKOH-TO Mepe yIeOHOTO MPOIecca.

B c¢Bsizu ¢ Takoit paccTaHOBKOI MTPUOPUTETOR MOJIE3HO TaK)Ke ChOPMUPOBATH OT-
HOIITEHNE K yIeOHBIM 33atUaM, T. €. 3a/a9aM u3 yIeOHUKOB U 33 1a9HuKOB. Hepemako
K HUM OTHOCATCA KaK K HCCJACI0BATEC/JIHCKUM 3aJav9aM W MPEANPUHUMAIOT TIONBITKA
PEIUTh UX JIFOOBIM ITyTeM, IPUIyMbIBAS U TIPe/iTaras NUCKyCCTBEHHBIE CXEMbI PACCY K-
JIEHU, TPUTOHBIE TOJBKO B CHENUMUIECKIX 00CTOSITEIbCTBAX. B cuTyalun npuopu-
Tera 00pa30BATEIHLHOM COCTABJISIIONIEH MPENMYIIECTBO KEJIATEJTHHO OTIaBATH TAKIM
PACCYXKJICHUSIM, TAKMM KOHCTPYKITUSIM W CXeMaM, KOTOpbIe 00/1a/1al0T CBOWCTBOM IO~
BTOPAEMOCTH, MOT'yT 6bITB TPpUMEHEHBI HEe TOJIBKO B ,Z[aHHOI‘/JI CUTyallu, HO U B IPYTUX
CaydJasx, MOXOXKUX Ha paccMaTpuBaeMblil. [Ipu sTom hopMupPYOTCS 1 3aKPEILISIOTCS
AJITOPUTMBI JIEHCTBUI, OCHOBAHHBIC HA U3YYEHHOM TEOPETUYECKOM MaTepuaJie 1 MoJ-
JIEPKUBAEMble BBITEKAIONIUMU U3 HEr0 MpaBWaMu W MexaHu3Mmamu jeiictuit. Tem
CaMBbIM TIDW DEITeHnn yqe6HbIX 3aa49 HaJO0 CTaBUTH IIE/JIb HE CTOJIBKO DPEeInuTh nX,
CKOJIBKO YE€MY-TO HAYIUTHCS B MPOIECCE PEITeHUs.

Bousbimyto posib B hopMupoBaHuu OOIMIEKYIBTYPHBIX KOMIIETEHIINI urpaer obIie-
HIE MPEeno/aBaresieil ¢ yIaluMucs, TPU KOTOPOM OOCYKIAI0TCS PA3JIUIHbIE TOUYKU
3peHUsI, TePEIAETCS MPOMECCUOHATBHBIN U XKU3HEHHBIH OTBIT, KY/JIbTypa pedn, opra-
HU3AIUN MaTepuaJa, obImerus ¢ ayquropueit u T. . [Ipu auanom obiernnn obecrevn-
BaeTcsa OOpaTHasi CBsI3b, B PE3Y/IbTATe KOTOPOH yUAIIMiiCS MOXKET CBOEBPEMEHHO 00-
CYJIUThH WHTEPECYIOIINE er0 MOMEHTHBI. DTO MO3BOJIsIET (DOPMUPOBATH HABBIKK PabOTHI
B PAMKaX OCBOEHHOT'O TIOHSITUITHOTO TIOJISI U B IEJIOM ODIINX HABBIKOB JEATETHHOCTH.

OHaKO B YCIOBUSIX OIPAHWYEHHOTO B3aUMOIEHCTBUS 00yIaeMOT0 C 00y IarOmiM
dopMupoBaHUe PA3TUIHOTO POJA KOMIIETEHITHI 3aTPYIHIETCA, WOO ONpeIeeHHOe
MECTO B 00Pa30BATETHHOM TIPOTIECCE OTBONTCA CAMOCTOATENBHOM padoTe ¢ auTepa-
TypoOil, a B Hell JaIeKo He BCerJa IPUCYTCTBYIOT IPUCYINUE B3aNMO/ICHCTBUAIO 3JIeMeH-
ThI, TIO3BOJISIOIINE C BHICOKOI CTENEHBI0 CAMOCTOSITEIHHOCTH (POPMUPOBATE Iy Th Pe-
[eHUs PA3INIHBIX 33/0a4. [IpudyuHa 3TOro 0T9acTu CBA3aHa ¢ TPAIUINOHHON CTPYK-
Typoii yuebHbIX MaTepuasoB. OOBIYHO OHU W COOTBETCTBYIOIIHE UM COCTAB/ISIIOIIIE
y4e0HOrO MpoIecca BKJIIOYAIOT B cebsl IBE 9acTu: Teopuio u mpakTuky. CHavdaJa n3-
JlaraeTcsi TEOPETUIECKUil MaTepua, 3aTeM — HAaOOp MPUMEPOB €ro UCIIOJIH30BAHUS
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Py PeIeHnn KAKuX-TO 3a7a4. MOXKHO 3aMeTuTh OTCYTCTBUE Pa3esa, MO3BOJISIO-
IIIero pacro3HaTh IPUMEHUMOCTD JJaHHOW TEOPUH K PEIleHUI0 BO3HUKINEH 33/a4u U
CPEJICTB TaKOr'0 MPUMEHEHUS.

g BocmoJTHEHMsT STOr0 Mpodesia W TMOBBIMIEHNWs] KadecTBa obpasoBanusg B [1]
PEJIOKEHO B y4ueOHBbIE MATEPHaJbl U B yU€OHBIH MPOIECC BKIIOYATH MPOMEKY-
TOYHYIO MEXKJy Teopueil u MpaKTUKOW YacTh, COCTOSIIYIO 13 HADOpa TMPABUJI, ajro-
PUTMOB, METOJ[0B, OCHOBAHHBIX HA TEOPETHUYECKOM MaTepuaJie U NPUMEHAEMbIX I
perterns 3a7a4d. O6 310l gacTu Oy/IeM TOBOPHUTH KaK O METHOA02UYECKOT COCAG-
Asowet yaedbroro mareprasa. Takum 06pa3oM, MpeIaraeTcs MCIOIb30BaAThH TPEX-
YaCTHYIO CTPYKTYPY Y9IeOHBIX MaTePUAIOB: TEOPUsST — TEXHOJOTUNA — MTPAKTUKA.

Kak m3moxeno B [1|, 0COGEHHOCTH TEXHOJIOTHYECKOH YACTH COCTOAT B CIIEIYIO-
IIeM.

Ucxonst m3 ombiTa MpUMEHEHUs] TAKOH CTPYKTYPhl B yIeOHOM TIPOIECCE, MOXKHO
CKa3aTh, 9TO [0 3(PHEKTUBHOCTA TEXHOJOTHIECKON JACTH >KeIaTeThHO, ITOOBI OHA,
YIOBJIETBOPSLIA ONPEIEICHHBIM TPEOOBAHUSIM.

(a) Heobxomumbl CpecTBa Pacrno3HaBaHUs MPUMEHUMOCTH TOTO WUJIM WHOTO Mé-
TOZA K PEIeHnio JaHHOi 3a1a9u. Taknme cpeicTBa MOKHBI COCTOATh U3 JOCTATOTHO
JIETKO TIPOBEPSIEMbIX OCOOEHHOCTEI, MO3BOJISIONINX B CIydae WX HAJUIHUS B MOCTA-
HOBKE 33J[a9l C BBICOKOW CTENeHbIO ONpEIeJeHHOCTH MPWHATH peIieHne O BBIOOpe
JAHHOTO METONA IS aHAJIN3a 3aJa4u.

Bribop meTona siBasieTcst OTBeTCTBEHHBIM I1aroM. OT HEro HEPeJIKO 3aBUCUT YCITEX
B perrennn 3agadn. [losTomMy MexaHmsaM pacmo3HaBaHUS — CYIIECTBEHHOE 3BEHO
B TEXHOJIOTUYECKONW COCTABJIAIOIICH.

(b) ZKemarenpHO mpecTaBasSTh MPABUIa B BHIE HAOOPa IAroB, KaXKJIblii U3 KO-
TOPBIX JOJIZKEH JTUO0 COCTOATH W3 BOMPOCA, B PE3Y/IHTATE OTBETA HA, KOTOPBIM MMPO-
HCXOJUT BBHIOOD MAJBHENININX EeiCTBHIL, JTUOO COAEpPKATh HMCIOJJHAEMbBIE IeHCTBHI,
T. €. TaKWe PEKOMEHIAINN, KOTOPbIE MOTYT OBITh BBITIOJIHEHBI 0€3 TOTOJTHUTE/THHBIX
pPa3bsICHEHUI MpU OMPEIeIEHHON MPEeIBAPUTEIbHON ToAroToBKe. Pazbuenue perire-
HU¢ Ha VCHOJIHAEMBIe ITard MOBBIINIAET aKTUBHOCTH YYalllerocs, TaK KaK MO3BOJIAeT
CBECTH 33/1a4y K BBINOJHEHUIO JOCTYIHBIX eMy JeiCTBUA.

(c) Becbma kemaTennHO MMETh NMPU3HAKW 3aBeprnenns pemenns. /laxe B ca-
MBIX IPOCTEHIINX CUTYAIIUAX HaJI0 IIOHUMATh, KAKOBA I1eJIb, KAKOI'0 BUa MOXKET UIN
JIO/IKEH OBITh OXKUTAeMbIil pe3y/IbTaT, KAKOBBI OTJINUUTETHHbIE TTPU3HAKU STOTO Pe-
3yJibTaTa. 1aKue NPU3HAKY MO3BOJISIIOT OBITH YBEPEHHBIM B 3aBEPIITEHHOCTH PEITICHUS
3aa4u.

Hanwawe npaswmii, 001agaommux MePeINCIeHHBIMA CBOUCTBAMU, MO3BOJISIET OP-
raHU30BBIBATL PeIIeHre 3aJa4d KakK IleJIeHallpaBAeHHBIN IPOIlecC, MOTUBUPOBAHHO
HaMEYaTh OCJIEI0BATEILHOCTD AEHCTBHUIL, CIIOCOOHYIO MPUBECTH K PEIIeHWIO, BhIOU-
paTh ouYepeHOM IIar, UCIOJHATL ero U IepeXOoAUTh K CIIeAYIOIeMy, U IeficTBOBaTh
TaK JIMOO JI0 PeIeHus 33,1a49u, OO 0 OCO3ZHAHWS TOT0, UTO BHIOPAHHBIN ITyTh K Pe-
IIIEHNIO He TpuBeeT. Bo BCAKOM CiTydae OpTraHW3alldsd PelreHns KaK CePUu MOTHBU-
POBAHHBIX JIefiCTBUIT JIydIlle, YeM BBITIOJIHEHWE CIydaiiHbix onepannii. 2KemareanHo
PYKOBOJCTBOBATLCS TPUHITUIIOM: HI OJJHOTO HEMOTHBHPOBAHHOTO meiicTeus! Kaxabrit
ar JA0JKeH OBITh UeM-TO BBI3BAH.

PacnosnaBanme TpPUMEHMMOCTH TEOPETUYECKUX CBEICHUN [IJIsT PEIeHus WMe-
formeiicss 3amaan 3H@GEKTUBHO OPraHU3yeTCs MOCPEICTBOM ITOCTAHOBKU BOIPOCOB.
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DTa mporeaypa (GopMuUpyeT CIOCOOHOCTH K aHAJN3y CUTYAIMH, WOO YMECTHO IT0-
CTaBJIEHHBIN BOMPOC MODYKIAET MCKATH HA HEO0 OTBET. Y MEHUE CTaBUTH BOIPOCHI
HE MeHEee BaKHO, YeM CIOCOOHOCTH JlaBaTh HA HUX OTBETHI. UeM yMecTHee BOIPOC,
TeM cojiep:karesibHee n 3pdeKTuBHee Ha HErO OTBET, U TeM DOJIBIIE MAHCOB PEIuTh
mocTaBieHHyo 3aaa9y. CTrib paboThl HAT 3a/1a49€il, TP KOTOPOM JIeATETHHOCTE CO-
MPOBOYXKIAETCS BOIIPOCAMU, MPUIAET JUHAMUKY W HAMPABIEHHOCTH MPOIECCY pertre-
Hus. g Toro 9ro0bl HayYWTh CTABUTH BOIMPOCHI, HAIO 00ECIEUNTH 00y IAIOIITUXCS
0003pUMBIM HAOOPOM BOTIPOCOB, KOTOPBIE YKEIATEIbHO 33/]aBaTh B COOTBETCTBYOIITUX
CUTYAIUSIX.

Pazywmeercst, KaxK/iplii BOIIPOC MPE/IojiaraeT MOUCK OTBETa, W HaJ0 MPEII0KHUTh
HA0Op BO3MOXKHBIX OTBETOB, JIOCTATOYHO MPEICTABATEBHBIN /I BEIOOPA OUEPeTHO-
ro mara. CucreMa MOCTAaHOBKU BOITPOCOB U MOVCKA OTBETOB HA HUX MPUBOINT K IieJIe-
HAIPABJIEHHOMY PA3BETBJICHUIO MTPOIIECCA PEIEHNUS 33U, TO3BO/ISIET CTABUTH €N
U UATH K HAM.

Cpenir BOTIPOCOB MOYKHO BBIJEIUTDH JOCTATOYUHO (pdeKTUBHBIE 00IEro mjaaHa 1
Takke 3ddexTuBHbIe O0IEe YacTHOrO xapakrepa. K obmmm BOTpocaM MOXKHO OT-
HECTHU, HATIPUMED, TAKWe: «UTO 9TO 03HAUAET!» U «KaK YCTPOeH oObeKT?». llepshrit
BOIIPOC CTABUTCS B CUTYAIUSIX, B KOTOPBIX €CTh TePMUHBI, TOIAIOIINECT PACKOIUPO-
BAHUIO COTVIACHO WX OIMPEJIEIEHUI0, BTOPOIl — B CUTYAIUAX, KOT/Ia TPeOyeTcs: mpous-
BECTH KAKWe-TO JeHCTBUs C 00beKTOM, B IMKOJIBHON MaTeMaTHKe W B KypCe MaTeMa-
TUYECKOT0 aHAIM3a 9TO HEpeJAKO GyHKINU. TeM caMbIM OUH W3 YACTO 33ABAEMbBIX
BOIIPOCOB: Kak ycTpoeHa (pyHKIus? EcTh HAOOp BO3MOXKHBIX OTBETOB U MEXAHU3M UX
BBIOOPA, 9TO MO3BOJIsAET YDPEKTUBHO BHIOMPATH TPEOyeMble CPEICTBA.

TexHnoornvuecKass COCTABJSIONIAS P W3yYEHUH TPEeIMeTa MPUBOIUT K TOBbI-
[MEHWI0 WHUIUATUBBI 0Oyuaemoro. Oua dopMmMupyer CrmocoOHOCTH K MOUCKY TyTeit
PEeITeHrsT BMECTO OXKUIAHUS TEMOHCTPAIINN TTPUMEPOB, TTPOCTHIM TOBTOPEHUEM KOTO-
PBIX PEIaloTcs 3a/a491, MobyrK/1aeT 0bpalarTscs K TeoperndeckoMy marepuasty. IIpu
TAKO¥W OpTraHu3aINKM MaTEPUAJIa MEHSeTCS TPAIUIMOHHAS HAIPABJIEHHOCTH MPOIIEC-
ca «OT MPenoJaBaresss K 00yJaeMoOMy» Ha MPOTUBOIOJJIOXKHYIO, T. €. «OT 0DydaeMo-
ro K MPernoJaBaTeioy. AKTUBHBIM YIACTHHKOM MTPOIIECCa MOXKET CTATh O0yTIaeMbli,
MIPENO/ABaTe/ b MOYXKET OKa3aThCd B POJIM KOHCYJIHTAHTA, MMapTHEPA, MOTOBOIO IPO-
AHATM3UPOBATH, TPOKOMMEHTHPOBATH U OIEHUTH Ie/1eCO00PA3HOCTD TPeIaraeMbiX
0by4JaeMbIM JTeHCTBHIA.

Hasmame TexHo/IOrMYecKoil COCTaBIISAONIEN B y4eOHOM MaTepuaJie Mo3BOJISeT J10-
cTaTovHO 3(PpPHEKTUBHO UCIOIB30BATH €r0 [JIsT CAMOCTOSITEIHHOTO U3YUEHUsI Tpe/IMe-
Ta, B pe3ysbrare 00y4aeMblii IPUBLIKAET K 9TeHWIO y4eOHOi (a B Oyaymmem u Hayd-
HO{T) JIUTepaTyphl, a GOPMUPOBAHIE CIIOCOOHOCTH TOJTY YeHUST 3HAHWN U3 TUTEPATY DB
SIBJISIETCS OJTHOM M3 IVIABHBIX 3a/[a4¥ BCEr0 MPoIliecca 0OPa3oBaHMs.

[ToBbImenre posin yuebHOM JTUTEPATYPHI MPU TPEXIACTHOM (popMe ee OpraHm3a-
MW TIPEoJIaraeT u3jaoxkenne GOPMYIUPOBOK ONPEIEJICHNIT U YTBEPKICHUN B HAU-
6oJiee TEXHOTOTUYHOM BHje, 683 Upe3MEepPHOro yrmoTped/aeHnst MaKpOCOB, TI0 BO3ZMOK-
HOCTHU SIBHOTO yKa3aHWS KBAHTOPOB, 0€3 MCIIOIB30BAHUs UX 10 yMmorgannto. Popmy-
JINPOBKU JIOJI)KHBI CITIOCOOCTBOBATH COCTABJIEHUIO AJTOPUTMOB IEHCTBUIL, (POPMUPO-
BAHUIO TEXHOJIOTUIECKOU COCTABJAIOIIEI.
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Jlekriusa 2. O KOPPEKTHOCTH U TEXHOJIOTUYHOCTH
M0 MaTepuaJjiaM INIKOJIbHBIX yYeOHNKOB

[Tokaxkem Ha, HEOOJIHITTOM HADOPE TPUMEPOB PEATU3AINIO U3I0YKEHHBIX BBIIIE CO-
0bparKeHmii.

HaquM C IPpUMEPOB M3 IMKOJBHOTO KypCa MATEMATUKN U OCTaAHOBUMCHA Ha IIPO-
mecce (bopMUPOBAHUS MATEMATUYIECKON TPAMOTHOCTH Y YUAIUXCS CTAPIITUX K/IACCOB
" CTYAEHTOB TEPBBIX MECAIEB O6yquI/IH.

ObpaTuM BHUMaHUE HA CYIIECTBEHHOE PA3INYINe MEXKIy M3JIOXKEHUEM COJIEePHKA-
HUsI Kypca MaTeMaTHKH B IIKOJIe U B By3e. B 1ikojie 60sbITie 0bpalaioT BHUMaHUE Ha,
MpeobpPa30BATENBHYIO COCTABSIONIYIO, T. €. HA BBITOJHEHNE KAKUX-TO MaTeMaTude-
CKUX JeHCTBU, HAIIpUMED, [IPU PEIICHUN YPABHEHUN NI HEPABEHCTB, KOHCTATAIUIO
OT/IeJIbHBIX CBOHMCTB (YHKIINU U T. . BechMa He3HAUNTE/IHbHOE BHUMAHUE YIEIAeTCS
JIOTUYECKON COCTaBJIAIONIEH, BLIACHEHUIO COAEPXKAHN, CMBICIa JeficTBUll, He aKIleH-
TUPYETCsT JIOTUIECKAs COCTABJISIONIASA YTBEPXKICHUI B MIPOIECCe WX MPUMEHEHUsT TTPU
pertiennn 3aa4d. Bmecre ¢ TeM mpu JasbHERNIEM U3YyUEHUN MAaTEMATHKU Ha TEPBBIi
[JTAH BBIXOJIUT KAaK Pa3 JIOTHIECKAs COCTABJIAIOIIAs, BO-TIEPBBIX, MPEIIOIAraoniast
TOYHBIE (DOPMYJUPOBKY MPU OMPEIe/IeHUN MOHATHN U TPU U3JI0KEHUU yTBEep:K/Ie-
HUI, & BO-BTOPBIX, TPEOYIOIAsi MUCKIIOYUTEIHHON0 BHUMAHUS K KOPPEKTHOCTH WX
UCTIOJIB30BAHUS TIPU JTOKA3ATEIbCTBE HOBBIX YTBEDXKICHUI U PEIeHuN 33134 OoJiee
TEeXHUIECKOTO XapaKTepa.

Ocoboe 3naveHne TPUOOPETALT XOPOITiee MOHNMAHNE 00yIaeMbIM BIUSTHIS KBaH-
TOPOB, COMTPOBOXKIAIOIIUX JIF0O0e ompeeaeHne uian yreepxkaenne. [Ipuxoqurcs KoH-
CTATUPOBATH, UTO BBIMYCKHUK ITKOJIbI, KAK MIPABUIO, BOOOIE HE MOHUMAET HEOOXO-
JIUMOCTB CTPOTOTO COOJTIOZEHNS JIOTUKU OTPeIe/IeHNil U YTBEPKICHW, OTHOCUTCS
K MaTeMaTU4YeCKNUM TEKCTaM 06pa3Ho, C THTYUTUBHBIX HOBI/IL[I/IfI, HEPpEeIKO He ITpeIIno-
Jlarast ICK/IFOUUTETbHOM CTPOTOCTH CJIeJIOBAHUS BCeM geTassm. B wacTHocTH, cCOBCEM
He chOPMUPOBAHO BOCIIPUATHE KBAHTOPOB, €3 dero maJibHeilee obydenne Marema-
THKEe OECCMBICIEHHO.

HpI/IHI/IMaH BO BHUMaHUE HaJIn4uue yKaBaHHOfI CUTyaluu IIPDEACTABIAECTCA Ba2KHBIM
HA [EPBOM 3Tare o0ydeHus chOpMUPOBATE KOPPEKTHOE OTHOIIEHNE K KBAHTOPAM, 0~
KA3bIBAOIINM B3aUMOCBI3M MEXKTY OT/IEJIbHBIME TeTaasiMu B (pOPMYIUPOBKAX OMpe-
neneHuil uin yreepxaennii. [locKobKY OJHUM U3 OCHOBHBIX OOBEKTOB, C KOTOPBIMU
MPUXOINTCH CTAIKUBATHLCI B MaTeMaTruke, 310 dyukinnn, dddexTuBHee Bcero ody-
YaTh OTHOIIIEHWIO K KBAHTOPAM Ha OCHOBE M3YUeHUsI CBOUCTB (DYHKITHI, i, BO-TIEPBHIX,
Ha 3TO CTOHUT O6pa.]]_[a.Tb BHUMaHHE B IITIKOJIE, & BO-BTOPHBIX, C 9TOTO MOKHO HaYWMHATH
KypC MaTeMaTHIeCKOro aHaIn3a Wi BOOOIIE BhICHIE MareMaTuku B By3e. Obyue-
HIEe BOCIIPUSTHIO KBAHTOPOB NMeeT cBou TpyaHocTu. IIpeacraBisgercs, 9To mpodaeMbl
C OTHOMIEHWEM K KBaHTOPAM BO3PaCTAIOT IO MEpEe YBEJIUIECHUA COCTABA KBaHTOpHOﬁ
TPYIIIBI B ONPEIEIEHUT WU YTBEPKIEHUU U B 3aBUCHMOCTHU OT TIOPSIIKA, CJICTOBAHUS
KBaHTOPOB. [[03TOMY HAUMHATH MOYKHO C CAMBIX MTPOCTHIX KOHMUTYPAIWil, HAIpUMeD,
C XapaKTEePUCTUKU, BKJIIOUAIOINIEH OIMH KBAHTOP CYIIECTBOBAHUS. YIUBUTEIHHO, HO
HEPEJIKO JTayKe CIeIUaJINCThl 3aTPYIHAIOTCS HA3BATH OTHOCsIIeeCd K (DyHKIun 00-
CTOSITETHCTBO, B KOTOPOM WCIIOJIB3YETCST OJMH KBAHTOp CYIECTBOBAHWA. A TeMm He
MeHee C 9TUM CBA3aHBbI OHU M3 OCHOBHBIX COITPOBOXKIAIOIITNX (byHK]_[I/HO anI/I6yTOB:
00J1aCTh OIpEe/IESIEHNUST U MHOYKECTBO 3HaUeHuii. B TO BpeMs Kak mMpu XapaKTePUCTUKE
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0bJ1aCcTH OTIpejiesIeHnst TP OOBITHOM OTIPeIeIeHNN (PYHKIINNA KaK OJHOZHATHOTO TIPa-
BUJIa, COTIOCTABJIEHUST KBAHTOD CYIIECTBOBAHUSI HE OUYEHB BBIIE/ISIETCS, OIPEIe/IEHNE
MHO>KeCTBa 3HA4YEHUN 663 HEro CTaHOBUTCA HECKOJIBKO Pa3MbIThIM, a C KBaAHTOPOM
CyIIeCTBOBaHUsI, C(DOPMYIUPOBAHHOE TAKUM 0OPA30OM:

E(f)={y: Bz e D)) y= f(x)},

nprobperaer KOHCTPYKTUBHBIN xapakTep. [Ipn TakoMm moaxome BUIHO, KAK TOHATHE
MHOXKECTBA, 3HAUYEHUN MOXKHO XapaKTE€PU30BATh U UCIIOIH30BATH.

Jlajiee 1o BOBpaCTAHWIO TPYAHOCTU BOCIPUSITHSA UIYT KBAHTOPHBIE TTPUCTABKU, CO-
JIep KAIne OJUH KBAHTOP ODITHOCTH (CBOMCTBA YETHOCTH U HEYETHOCTH ), IBA KBAHTO-
pa 06mHOCTH (MOHOTOHHOCTH), KBAHTOD CYIIECTBOBAHUS W 3ATEM KBAHTOP OOIIHOCTH
(MepHOINIHOCTD, OTPAHNYEHHOCTh, SKCTPEMYM) U, HAKOHEI[, CHAYA/Ia KBAHTOD OOIII-
HOCTH ¥ 3aTeM KBAHTOD CyIIECTBOBaHMs (HEOrpaHMUeHHOCTH). OT nocreaneii koudn-
TypaIlud 10 MOHSTUS MPEeeIa OCTAETCA OJWH Imar — J00aBaeHne OHOT0 KBAHTOPA
OOIIIHOCTH, M eC/IM B MIPOIIECCE OCBOEHUS TMPEIbIIYIINX KOH(MUTYPAInil OBLIO JTOCTUT-
HYTO a/IeKBATHOE BOCIIPHUSITHE KBAHTOPOB, TO MOHATHE Tpeiea (oCIe0BaTeIbHOCTH
win (bYHKIUN) HUKAKUX TTPOOJIeM He COCTABIISIET.

[MocnemoBarebHOE W3yUeHWE WM MTOBTOPEHWE B MOPSIIKE YCIOKHEHWS CITOCOD-
cTByeT (pOPMUPOBAHUIO IJIEMEHTOB MATEMaTUIECKON KYJIbTYPhl U CJAYKUT OCHOBOI
JlasIbHEero obyveHus.

[IpuBnedyenre BHUMAHUS K BAXKHBIM JI€TAJIAM OIpEIe/JeHUl U yTBEpKICHUT
JOJIZKHO ONMUPATHhCA Ha WX TOYHBIEC W TEXHOJIOTUYIHBIE (bOpMy.HI/IpOBKI/I B TOM CMBIC-
Jie, 9TO OHU HE JIOJIKHBI JIOMYCKATH JBYCMBICIEHHOCTH, TOJIXKHBI MO3BOJISITH HA, UX
OCHOBE BBICTPAMBATHL B HEOOXOAMMBIX CAyYasixX IEMOYKN paccykaeruii. OgHako 3Tu
MOYKeJTAaHUs JTAJIeKO He BCEerja CODJIIOAI0TCA B IMTKOJIBHBIX yueOHuKax. Ha HecKo/ b-
KX MpUMepax o0CyanM mpejjiaraemMbie B yueOHUKaxX ompeseserus, (hopMyJInpPOBKU
U TIOSICHEHUsI U TIOMPOOYEM OIEHUTH WX TOYHOCTH U TeXHOJOTUIHOCTD.

Haunem c ompesenenus: dpyuknuu. [IpeanpuvemM monbITKY HA OCHOBE TEKCTOB U3
IITKOJIBHBIX yqe6HI/IKOB OTBETUTH Ha BOIIPOC: «YTO TaKOe @yHKHI/IH?», T. €. JaTb OT-
BeT Ha OJMH M3 ABYX OOIIEro BH/Ia BOIPOCOB «UTO 3HAYUT “PyHKIms 7». Obparumcs,
Harpumep, K [2, ¢. 86]. «Ecan ganbr unciosoe muoxkecTBo X 1 npaBusio f, no3BoJisiio-
Iiee MOCTABUTH B COOTBETCTBUE KAXKIOMY SJIEMEHTY 13 MHOKecTBa X ONpeesieHHoe
9HCJI0 Y, TO TOBOPAT, 4TO 3ajaHa dyHKims y = f(x) ¢ obnacThio onpenenernst X;
muryT: y = f(z), © € X. Ilpu 5TOM mepeMeHHYI0 T HA3BIBAIOT HE3ABHCUMOI TIe-
PEMEHHOI WM apPryMEHTOM, a MEePEMeHHYI0 Yy — 3aBUCHMOIl mepemeHHoit.» MoxkHo
JIN 10 3TOMY TEeKCTy OTBETHTh Ha mocTaBjeHHbI Bompoc? He yBepen. B mem mer
MPSMOrO OTBETA HA ITOT BOMPOC, PA3bSIICHIETCS TOJBKO COJAEP’KaHUEe CJIOB «3ajaHa
byHKIIUSI», HO OCTACTCS HESICHO, UTO K€ 3aJAHO.

[Ipusesem erre onHO ompeenenue moustusa Gyukmmn |3, c. 210]. «Ilepemennyio y
Ha3bIBAIOT (DYHKIMEN MepEeMeHHONW X, eC/AU KaXKJOMYy 3HAUYEHUI0 & W3 HEKOTOPOTrO
YUCIOBOTO MHOYKECTBA COOTBETCTBYET OJIHO ONPE/IEIEHHOE 3HAUEHUE TePEMEHHOM Y.
N3 sroro onpesesennsi MOXKHO MOLyMaTh, 4YTO (PyHKIMs — 3T0 1epeMennas y. Unre-
PECHO, JI7IS Uer0 B TAKOM CJIydae TpeJjiaraTh JOMOJHATEIBHO Ompeie/ieHne (pyHKIUH,
a He OTPAHUYUTHCS ToHsiTHeM repemerHoii? OTBer Hesicen. Kak mpu TakoMm orpe/e-
JIEBHUU MOXKHO TOBOPHUTH O 3HadeHun (pyHKimu! K 3TOMYy Ompee/eHni0 BOIPOCOB,
MoKaJIy i, TI0DOJIbINE, YeM K MPEIbIIYIIEMY.
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B apyrux ucrourmkax MOKHO HAO/IIOAATH 9TO-TO CPEIHEE MEXKIY «3aaaHa OyHK-
musi» u «QYHKIUS — 3TO TepeMenHasy. CjioBocodeTranue «3ajana (QyHKIUS» TPO-
HUCTEKAeT, MO-BUANMOMY, 13 TeKCToB 60-romoB, Koraa B yuebHOIl uTeparype HadIaI0
dopmupoBarbes npescrasienue o dbyskiwn (cM., HanpuMep, 4, c. 127], oqrako ¢ rex
OP MPOIILJIO HEMAJIO BPEMEHU, MPEJICTABAEHUSI O MATEMATUIECKUX TTOHATUAX CTaAHO-
BATCsT 00JIee TOUYHBIMU W TTPO3PAUHBIMU, OJHAKO 0 IKOJBHOTO YPOBHSI 3TO JIO CHUX
op He JIOIILIO.

Bwmecte ¢ Tem HeTpyaHO JaTh OTBET Ha 3TOT Bompoc. CHava/a MOXKHO TOTOBO-
PUTH O TOM, 9YTO Ha IMTKOJHHOM YPOBHE IMOHATUE (byHK]_[I/II/I OTHOCHUTCA K TIEPBUYIHBIM
TMOHATHUAM W JIJIAd HErO BOIIPOC «YTO 3TO 3Ha.LH/IT?>> MOXKET 6I)ITI) TOJIBKO Pa3bACHEH
C TIOMOIITBIO IPYTUX CJI0B — CUHOHUMOB, TIO3BOJIAIOININAX 110 BO3MOXKHOCTHU eIMHO00Pa3-
HO TIOHUMATh, 9TO MO/ 3TUM CJIOBOM CKPBIBACTCH. HO,ZI;XO,Z[?{ C HOBI/H_[I/Iﬁ IPpUMEHEHU A
9TOTO TIOHSITUS B PEIIEHUH 33,1249 IPEICTAB/ISIETCS YMECTHBIM, HATPUMED, CJIETYONIee
pazbsicHeHne noHsiTust pyHKIun (cM., Hanpumep, [1]).

B maremaTnke 3HAUUTETBHYIO POJIb UTPAIOT 3aBUCUMOCTH MEXKY BEIUUNHAMEI
njm 06']:\eKTaMI/I7 OTpazKalolie 3aBUCUMOCTH MEXKAY ABJICHUAMU WNJIN O6'])€KTa.MI/I
OKPY2KAIOIIero HaC MUpa. 3aBUCUMOCTH, PACCMATPUBAEMble B MATEMAaTHUKE, MOTYT
OBITH OMMCAHBI PA3HBIMU CITOCODaMM, HOJIee TOro, OHA U Ta YK€ 3aBUCUMOCTH MOXKET
OBITH ONMUCAHA PA3HBIMU CpPEICTBAMU. BeTUdIuHbl, HAXOISIINECS BO B3aUMO3aBUCH-
MOCTH, MOT'YT BBICTYIIAaTh KaK PaBHOIIDAaBHBLIE, a MOZKET 6I)ITI) n TaK, 9TO OJHa Hu3
BEJINUNH CUMTAETCS BHIOMPAEMOil TPOU3BOJIBHO, a IpyTas HAXOIUTCS COTJIACHO OIpe-
JIEJIEHHOMY MPABUJIY B 3aBUCUMOCTH OT BBIOOpA MEPBOIi.

Cpenn Bcex 3aBUCUMOCTEl BBIIEISIIOT 3aBUCHMOCTH, 00J1a1af0IIIe CBOWCTBOM O
HO3HAYHOCTH, U JIJId HUX BBOJST OTJAETBHBIN TepMUH — (DYHKITHSI.

ONPENENEHUE. Qynkyuet, ONpeaeseHHoNl (3aJaHHOl) Ha YHCIOBOM MHOYKE-
cTBe X, Ha3bIBAIOT MTPABMJIO, COTJIACHO KOTOPOMY KasKJIOMY 3JeMEHTY MHOXKeCTBa X
COTIOCTABJIAETCS KAKOE-TO OJHO, BIIOJIHE ONPEJIEIeHHOE, YUCIIO.

Takum 006pa3oM, TeEpMUH «(DYHKINST» PE3EPBUPYETCS 3a MPABUIAMHU, OTPAKATIO-
IMUMU OJJHO3HAYHBIE 3aBUCUMOCTU MEZKAY BEJINYUHAMWU, T. €. 9UCJIaMU. C(bOpMy.HI/I-
POBAHHOE OTIpe/ie/IeHNe JIOMYCKAET BeChbMa KPATKOe M3JI0YKEHUWe TUMa, «(DYHKIUT —
9TO OJIHOBHAYHOE TIPABUJIO COMOCTABJIEHUs (MM JEHCTBUSA)», KOTOPOE MOMXKET OBITH
6oJiee TOJTHO PACKPBHITO B W3/I0KEHHOM BBINIE BUIE.

[Ipu ykazaHHOM MOHWMAHUU COJAEPXKAHNSA TEPMUHA «(DYHKIUI» HETPYIHO JTOTO-
BOpUTHCA O TepMuHax u obo3uadeHusx. [Ipasuio, 3amaromiee GpyHKIUIO, 9acTO 000-
sHavatoT bykBamu f, g, h, p,. ... Ecau f — dyHKImMS, TO MEHOXKECTBO X, HA JI€MEHTHI
KOTOPOT'O PACIpoCTpansercs aeicrere npasuia (byHkmun) f, Ha3bIBAIOT 004GCMbIO
onpedesenusa Gynkyuu f u obosuagaror uepes D(f). Hucso, mosydaemoe B pe3yiib-
tare jeiicrBus dbyukuuu f Ha snement x € D(f), HasbiBaloT snauenuem Pynryuy f
Ha aaemenme xu 0003HAUAIOT cUMBOJIOM f(x). MHOXKeCTBO, COCTOsAINEe W3 BCEX -
cen f(x), rne xbepyrcs usz obiacru onpexpesernst D(f), Ha3BIBAIOT MHOMCECMBOM
anauenuli gynkyuyu f n obosnadaior depes E(f), mpu 9TOM MOJE3HO YIOMSHYTH U
GoJ1ee TEXHOJIOTMYHOE MTPEJICTAB/IEHNe 0 MHOXKeCTBe 3Hauenuii (cM. Borme). Tot daxr,
qT0 Yy — 3HadeHne PyHKIMN f HA S7eMeHTe T, BhIPayKaloT paBeHCTBOM y = f(z).

Jlaee MOXKHO TEpPEXOAUTh K WM3JI0XKEHUI0 (HhparMeHTOB, OTHOCSIIUXCS K CIOCO-
Oam 3agannsa QYyHKIINYM, PA3HBIX CBI3AHHBIX C (DYHKIUSIMEA 0OCTOSITEIHCTB: CBOMCTB,
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rpacduroB u 1. 1. Ho mpu TakoMm moaxoje HeTPYIHO OTBETUTH HA BOIPOC: UTO TAKOE
byHKIHA?

HewmaJio mHTEpECHOrO MOXKHO YBHU/IETH B Y4eOHBIX TEKCTaX HA TEMY CBOICTB OyHK-
. [IpuBeeM HeCKOBKO HaOMOIEHMIH, obparmasach K [5].

OueHb WHTEPECHO 31eCh OTHOCATCS K ONPEIETeHUI0 OTPDAHWYEHHOCTH CHU3Y.
A umenwo, B |5, ¢. 24| maHo caexyomiee onpeeeHne OrpaHnIeHHOCTH (DYHKITUT CHU-
3y Ha JaHHOM MHOkecTBe. DyHKIMsI f orpanudena cHu3y, ecu st jioboro © € D(f)
BBITIOJTHAETCS HepaBeHcTBo f(x) > a, rae a — Hekoropoe uuciao. W3 sroro «ompe-
JIEJIEHNsT> HESICHO, KaK €ro MOHUMATh, TO JIM KaK «CYIIECTBYET TaKOE @, UTO IS
aroboro x € X 6yner f(x) = a», To m Kak «yist oboro x € X cyliecTByer Takoe a,
arof(x) > a». SIcHO, YTO TOJBKO OJHO U3 ITUX BBHICKA3BIBAHUI OTPAYKAET CYTh CBOM-
CTBa, U HET YBEPEHHOCTH B TOM, UTO JAHHOE B yUeOHUKe ompejenenne hopMupyer y
ygamuxcst 9-ro K1acca 97eMeHTh MATeMaTHIeCKOi Ky 6Ty phl. Fcm moHnMaTs u3J10-
JKEHHOE B yIeOHWKE CBOWCTBO BO BTOPOM IMPOYTEHUN, TO KaK1asd (DYHKIU OKAKEeTC
OTPAHUYEHHOMW CHU3Y W CBOWCTBO TEPSIET COMEPKATETHHOCTD.

He memnee /000mbITHO 1 pacCyzk/IeHre, COMPOBOXK Jat0Iee 000CHOBaHUE HEOTDa-
HIUYEHHOCTH B OJJHOM U3 mpuMepoB [5, ¢. 26]. Peub umer 06 ucciaenoBanun (byHKIIHH
o(x) = 3 — Va2 + 1 na orpaamvennocts. CHavgama MPOIUTUPYEM BECH TEKCT 3TOTO
obocHopanud. «Beipaxkenme v/ + 1 npuHEMaeT HauMeHbIee 3HAUEHHe, paBHoe 1,
npu z = 0, a HaubosbIIero 3navenus e nmeet (npu r — +00 Va2 + 1 — +00). 3ua-
9uT, BepHO HepaBeHCTBO Va2 + 1 > 1. Orcioga, moab3ydach CBOMCTBAME YHCIOBBIX
HEPaBEHCTB, MOCIeI0BATeIbHO moaydaeM —v o2 + 1 < —1, 3 — Va2 + 1 < 2. Caeno-
BaresbHO () < 2 npu 0bom x € R, 1. e. PyHKIHUS @ sABISIETCST HEOIPAHUYEHHOTA.
Oma orpaHnvena CBEpPXY: ee BepXHel TPaHUIel ABIAETCS UUCTO 2.

Ob6cyanM MpOIUTHPOBAHHBIN (DPATMEHT.

Haumem ¢ BbIpaKeHUsT <«HAHMOOJIBIIErO 3HAYEHHS He uMeeT (mpu T — +00
Va? +1 — 400)». Kakoe comeprkanue JOKEH BKIABIBATE YIAIUHCS COOTBETCTRY -
OITEr0 KJIACCA B 9TOT MACCAXK KPOME YNCTO MHTYUTUBHOTO? CKOpee BCero, HUKaKOTo.
Tem caMbIM yIKe TI0C/Ie 3TOTO (PPArMEHTa MOKHO CIUTATH, 9TO JOKA3ATENLCTRA, (KOp-
PEKTHOTO, OMMPAIONIErOCst HA OTpejesieHnsl U u3BecTHble (hakThl) He Oymer. Tamee
UjeT COODIIEeHNe «3HA4YUT, BepHO HepaseHCTBO Va2 +1 > 1». YTto 060CHOBLIBaET-
cs1 9TUM (PAKTOM: OTPAHUYEHHOCTH WM HEOTPAHNYIEHHOCTH? ECIn orpaHndeHHOCTD,
TO OHA ObLITa 0DOCHOBAHA BHIIIE, €CIN HEOTPAHUUEHHOCTH, TO, BOODIIE TOBOPSI, MOXK-
HO YKa3aTh MHOIO OIPAHUYEHHBIX CBEPXY (DyHKIWi, 001aTaf0MNX STUM CBONCTBOM.
Hamee nayT mpeobpa3zoBaHus ¢ UCIOTB30BAHNEM CBONCTB HEPABEHCTB W JIETAETCS 3a-
KJIIOYEeHWE O HEOTPaHWYECHHOCTN @yHKHI/H/I @, TO-BUJNMOMY, Ha TOM OCHOBaHUU, YTO
YKa3aHHOE BBIIIE BBIPAYKEHNE CTPEMUTCST K GECKOHETHOCTH (Cy/Is 10 0003HAUEHUSM ).

Yro MOXKHO W3BJIEUb W3 ITOTO paccykiaeHusi! Urto aBTopbl mpu paszbope 3TOTO
MpUMepa CIeTATN aKIEeHT Ha WHMOPMAIMOHHYIO COCTABJIAIONIYIO, T. €. TPOJEMOH-
CTPUPOBAJIN KAaK-TO, 9TO 9Ta (PYHKIIUSI JeHCTBUTEIHHO CHI3Y He orpanndera. OIHako
HUKAKOI TEHHOCTH pa3bop 9TOT0 MpHMepa He UMeeT, nOO TSt 3HAKOMBIX C MaTepha-
JIOM umuTaTeseil caM PaKT TPUBHUAJIEH, a IJIsT MAJTO3HAKOMBIX MOYKET OBITH He BITOJIHE
MOHSITEH.

Ecnum onupathest Ha 00BITHOE OTIpeieTeH e HeOTPaHNIeHHOCTH CHU3Y: (PYHKITHIO f
HA3BIBAIOT HE02PAHUYEHHOT CHU3Y Ha MHodcecmee X, ecim st 060ro C' MOYXKHO
ykazarh takoe r € X, uro f(x) > C, TO HETPYIHO MOCTPOUTH KOPPEKTHYIO, UMe-
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FOILYI0 06pa30BaATEIBLHYIO IIEHHOCTH IETOYKY PACCYKIEHUN, COCTOSILYIO0 U3 ODIINX
PEKOMEHIAINii U UX TPUMEHEHUS B TaHHOM KOHKpeTHOM cjaydae. [Ipu atom mHamutame
001X peKoMeHIaIuil BaykHee PACCMOTPEHN KOHKPETHON (DYyHKINHN, TaK KaK WMEH-
HO TOTOBHOCTBH K Pa3paboTKe CXeM PACCYXKICHUI W WX MCIOJB30BAHUIO COCTABISET
0bpazoBaTeIbHYIO COCTABJISIIOILYIO BCErO MPOIEcca 00YUeHUsT — MUMEHHO 3TO MOYKET
ocTaThCs y 00ydIaeMoro mocje TOro, Kak OH 3aby/eT BCe, 9TO OTHOCUTCS K OT'DAHU-
YEHHOCTH.

[IpwBeeM BO3MOXKHBIN BapHMAHT PACCYXKIAEHWI, OCHOBAHHBIN HA OIpeIeeHun
¥ TEXHOJIOTUM ero UCHosib3oBaHust (cMm., Hanpumep, [1]).

[Tycrs gamo (mpowmssosbhoe) umciao C. Tpebyercs momobparh Takoe , dTO
o(x) < C, 1. e uarobbr 3— Va2 + 1 < C. Orkyzma 310 MoXKHO noryunTh? 13 Hepasen-
crBa VaZ + 1 > C + 3 (abcomoTao ouernubI X01). Haue TOBOPst, HAJI0 MOKA3aTh,
YTO MHOXKECTBO DEIeHuii TOCIeTHEr0 HePABEHCTBO HEMyCTO (IIPOUCXOIUT Tepedop-
MYJIMPOBKa 3312491, MOXKHO CKa3aTh, €€ MOJEJINPOBAHNE B IPYrUX TepMmmuHax). Jleii-
CTBUTEIBHO, TAK KAK 00€ ero JacTH MOJOKHUTEIbHBI, OHO PABHOCUILHO HEPABEHCTBY
Mexk Ly KBajparamu obeunx uacreit: £2 + 1> C + 3. Ecim C 4+ 3 < 0, T0 B KadecTse
TpebyeMoro & MOYXKHO B34Th j0b0e uncio. Kemm xe C+3 > 0, To Haauuue x, obiaga-
IOIIEero 5TUuM CBOI‘/JICTBOM7 JIETKO BBITEKACT U3 HEOTPAHWYIECHHOCTU CBEPXY MHO2KECTBaA
BEIeCTBEHHBIX unces: 22 > C 4 2 U MOXKHO B3SITh JTH060€ Takoe, 9to = = v/ C + 2.
Pazywmeercst, 6e3 HEOrPAHWUYEHHOCTH MHOYKECTBA, BEIIECTBEHHBIX UMUCE 0DONHTHCH HE
yIacTCsI, HO 3TO OJHO W3 OCHOBHBIX ero CBOiCTB. Tem caMbIM Mpu OTBETE HA MOCTAB-
JIEHHBII BOTIPOC BUJIEH MPU3HAK 3aBEPIIEHHOCTH TPOIecca (FrapaHTHs CyIIeCTBOBAHMUS
TpebyeMoro &) m B pe3ysbraTe HAIMX AefHCTBUil 3TOT MpU3HAK ObLIT YI0BJETBOPEH.

Emte onuo moHATHE, HEPEIKO BOCIPUHUMAEMOE YUAIUMUCS JIUIL 00PAa3HO, ITO
MOHOTOHHOCTE. [IpranHa Takoro siBjeHus KPOETCs, CKOPee BCeTo, B MOSCHEHNH, KOTO-
poe 0DBIYHO UIeT BCJIE] 38 KOPPEKTHBIM omnpeaenerneM. OHO, KaK MPaBU/IO, U3jIara-
ercsd Tak: (PYHKIWST BO3PACTAELT, €CIU DOJIBITEMY 3HAUYEHUI0 apryMeHTa COOTBETCTBY-
er Gosbitiee 3HaueHne GpyHKmu (CM., Hampumep, [2, ¢. 97]). K coxasennto, mveHHO
oTa (ppasza HEPEJIKO BOCIPUHUMAETCS B KaUeCTBe onpejesenns sozpacranus. OaHako
Kakasi-Tubo He 00J1a1aroInas CBOMCTBOM BO3pacTanusa (pyHKIHsI, HA TpadpUKe KOTO-
poﬁ CYIIECTBYIOT OBE TOYKU, YAOBJECTBOPAIONINE YKa3aHHOMY BBIIIE BIIE€YIAT/IECHUIO
(mampumep, Sin  Ha BCEM MHOXKECTBE BENIECTBEHHBIX UHCEJT), MOXKET CIMTATHCS MPH
TAKOM TIOSICHEHUU BO3PACTAOIIEH, XOT OOBIYHO YUAIUICS TOHUMAET, UYTO BO3PAC-
TaHus 31ech HeT. Jlemo B ToM, UTO B JaBHUX ydeOHUKAxX 3Ta dpasa ObLIa KOPPEKT-
Ha, a uMeHHO, B [4, c. 137| mamucano: «apyrumu cioBaMu, (bYHKITHSA HA3BIBAETCS
BO3PACTAOIIEH B HEKOTOPOM WHTEPBAJIE, eCIU U3 JBYX MPOU3BOJILHBIX 3HAYEHU ap-
TYMEHTA, B3SITHIX U3 3TOM0 WHTEPBAJIa, DOJIBIIEMY COOTBETCTBYET DOJIbITEE 3HATEHUE
dbyakIMUY, 8 B TaabHENIIeM BhIpakeHre OTHOIEHNST K apryMenTaM (M3 JIByX MPOu3-
BOJIBHBIX 3HAUEHNiT) OO yTpadeno. KoHeYHO, OMBITHBI B MATEMATHKE CITEIHATICT
3HAET, 9TO IO YMOJIT9aHUIO BCET/Ia TOHUMAELTCA KBAHTOD O6H_[HOCTI/I7 HO BPAM JIN TaKOe
yMOJTIaHUE CIIOCOOCTBYET (DOPMUPOBAHUIO MATEMATHIECKONW KYJIBTYPhI IPU TEPBUAU-
HOM 3HAKOMCTBE C ITIOHATHUEM.

[IpuBeIeHHBIMU TIPUMEPAME XOTEIOCH 0OPATUTH BHUMAHWE MeJaroros (6yaymumx
U HACTOSIIINX ) HA HEOOXOJINMOCTD BJIyMUHUBOTO OTHOIIEHUS K WH(MDOPMAIIH, COepIKa-
meiicss B yaeOHuKax. Bo BesIKOM citydae CBefeHWst, KOTOPhIE BbI COODIIaeTe ydaiie-
MYCs, JTOJIKHBI MTO3BOJISITH €My CTAaBUTH 3(p(HEKTUBHBIE BOMPOCHI, MOAYyJIaTh HA HUX
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KOPPEKTHBIE OTBETHI U TEM CaMbIM (POPMUPOBATH JIOTHIECKYIO KYJIHTYPY, MOIE3HYIO
He TOJBKO B MaTeMaTHUKe.

Jlekna 3. PopmMupoBaHue MaTEMATUIECKOIl KYJIbTYPbI
Ha IpUMepe OINpeeseHNs IpeJesa IMocjae/10BaTeIbHOCTH

ObparmMca K KAKAM-TO IIPAMEpPaM U3 Kypca MATeMaTHIeCKOTO aHaaIn3a. B HeM
MOZKHO TPUBECTH MHOTO (bparMenToB, 6o/1ee 3hHEeKTUBHO U3yTaeMbIX, eCIH MOCTIeI0-
BATEIBHO IPHUIEPKABATHCA YKA3AHHEIX BBIIIE IpAHIUIOB. OCTaHOBUMCS HA, TBYX MO-
MEHTaX, OTHOCSAIIMXCS K MEePBOMY 3HAKOMCTBY C BaKHBIMW Pa3elaMy Kypca, OT KO-
TOPBIX 3aBUCHAT JAJBHEIIee ero OCBOCHNE.

OuH 13 TAKAX pa3leaoB — IOHATHE IPEeeIa MOCIeI0BATeILHOCTH. 34eCh IPH-
BJICYEHWE TEXHOJOTWIHOCTH W ILEJIENO/Iarannsi, OCHOBAHHOTO Ha MOHWUMAHWN 3aBep-
[IEHHOCTH PEIIeHUs 3aa9M, HTPAIOT OOJIBLIIYI0 poJb. MaTeprasa 3TOro ImyHKTa CJe-
JlyeT B OCHOBHOM KHwure [1].

OO6BI9HO OIpemeIeHre IpeIea IOCIeT0BATEILHOCTH IPEABAPIETCS 3HAKOMCTBOM
C TOYHBIMP TPAHWUIIAMW, W 3/1€Ch B MEHEe PUBLITHON 110 CPABHEHUIO C HEOTPAHWIEH-
HOCTBIO CATYAIINN IPHCYTCTBYET KBAHTOPHAA TPYIIIA, «JJIA JHOO0r0 — CYIIECTBYET».
Jesi0, B 4aCTHOCTH, B TOM, YTO 3JI€Ch I[OAB/ILAETCA CEpUs «TEOPETUYECKUX» 3aJiad,
B KOTOPBEIX TPeOyeTcda 9TO-TO JOKA3aTh O TOYHBIX I'DAHUIAX HE JJI KOHKDPETHBIX
00HEKTOB, a BOOOIIE I YUCIOBBIX MHOYKECTB: UMEIOTCS B BUJLY yTBEPKICHUS THUITA
«TOYHAS TPAHMIA CyMMBI MHOYKECTB PABHA, CyMMe TOYHBLIX TPAHMAIL KAJKJOrO M3 MHO-
JKECTB, COCTABJIAIONIAX CyMMY». BO3HHKaET MOTPeOHOCTH rapaHTHPOBATH CyIIECTBO-
BaHWE Yero-TO He Ha OCHOBE CBONCTB KOHKPETHOro 00bekTa ((hyHKImu, mociemosa-
TeJILHOCTH), & HA OCHOBAHUM YKA3AHHBIX B YCJIOBUHU JAHHBIX. [logBisiercss CBA3KA
«IAHO — HAJI0», B KOTOPOi JOKHA OBITH MMOCTPOEHA, JIOTHIECKast MernodKa OT JIaH-
HBIX K TpebyeMoMy. DTa, Ha HePBLIi B3[JIA]] TPUBUAILHAL, IPOIEIYPa OKA3BIBACTC
JIOBOJIBHO TPYIHON /ISt BOCIPUATHA W peaan3anuu. [IpuxoauTcs KOHCTPYUPOBATH
[EIOYKK OT JAHHBIX K TPeOyeMOMYy, CO3MABATE CXEMBI PACCY2KICHUIl, IIPUMEHIeMbBIE
Npy araIn3e 3aJa9 ONPEIeJEeHHBIX THUIIOB, (DOPMHUPOBATH MOTHBBI BBITOJTHEHUS TEX
WJIA WHBIX JIEUCTBUIA.

[Tokazkem TIOCTPOEHUE MENOYKM OT JaHHBIX K Pe3y/abTaTy Ha MPUMepe TpOCTeii-
mIeit 3a4a91, KACAIOIMIEeHCT TOYHBIX IPAHUI], IOTIYEPKHYB IIPH 3TOM COJEPKAHUE TEO-
PETHYECKOI M TEXHOJOIMIECKOR COCTABISIONNX AHAII3A 34 TA4H.

Byaem opreHTHpOBaTHCS Ha, CICAYIONIYIO XapaKTePU3aIMI0 TOYHON BepXHeil rpa-
HUIEL B COOTBETCTBYIOIINX YCIOBULX.

Teopema (kpurepwmii TouHOl BepxHeil rpanunbl). Ecim A — mermycroe orpamxmn-
JeHHOe CBepXY MHOXKeCTBO B R, TO DaBEHCTBO Sup A = a paBHOCHIBHO TOMY, ITO

1) a — Bepxmsas rpannna A;

2) gst iroboro € > 0 4HCI0 a — € He sSABJISIETCS BepxHeii rpannieii A, T. e.

Ve>0)FzecAl) z>a—c¢.

CorytacHO KPUTEPHUI0 TOUHON BEpXHEH TPAHUIBI I JOKA3ATEIbCTBA TOrO, UTO
yKa3aHHOE YNCI0 ¢ € R saBIsgeTcd TOYHON BEpXHEH I'PAHUIEH HEMyCTOr0 MHOXKE-
ctBa X, HAJIO, BO-TIEPBHIX, MPOBEPUTH, UTO STO BEPXHAd I'PAHUIA, & 3aTEM PACCyK-
marh Tak. [IOCKOIBKY yC/IOBME HAYMHAETCA C KBAHTOPA ODIIHOCTH, HAXOISAIIErOCS
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B YTBEPXKJEHUM, KOTOPOE HAJ0 JOKa3aTh, Mbl HE BIOPABE PACHOPAKATHCA BEJINYU-
HOII € W JIOJIKHBI HAYATH PACCYKICHMS JjIs HEIyCTOrO0 MHOYXKECTBA B R cloBaMm
«ITYCTh JJAHO MPOM3BOJILHOE £ > (%, TOTIYEePKUBas ITUM, UYTO Mbl OPUEHTUPYEMCST HA
BHEIIIHEE, He 3aBUCAIIEE OT HAC OOCTOSATEHCTBO. 3aTeM COTVJIACHO KPUTEPHUIO HAJO
chOpMUPOBATEH MPABUIO, CONVIACHO KOTOPOMY MOYKHO yKa3aTh JJEMEHT & JaHHOTO
MHOXKeCTBa, X, YJOBJIETBOPSIOINIUiI BTOPOMY YCJIOBUIO KpuTepus. [apanTus cyiie-
CTBOBaHUSI TAKOI'O 9JIEMEHTA BBITEKAET JIN0O U3 yCJIOBUs, JTUOO, €CJU MHOXKECTBO 3a-
JTAHO KOHKPETHO, U3 OMPEIEISIONINX 9TO MHOXKECTBO cBO#cTB. Hamnmune ykazaHHOTO
MpaBujia O3HAYAeT 3aBepIlieHrne 000CHOBAHMWSI.

Ecnun B 3amade roBopuTcs 0 KOHKPETHBIX ODBEKTAX — MHOYKECTBE, TOCIeI0Ba-
TeJIbHOCTH, (DYHKIUHU, TO Obecredenne CyIecTBOBaHNsT TPEOYEeMOro 3/IeMeHTa TTPOUC-
XOJINT HA OCHOBE 33IaHus JaHHOr0 obbekTa. Eciam ke Tpebyerca mOKa3aTh 9TO-TO
0 TOYHBIX T'PAHUIAX BOOOINE, TO TAPAHTUIO CYIECTBOBAHWS TPEOYEMOTO 3/IEMEHTA
HaJI0 WCKATh Ha, OCHOBE YCJIOBWsI, 33JaBasi BOIPOC THUIA «ITO MOXKET 0DECIeYnuTh
Tpebyemoe?s M T. 1I.

[Mpurenem omun nmpumMep, pa3obpaB CUTYAIUIO C BHICOKOHN CTENEHBIO TTOIPOOHOCTH,
U3 Yero MOXKHO YBUAETH (M HAYUNUTHCs), KAK BBICTPAMBAETCS TOC/IEI0BATETHHOCTD
paccyxkaeruii npu obpaleHnn ¢ TOYHbIMI rpanuiiamu. Konedaro, mpumep abCOIOTHO
TPUBHUAJILHBIN, HO UMEHHO HA MPOCTHIX CHTYAIIUSIX MOXKHO MPOCJTEJIUTDH 33 JIOTHKO
coObITHiT, TIepeHecs ee Ha 00Jiee TPYIHbIE 33Ta9H.

[IPUMEP. [okazkeMm, 9TO sl JIFOOOTO HEIIYCTOIO OrPAHMYEHHOTO MHOXKECTBa
A C R u gius moboro uncia A = 0 cpaBeiainBo paBeHCTBO

supAA = Asup A
(3mece AA = {Ax: x € A}).

< Ecmu X = 0, yrBepxaenue oueBugHO. Bygem cunrars, uro A > 0.

O6o3maunm ¢ = sup A. Tpebyercs m0Ka3aTh, YTO Aa — TOUHAS BEPXHSAS TPAHUIIA
MuOXkeCTBa AA. Kak ykazaHo BbIIIe, sl 9TOT0 HAJA0 MPOBEPUTH, ITO AQ — BEPXHSISI
PAHUIIA U UTO CABUT BHU3 HA MPOU3BOJIbHOE € > () y2Ke He OyIeT BepxHeil rpaHulei.
Ha wem ocuoBbiBaTh npoBepky? Pazymeercsi, Ha JaHHBIX B YCIOBUE CBOiCTBax. Tak
KakK @ = sup A, 9uCI0 @ — BepxXHss IpaHuia MHOKecTBa A, crano 6eirh, (Vo € A)
x < a. YMHOXKUB HEPABEHCTBO Ha MOJIOKUTEILHOE YncJIo, nojtydaem, uro (Vo € A)
Ar < Aa, TaK 9TO Aa — BEPXHdsS TPAHUI MHOKeCTBa AA.

[Iposepum BTOpPOE CcBOitcTBO. IlycTh mamo nmpowmsBosbHOE € > 0. Hamgo momobpars
rakoe £ € A, uro Az > Aa — . IIocKONBKY B TOUCKE TPeOyeMOro 3JeMeHTa Hag0
OPWEHTHUPOBATHCST HA TO, YTO JAHO, ECTECTBEHHO B TPeDyeMOM HEpaBEHCTBE W30JIU-
poBaTh T: ¥ > a — %, U o0paTHThCA K ToMy, uTO jgano. CoracHO yCIOBHIO st
jgoboro €1 > 0 maiimerca takoe x € A, uro & > a — €1. IIoCKOILKY 3/1€Ch KBAHTOD
OOIIIHOCTY MPUMEHSIETCST B CUTYaIWH, KOTOPas HAM aHa, MbI BIIPABe PACIOPAKATHCS
€1 u 6paTh I Hero Te 3HAYEHUs, KOTOPhIe OYIAYT Iesiecoo0pa3Hbl. YCJI0BUE TapaH-
THPYEeT, 9TO MPU JIOOOM HaIleM BBIOOPE €CTh COOTBETCTBYIOIIUIT 9/IEMEHT B MHOXKE-
crtBe A. ComocTaBisist BHIMMCAHHBIE BBINTE HEPABEHCTBA, HETPY/IHO 3aMETUTH, UTO £1
neecoobpasHo BHIOPATh Tak, 9TO €1 = 5, W IEModYKa BHIOOpa TpebyeMoro sjiemMenH-
Ta B MHOXKECTBEe AA BBICTpamBaeTcsa Tak: bepem € > 0, MO0 HEMY HAXOINM €] Tak,
9TO €1 = §, TI0 3TOMY €1 Hafifercs saeMenT x € A Takoif, 9o r >a —¢&1 = a — 5,
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a 9TO O3HAYAET, 9TO AT > Aa — €. [IpaBuo BeiOOpa mo 3aganaoMy € > (0 Tpebyemoro
Ax € MA cchopMuUpoBaHO, a 3TO ¥ O3HAYAET, YTO YTBEPIKICHHUE TOKA3AHO. [>

[TousgTne mpemera mocaeI0BATEIHHOCTH U BOODIIE MOHATHE TIPeieia — IEHTPAThb-
HOE€ TTOHATHE B KypCe MaTEMATUICCKOTO aHaJIn3a, U OT €ro OCBOCHUA BO MHOTOM 3aBU-
cUT majbHelImas cyapba crygaenta. KoHewHo, MOXKHO JaBaTh ONpEIeIeHIe Ipeie/ia
B BBICOKOII CTEMEHN ODITHOCTU U Cpaldy [Jisi OUeHb ODIMUX 00BEKTOB, PACCUUTHIBAS
HA TO, UTO BCE JAJbHEHINe CUTyaluu C NpefenoM (Hampumep, mpegen (byHKIuH)
CyTh YaCTHBIE CJIyYIauW ITOTO OOIIMEro OmpejesieHnsl, U OCTAETCd TOJBKO YKA3bIBAThH
HEOOXOAUMbIE B KOHKPETHBIX cHTyanussx mMognduranun. OIHAKO C TOAX0I0M 0T 00-
IIEr0 K YaCTHOMY TPYIHO COTJIACUTHCS, €CJIN PACCMATPUBATH KYPC MATEMATHIECKOTO
aHa/IM3 KaK 00pa30BaTe/NbHYIO JUCIWUILINHY, a HE TOJHKO KakK 00/1acTh MaTeMaTH-
ku. Takoit moxom Bpsij Ju MpUHECET 00pa30BATEIBHYIO MOJB3Y, T. €. B PE3y/IbTaTe
TPYIHO OXKUIaTh (POpMHUPOBaHWE 0A30BBIX HABBIKOB MPU WU3YIEHUU MATEMATHKU Y
OOBIIHBIX CTYIEeHTOB. [loaTOMY mpemiaraeTcsi HAUMHATHL C CAMOT'O MPOCTOTO OTIpPeie-
JieHust, 6e3 KaKuxX-Inb0 YKpAIIeHnil, COKPAIIEHI, MAKPOCOB, U IEJIbIO JOJIXKHO OBITH
HE HKOHOMWS BPEMEHU WU HAIWX YCUIWH, WU JeMOHCTPAIlUs HAfIEHHBIX HAMU
«yTpoIeHuii», a GopMUpPOBAHIE YCTONINUBBIX HABBIKOB OOPAIEHUS C COMEPIKAIIUME
KBaHTOPBI BBICKA3BIBAHUAMMN, B 9aCTHOCTH, Ha 6&36 TIOHATHUA TIpeae/Ia, IMOAJEePKaH-
HBIX PAa3HBIMU WHTYUTUBHBIMU CPEJCTBAMU, HApuMep, rpadpukamMu GpyHKITAR.

Ucxonst w3 yKazaHHON [e/n, Mpejiaraercsl HaduHaTh Pa3roBOp O MpeIesie mocie-
JIOBATEILHOCTH C €CTECTBEHHOCTHU 3TOTO MOHATHUS.

[Iycts mambl TIOC/IEIOBATENBLHOCTD Ty, W 9UCIO @. JloroBopuMcsa O TOM, KaK Ma-
TeMaTUIEeCKU BBIPA3UTh WHTYUTUBHO $SICHOE MPEJCTABJIEHUE O TOM, UTO TOCIEI0BA-
TEeJIbHOCTH I, HEOTPAHUYIEHHO HpI/I6HI/I)KaeTCH K 49ucjay a, T. €. 3Ha4YeHud T, Opu
HEOTPAHWYEHHOM YBEJIMIEHUN 7N CTAHOBATCA BCE OsmKe u Oyimke K ¢ CHagasa obpa-
TUMCSI K T€OMETPUYIECKOil TojIepKKe. Tak Kak MoC/IeI0BATeILHOCTE — 9TO (PYHK-
U, OTpejie/ieHHast Ha MHOKecTBe N HATYpPaTbHBIX UUCE, /I €€ TeOMEeTPUIECKOr0
MPEeJICTABIEHNST MOYXKHO MCIOB30BATh IPAMUK KAK MHOKECTBO BCEX YITOPSITOUEHHBIX
nap (n,z,) Ha KOOPAMHATHO! 110ckocTH. IIpasa, B 9TOM cirydae CIIONIHON JINHNH,
KaK y TpaduKOB OOBIYHBIX (DYHKIINI, HE TOTYIUTCS, & OYIeT JUCKPETHOE MHOYKECTBO,
HO 9TO 0OCTOSATEIHCTBO HE JIOJYKHO HAC CMYIIATh.

N306pazumM KOOpAUHATHYIO IIOCKOCTD, HA KOTOPOIl IO OCH abCITUCC OTMETUM Ha-
TypaabHble n = 1,2,... W HaJ KaXXJI0i OTMEeYeHHOI TOYKO#N Ha BBICOTE Xy TTOMECTHM
B BUJIe TOUYKW 3HAUYEHUE I, MOCAeOBaTeabHOCTH. Ha ocu opauHAT OTMETHM TOU-
Ky a. (31€ech ipu pabore co CTyJeHTaMM MOJIE3HO TPEJIOKATH PUCYHOK C YCJIOBHBIM
m300payKeHneM BCe OTMEUYEHHBIX ATPUOYTOB.)

[MockobKy HAC HHTEPECYET HEOTPAHUIEHHOE MIPUOINKEHNE Ty K @ «B MEPCIIEKTHU-
Bey, NIpU JAJEKUX HOMEpax 1, PACIOJIOKEHUE TOCIe0BATETbHOCTHA NP HAYATBHBIX
HOMepax Hac He mHTepecyeT. [IpeacTaBum cebe, ITO CTh ABA yIACTHUKA JOTOBOPEH-
voctu: Boer u 4. Ber namepensr ybenuTh MeHS B TOM, 9TO MOCJIEIOBATEIHLHOCTD Xy,
HEOTPAHWYEHHO MPHUOJINKAETCS K @, U €CJAU YAACTCS 3TO C/Ie/IaTh, TO Mbl BMECTe Ha-
30BEM 3TO 0OCTOATETHCTBO BBIPAXKEHUSIMU «@G €CTh Npede TOCIeI0BATEIBHOCTH Ty »
WA «IOCJIEIOBATETBHOCTD Xy czodumcA (W cmpemumcea) K a» (MOCTeHIe BbIpa-
KeHnd He CJaeAyeT MOHUMATh 6yKBaJIBHO, 9TO TE€PMHWHBI, KOTOPhIE O3HAYAIOT JIUIITH
TO, UTO 33 HUMHU KPOETCsI).

Tax kaxk Bbr ybexgaere MeHnst B HEOTPaHUYIEHHOM TpuO/nm:kennu, 1, ecrecTBen-
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HO, JIOJI?KEH TIPOBEPSATH, HACKOJBKO 3HAYEHUS L, OTINYAIOTCH OT BEJIMYUHBI @, JJIS
Yero MPUTOTOBJIIO YUCI0, KOTOPBIM OYAy M3MepsSTh TOYHOCTH MPHUO/IMKEHWS, WJIH,
WHadYe TOBOPs, BEJIUYNHY OTKJIOHEHUS X, OT G. FCTECTBEHHO, YUCJIO TOJIKHO OBITH
MOJIOKUTETBHBIM. ¢ Oyay 0bo3HAUATH ero rpedeckoii OykBoit €. CoryiacHO JOr0BOpY
HpI/I6J’[I/I)KeHI/Ie JOJIZKHO 6bITB HEOTPAHWUYECHHBIM, T. €. HaJ0 'aPaHTUPOBATH HEBO3MOXK-
HOCTH BCTABUTH TPAHUILY MEXKIY 3HAUCHUSIMU Ly, C JATEKUMU HOMEPAMU U IUCJIOM G.
DT0 MOXKHO rapaHTHPOBATH, HATPUMED, TaKOil mporeaypoit. ¢ Oyay npemrarats Bawm
Kakoe-To, Hem3pecTHoe Bam 3apamee 3uadenne € > 0, a ot Bac 6yay oxumgarh, 9T0O
Bwi obecrieunte oTKIOHEHNE T, OT @ B peeax 3aJaHHOi TOYHOCTH € JIJIsT BCEX Ja-
JIEKNX HOMEPOB N, T. €. CyMeeTe HalTh TaKOil HOMeD ng, UTO JJIT BCEX HOMEPOB 1L 2> N
OTKJIOHEHUE Iy, OT a OyJeT B mpeenax ot —e 70 €. [lociennee MOXKHO BBIPA3UTh TaK:
a—e<xy, <a-+e, wm tak: |z, —al < €. O6pa3Ho 06 STOM MOKHO CKA3aTh TaK:
Bg1 obectieunTe Takoit HOMeEp ng, UTO JIJIsT BCEX N, JIEIKAIUX TIPaBee OT STOTO HOMepa.,
OTMEUYEHHBIE Ha BBICOTE X, TOYKHU, N300paKAIOIINe 3JIEMEHTHI MTOC/IEI0BATETLHOCTH,
OKAXKYTCsI B MOJIOCE MEXK/Ty TOPU30HTAJBHBIMY JIMHUSIMU, MTPOBEJIEHHBIMUA HA BBICO-
Tax @ — € u a + &. Kcim Bel He Moxkere 00ecrneunTh OTKIOHEHHUE Ty OT G B TIpEerax
3aJIAHHON MHOI TouHOCTH € > () /19 BCEX JAJEKUX HOMEpPOB 1, TO ¢l He roToB coria-
CUTBHCA C TEeM, 9TO Ty HEOTPAHUYICHHO HpI/I6HI/I)KaeTCH K Q.
Cdhopmyaupyem JOTOBOPEHHOCTh B MATEMATHIECKUX TEPMUHAX.

OnPEAEJNEHUE.Yucmo a € R Oymem HA3bIBATH Npedesom nocaedosamenbHo-
CMU T, ecau fjst aoboro € > 0 cymecrByer Takoe ng € N, 9o 11 1100010 N 2 Ny
BBITOJTHAETCS. HEPABEHCTBO |y, — a| < €, TIpu 3ToM Oy/IeM UCIIOIB30BaTh 0603HAYEHIe
a=1lim, o0 Tn.

C uCrosib30BaHeM KBAHTOPOB COOTHOIIEHUE G = liMy, o0 Ty BAIUIIETCS TAK:
(Ve>0)3FnoeN)(Vn=ng) |z,—a|<e.

YacTh 0003HAMEHNS BIUIA N — 00 MMOAIEPKUBAET, ITO MBI OIIEHWBaEM OJIM30CTh Ty,
K @ MIPU HEOTPAHWYEHHOM BO3PACTAHUKM HOMEPOB n. HacTo B 9TOM CJIydae TOBOPST
«IIPU 7, CTPEMSIIEMCHA K DECKOHEYHOCTUY». 3aMETHM OJHAKO, YTO KayKJ0e YMCJI0 Ha-
XOJNTCS HA CBOEM MECTe M HHKYAA HE CTPEMUTCS, TEM CAMBIM 3Ty (bpasy He CIeayeT
BOCIIPUHUMATH OyKBaIBHO. DTO BCETO JIUIIH (PPArMEHT TEPMUHA, 38 KOTOPBIM CKPBI-
BaeTCs OIpenesieHHoe cojepxKamme. [I0CKONbKY HE MpH KaKHX JPYIHX OOCTOSTEIh-
CTBaX MbI OIEHUBATH OTKJIOHEHUE X, OT G He OyaeM, B 0003HAUEHUSIX JaCTh N — OO
uHOr/IA (7aXKe, CKOpee BCEro, BCErJa, eCJIM JIOCTATOYHO SICHO, 10 KaKOil MmepeMeHHOM
NPOMCXOUT MEPEXOJT K TPEETy) OylIeM OmyCKaTh W MUcaTh NpocTo a = lim x,,.

Tor dakT, uro a = lim x,,, BRIPAXKAIOT TAKKE CIOBAMHU «IIOC/IEI0BATETLHOCTD Ty

crodumca (W cmpemumcs) K ay» 1 3allUCBIBAIOT T, — — @ WA, KOPOUIe, Ty, — .
n—oo

AHaJIOruTIHO MOXKHO TOMONTH K MOHSATHIO OECKOHEUHBIX TPEIEOB, U TOCIeI0Ba-
TeJIbHOCTH, MMEIOIIYI0 KAKOU-TH00 13 OECKOHEUHBIX MPE/IETOB, HA3BIBAIOT OeCKOHEY-
1o Goavwol. Ecam nocrenoBaTebHOCTh MMeeT (KOHEIHBI) MPEIesT, TO ee HA3BIBAIOT
cxodauetica. TeM caMbIM TEPMUH «CXOIAUTCS» MPUMEHSTIOT TOJBKO B CAydae KOHEU-
HOT'O TIP€JIesia, B ODIIEM CJIy4ae MCIOJIb3YIOT TEPMUH «CTPEMUTCSS.

[Tocste Teoperutveckoit 9acT MOYKHO MEPeiTH K 9aCTh TEXHOJIOTUIECKOH, B KOTO-
POl U3JI02KEHBI CPEJICTBA, IIPUTOJHDIE /14 J0KA3aTeIbLCTBA YTBEPXK ICHUN, CBA3aHHBIX
C TIpeAesIOM, M JJIsI IPUMEHEHNST 3TOTO IMOHATHA.
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ObcyanmM, Kak JTOKa3bIBATh C TIOMOIIBIO ONpeaeeHust ToT (PakT, 9To ¢ = lim x,,
1 BbIpaboTaeM MPH3HAK KOHITA JTOKA3aTEIbCTBA. II0CKOIBKY KOHCTPYKIIHA IIperesia
[IOC/IeI0BATEILHOCTH MTOX0YKA HA KOHCTPYKITUIO HEOTPAHUIEHHOCTH WM TOIHBIX TPa-
HUII, SICHO, 9TO U 00CyKaeHne OyIeT aHATOTHIHBIM PACCMOTPEHIIO CBOMCTBA HEOTPa-
HUYEHHOCTU WJIN TOYHBIX T'DAHWIIL.

[TockobKY 376Ch ecTh BHEIIHee, OT HAC He 3aBUCAINee TpebOBAHWE IJIA JIF0DO0-
ro € > 0, MBI JOKHBI BHIPAOOTATH MPABUIO MOMCKA TPEOyeMoro jgaJjee 3HATEHUS
ng € N B 3aBUCHMOCTH OT KaKOIO-TO HAM HEM3BECTHOrO 3HadeHnda £. Paccyxienme,
MOCBSIIIIEHHOE TIO00PY N, HAI0 HAYNHATH, HAIIPUMED, TaK: MYCTh JAHO TPOU3BOJIb-
HOE € > (. DTUM MBI TOJIEPKUBAEM, ITO TOTOBBI K BRIPAOOTKE MPABUIA. 3ATEM HAJ0
[OWTH B KOHEI[ U IOCMOTPETh, UYTO OT HAC OKUIAIOT. A OT HAC OXKHUIAIOT, YTO MBI
JJIsi TIPOM3BOJIBHOTO . 2> My MapaHTHPyeM OLEHKY |z, — a| < &, rue mg npeacrout
YKa3aTh.

Bozmoxkmo, chopmupoBars Tpedyemoe mpaBmuio BEIOOPA HOMEPA Ng yIacTCs Cpa-
3y B IIPOIIECCE PeIeHusT HePABEHCTBA [Ty, — a| < €, eC/Ii eCTh peasbHast BO3MOKHOCTE
BBIPA3UTH U3 HETO N UepPe3 €, T. €., MO-CYIIEeCTBY, Pelas HEPABEHCTBO, OCO3HATH, KO-
I8 HAYHETCHd BBITOJIHEHHe TpedyeMoro HepapeHCTBa. OJHAKO TaKasdg BO3MOMKHOCTD
MIPEIOCTABJISIETCS TAJIeKO HEe BCErza, W eCju Cpa3y chOpMUPOBATH MPABUIO HEBO3-
MOXKHO, TO MOYKHO MOMPOOOBATE OrPAHHYUTE CBEPXY PA3HOCTD |x, — a| yeM-To 6oJee
pOCTHIM, HO BCe errfe maJibiM. Hade roBopst, mompobyeM momodbparh TaKyO TOC/Ie-
JTOBATEIBHOCTD @y, UTO |Ty, — a| < a,, U ecTh maHe moaobpars mo 3aganuomy € > 0
HOMED 7 IS MIOCIEI0BATEILHOCTH dy TAK, 9TO Gy, < € IJIS BCEX 1. = Ng. Ecan gcHo,
KaK 9TO CJIeJIaTh, TO HAiiIEHHBIl HOMED N MOJONHIET U JIst PA3HOCTH |X, — a| — oHa
Bedb He OoJblle 4eM a, u TeM Oojee OymeT MeHble deMm €. Ecim erme HemocraTrod-
HO BUIHO, KaK TOI00paTh HOMED IJIsT MTOCIEeI0BATEIHHOCTH Gy, TO, B CBOIO OUEPEIH,
MOXKHO IOIPOOOBATH OIPAHNYUTH €€ IPYroil MOCIeI0BATeILHOCTHIO, O0Iee IpOCTOii,
HO Bce emre MaJjoit. VI Tak mpoaosKaTh TMPOIECC 40 TTOSTBIEHWS MOC/IeS0BATETHFHOCTH,
JIUTsT KOTOPOii TpebyeMmblii HOMEp HalTh yKe Jierko. Kak ToJIbKO yaacTcst BeIpabo-
TaTh MPABUIO BEIOOPa TpebyemMoro HoMepa ng 1o 3amanHomy € > (), 70Ka3aTebECTBO
3aKOHYNTCs. [lomuepkHeM, 9TO OTINYNE OT HEOTPAHWIEHHOCTH WM TOYHBIX TDAHMIIT
B TOM, 9TO TaM JOCTATOTYHO HAWTHW OIWH 3JIEMEHT, a 3eCh HaJ0 00eCTevunTh BHITIOJ-
HEHIe HepaBEHCTBA I BCEX WIEHOB IOCJIEI0BATEJIHHOCTH, HAUNHAS C HEKOTOPOIO.

MoxHo paccy:kaaTh HeCKoJbKO muade. Ilycts mano € > 0. Obparmmcs K TO-
My, 9TO OT Hac moTpedyercs. Mbl HO/IKHBI 00ECTIEYNTH BBHITIOJTHEHNE HEPABEHCTBA,
|z, — a| < e mng Bcex mocraTodno mamekux HOMepoB n. [locTaBum BOmpoC: OTKYy/Ia
MO>KHO HOJIqu/ITI) BBIIIOJIHEHUE TAKOI'O HepaBeHCTBa? I/IHaqe TOBODA, W3 KaKOro coor-
HOINIEHHST 9TO HEPABEHCTBO BBITEKaeT! KcCam B3ATH MOCIEI0BATEILHOCTD 4, TaKYIO,
qro |z, — a| < an, v HafiTH HOMED My TaKoii, YTO a, < € JJIst BCEX N = Ng, TO JJIsI
9THX K€ HOMEpOB N OYIeT BHIIOJIHEHO 1 TpebyeMoe HepaBeHCTBO. Ecin g mocieno-
BAaTEIHLHOCTH @, BEIOOD HOMEPA 3aTPYAHEH, TO MPOIECC MOYKHO MPOJOJIKUThH 1 BHOBH
00paTUTHLCI K BOIIPOCY: OTKYAA MOYKHO IOJIYYNTDH BBIMOJIHEHNE TAKOI'0 HEPABEHCTBA?!
OrBer Ha HErO MOYKET TPUBECTH K JIPYTOii TMOCAEL0BATEIBHOCTH, U TaK CJIEJYET IMPO-
JOIZKATH MIPOIECC 0 TeX IOp, MOKa He HaiIeTcs Takas MOCIeI0BATEILHOCTD, JId
KOTOPOii BBIOOP HOMEpa TPUBUAJIEH.

MoKHO 3aMeTuTh, 9TO B MPEIIOKEHHOM IEeMOYKe PACCYKICHUN, XOTA U UMEIOT
JIeJIO C HEpaBEHCTBOM, HET 33a4l €r0 PeIlNThb, a eCTh 33a4a 00eClIedeHns HEKOero

112



CBOWCTBA, C STUM HEPABEHCTBOM CBs3aHHOrO. CaMm mporece 0becrmedennst MOXKeT pe-
AJTMBOBBIBATHCI KAK «ODPATHBIN XOI» B PACCYKJIEHUSIX — CTABUTCSI BOTIPOC «OTKY/1a
MOYKHO 9TO MOJIYIUTH?» ¥ WINETCS Ha, HErO OTBeT. Takast MOCTaAaHOBKA BOIIPOCA BCTPE-
JaeTcsd yIaIIuMCs BIIepBbIE U BHI3BLIBAET HA TIEPBBIX MTOPAX OMpeeIeHHbIe TPYIHOCTH,
BIIPOYEM, BIIOJIHE MTPEOJOJINMbIe MPU HAJUYNAN SICHO U TIOC/IEI0BATE/IHHO W3I0KEHHO-
ro MaTepuaJia C TPUMEPAMU.

[IpuBemennbie paccyKaeHusS OTHOCATCS, CKOPee, K J0KA3aTeIbCTBY PABEHCTBA
a = lim z,, 779 KOHKDETHON MOCIEI0BATEIBHOCTU Zy. OTUACTH WX MOYKHO MpUMe-
HSTH U TOT/IA, KOTIA PeYb UIET O JOKA3ATEIHCTBE YTBEPKICHUI C yIACTHEM [IPEIEIa.
Orako ecan st KOHKPETHON TOC/IeI0BATeTFHOCTH BEIOOD HOMEPa 00eCTIeTNBACTCS
OTPAHUYEHNEM CBepXy KaKMMU-TO TaKxKe KOHKPETHBIMU MOCTIeI0BATETLHOCTIMU, TO
B YTBePXKIeHUIX BbIOOP TpebyemMoro HoMepa, KakK MPaBUIO, 00eCIeInBaeTCs OTPaHNU-
YEeHUSAMU CBEPXY, UCXOAAIINMA U3 MPEeIeTbHBIX CBOMCTB, JAHHBIX B YCJIOBUM.

JL1st HAXOXKIEHUsT TPEEI0B KOHKPETHBIX MOCJIEI0BATEIHLHOCTEN OOIBITYI0 POJIb
Urpaer

IIpuanun Apxumena. MuokecTBO HATYpPaIbHBIX IHUCET HE OTPAHUYIEHO CBEPXY
B MHOXKECTBE BEII[eCTBEHHBIX.

Ha mpuamume Apxumesa ocHOBaH TOT (PaKT, 9TO lim% = 0, m 3T0 pPaBEHCTBO
UCIIOJIB3YETCA BO MHOTUX CHUTYAIIUSX, CBA3AHHBIX C MPEIETAMU KOHKPETHBIX ITOCJIe-
nmoarenpHocTeil. [IpuHun ApxuMena UCIOMB3YIOT PETYISIPHO, OJHAKO OOBITHO 3TO
00CTOSITE/ILCTBO HE yKa3bIBAIOT.

[TPUMEP. HokaxkeMm, 4TO
nsinn?
lim ——— =0. (*)
n*+1
< Hycts mano € > 0. [oitmem B KOHeI[ onpeje/ieHus MPeIesia MOC/IeI0BATe Th-
HOCTH U MOCMOTPUM, UTO OT HAC OyAyT oxumarhb. OT HAC moTpebyeTcss 0OecmevInTh

BBITIOJTHEHE HEPAaBEHCTBA

n sin n?

nt+1
JIIS BCceX JaJieKux HoMepoB. HeTpyaHO MOHSATH, UTO cpasy MBITATLCS, BBIpaXKas 7
gepes €, CO31aTh MPABU/IO BRIOOPA HOMEDPA, He HAI10. [lompobyem orpaHnaunTsb JIEBYIO
YaCTh MOCIEIHEr0 HEPABEHCTBA CBEPXY UEeM-TO 00JIee IMPOCTHIM, HO BCE E€Ie MAJIBIM.
Bamerns, uro |sinn?| < 1, nveem

<e€

n sin n? n

nd41| nt+1’

Jlerko sm momobparh Tpebyembiii HOMED, MCXOId W3 HOBOW IMOC/IEI0BATEILHOCTH,
T. €. HACKOJIbKO JIEMKO BBIPA3UTH 71 Ue€pe3 € U3 HEPABEHCTBA
n
nt+1 <
[To-BummMoMy, He CTOJIB JIETKO, CKOJIb XOTeI0Ch ObI. [ToaTOMYy mompobyeM orpaHunanTh

BBIpaKEHNe F% CBepXy ueM-TO 0ojiee MPOCTBIM, HO BCE €Ile MaJjbIM. Y MEHBIINB
3HaMEHaTe/Ib, Mbl YBEJINYINM ,Z[p06b, TTO3TOMY

e?

n n 1

L G
nt+1 " nt nd
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JIerko M BBIPA3WTH N Uepe3 € M3 HePaBEHCTBA # < €7 Jlerko. M0OXHO BBIPA3UTh,

a MOJKHO eIrfe 00JIer<nTh BBIPAKeHne, eCIIH 3aMEeTHTD, UT0 — < %, a U3 HEPaBEHCTBA
1

n3
o < € BBIPA3UTH N Y€PE3 € COBCEM JIETKO. HOCJ’[G,Z[HGG HEPaBEHCTBO PaBHOCWJIHBHO

TOMY, 4TO N > %, ¥ B KayecTBe TpedyemMoro HOMEepa 7y MOXKHO B3ATh JIOD0E HATY-

pPAJIbHOE YHCJI0, DOJIBITIEE TeM % Hampuwmep, MOXKHO B34Tb ng = % + 1, rne B3gaTue

nenoif vacTu (CMMBOJIMBUPYIOT KBaJIPATHBIE CKOOKM) «OOHATYpaamBaers Apo0b %,
pU 9TOM, BO3MOXKHO, HEMHOTO yMEHBINAsI ee, a J00aB/IeHNe eIUHUIBI JeIaeT pe-
3yJIbTAT OOIBINM, TeM é Ecm ng € N ng > %, TO It JII000TO N = ng TeM bosee
n > %, a TOrJIa, MOJB3YACh JIOTHMKOI MPEABIAYINNX PACCYKIAEHUNH, MOXKHO TapaHTH-

pOBaTb, 9YTO JJId TaKUX HOMEDOB TaKKe

n sin n2

nt+1

[IpaBuao BBEIOOpPA TPEebyeMOTro HOMEpaA N MO 3aJAHHOMY € CHOPMUPOBAHO, 3HA~
YT, COOTHOIIIEHNE (%) JO0Ka3aHO. [>

Jlekmuga 4. TexHosiorusi 00y4UeHUS HAXO0XKIEHUIO TEPBOOOPA3HOIT

SaK/II0UnNTe/IbHAS JIEKITHST TOCBSIIEHa PACKPBITHIO CAeAYIOMNIel 00pa30BaTeIbHOM
Tembl. VI3BECTHO, UTO, B OTJINYHNE OT TTPOW3BOLHON, I7IsT TepBOOOPA3HOIT HET MpaBMI
ee HAXOXKJIEHUsT [ JIIOOBIX djieMeHTapHbixX yHKIwmi. [ToaToMmy 3amaua HaX0XK TeHUST
nepBooOpa3HOI, BAXKHOCTh KOTOPOil HE MOIBEPraeTcs COMHEHWIO, CTAHOBUTCA B W3-
BECTHOI Mepe TBOpUecKoil. B gacTHOCTH, BechbMa BayKeH IMEPBbIi MEPHO B OCBOCHUN
HaXOXKIeHUs TTepBO0OPa3HOl, MO0 HEOOXOIUMO /I KAXKIOTO Caydas BRIOUPATH CPEeI-
CTBa, JUISI HETO MOAXOIAIINE, U BBIIOJIHATH COOTBETCTBYIOIINE TeiiCTBU, HAIIPABJIEH-
HbIe Ha PeleHne 3a/a49M.

Hmxke m3nararorca HeKOTOpBIe PEKOMEHIAINY, ITOJIe3HbIE Ha TEPBOM JTATle pelre-
HUs 33129 Ha, HAXO0XK JeHne mepBoodpasuoii. [Ipegmotaraercs, 9To CTyIeHTH 3HAKOMBI
C OCHOBHBIMHU TEOPETUUYECKHMHU CPeJCTBAMU, TAKAMA KaK JUHEHHOCTH HEOIIpeeIeH-
HOTO WHTErpaJa, (GOPMYJIbl 3aMEHbI TIEPEMEHHOM 1 WHTErPUPOBAHUST [0 UACTIM.

[Tocne ozHAKOMJIEHWSI C TEOPETUYUECKON YACTHIO HIET TEXHOJOTUYIECKas, B KO-
TOPO#l MCMOJIB3YeTCsT aBTOPCKAsT METOAUKA O0yUIEHUsT HAXOXKIEHUIO MePBOOOPA3HOIL.
OHa cocTOuT B ONpe/IeIEHHON CUCTEME, OCHOBAHHOI HA BOITPOCAX, BO3MOXKHBIX HA HUX
OTBeTaX, W BBIMTOJHEHNN COOTBETCTBYIOIINX IMPOCTHIX pekoMenmaruii. [IpuBemem ee,
MPONUTUPOBAB (PPATMEHT TEKCTa U3 PACIOJIOKEHHOTO HA aBTOPCKOM CaliTe MaTepu-
asa.

Ecnu monmbiaTerpanbHast (QyHKIUS — 3TO oaHA W3 (DYHKIUH, mepBoobpasHast
OT KOTOPBIX HAXOIUTCS HEMOCPEICTBEHHO (B TAKOM CJIy4ae TOBOPAT O «TabJIMTHOM
MHTErpasies ), HaJ0 BOCIOIB30BATHCS COOTBETCTRYIOMIEH (hopMy1oit n3 Tabamie! nep-
BOOOpAa3HBIX.

Ecnu monpiaTerpasibuas GyHKINS HE COBIALAET HU C OHONW m3 (DYHKIWIA, yKa-
3aHHBIX B TAOJIHIIE TEPBOOOPA3HBIX, TO HAJIO TIOCTABUTD BOMIPOC «KaK yCTPOeHa (hyHK-
must?». TToCKOIbKY, KaK OTMEUYeHO, TIPU HAXO0XK JeHNN TIePBOOOPA3HON HET eINHBIX aJl-
TOPUTMOB, TIPUTOIHBIX JJIsT JTIOOBIX (DYHKITHI, COCTABIEHHBIX C UCIOJIB30BAHUEM AJI-
rebpanveckux Omepalyii, KOMIO3UIIUKA 1 00PATHOW (DYHKIINY, ECTECTBEHHO, TPUIETC
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obparars BHEMaHUE Ha 060/Iee 9acTHBIE JETAJIU ITPU OTBETE Ha, TOCTABIEHHBIN BOITPOC.
[IpesncraBasercsa moJIe3HBIM aKIEHTHPOBATH BHUMAHWME HA JETAJsSIX, CIOCODCTBYIO-
X 00HAPYKEHWIO MPUMEHEHUsT TOTO WJIM WHOTO W3 UMEIOIINXCA CPECTB, & UMEHHO,
JIMHEHOCTY WHTErpaJia, 3aMeHbI TepeMEHHOl (B pAa3HBIX KOHTEKCTAX) W WHTErPHPO-
BaHUS TI0 YACTIM.

Tewm cambiM BOTIpOC 00 ycTpoiicTBe DYHKIUY TTOJIE3HO JOMOTHSITH BOIPOCOM: €CTh
JIM B TIOJIBIHTErPAJIBHON (DYHKIUN (PPATMEHTHI, IPUCYTCTBUE KOTOPBHIX BCETJIA MTPE.I-
[0JTaraeT BBITIOJHEHUE OTpene/eHHbIX aeiicTBuit. HazoBem Takue (pparmMeHThI cum-
60A0COYEMAHUAMY I HULYDAMU CUMBOAOE T TIEPEIUCINM HAMOOIee 9acTO BCTpe-
JaloIINeCs, COMMPOBOXKIasd CUMBOJIOCOYETAHUS OMUCAHUEM JeHCTBUM, KOTOPBIE HAJ0
BBITTOJTHUTD TIpU UX oOHApY:KeHnn. OObITHO TaKue JefCTBUS HAMIPABICHBI HA BBITOJI-
HeHWe 3aMeHbI WM Ha TTOJICTAHOBKY W MCITOJIH30BaHUE COOTBETCTBYIOIIETO YTBEPKIE-
HUS.

1. Eciu B mogsraTErpaibHOil (DYHKIMKM €CTh BbIpaKeHue Buma kr + [, MOXKHO
b0 BBITIOJHATH 3aMEHY, & WMEHHO MMOJIOXKUTh kx + | = ¢, MOATOTOBUTHL 3aMeEHy,
T. €. BBIPA3UTH T depe3 t u dx depes dt, n mepeiiTn K HaX0KIEHUIO TepBOOOpa3HOi OT
HOBO# (byHKIMHU, 3aBUCAIIEH OT ¢, TuOO MPeaIBAPUTEIHHO MOATOTOBUB (pparMeHnT dx
K BBITTOJTHEHWIO TAKOW 3aMEHbI, & UMEHHO CHAYA/Ia BOCIIOIH30BATHCS TEM, UTO dr =
2d(kz + 1), 1 TOIBKO TOTOM CIIEIATH 3aMEHy.

2. JlomycTM, 9TO B IMOALIHTErPaIbHOM BhIpaKeHHH ecTh (pparment x dx. Torma
HaI0 BOCITOIH30BATHCS PABEHCTBOM I dx = %de, 7 €CJIM OCTABITASICA IACTh MOIBIH-
TerpaJibHoil (bYHKIIE 3aBUCHT OT 2, TO IEJIeCOOOPA3HO BBIIOIHATH 3aMEHY x2 =t.

3. Ecom BerpeTmics bparMenT =22 | MOMKHO BOCIOTB30BATHCS PABEHCTBOM

gf’ 2{
d+/T v poaHaAIM3MPOBATH 1e1ecO0bPa3HOCThL 3aMeHbl /2 = t. B arom ciryuae naxe
ecJIM TOJIbIHTerpaibHas (DYHKIMs 3aBUCUT HE TOJHKO OT BLIPDAYXKEHUS /X, 3aMEHa
MOXKET OKa3aThCs MOJE3HONH. B TakoMm ciydae ee HaI0 MOATOTOBATEH B TOM CMBICTIE,
YTO CTAPYIO IEPEMEHHYI0 BLIPA3UTh Uepe3 HOBYIO U BLIPA3UTH d depes di: x = t2,
dxr = 2tdt, nepeiitu K WHTErpaJly OT HOBOW MEPEMEHHOW, W B CAydYae HAXOXKJICHUS

epBOOOPA3HOI BEPHYTHCA K CTapOil IepeMeHHOi.

4. OparMenTsl sinzdx, cosxdr TpPeIIOJaraloT WCIOJb30BAHUE DPABEHCTB
sinxdr = —dcosx, cosxdr = dsinx m aHaJU3 1EJIECO00PA3HOCTH COOTBETCTBYIO-
e 3aMeHBbI.

5. CuMBosocouetanne v 1 — 22 wm va? — 22 9acTo ¢BI3aHO ¢ MOACTAHOBKOM & =
sint uim x = asint, rae ¢ TPUHAIEKUT KAKOMY-TU00 U3 MPOMEKYTKOB B3AUMHO
OJIHO3HAYHOCTH CuHYCa, Hanpumep —m/2 < t < /2. B pesynabrare ee BbINOIHEHUS
MOJIyJAETCS BHIPAJKEHNUE | oS t|, T. e. mcue3aeT upparuoHaIbHOCTD.

6. ®parment V1 + 22 min Va2 + 22 9acTo CBA3aH C MOJICTAHOBKON * = sht mm
x =asht, t € R, u ucnospzoBanrem GHOPMyT Ajisi TUEPOOTUIECKUX (DYHKIIHHN, WIn
MOJICTAHOBKO# = = atgt, —m/2 <t < 7/2,a > 0.

7. Ecau B mogpiaTerpaibHoil (pyHKITMU €CTh KOPEHB, MO KOTOPBIM HAXOIUTCS
MHOTOYJIEH MIEPBOii CTEMeHN, T. €. MPUCYTCTBYET BhIpaxKeHune Buga v/ kx + [, To meste-
c000pa3HO BECh KOPEHBb B3sITh B KAUECTBE HOBOI MTEPEMEHHOM, MOATOTOBUTH 3aMEHY,
a MMEHHO BBIPA3WUTh T Uepeld t u dr depe3 dt U mepeiT K HAXOXKICHUIO IepBOOOpa3-
HOI OT HOBOI (DYHKINU, 3ABUCHIIEH OT .
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8. Beiparxenne 7 42 \ro7KeT MCIIOTB30BATHCST TOC/IE 3AMEUAHMS O TOM, 4TO 9% d = —d%

1 aHaJIu3a He.HeCOO6p83HOCTI/I COOTBeTCTBYIOH_[eI/I 3aMeEHBbI.

Yro maer obpalenne K MOUCKY cuMBojocoderanuii? OHo mozBossger Gosee -
dEKTUBHO OPraHW30BAThH MOUCK MEPBOOOPA3HOIL, IIeJIEHANPABICHHO U3ydasi yCTPOii-
CTBO TIOJILIHTETPAIBHON (DYHKIINU C MEIBI0 0OHAPYKEHUS TOTO WX UHOTO (DparMeHTa
" BBITIOJIHAA COMYTCTBYIOIINE PEKOMEHJAITUN.

MozkHo omucars u 00IIre PEKOMEHIAINH 110 3aMeHe U TOJCTAHOBKE, OJTHAKO OTO-
I1IJIeM 3aMHTEPECOBAHHBIX duTaTesell, HanpumMep, K [1], a 31eck kparko ocraHOBUMCSE
Ha WHTEIPUPOBAHUU TI0 YACTAM, UOO 9TO TEXHUUIECKOE CPEJCTBO BBI3LIBAET OTPejie-
JIEHHBIE TPY/IHOCTH MPU HAYAJTHHOM 3HAKOMCTBE C HEIM.

Hnmeepuposarue no wacmsam TPUMEHSIETCA B CAEAYIOMIeH cuTyaruu. Kcam
MOJIbIHTerpasbHas (hYHKIUS MpecTaBuMa, (UM MPEICTaBIeHa) B BUJE MPOM3BEJIe-
Hus AByx auddepennupyeMbix MYHKIUN U Mbl HAXOIUM, 9T0 1uddepeHmpoBaHne
OJTHOM M3 HUX MPUBOAUT K DOjiee MpocTol (PYHKIIUU, TO MOXKHO TOIMPOOOBATH BOC-
TTOJIB30BATHCA UHTETPUPOBAHUEM IT10 IaCTAM. B TaKOM CJIy4dae BTOpOﬁ COMHOXKUTEJIb
HaJI0 IPEJACTABUTH B BUIE IMPOU3BOIHON OT COOTBETCTBYIOMIEH (hyHKITII (T. e. Haii-
TH IEPBOOOPA3HYIO BTOPOTO COMHOYKHUTEIST) U IIPUMEHUTH (hOPMYJTY MHTErPUPOBAHUST
mo dactam. B pesynbrare mocie auddepeHnupoBaHus mepBoit pyHKIINNT MOXKET 0~
JIYIUTBCs TIOIBIHTErpasibHasd (pyHKIHMs OoJsiee ipocToro Buma. [Ipu sTom ware Bcero
yI0OHO TO/TB30BATHCsT (POPMYJIOi BUIA

[ 1@y dste) = rwigte) - [ o)) e

[Tpomecc MATErpupOBaHWA TI0 9ACTAM OPTaHW3yeTCsa Tak. J[OMmyCcTwM, 94TO B WH-
rerparne Buna [ f(z)o(x)dz mpr mammm, aro dbysknus f(x) B pesyasrare ee gud-
dbepernmpoBanns cranosurcs npome (Hanpumep, 310 " wam arctg x, uam arcsin
u r. 1m.). Torga wumem mepBoobpasuyio ¢yHkmu @(x), T. e. mpeacraBaseM ¢(x)
B Buge p(z) = ¢'(x). Hanee «3amocum g(x) mom d», T. e. jenaeM 3ammuch BHUIA
¢ (z)dx = dg(x). 3areM BBITIOTHSIEM ONEPAIMIO HHTETPUPOBAHUS IO IACTAM:

/ f(x) dg(z) = f(x)g(x) — / o(x) df ).

Haxomnertr, B mocjiefHEM HHTETrpaJie JejlaeM MOATOTOBKY JIJIs JAJbHEHIIero ero Haxox-
JIeHUSI:

[o@ir@) = [ gta)s'(a) ds,

U TePEXOINM K HAXOXKIEHUIO TIOCIEAHEr0 HHTErpaa. DTy MOCIeJ0BATEBHOCTD JIeii-
CTBUI MOXKHO 3aMNUCATH TaK:

[ t@p@yds = [ 1) @do = [ 1(a)dgto)

— f@)glx) - / o) df () = f(2)g(x) — / o(0) ' (z) de.

Pazywmeercs, mocite Takoro Habopa pekoMeHgalmii ciemsyer Habop TpUMepoB, IMo-
Ka3bIBAIOIINX WX MpUMEHeHue. B 1e/ioM ceoBaHme W3/T0KEHHBIM PEKOMEH TAIIIAM
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YMEHBIIIAET HAMPSKEHNe, HEPEIKO BOZHUKAIOIIEe Ha, HAYAILHOM dTare 00yJeHus Ha-
XOXKJEHWIO TIePBOOOPA3HON, U 3aK/Ia/JBIBAET OCHOBY [IJisT OCBOEHUS TEXHUK, COMPO-
BOK/TAIOTINX WHTEIPUPOBAHUE B CHENWATHHBIX CIydadX.

3aksouenue. [lorpebHOCTL obecmevueHus CTUIS OPraHU3ANUU YIeOHON JTuTe-
paTyphl U y4ebHOrO IpoIiecca, P KOTOPOM IPEUMYIIEeCTBO Ha CTOPOHE 00pa30Ba-
TeJILHON COCTABJIAIONIE, TTO3BOIAIOINIEH (HPOPMUPOBATH KOMIIETEHITHH PA3HOT0 TUIIA
U TIO/IIEP>KUBAIOIIEH CITOCOOHOCTH K HEMPEPHIBHOMY ODPA30BAHWIO, HA MEPBBIi IIaH
BBIJIBUTAET TEXHOJIOIMYECKYIO COCTABJISIONLY IO, HE B yIIEpO, & B MOJJEPIKKY TEOpPeTH-
geckoil (nHbOpMaImoHHOit). B mepByio ouepeb HATO 3a60TUTHCS 0 (POPMUPOBAHIN
CITOCODHOCTH K JIE€SITEJIHHOCTA B PAMKAX 00PA30BATE/THHON IUCITUILINHBI, TTOIIIMHSIS
nHGOPMAITMOHHY O COCTABJISIIOILYIO 3TOi 3a00Te. DTO MOYXKET MPUBECTU K CYIIECTBEH-
HOI mepecTpoiike TPAJUIMOHHBIX CUCTEM U CTUJICHl M3JI02KeHUsd MaTepuasia U K I10-
TpeOHOCTH BBIPAOOTKM HOBBIX KOHIEMIUI TpernogaBanus. ['pexdacTHas OpraHu3a-
JER%621 yqe6HbIX MaTePpHuaJIOB: TEOPUA — TEXHOJIOTUW — TPAaKTHUKa, U OCHOBaHHasdA Ha
Hell CTpYKTypa 00pa30BaTeIbHOrO MPOIECCa MOTYT CAYKHUTh OJHON M3 OCHOB 0bec-
[eYEHUs TPUOPUTETA 0OPABOBATEIBHON COCTABIAIONIEN yIeOHOTO TPOIECCa.

Jlureparypa

1. HarmoB B. H. Paccyxmenus O NpenogaBaHUM MATEMATHIECKOrO aHAIM3a.—DBJ/ainKaBKa3:
FOMU BHII PAH, 2018.

2. Mopakosuu A. I., Cemenos II. B. Anre6pa. 9 kmacc, 12-e usm., crep.: Yueb. mjis obmeobpa-
3oBat. yupexaennit.—M.: Muemosuna, 2010.

3. Hopogeen I'. B., Cysoposa C. B.,Byuumosuu E. A. u ap. Anrebpa. 8 kmacc: Yueb. s
obieobpasoear. opranmsanuii, 7-e u3z. / mox pex. I. B. Topodeesa: Poc. akaz. mayx, Poc.
akaz. obpasosamus.—M.: [Ipocsemenne, 2013.—(Akamemuaeckuii IKOJIBHBIA yIeOHUK).

4. Kouerkos E. C., Kougerkoa E. C. Anre6pa u smementapubie GyHKIun: Yued. mocobue
ang yaamuxced 10 ki1, cp. mk., 3-e u3xg.—M.: IIpocsemenue, 1968.

5. Makaperaes FO. H. Anre6pa. 9 kmacc: Yueb. juis ydammxcs o6mieobpa3oBar. yupexkie-
Huit, 12-e u3n., crep. / mox pex. FO. H. Makaperaes, H. I. Munmok, K. 11. Hemkos,
H. E. ®eoxTncro.—M.: Muemosuna, 2013.
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COBpeMeHHI)Ie l'[pOGJIeMbI MaTeMaTruKu 1 MaTeMaTu4veckoro OGpaBOBaHI/IH: XV BHaﬂI/IKaB—
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

METOJINYECKUE ITPOEKTHI
N METOINYECKAA JEATEJIBHOCTD

. E. Manosa
(Poccust, Bpsiuck; BT'Y wm. . T'. Tlerposckoro)

Jlekriua 1. Mcroib30BaHE METOAMYECKNX MMPOEKTOB KaK CpeacTBa
MOBBIMIEHUSI KAYE€CTBA MMOArOTOBKHU OY/IyINero y4uTeJsis

Heau sexyuu:

1) 060CHOBATH 3HAYUMOCTH METOJIUIECKUX MTPOEKTOB B MOJATOTOBKE YUUTE IS Yepe3
UCTOPUIO WX MCIIOJIB30BAHUsT B BPSIHCKOM TrOCyIapCTBEHHOM YHUBEPCUTETE;

2) PacCKpPBITH OPTAaHU3AIIO MOJATOTOBKU METOJMUIECKUX MPOEKTOB U TPEOOBAHS
K HUM;

3) MpUBECTH MPUMEPHI METOAUYECKUX IPOEKTOB CTYJAEHTOB, JaTh UM KOMMEHTAa~
pnii.

Ilran nexuyuu:

1. UcTtopust MCTIOIH30BAHUST METOSUIECKIX TTPOoeKToB B BI'Y.

2. Opranu3zaiius BBITIOJHEHUS METOIMIECKUX MTPOEKTOB MPU MOJATOTOBKE YUUTE IS
Maremarukn uin nadopmaruku B BI'Y.

3. IIpumepsl MeTOIMIECKUX TTPOEKTOB.

4. TlogBemeHne WTOTOB JIEKITH.

Xoa Jexkiuu

1. VcTtopusa ucnoib30BaHUSA MeTOAUYECKUX MpoeKToB B BI'Y.
Oran 1. Pesyasrarer guctunanasl « KTy ma crapmmx kypcax.

BAMEYAHUE. [Ipuem paboTsr: 1) obpalrenre K TpakTUKe KaK UCTOYHUKY HOBBIX
3aIpOCOB; 2) MPECTABIEHIE TEMATUKN MTPOEKTOB TEX JIET: « Y IMMCsI U YIUM DEIaTh
PEOMETPUYIECKUe 33Uy ; « Y IUMCS U YIUM JOKA3BIBATH TEOPEMBI».

Criocob mpeacTaBaeHust MPOEKTOB — KOMITbIOTEPHAsT TPE3eHTAIUS.

Konnexkrusnbiit mpoekT O6bL1 npejcTaByen Ha caiite BUIIKPO gaa yuaureneii.

VBa)kacMbIil IOCETHTEIIb caiTa!
MpI nipeisiaraeM MpoeKT, KOTOPBI IIOMOTaeT OCBOUTH ITATbI
Pa6oThI HAJl TEOMETPUIECKON 3a/1adei:
1) anamm3 ycliOBUS U IOCTPOEHUE YEPTEXKA;
2) MOHCK crocoba peleHus 3aauy;
3) odopmiieHUE peleHus 3a1a4u;
4) wuccnenoBaHue.

Puc. 1. Ciraiig npencrasienus CyImHOCTH METOAUKHA — [IOMOYb OCBOUTH
sTamnbl paboThl HAJ 3aJaUeil.
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Bribepure cebe 3amaqy u3 pazaena
«IlimanuMeTpuveckue 3agaum» win «CTepeoMeTpudecKue 3a1a4n»
U TOTBITAHTECH €€ PEILIHTh.

Ecnu ymanock penmuTh 3a1ady, TO MOYXXHO CBEPHTH «OTBET».

Eciu npu peliieHn  3a1aqi UCTIBITBIBACTE 3aTPYAHEHHS, TO PEKOMEHIYEeM
3aIIPOCHTB «IMOMOIIbY. 371eCh BaM 3aaJyT TaKHe BOIPOCHL, YTO BBl CMOXKETE
CaMOCTOSTENBHO CIIPABUTHCS CO CBOUMH 3aTPYyIHECHUSIMHU.

OTH BOMPOCH! TIOMOTAIOT:

1) TIpoBecTr aHAIM3 YCIOBHS 3a1a4l M BBITIOIHUTD YSPTEXK K 3a71aUe;
2) OOGHapyXuTb CIIOCO0 peLIeHHs 3a1a491 U COCTABUTH [UIAH PEILCHUS;

3) TIpoBepuTh 0GOPMIICHIE PEIIICHHUS;
4) OGcymuTh BCE TO [IEHHOE, YTO MOYKHO HCIIOJIB30BATh IIPH PEIICHHH
JpYTUX 3a1ad.

B 111060#f MOMEHT MOKHO BEPHYTBCS «HA3a11».
Pexomenoyem na noboii gonpoc omeemuns camocmosamenbHo
(omeem dicenamenbHo 3anucams), a NOMOM YBUOens OMmeem Ha IKpaHe.
Omom omeem moxncem Obimb OAH He MONLKO CIO8AMU; IO MOdcen Oblmb
8blOENIEHUE HYIHCHBIX PUSYD, 3aNUCL HA Yepmedice U npoyee.
VIAYHU BAM!!!

Puc. 2. Ciaiig npeacrasienus criocoba paboThl ¢ TPOEKTAMMA.

3aoaua Ne 1
Boicomwt AH u BK ocmpoyzonenozo mpeyeonvnuxa ABC nepecexatomcst
6 mouxe M, yeon AMB pasen 105°. Hatioume zpadycuyio mepy yena ABO,
ecau O — yeHmp OKPYHCHOCMU, ONUCAHHOU 0Ko10 mpeyeonvhuxka ABC.

OTBer IMomomn

Apyras 3aga4ya

Puc. 3. Cnaiig npencrasiienns 3a0a9m ¢ BEIOOPOM JAJIbHEHANINX IefCTBHIA:
MIPOBEPUTH OTBET, 3AITPOCUTH MOMOIIH WJIM MepeiTH K ApYyToil 3a1ade.

3aoaua Ne 1
Bovicomwt AH u BK ocmpoyzonenozo mpeyeonvhuxa ABC nepecexaiomcs
6 mouke M, yeon AMB pasen 105°. Haiioume epadycuyro mepy yena ABO,
ecnu O — yenmp OKpyscHocmu, onucannoll oxoao mpeyzonvhuxa ABC.

Jla

Otser: 15° TMomomn?

Her

Puc. 4. Craiizg Ber6opa JaabHEHMNX TeHCTBUI, €CIU, HAIPUMEDP, OTBET HE TOJIYYUJIC.
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Mens 306ym
Kapnukoea Tamvsana Huxonaesna
A cmyoenmka 5 kypca
Qusuxko-mamemamuueckozo gaxkyibmema
bpanckozo cocyoapcmeennozo ynugepcumema
A nomozy npeooonems
3ampyoHeHus npu peuwienuu ImMoit 3a0auu

2006 .

Puc. 5. Curaiig npencrasienus aBTopa mpoOeKTa
mo paboTe ¢ BbIOpaHHO 3amaqueit — crymenTku 2006 r.

3aoaua: Beicomet AH u BK ocmpoyeonvroeo mpeyeonvruxka ABC nepecexaromes
6 mouke M, yeon AMB pagen 105°. Haitoume epaodycuyio mepy yena ABO, eciu
O — yenmp oxkpyscHocmu, onucaniou okoio mpeyeonvhuxa ABC.

O kaxoif ¢purype uaer peds B 3agade?  Kak moCTpOUTh HEHTP OKPYKHOCTH
OIMCAHHOM OKOJIO TpeyroibHUKa?

Yro m3BecTHO 00 3T0i1 hurype? .
Uro HyXKHO HaiTu B 3a1aue?

9
Yo emre HY>XHO HAaHECTH Ha YEPTECK 3anummre KPATKYIO 3aITHCh.

Jlano:

AABC — oCcTpOYTOJBHBIH;
AH v BK — BBICOTHI;
AHNBK =M

ZAMB = 105°

Haiitu: ZABO

Puc. 6. Cuaiizg srana «AHaau3 ycaoBus 3a7a9u ¢ OJHOBPEMEHHBIM IIOCTPOEHUEM YePTeKA>.

3AJIAYA. Beicoret AH u BK ocrpoyroibaoro Tpeyrosbauka A BC nepecekaior-
cs1 B Touke M, yronr AM B pasen 105°. Haiinure rpagycuyio mepy yrina ABO, ecin
O — 1UeHTp OKPYKHOCTHU, OMUCAHHON 0K0J10 Tpeyroibauka ABC.

W3 kako#t ¢purypsl MoxkHO Haiiti yromn ABO?  Uro uzBectHo 06 3TOM yrie?

YTo u3BECTHO 00 STOM TPEYTONbHUKE? Kak 3T0T yromn cBsizas ¢
UYTo HyXHO 3HATh B TOM TPEYTOJIBHUKE, IPYTUMH (pUrypam,
4TOOBI OTBETUTH HA BOIIPOC 3a1aun’? 06pa30BaHHbIMI/I Ha qepTe)Ke?

ZAOB=2*Z4ACB

W3 kakoit ¢purypsl MoxxHo Haiitu yron ACB?

MoxHo 1 Haiiti yron AOB u yron ABO?

[Inan:
1. U3 uetsipexyronbauka KMHC
Haiinem yron ACB
2. Haxomum yron AOB.
3. U3 tpeyronbuuka AOB Haiinem
yroi ABO.

Puc. 7. Cnaiin srama «Ilouck crocoba penreHmsts.
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[TpoexT mosyuw jaBe oneHku: B KOHKypce Intel «3asiBka Ha ycmex» 3anst 11 me-
cTo B HOMMHAIMK «JLydimass MeToanyeckast pa3paboTka YpoKa MATEMATHKH C MPH-
menernem UKT» (2007 r.); noayann CBuaeresbcTBO 0 PErMCTPAIN 3IEKTPOHHOTO
pecypca oyt HazBaHueM «Opranmu3arms IUajorTa ¢ YIaIUuMACT B TPOIIECCe PEITeHnst
BBIUMCIUTE/HHBIX TIAHUMETPUYECKUX 33/1a9 Ha OCHOBE KOMITBIOTEPHON aHUMAIIIH»
(2012 r.). B CBugerenbcTBe CKA3aHO, U4TO PECYPC OTBEYAeT TPEOGOBAHUSM HOBU3HBI
U TTPUOPUTETHOCTH.

Oran 2. Pezyaprarhl Iuctuminibl « MeTonnka o0ydeHns MaTeMATHKE» B KarK-
JTOM W3 CEMECTPOB.

[TepBriit aTamm mokasaJ MoJIb3y MPOEKTOB KaK JIJIs CTYAEHTOB, Tak u yaureeii. [To-
9TOMY Ha BTOPOM 3Talle MbI BKIIOUYNIN Pa3pabOTKy CTYIEHTAMHU MTPOEKTOB B KAXKIOM
M3 CeMecTpoB 00ydeHns.

Bakamaspsi, 3akonunmue obyuenue B BI'Y B 2020 r., BBITOTHSAIN TPOEKTHI HA
TEMBI:

— «Yunum (cs1) penraTh TeKCTOBbIE 3aatI».

— «Yunwm (cs1) pemnarh JIAHUMETPUYECKIE 331291,

— «Yunum (cs1) penraTh 3a1a9N MOBBIIIEHHON CIOXKHOCTHY.

B pamkax gucrmmmasr «Meromosiorus obOydeHust MaTeMaTukey OHHM pPas3pa-
faTbIBaIM TPOEKT, COMEPKAIMMI pasaesbl: «YuuM (csI) TO0Ka3bIBATH TEOPEMbI»;
«Yunum (cs1) OPraHu30BBIBATE CMBICJIOBOE YTEHUES.

ITo meromuke obOydeHmss nHGPOPMATHKE pa3pabOTAHBI IPOEKTHI:

— «Yunum (ca) pemrars 3agadn OI'D (EI'D)».

— «Yuum (cs1) OPraHU30BLIBATE CMBICJIOBOE YTEHUE YIEOHUKAS.

Oran 3. O6061IeHNe B HAYYHBIX IYOIUKAIMSX HCIOJIH30BAHNSA METOINIECKIX
MTPOEKTOB.

Obobwenue cmydenmamu ceour peaysvomamos. HoBuzua mybaukaimit 3aKrrova-
JIaCh B OMMCAHUK Pa3pabOTAHHBIX UMM NpUeMoB (cM., Hanpumep, [1]).

Obobwenue pesyavmamos npenodasamenem. HoBusna mnyOaukarumit 3axrova-
Jach B 0BOCHOBAHWU POJIM ITPOEKTOB B MOJArOTOBKe yuuTessi (CM., Hanpumep, [2]).

[Ipodeccop M. A. Homanos (Texacckuii yuusepcurer, Db [Taco, CIITA) coorrec
HAIM UJien C HarpaB/jennem obydenns “learning to act in the moment”.

B craree [3| paccmarpumBaroTcs pasnmaHbBIEe BHABI 3HaHUi: 3HaHWE-9TO (kno-
wing-that), smanme-kak (knowing-how), smanue-mouemy (knowing-why), 3mamme-o
(knowing-about) n 060CHOBBIBAETCSI, YTO CKBO3b BCE ITH BH/IHI 3HAHW JOJIZKHO TPO-
xoauTh 3HaHme-K (knowing-to act in the moment). Takoit BIBOI coracyercs ¢ je-
SITEJIBHOCTHBIM TOX0J0M K 00ydennto, mpencrasieHabiM B PT'OC kak TpeboBaHume
K 00ydeHunto Ha coBpemeHHOM 3tare. O600IeHe TPeCTABIeHO B JIBYX MyOIUKAIT-
x [4, 5], Beieamux 3a pyGeoMm.

BAMEYAHUE. IIpuembr paGorsl: 1) MCIONB30BAHME ONMBITA OOIIEHHsT C KOJLIErOit
u3 CIITA B pamkax Mex myHapoaHOl KoH(pepeH mn: B ieHapaoM mokaage M. A. Yo-
maHoBa ObLT 3aTPOHYT Bompoc o noaroroske yuureneil B CIITA; xorenoch y3naTh,
COTVIACYeTCS JIM HAII TOJXO0/T K METOMUIECKUM TIPOEKTaM C 3apyDeKHBIM, IIOTOMY IO~
CJIe CBOErO BBICTYTLIEHUS Ha CEKIN, KOTopoi pykoBoaua M. A. Hormamos, s 3amama
WHTEPECYIOMNit MeHsI BOMPOC; OKA3aJ0Ch, UTO €CTh TaKOe HaIpaBIeHWe O0yIeHUst
“learning to act in the moment”; 2) mpeacraB/ieHne ONbITa MOMCKA 3aPYOEKHBIX Ha-
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YUHBIX HCTOYHUKOB; 3) CCHLIKA Ha COOCTBEHHBIE MyOJIUKAIIMN, TPEICTABIEHHBIE B 32~
pPyOEXKHBIX U3TAHUAX.

2. Opranu3zaiiusi BbITTOJTHEHUSI METOINYECKUX ITPOEKTOB MPU MOATOTOB-
ke yuurenasi B BI'Y (Ha mpumepe MpOeKTOB 10 O0YYEHUIO YUAIUXCS PEITeHUO
3a/1a4). BeInoHerne mpoekTa OCYIIEeCTBISETCa B 3 dTana, Ha KaXKI0M U3 KOTOPBIX
PEITAIOTCST CBOU METOIMUECKUe 33TatN.

Oran 1. BeinosiHenne 3a/1anust B COOTBETCTBUM C TPEOOBAHUSMHU K PE3YJILTATY.

1. OnpemennTe TUIT PENTAEMBIX 33Ta4.

2. BrigenuTe TeopeTuuecKue OCHOBBI PEIeHus 33724 JAHHOTO THUMA U YUTHTE
AKTUBHYIO J€ATEJIHHOCTh YYAIUXCS MPKU PaboTe C TEOPETUYECKUM MaTEPHAJIOM.

3. PackpoiiTe quajor ¢ yuamuMucs Ha 9eThIpex 3Tarnax pabdoThl ¢ 3ajadeil: aHa-
JIN3 YCJIOBHSI C OJJHOBPEMEHHBIM COCTaBJIEHNEM KPATKOI 3aIMCH; TIONCK criocoba perre-
HUsI, 3aBEPIIAIOIIIIICSI COCTAB/IEHNEM IIJIaHA PernteHus; o(pOopMIeHIe PeNeHus; mo/I-
BeJIeHNEe UTOrOB PAbOTHI HAJI 3a/1aqeil.

Ha stom sTame pemrarorcs cieayiole MeTOANIeCKue 33, atu:

1. Pazpaborars Takoi Bu/I KPATKOW 3aMUCH YCAOBHS 33a/1a4M, YTOOBI OHA CITOCO0-
CTBOBAaJIA MOUCKY CIOCODA ee perreHus.

2. MoruBrupoBaTh HaIpaBIEHUE MOUCKA, BHIOOD MpUEMa WM METO/A PEeIleHUs,
JOTIOJTHUTEIHHOTO TTOCTPOEHUS T JP., 0DOOIINTH TTPEII0KEHHBIE TTPUEMBI.

3. 9P deKTUBHO UCTOTH30BATH AHUMAIIIIO.

Oran 2. Ucnpasyieare METOTUIECKUX OMTAOOK.

Ha sTom sTare pemarorcs MeTogudecKue 3a/1atumn:

4. BeimesmTh criocodbl obecrederHns CaMOCTOATEIHHON YCIEITHOCTH Y IaIAXCA.

5. BeIgBUTH NMpUYUHBI METOAUYECKUX 3ATPYIHEHUN U CIIOCOOBI UX MIPEOIOICHUS.

Oran 3. IToaroroska mybaukaruii.

Ha stowm sTame pemraercs 3aaqa;

6. O600IMKUTH METOAUIECKUE PEIEHUSI.

3. Ilpumepsl METOANYIECKNX TPOEKTOB.

I[TPuMEP 1. Ilpoekt Brammciaasa Boprosa «Meroanka paboThl ¢ 3agadeil Ha
[IPOIIEHTHI».
[IpencraBum sTAnbl aHAIN3a, YCAOBUS U MOUCKA, CIOCO0A PEITeHusI.

Anaausd ycaosus 3adavu

BAJIAYA. CeMbs COCTOUT U3 My Ka, YKEHBI U UX jodepu cryaeHtku. 1) Ecan 661
3apriaTa MyzKa yBEeJIWIUIaCh BABOE, 00Immil 10x0 ceMbn BeIpoc 061 Ha 67%. 2) Ecm
OBl CTUTEHINST TOYEPH YMEHBITUIACH BTPOE, OBIMHUE TOXOT CEMbU COKPATHUIICS ObI
Ha 4%. CKOJILKO IPOLEHTOB 0T OOIIEro J0X0/Ja CEeMbH COCTABJIAET 3apIliaTa YKEHbI?

— Kakoro sro tuna 3azada? (Ha npouentsr.)

— O uem uger peun? (O 10X07aX CEMBH U €€ WICHAX.)

— Kakwue curyaruu 6b11u paccMoTpenbi! UTo 0 HUX U3BECTHO?

— Yro tpebyerca maiitu? (IIporenT 3apriarsl KeHbI. )
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K HNoxonm M. | e S—

Hoxon l JloxonM:

Ha 67% 0 J

1 curyanms | ToxonM Tloxoxn JI. | Joxon M.

2 cuTyams | M. . - Ha 4% M. -
Puc. 8. Anajm3 ycioBusi 3a1a4u.
67% 4) 2% 3)
Hoxon | Toxon M. Joxom JI. | ————

—100% 1)
loxon a2l Joxon 1. | Toxoa M.
& 67%

I - Ha 4% M. -
—

4%

Ha 67%6. —

1 curyams | Z-HG)Z;OHM B

2 curtyanus | M

Puc. 9. ITouck crocoba pemremus.

1) C gero maumnaoT pemarh 3a7a9u Ha nponeHTrr! (Onpenessiior, Kakoe Iuc/io
npuanmaerca 3a 100%.)

2) Kaxoe ancio npuanmaercs 3a 100%? (doxox cembn cocrasasier 100%.)

3) Yro MOXKHO HANUTHU MO YCJOBUIO, YTO JIOXOJ CEMBHU B TEPBOIl CHUTYAIUN yBEJIU-
qurcs Ha 67%7 (MokHO HAWTH CKOJIBKO TIPOIEHTOB PUXOJUTCS Ha, «T00ABIEHHYTO»
BEJINYMHY, T. €. Ha JIOXOJ MYyZKa.)

4) Yro MOXKHO HANTH 10 YCJIOBUIO, 9TO JOXOJ CEMbU BO BTOPOI CHTYaIlny yMeHb-
murest Ha 4%7 (MoKHO HaiiT, CKOJBKO MPOIEHTOB MPUXOIUTCA HA <«YPE3AHHYIO»
BeJIMYUMHY, T. €. Ha 2/3 noxoma gouepn.)

5) Ilomoryr s 3Tu JaHHBIE OTBETHTH Ha Bompoc 3ajgauu? (la. Moxkuo HaiiTu
JTOXOJT JI0U€pH, a TMOTOM OTBETUTH HA BOMPOC 3aJAYN. )

Orcroa Bo3HUKAET TIaH periennsi. HazoBure ero.

1) HaiiTu, CKOJIBKO MPOTIEHTOB COCTABJISIET 3apIlIaTa MyKa.

2) Haiitn, CKOJIBKO MPOIEHTOB COCTABIAIOT 2/3 110X0/1a JI0YepH.

3) HaiiTi, CKOJIBKO TIPOIIEHTOB COCTABJISET JOXOJ TOUEPH.

4) HaiiTn, CKOJILKO MPOIEHTOR COCTABJISIET 3aPILIATa JKEHBI.

BAMEYAHUE. TIpuemnr paborer: 1) menoast wurpa «Y4UuTeab—ydaimuecs» ¢ HC-
[OJTb30BAHIEM KOMITBIOTEPHOM TTPE3eHTAINN; 2) UCIIOIH30BAHNE B IIPOEKTE TOMAIITHEH
3a/1a91, KOTOPast MOTJIa BBI3BATH y CJAyIIATENeH 3aTpy/JHEeHNs]; 3) KOMMEHTHPOBAHUE
MCIIOTb30BAHHBIX TTPUEMOB: TIPSIMbIE BOMPOCHI M MPAMBIE OTBETHI WM KOCBEHHBIE OT-
BeThl (TIPEJICTABIEHHbIE B YCJIOBUU 33JIa9M WJIM B KPATKOW 3alnch); OTparkKeHue B
KPATKOIl 3aIiCh KasK/[0ro YCJIOBHUS 33/la4u M ee BOIPOCa; MCIOJIb30BaHue rpadude-
CKUX OOBEKTOB JIjI XapPAKTEPUCTUKHU JJOXOI0B PA3HBIX UJIEHOB CEMbU; UCIIOIb30BAHNIE
BOITPOCOB, BAYKHBIX [IJI PEIIeHUs 33,129 Ha MPOIEHTHI, /I BEJIEHUS ONCKA METOIOM
CUHTE3a U Jp.
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[TpumMmeP 2. IIpoekt Bacunoit Obru
BEHCTBa» (4acTh 2)».

«Merogonormaeckne ocHOBRI TeMbl «Hepa-

CsoiicTBo 1
Ecma<bub<c
Toa<c

CBOMCTBO 2
Eciu a < bu c-noboe
4HCII0, TO
atc<b+c
Haunume
paccysrcoenue ¢ Konya

CaoiicTBoO 3
Ecm a<buc<d,
Toatc<b+d
Ilonpoéyiime
doxazambo
aHanozuuHo ce.1

Iar 1. PaccmotpeTs
JIaHHbIC
HEpaBeHCTBA C
HO3HIMH
OIpeeIeHus

1)a<b—>a-b<0
b<c—> b-c<0

1)a<b—>a-b<0

1Na<b—>a-b<0
c<d—-c-d<0

IIIar 2. [TowieHHO
CIIOXKHTE
MOJTYyYHBIIHECS
Pa3HOCTH U CHEJaTh

2)(@a-b+(b—)<0
(cymma 1ByX
OTPHLATENBHBIX
4yCeN OTPHIIATEIbHA)

2)a+c-b-c<0
a-b<0

2) (a—b) +(c-d) <0
(cymma 1ByX
OTPHIATENBHBIX
4uces OTPHUIATENbHA)

BBIBOJI O 3HAKe
CYMMBI

Iar 3.
[IpeobpazoBath
[OJTy4EHHOE
HEpaBEHCTBO

3)a-c<0 3)(a+0)—(b+0<0 |3)(a+q-(b+a)<0

Illar 4. Cnenats
BbIBO/T

4) To onpeneneHuio
a<c

4) Mo omnpeeneHuto
atc<b+d

4) o onpeeneHuo
atc<b+tc

qT yT], uTna

Puc 10. Ucnosp30Banue onpeneseHus NP J0KA3aTeIbCTBE TeOPEM O HEPAaBEHCTBAX.

BAMEYAHUE. TIpuemnr paborer: 1) menoBast urpa «Y4UuTeab—ydaimuecss ¢ WC-
[OJTH30BAHIEM KOMIBIOTEPHOIT TIpe3eHTaIN; 2) KOMMEHTHPOBAHIE UCIIO/IB30BAHHBIX
IPUEMOB: WCIIOJIb30BaHNE YKPYITHEHHON TUIAKTUIECKON eIWMHUITLI I JOKA3aTe Th-
CTBA CBOYICTB HEPABEHCTBA; WCIOJIH30BAHNE EIWHON CXEMBI I IBYX CBOICTB; Ie-
MOHCTPAIAS AHAJUTUIECKOTO TOKA3ATEILCTBA C OMOPO HA CXEMY C TOC/IETYIONIM
CUHTETMYECKUM JI0KA3aTeILCTBOM; COnocTaBaenne obmero (csoiicrea 1 u 3 mokasbl-
BAIOTCSI OJIMHAKOBO) U 0COOEHHOCTE(H (CBOHCTBO 2 MMeET 0COOEHHOCTD: BMECTO CJIOKE-
HUSI JIByX 9UCEN JOOABISETCS U BHIYATAETCS OJHO M TO YK€ THCJIO0) ¥ JIP.

BBIBO/I: MuOTrOIeTHSIST 9KCIIepUMeHTaIbHAsT Pab0Ta MOKA3BIBAET, ITO METOIMIe-
CKHUE MPOEKThI PENIafoT TPU 33 TAUN:

1) MOTHBHDYIOT CAaMOCTOSATEBHYIO Pa3pabOTKy METOIUYECKOTO MPOIYKTA,;

2) OKa3BIBAIOT JEHCTBEHHYIO MATEMATHUYECKYIO TIOMOIIb yUAIUMCS, MOCKOIBKY
CITIOCOOCTBYIOT 0DECITEUEHNIO UX CAMOCTOSTE/IHHOM YCIENTHOCTH, & TaKyKe MeTOInde-
CKYTO MOMOIIb CTYIEHTY (YUUTET0) B pazpabOTKe COBPEMEHHOTO METOHIECKOTO pe-
IIeHUST

3) oboramaioT MeTOANKY OOyUeHnsT MAaTEMATHKe HOBBIMEU Pa3paboTKaMu.

4. TlogBegeHMe UTOTOB JIEKITUN.

BAMEYAHUE. IIpumembr paborer: 1) mcmonb3osanme Bompoca «Kakwme Bompocs
0bCy KU T »; 2) «IEePeKJINIKA» JIBYX ayIUTOPHii; 3) BOIPOCH! JEKTODY.

Ha Bomnpoc «Kakme Bompocsr o6cyKmamu?» CTyaeHThl oTBeTusn: 1) BapuaTus-
HOCTH BBIOOPA CBOEr0 POCTA TPU UCIOIB30BAHUN METOJUIECKUX TPOEKTOB; 2) ITa-
Bl PA3BUTHUsT MCC/IEJOBAHUS IO MCIOJIH30BAHUIO METOINIECKUX MPOEKTOB, HAUNHAS

124



C 3aJa491 TPaAKTUKHT, 3) KaKue IMaHCbhl HEJIb3d YIIYCKATh: BHUMATEJIbHO OTHOCUTHCA
K 3aMeYaHUsIM METOMCTA, BBIMUCHIBATH TPUEMBI B CBOIO KOITUJIKY, PEIIAThCA Ha mMy0-
JIVUKAIUA U JIP.

Brut npuMenen mpueM, KOT/Ia OJHA ayIUTOPUsT HA3BIBAET BOMPOCHI, & Apyras Ha
Hux orBedaer. llocie Jjieknmu Ha, Bompoc «Kakyio monb3y st cebst TOJydnan u3
cerofsraeii jgeknuu?y crygeatsl BI'Y orserwin: 1) mpuarTHO OBLIO BUAETH CBOU
NPE3EHTAINY W NPE3EHTAINY TeX, KOTO 3HAIOT; 2) MHTEPECHAs MEPEKJINYKa ayIuTO-
puii; 3) HOBast BO3MOYXKHOCTE B TIPE3EHTAIMSAX — BKJIIOYATH PUMEPCCHIIKI; 4) MEeTO/IbI
JIOKA3aTeIbCTBA TEOPEM O HEPABEHCTBAX; D) «PA3JIOXKEHHE MO ITTOJOIKAM» TEOMET-
pUUECKOii 3ajaumn, KoTopast Oblia He pereHa jaoma; 6) moJe3HOCTh COMPOBOXK IEHUST
KasKJI0TO TIara BOMPOCOM U aHUMAImeii; 7) yBUIEIN POJIb MPOEKTOB, KOTOPBIE MPe/T-
CTOWT BBITIOJIHUTE, ¥ 00PA3IBl STUX MTPOEKTOB; §) MOJJIYYU/IA OMBIT JIEKIWH B TAKOM
dopmare; 9) cormacubl ¢ coBerom «Beerma yunrecn!y; 9) 3axoTesoch M3yIUTH TOT
SJIEKTPOHHBIN PECYypPC, KOTOPBIA JEMOHCTPUPOBAJIH, TOCKOJBKY TE€OMETPUIECKUE 3a-
Jlaqu BBIBBIBAIOT 3aTPYIHEHUS.

BI)ICKaBa.HHI)Ie COBETHI Ha 6yﬂ;ymee: VIAYHIINTh TEXHUYIECKOE€ OCHAIICHUE TaKUM
obpazom, 9TobBI 06€e ayIUTOPUH OBLIN BUIHBI, BCE OTBETHI C 00EUX CTOPOH ObLIN ObI
CJIBIIITHBI.

Jlekrus 2. IIpuemMbl METOAMYECKOI TeITEeJIbHOCTU

Heau sexyuu:

1) packpbITh TOHSTHE MeToAm4YecKoi mesrenpHocTu (MJI) yuwresns, monsTme
npuema MJI xak crocoba peanuszarun M/I;

2) BBIZEIUTH UCTOYHUKHU mpreMoB ML st 06oraIneHust omnbiTa Y InTeIs;

3) mpuBecTu mpumeps! npuemoB M1 yuuress, 1arh UM KOMMEHTAPHIi.

Ilran nexuyuu:

1. Onpegnenenne meromnuaeckoii pesreapuoctn (M]I) yuurens maremaruku. Ilo-
HaTue mpuema MJI.

2. Ucrounuku npuemoB M/l yuuresnsa mas oOOraleHust €ro OmbITA.

3. IIpumepsr npuemo M/I yunTess.

4. TlogBemenne WTOTOB JIEKITH.

Xoma JeKnuu

1. Onpenenenne meroguveckoii aesareabuocru (M/I) yunrenss marema-
tuku. [lousarue npuema M/I.

OUNPEAEJIEHUE. Memoduueckas deameabHoCmb yIUTEIsT MATEMATUKU — 3TO J1e-
SITETLHOCTD TIO0 OPTAaHU3AINN TIeTarOTHIeCKOr0 MPOIECCa, HAPAaBICHHAS Ha MTOJHO-
HEHHO PE3Y/IhTATUBHOE OCBOEHME YUAIIUMUCT MATEMATHKMA.

SAMEYAHUE 1. O6ocHOBaHUE 3TOMY OMpEIEIEHUI0 JAHO B JTOKTOPCKON JIHCCEpP-
ramuu 1. E. Magosoii.

2. [Ipuem paboThl: KOHCTPYUPOBAHNE OTIPEIEJIEHNUSI TI0 CYIECTBEHHBIM TPU3HAKAM
gepe3 00O0CHOBAaHME KAXKJIOMY U3 HUX.
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[Tpuem MJI — 510 c1r1ocob OCyIIecTBIEHUS METOIUIECKON TeATETHbHOCTH Y IUTEIs.
SAMEYAHUE. [Ipuem paborsi: 06CyXKIeHNe TOTO, KAaKUe [T UMEET TTPUEM.

2. Ucrounuku ipuemMoB M/l yuuTens nysa odboramieHus e€ro onbITa. Boi-
penuM 3 ucrounuka npueMoB M/l yumrens mjist oboraleHusl ero OmbITa, YCJIOBHO
Ha30BeM WX TaK: BBIIEJICHBI IPYTUMU; «IIOJACMOTPEHBI» Y IPYyruXx; pa3paboTanbr ca-
MUMH.

BAMEYAHUE. [Tpuembr paboTer: 1) mpegocraBienne BO3MOKHOCTH CAMUM CJTyTIa-
TeJISIM HA3BaTh 3 BUJA UCTOYHWKOB; 2) MCIOJIb30BaHNe TpadbUIecKoil CXeMbl; 3) mo-
SICHEHUE KAYKJIOT0 MCTOYHUKA MIPUMEPAMU CUTYAIUil U3 UMEIOIIErocs OIbITa.

Curyaruu mist ucrounuka 1. Cerous Ha JIeKIuu OyIyT TPEJICTaB/IEHbI TPUEMBbI,
KOTOPBIE JIEKTOP B CBOE BPEMs MIPOYNTA]I B METOANYECKO# aureparype. Boura cury-
aIrsi, KOT/Ia KOJIIEra-yIuTe/Ib MOACKa3a a MpueM «XyI0XKHUK», ITOOBI TTPEoI0IeTh
OMUOKY yUIAIUXCS B TTOCTPOCHUH TOYEK HA KOOPIUHATHON ILIOCKOCTH.

Curyaruu g1 ncrounuka 2. HaboieHus 3a BBICTYIJICHUAME YIeHBIX-MaTeMa-
THKOB Ha Mex1yHapomgabix KoHdepeHuax «llopsaakoBeIii aHAM3 U CMEXKHBIE BO-
MPOCHI MATEMATUIECKOTO MOJIETNPOBAHUSTY, KOTOPhIe peryaspHo mpoBoaarcsa B Ce-
Beproit Ocerwu-ATaHuu, MO3BOJIWIA BBIIEIUTH METOIUYECKUE TPUEMBI JIEKTOPOB,
aro B 2019 r. 610 00001IEHO B paMKax ILJIEHAPHOTO JoKjaaaa «lIpuembr KoHCTPY-
UPOBAHUS U aHAIN3A METOIUYECKON JedaTebHOCTHY. MOoXKeT ObITh, KTO-TO U3 CIIy-
mareseit He TOJBKO 3aMeTHU/I TPueM KOHCTpyupoBauus omnpeaeaenust M, #Ho u B3s1
ero cebe Ha 3aMeETKY.

Curyaruu 1jist ncTouHNKa 3. HaBepHsiKa B OMBITE KaXKIOTO W3 TMPUCYTCTBYOIINX
ObLTa CHUTyaIluu yAadHON MOMOIIHU JPYTOMY B MAaTeMAaTHKe. 3HAYUT, ObLT UCIOJIB30-
BaH Kakoii-ro mpueMm. CTyIeHTHI, BBITOJIHSS METOINIECKUE TPOEKTHI, BBIHYKIEHBI
MPUIyMBIBATE CBOUW MPUEMBI, IOTOMY UTO HU B KaKOil JIUTEpAType HE HANTH OTBET
Ha, BOIIPOC, KAK IeCTBOBATH B TOW WM WHON KOHKPETHOW CUTyaruu. Psi cTyIeHTOB
0000IIAI0OT CBOU MPUEMbl B PAMKAX HAYUIHBIX MTyOJIUKAITHIL.

2. UctodHuEM npuemoe M yumTtena ana oboraweHua
ero onbiTa:

|

[Tpexncraenens | «Ilogemotpensr» | PazpaboraHsr

APYTHMH V APYTUX CcaMHUMH

Puc. 1. Bung cnaiiga ayist 2-1o myHKTA [JIAHA JTEKITHAN.

3. IIpumepsr npuemoB M/l yuwnrtensi. Beimenmum 3 rpynner mpuemon M/
YUUTEIsI: UCTOJIb30BaHe KOAUPOBAHUS WH(MOPMAIINN; TPUEMbl YKPYITHEHUST TUIaK-
TUYECKUX €IUHUIL, TPUEMbI OPTaHu3aInd pabOThl yIAIIUXCS.

BAMEYAHUE. [Tprembr paboThr: 1) MOSICHEHNE CJIOB «BBIJEINM» U «IPYTIT»; 2) 00-
palleHne K MMeIOIEMYCs OTIBITY; 3) UCMOIB30BaHNE rPahuIecKoil CXeMbl.
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3. Npumepsl npremos MJ y4mutena.

Hcnonrzopanne IIpremsr IIpreMEl
KOJTUPOBaHUA VKPVITHEHHSA OpraHU3aIHuH

uHbopManuu [ AHJAKTHUECKHX paboTer
e HHIT VUaIuxces

Puc. 2. Bug cnaitna gas 3-ro MyHKTa MJIaHA JIEKITAH.

IIpumepsbl kKoaupoBaHusas UHGOPMAITUN

1. BuccekTpuca — 3710 . ..

2. KaxpIit OXOTHUK >KeJIaeT 3HATD . ..

3. K10 u mryTst m CKOPO MOXKeJIaeTh Mr y3HATH 9UC/I0 yK'D 3HAET.

4. HU30 (my/nu-uHTEepBATBI-3HAKHA-OTBET) JJIs PEIEHNs HEPABEHCTB METOIOM HH-
TEpPBAJIOB.

5. KogupoBanue mpu 10Ka3aTeIbCTBE TEOPEMBI 00 OMMCAHHOM YeTHIPEXyTOIbHI-
Ke.

Puc. 3. Pucynok k noka3aTenbCTBY CBOMCTBA ONUCAHHOIO Y€THIPEXYTO/IbHUKA.

Cyrth gokazarenscrea. OTpe3KU KacaTeJbHBIX, MPOBEIEHHBIX W3 OJHOW TOYKH,
paBubl. OBO3HAYNM JJTMHBI PABHBIX OTPE3KOB OJUHAKOBOIN OykBOii: A—A, B-B, E-E,
P-P. «Ilpountaem» cymmy OTPE3KOB ITPOTUBOIIOI0KHBIX CTOPOH YETHIPEXYTOJTbHAKA:
BEPA-BEPA. Bor MBI u MOKa3aju, 9TO CyMMBI JIJTHH TPOTHUBOMOJIOXKHBIX CTOPOH
OMMNCAaHHOT'O YE€ThIPEXYTOJIbHUKA, PAaBHBI.

BAMEYAHUE. IIpuembr paGorsl: 1) MCIOMB30BaHNE KOMIBIOTEPHON aHUMAIUN;
2) pacckas o Tom, kKak 3ror npuem ObL1 mokasan B. @. IMlaranoseiv B Bpsincke Bo
BpeMs KyPCOB JJId yaIuTeseil MaTeMaTuKH.

WzBectuoiit metoanct BukTop Pemoposud IllaTamoB paszpaboran 3¢ deKTUBHY O
cucreMy O0yUeHUsI, C KOTOPOii MOYKHO IMO3HAKOMUTKCS B KaNre «Kyma n kak ncuesn
Tpoiiku» [6].

BAMEYAHUE. IIpuembr paborsr: 1) ucrmonb3oBanne Ha3BaHUS KHUTH IS UJLITIO-
CTpaIiK Pe3yabTaTa — B ero CHCTEeMe BCE IMKOJLHUKHU yUYHINCh TOJIBLKO Ha 4 m b;
2) ucnop3oBanue 06pasa COJEHOrO OrypIa Jisi 000CHOBAHUS JeHCTBEHHOCTH CUCTE-
MBI — B KAKOM OBI TBI HU OB COCTOSTHUU (YPOBHE PA3BUTHA), TIOMAB B CUCTEMY, ThI
06513aTeIbHO CTAHEIb «COJIEHBIM» (JOCTUIHEIb JI0JKHOTO YPOBHSI).
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ABTOpOM METOIVMKN YKPYTHEHWST TUIaKTUIECKUX €IUHUIL SIBJISIETCS KaJIMBIITKUT
yuenstii [Tropsa Mioukaesuy dpsuues 7).

BAMEYAHUE. IIpuembr paGorsr: 1) ucrmonb30Banne HA3BaHUS KHUTH IS UJLITIO-
CTpAIUH CYTH METOIUKU — 338 MEHBIIIEe BPEMsI YCBOUTH OO0JIbITIee KOJIUIEeCTBO UHMOP-
MAaIMuU 3a CUET ee YKPYIMHEHUs!; 2) PEKOMEHIAINs TIOCMOTPETh YIeOHUKN, B KOTOPHIX
peanmmsoBana waes Y/IE; 3) ucmosb3oBaHue JUIHOTO BIEYATICHUS OT 3HAKOMCTBA
c IT. M. DpanuesbiM u ero cucreMoii B 1982 1. B 1. dymcre.

Ilpumepbl YKPYITHEHHBIX JUJAKTUYIECKUX €IUHUIL]L

1. Hcmonp30Banne «ABYXITAXKHBIX» 3aIINCEl B OIMpeIeeHnaX U (pOPMYJIHPOBKAX
OKPY2>KHOCTb o IIJIOCKOCTH
TEeopeM. 7c@epa, 9TO MHOXKECTBO BCEX TOYEK 7Hp0(}TpaHCTBa7 paBHOy,B;a.}IeHHbIX oT
3aJaHHOII TOYKMH.

2. UcnonpzoBanue «aepOPMUPOBAHHBIXY YIIPAYKHEHMU.

(+DRa—)=da® - ——

=44...

3. Perrtennie mpsiMbix, 0OpaTHBIX U W3MEHEHHBIX 33724 0e3 pa3pbiBa BO BPEMEHH.

[TPUMEP KOMILIEKCHO! 3a1aun (u3 yaebHuka aareOper 7 kiaacca, Ne 99):

a) 113 otHOTO Ccejta B Ipyroe BEJIOCUIIEUCT €XaJI CO CKOPOCThIO 18 KM/, a BO3Bpa-
mascs co ckopocrbio 15 kv/4. Ha obparubiit nyrs on 3arparuia Ha 20 MuH 6oJIbIIe,
YeM Ha mpaMoil myTh. KakoBo paccrosnme MexTy ceaamMu?

v (kM /) t (a) S (xkm)
Tyna 18 ?
ObparHO 15 na 1/3 6.

6) VI3 omHoro cesta B Ipyroe BeJOCUIIEANCT exaJl CO CKOPOCThIo 18 KM /|, a Bo3Bpa-
masicst co ckopoctbio 15 ku/4. Ha Bech myTs on sarparus 33 1 (31 40 mun). Kaxoso
PACCTOSTHIE MEXKTy CeTaMu?!

B) CocraBuTh 3a/a4y 110 yPABHEHUIO

r) IIpoBeputh cremyroniye TOXKIECTBA U 3aMEeHUTh B HuX umcyao 60 GykBoil x;
COCTaBUTH 33JIa4U1, PACCKa3aTh WX YC/JIOBUS W PENTUTH WX:

BAMEYAHUE. [Ipuembr paborsr: 1) ucnoan3oBanue TabIuIbl JJIst TIPEICTABIEHIsT
yCcJIoBUsI 3a7a4un; 2) 00CY:KJEHUE DEIIeHus 3aadi C UCIOJIh30BAHUEM YDABHEHUST;
3) KOMMEHTHPOBAHNE OCODEHHOCTEH KaXKO0W TMOC/IEIYIONIei 3a/1a9u B PEICTABICH-
HOM KOMILJIEKCe: 33Jada 0) 3aTparuBaeT MHYIO 3aBUCHMOCTH MEXKIY BEJUUNHAMU —
BMECTO 3aBUCUMOCTHU «Ha» MOSBJISETCS 3aBUCUMOCTH «BMECTE», KPOME TOI'0 MCITOIb-
3yercst OOpaTHBIN TepPexo/] B BBIDAYKEHUN MUHYT B 9YAChl; 3a7a49a B) MPEIIOJIaraer
0o0paTHBIi X0/ — OT YPaBHEHWS K YCJIOBUIO 33a4YN W N3MEHEHNE UMC/IOBBIX TAHHBIX
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(cKOpOCTM W BPEMEHM); 3a/a9a T') 3aTPATMBAET CBA3b YMCJIOBBIX TOKIECTB M yDaB-
HeHnii (3a 6YKBOI B TOXKIECTBE MOXKET CTOATH KAKOE-TO YHCJIO0), N3MEHEHUEe CIOXKeTa,
(KTO MOKET IepeBUraThCs CO CKOPOCThIO 4 KM /4 w5 KM/ 4); 0600111eHne paccmMor-
PEHHBIX 3aBHCHMOCTEN («Ha» U «BMECTe» ).

[TPUMEP n3 YMK «Maremaruka. [Icuxonorus. Uaremmekt» (5 kacc).

(IT) 367. /IBa noesga BBIILIM HABCTPETY JAPYT JAPYTY OJHOBPEMEHHO W3 JBYX
TOPOJIOB, PACCTOSHUE MeXKTy KOTOpbIMU 1260 KM, W BCTPETWINChL 4depe3 7 TOCTe
Boixoza. Ckopocrs oxHoro n3 Hux — 80 kM /4. Haiigure ckopocTh apyroro moesja.

OTBeTbTe, UTO TPOUBOUIET, eCIINn:

a) CJIOBO «OJJHOBPEMEHHO» B TEKCTE 3a/a9U OTCYTCTBYET]

6) cioBa «dyepe3 7 Uy 3aMEHUIN CIOBAME «4depe3 2dy; «duepe3 9 uy;

B) C/IOBA <«OJHOBPEMEHHO» 3aMEHW/IN CJIOBAMH <«IPUYEM BTOPOil MOE3]| BBIIET
Ha 29 MO32Ke MepPBOro».

Bamnuimre perenne 3a1a9u B CIydae B).

SAMEYAHUE. Ilpuemsr pabors: 1. [peacrasierne YMK u onbita ero ucmosib-
sosanus B Cesepuoit Ocerun. 2. [Ipeacrapienne 3a1a9u, KOTOPYIO MPAKTUIECKN BCE
penrarT HeTTPaBUJIBHO U3-3a TPAJUINOHHOCTY MBITITJICHWA. 3 KOMMGHTI/IpOBaHI/Ie 0CO-
OeHHOCTel WCXOMHOW 3aJad9u W KAXKJIOH MOC/IeIyIONel 3a/a9i B MPEICTaBIEHHOM
KoMmILIekce. Vcxommnasa 3a1ada TpaaulinoOHHAsI, €6 MOXKHO PEINTh ABYMSI CIIOCODAM.
3a;|;aqa a) IIO3BOJILAET O6paTI/ITB BHUMaHWE Ha Ba2KHOCTH YCJIOBUA «OAHOBPEMEHHO».
Baada 6) mpeanoaraeT U3MeHeHe YUCIOBBIX JAHHBIX, KOTOPBIE COXPAHSIIOT XOJT Pe-
IIEHNsT, HO MOTYT MOBJIUATH HA TPABIONOI00HOCTE Pe3yIbraTa. 3aa49a B) TPEIoIa-
raeT pacCMOTpPEHNe HeCKOJTBbKUX CUTyaIluii. B ycJI0BUM UCTIOB3YIOTCA CJIOBA «BTOPOIA
0e37y, 3HAYUUT, ITUM BTOPBIM MTOE370M MOYXKET OBITh KarKIbIil n3 moe310B. B ucxon-
HOIT 33/1aUe CKa3aHO «CKOPOCTh OJHOrO m3 HuxX 80 KM /Wy, 3HAYUT HAJ0 PACCMOTPETH
JIBE CUTYaIliu, IPUCBOUB 3Ty CKOPOCTH KAXKIOMY U3 MOe3/10B. B ncxomHOol 3a/1a9€e ecTh
CJIOBA «BCTPETHUJINCH Uepe3 7 U MOCJIe BBIXOIBI», 3TO eIle OHA HeONPe eIeHHOCTD: T0-
cie BbIxoma Kakoro moesna’ [lomyuaaercst 4-s1 curyanuu. 4. ConpoBoXKIeHre 3a1a9u
pucyukamu u annmanmeii. 5. Ilpencrasienne mpuema yauTesist 0 Crrocobe HaHECeHUs
JAHHBIX HA YepTexK MPU HAJUYUU YCJAOBUS «BCTPETHINUCH TOCJE 7Y IMOCTE BBIXOTA
...Ioe31a» — BPEMsd B IIYTH KaXKJOr0 M0oe37a OTpakaeM Ha PUCYHKE.

IIpuembl opranmn3anum JesiTeJIbHOCTU yYalliuXxcs

1. Ilpuem wcmonb30BaHUsT BEPTUKAJIBLHON IMOJOCKH C HYMEPOBAHHBIM CITICKOM
(CmoeHCK, /1st OTPADOTKH CJIOXKEHHS T[eJIBIX THCE).

2. Cmotp 3nanwmii (onpobosan pu 00yvennn maremaruke B mkose Ne 1 r. Kunrsr
Bpsrackoit obmacrn).

3. Onpoc o cucreme B. @. Ilaranosa (mpoBoaANTCS y HAC I CTYJEHTOB).

4. «Bcranbre Te, KTO 3HAET, KAK permaeTcs sta 3aga4day (mpuem B. @. [Ilaramosa).

BAMEYAHUE. Ilpuembr paGorbr: 1) mpejcraBieHne MpueMOB W3 COOCTBEHHOI
MPAKTUKN, 9TO YCUJINBACT UX TEXHOJIOTUYIHOCTD; 2) KOMMEHTUPDOBaHNE KazKJa0T0 IMpu-
eMa 4yepe3 ONUCaHue IOCIeI0BATEIbHOCTU AeiiCTBUNA.

[Mpuem BepTuKaIBLHOM MOSOCKY. JloMa, yUalluecst 3aroTaBJINBAIOT TAKUE MOJOCKH.
Yuureib NpeIbsaB/IsieT CEPUI0 TPUMEPOB, YUaIllecs Ha STUX MOJOCKAX 3aIMUCHIBAIOT
orBeT. OCyIIeCTBISIETCST TTPOBEPKA PEITIEHH.
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Cwmorp 3Hamwmii. 3aroraBauBaercs TPU BUA 3aJaHUil: HA JIOKA3ATEIHCTBO (pH-
CYHKH Ha JIOCKE); MPAKTUIECKUE 33IaHWsT OTHON HATPABIEHHOCTH (KAPTOYKM); TPAK-
TUYECKUe 3aJaHust JApyroil manpasiaennoctn (kaprouku). [oToBuTcst 0OmIeCTBEHHAS
KOMUCCHS, JJIsT Hee 3ar0TaBIMBAIOTCI MATEPUAJIBI (CIUCKY YIAIMXCS, PEIlIeHHbIEe 3a-
Janusi, cBomHbIE BegomocTn). CMorp mpoxoaut B Tpu 3rana. Ha nmepsom srane ogun
PSIZT yUAIIXCs KOMMEHTHPOBAHIEM TOKA3LIBAET TEOPEMEBI C YUUTEJEeM, BTOPOIl PsiiT
BBITIOJTHAET PeNIeHne 33JaHui NMepBOA HANPAaBJIEHHOCTH, TPETWIl paa — BTOPOW Ha-
mpaBJieHHOCTH. [lo 3aBepImeHuio 3Tama pelreHHble 3aIaHus OTIAIOTCSI Ha IPOBEPKY
KOMHCCHUH, a JId PAJOB MEHAIOTCA 3aaHNA. Ha TpeThbeM 3dTalle CHOBa ITPOUCXOAUT
cMena 3aganuii. TakuM 06pa30M, KarKIblil MOIYyIUI HA CMOTPe Tpu oreHku. Komuc-
CHUsI TIOABOIUT UTOT U OOBSBISIET UTOIOBLIE PE3Y/ILTATHI.

Ompoc o cucreme B. @. ITarasosa. Bece mveror crmcok BompocoB. OTBETH Ha
BOIIPOCHI HE pa3 MPOrOBAPUBAJNCH (HA JIEKIUSIX, TP OTYETaX MO JIEKIIUAM TIOCTIe
CaMOCTOATENHHOM PaboThI). B pesysbrare CTyIeHTh 0CBAUBAIOT GOIBIIOE KOJTMIECTBO
BompocoB. Ha 3adere mepen sxpanoM B ayquropun cTodT 10 cTyIeHTOB U 1O odepean
OTBEYAIOT HA BOMPOCH! (KaXK/Iblii 3HAET, Ha KAKOH BOIPOC €My MPEJICTOUT OTBETHUTD,
U TIOKA, OTBEYAIOT IPYTHE, MOKET COCPEIOTOUNTHC). B pesyabrare KazxKIblil CTyIeHT
OTBeYaeT Ha 5—6 BOIPOCOB, YTO JTA€T BO3MOXKHOCTH OIEHUTH PE3YJIbTAT.

«Bcranbre Te, KTO 3HaeT, KaK peIIaeTca 9Ta 3aJadas. Ha gocke mpemcraBie-
HBI yCJIOBUA 33Jad. Y daInecs 00IyMbIBAIOT, KAK PEIUThH MEPBYIO 33a4dy. Y IUTE/b
IPOCUT BCTATh TEX, KTO 3HAET, KaK perraercd 3amada. CKaXeM, BCTaIN 2 YeIOBeKa.
YauTeab IpOCUT UX PacCKa3aTh perierHne. KEcan y ocTaabHBIX YIeHHKOB €CTh BOIIPO-
Cbhbl, OHN MOTYT 3a/aTh. BaTeM BCE YYEHUKU OTPaAzKAIOT PEHNIEHUE B CBOUX TETPAJIAX.
[Tocrenmenno 1emodka AEACTBHUIL: «3aJIa9a—yCTHOE pEIIeHne OTAEJbHBIX YIEHIKOB—
3aIMCh BCEMU PEIIeHWsT» MOBTOPSIETCS, HO TOJIHBKO 3AMKUCHIBAIOTCA PEIEHUs TTOCTIe
JIBYX PacCKa3aHHBIX 3aaad. Torma pelmeHne BTOPOH 3aJad OTCTOMT OT IEPBOIl BO
BpeMEHU, U y4dallluecd yzKe JOJI2KHBI He BCIIOMHWHATH PEHICHUEe, & CaMU PaCCYyKIaTh.
Hosoautca yctnoe pererne mo 10 3amad.

Lomawmnee 3adanue. Pemmnre 3amadm:

1. Cembst cocTOUT W3 My’Ka, KEHBI U WX jouepn crymentkn. Ecam Ob1 3apmiara
My¥Ka YBEJIMYUIACH BIBOE, 00Ul M0X07 ceMbu BIpoC Obl Ha 67 %. Eciu 6b1 cTu-
[eHIUs JOUYepr YMEHBIINIACh BTPOe, OOIIM T0X0J CeMbl COKparuicsa Obl Ha 4 %.
CKOJIBKO TTPOITEHTOB OT OBITEro JOXO0IA CEMBU COCTABJIAET 3aPILIATA JKEHDI !

2. Boicotbt AH u BK ocrpoyrosbaoro Tpeyroibinka ABC mepecekaioTcs B
rouke M, yron AM B pasen 105°. Haitaure rpagycayio mepy yria AOB, ecim O —
MEHTP OKPYKHOCTH, OMUCAHHON OKOJI0 Tpeyroabunka ABC.

4. IlonBeneHune UTOroB JIEKIUN.

BAMEYAHUE. IIpuembr paborer: 1) wmcmonb3oBamme Bompoca «Kakme BOmpoch
obCyKmamn?y; 2) «IepeKInIKay JIByX ayuTOpuii; 3) BOIPOCH! JEKTOPY.

Ha Bompoc «Kakme Bompocsl o0cyxKaain?» CTYIeHTb OTBETHIN: 1) MCTOTHUKA
METOMYECKUX MPUEMOB; 2) MpUMepbl TPUEMOB; 3) MPUMePhl KOIUpOBaHus WHGOD-
maruu; 4) ompeesienne MeTOJINIECKOi JeATebHOCTH; ) BaAPUATUBHOCTD yCIOBUI
B 3aja4e; 6) ABOiHASI 3alUCh B OMpPEJE/IeHUdX; 7) J1eOPMUPOBAHHOE YIIPaXKHEHUE;
8) MCnoIb30BaHNe MPSIMBIX U OOPATHBIX 337249 B OJJHO BpeMs; 9) megaroru-HoBaTophl
(B. @. MTaranos u I1. M. Dpumues).
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[Ipu manranum BpeMenn MOXKHO OBLIO OBl 00CYINTH KaXKIbI M3 HA3BAHHBIX OTBE-
TOB.

[Mocne nexknmm Ha BOpoc «UTO MOHPABUIOCH HA CETOMHANTHEN JIEKIUN’» CTYIEH-
et BI'Y orBermm: 1) 3amaum Ha cxeMax; 2) MOCI€JI0BATEILHOCTD B JIEKITUH; 3) TO/I-
BEJIEHNE UTOTOB, KOTOPOE JAajI0 BO3MOXKHOCTH BCE TIOBTOPUTE; 4) Caaiiibl ¢ MUHUMY-
MOM TEKCTa, HO MOAPOOHBIM PACCKA30M Ha MPUMepax; H) HAa3BAHWs KHUT, KOTOPbIE
3aX0TeI0Ch mpounTaTh; 6) obmenwe; 7) npuem «BEPA» u mp.

He mompasmiock: He OBLIO CJIBIIIHO BTOPOI ayIUTODHN.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

VMHHOBAIIMOHHOE COIEP?KAHUWE 11 CUHEPTA
MATEMATUYECKOI'O OBPABOBAHUS BYAYHIEIO YUUTE/IS!

E. 1. CmupHoB
(Poccus, dpocrasib; ATTIY)

BBenenue

Maremarnaeckoe obpazosanne B Poccun u Bo Bcem Mupe MpeTepreBaeT B MOCIeI-
HUE JTeCATUIeTUsI CyIeCTBeHHbIe M3MEHEHNUsI, eC/IN HE CKA3aTh KPU3UCHBIE SIB/IEHUS
KaK OOBbEKTUBHOTO, TaK U CYOHLEKTHBHOTO XapakTepa. AKIEHTHPOBAHNE TIeIATOTUKI
Ha TPaKTUKO-OPUEHTUPOBAHHBIE METOAbI U JIMYHOCTHBIE DE3YJ/IHbTAThI O6paf30Ba.HI/I${7
3aTPOHYBIIHE HAITY KOy, BEYT K JIyUIIeil COIUAIU3aIN JTUIHOCTH, OOIBIIEH BO3-
MO>XKHOCTU HUCIOJJIB30BATh MaTe€MaTU4YE€CKNUE 3HAHUA B pea..)'[bHOfI KU3HU. OII;Ha.KO NH-
TeJIEKTyaJIbHBIE OMEPAIINY MBILTeHNs (TOHUMAaHIe, KOHKPeTH3alns, abCTparnpoBa-
Hue, 0600IIEeHNe, MOIEIMPOBAHNE, AHAJIOTHS, ACCOIMAINN U T.I1.), JIEJKAIIe B OCHOBE
¢dopMUpOBaHUS YHUBEPCATBHBIX YIEOHBIX JeHCTBUil 00ydaeMbIX U (DYHKINOHATBHON
TPaMOTHOCTHU IITKOJIBHUKOB, TTO Pa3HBIM O6']>€KTI/IBHI)IM n Cy6’beKTI/IBHI)IM TpUYrMHaAM
mepectaaun npu 31oM 3p(EKTUBHO pa3BUBATHCS B IMKOJIHHOM 0Opa3oBaHuu. PaBHO
KaK U TOTepsi OPUEHTUPOB B (DYHIAMEHTAIN3AINN MATEMATAIECKOTO 00Pa30BAHUS,
kak B Poccum, Tak u B MUpe, TPUBOAUT K JepUNUTY KBAJIUMUITPOBAHHBIX KaIPOB
B Pa3BUTUU U PEAJTUIAIUN COBPEMEHHBIX TEXHOJIOTHM, MOTepe TMOKOCTU, KPUTHIHO-
CTH U KPEATUBHOCTH MBINLJIEHUS 00y IaOMINXCS, BeIeT K yTpare criocobnoctu Poccru
3aHUMAThH COBpPEMEHHbBbIE HUIIHM MPOW3BOAUTENbHBIX cuyi. Poccuiickoe maremarute-
ckoe obpa3oBaHue Bcerja ObLIO MEePeOBBIM B BOMIPOCAX ero pyHIAMEHTAIN3AINNA —
merogposorun u rexuogoruu I1. 4. lansmepuna, B. B. Haswsigosa, JI. H. 3ankosa,
B. A. Kpyrenkoro, H. ®. Tanemunoit, B. /1. IlagpukoBa u Ap. — cO3JaJI1 TPOIHYIO
OCHOBY 11151 3(pPeKTUBHOTO pas3BuTus JudHocTr. OJHAKO B MOCTETHIE TEeCATUICTUS
MIKOJIbHUK W3MEHUJICH: BO3MOXKHOCTH WH(MOPMAIMOHHON CPEIbl, MPUOPUTETHI JINU-
HOCTHOT'O CTAHOBJIEHUSI W PA3BUTHS, U3MEHEHUsT COTMAIBHBIX 3aJ1a4 Tepe]T MKOJIOH,
POCT JUIHOCTHBIX MpedepeHnnii MKOJILHUKOB MPUBOIAT K MpobIeMaM W HeraThB-
HBIM TIOCJIEJICTBUSIM B TPAIUIMOHHOM OCBOEHUHU Maremaruku. bosee Toro, nudpo-
BU3AIHS MIKOJIBI U By3a OObSIBIEHA TVIABHBIM TPEHIOM POCCHIICKOT0 0Opa30BaHUS U
npu3BaHa JaTh OTBETHI Ha «B3PBIBHOE» TIOABJICHNE HOBBIX KOMHeTeHH;Hﬁ, n3MEHEeHue
PBIHKA TPy U OTKPBITOCTU TI00AJIBHOTO MH(MOPMAITMOHHOTO MPOCTPAaHCTBA. Tem He
MeHee, pe3y/IbTaThl HAllIUX IMKOJbHUKOB B ME2KAYHAPOJIHBIX MATEMATUICCKUX OJINUM-
MaIaX OCTABJISIO XKeJIaTh Jydriero (3a mocieauue 10 ger Pocens omyckanacsk mo 11
MeCTa B MUPE), MeXKIyHapoaHoe recruposanne PISA| recr onenusatommii dynkim-
OHAJILHYIO TPAMOTHOCTD ITKOJBHUKOB B PA3HBIX CTPAHAX MUPA U YMEHUE MPUMEHSThH
3HAHUA Ha TPaKTUKEe (HpOXO,ZI;I/IT pa3 B Tpu rofa; B TECTE YyIaCTBYIOT TTOAPOCTKN
B Bo3pacre 15 JieT), Jaer CJemyrolme pe3yIbTaThb:

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 19-29-14009.
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MATEMATUYECKAA TrPAMOTHOCTb
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Puc. 1. Pesynbrarer Poccun B Tectuposanuu PISA.

Pesynbrarer 2018 r. moKa3weIBaIOT, 9TO OKOJIO MIATOM YaCTH BBITYCKHUKOB OCHOBHOM
IIKOJIBI HE JIOCTUTAIOT TIOPOrOBOTO yPOBHS (DYHKIIMOHAIBHONW IPAMOTHOCTH (1O Kark-
J0ii 06JTaCTH — MaTeMATHIeCKOil, eCTECTBeHHOHAYTHON W YUTATENLCKON) M OKOJIO
TPeTH yJaIumxcs mo ofHol n3 obsracreii. Poccus 3arnmaer 27-35 MecTo B MUPOBOM
pefitunre. BoisBI€HBI OCHOBHBIE 3aTPYHEHUS B BBITIOJHEHUN 33JAHUI MOHUTOPUHTA
dopmupoBanus HYHKIHOHAIBHON (MAaTeMATHIECKOl) IPAMOTHOCTH IIKOJIbHUKOB:

® MOHWMAHWE CIOYKETHOIN CUTyalliu W TEePEBOJ ee Ha si3bIK PeJIMeTHONH 00/1aCTH,
HAXO0XKJIEHUE CII0COba PeIleHusT;

e pabora ¢ madopmanmeii, npeacTaBIeHHONl B pa3Hoii ¢hopme (PUCYHOK, TEKCT,
TabJInIA, THarpaMma,);

e paboTa C peasbHBIMU JaHHBIMA, BEININHAMIA W eINHUIIAMA N3MEPEHMIT;

® MHTEPIIPETAINS Pe3y/IbTaTa C YIeTOM IPEI0KEHHON CUTYaINH;

® [IPOSIBJIEHUE CAMOCTOSITE/TbHOCTH, UCITOJIB30BaAHIE YIeOHOT0 U YKU3HEHHOTO OTThI-
Ta.

[Temaroruaeckwuit OmbIT, TEOPUS W MPAKTUKA, 3AITPOCHI U BHI30BHI PEAIBLHOMN KU3HN
MMOKA3BIBAIOT, UTO MEHTPATBHYIO POJIb B OMPEIEJIEHUN PA3TUIHBIX YPOBHEN yCIIEITHO-
ct POPMUPOBAHUS MATEMATUYIECKON TPAMOTHOCTH UTPAT (DyHIAMEHTATHHBIE Ma-
TEeMaTUIeCKNEe CIIOCOOHOCTH.

[Ipu s3ToM B mOC/IeIHUE JECATUIETHS YCUTUSIMHA yUIEHBIX-MATEMATHKOB, (DUIOCO-
(1)OB7 TICUXOJIOTOB M TIeJaroroB MeTOJO0JJIOTUYECKH BBIABJICHO W TEOPETUYIECKH J0Ka-
3aHO, UTO CJIEJYIONINE TeXHOJOTHYECKUe KOHIIENThI CIOCOOHBI MPOSIBUTH MEXaHU3-
MBI 1 (paKTOPBI aKTyaau3anun (peHoMena (pyHIaMeHTAIbLHOCTH U IMOBBINIEHNS Kade-
CTBa MaTeMaTUIeCKOro oopasoBanusi, GOPMUPOBAHUS MATEMATUIECKONH IPAMOTHOCTH
IITKOJIbBHUKOB (COOTBeTCTBeHHO TIepevIHIoO HpO6J’[eMHbIX 30H, YKa3aHHBIX BI)IH_[e)Z

e HaKTOP-UMITYJIEC HATTISTHOTO MOJEJUPOBAHUS (BCKPBITHSI CYIIECTBEHHBIX CBSI-
3eit u gocrmkenne 3hdexTa MOHNMAaHNS B OCBOEHUM MATEMATHKHN) 00BEKTOB W TTPO-
neayp — E. 1. Cuupmnos, B. B. Boryn, B. C. A6aryposa, I'. FO. Bypakosa, B. A. /Ta-
JINHTEP H JIp.;

® MHO2KECTBEHHOE€ LeJIETIOIaraHne BbIABJICHUA CYHIHOCTU KOTHUTUBHBIX TPAKTU-
KO-OPUEHTUPOBAHHBIX 3aJlad U aKTyaJu3alusd MOJAJbHOCTEHl BoCupusTtus B (DyH-
JIMPOBAHUY W WCCJIEIOBAHUN TPAKTUKO-OpUEHTHpOBaHHbIX 3amannii ([Ix. Bpynep,
B. Bekkep, B. . llagpukos, K. Masurenrep, E. 1. Cvmupuos, B. C. CekoBaHos,
C. H. Ipopsarkuna, P. M. 3aiinues u ap.);

e yudopMaTu3anusg u MudpoOBU3aNNT yIeOHOTO MPOIECCa, aKTYa U3alusd MpPHU-
€MOB OCBOCHUA METOI0B SKCHepHMeHTaHbHOﬁ MaTEMATUKN B (<Hp06.)'[eMHbIX 30HaAX»
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obyuenns maremaruke (C. H. Bemenkor, A. JI. Cemenos, 1. B. Po6epr, B. B. I'pum-
kyH, A. A. Ky3zuenos, E. I. CmupHoB u 1p.);

e CMOMO3 MATEMATHIECKOTO W KOMITBIOTEPHOTO MOEJIMPOBAHUS B WHTEPIIPETa-
IUU PEe3yIbTATOB, KPUTUIHOCTh U KPEATUBHOCTH B TOJYUIEHUU TOOOUHBIX MPOIYK-
tos uccaepoanns (B. C. Cexosanos, M. Knaxnsa, B. H. Ocramkos, E. K. Xennep,
M. Bapucyu, Iaiitrep X. O. u ap.);

® CAMOOPTaHUBAINST W CAMOPA3BUTHE JUIHOCTA HA OCHOBE AaKTYaIM3aI[UU TPEX
cep MPOSBIeHNs CHHEPTUH CJIOXKHOTO: COEPIKATETBHOl (TIPAKTHKO-OPUEHTHPOBAH-
HBIE 33/1a9M, SIBJICHUS W PEAJbHBIE MPOIECChl — (PAKTAIBI, Xa0C, CAMOOPTaHM3a~
1yst), poIeccyatbroit (byHaupoBanue onbITa, AUAIOT KYJbTYD U KOMMYHUKAIUH,
KOHTEKCTBHI) M JIMIHOCTHO-3TANTAIIMOHHOlN (pa3BUTHE KPEATUBHOCTU W KPUTHIHOCTH
00y JaIOIIErocst, COBPEMEHHBIE JIOCTUKEHNsT B HAyKe, PA3BUTHE MOTHBAI[MOHHOMN cde-
pol yuernnst) — [ Xaxen, [. I. Masmuernkuit, M. Baxtuu, 9. Mopen, B. B. Bymanos,
B. C. Crenun, E. H. Kuszesa, b. Mangensopor, C. I1. Kypmiomor u ap.

Takum obpazom, 3hGEeKTUBHBIM HampaBieHueM (OPMUPOBAHUST MaTeMaTUYIe-
CKOIl TPaMOTHOCTH IIKOJHFHUKOB MOXKET CTaTh ODydYeHWe MaTeMaTWKe Ha OCHOBE
OCBOEHUsI CJIOXKHOTO 3HaHus. lIpum 3TOM craBuTCa 3ajada CO3JAaHUST HACKIIEHHOM
nHMOPMAITMOHHO-00PA30BATEIBHOM CPeIbl 00ydeHns MaTeMaTWKe 33 CYeT U3MEeHe-
HUsI COJIEP’KaHUs 00pa30BaATENbHBIX MPOTPAMM B HAIPABIEHUU OCBOEHUS CJIOYKHOTO
BHAHUS U MOJJIEPYKKHU TUCTAHITHOHHBIX CPeJ U KOMITBIOTEPHOTO MOJIEIUPOBAHUS. DTO
peain3yeTcst B X0/Ie ITAITHOTO UCC/IEIOBAHNS CJA0YKHOTO 3HAHNSA U PEIEHUS TPAKTUKO-
OPUEHTUPOBAHHBIX 33/JAHUI C BO3ZMOXKHOCTHIO 3(P(HEKTUBHO WHTEPIPETUPOBATE 3a-
laqu U3 PeasibHOM KW3HU: T. €. JJIsi PENIeHus IMUPOKOTO JUAa30Ha 3aJa9 B pas3-
JINYHBIX chepax Ue/I0BEUECKOl JIesiTeIbHOCTH, OOIEHNS U COIUATBHBIX OTHOIIEHUTIA.
Bosee Toro, craBurca 3amaua Ha OJHKANIINE TOALI HE TOJIBKO JOCTUKEHUS YCTOI-
YUBOTO MOPOTOBOTO YpOBHA B TectupoBanun PISA, mpm moCTHKeHUM KOTOPOTO yda-
[eCsd HaYUHAIT JIEeMOHCTPUPOBATH IIPUMEHEHUEe 3HAHUN U yMEHUN B IPOCTEUIINX
BHEYUIEOHBIX CUTYAIIUsIX, HO U JOCTUKEHUE CIIOCOOHOCTU PEeNIaTh CJIOXKHbBIE 33 a4u.
[TpropureroM CTAHOBATCS CHTYAIWN, KOTIA TPOSIBISIETCA CIIOCOOHOCTH TITKOJIBHUKOB
UCI0JIH30BATh UMEIONINEeCs 3HAHUS U YMEHUs JjIs MOJIyUeHusl HOBO#M MH(MOPMAIINH,
TPEOYIOTCST CAMOCTOSITETHHO MBICJISAIINAE U CIOCOOHBIE (DYHKIIMOHUPOBATH B CJIOKHBIX
YCJIOBUSIX U OBJIQJIEBATH CJIOXKHBIMU 3HAHUSMU KPEATUBHBIE 00YUIAIOIIIECS .

DTO CO3/IAeT TPENEIeHT PACIIUPEHUsT U YIIyOIeHUsT OMbITa JUIHOCTH HA OCHOBE
TEKYIIEro ero COCTosTHns (HeoOXOAMM yUYeT WHIMBU/YAIbHBIX Pa3/JIuduii MIKOJIbHU-
KOB, T. €. IIPAKTUKO-OPHEHTUPOBAHHBIE 3aJIaHU JOJIZKHBI OBITH PA3HOYPOBHEBBIMM),
dopMupoBaHUs M pa3sBUTHS MOTHBAIMOHHON Cdepbl ydeHusi (3a CUET aKTyaamn3a-
1uu 06PA3IOB U AJANTAIUN COBPEMEHHBIX, BOCTPEOOBAHHBIX B JKU3HU U JOCTYITHBIX
JIIT BOCTIPUSITHS, HAYYHBIX 3HAHUIT W TEXHOJIOTHIT), PA3BUTUS MHTE/LIEKTYATHHBIX
omepalnuii U CIOCODHOCTEH C Omopoil Ha (DYHIUPYIONNE MEXaHU3MbI, MAaTEeMATHIe-
CKOE ¥ HAIJISITHOEe MOJEJIMPOBaHUE BO3MOXKHOCTEl MPOSIBJIEHNsT U KOPPEKINN (PyHK-
[IMOHABHBIX, OTIEPAIMOHATBHBIX U MHCTPYMEHTAIbHBIX KOMIIETEHITHI 00y IatonnxCs
B OCBOEHUU CJIOYKHBIX KOHCTPYKTOB U TPOIEAYP MaTeMaTuku. TakuMm ob6pas3oMm, pea-
JIN3AINS TPOTIECCA MOBBIIIEHNsT KaUecTBa (DYyHKITMOHATHHOM FPAMOTHOCTH B OCBOEHUHT
MaTeMATUKHU B IIKOJI€ BO3MOXKHA Telepb Ha OCHOBE aKTyaJU3aIlUN CHHEPreTUIeCKUX
MPUHITAIIOR ¥ MTOIX0J0B B KOHTEKCTE aIalTalliid COBPEMEHHBIX JOCTUXKEHUN B HAyKe
K MIKOJIbHON MaTemaTuke. Takue obpa3oBaTeIbHBIE CUCTEMbBl XapPaKTEPUIYIOTCS CIIO-
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COOHOCTBHIO 0DECTIEYNTh B TIOJTHON Mepe MOTPEOHOCTH KaXKI0T0 00y IaioIerocs B CaMo-
00pa3’oBaHUN U CAMOAKTYAJIU3AINN TPYU OCBOEHUH CJIOXKHBIX 3HAHUEBBIX KOHCTPYKTOB
n 3a/J1al0T L[eHHOCTHbeI nMIepaTuB JIMYHOCTHOTO PAa3BUTHUA. HOSTOMy n HeO6XO,ZI;I/IM
TakKe rajgor nHMOPMAIMOHHOM, T'YMAHUTAPHON, MaTeMaTUIeCKOH U eCTeCTBEHHO-
HAQYYHOU KYJBTYD B OCBOEHMN MATEMATHKH CJIOXKHOIO 3HAHWSA, KOTOPBIA aKTUBU3U-
pyeT MeXaHU3MbI CHHEPTUU U SBJSETCd (PAaKTOPOM CAMOOPTAHUBAINY W CBA3YOITUM
3BEHOM IIpU 0OPABOBAHUE IEJIOCTHBIX CTPYKTYDP B O0YyYEHUN MATEMATHKE B IITKOJIE.

HUrmezpayuonnsie npoyecco, 8 mamemamure. B coBpeMeHHOI HAyKe U T0-
TPEOHOCTAX PA3BUTHUA TEXHOJIOTUN, MPOU3BOIACTB U OOBICHEHUS CUTYAIUI B COIU-
AJIBHBIX TPOIECCax HADJIIOMAETCs TaKYKe YCUJIEHWe WHTErPUPYIOIIeil poJiu MareMa-
TUKWM KaK YHUBEPCAJIBHOTO (DEHOMEHA BCKPBITUS U yIIPABJICHUS 3aKOHOMEDHOCTSIMMN
GYHKITMOHUPOBAHUS U Pa3BuTHs. JleiiCTBUTEIHHO, MATEMATHIECKAN AMMTApPaT U Ma-
TeMaTUIEeCKUEe METOIbI MOTYT OBITh MCIOJB30BAHBI IPU M3YUEHUN KAUeCTBEHHO Pas-
JINYHBIX (DPArMEeHTOB AelfiCTBUTEIBHOCTH. JTO BO3ZMOXKHO, TPEXKIE BCETO MOTOMY, UTO
O00BbEKTUBHO CYIIECTBYIOT OOIITHOCTD, CBsI3b, €IMHCTBO MEXKJTy Pa3IUIHBIMU 00/1aCTsI-
MM pP€aIbHOTO MHPa, KOTOPhIEe MOXKHO OMUCATH C MOMOIIBIO OJHUX M TeX XKe MOIe-
Jieit, 3HAKOBO-CHMBOJMYECKAX (DOPM U KOJUYECTBEHHBIX cooTHoimeHuii. Tor daxr,
9TO OJHA W Ta YK€ MAaTeMaTHIecKasi TEOPUS MOKeT ObIThH MHTEPIPETHPOBaHA HA 00H-
€KTaX KAYeCTBEHHO PA3JIMYHON MPUPOJIBI, TOBOPUT 00O OOITHOCTU STUX O0OBEKTOB IO
BHYTPEHHUM MEXaHU3MaM T'€HE3NCa W PA3BUTUA, B TOM YHNCJI€ B KOJIUYIECTBECHHOM
oruorrennu. [Ilupokoe, B mpuHIUile HEOTPAHUYEHHOE WCIIOJIb30BAHUE MATEMATUKHI
B COBPEMEHHOM MUPE CBUJIETEILCTBYET 00 ODITHOCTH U COOTBETCTBYIONINX 0bOJIacTeit
NPUPOIBI, CIIOCOOCTBYET PACKPBITUIO WX €IWHCTBA W TEM CAMBIM YKa3bIBAET HOBBHIE
MyTU UHTErPAIINN 3HAHUS.

loBopst 06 mHTErpUpyIOIIEil PO MATEMATUKNA B COBPEMEHHOW HAayKe, HEOOXO-
MO CJIeJaTh OJHO TPUHIUIUAJBHO BaXKHOE 3aMevanue. JI00oit 00beKT aeificTBu-
TEeJIbHOCTHN 06Ha;|;a,eT " KaU9eCTBEHHBIMU ¥ KOJUYECTBEHHBIMU XapPaKTEPUCTUKaMU.
KauecrBenHnast # KOJUYIECTBEHHAS OMPEIEIEHHOCTh 00BHEKTa HAXOJITCS B €IUHCTBE
B paMKaX KOHerTHOI;'I MEPHBI: C USMEHCHNEM Ka4veCTBa M3MEHACTCA KOJINMYIECCTBEHHAA
OTIPEIeIEHHOCTh, a N3MEHEHUE KOJIMIEeCTBEHHON OMpeIe/IeHHOCTH Hen30eKHO MPUBO-
AT K KavecTBeHHbIM u3MeHenusiM. OHa Mepa cMmeHsier npyryio. OnpenenreHHOCTh
B cMeHe Mep (DUKCHUPYETCsl B BUJIE 3aKOHA, MO3TOMY JIF0DOI 3aKOH BCET/IA MPE/IoIa-
raeT U KaYeCTBEHHYIO U KOJUIECTBEHHYIO XaPAKTEPUCTUKM.

CoBpeMeHHBII 9Tall Pa3BUTHsI HAYKW XapaKTEPU3YeTCs YCUIEHUEM U yIuIyO-
JIEHUEM B3aUMOJIECTBUS OTAEBHBIX ee oTpacieil, (hopMUpOBaHWEM HOBBIX (OPM
U CPeJICTB WCCJIEIOBAHMS, B TOM YUC/Ie MaTeMaTu3aluell 1 KOMIObIOTepU3aleil mo-
3HABATE/BHBIX MPOIECCOB. PacnpocTpanenne MOHATHN W MPUHIUIIOB MAaTEMAaTUKNA B
pa3amn49IHbIe C@epbl HQYYIHOT'O TMO3HAHWA OKa3bIBAECT CYHIECCTBEHHOE BJIMAHNE KaK Ha
3¢ HEKTUBHOCTD CHENUATBHBIX UCCJIETOBAHUI, TaK W HA PA3BUTHE CAMOI MaTeMma-
tukn. B mporiecce mo3HaHWs AeHCTBATENFHOCTH MaTeMaTHKa WTPAET BCe BO3pacTa-
o1y o poJib. CerofHs HeT Takoil 00JacTH 3HAHUI, T/Ie B TOW WX WHON CTENEHU He
N CIIOJIB30BaJIUCH 6]31 MaTEMaTUYICCKUE MMOHATHUA 1 METO/IbI. HpO6J’[eMbI, perrnenne KoTo-
PBIX PAHBIIE CINTATIOCH HEBO3MOXKHBIM, YCIIEIITHO PENIafoTCs O1aroaps TPUMEHEHITO
MaTeMATHUKHU, TEM CAMBIM PACIITHPSIIOTCS BO3MOYXKHOCTH HaywHOro mo3uanus. CoBpe-
MEHHad MaTeEMaTUKa O6'])€,Z[I/IHH€T BeCbMa Pa3/IMYHbBIE O6.)'[aCTI/I 3HaHUA B €UHYIO CH-
cTeMy. DTOT MPOTECC CUHTE3a HAyK, OCYIIECTBASIEMbIi Ha, JIOHE MAaTEeMATU3AINN, Ha-
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XOAUT CBOE OTpPaKEeHne U B JUHaAMHWUKe MOHSITUITHOT O arrrapara. TaK, ITpUMEHEeHne Ma-
TeMaTUKW B MEXaHUKe, aCTPOHOMUM, (DU3UKE U B APYTUX 0OJIACTAX eCTECTBO3HAHUSI,
C OJIHOW CTOPOHBI, CITIOCOOCTBOBAJIO MPOHUKHOBEHWIO B HAYIHBIN ammapar yKa3aHHBIX
objacTeil 3HAHUS TAKUX MOHSATHH, KaK INUCTI0, (DYHKIHS, MTPOU3BOIHAA, HuddepeH-
aJj, WHTerpaJi, CTPyKTypa, CUCTeMa W T.J., C APyroii — mnpuseao K (popMupoBa-
Hust quddepeHnnaabHOr0 MHTErPaIbHOTO UCUUC/IEHNUsT, TEOPUN BEPOATHOCTH, TEOPUHU
MHOZKECTB U IEJIOTO PAla APYTUX HaHpa.B.HeHI/Iﬁ MaTE€EMaATUKN. I/ICHOHI)BOBH.HI/IG MaTe-
MAaTUKU B OMOJIOTUYIECKUX U OCOOEHHO I'yMAaHUTAPHBIX HAYKAX COJEICTBOBAIO 00pa30-
BaHUIO HeO6quHI)IX JLJIA KJIACCUYECKON MaTeMaTUKM TTOHATUNA Ka9eCTBO, pPacCIlJIbIBYa-
TOE MHOXKECTBO, (DYHKIWS MPWHAJIEKHOCTH, 0TOOparkenne, OMHAPHOE OTHOIIEHUE,
aynrebpamdeckue omneparuu u Jap. CoocoObl U METOIBI MATEMATHIECKOTO MBIILICHUS
HaJeJICHBI IIOTCHIUAJIBHBIMU CUHTECTUYICCKUMNU BO3SMOXKHOCTAMM. M F quI/IKOB -
meT: «MaremaTnsanus — OUH U3 CAMBIX IPEBHUX MyTell CHHTe3a HAYIHBIX 3HAHWIA,
MTOCKOJIbKY OHa, 0becrieanBaJia u 06eCIednBaeT Ha OCHOBE OOIITHOCTH MaTEMATHICCKUX
MOHATHUH OOITHOCTH HAYIHBIX PUHIIUIIOB, 3AKOHOB, BO33PEHUIT». DBPUCTUIECKOE B3a-
I/IMO,ZI;GfICTBI/IG KQ9eCTBEHHBIX W KOJIMYECTBEHHBIX, COAEP2KaTe/IbHbIX N d)OpMaJH)HI)IX
METOJ/IOB UCC/IEIOBAHUS COCTABJSIET O0BHEKTUBHYIO OCHOBY MaTEMaTHU3AINN HAYIHO-
T'O 3HaHUMA. B 9TOM TIPOIeCCe MATEPUAJIUCTUICCKAA ANAJIEKTUKA BBICTYIIAET KaK Me-
TOZOJIOTUYIECKAasl OCHOBA MATEMATH3AIMN BCETO HAYYHOrO 3HAHWS, €r0 MWHTETDAITIH.
AKTyaJ[I/ISaI_[I/IH 9TUX MHTErPAIMOHHBIX IIPOIECCOB IpPpUIaeT MaTeMATUYEeCKO HayKe
IIeJIOCTHBINM XapaKTep W BHYTpeHHee eIWHCTBO Weil, MeTOJ0B, MOHATHI W TeopeM,
AJITOPUTMOB U TIPOTIEYP.

B mesrom, maTemaTu3arms mporecca mo3HAHN CTAHOBUTCS OMPEIeIAIONIM (hak-
TOPOM TOTO, YTO U CaMa COBPEMEHHAs MAaTEeMATHUKA [MOBEPraeTCs TJIYOOKUM CTPYK-
TYPHBIM W3MEHEHWSM. B 9TOM mIame pa3BuTre MaTeMaTuKw, 0Opa30BaHue OOIIeHa-
YUHBIX TOHSTHN, HAMETUBIIYIOCS TEHIEHITHI0 K BCECTOPOHHEMY OTOODPaXKEHUI0 00b-
€KTOB IIPUPOJHON U COIUAJIbHON NeiCTBUTEIbHOCTH, CJIeLyeT PACCMaTPUBATh B KOH-
TeKCTe C eJUHBIM TOTAJTbHBIM TTPOIECCOM CUHTe3a HAYyJIHOTO 3HAHU, SBJISIOTIIMCS
0TODpaKeHNeM eIMHCTBA MaTEePUAJIBHOrO MUpa. AKTYyaTbHOCTH PACCMOTPEHUS ITUX
BOIIPOCOB IMOTBEPKIAETCS BEAYIIUM IOJIOKEHUEM MaTEeMATHKU KakK cpenn (bpyHaa-
MEHTAJIBHBIX, TaK 1 Cpeau MPUKJ/JIaJIHBIX HayK (LITO HaXOAUT CBOE APKOE IIPOABJICHNE
B WX MHTEHCWBHON MaTeMAaTH3AIlNK); C JPYTOil CTOPOHBI, — OOBEKTUBHON CJIOZKHO-
CTBIO YCBOGHUS MATEMATUUECKOTO COJEPXKAHUS, 0DYCIOBIEHHON TPEXK e BCEro MHO-
TOCTYIEHYIATHIM XaPAKTEPOM MaTEMATHIECKUX Aa0CTPAKIINii; B-TPETbUX, — HEOOXO-
JIUMOCTBIO (POPMUPOBAHUS B XOJ€ yIOHOTO MPOIECCA MCUXOJIOTO-TIeArOrnIecKoit
CHUCTEeMbI TTPOEKTUPYEMOil MTPOMECCUOHATBHON TeATEILHOCTH YAUTETSI.

[Ipu sTOM peanbHO TpOsB/IeHNE CUHEPreTHIecKuX (M (MEKTOB U BHISIBJIEHUS HO-
BbIX HO60‘{HI)IX TPOAYKTOB MCCACJOBAaHUA Ha OCHOBE CaMOOPTaHU3AINN KOTHUTHUBHOM
nmearenbHocTr. TeM camMbIM HaMETWINCH TEPCHeKTHUBBLI aJeKBATHOTO OTBETA Ha CO-
BPEMEHHBIE BBI30BBI U IPOTUBOPEIHS B MATEMATUIECKOM O00PA30BAHUHN, OTBEYIAIOIINE
MOTPEOHOCTSIM PA3BUTHST COBPEMEHHOTO TTPOU3BOJICTBA U TEXHO/IOTHI, NH(MOPMAIHOH-
HBIX, €CTECTBEHHBIX N I'YMaHUTAPHBIX HAYK, JIMYHOCTHOTI'O PA3BUTUA U MATEMATUKO-
nHGOPMAIMOHHOW KOMIETEHTHOCTH KaXK/IOTO 00y IaOIIerocs, TOHNMAHWISA COBPEMEH-
HOIl eCTeCTBEeHHOHAYJHOM KapTHHBI Mupa B XXI Beke Ha 6a3e pa3BepTLIBAHUS U pe-
AJIN3aNN CHHepFeTI/IquKOﬁ mTapaJuTrMbl B MaTeMaTUYIeCKOM O6paBOBa.HI/II/I B IIIKOJIE
Ha, OCHOBE QJIANTAIIIN W OCBOEHUS CJIOKHOTO 3HAHUL.
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MeTtomoJsiorusi, METOAbI U TE€XHOJIOTUU

CoBpeMeHHbIE peaJiny KW3HU, BIUSIHAE HOBBIX TEXHOJOTMIECKUX YKJIAI0B, HE0D-
XOAUMOCTh 3(DPEKTUBHOTO PA3BUTUST KPEATUBHOCTU, KPUTUIHOCTHU, HEJTMHEHHOTO
MBINIJIEHUSA y O0YJAIOMIMXCS CTABUT MPODJIEMbI OTPAaYKEHUS B MaTEMATHIECKOM 00-
pPa30BaHWUM B IIKOJIE€ MPOSIBJIEHUI CUHEPIUU CJOKHOTO 3HAHWS HE TOJIBKO Ha YPOBHE
uccaeoBanusa (bParMeHTAPHBIX PE3YIbTATOB AIalTAIUNNd COBPEMEHHBIX JTOCTUKEHM
B HayKe, HO U Ha, YPOBHE PEAJU3AINN CUHEPTETUIECKON MapaurMbl B OCBOEHUH CO-
JIepKAHUST MaTeMaTUuIecKoro o6pa3oBaHus B 1kojie. /aHHast TeHIeHITHs HampaBIeHa,
Ha, MHTErPANWIO HAYKU 1 00pa3oBanus ¢ 9M@PeKTOM pa3BUTHT HEJTUHEHHOTO MBIIILIE-
HUsT 00y9AIONINXCS W TMOBBIMIEHNST KAYECTBA 00PA30BATEIBHBIX PE3yAbTATOB, B TOM
qucye, hbopMupoBarue (bYHKIMOHAJBLHON (MaTeMaTHIecKoii) IPaMOTHOCTH IITKOJIb-
uukoB. [locaenane gecsTuieTus MeIblil psij BeAYIINX YIeHBIX MUPa 00pallajn BHU-
MaHUe Ha HEeOOXOJIMMOCTH MEePecMOTpa 00PA30BATENBHBIX MApPAJIUTM B HAPABICHUN
peam3anuy CUHEPTeTUIECKON MapaJurMbl OCBOGHWS CJI0YKHOTO 3HAHUS WU TapPa-
qurmbl camoopranusanyn B obpazosanun (T. Kyn, I'. Xaken, M. C. Karan, M. Bax-
tur, 9. Mopen, B. B. Bymanos, B. C. Crenun, E. H. Kuazesa, I'. I. Manunenkwnii,
B. Manznens6por, C. I1. Kypmomos u ap.).

Hayunast npo6Jsiema: KakOBbI KOHIIETIINA, TPUHITUITBI, COAEPIKAHNE XapaKTEePH-
CTHK, TEXHOJIOTUH, CPEJICTBA, (DOPMBI U MeJArOTUIECKIe YCIOBUST OCBOCHUS CJIOXKHOTO
3HAHUS U PEAIN3AINH CUHEPTeTUIECKON MapaurMbl MATEMATHIECKOTO 00PA30BAHUST
B ITIKOJIE B KOHTEKCTE /IANTAllNN COBPEMEHHBIX JOCTUKEHUN HAyKHU K 3(PHEKTUBHOMY
00y9I€eHUIO MKOJIHHON MaTeMaThuke, CrocobcTByomue (pOPMUPOBAHUIO MATEMATHAYIE-
CKOIl TPAMOTHOCTH, PA3BUTUIO HEJTMHEWHOTO MBINLIEHUS, KPEATUBHOCTH U KPUTHIHO-
CTU JIMIHOCTH U €€ aKTUBHOMY YUACTHUIO B KU3HEIEsITeJbHOCTH 00IecTBa’

[Ipu sTOoM HEOOXOmMMMO peann3yercd uies He TOIBKO Pa3paboTKH, pean3aliun
1 UCCJIEJIOBAHUN UEPAPTUMECKUT PASHOYPOSHESHLT Komnaekcos PISA-nodobuwr sada-
HUT JJTsT TIIKOJIBHUKOB, HO U GKMYGAU3AGUUL 6a308T 0000wennvix npouedyp u Y VI
(yHUBepCATBHBIX yUeOHBIX JEHCTBH), HHTErPAIN MAaTeMATHIECKUX 3HAHU 1 KOM-
mereHIuit. TAKOBBIMEI MOTYT OBITh: JIOKAJTM3AIUN U CTPYKTYpPUPOBaHTE NH(MOPMAIIIH,
MOHMMAaHMe W 0000IeHre, MHTErPAIINN W MHTEPITPETAINN, MOJIEINPOBAHNS 1 pediek-
CHUU, CAMOOIIEHKHU U CAMOKOHTPOJIA 3HAHUHN, KOTOPhIE KOPPEJUPYIOT C YPOBHIMU U CO-
JIepKaHeM MaTeMATHIECKON rPAMOTHOCTH B KOHTEKCTE PEATU3AINH CC/IE0BATE Th-
CKOIl U UTPOBOI ESITEIbHOCTU TIKOJBHUKOB B XOJIe OCBOGHUST CJIOXKHOTO 3HAHUS. DTa
UHTErPATUBHAS OCHOBA CIIOCOOCTBYET B3aMMOEHCTBUIO, B3aMMOBIUIHUIO, B3AMMO-
oborarmenuio obracreit 3HaHUs U HEOOX0MUMO OymeT crocobCTBOBATE (POPMUPOBAHUIO
byHKIMOHATBHOI (MATEMATHIECKOI ) TPAMOTHOCTH MIKOILHIKOB. CHHEPIHs MaTeMa-
THYIECKOTO 00PA30BAHMS TPU ITOM B KOHTEKCTE JUAJIOT KYJIbTYP U 3 JANTAIUNA COBPe-
MEHHBIX JIOCTUKeHWT B Hayke B «pexume obocrperusy C. I1. Kypmaiomosa, byab To
MHKJTIO3UBHOE (BKJIIOYEHHOE) 0Opa30oBaHue, TUCTAHIIMOHHOE 00yUYeHne WM HHTEerPU-
POBaHHBIE KYyPChI, ITO3BOJISIET CO3/ATh YCJAOBUS JIjId MTOBBIMIEHUS KAYECTBA MaTeMa-
TUYEeCKOro 00pa3oBaHusi, yIeOHOU U MPOMECCUOHATBHON MOTHUBAIME 00y IAIONINXCS
C PACKPBITHEM WX WHIMBH/IYAJILHBIX 0COOEHHOCTEM («. .. pasBopaunBas cebsa K KyJlb-
Type u ucropun...» L. Terenn). [TosTomy obyuenne maremMaTwke B IIKOJIE JOJIK-
HO MPOUCXOIUTH B MHGMOPMAIMOHHO-HACHIITIEHHON 00pa30BaTe/IbHON Cpejie OCBOESHUS
CJIOKHOTO yPOBHEBOI'O 3HAHWSA B YCJIOBUAX IUAJIOrA MATEMATUIECKOH, mHdOpMaIn-
OHHOI TYMaHUTAPHOM! U CTECTBEHHOHAY YHOH KYJIBTYD U UHTETPAIUHU JUIAK TUIECKUX
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YCUJIU TIeJIarora U yIeHNKa B HAPAB/IEHUN BCKPBITHS CYIITHOCTEN HA30BBIX yIeOHBIX
9/1eMeHTOB (NMOHATHIT, TEOPEM, TIPOLEILYD, aJIrOPUTMOB, ujeil) Kak denomena dynma-
MeHTaM3auu obpazopanus. HeobxomnMo BeICTpanBaHUe UEpapXuii CJIOXKHOTO Pas-
HOYPOBHEBOT'O 3HaHUsA, METOAOB U CPEACTB B KOTHUTUBHOM AeATECJIBHOCTU, OIIOPBI
HA JUIAKTUYEeCKUE MPABUIA 1 3aKOHOMEDHOCTH OCBOEHUS MATEMATUYECKO JeaTe b
HOCTM Ha OCHOBE CHHEPTETHYECKOTO MOoaxo/a (dbpaxranbHas TeoMerpusi, HedeTKue
MHOXkeCTBa, 1 fuzzy-logic, Teopust xaoca u KaTacTpod, YCTONIMBOCTh JUHAMUIECKUX
CUCTeM W HeJuHeiHas JUHAMUKA, TeOpus KOAMPOBaHUS u ImdpoBanus wHMOpMa-
UW W T.IL.).

Db PEeKTUBHBIM KOHCTPYKTOM MOXKET OKa3aThCs Pa3BEPTHIBAHUE CJIEIYIONTIX
9TAIIOB TPOABJICEHUA CUHEPTHUHN CJ/IO2KHOT'O 3HaHWYA B MaTEMAaTUYIECKOM O6paBOBa.HI/II/I
B ITIIKOJIE€ KaK MEXaHNU3M @OpMI/IpOBaHI/IH MaTeMaTUYeCKOM T'PaMOTHOCTH IMIKOJIBHUKOB!
MOTHBAIMOHHBI (caMOakTyaau3amysi («MHe 3TO WHTEPECHO» )); OPHEHTHPOBOUHO-
MHQMOPMAIMOHHON HACHIIEHHOCTH (CaMoonpeesienre («9T0 s MOTY CHeJIaThy ));
IPOIECCYaTbHO- AT TEHOCTHRIN (caMoOpraHu3alys («s CocobeH ympaBIiTh MPO-
IECCOM» ) ); KOHTPOJIbHO-KOPPEKIINOHHBI (OIeHKa SMIMPUYIECKOi BeprbUKAIIUT pe-
3y/ILTATOR); 0000mAIOIEe-Tpeobpasyonuii (caMopa3BUTHE JUIHOCTH («sT MOTY Cre-
JIATH 9TO-TO HOBOE» )); TIPU STOM HEOOXOAMMBI Pa3pabOTKU METOIUK OCYIIECTBICHUST
oTbopa, 00OCHOBAHWST W PA3PAOOTKM TTCUXOSUATHOCTUIECKUX METOINK W OIEHOUHBIX
MPOIIEIyD BBIABICHUS TPOMECCUOHATBHBIX JTe(DUITUTOB MEJATOTOB U TEXHOJIOTH BbI-
siBJIeHUs cuHepreTndeckux 3 dexkToB B 00yuennn maremaruke. OOydaronuiics: yxe
ceityac JOJIZKEH 3HAKOMUTHCA C HEJUHENHBIM CTUJEM MBIIJIEHUd B IOCTHEKJIACCU-
YeCKUX HAYKaX, 3HATH W HAXOJUTH ACCONUAIUHU B PEATbHON JKU3HU TaKuX (heHome-
HOB KOJIIEKTHUBHOI ymopsimoderHoctu Kak 3ddert 2Kaborurckoro — Beoycosa,
sueiikn Bunapa («mopora rurantoB» B Upmammun), teopust ['musbypra — Jlanmay
CBEPXIMPOBOIMMOCTHU B CUCTEMe KBAHTOB, ypaBHenus Jlotku — Bosibreppa B cucreme
«XWITHUK—KEPTBay, cHexxmuka Koxa n muamaap IlIsapia, cremnapmit Pepxioancra,
u «3ddexT 6aboUKy CTPAHHOTO arTpakTopa Jlopenma u ..

Bedywan udes maxoea: KIOUIEBbIM aceKToM dheHoMeHa (hOPMUPOBAHUS Ma-
TeMaTUdeCKOn TPaMOTHOCTU TMTKOJIBHUKOB U TIPOABJICHUYA CUHEPTETUYICCKUX 3(1)®6K—
TOB B 00YUEHUN MAaTEMATHKE CJ0YKHOTO 3HAHWS HA OCHOBE AIITAIIUN COBPEMEHHBIX
,ZI;OCTI/I}KGHI/H‘/'I B HaYKe dBJJIACTCA BO3MOZKHOCTH aKTYaJIU3aAINN O606H_[eHHbIX 9TaIllOB
U WCCIETOBAHUS XAPAKTEPUCTUK OCBOEHUSI CYIIHOCTU CJOYXKHBIX MATeMaTUIeCKUX
3HAHUM, ABJICHUNA U IPOLEAYD, CO3JAHUA YCJIOBUHN 114 KOMMYHUKAIUNA U AUAJIOrA
KYJIBTYD, BBISIBJICHUsT aTPUOYTOB CAMOOPTAHW3AINN COMIEPKAHWS, MPOIECCOB U B3a-
UMOJIEHCTBHI (ATTPAKTOPBI, TOYKN OudypKarmu, 6acceliHbl MPUTAKEHNsI, HTEePAIU-
OHHbIC TPOLEAYPbI 1 T.H.) B XO/1€e OCBOCHUNN ((HpO6J'[eMHI)IX 30H» MaTEMATUKU.

[IposiBuacy HEOOXOAUMOCTD PA3PAbOTKU CPEJIbl JUCTAHIIMOHHOTO OOyIEHUS Ma-
TeMaTUIeCKUM JUCIUIIMHAM B paMKaxX Pa3BEPTHIBAHUS METOIMYECKUX WHUIMATUB
Pa3paboOTINKOB — yUnUTEIeH MATEMATHKY, 8 TAKZKE KOMILJIEKCOB OHJIANH-KYPCOB U -
CTAHIMOHHBIX Cpe[r; Heobxomnmmo paspabdborars obecredernne UKT cpemcrs mommep:k-
ki (B TOM 9WHC/Ie, MATEMATHYIECKOTO MaKeTa KOMIbIoTepHoil anredpsr Mathematica)
B PEIeHUN CA0YKHBIX 33/[aY B ODyUEHUU MaTeMaTHKe ITKOJIHLHUKOB; OymerT paszpabo-
TaHa TEXHOJOTHsS «T€TPAJbl» B UCCIETOBATEIBCKON JIeATETHLHOCTH MIKOILHUKOB [1]:
0CODEHHOCTH 37€Ch COCTOUT B TOM, YTO OOYIAIONINMCS MPEICTOUT BBITIOIHATH Y€ThI-
pe BHJIa TBOPYECKOIl JIeATELHOCTH: &) TBOPUECKAsS MATEMATHIECKAs JTeITeTbHOCTD;
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6) mocrpoenue (bpaKTATBHBIX MHOKECTB ¢ Pa3pabOTKON aJIrOpUTMOB U SI3BIKOB TTPO-
rPAMMUPOBAHUSA BBICOKOTO YPOBHS; B) BBITIOJHEHUE JIADOPATOPHBIX PabOT 110 MaTe-
MaTHKe C TPOBEJEHIEM KOMIBIOTEPHBIX JKCIEPUMEHTOB; T') U3yYeHWe TBOPYECKUX
ouorpaduit yaeHbIX U CO3JaHUE XYI0’KECTBEHHBIX KOMIIO3UIIAN C TOMOIIBIO (ppak-
tagoB 1 UK'T. Bce momydennble pe3yIbTaThl XapaKTepPU3yIOT MPOSBIeHNe CUHEPTUHN
CJIOYKHOTO 3HAHUSI B MAaTeMaTHIeCKOM O0PA30BAHUU B IITKOJE HA OCHOBE a allTaIldn
COBPEMEHHBIX JIOCTUKEHWIT B HAyKe, B OCHOBHOM, B (pOpMax peain3ariuu NHTerPATHB-
HBIX U 3JIEKTUBHBIX KYPCOB, IPOEKTHON JeATETLHOCTH U BeO-KBECTOB, J1ab0pATOPHO-
pacYeTHBIX U PECYPCHBIX 3aHATHIT, B TOM YHUCJE, B UT'POBON J1eATEIbHOCTH.

Nmenno ympasiienne 00pa30BaTEIbHBIMUI IPOTECCAME HA 6a3e 0OCBOEHUST CJI0XKHO-
10 BHAHUS CPEJCTBAMEU MATEMATHIECKOT0 U KOMITLIOTEPHOTO MOJIE/TUPOBAHUST CITOCOD-
HBI JaTh MOIIHBI MOTHBAIIIOHHLIN 3apA] K N3yYEeHUIO MATEMATUICCKUX JUCIUILINH;
KaK CJIeJICTBUE, MIOBBICUTCS UHTEPEC K OCBOGHUIO MATEMATUKU C PEATbHBIM PA3BUTHU-
€M TeOPETUYECKOTO W SMIMPUYIECKOTrO MBIIJICHUA (Cpa.BHeHI/Ie7 AHaJIOTUA, aHaJIN3,
CUHTE3 W T.II.) W MOBBICUTCS YPOBEHH MATEMATHYECKON TPAMOTHOCTH IIKOJBHUKOB,
KPEATUBHOCTh U KPUTUIHOCTH MBILIEHUsT 00ydaronmxcsa. [Ipu 5ToM BO3MOXKHOCTD
aJalTali COBPEMEHHBIX ,ZI;OCTI/I}KGHI/H‘;I B HayKe K MTKOJILHOM MaTeMaTuke U KOMIbIO-
TEPHOTO WHTEPAKTUBHOTO B3AUMOJEHCTBUS C YIEOHBIM MPEIMETOM YCHUJIUBAET Pas3-
BuBAIOIIN 3HDEKT U MOBIMIACT YIeOHYI0 MOTUBAIINIO, BHIAB/ISIET CBA3U C PEATHHO
JKU3HBIO W TTPAKTHUKOM, CO3/aeT (peHOMEH MPOSBJICHUS CHHEpreTudeckux 3hdeKToB
B OCBOEHUU CJIOXKHOT'O MAaTEMATHIECKOTO 3HAHUS.

T'unores3a. Peanuzaliiust CIenyonmx Memodoso2udeckus u memoduseckur udet
Oymer cmocobcTBoBaTH P PEKTUBHOMY (DOPMUPOBAHUIO MaTEMATHIECKOH TpaMOT-
HOCTHU IITKOJILHUKOB B O6yquI/H/I MaTEMATUKE B KOHTEKCTE paBpa.6OTKI/I TEXHOJIOTUM
OCBOEHUSI CJIOKHOTO 3HAHUS B HACKHIIIEHHON MHMOOPMAITMOHHO-00pa30BaTEILHOM Cpe-
Jle, OCHOBAHHBIX Ha AJIANTAINA COBPEMEHHBIX JOCTHKEHUIl B HAayKe W aKTyaIn3a-
muu 0000IEHHBIX KOHCTPYKTOB, (DYHIMPYIOIINX STAMHOE WCC/IEIOBAHNE MPAKTUKO-
OPUEHTUPOBAHHBIX 33JaHUil, B yIeOHO! W UTPOBOIl JIeATeJIbHOCTH HA OCHOBE MaTe-
MaTHUIECKOTO W KOMITHIOTEPHOTO MOAeInpoBanus. BaskHei vy dpakTopaMn peasin-
3aIy [IPU 9TOM TEXHOJIOTUU (DOPMUPOBAHUST MATEMATHIECKON IPaMOTHOCTHA OyIyT
SIBJIATHCA CEAYIONINE Nneda202udeckue YCAOGUs:

- I/IH@OpMaHI/IOHHaH HaCBIIMIEHHOCTh W MHAWBUAYAJNU3aIUA MOTUBAIIMOHHOT'O T10-
JIS YIeHUs U UTPOBOM IEATETHHOCTH (B TOM YHC/IE, TPOTIECCOB IU(DPOBU3AIUN TITKOJIbI
v By3a);

— MHOXKECTBEHHOCTH MOCTAHOBKWY IeJIeil W MOWCKaA ITAMOB aJanTaiuu 0600IeH-
HBIX KOHCTPYKTOB CJIOKHOTO 3HAHUS,;

— MOWCK U HUCCIemoBaHne OudypKaIMOHHBIX IEPEX0I0B B PA3HOYPOBHEBOW MaTe-
MaTUYIECKOHN TedaTeTbHOCTH;

— BEIgBIeHne Y Y/l B MaTeMaTndecKoil medaTeTbHOCTH M0 PEIeHnI0 U UCC/IeI0Ba-
HUIO TTPAKTUKO-OPUEHTUPOBAHHBIX 33JaHUIl B 3TAHBIX MPOIECCaX aJATANH CI0XK-
HOTO 3HAHWSA;

— dayKTyarmonHOe pa3Hoobpa3ne mapaMeTpu3alind 1 HHTErPAINT MaTeMaTHIe-
cKuX, TH(POPMAIMOHHBIX, €CTECTBEHHOHAY YHBIX U I'YMAHUTAPHBIX 3HAHWI B MTOCTPOE-
HAW MaTEMATHIECKUX PE3yJIHTATOB B (DOPME aTTPAKTOPOB 1 OACCENHOB MPUTIAKEHUSA
HEJTMHEHHBIX TPeobpa30BaHUi HA OCHOBE MATEMATHIECKOTO M KOMIBIOTEPHOTO MOJIe-
JIMPOBAHNUS;
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— JIWajior KyJbTYp W CeTeBOe B3aWMOJEHCTBHE Ha €IWHBIX WH(MOPMAIUOHHBIX
m1aTdopMax HCCIET0BATEILCKON MTeATEILHOCTA C YYETOM CTOXACTHIHOCTH IIPOIEC-
COB 1 ODODIIEHHOCTH PE3y/IbTaTOB (POPMUPOBAHUST MATEMATHIECKONW IPAMOTHOCTH;

— [IOCTAHOBKA SKCIIEPUMEHTa B MATEMATHKE U MPOABICHNE CHHEPTeTHIeCKNX -
(beKTOB Pa3BUTHUA JIMIHOCTU B yCJIOBI/IHX TPOABUKEHNA K TTOHWUMaHWIO Cy]_L[HOCTI/I
MaTeMaTHIECKUX OOBLEKTOB M MPOIEAYP B Xohe (DYHKIIMOHMPOBAHMS HACKIIIEHHOM
MHMOPMAITMOHHO-00PA30BATENIHHON CPeIn.

1. CinoxkHoe 3HaHWEe KaK MHOTooOpasue B eamHCTBe. VcciaemoBanme mpo-
OJ1eMbl U peau3alus aIeKBATHOM TeXHOJIOIUN (DOPMUPOBAHUS MATEMATUIECKON Tpa-
MOTHOCTH IITKOJIbHUKOB CBSI3aHA C OCBOEHHEM ODYJAIOIIMMUCT CJIOXKHOTO 3HAHUS
CpeJICTBAMHU MAaTEMATUIEeCKOT0 U KOMIBIOTEPHOTO MOJIEIUPOBAHUST B HACKIIIEHHOM
nHGOPMAIIMOHHO-00PA30BATEIBFHON CPelle Ha OCHOBE JMAjIora KyJbTyp. AHTUYHBIE
dunocodwt Ilnaron, Apucroresns, Craruput [2] ycraHaBImBa n OHTOJIOIHYECKOE Pa3-
JIMIUEe MEeXKJy TPOCThIM ¢ CJIO?KHBIM KOTOPO€ BBIDA2KACTCA B TPAIAUITUOHHBIX JIJId
JIPEBHETDEUECKO MBICJIN MTApaX MPOTUBOIOJIOKHOCTEH, TAKUX KaK «6IMHOE—MHOTOEY,
«3JIEMEHTAPHOE—COCTABHOEY, «HEe0OXommMoe—caydaitaoes. Perernune mpobiem BuIauc-
murenbHoit coxkuocTr (A. Triopunr, C. Kyk, M. Pabun u 1p.) mokaszaso, 970 UMEHHO
BPEeMEeHHBbIE XaPAKTEPUCTUKNA UTI'PAIOT HAnOO/Iee BAXKHYIO POJIb B OIEHKE CJIOXKHOCTH
sagaqn (3amaqan P-kinacca (P-TpyasocTs) — nommHOMBAIBLHOE BpEMs, 33/1a9a KOMMU-
BOSIZKEPA, — IKCIOHEHIINATBHOE BpeMs U T.11.). « CJII0KHOCTH 03HAYAET MHOTO PA3HBIX
Be]_[[eﬁ — CYIIECTBYET AECKPUIITUBHAA CJIO?KHOCTH W BBIYUCJIUTE/IbHAA CJIOKHOCTD.
AsropuT™M MOXKET OBITH UPE3BBIYANHO CIOXKHBIM B CMBICTE CIIOCODA €ro MmocTpoe-
HUA 1 TIPU 3TOM pa.6OTaTI) O4YEHb 6I)ICTpO7 TaK KaK €ro BbIYUC/JIUTEJIbHAad CJIOZ2KHOCTH
Hu3ka. Takum oOpa3oM, Mbl UMeEM pa3/IndHble MOHATUS O CJAOXKHOCTU. MHe He sc-
HO, UMEIOT JIX B BUAY OAHO M TOXKE TOHATHNE WHXKEHEPbI-3JICKTPOHIIINKN, 9KOHOMU-
CTBI, MATEMATUKN, CHENUAIUCTHI 0 nH(MOpMATUKE U (DUUKHU, KOTIA YIOTPEOJIAI0T
TEPMUH CJOKHOCTb» [3] Cy1IecTByOT TIOIXOIbI, KOTJA CJIOYKHOCTH CBSI3BIBAETCS CO
BpeMeHeM 00pa30BaHUS CHCTEMbBI WM C €€ MEePaApXUIeCcKOoil CTPYKTYpPOU, a TaKiKe,
C BEPOATHOCTBHIO 06pa.30BaHI/IH CUCTEMBI N3 NCXOJHBIX 3JIEMEHTOB, MHOT/Ia CJIOKHOCTH
MOXKET 03HAYATH CIIOCOOHOCTH CUCTEMBI K T€HEpUPOBAHWIO CEMUOTUYIECKUX WHDOD-
MAaIllMOHHBIX CBA3€ll M OCYIEeCTBJIATh Ha WX OCHOBE B3aMMOJEUCTBUE C BHEIIHENH cpe-
JIOf1, TO3BOJISIONIEE PeaTn30BaTh MEPAPXUIECKYIO CTPYKTYPY yrupasienus. Cremys
N. P. [Ipuroxuny, TOHITHST «CJI0KHOCTb €CTh BOBHUKHOBEeHUE O YPKAITUMOHHBIX TTe-
PEXONOB BIAJN OT PABHOBECUA W NMPU HAJWYAN MOAXOAAIINX HEJIWHEHHOCTeH, Hapy-
[IIeHe CUMMETPUU BBIMIe TOUKN OMdypKaIlud, a TakKe 0Opa30BaHUe U MO IEPKKA
Koppesisiinii Makpockonudeckoro macirabay [4]. TTocrHeknaccuueckoe MbliieHne
COBPEMEHHOT'O WHINBUIYYMa, 6a3UpYIOIeecs Ha HEJTUHEHHOCTD OKPY KAl peaib-
HOCTU, CUTYaTUBHOCTU W HEOTIPEJAC/JIEHHOCTU B IIDUHATUN PDENICHW A, MHO2KECTBEHHOTO
[EJIETOTATaHusT U HEOJHOBHATHOCTH BHIDOPA HACTOATEIHHO JUKTYEeT HEOOXOIUMOCTH
n BO3MOXKHOCTH OCBOCHUA W TPUHATUA HOBOI'O 3HAHUA (MaTeMaTI/IquKOﬁ TpaMOT-
HOCTH) TIOCPEJICTBOM TPEOJIOIEHHsT CJIOYKHOTO (COBpEMEHHbIE JTOCTHXKEHUsT B HAyKe),
BKJTFOUAIOIIET0 HOBOE 3HAHUE, KAK MMIIEPATUBA [TEPEX0/Ia OT Xa0ca K MOpsAaKy. Takmm
06pa30M, MaTeMaTu4IeCKad rPpaMOTHOCTD MKOJIBHUKA MO?KET BBICTYIIATh KaK aTTPaK-
TOp WTepaIuil MO3TAMHOTO Pa3BEPTHIBAHUS CHMOMO3a HUCCIEIOBAHUSA 0DODIIEHHBIX
nponenyp (yHuBEPCATBHBIX yUeOHBIX JEHCTBHIT) M MPOIECCOB AANTAIUE CJI0XKHOTO
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3HaHUA K OCBOECHUIO 6&30BBIX yqe6HI)IX 3JIEMEHTOB HMIKOJIHBHON MaTEMAaTUKN. 9TO JANK-
TyeT HEeOOXOIMMOCTh BBICTPAUBATH, UCCAEI0BATH U PACCMATPUBATH PA3HOYPOBHEBOE
CJIOYKHOE KaK YCJIOBUE BHICTPANBAHUS TAPAMETPOR MOPSIKA U MEPEX0/Ia K JHHAMUIE-
CKHU YCTOMYUBBIM COCTOSTHUSIM HOBOTO YPOBHSI CJIOXKHOCTU. MMEHHO 0C60EHUE CAOINC-
HO20 3HAHUA UKOALHUKAMU NO3GOAAEM CO30ABAMD CUMYAUUU, sedyulue K Cnocob-
Hocmu noddepocusams QUHAMURECKYI0 YCmotuusocms cocmoanus (Popmuposariue
MAMEMAMUYECKOT 2PAMOMHOCTIU) NPU OONYCTMUMBE 3HAYCHUAT SHYMPEHHUT UAU
snewnur 6oamyusenud (Payrmyayui) mamemamuueckol deaAmesbHOCMU 6 NPOYec-
caxT adanmayuy 060OWEHHVLT KOHCMPYKMOE 8 UCCACO08GHUY COBPEMENHBLT OOCTNU-
orcenutl 8 nayxe.

Maremarudeckoe 0ob6pa30BaHUe KaK CIOXKHAS W OTKPBITAas COMUAIbHAS CHCTEMA
HEeceT B cebe TIPU 9TOM OTPOMHBIN TOTEHITHAJ CAMOOPTaHI3AI[MN W TIO3UTUBHOTO TTPO-
SIBJIEHUsI CHEepreTndecKuxX 3 (eKTOB B pA3HbIX HAIPABICHUSIX: PA3BUTHE U BOCTINTA~
HUE JINYHOCTU B HpOGKTHOf/i ACATEIBHOCTH, YHOPAJOYEHHOCTH COJEPZKaHUA N CTPYK-
TYPbI KOTHUTUBHOTO OTBITA, KOMMYHUKAIIUN U CONUATHHOE B3aMMO/IEHICTBIE CYyObeK-
TOB Ha OCHOBE JuaJjiora KyJIbTyD.

Cunepaus mamemamuveckozo obpa3osaHus npu smom 6ydem paccmam-
PUBAMBCA HAMYU KK CUMOUO3 U KAYECMBENHOE USMEHEHUE HEAUHETRUT dPdermos
CAMOOP2AHUZAUUL U CAMOPA3BUMUA AUNHOCTU 6 TO0e 0C80EHUA MAMEMATNULECKOT
0eAMEALHOCU 68 YCAOBUAL YNPABACHUA CAONCHBLMU CMOTACTNUNECKUMU NPOUCCCAMU
MO OCHOBE CO2AACOBAHUA PA3HLIT (PAKMOPOS U HAYAA 6 MPET KOHMEKCMAT: COdep-
orcamesvrom (CeMuomuueckom), npoyeccyasohom (UMUMAUUOHHOM) U COUUAABHO-
adanmayuorrom. TlocaeaHme acmekThl 0COOEHHO BaXKHBI B MMEIarOTMYECKUX CUCTE-
MaX BBUJIY BO3MOXKHOCTHU yCTAHOBJIEHUSI JOMOJTHUTETHHBIX TOPU3OHTAIBHBIX CBA3€il
Ha OCHOBE JWAJIOTa KYJbTYP W Pealnu3allnid KOHTeKCTHOro mojxoma A. A. Bepburr-
koro [5]. Cuneprusi MaTeMaTHIeCKOTO 00PA30BAHUS XaPAKTEPU3YETCS MPH 9TOM Ha-
JITUUEM 6HYMPEHHULT ampudymos (MeTaHu3Mos) CAMOOPTAaHU3AIMN W TTAPAMETPOB
MOPSIJIKA, KOTOPbIe (DOPMUPYIOT YCIEITHOCTD (DYHKITMOHUPOBaHMSA 00pa30BATEIHHOM
CHUCTEeMbBI Ha, BCE HOBBIX YCIOKHIAIOIIUXCS YPOBHSIX, CIIOCOOCTBYIOIIEN (hOPMUPOBAHUIO
MaTeMATHIECKON IPAMOTHOCTU KAaK CJIEICTBUIO MO3UTUBHBIX m3MeHeHuit. [Ipu srom
IUTaKTHYIECKHUe MPOIECChl TPUODPETAIOT HOBOE KAYECTBO: €CTECTBEHHOHAY YHBIE 3HA-
HIUsT 0DOTAINAIOTCSA TYMAHUTAPHBIM ACIEKTOM, I'yMaHUTAPHBIE 3HAHUS MPUOOPETAIOT
HAyYIHYIO OCHOBY OOOCHOBAHWS CYIHOCTH HCIIOIB30BAHNEM €CTECTBEHHOHAYUHOTO U
MATEMATUYIECKOTO allllapaTa 1 METOIJ0B.

BakHBIM KOHTEKCTOM SIBJISIETCS TTOCTAHOBKA GHEWHUL (Parmopos eosdelicmeus
B BU/1€ MHOKECTBEHHOCTH IEJICTIOIaraH A, BEICTPANBAHUA 3TAIIOB 1 I/IepapXI/Iﬁ 3HaAKO-
BO-CUMBOJIMYECKON 1 0OPAa3HO-TEOMETPUIECKON IeITETbHOCTH B HANPaB/IeHUU (DYH-
JMPOBAHUST CYIIHOCTH MaTeMaTH4ecKux 00beKToB u mporeayp [6], moncka n anasmn-
3a MOOOYHBIX PEIeHnil C UCHOIb30BaHNeM WH(MOPMAIMOHHBIX TEXHOJIOTHU, BBISIBJIE-
Hust OudyPKAIMOHHBIX MEPEXOI0B U 0ACCEHHOB MPUTIKEHUS B WCCIEIYEMBIX ITPO-
Ieccax Ha OCHOBE BAPUATUBHOCTU W TAPAMETPUBAINNU, 0DeCrevdeHne KOrepeHTHOCTH
nHMOPMAITMOHHBIX TTOTOKOB B MOABIEHUN HOBOI MPOIYKTa HA OCHOBE IUAJIOTA KYJIb-
Typ (B TOM UMCIIe, B YCJIOBUSIX CETEBOTO B3aMMOeicTBust). HaMu BBISIBJIEHBI U OXa-
PAKTEpPU30BAHBI BCE STAIBI MPOSBICHUST CHHEPIUNA MAaTEMATHYECKOTO 0Opa30BaHUS:
MTO/ITOTOBUTETHHBIN, COEPKATETHHO-TEXHOJOTTIECKN, OIEHOIHO-KOPPEKITMOHHBIN
1 0000IIAOIIe-TIPeOdpasyIoMMii. AKXMmyaisusayus npoyeccos adanmayul Co8peMeH-
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HOLX docmudicenuli 8 HayKke U 000OWEHHVT KOHCMPYKMOS NAPAMEMPUIAUUL U NPUE-
MO8 HAZAAIHO20 MOOEAUPOBAHUA CYULHOCTNU MAMEMATNUYECKUT 006EKMO6 WKOALHOT
MAMEMAMUKY HG OCHOBE KOMNBLIOMEPHO20 MOJCAUPOSAHUA U UHMELDAUUY MEAHCTPEO-
MEMHBLL 3HAHUT U NPOUEOYD ABAAOMCA YHUKAADHHM METAHUSMOM U dpdermus-
noti 603mooicrocmovio hopmuposarus GYHKUUOHAALHOT (Mamemamuweckotl)
2PAMOMHOCTU ULKOABHUKOB.

UccrenoBanre n 3HAIUMOCTH TPUMEPOB CAMOOPTAHU3AINN B YKUBOW U HEXKUBOA
IPUPOJIE Yepe3 MPOIECChl PA3PYIIeHUs W CO3UIAHMS (Xa0Ca U MOPSIIKA) MOKA3ATIH,
YTO HAPACTMAHUE CAOICHOCTY 8 OMKPLIMHLT U HEPABHOBECHBLY CUCMEMAT HE SIBJIs-
€TCA JECTPYKTUBHBIM MEXaHU3MOM, a Ha.O60pOT ABJIAETCA HeO6XO,D;I/IMbIM mepexoaomM
K HOBOMY YpPOBHIO pa3BUTHUs, O0Jiee CI0KHBIM U YIOPATOUeHHBIM (OpMaM OpraHu-
3aIu, B TOM YHC/Ie, B 00pPa30BaTe/NIbHBIX CTPYKTypax. Paspaborka dumocodckoit
kourerntuu ciaoxuocru (. Kanr, I'. B. Teresin, U. [Tpuroxuwn, I. Xaken, B. B. Op-
nos, 1. C. ¥Yrpobun, X. Anssen, T. C. Bacunbesa n 1p.) onocpesoBana 00MIMPHBIM
SKCIIEPUMEHTAJTHHBIM MATEPUATIOM, MPAKTUKON U B3aUMO3aBUCUMOCTHI0 HHTEIDATHB-
HBIX TPOIECCOB B HAYKE, TEXHOJOTUIX, YKOHOMUKE, COIUAIBHBIX MPEoOPa30BAHUIX
1 00pa3oBaTeNbHBIX MapaaurmMax. [loTuBaJIeHTHOCTD, MHOYKECTBEHHOCTH, MHOTOTIO-
JIAPHOCTH, HENPEACKA3YEMOCTH, IMEDPIKEHTHOCTH 1 HEPABHOBECHOCTH COBPEMEHHOTO
MUpa HE MOXKET He OBbITh YBA3aHA C KATErOPUIMY PA3BUTHUSI CYIITHOCTUA OOLEKTOB, SIB-
JIEHWI 1 TTPOIIECCOB MOCPE/ICTBOM ITPOSIBIEHNST 3aKOHOMEPHOCTE 1epexo/10B Ha OoJiee
BBICOKIE YPOBHU CJIOXKHOCTU KaK COCTABJISIIONIIX KOHKPETHO-BCEODINEl Teopun pas-
sutus (Cr. Bup, H. Bunep, /Txx. dou Heiiman u ap.). UccremoBarenn geaaor BHIBOT
0 TOM, 9TO CJIOKHOCTD SIBJISIETCSI MHTETPUPYIOIIEH XapaKTePUCTUKON CITOCOOHOCTH K
CaMOOPTAHUBAINN TIPU JTOCTUKEHUN ONPEIEJeHHBIX KPUTUIECKUX €€ YPOBHEi, CIo-
cobrocTr K 3(pHEeKTUBHOMY PA3BUTHUIO W CAMOPA3BUTHUIO MBIIMIICHUS U JIMTIHOCTHBIX
KavuecTB obyuaromerocs. Yuenbie (dumocodsr, megaroru u mncuxomoru (C. II. Kyp-
mromos, I'. Xaxen, K. Maiiauep, A. H. IToxgbsxor 7], B. C. Crenmn u ap.) y6ean-
TeJILHO MTOKa3a/Id, I9TO 3(PPEKTUBHOE PA3BUTHE JUIHOCTH TPOUCKOIUT NPU OCEOCHU
CAOOICHO020 3HaHUA (PA3HBIX YPOBHEIT €ro CJI0KHOCTH B 3aBUCUMOCTHU OT JIMIHOCTHOTO
pa3BUTHS 00YIAIOIIUXCS, BKIIOUAS WHKTIO3MBHOE 00pAa30BaHNe), CO3TAHNs CUTYAITHI
[IPEOJI0IEHUsT TPYIHOCTEH B TIPOIIECCe OCBOGHUS 3HAHUI U €IMHON KAPTUHBI MUPA, HA
OCHOBE BBICOKOII CTEIIeHN PA3BEPTHIBAHUS YIeOHOM 1 TPOdheCCHOHATBHON MOTUBAIIT
00yJAIOIUXCS B €MHON CeTU B3AUMOJENUCTBUI, CAaMOCTOSATETHHOCTH U KOT€PEHTHO-
CTHU. B TTO3HAHWUMN CJIO?KHOT'O CaM TIPOIIECC MMO3HaHWUA «CTAaHOBUTCA KOMMyHI/IKa.]_[I/IeI‘/JI7
nersieil Mex Ty mo3HaHueM ((hbeHOMEeHOM, 00BEKTOM) ¥ TO3HAHUEM TOrO MO3HAHUSY
(9. Mopen).

Tak Kak CyMIHOCTH OOHAPYKWBAET CBOIO PEAJTHHOCTH B COBOKYITHOCTH BHEITHUX
XapaKTEPUCTUK MTPEIMETA, B CBOUX MPOSIBIICHUIX, TO PACKPBIBAS CYIITHOCTH depe3 (-
JiocopCKre KATEeropuu BHYTPEHHEro, o0IINero, cofep:KaHusl, TPUIHHBI, HEOOXOIIMO-
CTH 7 3aKOHA OTIPENIETTNM, TTPEXK I BCETO, KOMNOKEHMMHbLT COCMAE COOEPAHCAMENLHBIT
U NPOYECCYAALHBIL TAPAKMEPUCTUK Npoassenud cywrocmu. CoaepKaTeTbHBIT MO-
JIyC: 3HAKOBO-CUMBOJIMIECKUE, BEPOAIbHBIE, 00PA3HO-TEOMETPUIECKIE W TAK TUIHHO-
KHHECTETUYECKUE TPOSBICHUS; TPOIECCYAJBbHBIN MOIYC: HUCTOPUKO-TEHETUIECKUE,
KOHKPETHO-/IeSITe/IbHOCTHBIE, IKCIIEpUMEHTAIbHBIE U MPUKJIAIHbIE TposiBiaenns. [lo-
CTIKEHWEe CYIIHOCTH PeaMeTa 00yIaionuMcs B OMPEIEIEHHOM KaTeropuaIbHOM IO~
Jie 3HaHU U CIOCOOOB JEATETHHOCTH, TOCTATOYHOE I YCIENTHOCTA U 3P DEKTUB-
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HOCTH ONEPUPOBAHUS C Heil, He 00S3aTeIbHO COBIAJAET [0 CONEPKAHUIO U BbIPa-
JKEHHOCTH HEOOXOJMMBIX CYIIEeCTBEHHBIX CBsI3eil. Bosiee TOro, BO3MOXKHO mpucoenn-
HEHMe JIONOJIHUTEIbHBIX CBsI3el, KOTOPble B COBOKYITHOCTH C HEODXOJMMBIMU CBSi-
35IMH CO3AI0T IEJOCTHOCTH ¥ MEPApXUIHOCTH CYIIHOCTH B JAHHOM KaTErOPHA/Ih-
HOM M0JIe. DTa W3MEHUYNBOCTh ¥ MOJBUKHOCTH CYIIIHOCTH HpejMeTa Tpedyer akTy-
AJIM3AINN TIOTAITHOTO MPOABUIKEHNS K €e MO3HAHUIO U ONPEeessieT TPEThe M3Mepe-
HMe CYIIHOCTH — JINYHOCTHO-3/IAlITAIMOHHOE B €€ XapaKTePUCTHKAX, W ONPeJIesisier
TPEXKOMIIOHEHTHYIO [[eJIOCTHOCTH CYITHOCTH IIpeIMeTa KaK 00beKTa MO3HAHUS B XO-
Jle KOTHUTHBHOM JesiresibrocTH. TakuM 00pa3oM, HaAMU MPEJICTABICHA CACOYIOULAA
CMPYKMYPHO-PYHKUYUOHAALHAA MOOEAD CYUSHOCTIU MATNEMAMUNECKUT YUeONbT sae-
menmos (puc. 3):

Cogep:xaTebHBIH IIponeccyanbHbIH
KOMIOHEHT KOMIIOHEHT
IpOAB/ICHHS IpOAB/ICHHS
Moayca Moayca
N
3HAKOBBII ~ HCTOPHKO-TeHeTHI KA
- N
N
BepOATBHBIH KOHKPeTHO-1edTe/IbHOCTHEL
— N
"~
o ~ v
00pa3HO-TeOMETPHYeCKHA N IKCHePHMeHTAIbHbIH

o
TARTHIBHO-KHHECTETHISCKRHH W le]lK.’[aJ.[Hl]]‘i

JIMMHOCTHO-ATANITAINH O HHBIH
KOMOOHEHT NpoABTe HIL
Mogyca (VPOBHH)

Puc. 3. CrpykrypHO-dYyHKIMOHAIBHAS MOIE/Ih IPOSIBIEHUS CYIIHOCTH
MaTEeMATHIECKAX yIeOHBIX 7IeMEeHTOB.

[Ipu sToM mporeaypbl 0CBOEHHUS OOOOIEHHON CYIIHOCTH U IEPeXoa B IIPOIec-
caM WHIWBUIYAJIU3ANAN B 30HAX OJIMKAMIIEro pa3BuThus 00ydaromuxcs OyayT 601ee
BBIPDAXKEHHBIMU U HAMIPABIEHHBIMU, €C/IM OPUEHTUPOBOYHAS U UH(MOPMAIIMOHHAST OC-
HOBBI y4e0HOI JeATebHOCTH 00y9YaeMbIX [EMEHTUPYIOTCS CIEIUAJIbHO TPOEKTUDY-
eMBIM COJIepyKaHueM O0ydeHWs, HATJISITHO MOJEJUpyeMbiM B (popMe crupasieit uan
KJIACTepOB (DYHIUPOBAHUS 6A30BBIX yUEOHBIX 3/IeMeHTOB. Takum 06pasom, dyndupo-
BAHUE ONBIMA KAK UHHOBAUUOHHBLT MELAHUSM PA3CUMUS AUNHOCTIU U NOCTNUNCEHUS
cyuHocmu 0600UWeHH020 KOHCMPYKMG MAMEMAMUYECK020 00pa3068aHUA, HOPMUPO-
BAHUA MAMEMAMUYECKOT 2DAMOTMHOCTIU WKOADHUKG 6 TOOE 0C80EHUA COBPEMEHHDIL
docmuoicenutll 8 HaAYKe MOHCEM PA3BOPANUBAMBCA 8 MPET 00PA30BAMEALHOIL HUULAL:
COOEPAHCAHUL UWKONDHORO 0OYUEHUA MATMEMAMUKE, TELHON02UL PEAAUSAUUY a0anma-
YUOHHDIT NPOUECCO8 U PA3BUMUA AUNHOCTIHOIL KAUECTNE 00YUAI0ULULCH.
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3aKOHOMEPHOCTU BOCIIPUATHUSI CJIOXKHBIX MaTEMAaTUYECKUX OOBEKTOB.
[Ipobsiema BoCTIpUsITHS SIBJISETCST KOPEHHON MpPODJIEMOii MCHXOJOTUIECKON HAYKH.
Efo 3anmmasnincs muorue Bugmbie pusnosorn, ncuxosoru, megarorn XIX m XX Beka
(C. Crusenc, H. H. JTanre, B. ®. Jlomos, A. A. Yxromckwuii, I1. A. Anoxun, I'. Tenbm-
roJibtl, 1. M. Ceuenor, B. I'. Ananses, [1. I1. Baouckwuit, U. I1. Tlasnos, 1. H. Y3ua-
3e, A. H. Jleoutnes, B. Il. Bunuenko, A. B. Bamopoxen, B. M. TemmoB u mp.).
B nmannom wmccie/ioBannn BoCHpusiTre OyjieT pacCMaTpUBATHCH B IMHPOKOM CMBICIIE
«KaK TPOTECC HEMOCPEJICTBEHHOTO MH(MOPMAIMOHHOTO B3AUMOJEHCTBUS OPTaHU3MAa,
¢ 00bekToM (Cpesoit), B pe3ysbrare KOTOPOrO MPOMCXOJUT TEIOCTHOE OTOOparKenune
ob6bekTa (Cpebl) BCAEICTBHE U3MEHEHUsI CTPYKTYDPBI M JIMHAMUKE OTIPEIeJTEeHHBIX
mojicucTeM opram3Masy. OObBLEeKTUBHONW OCHOBOI 00pa3a W JETEePMUHAHTOM TEPITer-
TUBHBIX U UCIOJTHUTETHHBIX JEHCTBUIl SIB/ISIETCS O0BEKT, TIO3TOMY CBOMCTBA 00HEKTA
JTOJIZKHBI OBITH TIOJIBEPTHYTHI BCECTOPOHHEMY W3ydeHwio. Bakueimum n3 HuX sBJIsd-
€TCsI TIeJIOCTHOCT. BTOPBIM HEOOXOIMMBIM SJIEMEHTOM B IIPOIECCE BOCIPUSITHUS SIBJIS-
ercst cyObeKT BocpuaTusi — o0ydaembrit. [Ipumennrensao Kk crenudukanmm MaTe-
MaTUIECKUX O0BEKTOB CYIIECTBEHHON sBJsSeTCa mpobsemMa (pOPMUPOBAHUS TETOCT-
HOrO 00pa3a B pe3yJibTaTe CYKIECCHBHOI'O, YaCTO CHJIbHO PACTSHYTOr'O MO BPEMEHHU
BOCIIPUSATHUS CJIOXKHOTO TEJIOCTHOTO MATEeMATHIECKOro 00bekTa. Kcam obparuTtbes K
MCTOPHUH BOIPOCA, TO BUJNM, YTO, N3y4Yasi MPOIECCHI TPOCTPAHCTBEHHOI'O 3PHUTEh-
uoro Bocpuatus, ['. [esbMroibi; 0coGeHHO BRI POJIb ABukeruit. OH npugaBa
JIBUZKEHUsIM 00JIee MMUPOKKH CMBICT: JBUYKeHNe CyObekTa (Kak u camMux 00HEeKTOB)
BBI3BIBAIOT MIOCTOSHHBIE M3MEHEHUsT Uy BCTBEHHBIX BIEYAT/IEHUI, TIOTYIAEMBIX OT 00b-
eKTOB. BMmecTe ¢ TeM MOBTOPSIONINICS ONBIT 0OHAPY KWBAET YCTONYMBOCTH CBsA3E,
UX TPU3HAKOB, OJIAT0aps €My COBOKYITHOCTHU OIMYIIEHUN U TPHOOPETAIOT KAUeCTBO
OTHOCHUTE/IbHO HHBAPUAHTHBIX 00pa3os. OTMETHB Ha/IMYINe B BOCIIPUSITHN dJIeMEeHTap-
HBIX MOTOPHBIX aKTOB TaKWX, KaK aalTalluoHHbIEe pedJIeKChl T1a3a U T.I., U3BECT-
weiit icuxosior H. H. Jlanre manpasui cBOM yCujnst Ha, MCC/IEIOBAHNE TyBCTBEHHBIX
00pazoB TeX 00BEKTOB, KOTOPHIE Mbl HAMEPEHHO BBIJEJISIEM B OKDYIKAIOIIEM MUpE,
T. €. HA aHAJIN3 SBJIEHUH TaK HAa3bIBAEMOro BojieBoro BHnManus. s Jlanre Bosiesoe
BHUMAHUE €CThH IeIeBOe, NEIeNOINHEHHOe BOoCIpusaTre. TOIbKO TaKOe BOCIPUSTHE
n jaer HaM OoJiee orTderyinBoe, Dojiee KOHKPETHOE ¥ IOJIHOE 3HAHWe BOCIPUHUMAE-
MOTO OOBEKTa B OTJIUYNE OT 3HAHUS TOJBKO «3PAYKOBOTO», CUTHAJIHLHOTO. Kak moka-
3BIBAIOT YKCIEPUMEHTAIHHBIE JAHHBIE, TEPIENTUBHBIE IECTBUSA BHICTYIIAIOT B CBOEH
pa3BepHyTOil BHemHedl ¢opMe HA pAHHUX CTYIEHsIX OHTOreHe3a, T/ie HamboJiee JIeT-
KO OOHAPYXKWBAECTCA WX CTPYKTYPa U POJb B (popMUpOBaHUM 00PA30B BOCIPHUSITHSI.
B xome manbHeiinero pa3BuTHs OHU MIPETEPIIEBAIOT PsiJl TOCIEI0BATETLHBIX H3MeHe-
HUN 1 COKpaIleHwi, moka He obyiekatorcss B (hOPMY MIHOBEHHOI'O aKTa YCMOTPEHUS
00beKTa, KOTOPBIN OBLT OTIMCAH TPEJICTABATEISIMI TEIITATBTICHXOJIOTHHE U OIITHO0THO
MPUHUMAJICS UMU 33 UCXOJHBIN, TeHeTUYeCKN MepBUYHbIN. B wacTHOCTH, B JeiicTBU-
sIX, HAIPaBJIEHHBIX Ha (OopMupoOBaHuWe 00pasza, BHIJIEISIOTCS ONepannn obHapyxKe-
HUsI, BBIJEJCHNS aJeKBATHBIX 3a/a9aM WH(MOPMATUBHBIX MPU3HAKOB, 03HAKOMJICHUE
C BBIJIEJICHHBIMU Npu3Hakamu. llcuxomorndeckue ocHOBBI 3pennsa. K DyHKIIMOHAIH-
HBIM 00pA30BAaHUSAM TEPIENTUBHOTO MPOIECCA OTHOCSITCS CEHCOPHBIE (DYHKITUN pPas-
JIMYHBIX MOJAIBLHOCTEH (3PUTENIBbHBIE, CIyXOBBIE, TAKTHILHBIE U T.JI.), MHEMUYECKHE,
MICUXOJIOTUYIECKIEe, peUe-IBUTATeTbHbIE U T.7. K OmepalnoHHbIM MeXaHU3MaM TepIier-
THUBHBIX TTPOIIECCOB OTHOCSTCS M3MEPUTEIbHBIE, CON3MEPUTEIbHBIE, TOHMIECKHU-PEry-
JISTOPHBIE U JAPYTUE JeWCTBUS, (DOPMUPYIONIUECT B TPOIECCE TPAKTHIECKOTO OTepH-
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POBaHUA C BEIlaMW U ABJICHUAMUN. MOTI/IBH.L[I/IOHHH.H CTOPOHa TEPIHENTUBHBIX IIPOIEC-
COB OTIPeJIeJIsieT WX HAIPABJIEHHOCTb, CEJIEKTUBHOCTH W HAMPSKEHHOCTH. DaKTOpPHI
MOCTENEHHOTO yCJI0KHEHWsT MPOIECCOB BOCTIPUATHSA (MEPHENTUBHBIX) OObLICHSAINCH
UMEHHO TeM, u4To 0bo0IaIne-abcTparupyomue OyHKITUH MBIILIEHNsT 1 0003HATAI0-
e QYHKIUNA PeYn CTPOSIT UyBCTBEHHBIN 00Pa3 MPEMMYIIEeCTBEHHO M3 MATEPUAIOB
MPOIILIOTO OMbITA. deM crapiiie pebeHOK, TeM OOJIbITIe B €10 MEPIENIUT AlIePIENIIH.
Hccenenosanme EPHENTUBHBIX MPOIECCOB PA3IMYHBIX BUJOB (BOCIPUSITHE TTPEIMETA
WM ero m300payKeHwusl, MPOCTPAHCTBA W BPEMEHW, JIBUKYIUXCA O0HEKTOB U T.JI.)
BCErJla, OPUEHTUPOBAHO HA OMPEJIETIEHHYI0 MOIAIBHOCTH BOCIPHUATHS B 3aBUCHMOCTH
OT aHAJM3ATOPHON CHCTEMBI (3PUTETBHOMN, CAYXOBOH U T.JI.). B crenuanbHbIX CoIy-
JadX MTPUMEHAIOTCA KOMIIJIEKCHBIC WJIN KOM6I/IHI/IpOBaHHbIe 06'])erZI;I/IHeHI/IH @yHKHI/IO-
HAJIBHBIX CHCTEM Ha pelieHue ofIeil meprenTuBHON 3a1aun (3pUTeTbHO-CITYXOBOA,
3pUTENTLHO-KUHECTETHIECKOH n T.71.). Bo Beex ciywasx kak oOIMX, Tak M CIIEIH-
AJILHBIX KUCXOIHOM MOEIbI0 U TPUHIUIUAJBHON CXeMO# MEPIENTUBHOIO IMIPOIECCa
SABJISIETCS 3pUTeabHbI 00pa3. II. I1. Baonckutll 6vbicka3as npeonosodicerue, 4mo He
CYWECMBYEM, HUKAKO20 OPY2020 CUHME3A PA3HOPOOHBLT 6newamaehuli, Kpome 3pu-
MeAbH020. SPUTEIBLHBINA XapakTep MPeJICTaBIeHril B COCTOSHUN 0OIIeil TOHUKEHHOM
BO30YIMMOCTH MO3Ta W COXPAHEHUs] B KAYECTBE «CTOPOYKEBOT'O MYHKTA» HE 3PUTE/Thb-
HOI‘/’I7 a C.)'[yXOBOfI 30HBI — dBJIEHUE YIUBUTE/IHHOE. BPHTeﬂbHaH CUCTEMa dABJIAETCA
JITsT 9eI0BeKa JTOMUHAHTHON HE TOJBKO MOTOMY, UTO OHA SIBJIIETCS CAMBIM MOIITHBIM
NCTOYHUKOM I/IH@OpMaHI/H/I O BHEIITHEM MHWPE, HO TaK>Ke€ W TeM, 9YTO OHa UTrpaeT POJIb
BHYTPEHHEr0 KaHaJja CBSI3U MEXKJY BCEMU AHAIU3ATOPHBIMU CUCTEMAMU U SIBJITETCS
OpraHoM TIpeobpasoBaTeIeM CHTHAJIOB. Takoe HEOOBIUHOE IS aHAJIM3aTOPHBIX CH-
CTEM MO3Ta CBOICTBO y Ue/IOBEKA 3PUTEIbHAS CHCTEMa MpuobpeTaeT 61arogapsi code-
TAHWIO YeThIpex (DAKTOPOB: 1) IEeI0CTHOrO MPeMeTHOr0 Xapakrepa o0pasa, T. €. OT-
PAXKEHUI0 CTPYKTYPHOTO €IMHCTBA, BOCIPUHUMAEMBIX BEIlell, OTHOCUMBIX K OTIpejie-
JIEHHOMY TPOCTPAHCTBY OKPYJKAIOIIeil Cpeabr; 2) NpeaMeTHOTrO IeHCTBUS, TOCPeI-
CTBOM KOTODOTO U€JIOBEK OTEepUpPYeT STUMHU BEIAMU U M3MEHSIeT UX, MPAKTUIECKU
npeobpasyst UX CTPYKTYPY M CBOHCTBA; 3) cUrHU(DUKAIMNA BOCIPUHUMAEMBIX BEIEii,
byraromapst uemy 0ob00IaeTCst, aDCTPArupyeTcss U COXPAHSIETCT B KA4eCTBE KOHCTAHT
NepIenTUBHOE 3HaHue; 4) MPOCTPAHCTBEHHON OPraHW3aIMK CUMYJILTAHHOrO 0Opasa.
BpurenbHas cucreMa paboOTaeT Ha TPeX YPOBHIX: CEHCOPHOM (OIYIIEHHUs ), TepIier-
TusHOM (BOCTpUsiTHS), annepuenTuBHOM (npeacrasienus). CrnocobHOCTL 3pUTeTh-
HOIl CHCTEMBI MTO-PAa3HOMY BHUJETh OJUH U TOT XK€ MPEIMET SIBJISIETCS HEe0OXOIUMOi
OCHOBOW 11715t (hopMUpOBaHUst KOHCTAHTHOCTH Boctupudartus. H. H. Jlanze omxpvia 3a-
KOH NEPUENYUU, CO2AACHO KOMOPOMY NPOUECC BOCTPUAMUAL CMPOUMNCA KAK HA2AAD-
noe cyotcdenue 06 obsexme. OIHON W3 OCHOBHBIX MCUXOMUIUOJIOTHIECKUX XapPaK-
TEPUCTUK Ye/IOBEKA, SIBJISIETCS KOHCTAHTHOCTH BOCIPUSITHSA, OTHOCUTEIHHAST NHBAPU-
AHTHOCTH 00pa3a 00beKTa B M3MEHSIOMINXCS YCA0BUAX HaO 0AeHnss. KOHCTaHTHOCTH
BOCHIDUATHA ABJIACTCA TaKUM MHTETPAJTBHBIM CBOI‘/JICTBOM7 KOTOpO€E B paBHOI;'I crerne-
HU TPAKTyeTCsd Kak 3akoH coxpanenns wHdopmanuu (Akishige, 1965), Tak u kKak
npostBJIeHNE 3aKOHOMEpHOI ycranosku (Y3uansze, Haramnze, 1963). KoncranraocTs
BOCIIPUSATHUS SIBJISIETCA BECbMa TOHKUM HHIAKATOPOM WHIWBUIYAJTHHOTO PA3BUTHS,
OXBATHIBAIOIIMM BCE CTOPOHBI MEPIENTUBHBIX MPOIECCOB ((DyHKIMOHATLHYIO, Onepa-
[IMOHHYIO ¥ MOTHBAIMOHHYTO). [leprenTuBHbe MPOIECCHl ¢ UX CAOXKHOM MTPOTHBOPE-
YUBOI CTPYKTYPOH ABIAIOTCA HE TOJBKO NPOAYKTOM WHIMBAAYAJIBHOTO PA3BUTHUSA, HO
1 0JHUM 13 ero paxkTopoB. KOHCTAHTHOCTH BOCIPHUATHS 0DYCIOBIEHA TPAK TUIECKIM
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B3aMMOJEICTBHEM JKHUBOTO CYIIECTBA C OKPYJKAIOIIeil ero cpeaoit u hopMupyercs
B TeUeHme JIUTETLHOTO BPEMEHU. Y YKUBOTO CYIECTBA B TEPHUOJT €r0 WHIMBUTYATh-
HOM1 »KM3HM BBIPAOATHIBAETCsT CIIOCOOHOCTH BOCIIPUHUMATEH CTONKIE, TeiCTBUTEILHBIE
cBoiicTBa 00bEKTOB (ycToiiunBble cBsi3n). DyHKIHS MEPIENTUBHON KOHCTAHTHOCTH —
OPOYIIUPOBATE YCTOWYIUBBIN, CTAOW/IBHBIN W KOHCTAHTHBIM MHUP BMECTO TMOCTOSHHO
MEHSIIOIIUXCS CeHCOPHBIX BrieuaTaennit. HecMoTpsi Ha HEKOTOpBIE PA3/INydnsi TEOPUU
nepuentuBroil KoucTanTHOCTH (/I). T'mbeoma, K. Orms, E. Tepunra, A. Branka,
E. BpyHCBUK u 1Ip.), yUeHbIe MPU3HAIOT BIMSHUE AIMMEPIENIUN HA KOHCTAHTHOCTH
BOCIIPpUATHSI, IPAB/IA, B PA3JIUYHON (popMe u Ha pa3Hble e KOMIIOHEHTHI.

B mpoTmBOMOI0KHOCTL STUM TEOPUIM TeIMTATbTIICUXOJIOTH CINTAET KOHCTAHT-
HOCTH MMMAHEHTHBIM CBOWCTBOM BOCIPUATHUS, MTPU ITOM IEPIENTUBHAT KOHCTAHT-
HOCTDb OTIpeJiesigeTcsa CTPYKTypoii moss Bocnpuarud. Ina B. Kennepa xorcranTHoe
BocipusiTie (BeJMYuHbBI, (DOPMBI, IBETA W MP.) MO CBOEH NPUPOJIE HE OTINYAETCS
oT Ji00OI ONTUYECKON WTI03un, 00YCIOBJIEHHON IETOCTHON CTPYKTYpPON BOCIpHU-
HAMAEMOI'0 3PUTEIHLHOTO TOoJisd. lelicTBUTeIbHO, BIMATEIbHBIE (DAKTOPHI, IO MHE-
o Kennepa, — 3T0 Takme aceKkThl pa3 paykuTe/ist, KaK KoHdurypaius, 6;1130CTh,
CXOJICTBO, 00IIee HAMTPABJIEHNE, CHMMETPHUS U APYTUe 00 bEKTUBHBIE XaPAKTEPUCTUKH,
mo100HbIe dTuM. [emTaapTTeoOpuss UMeeT 610 C ABJICHUIME, KOTOPble 00HADYKUBa-
IOTCA B 3PUTEIBLHOM II0JI€, ABJISIIONIEMCsI, B CBOIO OY€PEe/lb, JUHAMUYIECKAM PaCIIpe-
JIeJIEHUEM SHEPIUu, IPUIeM ero YacTh B3aMMO3ABUCUMbBI M3-33 UX YIACTUS B IEJIOM.
[Toste cTpykTypupoOBaHO B 3aBUCHMOCTH OT TOT'O, B KaKOWl M€pe BHYTPH HErO CyIIie-
CTBYIOT Pa3/JIWMYus 1O WHTEHCUBHOCTU WJIU TI0 KadecTBY. B Toit Mepe, B Kakoil moje
CTPYKTYPUPOBAHO, OHO COJEPKUT IMOTEHITHAJIHHYIO SHEPTHIO, CIIOCODHYIO MTPOU3BO-
JWUTH MEPIENTUBHy0 pabory. Kakx muenue Kopdru o napassesvruuns dusuorozuye-
CKUX NPoyeccaT, max u npusne Keaepa K packpoimuio nosesus mo3208ur Gynryud
OCHOBBLBAIOMCA HA NPUHYUNE UZOMOPPHU3Ma. BYKBAIbHO 9TO 03HAYAET «PABEHCTBO
dopmy, Moryimee npuodPecTr TOIHYIO (POPMYIUPOBKY MATEMATHIECCKUMU METOIA-
Mu. Bugenne 6e10ro KBaapaTa COMPOBOXKIAETCA KBAIPATO-TIOIO0HON 001aCTHIO BO3-
Oy2KIeHus B HEPOHHOM IM0JIe MO3ra. [emTa bTICuX0/I0Tus yTBEPXK IAeT, 9TO CO3HA~
TeJIbHO BOCIIPUHUMAEMbI KBaIPAT TOJKEH COOTBETCTBOBATH 00J/IACTU BO3OY K IEHUS
B dopmMe KBagpara B KaKOM-IH0O MECTe HEeWPOHHOTO MOJsi, T. €. ecan dopma mn3
YETHIPEX TOUYEK BOCIPUHUMAETCS KaK «KBaJpaTs», TOJKEH UMETh MECTO HEeKUil mo-
0OHBIN KBaApaTy (DU3MOJOTHIECKU TPOIEcC. [ emraabTIcuXoa0rns He TPU3HAET
JIOKAJTM30BAHHBIX CIEU(MPUIECKUX Ty Tell, aCCOMUAIIIi, TTOCKOIBKY TaKue (pu3noJIoru-
YeCKUe SBJICHWS, UCXOd W3 TMPUHIINIA N30MOpdu3Ma, He UMEIOT COOTBETCTBYIOIIErO
MIPE/ICTAaBUTETLCTBA B co3HAHMU. [loeMrKa TIaBHBIX MTpeICTaBUTE el TeITaIETTe0-
puun — M. Beprreitmepa, B. Kennepa u K. Kodpdru — 6bu1a HAmpasierHa cBoum
OpyHeM MPOTUB aCCONMOn3Ma, buxeBnopuaMa. B oTindme oT HEKOTOPHIX COBPEMEH-
HBIX TICUXOJIOTOB, MPEHEOPEKUTENHHO OTHOCSIIUXCS K BO3MOXKHOCTSIM Heiipodu3no-
JIOTUW B WHTEPIPETAINN TICUXUIECKUX FBJICHUN, TIPEICTABATEIN PAHHErO TelITaIb-
TU3Ma YCUJIEHHO TBITAJIUCH TMOAKPENUTH CBOU MO3UITNN aHAJIM30M MO3TOBBIX MeXa-
Hu3MOB. [IpuMepoM KPUTHYECKOrO OTHOIIEHWST K TelITAIBTTEOPUN MOTYT CIIYKUTh
BbickazbiBanma JIk. Xoxbepra mpyu pacCMOTPEHUH JIBYX TVIABHBIX WHCTPYMEHTOB Te-
mranbTu3Ma; perovena purypa—GhoH 1 3aKOHOB OPTaHU3AIMN: &) 3AKOHBI TETITAIHTA
HE JIeTEPMUHUPOBAHBI: BOJIEBBIM YCUJIUEM MOXKHO, HAIPUMED, MEHSITh COOTHOITEHUE
durypa—don; 6) remranasrreopus He gaeT 00bACHEHUI PA3IMIUST MEXKTY BOCIPHS-
THEM JIBYMEPHBIX 1 TPEXMEPHBIX O0BEKTOB; B) 6a30BbIe 3aKOHOMEPHOCTH BOCIIPHUSITHS
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BBIBOJATCA B M€HITAJIBTIICUXOJIOTMN Ha OCHOBE IMIUPUYIECKOTO MaTepuaJja, IMoJIy9eH-
HOTO TIPU TIPEJICTABIEHUN [IJIOCKUX N300PaKeHNit, a 3aTeM y2Ke IepeHOCUTCca B cepy
BOCTIpUATHUA O6']>€MHI)IX TeJI. HpI/I 9TOM BOBCE HE€ YYIUTHIBACTCA, YTO BOCIIPUATNE DU-
CYHKa HE OTHOCUTCSI K MEPBUIHBIM CIIOCOOHOCTSIM 3PUTEIHHON CUCTEMBI — JIJISI TOTO
Tpebyerca ee obyuenne. Yxke B 1933 r. B cBozmke I'. Xescona durypuposaao 114 3a-
KOHOB TeImTajbTa. [loce 3Toro remTaabTICuX0/I0THsT PEITUIa CyIIeCTBEHHO YMEHb-
[IUTh YUCI0 TakKuX <«3akoHOB». K 1942 r. 9. Bopunr ocrasui Toabko 14 3aKOHOB,
U Jlajiee, MPOIOJIXKAS TPOIECC PEeIYKIINU, CBeJI TEOPETUIECKUil OATaHC TeITaabTa K
mrecTd HanboJjiee OOIIUM IT0JIOZKEHUSIM:

1) mousitre hopMbl 1 n30MOphU3MA,;

) IMEJIOCTHOCTDH BOCIIPUATUA U IIPUMAT IIEI0TO IO OTHOMIEHUIO K 9aCTHOMY )
) TPUHIAIT CHJIOBOTO TIOJIST;

4) cnocobrOCTL 06pa3a K TpaHChOPMAIUSAM U TPAHCIOZUIHSIM;

) IPUHIMI TPErHAHTHOCTH («XOpOoIIei (hopMbI» );

6) IPUHIWIT CTPYKTYPHOCTH WJIM OPTaHU3AIAH.

Hamee B. Mere3up BO3BpamaeTcd K HUCXOIHBIM MPUHIUIAM, CHOPMYIUPOBAHHBIM
Beprreiimepom B 1923 1., u Boigenser 7 (HakTOPOB remrraabra, BAAAIONINX HA, BOC-
MPUSITHAE CIOKHBIX 00bEKTOB:

1) ®axTop cx0ACTBA M HAMOOIBIIE TOJIOT€HHOCTH, BRIPAZKAIOIIUICS B TEHIEHIINN
K 00beUHEHWIO ¥ IPYIIHPOBKE 9JIEMEHTOB, CXOJIHBIX M0 KAKUM-TUO0 MapaMerpaM;

2) ®akTop 6JU30CTH, TPOSBISIIONIMHACT B TOM, UTO OJIM3KO PACIOI0KEHHBIE 1€~
MEHTBI Jierde O0beIUHSAIOTCS B TPYIIIIBI, UeM OTIAJCHHBIE;

3) ®akTop obmmeit CybObI, MOTIEPKUBAIONINIT 3HAYUMOCTD JUHAMUYECKUX COObI-
THit J7IsT OPTaHU3aIuu BU3YAJIbHOW CTPYKTYPHI. I pynmupoBKa 371eMEHTOB OTIpe/Ieisi-
€TCdA HE TOJBKO CeMaHTUYEeCKHMM CXOACTBOM, HO 1 O6H_[I/IM XapaKTepoM N3MEHEHUI:
OJTHOHAIIPABJIEHHBIM MTEPEMEITEHNEM, U3MEHeHneM pa3Mepa, POPMBI, IpDKOCTH, [BETa
a T.7.;

4) ®akTop 00BLEKTUBHOI YCTAHOBKU: €C/Id y HaOMomarens yxe chOpMUPOBaHA
HEKas CTPYKTYPa JIEMEHTOB, TO JIIOOYIO0 HOBYIO €e OPTaHU3AIMI0 OH DyaeT paccMaT-
pUBaTH KaK M3MEHEHUe, MPOJIOJIKeHrne, PEKOHCTPYKITUIO TePBOHAYAIBLHOII;

5) @akTop BXOXKJAeHUst 6e3 ocrarka (Mes0CTHOCTS). [IpuMar 1emo0cTHOro oxBaTa
CTPYKTYPHOCTBIO JTaXkKe B yIiepd apyrum paxTopam;

6) @axTOp MEPEXOASIINX KPUBBIX («XOPOIIEr0 MPOOJIKEHHs» ) — HANMEHBIIEe
U3MEeHEeHNe KPUBU3HbBI JIMHUN — CBOETO POJa ONTHMAJBHOCTH M MIPOCTOTA;

7) ®akTOp 3aMKHYTOCTH — 3aMKHYTBIE JIMHUN MPEAITOUUTAIOTCA PA30PBAHHBIMU.

Pazanarbie komOmHAIINMT B 00HEIMHEHNN TIEPEINCAEHHBIX BhINTE 7 (bakTOPOB JIe-
JKaT B OCHOBE HamboJiee ODIero 3aK0Ha remrTagbTa — 3aKOHa nperHanTHoctu. K ma-
pameTpaM, KOTOpbie 00yC/IaBINBAIOT WHIMBUIyabHBIE PAa3JIMYWsi B MPOIECCE BOC-
OpUSTHS, OOBITHO OTHOCAT: OOBEM BOCIPUATHS — KOJUIECTBO OOBEKTOB, KOTOPOE
MOZKET BOCIIPDUHATH YE/JIOBEK B TE€YCHUE OVZI;HOI‘/’I d)I/IKC&H;I/H/I; TOYHOCTH — COOTBETCTBUE
BOBHUKIIIEr0 06pa3a 0COOEHHOCTSIM BOCIPUHUMAEMOTO 00bEKTa; MOJTHOTA — CTEIeHb
TaKOTO COOTBETCTBUS; OBICTPOTA — BPEMsI, HEOOXOAMMOe ISt aJeKBATHOTO BOCITPUS-
TS TPEIMETOB U/IU SBJIEHUT; SMOIMOHAIbHAS OKPAIIEHHOCTh. VIMEHHO 3TU CBO#ICTBA
MOTYT BBICTYIIaTh B Ka49e€CTBE rokasaTreJsiei TPOAYKTUBHOCTU BOCHIPUATUA.

Kak ormeuasn C. JI. Pybunmrreiin, «...remepaan3ariis OTHOIIEHNHA IPEIMETHOIO
COJIEPYKAHMST BBICTYTIAET 3aTEM W OCO3HAETCST KaK NeHepasIn3allnst OTepaluii, mpons-
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BOAMMBIX HaT 000DOIIEHHBIM TTPEIMETHBIM COAEPKAHNEM; TeHEPATN3AIINS 1 3aKPeTTIe-
HUE€ B WHWBUJE 3TUX M€HEPAJTU30BAHHBIX OMeparuii BeayT K (POPMUPOBAHUIO Y WH-
JUBUIA COOTBETCTBYIOIIMX CIIOCOOHOCTEH Y. JIaHHBIN TOAXOM OCODEHHO BaYKEH JIJIst
MaTeMATHIECKOTO 00pa30BaHUs, IJle €CTECTBEHHBIM 00pPa30M BO3HUKAIOIINE MHOTO-
CTyIIeH4YIaThIe a.6CTpaKL[I/H/I OIPpEeaAMETHOTO COAEPZKaHUA CO34aI0T YCJIOBUA JId TaKUX
00600ITIeHni B X0 aKTyaJIN3aIlid U UCCASTOBAHMUS «IIPOOJEMHBIX 30H» B O0YUYEHHN
MaTeMaTHhuKe, a TaKxKe APYTruM eCTECTBEHHOHAYYHBIM U T'YMaHUTAPHBIM AVCITUTLIA-
HaM. [IpuMepoM 3TOMY MOTYT CJIYKUThH M3BECTHBIE MCUXOJOTUIECKIE UCCICTOBAHUS
MaTeMaTHIecKoro obpaszosanusi, npoeegennsie JI. B. 3ankopeiv, H. @. TagssuHoil,
B. A. Kpyreuknm, 1. C. dxnmanckoii, B. 1. ITagpukosbiv [8] u apyruvn kpyr-
HBIMHU OT€YECTBEHHBIMU TcuxojioraMu. [1oaToMy nmMeHHO MaTeMaTuIeckoe 00pa3oBa-
HUE KaK CJIO?KHadA W OTKPBITad COIUaJIbHasd CHUCTEMa HeCeT B Ce6e OFpOMHbII;'I I10-
TEHIINAJ aKTyaJu3allii B MCCAEJ0BATE]BCKON W UTPOBOM JIESITEILHOCTU MPOIECCOB
CaMOOPTAHW3AINA W TTO3UTUBHOTO TMPOSIBJAEHNUST CHHEPTETUIECKNX 3PPEKTOB B pas-
HBIX HAIMPABJICHUSX C UCIOIH30BAHUEM WH(MOPMAIMOHHBIX TEXHOJIOTHI: PA3BUTHE U
BOCIIUTaHUE JIMYHOCTHU, YHIOPAJOYECHHOCTh COAEPZKaHUA U CTPYKTYPbl KOTHUTUBHOT'O
OTIbITA, KOMMYHHUKAIIUNA U COIUATHLHOE B3aUMOJEHCTBUE CYOHLEKTOB HAa OCHOBE JUa-
JIOTa KYJIBTYD, aCeKThl TPOSIBJICHUS PE3Y/IbTATOB UCCIEI0BATEIBCKON IesITeThbHOCTh
B (GOpPMUPOBAHNN MaTEMATHYIECKON IpaMOTHOCTH, P (MEKTUBHAS CHCTEMa CaMOpe-
ryJISIuU TUIHOCTHBIX depT obywaromerocst (. Macmaoy, I. Onmopr, K. Pomxkepc,
A. M. Martomkun, M. M. Kamamnos u 1p.). Paspemenne nporuBopetmii, CBS3aHHBIX
C Ka9eCTBOM W YCIENTHOCTHIO UCCAEI0BATEIbCKOM AeaTeTbHOCTH IIIKOJTFHUKOB 1 (DOp-
MupoBanueM (GyHKIMOHAILHON (MaTeMaTHIECKOi) rPAMOTHOCTH MIKOJIBHUKOB, BO3-
MOXKHO TIPU YCUJIEHUN UhOUSUIYAAUGUUY TCCTETOBATETHCKOIO U UTPOBOTO MPOTIEC-
COB W Pa3BUTUU CYyOBEKTHOCTHU IITKOJHLHUKOB HA, OCHOBE PACITO3HABAHUS MPOIECCOB U
Pe3yAbTATOB AIANTAIINN CIOXKHBIX 3HAHMIT U Tporeayp. Heobxomumo co3manme ycio-
BUIT JJIgl PAaCKPBITHA BHYTPEHHUX TIPOIECCOB U MEXaHU3MOB aJCKBATHOCTU OCBOECHUA
MMO3HABATEIHHBIX TPOIECCOB U BHEITHUX AKTOB HA OCHOBE UIEHTU(DUKAIUU JTUIHO-
CTU B TIPOIIECCE OCBOEHWST CJIOXKHBIX 3HAHWI W MPOIEAYP: NEPCOHAIU3AUUA — TIPEI-
CTaBJIEHHOCTH CyObEeKTa B JPYTUX JIOSX; 000cobaetue — BBbIIETEHNE UHINBUIA BO
B3aMMOJIEHCTBAN C JPYTUMHE JIIOIBMUI; NPUCCOEHUE WHINBUIOM BCECTOPOHHEN YesoBe-
geckoii cymuoctu (3. @peiig, M. A. Xonoguas, FO. B. I'unmenpeiirop, B. C. Myxuma,
B. B. Cepukos, 1. C. fdxkumanckas, A. B. Xyropckoit u ip.).

Bumecre ¢ A. H. [TogbskoBBIM OTMETUM CAEAYIONINE OCODEHHOCTNU 8 PEULeHUL
CAOHCHBLT 30004, PEATN3ATTNST KOTOPBIX MOXKET PeaJIbHO MPUBECTH K POCTY MaTe-
MaTHUYIEeCKOMI TPaMOTHOCTH W KPEATUBHOCTHU MIKOJIBHWKOB B OCBOCHUN MAaTEMaTHUKN:

> B IOBEJCHUU U PA3BUTUU KOMILJIEKCHON IWHAMUYECKON CUCTEeMbl, TaKOI Kak
MaTeMaTH4IecKoe 00pa30BaHWe, BCEra eCTh J0JIsl HEOMPEIeJeHHOCTH U HermpeIcKa-
3yeMOCTH; OHA TPEOYET MHOYKECTBA PA3HOOOPA3HBIX OMUCAHWI U PENIeHuil, KaK B CO-
JeprKaHnM, TaK W B KOTHUTHBHBIX IIPOIECCax, OTIMYAIOIINAXCA APYT OT JApyra w J0-
MOJTHAIOIINX JAPYT JApyra; He MeHee 3(hOEKTUBHBIMEU OPYIUSIMU SIBJIAIOTCS IPUA STOM
TIOHATHUA HECTPOTHue M HEeYeTKNe, IMOCTPOEHHBIE Ha OCHOBE SMIHUPUYECKUX, a HE TeO-
perudeckux 000OIIEHU, NCCAeT0BAHNE KOTOPBIX HEBO3MOXKHO 0€3 HCIIOJIb30BaHUS
KOMITBIOTEPHOTO ¥ MAaTEMaTHIeCKOTO MOJIEIUPOBAHNUS;

P KOMILJIEKCHAsSI CUCTEMa, OCBOEHUST YUEOHBIX 9JIEMEHTOB XapaKTePU3YeTCs U3Me-
HEHUSIMU HE TOJILKO HA YPOBHE KOHKPETHBIX MPOSBICHU, HO U HA YPOBHE CBOEIl CyIII-
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HocTn (0BGOOIIEHHBIX KOHCTPYKTOB), HAnbOIee 3HAMUMOI /151 aK TyaIn3amuu IPOIEC-
COB TIOHUMAaHUS W HAJUYUS PA3BUBAOIMNX 3P(EKTOB caMoopraHu3annu. B crox-
HBIX OOpa3oBaTenbHbIXx cucreMax dbdexkTusable npasuia (GyHIUPYIONIE MOTYChI
(E. 1. CmupHOB [9]) mO3TAITHOTO pa3BEPTHIBAHUS CYIIHOCTH MOTYT ObITH BBIJEIEHBI
(B ToM umcme merogom obparHbIX 3agad Teopun camoopraamsaruu (I T. Masm-
merkwii [10])), HO oHE GyAyT ¢ HEM30EKHOCTHIO JOCTATOYHO BAPUATHBHBI MO THIAM
CaMOOPraHM3aIny Ha OCHOBE peasm3anuu Harisiaaoro mogemposanus (E. 1. Cvup-
HOB |11]) ¥ IPUHIUOINATBHO 3aBUCHMBI OT KOHTEKCTA;

P TEOPETHIECKNE MOJEN CKOJIb YTOMHO BBICOKOTO YPOBHS MPUHITTIAATIHHO OTDa-
audaenbl. st 9dpHeKTUBHOTO MCCIeI0BaAHUS CA0KHBIX TUHAMUIECKUX CUCTEM He0b-
XOJIMMBI PA3HOOOPA3HBIE MMOUCKOBBIE MPOOBI (IKCIEPUMEHTATBLHBIE CPe3bl, CPABHU-
TEILHBI aHaTN3 KOHKPETHBIX TPOSIBICHUH, KOMITBIOTEPHOE MOTETUPOBAHNE, AHAIO-
ruu, anann3 depe3 cuure3 (S. L. Rubinstein [12]) u T.m.) — peanbHBIE B3anmMmoseii-
CTBUSI C CHCTEMOI, a He TOJBKO TEOPETHIEeCKas JeITeTHLHOCTH ¢ ee abCTPAKTHBIMHU
MOJIEJISIMU;

P [IPU MCCAETOBAHNN CJIOXKHONW CHCTEMBI HEOOXOMMA BaAPUATHBHOCTD IIEIETIOIA-
raHus — MOCTAHOBKA PA3HOOOPA3HBIX, PA3HOTUITHLIX U PA3HOYPOBHEBBIX TIejIeil (MHO-
JKECTBEHHOE TEJIENOIAraHue ), KOTOPBIE MOI'YT KOHKYPUPOBATH MKy co6oit. Omamm
U3 OCHOBHBIX MOIIMOHAIBHBIX COCTOSHU UeJ0BEKA TP UCCJIEIOBAHUN CIOXKHBIX CH-
CTEéM B MATEMATHIECKOM OOPA3OBAHUH SIBISIETCST HEYBEPEHHOCTH, COMHEHWE, TOTOB-
HOCTb TIPUHATH JBOsIKME (HA OCHOBE TPOTHO3a U CIydaiiHble) pe3y/abTaThl JIeiiCTBHil,
" T.JT.;

P PE3yIBTATH AeITETLHOCTH YEI0BEKA CO CIOYKHON CHCTEMON COMepKAHMST W Me-
TOJIOB MaTEMATHIECKOTO 00PA30BaHUsI, PE3YIbTATHI B3AUMOJIEUCTBHUS C HEll HE MO-
ryT OBITH TPEICKA3AHBI TOJTHOCTHIO, NCIEPIBIBAIOIINM 00pa3oM. BO3MOKHBI TOJIBKO
BEpPOSITHOCTHO TApaHTUPOBAHHBIE PE3Y/bTaThl ObpasoBanus. [lpuuem HApSAY C mpsi-
MBIMH, TTPOTHOBUPYEMBIMI Pe3y/IbraTaMu 00pa30BaHust 00pa3yioTcs Pa3sHOOOpa3HBIE
MOOOYHBIE, HEIPeICKa3yeMble TPOYKThI JUIHOCTHOTO PA3BUTHUS W MaTEMATHIECKOI
JTeSITeTFHOCTH, KaK B TIIKOJIE, TaK W B BY3e.

2. CUCTEeMHO-TeHETUYECKNE KOHTEKCTBI. BBIIEINM CIeIyIOmme cucmemHo-
2EHEMUYECKUE KOHMEKCMbL 0CBOCHUA CAOINHCHO20 3HANUA C NPOABACHUEM CUHED-
euu u 3hdexToMm (OPMUPOBAHUST MATEMATUIECKON T'PAMOTHOCTH IIKOJBHUKOB
(cp. A. A. BepOunkwnii).

e ITporneccyasibuble KOHTEKCTBI. Ba30BBIM MTOHATHEM MTPEJICTABIEHHON KOH-
OEMIn aJallTalliil COBPEMEHHBIX ,Z[OCTI/I)KGHI/H‘/’I B HayKe€ dABJIACTCA MPUHIOUI U TeX-
Hostorust byHaupoBauusi ombita Jguanoctu (. [yccepns, B. JI. Ilagpukos |[§],
E. 1. Cyupros n ap.). Tlosromy koumenmus (byHINPOBAHUS TIPOIECCA CTAHOBJIE-
HUS JTUIHOCTH BBICTYTIAET KaK 3(DMEKTUBHBIN MEXaHU3M TIPEOIOICHIST TPOdECccro-
HAJIBHBIX KPU3UCOB CTAHOBJIEHUS CIIETMAIICTA W AKTYAJN3AINH WHTETPATUBHBIX CBSI-
3eil MeX Iy HayKoit, TpodeCCHOHAIBHBIM 00pa30BaHUEM U ITKOJIOM. Adanmayuonmoie
NPOUECCH, PACCMATPUBAIOTCS YUEHBIMU TICHXOJOTAMU W TIEJTarOTaMP KaK JMHAMUIYIE-
CKHUII KOMILJIEKC MHTETPaJIBHOTO BSaHMOrﬂ;eﬁCTBHH BHYTPEHHUX DE3yJIbTaTOB (CI/ICTe—
MBI 3HAHUi, YMEHWii, yCTAHOBOK, KOMIIETEHIHI, [EHHOCTe) U aJeKBATHBIX MeXa-
HU3MOB HpI/ICHOCO6ﬂeHI/IH JIMYHOCTU K M3MEHEHUAM BHENTHE Cpeabl N pe3yjibTaTaM
nesTenbHOCTH ¢ passuBaoomnM dddexkrom (A. A. Pean [13], FO. 1. Tomcreix [14],
C. 1. Copoko [15] u ap.). B coorsercreun ¢ C. H. dpopsitkunoii u C. A. Po3za-
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HOBO#I [16] TakoBbIME MOryT OBITH cuHEprermdeckue 3pdeKThl peasn3aiun ajar-
TAIMOHHBIX MPOIECCOB: KOTHUTUBHBIN, MOTUBAIIMOHHBIN, TPOgheCCHOHATBHBIN, Kpea-
TUBHBIN, COIUATBHO-9KOHOMUIECKU U Ty XOBHO-HPABCTBEHHBIN. [Iporeccsr co3manus
MOMUBAYUOHHO20 TOAA IJIsT UCCACTOBAHUS CIOKHBIX MATEMATUIECKUX KOHCTPYK-
TOB Tpe6nyT KOMITBIOTEPHOTO ,Z[I/IB&.I?IH& " HaATJIAJHOTO MOJE/JINPOBaHWUA COBPEMEH-
HBIX JOCTUKEHWi B HayKe (CTpaHHBIN arTpakTop JIopeHa, HeueTKne MHOXKECTBA
u fuzzy-logic, ryoka Menrepa, cuenapuiit @epxionncra u T.11.). Buiempausanue uepap-
zull B pa3BEPTHIBAHUU CYITHOCTA 000OITIEHHOTO0 KOHCTPYKTA «ITPOOJEMHON 30HBI» HA
OCHOBE NAPAMEMPUIGUUY U aOCMPA2UPO8aHUA, TIONCKA Mmouex budyprayuu u bac-
cetinos NPUMANCEHUA CPEICTBAME TOCTPOSHUST UTEPAITMOHHBIX TPOIECCOB HA OCHO-
Be nH(MOPMAITMOHHO-TEXHOJIOTUIECKON MOIEPKKNA CO3TA0T MEXAHU3MbI A allTaIIT
CJIOYKHOTO 3HAHWS K MIKOJBHON U By30BCKO# Maremaruke. [Ipu srom E. V. CymupHro-
BbIM [17| GBI BBISBJIEHBI W XapAKTEPU30BAHBI 4eMupe IMana npoAGACHUA CuNep-
2UU MATEMATUIECKOTO 0OPA30BAHMS HA OCHOBE aKTya/IU3AIUN JUAJIOT MATEMATHAIEe-
CKOil, nH(POPMAITMOHHO, €CTECTBEHHOHAYTYHON W T'yMaHUTAPHON KyJBTYP: MOATOTO-
BUTEILHBIN, COMePKATEIHHO-TEXHOJOTUIECKNIT, KOHTPOJIHHO-KOPPEKIIMOHHRIA W 00-
obratore-npeobpasytomuii. Ha puc. 4 mpesacrasien rpad COTiacoBaHWUsST STAIOB
MPOSIBJIEHUsT CYIIHOCTH ODODOIIEHHOTO KOHCTPYKTa COBPEMEHHOI'O HAYYHOTO 3HAHUS
B OCBOEHUU MATEMATHUKU U STAINOB MPOSIBJICHUSA CHUHEPTUN MATEMATHIECKOTO 00pa3o-
BaHUA.

CornacoBaHue 31anos NPOABAEHUA MOAYCOB

B OEWEHMM MaTemaTuke
CyiHocTi 06ofmeHHoro CuHeprin
vqeﬁ].mm 3JIeMeHTa MATeMATIUE¢CKOTO
00pa3oBanms

<~ mm

1

1 HB])BD][H‘[R.TI])HDFD HD,[[FDTOBHTE.TILHblﬁ
OCBOECHNA CYITHOCTH
2
1 U
2 (D)'HKIIHDHH.‘II:HDTD OCO3HAHHA H (OJPDI]\"TP‘%HD_
op dymxmmi, DOB B TeXHOTOTHYe cRMif
yooen S I
‘ 3
J Ouenka sMmHpEeckoi Ouenouno-
BepH(HKAIHH Pe3yTbTATOB KODDERIHOHHBIH
[ R E—
4 Ilepeson caryanun Ha 4
MPOLECCH! MOJETHDOBAHHH, Ofofmaome-
obo0mennn u neperoca npeobpasyromui
— ’
e

Puc. 4. CormacoBaHre 9TaroB MPOSBIEHAS CYIHOCTH y4eOHOrO dIeMeHTa
¥ CHHEPTUH MAaTEeMATHUIECKOr0 00pa30BAHMUSI.
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Tun momenmpoBanursa 06001IIEHHOT0 KOHCTPYKTa, COBPEMEHHOTO HAyIHOTO 3HAHUA
HA OCHOBE BBISIBJIEHHO# CYIIHOCTH MOXKET ObITh (DEHOMEHOJIOTHYECKUM U MEeHETUYe-
ckum. Craenyst reopun B. B. Jlaseigosa u . B. QbKoHUHA, MOXXHO OTMETUTE, UTO
pernomenorozuveckuli TUT COOTBETCTBYET aTpubyTaM U CBOiicTBaM (hOPMUPOBAHUS
SMITUPUIECKOTO MBIILIEHUsT, KOTJa MPOUCXOAUT ODO3HAUYEHVE UyBCTBEHHO JAHHBIX
CBOICTB OOBLEKTOB W HX CBs3€il, abcTparnpoBaHne THX CBOMCTB, 00begWHEHNEe HX
B KJIACChl 1 0000IIeHne Ha 0CHOBe (POPMATHLHOTO TOXKIECTBA WX OTAEIHLHBIX CBONWCTB
U WX BHEITHUX U3MEHEHUil BO B3amMmojeiicTBun. [enemuueckuti TUT MOJEJUPOBAHUS
COOTBETCTBYET aTpubyTaM U CBOHCTBAM (DOPMUPOBAHNST TEOPETUIECKOTO MBITILIEHUS,
KOTJIa, OCYIIECTBJISIETCS YCTAHOBJIEHNE HESIBHBIX CKPBITHIX CYIIIECTBEHHBIX CBA3€il 00b-
€KTOB, MPOIECCOB U ABJECHUI pojin U (DYHKIUH OTHONIEHUS KOMIIOHEHTOB BHYTPH
CUCTEMBbI, YCJIOBUS WX MPOUCXOXKIEHWsT U mpeobpa3oBanust. [loce aHam3a BhIsIBJIE-
HUSI CYIITHOCTH U CAMOT'O HIEATbHOTO OOBEKTA IMTPOUCXOIUT BOCXOKIEHNE K UCTHHHO-
My 9yBCTBEHHO-KOHKPETHOMY IesioMy. [109TOMYy TeXHOJIOrHsT MPOSIBJIEHUsT CUHEPTUH
B IIPOIIECCAX ATANTAIIIN COBPEMEHHBIX IOCTUKEHNI B HAYKe B IITKOJIBHOM MaTeMaTHKe
MOXKET OBITH OPUEHTUPOBAHA COOTBETCTBEHHO Ha, (DEHOMEHOJIOTHIECKUI U TeHETH-
YeCKUIl TUT BBISBICHUS CYITHOCTH O0OOIIEHHOTO KOHCTPYKTA HAYIHOTO 3HAHUSI.

QOyuaupyomme mpoIeaypPhl MEPexoa 0T HAJUIHOTO COCTOSHUS CYIIHOCTH W €€
AKTYaJILHOTO MIPEICTABICHUS K 0D0OIEHHOMY TIOTEHIIUATBHOMY PA3BUTHIO CYIITHOCTH
B opme ngeanbHoOro 06beKTa (Mponecca N ABJIEHNsT, COCTOSTHUS TUMIHOCTHBIX Ka-
YECTB) ABJISIFOTCS MHOTOITAITHBIMHU, TOTU(YHKITMOHATBLHBIME, HATPABICHHBIMA U WH-
TErPATUBHBIMU 110 aKTYAJIU3AINN BHYTPU U MEXKIIPEIMETHBIX cBsi3eitl. [Ipu sTom mpo-
eIy Phl TIEpexo/1a B 30HaX OJIrKaiiiero pa3sutust OyayT 6ojiee BIPayKEHHBIMI U Ha-
MPABJICHHBIMY, €C/IM OPUEHTUPOBOUHAA 1 WH(MOPMAIMOHHAS OCHOBBI yUIeDHOH mes-
TEJIBHOCTH 00y9YaeMbIX [IEMEHTUPYIOTCS CIEIHAJIBHO TPOEKTUPYEMBIM COAEPIKAHUEM
00ydJeHUsI, HATJISITHO MOJETUPYEMbIM B (hOopMe CIupasieil uin KJ1acTepoB (byHIupo-
BaHUsI 0A30BBIX YUEOHBIX JIEMEHTOB. BBIIEIUM Psiji TEXHOJOTMIECKUX TATOB Pas-
BepThIBaHUsT (DYHIUPYIONINX MPOIEIAYP 68 NPOYUECCAT adanmanul COBPEMERHO20 HalY -
H020 3HAHUA K TITKOJIBLHOW MaTeMaTHKe C MPOSBICHUEM CHHEPreTudecKuxX 3(pdeKToB
U OTPAKEHUS (PEHOMEHOAOZUYECKO20 TMUNG MOOEAUPOSAHUA CYUHOCTY 0DODIIIEHHOTO
KOHCTPYKTA:

— moruBanuoHHbIN (M) (camoskmyasusayusa («mmne 9mo unmepecno») — Ipo-
SIBJISIETCS] B BBIPAXKEHHOCTU ITEHHOCTHBIX W JIMIHOCTHO-3ANTAIIMOHHBIX XapaKTEPH-
CTUK TO3HABATEIBHON JeATETHHOCTH 00y IaeMbIX TI0 OCBOCHUIO 9MAA0H08 U 06DPa31U08
pernomerorozuy, HATTISTHOTO MOJIETUPOBAHUS 0DOOIIEHHOT0 KOHCTPYKTA U PE3Y/IbTa-
TOB IUArHOCTUYECKUX MPOIEAYP Ha: 3HAYUMOCTH ¥ [IEHHOCTHBIE OPUEHTUPHI, BEIOOD
Croco00B JIEATETHHOCTH 0 PACKPBITUIO 0MdeabH020 Ka4ecmsea TpPOsiBIeHus 0600-
MIEHHON CYIIHOCTH (COMEPKATETHHOrO MM MPONECCyaJTbHOr0 KOMIOHEHTA); TTOUCK
U aHAJN3 BBISIB/IEHUS JTAIOB HAYYHOTO MO3HAHNS, METOMOB UCC/IEIOBAHUSA U MeXa-
HU3MOB OCYIIIECTBJIEHUST BHYTPUIIPEIMETHBIX W MEXKIPEIMETHBIX CBsI3eil Ha OCHO-
Be TTpoheCcCHOHATBHO-OPUEHTHPOBAHHOTO U MCCIE0BATEIBCKOTO TOAXO0I0B; HACTPOi
JIMYHOCTHU Ha, CAMOOIpeesIeHe M CAMOOPTaHU3AIINIO, OCBOEHWE TIPUHITUIIOB U CTUIEH
HAyYHOTO MBINLIEHUS: WHAYKIIAU, JeJAyKIINA, HHCANUTA, aHAJTOTUN, NHBEPCUU U aHTHU-
IUTIAINAN;

— OpUEHTUPOBOYHO-UH@GOPMANMOHHOM HackieHHocTn (O) (camoonpede-
aenue («umo A mozy cdeaamovy) B pEANU3ANUN SMIUPUIECKUX TPOO U MPOEKTH-
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POBaHUU HAIVIAIHBIX MOeaeil MYyHIUPYOMWX MPOIEAYP MPEACTABICHUA TACTHBIX
MPOSIBJIEHUH CYITHOCTH 0OOOIIEHHOTO KOHCTPYKTA HA OCHOBE MO3HAGAMEALHOT CAMO-
CMOAMEABHOCNMU U AKTYaJIU3ANUN NeUCTBUNA, KOMIETCHIUA U XapaKTEePUCTUK JINY-
HOCTHBIX KadecTB. Peaym3armsa mporiecca BBIABIEHUS CYIIECTBEHHBIX CBI3eil U mpe-
€MCTBEHHOCTH 3IMITUPUIECKUX O0DODIIEHUN, 0Cco3HaHUE GYHKUUOHAALHOCU YDPOSHA
MAMEMAMUYECKO20 COOEPAHCAHUA NPOABAEHUA CYUWHOCTNU 0000ULLHHO020 KORCMPYKMA
U KOPPEKUUU COCMOANUA €20 NAPAMEMPOS8 U YCA08UL, ATEKBATHOCTU 1 3(PHEKTUBHO-
CTU COOTHECEHUsT HAITPABIEHHOCTH «IE/b—PEe3YIbTaTy, 6A30BOCTH U HHTEIPATUBHOCTH
MPOEKTUPYEMBIX KOHCTPYKTOB KAaK OPUEHTHUPOBOYHON U MH(MOPMAITMOHHON OCHOBBI
[Ie/IEHATPABIEHHON U BapUATUBHON yIeOHOIl 1esdATeIbHOCTH;

— mporeccyanbHOo-aesreabHocTHbI (IT) (camoopranmsarmms («st cmocoben
YIPABIATH MPOLNECCOM» ) — TPOSIBJASETCS B MPOEKTUPOBAHUU W OPTaHW3aIUu MeET-
HOA02UYU OCBOEHUST 00YIAeMBIMU UCCJIEIOBATEIHLCKUX MPOIIEIYDP OCBOGHUsT MHHOBAITH-
OHHBIX TPOSIBJICHUI CYIITHOCTH ODOODOIIEHHOr0 KOHCTPYKTA B XOJ€ Pa3BEPTHIBAHUS €€
GYHIUDYIONNX STANOB U HA OCHOBE AaKTYaJM3AIUU IPUEMOB TBOPUYECKON TMO3HABA-
TeILHOW CAMOIEeSATEeTFHOCTH W AWajIoTa MAaTeMaTHIeCcKoit, MHMOPMAIMOHHON, ecTe-
CTBEHHOHAYJHON M TYMaHUTApHO# KyabTyp. lIpm sToM paspabaThIiBalOTCS U peasiu-
3ytoTCst (DOPMBI, METOJbI U CPEJICTBA, OCBOEHMS ODODIIEHHOrO KOHCTPYKTA, aJeKBAT-
HBbIE CBOUM JIOKAJBHBIM, MOJIYJIBHBIM U TJIOOAJTHHBIM TPOSBACHUSM pPa3BEPTHIBAHUS
dbynanpyommx mponesyp;

— koHTpOJIbHO-KOppekuuonubtil (K) (ouenka amnupuueckot sepudurayuu
PE3YALMAMOG) — TPOSIBIISIETCS B MPOEKTUPOBAHUN (DYHKIIMI ¥ STATIOB MOHUTOPHHTA
W JWATHOCTUYECKNX IMPOIeIyP W3MEPEHWS COCTOSTHWSI W PACIINPEHWs OMbITa, pas-
BUTHUS TICUXUYIECKUX (DYHKIHUH, cuHepreTndeckux 3(p@deKToB 1 XapaKTePUCTUK JIAU-
HOCTHBIX KQ9IeCTB 00y9IaeMbIX; OMPEIE/IEHNE W ONTUMHUBAIMS TEXHOJOTMIECKAX PO~
MeJIyp U IPEeIMETHOTO COepKaHust 00pa30BaHNs, YPOBHSI OCBOEHUS CYIITHOCTH U 9Ta-
OB Pa3BEPTHIBAHUS CHOUpaAJeil W KJIacTepoB (DyHIAMPOBAHWS, OMPEIEIEHNE IET0CT-
HOTO KOMILIEKCA ChupaJjeil u KaacTepoB (DyHAUPOBAHUS OMBITA JUIHOCTA B XOJIE
OCBOEHWS CYITHOCTH ODOOIIEHHOr0 KOHCTPYKTa KaK HEOOXOIMMOTr0 KOMIIOHEHTA, /-
JAKTUYIECKOr'O IIOJISI U OCHOBBI BAPUATUBHOCTH IIPOIECCOB aJAIlTAIINA COBPEMEHHBIX
JOCTUZKeHUII B HayKe;

— ob6obarorne-nipeodpasyromuii (OII) (camopassumue auvnocmu («a moey
cdeaamsb 4mo-mo Ho6oe») — XapaKTEPU3YeTCs: COJEPIKAHUEM U XapaKTEePUCTHKA-
MW TIlepeHOCAa WHHOBAIMIT B MAaCCOBYIO MPAKTHUKY OCBOEHWS MIKOJbHONW MaTeMaTWKW;
MHTErpanueil THANBUIYAJIBHOTO W COIUAIBHOTO B MIPOEKTUPOBAHNN NHHOBAITMOHHBIX
0000ITIAIOIX KOHCTPYKTOB; HH(MOPMAIIMOHHBIM 00MEHOM, CoTTnaIn3alueii u Bepudu-
Kaleil MHHOBAITMOHHON eATeIbHOCTH; XapaKTEePUCTUKAMHU, MTapaMeTpaMu U MOKa-
3aTEeISIMUA CTAHOBJIEHUS W BBIPAYKEHHOCTU WHINBUIYAJIbHBIX 00PA30BATEIHHBIX TPa-
€KTOpUil MIKOJILHUKOB.

o ConeprKaTesibHbINT KOHTEKCT MPOSABJIEHUS CUHEPruu B MaTeMaTude-
CKOIl [esATeJIbHOCTU KaK pa3 W ABJIETCSI TeM CeH3WTHUBHBIM MeXaHW3MOM, KOTO-
PBIil TO3BOJINT aKTYaIU3UPOBATH (HaAKMOPbL YCNEWHOCU PEIIEHIS TBOPYECKUX 3a-
Jlad Ha OCHOBE WCCJIETOBATENHCKON AKTUBHOCTA W CAMOOPTAHUBAIUUA O0YIAOIIX-
ca. [ToaToMy OCHOBHBIM CDEICTBOM MPOSIBJIEHUST CUHEPTUU MATEMaTUIeCKOro obpa-
30BAaHUS U MEXaHU3MOM (DOPMUPOBAHUS WCCIEIOBATEIHCKOTO TOBEIEHUS ITKO/Ih-
HUKOB B TPOIECCe OOYUeHUs MATEMATHKE MBI CUMTAeM pPa3padOTKy U BHEIPEHUE
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B YUEOHBIN Npouecc uccaedosamesbCkus npakmuko-opueHmupos8aHHbLE CAONCHOIT 3a-
dav 6 <«NPOOAEMHVLT 30HAT> 6 (POPME KOMNACKCA MHOZOIMANHLLL MAMEMAMUKO-
ungopmavuornnnx sadanut (M. Kuskasa, B. C. Cekosanor, E. I. Cumupros [18]
u z1p.). VccmenoBarenbekas JIeATeIbHOCTD 00y IatONMXCI PEATN3yeTCsl B CIIEIHAThb-
HO OPTraHW30BaHHOI cpese (Hampumep, PecypCHBIX 3aHsTHii) Ha (HOHE POCTA MOTH-
BOB CAMOAKTYa/IM3AIUA U CAMOODPIaHW3AINH, BBISBIEHUS MPUOPUTETA IMEHHOCTHBIX
OpWEHTAINIT B MaTeMaTHIecKoi medarenbHocTH. HemamoBaskHbIM (haKTOPOM COIep-
JKaTeJLHOIO KOHTEKCTa MPOSABICHUS] CUHEPIUH MAaTeMaTHYeCKOro OOpa30BAHUS sIB-
JISIeTCST IPOJLYKTHBHASA JeAMEALHOCMY NO UCCALIOBANUIO HOBVLL MAMEMAMUNECKUT
CBOUCME U TAPAKMEPUCTNUK 0000WEHHHT KOHCMPYKMOSE CAMOOP2aHU3AUUY: (DPaK-
TATBHBIX 00BHEKTOB, MATEMATUIECKUX MOJIejIell HEYCTONIMBOCTH PEIeHni HeTUHEil-
HBIX JUHAMWUYECKUX CUCTEM, CPEACTB KOAWPOBAHUA 1 H_[I/I(prBa.HI/Iﬂ, KJIETOYHBIX aB-
TOMAaTOB, HEUETKUX MHOXKECTB U fuzzy logic, KOMIBIOTEPHOTO MOIETMPOBAHUS MHO-
rOTpaHHBIX TOBepxHOCTEH muauHapa [1IBapia, croxacTudeckux CTPYKTYP Ha CTPaH-
ubix arrpakropax u T.a. (B. C. Cekosanos, C. H. /Ipoparkuua, E. 1. CmupHoB,
A. 1. ¥Yeapos u mp.).

e JIMYHOCTHO-aJANTAIIMOHHBIA U COUAJBHBIN KOHTEKCT IPOSIBJICHUS
CUHEPTUN MaTeMaTU4YecKoro oopa3oBanus. B3anmoeiicTere 4eoseka ¢ MUpoM
U JIIOJIbMU aKTUBHU3UPYET ero BHYTPEHHUE MOTEHIUAJbI, YTO BBICTYIIAeT OCHOBOI €ro
CaMOIIO3HAHNUSI, CAMOPETYJISIIIANA ¥ CAMOAKTyaIM3allii, 00ecrednBasi TeM CAMbIM €ro
JIUYHOCTHOE CAMOpa3BUTHe. B CBa3M ¢ 3TuUM, 0c060€ BHUMAHUE HAME YIEIEHO Pac-
CMOTPEHHUIO MPOBJIEeM OPraHU3aIUK MPYIIIOBOrO B3aMMOEHCTBUAS 00y IatONIXCsl, sB-
JIAIOIIETOCA BayKHENUITUM UCTOYHUKOM UX CaMOaKTyaJ/IN3allUu U PA3BUTUA, CTUMYJIOM
JIIST TBOPYECKON AKTUBHOCTH W JAJBHENINero JTUIHOCTHOrO pocTa. PyHIUPYIOMmme
[POTIEYPhI TIepexoia 0T HAJIUNIHOTO COCTOSTHWS CYITHOCTH K OOOBIIEHHOMY TIOTEeHITHI-
aJIbHOMY €€ Pa3BUTHIO B (hOpMe UIeATHLHOT0 00beKTa, (IPOIecca UK SBJICHUSI, COCTO-
AdHUA JIMYHOCTHBIX KaquTB) ABJIAIOTCA MHOTOTAITHBIMU, l_[O.}'[I/Id;)yHK]_];I/IOHa..)'[])HIDIMI/I7
HAIPABJIEHHBIMIA U WHTEIPATUBHBIMU [0 aKTYaTM3AIAN BHYTPU U MEKIPEIMETHBIX
cesazeit. JTuunocmmuo-adanmayuortoll KOMNOHENM CBS3aH C BRIPAsKEHHOCTHIO XapaK-
TEPUCTUK U KAYeCTB JIMYHOCTHOTO PA3BUTHUSA WM aJANTAIMN O0YUAIOIMIErocs B MPO-
I1[ecce OCBOEHUsSI COBPEMEHHOIO HAay9YHOTO 3HAHWUS B HAIIPABIEHUN CAMOAKTYa N3N
(«MHE 5TO WHTEPECHO» ), CAMOOIIPE/IeIeHUsT («9TO s MOTY CIIEIAThy ), CAMOOPTAHI3a~
i («sT CIIOCOGEH YIPABJISTH MPOIECCOM» ), CAMOPA3BUTHS («s MOTY CIIEIATh UTO-TO
HOBOE» ).

BeruucaurenbHoe MbinjieHne. VccienoBanne mporeccoB MPOsiBICHUsT CHHED-
TUU CJI0YKHOTO 3HAHUS B 00YUYEHUN MATEeMATHKe OKA3hIBAETCS HEITOCPEICTBEHHO U ec-
TECTBEHHO CBa3aHHBIM C 3dderTom (GopMupoBaHusi HE TOJIBKO (DyHKIMOHAJIHHON
(MaTemMaTHIeCKOii) TPAMOTHOCTH, HO U KATETOPUN BBIYHCIUTEILHOIO MbIieHus. /le-
JIO B TOM, %m0 0CHOGOU PEWEHUA U UCCACO0EAHUA NPAKMUKO-0PUEHMUPOSAHHIL 30~
0a% ABAACMCA MAMEMAMUYECKOE MOOCAUPOSAHUE, T. €. 3aMeIeHe PeaThbHbIX, Ma-
TepUaU30BAHHBIX U UACATBHBIX O00BEKTOB U MPOIEAYP 3HAKOBO-CHMBOJIMIECKUMU,
TEOMETPUIECKUMU, PEJIANMOHHBIMU, MTPOIEIyPHbIME, (ppeiiMoBbiMu, (DPaKTATHHBI-
MU MOJIE/ISIMUA KaK OOODIEHHBIMU KOHCTPYKTAME, BJIOXKEHHBIMU B CTPYKTYPHO-
JIOTUYIECKOE TI0JIE MaTEeMATHIECKUX 3HAKOB U CHMBOJIOB, MTOIAMHSIONAXCST MAPUAIAM
3aKOHOB U 3aKOHOMEPHOCTEl, UMEIONINX CTaTyC abCOMIOTHBIX ucTuH. OHAKO peasin-
3aIMs JJOTM9IECKOr0 BBIBOJA HE BCErJa MPUBOJUT K TOYHOMY Pe3ysibrary (3TO m Teo-
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pema K. Temenst 0 HENMOJHOTE, MHOXKECTBEHHOCTh CHUJIIOTU3MOB, 9TO WHOI/A CTAHO-
BUTCSI HEPEAJbHBIM, HEOOXOIUMOCTD BBIUHUCIUTETBHBIX MPOTEIYD U MHOTOE JIPYTOe),
TaK 9TO, OCOOEHHO MPU HCCAETOBAHUU CJIOYKHOTO 3HAHWSA HEOOXOIUMO TPeOYIOTCS
nHGOPMAITMOHHBIE TEXHOJIOTUN U BBITUCJUTEIBHBIE TPOIEAYPhI, XOTs ObI JIjIs MOJTY-
YeHnsT TPUOJINKEHHOTO pernenusi. pyrumu cjioBaMu, HyKHO TaK HA3LIBAEMOE Gbi-
wucaumenvHoe mouuaenue, kKorma ciaenys 2K, BUHD «. .. MBICTHTEIBHBIE TPOIECCHI,
yYIaCTBYIOIIHE B ITOCTAHOBKE MPOOJIEM W WX pelieHus TakuM 00pa3om, 4TobbI perire-
HUsI OBLIN TIPEICTaBIEHBI B (hopMe, KOTOpast MOXKeT ObITH 3(p(HEKTUBHO pean30BaHa
C TOMOIIBIO cpencTB obpaborku muadopmanuuy. E. K. Xennep npuBogut psia mpu-
MepOB Omnpe/iesieHnii Beraucmreaproro Mpimuteanst (BM), koTopoe HenmocpeacTBenno
BO3HUKAET MPU OMEPUPOBAHUU CO CIOKHBIM 3HAHUEM U OKA3bIBAET BJMAHUE HA (HOp-
MWUPOBAHUE MATEMATHIECKONW rpaMoTHOCTH. Huke HEKOTOPBIE U3 9TUX CyKICHUN:

e BM TecHO CBSI3aHO C TpOIECCYabHBIM MBIILIEHUEM, OTpPee/eHrne KOTOPOTOo
copmymuposast Ceiimyp Ileitepr emre 8 1981 1. IIporeccyaibHOe MBITILIEHIE BKJIIO-
qaeT B cebs pa3zpaboTKy, IpeCcTaB/IeHne, TECTUPOBAHNE U OTJIAIKY MPOIEIYD, MPe/I-
CTABJIAOMIX CO00#T HAOOP MOMTArOBBIX WHCTPYKIUI, KaXK/Ias U3 KOTOPBIX MOXKET
OBITH (POPMATBHO UHTEPIPETUPOBAHA U UCIIOJTHEHA CIEIUAIBHBIM UCIIOJTHUTEIEM, Ta-
KUM KaK KOMITBIOTED WJIM aBTOMATHIECKOE 000PYIOBAHUE;

e BM cBg3aHO ¢ M3yUYeHWEM MEXaHW3MOB HWHTEJLIEKTA, COMPOBOXKIAEMBIM TPaK-
TUYICCKUMU TPUJIOKEHNAMU, BbIPDAKAEMbIMU B YCUJIEHUN YE€JIOBEYECKOT'O WHTEJLJICK-
Ta MyTEM UCIO/IH30BAHUS NHCTPYMEHTOB, TOMOTAIOIINX aBTOMATU3NPOBATE PEIeHNe
CJIOYKHBIX 337129,

e BM — cmocob dopmymupoBanus TOYHBIX METOAOB 3MEHEKTUBHOTO PEIIeHus
3a/1a4, BK/IIOYAs TIMATEJHHBIN aHAIN3 33124 U MPOIEYP PEIIeHN.

CrpyKTypHO-QYHKIIMOHAJIbHAsST MO/1eJTb (POPMUPOBAHUS
U JUArHOCTUKU KavyecTBa MaTeMaTHUYecKoro ob6pa3oBaHUs
Y MAT€eMaTHUYeCKON rPaMOTHOCTH

[TpakTrdeckn pednb WIAET O BHIABJIEHUN OOOOIIEHHBIX KOHCTPYKTOB W MPOIEIYD
B MHMOPMAIIMOHHBIX MPOIECCAX, COTPOBOK TAIOIINX UCCIETOBAHNE CIOKHOTO 3HAHUS:
MaKUM 00PA30M, HAC UHMEPECYIOM 0000UELHHBIE KOHCMPYKMbL U NPOUEOYPbL Pewse-
HUS U UCCACIOBAHUA CAONCHOZ0 3HAHUA HA OCHOBE MAMEMAMUNECKO20 U KOMNHIO-
mepro20 modesuposanus (8 Mmom wucae, uzposoti 0eAmMesbHOCU) ¢ AKMYasu3auued
MAMEMAMUYECKOT, 2PAMOMHOCTNY ULKOALHUKOS 6 T0JEe NPAKMUKO-0PUEHMUPOBAHH LT
npouedyp pewenus PISA-nodobuvr zadanuti. IMeHHO WX akTyaju3alins, KaK yKa-
seiBaer C. JI. Pybunimnreiis, u ecTb 0CHOBA /s (POPMUPOBAHUS CIIOCOOHOCTEI, B TOM
YUCIIE, MATEMATHIECKOH TPAMOTHOCTH.
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Lenmpaarvroim cucmemoodpasyIouUM KOMNOHEHMOM Neda202Uudeckoti MerHoA0-
2ul POPMUPOBAHUE MAMEMAMUNECKOT 2PAMOMHOCTNY A8AAEMCA ee Ueab. MoKHO
BBIJIEIUTH TPU ACIEKTa IIEJIN: BO-TEPBBIX, KAK TPAJUINUOHHO ITO «UIEAJbHBIN WU
MBICJIEHHO IPEICTABISEMbIl e Pe3YJIbTAT»; BO-BTOPHIX, KAK YPOBEHb TPEOOBAHMIA,
HAIPABJIEHHBIX HA XaPAKTEPUCTUKY COAEp:KaHus (DYHKIMOHATIBHON (MareMaTmde-
CKOif) IPAMOTHOCTH: MAapamMeTpPhl U YPOBHU COJEPIKAHUST MATEMATHIECKOH TpamoT-
HOCTH; IMUPOTA OTBITA JUYHOCTH (Yepe3 OCBOEHUE CJIOXKHOTO 3HAHWUS), STAIlbI
MPOSIBJIEHUST B MaTEMATHUIECKOW TPAMOTHOCTH B CTPYKTYype ODOTAIEHHOTO OIBITA,
SMOITMOHAJIHLHO-BOJIEBON ¥ MOTHUBAIMOHHONW cephbl, KPEATUBHOCTH W TBOPUYECKON aK-
THUBHOCTU JIMYHOCTA W T.II.; B-TPETHUX, KAK IIE€JOCTHBIM W IWHAMUIECKUI IMTPOITECC
Pa3BepTHIBAHNS MEPAPXUM IeJIell U YPOBHS NOCTUXKEHUI U OTPArKEeHus Ma-
TEeMaTU9IE€CKOI rPAMOTHOCTH B yUeOHOI (MTPOBOIT) e TeTbHOCTH, TPUHSIITHIX JIHY-
HOCTBIO.

B mporiecce ocBoenns heHOMEHA 1 KOHIEIITA MATEMATHIECKOM TPaMOTHOCTH (hOp-
MUPOBaHWE IeJN HAUNHAETCI C Mepeladn IMMKOJHHUKY HOPMATHUBHON IETU—Pe3yIb-
TaTta (POPMUPYEMOrO OIBITA JUIHOCTH, BKJIIOYAIOIIETO COIEP’KAHWE KOHIIEITa BO
BCEM MHOT00OpAa3Wu MPOSBJIEHUS CYITHOCTH. 3aada 00yJAIoIIero Ha nepeom amane
dopMupoBaHUs MPEJICTABICHNH O KOHIIENITE MATEMATAYIECKON IPAMOTHOCTH COCTOUT
B TOM, 9TO0BI C(OOPMUPOBATH ¥ 00yUaeMbIX MTPEICTABICHIE O HOPMATUBHOM DPE3Y/Ihb-
tare nesreasroctn (HPIT).

Amnanu3 pasjuYHBIX BUIOB JEITEILHOCTH MO3BOJISET BBITEIUTE JIBA BUIA TIEJTH—
pesynbraTa o B. 1. [Tlagpukosy:

eJib—00pa3 — HEMOCPEJCTBEHHO HAIPABIAONIAS U PErYIUPYIOIAst yIeOHY 0
(MTPOBYI0) EATETBHOCTE HA BCEM €€ TPOTSKEeHUN (HAIIPUMeED, MOC/IeI0BATETEHOCTD,
STAmbl AJANTAINNA CA0YKHOTO 3HAHWSA, TPEOOBAHUS, CTPYKTYPa, CIIEHAPHUil, CPEICTBA
u GopmbI);

1eJIb—3a/IaHNe — DEryJIupyIomas yaeOHyo (ITPOBYIO) MesITeIbHOCTh Yepe3 KO-
HEYHBIN Pe3y/IbTaT, KOTOPHII BRICTyMAaeT B (pOpMe COMEpPKAHUA U CYITHOCTHBIX CBSI-
3eil KOHIIeTTa MaTeMaTudecKoil rpamoTHocTm: Y ¥/ 1 X XapaKTepucTuKa, 3HaHUSI,
yMEHUsI, HABBIKU, MATEMATHIECKIE METO/IbI, UJEH, AJTOPUTMbI, TPOTEIYPHI.

QopmupoBaHue y 00yIAOMMXCA TPEICTABIEHUI O TOM, 9TO JOJI2KHO OBITH MOJIY-
YeHO B pe3ysbrare y4eOHOH MedaTelbHOCTH, COCTAB/SIET TOJIBKO MEPBBIA 3Tam ¢op-
MUpOBaHUA Ien—pe3yabrara. Ha BTOpoM u TperbeM 3Tamax (hOPMUDYETCs Mpe/I-
CTaBJIEHNE O KAYECTBEHHBIX U KOJIUIECTBEHHBIX MMapaMeTpax aesreabHocTr. Tak, au-
ArHOCTUPYEMOIl OPUEHTHUPOBOIHON OCHOBOH y4ueOHON IedaTeTbHOCTH 0 (pOpMUpOBa-
HIt0 (DYHKIMOHATBHOM (MaTeMaTHYIecKoil) TPAMOTHOCTH MOYKET BBICTYIATH MPOIIe-
JIypa TO9TAMHON aJanTaIliu CJA0YKHOTO 3HAHWS K COMEPYKAHWIO ITKOJLHOW MaTeMa-
THYIECKON IeATe/THbHOCTH, KOTOPasd MPEICTaB/IgeT CODON MPOEKTUPOBAHNE B CBEPHY-
TOM BHUJIE COJIEPKAHUS U CTPYKTYPhI TEOPETUIECKUX U MPAKTUKO-OPUEHTUPOBAHHBIX
KOHCTPYKTOB, Pa3BEPTHIBAIOIINXCS B MEPAPXUAX UCCIEIOBATEIHLCKON TeATETHHOCTH
MKOJIHHUKOB. [Ipm 3TOM Heobxommmo orpakenme um ocBoenme Y Y] m akryaam3a-
IIUsT TIPOIECCOB M KOTHUTUBHBIX CXeM WHTErPAIlNU 3HAHUI U MPOIEIyp, aJeKBATHOE
JMArHOCTUPYEMOMY IIe/IeTOIAraHuI0 TPUOOpETeHNs, TPUMEHEHNS U MPeodPAZ0BAHUS
CYIITHOCTHBIX XaPAKTEPUCTUK MATEMATHICCKON IPAMOTHOCTH Yepe3 MPU3MY PEIeHust
U UCCJIEIOBAHUST TPAKTUKO-OPUEHTUPOBAHHBIX 3aIaHUIA.

KaugecTBennbie mapaMerpbl OCBOGHUST MATEMATHIECKONW TPAMOTHOCTH IITKOJIbHU-
KaMU 33Iaf0TCsT KOMIIOHEHTHBIM COCTaBOM, CIIOCOOAMU BBITIOJTHEHUS MCC/IET0BATE Th-
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CKOW eATEJbHOCTH W MPOEKTUPOBAHUEM TEOPETUIECKOTO W IMIUPUIECKOTO 3HA-
HUsI, TPAKTUYIECKOTO U MPUKJIATHOTO KOMIOHEHTOB, 9BPUCTUYECKON U AJTOPUTMHUKO-
BBIYUCIUTE/IHHON IeATeTbHOCTH B HACKIIIEHHOW nHMOPMAIMOHHO-00Pa30BaATEIHHOM
cpene. IlpencraBienre 0 KOJMYECTBEHHBIX MapamMerpax (pOpMHUPYeTCsi C OMOpPOil Ha
ncuxouzuaecke 0COOEHHOCTH MIKOJBHIUKOB, aKIeHThl WHIUBUIYAJIU3ANUNA U TUd-
depeHImAIIIT UCCIeI0BATEILCKOM TedaTeabHocTH, TpedboBanus ['ocymapcrBennoro 0b-
Pa30BaTeILHOTO CTAHIAPTA 00IIero 00pa30BaHUs U €r0 PErHOHAIBHBIX 0CODEHHOCTEI,
JIOTWKY TPOEKTUPOBAHUS U PA3BEPTHIBAHUS COJEPXKAHUS WHTEIPAIIUN MaTeMaTHIe-
CKUX, eCTeCTBEHHOHAYIHBIX, WH(MPOPMAIMOHHBIX W T'yMAaHUTAPHBIX 3HAHUN W MIPOITEe-
yp, KpUTEPUH KOHTPOJIBHO-OIIEHOYHON eATeTbHOCTHA 00y IaioIiero.

YuebHbBIE TEU PEATM3YIOTCS Yepe3 MOTUBUDOBAHHYIO YIEOHYIO IedATeThHOCTH
B ONpEE/IeHHBIX O00bEKTUBHBIX U CYOBEKTUBHBIX YCJIOBUAX AKTUBHOCTU JTUIHOCTHU
B DEleHnn JUJaKTUIecKnx 3ajad. B csere mesirenproctroro noaxoma (JI. C. Brei-
rorckuii, C. JI. Pybunmreitn, 1. 4. Tagsnepun, H. ®. Tamesuna, A. H. JleonThen
U Jp.) B CTPYKTYpE JEATEeTHHOCTU BBIJEIAIOTCS CJIEAYIONIINe KOMIOHEHTRI: TOTPes-
HOCTHU, MOTHBBI, [IE€JIW, YCJIOBUsI, PE3YJIbTATHI, OOBEKT, Ha KOTOPBIN OHA HAIPAB/ICHA.
eameavrocmsb nOHUMAEMCA KAK PEANbHBLT NPOUECC 63AUMO0CTLCMEUA YeA0BEK, AG-
AANOULE20CA CYOBEKMOM IMOT DEAMENDHOCTIU, C OKDYNCAIOWUM MUPOM, B3AMBIM 6
€20 UYEAOCTNHOCTU, NPOUECC PEULEHUA HCUSHEHHO BAICHBIT 36004 U CKAGODGAEMCA
u3 cosoxynnocmu deticmsutds u onepayud. leiicTBre (Kax eUHUIA TICAXOTOTTIECKO-
ro aHAIM3a JeaTeJbHOCTH) — COCTABJIAIONINI JIEMEHT JesITeIbHOCTH, COCTOUT U3
oTieparnii, ¢ MOMOIIBIO KOTOPBIX BBITOJIHSAETCS IeHCTBUAE, W BCEra HAIPABICHO HA
noctuxkenne teau. 1. 4. lagpmepun Boigeauna B J0060M JAeiiCTBUN TPU KOMITOHEHTA!
OPUEHTUPOBOYHBIH, UCIIOTHUTEIBHBIN U KOHTPOJIBHO-KOppeKTupoounbiit. H. @. Ta-
Jibi3uHa orMedaeT: « OpueHTUpOBOYHAST OCHOBA, — 3TO Ta, CUCTEMa, YCJIOBUIA, Ha KOTO-
PYIO peajbHO OTUPAETCS Ye/IOBEK MPU BBIMOJHEHUN JIeicTBuil. e MOXKXHO pacKpbITh
KaK IPOIECC MCIOIL30BAHNSA OPUEHTHPOBOYHON OCHOBHI nelicTBuity. Ho, paccmarpn-
Bad 1e4ATe/IbHOCTDH IIPOLeCCa YUCHUA KAK CJIOXKHYIO CUCTEMY JACHCTBUHA U olepanui,
HEOOXOIUMO (POPMUPOBATH OPUEHTUPOBOUHYIO OCHOBY yUIeOHOI JeATeTLHOCTH, a/1eK-
BaATHO COOTHECEHHYIO C IeJbI0—Pe3yabTaToM yueHus. [Ipu aToMm BaxkHeiireil, ¢ mcuxo-
JIOTUYIECKOW TOYKW 3PEHUs, SIBJISIETCA OPUEHTHUPOBOIHAST IACTh IESITeTbHOCTH, TPE/I-
Ha3HAYEHHAS BBITIOJIHATH CUTHAJIBHYIO (DYHKIINIO, OPUEHTUPOBATH WHIUBUIYYMa HA
MIPOIIECC PEIeHusI, B TOM YHUCJie MPAKTUKO-OPUEHTUPOBAHHBIX 33J1a4, Pa3BEPTHIBAIO-
IIAXCsT B CBOMX MEPAPXUAX W OTPAKAIONINX 0a30BbIe 1etu (hOPMUPOBAHUS MaTEMa-
TUYCCKON I'PAMOTHOCTH.

Codepoicanue mamemamuieckozo obpazosanus 6 nawed napaduzme, OMPAHCaA-
1ouee npoueccu, dopmuposanus GyHKkyuoHaAbHOl (Mamemamuueckol) 2pamommo-
CMAU WEOABHUKOS, ONPedeaiemcs KaK COBOKYNHOCL UHMELPUPOSAHHLLT NPAKMUKO-
OPUEHTNUPOBAHHHLT 3HANUT, YMEHUT, HABHIKOS, MAMEMAMUYECKUT MEMOJ06 U Npo-
yedyp, 63244006 u YoeHCIEHUT NO 0CBOEHUIO U AANMAUUY CAOHCHO20 SHAHUA, 0 MAK-
oice onpedeaertvili YPoseHs Pa3GUMUA NO3HABAMEADHBLL CUA U NPAKMUYECKOT NOJ20-
MOBKU WKOAHUKOS, docmuznymoli 6 xode uccaedosamenvckol (ueposoti) deamenn-
HOCTU.

K negarornuecknm 0COOGEHHOCTAM MPOEKTUPOBAHUS COAEPKAHUST MATEMATH-
TeCKOT0 00pa30BaHUs MIKOJBHIKOB HA OCHOBE aIAITAIINN CJ0KHOTO 3HAHUS W UHTE-
TPAITMOHHBIX ITPOIIECCOB OTHECEM:
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— AUYHOCMHO-0PUEHMUPOBAHHBIT NOOXO0 K OTPEILTEHUI0 CYIIHOCTH CJIOXKHOTO
3HAHUST TOCPEJCTBOM €ro CTPYKTYPHU3AIUU, WHTErPAllnd U BU3YAJIM3AINUN 3HAHUI
U mporenyp, akryagmsanun ¥ Y/ m ux XapakTepuCTHK B PENIEHUN U HUCC/IeT0Ba-
Hun PISA-momo0HBIX TTPAKTUKO-OPUEHTUPOBAHHBIX 3aaHuil. DTO JTOJKHO CITOCOD-
CTBOBATHb PACKPBITUIO U BCECTOPOHHEMY PA3BUTHIO JUIHOCTU, (DOPMUPYIONIEH OCHO-
BBI IJId CaMOpPe€aIn3alun M aKTUBHOCTHU IMMKOJIbBHUKA, CO3IaHUA CI/ITyaL[I/Iﬁ IPOaYK-
TUBHOT'O yqe6HOFO BSaHMOrZ[efICTBHH B MaJIbIX T'DyHIaX Ha OCHOBE TEXHOJIOTMTYECKOM
rubKOCTYM U BApUATHUBHOCTH MPUHATHUS UCCIETOBATEBCKUX PEIIeHMIT;

— NPEEMCMBEHHOCTIL COOEPAUHCAMEADHBLL AUNHUL TTKOIBHOTO MaTeMATHIECKOTO
obpasosanms (a Takxke tunosgornu PISA-opmenTmpoBaHHOrO TMOAXOMA) W Bapua-
TUBHOCTH CMOCcO00B arTyaqm3anun Y Y u pemerns PISA-momo0HBIX TpakTHKO-
OPUEHTUPOBAHHBIX 33/1a4 B XO/I€ aJANTAINH CJI0KHOTO 3HAHWS HA OCHOBE B3aMMOIIEe-
PEXO0JI0B 3HAKOBBIX cUCTeM (BePOABbHOMN, HALISIHO-IEHCTBEHHO, HANIAIHO-00pa3-
HOIi (TeOMETPHYIECKOIt), TOTMIeCKO (3HAKOBO-CHUMBOJINIECKOI));

— IEJ0CTHOCTh, UEPAPXUIHOCTH U MPOMhECCHOHATBHO-TIETATOTUYIECKAS HAIPAB-
JIEHHOCTH Pa3BEPTHIBAHUST MATEMATHIECKOTO COJepKaHus TPOdEeCCHOHAIBHON MOJI-
TOTOBKM yUYUTE/ISI B €IMHCTBE TEOPETUIECKOTO, TPAKTHIECKOT0, TPUKJIATHOTO, SBPU-
CTUYECKOTO, MOTUBAIMOHHOTO U aJTOPUTMUKO-BBIUUCIATEHHOTO0 KOMIIOHEHTOB;

— npodeCcCHOHATBHO-HAITPABIEHHBIH TTPOIECC CO3IaHus YCaA0BUil (mCuxomorndae-
CKHUX, TeJArOTUIeCKUX, OPraHU3aINOHHO-METOANIECKUX) Il AKTYATH3AIn 6a30-
BBIX YUEOHBIX /IEMEHTOB IIKOJIHHONW U BY30BCKON MATEMATUKU C MTOCJIEIYIONUM TEO-
permaeckuM 0000IIEHNEeM CTPYKTYPHBIX eIWHUIl, PACKPBIBAIONINX UX CYIIHOCTH, Ie-
JIOCTHOCTH W TPAHCAUCIUATINHAPHBIE CBS3U B KOHTEKCTE WHTEJIEKTYAIbHOTO U JIMY-
HOCTHOT'O Pa3BUTHUSI CTY/IEHTOB;

— HarJIdgJaHoe MOAe/IMPOBaHNe JUIAAKTUYCCKNX W KOTHUTUBHBIX ITPOIIECCOB Ha OC-
HOBE aIEKBATHOTO BOCIPUSITHSA, AKTUBU3AIUN MOTUBAIIMOHHON W 3MOIMOHATHHO-BO-
JIEBOIT chephbl, MHEMUYECKUX MPOIECCOB, a TaKKe pa3zHoobpasust hopM mpescTaBiie-
HUA MaTeMaTUYECKUX O6']>€KTOB (.)'[Ol—‘I/ILIeCKI/IX7 PEIAIMMOHHBIX, CEMaHTUYECKUX, TIPO-
JYKITMOHHBIX, (DPEHMOBBIX, THIEPTEKCTOBBIX );

— co3maHue ycJoBuii (MeJIarormyecKux, MCUXOJOMMYECKUX, OPTaHU3aIlMOHHO-
METOIMYECKUX ) JIJIT TBOPYECKOH AKTUBHOCTH CTYJEHTA, CO3AIONMIEell OCHOBBI ITPO-
deccnoHaILHOTO MaCTEPCTBA, W MOJEJUPYIONIEH MpUeMbl U METOAbl JeATETLHOCTH
YUIUTE/IS MATeMaTUKH.

[erenanpaBieHHBIH TPOIECC TEPEXO0/Ia, COIUAJIBHOIO OTBITa, HAKOIIJIEHHOTO MTPE/I-
MIECTBYIONIUMH TIOKOJIEHUSIMYU B PaMKaxX JAHHOrO y4ueOHOro mpeamera (00bekTa, siB-
JIEHUSI WJIN TIPOIECCa), B OMBIT WH/IUBU/IYATLHBIN TIPU YCIOBUM AKTHBHOCTH CyObHeK-
Ta, O0yYeHUsI COMPOBOXKIAETCS HEOOXOAUMBIMYU ATPUOYTAMU KOTHUTHUBHOIO ITPOITEC-
ca: BOCIIPUATHE, TTOHUMaHWe, TPECTAaBIeHNe, Y3HABAHNE, JTOKAJIUBAIINS, [IETOCTHOCTD
u Jp.

B ocuoBHOit 06pa3oBarebHON mporpamMme By3a J0IKHBI ObITH (DOPMATH30BAHBI
" MaTepHuaJIM30BaHbl B BH/JE€ KOHKPETHBIX yqe6HI)IX JAVNCHOUTIIINH, yqe6HbIX 9JIEMEHTOB
u HOpM U BUJIOB yUEOHON JeATeSLHOCTH HE TOJBKO JUJIAKTHIYECKHe (KOTHUTHBHbIE
MPOIIECCHI U CPENCTBa, (POPMUPYIOIIHE OCHOBOTIOIATAHNE, TPUODPETEHIe, TPUMeHe-
HUE "N Hpeo6pa30BaHI/Ie OIIbITaA .}'H/ILIHOCTI/I)7 a TaKKe aJallTalliOHHBIE TIPOIECCHhI, Xa-
paKTepu3yole mpodeccuoHabHble TPOObI TPUHITHS CTYIEHTOM mpodeccun yuau-
TeJIsl, ¥ JIMIHOCTHBIE MPOIIECCHI, HAIPABJIEHHBIE Ha, MTPOSIBJIEHNE OCODEHHOCTEN U pas-
BUTHST MOTHUBAIINN U SMOIHiL, ped/IeKCUN 1 CAaMOPEry/Isui CAMOOIEHKN W BBIOOPA,
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MHTEJIJIEKTAa W KPEAaTUBHOCTHU JIMYHOCTH. 9TO C HeO6XO,D;I/IMOCTBIO OTPUBOAUT K 3aja-
YaM HCCJAEJOBAHUS U YyUeTa B3AUMOBJ/USHUS MEXAHW3MOB HHTETPAIAU TITKOJBHBIX
MaTEeMaTUIECKNX. BY30BCKUX MAaTEMATUICCKUX 3HAHUN U BUI0B AedATeJIbHOCTH, OCO-
6eHHOCTeﬁ OCBOEHUA M WCIIOJIB30BaHUA MATEMATUYIECCKUX KOHCTPYKTOB JIMIHOCTBHIO
B HAIIpaBJIEHUU OYIyIiel mpodeCCuOHATBHOM AKTUBHOCTU U (POPMUPOBAHUS CITOCOD-
HOCTEll K YCIIEITHOMY PEIIeHuI0 MPOdEeCCHOHATBHBIX 3a/1ad.

Takum 0O6pa30oM, WHHOBAIMOHHASA TEXHOJOTHA ODYYEHUS MaTeMaTHuKe Ha OCHO-
Be WUCC/IEeOBAHUS WHTETPAIMOHHBIX MEXaHW3MOB (DOPMUPOBAHUS MPO(ECCUOHATD-
HOV KOMITETEHTHOCTH TPEACTABIsIeT CODOI MPOEKTHPOBAHWE W OPTaHW3AIMIO pe-
AJILHOTO y4IeOHOTO TPOIIecca, COETUHSIONEee B cebe TEOPeTUIecKuil main 00beKTHO-
CYIIHOCTHBI (TPHOGPeTEeHne ONbITa), TPOIECCYATbHO-IEATEHLHOCTHBIN (TTpuMenHenne
U peobpa30BaHMe OTbBITA), JUIHOCTHO-AJANTAIMOHHBIN (PA3BUTHE JTHIHOCTHBIX Xa-
PAKTEPUCTUK, MHTEJLIEKTA) KOMIOHEHTHI.

3. UnTerpamnus MaTeMaTU4e€CKNX, €CTECTBEHHOHAY YHbBIX,
nH@MOPMANNOHHBIX U I'YMAHUTAPHBIX 3HAHUN U IIPOIELY P
B IIpOIleCCEe OCBOEHUS CJIO>KHOTO 3HAHUS

O0bekTuBHBIE (PAKTOPHI MHTETPAIMOHHBIX MPOIECCOB B MaTeMaTu4e-
ckoM obOpazoBaHuu. B mHacTosiiiiee BpeMs Ie/bli psif 00BEKTUBHBIX (DAKTOPOB
onpeae/IAi0T 3HAYUMOCTH, TEHACHINN U aKTYaJbHOCTH HUCCJIEJOBaHUYA WHTErPDATUB-
HBIX TIPOIIECCOB B MATEMATHIECKOM OOpPa30BAHUM:

1) Bakueiimeit 4epToit COBPEMEHHBIX 00PA30BATENBHBIX MporeccoB B Poccun saB-
JITeTCsT O0BEKTUBHBIN POCT B3AUMOJENUCTBHUST yUIEOHBIX IPEJIMEeTOB, BUIOB 00pa3oBa-
TeJILbHOM ACATEJIBHOCTU, MHTETPAIIUOHHBIX TPOHECCOB Ha Pa3HBIX YPOBHAX ITTO3HABA-
TeJIbHOI AKTUBHOCTU W TBOPUECTBA 00ydaeMbIX. Takas 3aKOHOMEPHOCTbH OCODEHHO
aKTyaJIbHA JIJIsT UCCET0BAHUS TPOOIEM MAaTeMaTUIeCKoro 00pa30BaHus KaK yHIUBED-
CAJIbHOT'O KOHIIENTa CTAHOBJIEHUS MUPOBO33PEHNsST W eCTECTBEHHOHAYIHOW KapTUHBI
MUpa, PA3BUTHUS MBIILIEHUS U JTUIHOCTHBIX KAUeCTB ITKOJIBHUKA. DTO, TPEXK/Je Bce-
ro, — cjaeacTBrue CTPEMUTE/ILHOTO PAa3BUTHYA HAYK, TMOBBIMICHUA WX O6']>€Ma, YPOBHA
n crenenn muddepeHnnany, IOBLIIIeHNs CTeIeHn OOO0DIEHHOCTH U abCTParupo-
BaHWA HAYYHBIX 3HAHWN, BeAyllee K yHUBEPCAIU3AIUN UJEH, METOHOB, IPOIECCOB,
dopMaATM3AIUOHHBIX CTPYKTYP PA3IUYIHBIX HAYK W METOJIOB UX IpenogaBanus. B To
Ke BpemMd ,D;OCTHFHyTI)IfI YpoOBEHbL TPEACTABJIECHHOCTU HayYHBIX 3HAHUN B yqe6HbIX
mpeMeTax U CTemeHb (DYHIAMEHTAJIU3ANNN COJEp:KAHUST 00PA30BAHUSA CBUIETE/Thb-
CTBYIOT 00 WX pa300IIEeHHOCTH, HEOTPABIAHHBIX MOBTOPAX COJAEPKAHWS B PA3/Ind-
HBIX YUeOHBIX TpeaMeTax, OTCYTCTBUS IEJIOCTHOCTH OTPAYKEHWs HAYYIHBIX 3HAHUI
B COJEPXKAHWUU IIKOJBHOIO MATEMaTHIeCcKoro obpasoBanus (Tem 6ojiee, eciam ydu-
TBIBATH TpeboBaHus MPOdECCHOHAIBHON HATPABICHHOCTH MPEIMETHON MTOATOTOBKH
OY/yIIero yauTesis).

Tezuc 1. Om 6vicok020 YposHA Pa3BUMUA HAYKU K adeK8AMHOMY YPOGHIO ee
npedcmasieHHocmy 6 00Pa306GMEABHVLT NPOUECCAT HEPE3 UNMEZPAUUI YUeOHbIT
npeomemos u 6udos yuebrol JeAmMesbHOCMU.

2) ¢ Japyroii CTOPOHBI, YCTOWYMBBIE WHTETDATUBHBIC TEHJEHIUH B COMUATBLHO-
SKOHOMUYECKUX OTHOIIEHWSX B ODIECTBE W MPOW3BOJACTBE, CTUPAHUE T'PAHEN B MU-
pPOBOM 00pa30BaTeILHOM MPOCTPAHCTBE, MPODOJIEMbI CAMOPA3BUTHUSI, CAMOPEATM3AIIIN
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U CAMOAKTYAJIM3AINN JIUIHOCTH B COBPEMEHHOM ODIIECTBE AUKTYIOT I TAKTUIECKIE
TpeboBaHUs K MAaTeMaTUIeCKOMY 0Opa30BaHUIO MKOJBHUKA B OOJIBINEH CHCTEMATHY-
HOCTHU 1 IIEJIOCTHOCTU, CUCTEMHOCTU MaTEMaTHYICCKUX 3HAHWI Ha OCHOBE UX nHTEerpa-
AN, PA3BUTHN IEJI0CTHOCTH IPEACTABICHII O COBPEMEHHOM HayIHO! KapTHHE MDA,
HAIPABIEHHOCTHA 00PA30BATE/NIHHBIX IPOrPAMM HA WHTE/LIEKTYaIbHOE PA3BUTHE JINU-
HOCTH.

Tesuc 2. Om 06sexmucH020 eQUHCMEG U UEAOCTHHOCTNY MUPE, HAYYHO20 Nped-
CMABACHUA 0 HEM, 83AGUMOCEA3U U UEAOCTIHOCTU NPOUECCO8 PA3BUMUS U COUUANUS-
YUU AUNHOCTNY K GKMYAAUSAUUY UHMEDAMUBSHLT NPOUECCO8 8 COOEPHCAHUY U MeT-
HOAOUAT MGMEMAMUYECK020 00PA308AHUS.

3) B TO Ke BpeMsl pasBUTHE CHCTeM MTPOMUILHOrO 00yUeHUs B CPEHEil MIKOJIe,
MHOTO(YHKIIMOHAIBHOCTH TPOMECCHOHAIBHOM MOATOTOBKY yINTEsI, TPeOOBAHUS I1e-
JIOCTHOCTH CTPYKTYPBI IPEAMETHBLIX 3HAHWMI KaK OCHOBBI IPOMheCcCHOHATILHON KOM-
METEeHTHOCTH OYIYIIEro y9IuTesas OPUEHTHUPYIOT Pa3paboTUImKOB 00PA30BATE/THHBIX
IpOrpaMM MpodeCCHOHAIBHON MOATOTOBKH YUNTEIsT HA NHTErPAIIIO U IPeeMCTBEH-
HOCTH OJIOKOB TPOdECCHOHATBLHO-3HAYNMBIX 3HAHUN Kak (DyHIAMEHTAJIHLHON Tak u
METONYIECKO HAIPABJIEHHOCTH, COTJIACOBAHHOCTH COIEp:KAHMA 0Opa30BaHusI, (hOPM
n MeTOJ0B O6yquI/IH Ha O6H_[HOCTB TprueMoOB 1 BUI0B MaTeMaTUYeCKOMR JedTeJIbHOCTHU
IITKOJIBHUKOB C IEJIBI0 MPUIAHNSA UM OCOOEHHOU TUIAKTUUIECKON OIpeIeIeHHOCTH.

Tesuc 3. Om obsexmusHbT MPebosaHUl K NPOEKMUPOBAHUIO YuebH020 NPOUECCa
6 wKoae, om mpebosanull K YPOSHIO KOMNEMERMHOCMY Neda202a K UHHOBAGUUOHHDIM
popmam, memodam, cpeocmeam, METHONOLUAM U COOEPHCAHUIO MATEMAMUYECKO20
06pa306aHUA HA OCHOBE UHMEPAUUY 3HAHUT, NPOUEIYD U KomnemeHyul.

4) paspermenne mpobIeM IMeJIOCTHOCTH MATEMATHIECKOTO U eCTECTBeHHOHAY THOTO
0OpazoBaHMS B CpeHEN MKOJIEe, ONMTUMW3ANNN W WHTEHCU(MPUKAIINN Ha, OCHOBE TTOBBI-
mernst 9@EKTUBHOCTH (DYHKITMOHIPOBAHNSA BCEX KOMIIOHEHTOB MAaTEMATHIECKOrO
00pa3oBaHUsT B YCAOBUAX €0 IU(pPOBA3ANNNA TPEOYIOT MPOEKTUPOBAHUS U KOHCTPYHU-
pOBaHMs YHUBEPCATBHBIX MEXaHU3MOB (METO0B) HHTErPAINN MATEMATUIECKUX, HH-
dOpPMANMOHHBIX, €CTECTBEHHOHAY YHBIX U T'YMAHUTAPHBIX 3HAHWI U MIPOIEIYD, Ipue-
MOB U BHIOB [IO3HABATEILHON M TBOPUYECKO AeITEIHHOCTH, OCHOBAHHBIX HA YCTAHOB-
JIEHUU TIPEEMCTBEHHBIX CBsI3eil MexX 1y O/IOKaMu 3HAHWI, aKTyaJIN3aIiil OCHOBOIIOIa-
PAOMINX KOHTIEMIHii (B TOM YHC/Ie CHHEPTeTHIECKHUX ), W/l 1 CTPYKTYPOOOPA3YIOIINX
JINHUY TeHe3uca 0a30BBIX YUEOHBIX 3JEMEHTOB, YHUBEDPCAJBHBIX 3aKOHOMEpPHOCTEM
pa3BUTHUS, TEHE3WCA, W II€IOCTHOCTH PEICTABICHUS ODOOIIEHHBIX HAYJIHBIX 3HAHUI
B IIIKOJILHOM MaTeMaTHIECKOM OOpPa3OBAHIH.

Tesuc 4. Om 0606wWeHHOCTU U UEAOCTHOCTU COBPEMEHHLT JOCTNUNCERUT 8 Ha-
yKke, UT NPpursaiHol U MPAKMUKO-0PUEHMUPOBAHHOT 3HAYUMOCTU K B03MONCHO-
cmam adanmayut, 0606ULLHHVLT KOHCMPYKIMOE MATNEMAMUUECKO20 SHAHUA K ULKOND-
HOUT MAMEMATNUKE U POPMUPOSAIHUIO MATEMAMUNECKOTE 2PAMOTHOCMY UKOADHUKOS.

Konuenuyus AudHOCMHO-0DUCHMUPOSAGHHOT UHME2PAUUL WKOADHIL MEMEMaA-
MUYECKUT 3HAHUT U JEATNEABHOCTU KAK 0CHOBbL 0CB0CHUS CAONCHOZ0 3HAHUA U POP-
MUPOBAHUS MAMEMAMUYECKOT, 2DAMOMHOCTIU UKOADHUKOS NPedNnosazaem pa3eep-
MHBAHUE 8 NPOUECCE NPOPecCUoOHaAbHOT Nepenod20mosku  caedyrouLux
KOMNOHEHMO8 u mpebosaruli:

1. Ilenocraoe uccienosanne mpebosarnuti PI'OC OO0 na npeamer auddepen-
[IAAIUN ¥ UHTerpannn 6a30BbIX yIEOHBIX 3/IEMEHTOB MATEMATHIECKOTO 0DPA3OBAHISI
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U KOHCTPYUPOBAHUA CTPYKTYPHO-JIOTMYCCKUAX CXEM aKTYaJIN3aluu UX B3aUMOCBA3CH.
BrigBienne TeopeTWYecKMX OCHOB COAEPXKAHUSA U CTPYKTYPHO-MHTETPUPOBAHHBIX
CBA3€ MUIAKTUIECKOTO TIOJIA YIeOHBIX JIEMEHTOB OCHAIEHNS MATEMATHIECKOH TPa-
MOTHOCTH.

2. I'omosrocmsd AuNHOCMU YIUTES MATEMATHKN K OCYIIIECTBIEHUIO WHTErPAITT
pohbeCCHOHANTBHBIX KOMIETEHIIN (MATEeMATHIECKUX, €CTECTBeHHOHAY YHBIX, WH(MOD-
MAIMOHHBIX, TYMAHUTAPHBIX) B XOJI€ NCC/IEOBAHUS CJI0KHOTO 3HAHUS OTIPEIETSIETCS:

® AKTYyAJU3AIUEN AUYHOCTHO20 CMbCAG Yuebrol (uzposotll) deameavrocmu 1o
O00BEKTUBAIIMY W CTPYKTYPHU3ANWH OObEINHEHUST PA3JIUMIHBIX OJOKOB MaTeMaTHYIe-
CKUX 3HAHUI U mpouenyp;

® HAJIMYHEM JIOCTATOYHOTO YPOBHS MATEMATHIECKON (ITpeMEeTHO) MCux0/I0ro-
NeJArOTUIECKOH  KOMNEMERMHOCTNY W NIMPOTHI OCBOEHUST MATEMATHIecKoil (urpo-
BOI1) JIeITEILHOCTH B 3HAHUEBOM I0JIe 00Pa30BaATEIHLHOTO CTAHIAPTA;

® yMEHUEeM MO0eAUPOBAMD, BHIABUTATH TUITOTE3bI, BRISBISTH MPODIEMHBIE MECTa
B JITOPUTME PEeIleHns, YHUMUIUPOBATH U ONTHMU3UPOBATE JTAHHBIE (CHMBOJIBI, 3HA~
KW, TAPAMETPhI ), OCYIIECTBISATEH B3AMMOIEPEXO/IbI 3HAKOBBIX CHCTEM B XOJI€ NCC/IE0-
BaHUA MIPAKTUKO-OPUEHTUPOBAHHLIX 33aJaHUl KaK IIPOMEXKYTOUYHBIX B UCCJIEJOBAHUN
CUHEPI'UU CJIO?KHOI'O 3HAHUA U COBPEMEHHBIX JOCTUXKEHUIl B HAayKe;

® 3HAHUEM YposHel U 6udos urmezpayuy 3HAHUN B yaeOHOl (MTPOBOIL) JTeaTesh-
HOCTHU, YMEHUEM OCYIIECTBJIATh U PEAIN30BbIBATH KOHKPETHBIC MEXaHU3Mbl U METO-
JIbl MHTErpalun 3HaHuii (POeKTUPOBAHNe, CHCTeMOreHe3, (DYHIMPOBAHNe, HATJISI-
HOE MOJIEJIUPOBAHKE U JIP.) B XOJI€ UCCIEIOBAHUS COBPEMEHHBIX JTOCTIKEHWN B HAYKe;

® BIAJIEHNE TTPUEMAMHU AKTYATU3ANNNA PASINIHBIX U008 YHUBEPCAALHOLL YueD-
HOLT deticmeuli, ODUEHTUPOBAHHBIX HA (POPMUPOBAHUE MATEMATHIECKONW T'PAMOTHO-
CTH MIKOJBHUKOB, B KOHTEKCTE XaPAKTEPUCTUKW TeHe3nca U (PyHKIMOHAIBLHBIX CH-
CTeM OCBOeHWUsI yueOHOM (MrPOBOii) TeATeIbHOCTH (IIEHHOCTHOM, MOTHBAIIMOHHOI, MO~
3HABATEILHOl, METAKOTHUTUBHOM, SMOIMOHAIBHOMN, BOJIEBOiT, TICHXOMOTOPHOM) B XO-
Jieé OCBOEHUd CJIOKHOI'O 3HAHUA.

3. Tpormecc maTErpanum 3HaHWN W MPONEAYD B yueOHON (MIPOBOii) JesaTennLHO-
CTA B XOJ€ OCBOEHHd CJIO0XKHOI'0 3HAHUSA OCHOBBIBACTCA HA CJICAYIOIIUX MPUHITANAX:
JITIHOCTHO-OPUEHTUPOBAHHOTO 00yUeHUsI, TeATeIbHOCTHOTO IOAX0/a, HATJISIIHOTO
MOJIe/TUPOBaHUst, (DYHIUPOBAHUS OMBITA JUIHOCTH, CAMOOPIaHU3AIUU JeITe/THHO-
CTH, BAPUATUBHOCTU TEXHOJOIMYECKUX PEIIeHU, ONTUMU3AIUA aJITOPUTMOB U IIPO-
eIy P MHTErpaluyu 3HAHUHN, [eJI0CTHOCTH WHTErPUPOBAHHBIX KOHCTPYKTOB 00001eH-
HOT'0 3HAHUI.

4. Pa3BuTue mporeccoB CaMOAKTYaIu3alUU W KPEATUBHOCTU JIUIHOCTU YIUTE-
Jg MaTeMaTUKU B HAIPaBJICHUN 3HAYUMOCTHU U IIEJIOCTHOCTHU IPOIIECCOB aJalTalluu
CJIO’KHOI'0 3HAHUA U COBPEMEHHBIX JOCTUXKEHUHN B HAayKe K IIKOJIbHOU MaTeMaTUKe
Ha OCHOBE MaTeMaTUYeCKOro0 U KOMIBIOTEPHOT'O MOJEJUPOBAHULA, CAMOCTOATEIBHO-
CTH B BBIOOpE CTpaTeruu JAefiCTBUil 1 NPUHATAN PEIIeHrs, BLIOOPA MyTeil U CPeICTB
peItieHns yIeOHbIX U MPOgeCCUOHATBHBIX 33/1a4 OCBOCHUS CJIOXKHOTO 3HAHUS, PEAJIU-
3aruu pedIeKCUBHON 1eSITeIbHOCTY B BBISBICHUN YTAIOB U MIPOIECCOB (hOpMUpPOBa-
HHUd OCHOB MaTeMaTUYECKON I'PaMOTHOCTU IIKOJLHUKOB.

5. PazpaboTka JUYHOCTHO-OPUEHTUPOBAHHOM, MUIAKTUYECKON MOJEJN WHTerpa-
A MaTEeMATHIECKUX, €CTeCTBEHHOHAYJIHBIX, WH(MPOPMAIMUOHHBIX W T'yMaHUTAPHBIX
3HAHUI U IPOIEeAyP B IPOIecCe OCBOGHUA CJIOKHOI'O 3HAHUA U COBPEMEHHBIX JOCTU-
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JKeHWi B HayKe Kak pakTopa (POPMUPOBAHWS MATEMATHIECKON MPAMOTHOCTH MTKOIhb-
HUKOB TIPE/II0/IaraeT HAJUYNE CJIeAYIONINX KOMIOHEHTOB:

e ompejiesieHre U KQUeCTBEHHBIN aHAIN3 TIe/Ieil, MCXOMHBIX JAHHBIX, COMEPKAHS,
YCJIOBWIE M CBsi3e KaK (DAKTOPOB M CPEJICTB WHTETPAIMN 3HAHUN U MPOIEAYP, aKTya-
mm3armn Y Y] v MmeranpeaMeTHON IeaTeIhbHOCTH KaK KOMITOHEHTOB 00Pa30BaTeIbHO-
IO MPOTIECCA, MOTUBAIIMN U MHOXKECTBEHHOTO IIe/Ie0/Iaranns, TpobJIeMHOCTH U 3HA-
YUMOCTH UCCIEIOBAHUST CJIOKHOTO 3HAHWS, TIOCTPOEHUST CEMAaHTHIECKONH MOIEIb U €€
aJIEKBATHOCTH TIPOIECCAM PEIIeHUsT U MCC/IEOBAHUS CJ0KHOTO 3HAHUS U TPOIETY];

® IPOEKTUPOBAHNME TEXHOJOTMIECKUX IeHCTBUI B TPOIECCax WHTErparuy 3Ha-
HUl W TPOILELyp: aHAIU3 W BHIOOP BaPWAHTOB TEXHOJOTHYECKUX MPOIEHAYDP OCBOE-
HUsI COBPEMEHHBIX JOCTUKEHUI B HAYKE; BBISIBIECHUE «ITPOOJEMHBIX 30H» B OCBOCHUHU
MaTeMaTUKi ¥ (POPMUPOBAHUNA MaTEMATHIECKON TPaMOTHOCTH, TTOTPEOHOCTH B WH-
Terpanuu 3HaHU; 0TOOP U JIOTUKO-CTPYKTYPHBIN aHan3 nHMOPMAIMOHHBIX OAHKOB
CPeJICTB WHTETPAINHU 3HAHUI 1 MPOIEAYD; KOHCTPYUPOBAHUE U BU3yaIU3allisi CTPYK-
TYPBI CBA3EH MATEMaTHYECKOTO W KOMIBIOTEPHOTO MOIETMPOBAHUS U MOCTPOEHUS
WHTErPATUBHOM MOJIEIN PeaN3aliil TeXHOTOTUIECKUX TTPOIELY D, TPOrHO3UPOBAHIH
OymyImero pesyabTaTa; (pOpMUPOBAHUE ATEKBATHON KOTHUTHBHON CXeMBI (hOPMUPO-
BaHUSI MATEMATUIECKON TPAMOTHOCTH TITKOJIHHUKOB;

® OTIpe/ie/IEHNE CYIITHOCTH, COCTaBA, U CTPYKTYPhI TBOPUECKON AKTUBHOCTH ITKOTh-
HUKOB B TIPOIIECCE OCBOEHWST CJIOYKHOTO 3HAHUSI U COBPEMEHHBIX JTOCTUYKEHU B HAYKE
B KOHTEKCTE WHTErPAINN MATEeMaTHIECKUX 3HAHWI W TPOIEAYP KaK MeXaHuzMma pop-
MUPOBAHUSA MATEMATHIECKON TPAMOTHOCTH IIKO/JTHLHUKOB; MPE3EHTAIINST PE3YIbTATOB
U KOPPeKIust 00pa30BaTEILHBIX TPOIELYP.-

6. Onpeiesienne coiepKaHUs U NHHOBAIMOHHON MEPAPXUIECKONH CTPYKTYPBI ITPO-
[IECCOB TeHEpaIiy U Peanu3allii MPAKTUKO-OPUEHTUPOBAHHONW 0a3bl MarTeMaTude-
CKOif TpaMoTHOCTH 1O chepaM peanbHOi Ku3uu (KoMIuieke TunoBeix PISA-momo6-
HBIX 3ajanuii (crieHapues) 3 ypoBHeii (IOPOroBOro, HOBOrO M CJIOYKHOTO HOBOI'O) JiH-
JTAKTHYECKUX MOJIY/Iel yIeOHBIX TMpeIMeToB (MaTeMaTHuIecKuil aHAII3, CTOXACTHKA
U Jp.) HA OCHOBE TEXHOJIOTUHM WHTErPAIMM 3HAHWH W MPONEAYP B XOJE UCCIEI0Ba-
HuUs cJI0KHOTO 3HaHus. CrucTeMooOpasyolas poab HHTEIPUPOBAHHBIX KOHCTPYKTOB
VVII kaxk mexauam3Ma GOPMUPOBAHNST MATEMATHIECKON IPAMOTHOCTH TITKOJIHHUKOB.

7. Pazpaborka TpeboBaHuUil, KPpUTEPUEB, MAPAMETPOB U MOKA3aTeeil OIEHKH
y4eOHO-METOIMIECKUX MaTEPUAJTIOB HOBOTO TIOKOJIEHUS [IjIsT 00ECIeueHus MpPOIecCoB
dopMUpOBaHUST MATEMATHIECKON TPAMOTHOCTH ITKOJBHUKOB Ha OCHOBE WHTETrPAIUN
SHAHUI ¥ TPOIEIYP B XOJE OCBOSHUS CIOYKHOTO 3HAHUS W COBPEMEHHBIX JOCTUKEHUI
B HayKe Ha OCHOBE MaTEeMaTHIECKOTO U KOMITBIOTEPHOTO MOJIeInpoBaHus. Pazpaborka
9KCIIEPTHBIX TADJIUIT U OTIEHOYHBIX TIOKa3aTe el TpeboBaHuil K yIeOHO-MeTOAMIECKUM
MaTepuaJiaM HOBOTO MOKOJIEHUSI.

8. BrisiBIeHMEe TICUXOJIOTHYECKUX 3aKOHOMEPHOCTEH U MpodeccuoHalbHbIX gedu-
[IUTOB TEJJarOTOB B MPOIECCAX OCBOEHUS CJIOKHOTO 3HAHUSI U COBPEMEHHBIX JTOCTHKE-
HUl B HayKe, B TOM YHCJ/Ie, HA OCHOBE MCCJEIOBAHUS U JUATHOCTUKY IIPOIECCOB WH-
Terpamnyui MaTeMATHIECKUX, eCTECTBEHHOHAY YHBIX, NH(OPMAIIMOHHBIX U T'yMaHUTAP-
HbIX 3HaHUi. Pazpaborka makeTa MCUX0JIOTO-AUATHOCTUYECKOTO METO/A BBISB/IEHUS
MICUXOJIOTUIECKON CUCTEMBI IEJArOTUYECKOl JIesTeIbHOCTH Ha OCHOBE peaM3aliu
WHTErPATUBHBIX CBsI3eil B OCBOEHWUN CJIOXKHOTO 3HAHUSI U COBPEMEHHBIX JIOCTUKEHW
B HAYKe.
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TexHOJIOrUS MPOSIBJIEHUSI CHUHEPTUHU B MCCJIEJOBAHUN
«IpOBJIEMHBIX 30H» MATEMATUYIECKOTO 00pa3oBaHuUst

()TMeTI/IM7 Y9TO OPUEHTUPOM JJIsd TIDOCKTUPOBAHUA TEXHOJIOTUN aJallTallu CJIOZK-
HOTO 3HAaHWA B TPOIEcce OOyYeHUsT MaTeMaTwKe Oyaer i HAC WCCAeI0Ba-
HUsI W UHCTpyMeHTapuii rexHosormueckux kapr B. M. Mownaxosa [19], koropsie
«...TIPEJICTABJSIOTCS TPEMsl WHCTPYMEHTATBHBIMU COCTAB/ISIONIUME: TTEPBas — JIU-
araocTuka, (To, 9TO OyJeT AMATHOCTUPOBATHLCS); BTOpPas — JO3UPOBaHUE (TO, 9TO
00ecrednBaeT BEPOSITHOCTHYIO TaAPAHTUPOBAHHOCTD MIPEICTOAIIENl KOTHUTHBHOMN /1es-
TEJILHOCTH Ha 6a3e yCIenHoli MAarHOCTUKN); TPEThS COCTABISAIONIAS — 3TO CHCTEMA
KOPPEKITUOHHOH TPOMUITAKTUAKH. . . ».

Hawm mpejicrasiisiercs ciienyioniast KOpPeKIust MOCAeL0BaATEIbHOCTH BBEIEHWST NH-
CTPYMEHTAJBHBIX COCTABJISIIONINX TEXHOJOTUYECKON KapThl PA3BEPTHIBAHUS STAIOB
AIATITAIAN CJI0KHOTO 3HAHWS:

v/ IMarHoCTUKa CUHEePTreTudecknX 3(PEHEKTOB M HAJUIHOTO COCTOSTHUSA JIUIHOCT-
HBIX CMBICJIOB U MPEIIOUTEHNI B CIIOCODAX OCBOSHMS MATEMATUIECKOTO COTEPKAHUST;

v/ ompereerne KpurepueB oTdOOpa, 00bemMa, CTPYKTYPbl U COMAEPXKAHUS «IIPO-
OJIEeMHBIX 30H» B OCBOGHUM MAaTEMAaTUYECKOTO 3HAHUS, 00J/IaAONINX MTOTEHITHATIOM
CJIO?KHOCTH " BO3MOZKHOCTAMU TIPOABJICHUA CUHEPTUU B O6yquI/H/I MaTEeMaTUKe,

v/ ucenesoBanre 06pasoB HAYYIHBIX MPOOIeM (Ha ITATOHHOM U CHTYATHBHOM
ypOBHHX) C MIPOABJIECHUEM CHUHEPTHUHN CJIO?KHOT'O 3HaHUA CPpEICTBaMU MaTEMAaTUKWN Ha
ocuoBe peaquzaiun UKT-cpefcTs moaIepKKu MaTeMaTudeckoro 00pa3oBaHms;

v/ akTyaJm3aIns arpudyTOB U MapPaMeTPOB MPOSIBICHUS CUHEPTUH HAYIHON TPO-
61eMbI («ITPOOIEMHOMN 30HBI» MATEMATHIECKOrO 00PA30BAHMsI) C JeTaJIn3annei, aHa-
JIN30M, OCOOEHHOCTSIMU ¥ TATIAMU;

v/ akTyasuzarnus, 0000IeHne u OIeHKA MATEeMATHIECKUX, MH(POPMAIMOHHBIX, Ty -
MaHUTAPHBIX U €CTECTBEHHOHAYYIHBIX 3HAHUI U METO0B B IMPOIECCYATHLHOM MTEPUO/IE
MCCIeTOBAHUS «ITPOOIEMHON 30HBIY B KOHTEKCTE WHTErPAIlid, STAITHOCTU W BapUa-
TUBHOCTH MPOSIBJICHMUIA.

TeXHO.)'[OFI/IH BBIABJICHUA W MCCJICA0BaHUA «30H COBPEMEHHBIX ,Z[OCTI/I)KGHI/IfI B Ha-
yKe» (ImpoOJIeMHBIX 30H), aJANTAIMA UX MPUMEHUTETHHO K O0YUEeHWI0 MaTeMaTHKe
TTO3BOJIAET TPOEKTHUPOBATH M PEAJINM30BBIBATH I3TAIlbl aJdallTallul COBPEMEHHBIX J10-
CTUXKEHUI B HAyKe K HAJTUIHOMY COCTOSIHUIO OTBITA MATEMATUIECKON JeaTeTbHOCTH
MIKOJIBHUKOB, TIO3BOJIAET WHTEIPUPOBATH 3HaAHWA N3 PAITIUIHBIX O6.)'[aCTefI HayYK B
KOHTEKCTe OCBOEHUS C/IOKHOTO 3HAHUS. BBIIEIUM P/l TEXHOJOTUIECKUX ITATIOB
pa3BepThiBaHus QYHIUPYIOIAX MIPOIEAYP 6 NPOUECCAT A0aNMAUUL CAONHCHO20
3HAHUSA K TITKOJIBHOM U BY30BCKOW MATeMaTHKE C MPOSIBJIEHUEM CUHEPIETHIECKUX (-
BEKTOB 1 OTPAKEHHUS (PEHOMEHOA02UMECKO20 MUNG MOJCAUPOBAHUA CYUHOCTIU 0000~
IIEHHOTO KOHCTPYKTA:

1. OcBoenue 3TajIOHOB U 00Pa3I1OB (PEHOMEHOJIOTUHN HATJISJTHOTO0 MO-
JOeJUpPOBaHUs 000DIIIEHHOT0 KOHCTPYKTA U Pe3yJIbTATOB AUATHOCTUIECKUX
OPOIE/yP KOHKPETHBIX MPOSBICHUI CYITHOCTH 000OIIEHHOTO KOHCTPYKTA;

2. Co3manme MOTUBAIMOHHOE MOJIsi B 0OCBOGHU 000DIIEHHOT0 KOHCTPYK-
Ta: HADISIIHOE MOJIEJIMPOBAHUE (YPOKU-AEKUUU, BUCO-KAUNDL, NPOEKMHAL OCAMEN-
HOCb, NPE3EHMAUUY, 0EA0BVLE UZPbL) MOTHBAIMOHHO-IPUK/IAJHBIX CUTYyaluii pas-
JINYHOTO TOJTKOBAHUS STAJOHOB U OOPA3IIOB MPOSBICHUS CUHEPTUH;
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3. Bagauu Jjist aKTyau3allii Pa3BePTHIBAHUS UHIUSUIYANLHHIL 00PA3068aMEND-
HOLT MPaekmoputi 0As MaavT epynn cmydenmos (OTpeTeieHne COCTaBa U HATPAB-
JIEHHOCTH MAJIbIX TPYIII, pacipeieseHue posieil, BEIOOp W aKTyaJ n3alins MPaKTUKO-
OPUEHTUPOBAHHOW WCC/IEIOBATEIBCKON JeITETbHOCTH MO 3TamaM (DyHIUPOBAHUS
u aganranun 0000IeHHOT0 KOHCTPYKTA;

4. MHO>XeCTBEHHOE IeJIeroJIaraime MpoIiecCoB UCCAeT0BaHUs 000OIIEHHOTO
KOHCTPYKTa «ITPOOIEMHON 30HBIY;

5. ToTOBHOCTh K AUCKYCCUSIM M MHO>KE€CTBEHHOCTH PEIIEeHUM TPOOIeMbI;
BBISIBJIEHIE KpUTepreB 0TOopa, OCTAHOBKY W MTOUCKA PENTeHUs] UCCIeI0BATETHCKIX
MPAaKTUKO-OPUEHTUPOBAHHBIX 3329 HA OCHOBE AMATHOCTHIECKOW WMHMOPMAIINH, CH-
CTEMaTU3UPOBAHHBIX B (popme DYHAUPYIONINX KOMILIEKCOB;

6. Co3maHne TBOPYECKOI Cpebl B IPOIECCe OCBOGHMS CYITHOCTH ODODIIEH-
HOTO KOHCTDYKTa (CTHMY/JTMPOBAHUE CHTYAIUMH yCIexa; paboTa B MaJbIX TPYINax W
IMAJIor KYJIbTYDP; TOJEPAHTHOCTH K HEONPEIENeHHOCTH W Pa3BUTHE JUBEPIrEHTHOTO
MBIIIJIEHUST; BBISIBJIEHUE U TOMY/Ispu3aliisi 00pa3ioB TBOPYECKOTO MOBEICHUA U €r0
pe3ysbTaToB); c6op u pazHoobpasue GOpM U METOIOB NMPEACTABIEHUS HH(DOPMAIINN;
OCBOEHHUE CTATUCTUYIECKUX TMAKETOB U ODUCHBIX PETAKTOPOB, CUCTEM KOMIIBIOTEPHOiT
aaredbprsl m Web- mogmep:xku;

7. YMeHUS aJalTUPOBATHCS U PA3BUBATHCS B COIMATBHBIX KOMMYHUKAIUAX HA OC-
HOBE JINAJIOTa MATEeMATHIECKON, WH(MOPMAIIMOHHOW, €CTeCTBeHHOHAY YHOW W I'yMaHU-
TapHOil KyIbTYp. DPPEKTUBHBIN AMATIOT MATEMATUYIECKON, MH(POPMAI[UOH-
HOIi, €CTeCTBEHHOHAYYHOIl 1 I'YMaHNUTAPHOU KYJIbTYP Ha OCHOBE KOMIBLIOTED-
HOTO W MATeMaTWIeCKOr0 MOJETUPOBAHUST KOMIIOHEHTOB U ITAIOB ajanranuu 0600-
IIIEHHOT0 KOHCTPYKTA «30HBI COBPEMEHHBIX JOCTUXKEHUI B HAyKe» B BY30BCKOI Ma-
TeMaTUKE;

8. Akryanu3samusi arpubyroB cuHeprum (O6udpypKanum, aTTPaKTOPHI,
durykTyanum, 6acCeiiHbl IPUTSXKEHUS ) B IPOIECCE NCCIEN0BAHNST 0000IEHHOTO
KOHCTPYKTa, (DYHIUPOBAHNS; BBISIBJIEHNE 3aKOHOMEDHOCTel, aHATOTHI, aCCOITUAIIHIA,
IUHAMWKYU UCCJIEIYEMBIX ITPOIECCOB, ABICHUM 1 (DAKTOB; MMPOTHO3 U IIOOOUHBIE TTPO-
JIYKTBI» UCCJIETOBAHUA.

Cuneprerunydeckuii 3 ek ucciegoBanums
MHOTOTpPaHHbIX moBepxHocTeil muaunuapa IlIsapna

[TpuMEP 1. Maremarudeckoe 00pa30BaHMe KAaK CJIOKHAT W OTKPBHITAA COIUATIb-
Has CHCTeMa HeceT B cebe OrPOMHBIH MMOTEHIUAT CAaMOOPTAHM3AINN W MO3UTHBHO-
ro nposiBieHusi cuHeprerudecknx 3GhMEKTOB B PA3HBIX HANPABICHUSIX: PA3BUTHE
1 BOCIHUTAHNE JIMYHOCTH, YIOPSIOUYEHHOCTb COJEPKAHUS U CTPYKTYPbI KOTHUTHB-
HOT'O OTIbITa, KOMMYHUKAIIMU W COIWAJIbHOE B3aNMOJEHCTBIE CyOheKTOB Ha OCHOBE
JIIAJIora KyJabTyp. IIpn 3TOM HEOOXOAMMO MPOEKTHPOBATH MPUEMBI U CIIOCOOBI OTpa-
JKEHHS U UCCIeTOBAHNS TEXHOJIOTUIECKHUX MApaMeTPOB 0000OIIEHHOr0 KOHCTPYKTA Ha,
dbone DyHKIMOHMPOBAHUS CHCTEMBI AJANTAIMKE U MOJIYYEHUsT HOBBIX Pe3yJIbTATOB:
B HAIlleM Caydae OOOOMIEHHBI KOHCTPYKT HAYYHOTO 3HAHWS — TOHATHE ILIOMIAH
MOBEPXHOCTH KOCBEHHO aKTYaJIM3UPYETCsl Y4epe3 KOMIBIOTEPHOE M MaTeMaTHYecKoe
momenuposarne (B. Maumens6por [20]) mponeccos uccaedosarus «naowaduy 60%o0-
goti noseprrnocmu yusundpa Ilsapuya [21].
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MHuokeCcTBEHHOE IIeIenoIaraie MPOIECCOB AKMYAAUSAUUY NOHAMUSL NAOULAOU
NOBEPTHOCTNU NPUEMAMU UCCACIO8ANUA «naowaduy yuasundpa Ileapya (codeporca-
meabHuLl acnenm): MaTOJIOTHIECKNEe CBOMCTBA «IIOMIAANy OOKOBOIT MOBEPXHOCTH
I[UJIHH/IPA, XOPOIIIO W3YYEHbI B TaK HA3BIBAEMOM <«DPEryJsipHOM» ciaydae [22, 23]. Dr1o
NPOMCXOJUT TOTJA, KOryla ero Beicota H pasbusaercs Ha m paBHBIX dacTei (CooT-
BETCTBEHHO CJIOEB IUJINHJIPA), & OKPYKHOCTH, JIeXKAlllast B OCHOBAHUY JIEJUTCS Ha N
PaBHBIX 4YacTell C IIOCAeAYIOIIUM CABUIOM (© Ha KazKJOM CJI0€ Ha % ITpu Takoit Tpu-
AHTYJISIIIUN ODOKOBOH TTOBEPXHOCTH TUIUHAPA, (DOPMYIA JJIsI BEIUUCICHUS €€ «ILIOIIa-
An», TIOCPEeJACTBOM TOJIYYINUBIIUXCA MHOTOTPDAHHUKOB TIDU 1717, 1 — OO UMeeT BUI:

4
S :27TR\/R27T—q2+H2 rie g = lim iy (1)
q 4 ’ m,n—oo 12

Taknum obpazom, «II0MAIby» OOKOBOH MOBEPXHOCTH Sq PEryIAPHOTO [UAJIAHIPA
[IBapra Boicorsl H u pagmyca R (ecim JaHHBIH Tpemes CymecTByeT — KOHETHBIH
nm GECKOHEUHBIH) MOMHOCTHIO onpeaenserca npegenom (1). lpum srom BBUIY HE3a-
BUCHMOI'0 XapaKTepa CTPEMJIEHUs M, — 00 PE3YJIbTAT MPeIe/IbHOrO MPOIecca CTa-
HOBUTCS C1a00 MPOrHO3UPYEMBIM, MHOTO3HAIHBIM, C OTCYTCTBHEM 3aKOHOMEPHOCTEIH
B XaOTUYECKOM pa3BepThIBaHUN (HPPAKTAJIBHBIX CTPYKTYP MHOrorpanHukoB. b. Man-
nenbpor [24] moxazas, uro npn m = n¥ mIoma s MHOrOrPAHHOI MOBEPXHOCTH PAC-
ter kak nF (k # 2). BO3HUKAIOT MepApXUU BOIPOCOB, CBA3AHHBIX C HCCIEIOBAHIEM
MHOTOTPAHHBIX TOBepXHOCTeH muanaapa IlIBapiia w permaeMbIx CPeacTBAMHU KOM-
NBIOTEPHOT0 U MATEMATHIECKOT0 MOJIETUPOBAHNS UCCIET0BATEIBCKON TeaTeTbHOCTH
B MaJIBIX TPYIIaX ITKOJPHUKOB B IUCTAHITMOHHON cpeje uin B (pOpMe UCCaeTOBAHUS
MHOTOSTAITHBIX MaTeMaTUKO-MH(MOPMAITMOHHBIX 3aganuit. I[loqobHbIe MccIemoBaHmMs,
MPOBEJIEHHBIE CTYAEHTAMU Ha PECYPCHBIX WU JaDOPATOPHO-PACUETHBIX 3aHSITUSIX,
TP BBITTOJIHEHUNW MHOT'O3TAITHBIX Ma.TeMa.TI/IKO—I/IH(bOpMa.]_[I/IOHHbIX SaﬂaHHﬁ, B XOJe
MPOEKTHON eITeTbHOCTH WM CETEBOr0 B3aUMOJIEHCTBUS PA3BUBAIOT WHTEJLIEKTY-
AJIbBHBIC OTlePaIllii MBIIMJICHUA, TTOBBIIIAIOT yqe6HyI0 MOTHUBAIIUIO 1 Ka49€CTBO OCBOE-
HUSI MaTeMaTHIecKnX jaeiicTeuit [25, 26].

Paccmorpum okpy»KHOCTH ¢ meHTpoM B Touke A u paamycom gy = 1. B okpyx-
HOCTH BIWCAH MPABUJILHBIN IMECTHYTONBHUK W TpoBedeH pamnyc AT tak, uro AT
epeceKkaeT CTOPOHY mecTuyroabHuka B Touke U. IIpemmonoxkum, aro Touka 1" nBu-
KETCAd TTO0 OKPYZKHOCTH. HpI/I 9TOM IIOCTaBUM B COOTBETCTBHUE IEHTPAJIBHOMY YIUIY
¢1 = « muny orpeska UT, monyunm dyukrmmio f(«). Beegennas dbyHKIUSA SBISET-

3

Cs1 OrpaHUYeHHOl 1 neproanveckoii, a nvenno 0 < | f(a)] < 1— 73 u nepuon 1' = %.
Oyukimio f(a) MOXKHO OMPEIETUTh SIBHBIM 00PA30M:

V3

b sin (120° — (a — [&] - 60°))°

fla) = (2)

Hecnioxuo onpenennts dyHkIimio f,(a), nomnobuyio dyukmn 3 dopmysst (2) B

caytdae, KOT/Ia B OKPY2KHOCTH BIUCAH TPOU3BOJIHHBIN TPABUILHBIN N-yroabHuK. Jleii-
360°

CTBUTEJIHHO, 0003HAUNM HUepes ¢ = = —

Ka, roraa f,(a) npumer Bu:

L[eHTpaJIBHI)IfI yroJ BIIUCaHHOTO N-yTOJIbHU-

B sin (90° — %)
n (905 ~ (o~ [e] - 9))

fla) =1 3)
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Onpezennm ciepyiorntyo dyHkimio g(a) Kak QyHKIMOHATBHBIN Pl
oo
g(e) =Y fram(a). (4)
n=1

rae dyukiyn fyo,(«) onpenensiiorcs dopmyaoii (3). Jlerko Bumers, uto rpaduk
dyukmmn g(«) nmeer hpakTaATBHYIO CTPYKTYPY, Hanomobue rpaduka dyuximn Ban
Ilep Bapgena. Temeps paccmorpum cioit mmanaapa [Isapita, mepecedeHnbIit mIoc-
KOCTBIO OPTOTOHAJILHOI ero ocu. Bo3aukaer ecrecrBennas 3amada. [lycms 3adan yu-
aundp Hlsapua evicomwvr H = 1 u paduyca R = 1. IIpu amom ezo0 seprHee ocHosaHue
pasbusaemca Ha n PasHbLLT wacmed, 6 6bComa Ha M pashur wacmet. I[Iposedem ce-
yenue, NePneHOUKYAAPHOE 0CU UUAUHOPA YEPE3 NPOUSBOALHYIO MOUKY T Ha Hel. Fc-
AU TV CMPEMUTCA K OECKOHEYHOCTIU, & M, PuKCuposaro, mo kakxot 6ud bydem umems
pynwyua g(a), onpedesennan 6 dopmyne (4)?

Ecau npeamnonoxuts, uro B8 dhopmyse (4) nepeMeHHble (v U € HE3aBUCHMBI, TO HA
PsILT, OTIpeIeIIeMblit 3Toi (DOPMYJIOil, MOXKHO CMOTPETh KaK Ha (DYHKIIUIO ABYX Tepe-
MeHHBIX s(a, x). I'padbukom sroit dyukiun Gyuer nosepxuocts («Kybok IIsapiay ).
Ha ciemyrormem pucyHke n3o0pazKeHa 4acTh MOBEPXHOCTH 2z = S(qv, ), TP ITOM
0<a<<360°nul <z < %. IToaraem, uto BRICOTA OmHOTO cyos muanHApa [IIBapia
paBHa % (7151 HATISITHOCTH TTOBEPXHOCTH M300payKeHa B IUJINHIPUIECKO crHcTeMe
koopamuar). Ha mociennem pucyHKe JMHUYM YPOBHS, N300PasKEHHbBIE YKEITHIM IIBE-
TOM, COOTBETCTBYIOT Tpadukam byHKIwH ¢g() B MOAIPHOil cUCTEMe KOODJUHAT MPU

1 2
]{7:0,]{725,]{725,]{7:1

A 0oceBoe cevyeHHe C/105
mnockTosio alpha=30
P Haﬂ oCk

x=1/3m OpTOrOHAJIbHbIE

CcevYyeHusd cnoda
TIIOCKOCTAMHA
Z=C

x=2/3m

noJjioXKeHue TOYKH X Ha cJioe

Puc. 5. «Ky6ok IIIBapma» xak ¢pakTagbHas MOBEPXHOCTD.
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AHasoruaHo MOryT OBITH MCC/IEIOBAHBI IPYTHe «30HBI COBPEMEHHBIX JOCTHKE-
HUIl B HAyKe»: JIeMEHTHI (PPAKTAJBHON M€OMeTPUN, KJIETOUHbIE aBTOMATHI, KOJTHPO-
Baune u mudposanue nudopmanymu, Teopusd xaoca n karactpod. Kak moxaspiBaer
PaCCMOTPEHHBIN TPUMep JIOHTUTIONHOE MCCTIETOBAHNE «30H COBPEMEHHBLIX JTOCTHKe-
HUI B HAyKe» MPEIbABJIsIeT MOBBINEHHBIE TPEOOBAHWA K UX OTOOPY W KOJIHYIECTBY,
B TO Ke BpeMsi pa3BuBaioiuii 3@eKT oT 0CBOSHMS ITKOJPHUKAMU CJOXKHOTO 3HA-
HUsT B KOHTEKCTE COBPEMEHHBIX [OCTUKEHWI B HAayKe W [IWAJ0Ta MAaTeMaTHIeCKO,
nHGOPMAITMOHHO, eCTECTBEHHOHAYYHON U TYMAaHUTAPHON KYJBTYP TPYIHO MEepeoiie-
HUTH.

PesynbraTel. Takum 00pa3oM, BBISBICHBI W XaPAKTEPU30BAHBI COAEPIKAHUE,
KOMTBIOTEPHBIN AN3afH W TEXHOJOTHS AJalTAIlMN CJIOKHOTO 3HAHUS B XOIe MCCIIe-
JToBaHUsT 0DODIIEHHBIX KOHCTPYKTOB BBISIBJIEHWS CYIITHOCTH OJHON W3 «IIPOOJIEMHBIX
30H» IIKOJIBHOM WM BY30BCKOW MaTeMaTWKu (HAIpUMep, ILIOMATH MOBEPXHOCTH
B JIETAIN3AIUN HEJTWHEHNHOW NWHAMWKHU POCTA ILIOIAJIel MHOTOTPAHHBIX KOMILIEK-
COB TIPY M3MeJIBICHUN TPUAHTYIANNN OOKOBOI MOBEPXHOCTH IUIUHPA WA «CATIOTa»
[TBapna cpeacTBaMu KOMIBIOTEPHOTO M MATEMATHIECKOTO MOJEIUPOBaHNUs). BhisiB-
JIEHBI W XapaKTEPU30BAHBI ITANBl AJaNTAIIMOHHBIX MPOIECCOB, TEXHOJOTUS WCCJIe-
JIOBaHUs CJI0XKHOTO 3HAHUS, TOUYKN OudypKauu, 0aCCeHbI TPUTAKEHUST, BEIYUC/IN-
TeJIbHBIE MPOIEIyPhI 1 (DIYKTYAINH TAPAMETPOB COCTOSHUST, KOMITBIOTEPHBIH TI3aiiH
7 TOOOTHBIE PEe3y/IbTAThl UCCAeI0BaHNA. BrICTpOeHB! nepapxuu (pOPM U CPEJICTB HC-
CJIeI0BATENbCKON TeITETHbHOCTHU IIKOTFHUKOB: PECYPCHBIE U JTAO0PATOPHO-pACIeTHBIE
BaHATHSA, KOMILJIEKCHl MHOTOSTAITHBIX MATeMAaTUKO-UH(MOPMAIIMOHHBIX 33 aHUN, TPO-
eKTHBIE METOIbl U CETEBOE B3anMOJeiiCcTBHE.
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CoBpemMeHHbIe MpPoGJeMbl MATEMATUKN M MaTeMaTUudecKoro oopasoBanusa: XV Biamgukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

OIIMCAHUNE CONPIAYKEHHBIX 19 ITIPOCTPAHCTB I'OJIOMOP®HBIX
OYHKIINI 3AJAHHOI'O POCTA B OBJIACTAX KAPATEOJOPN!

A. B. A6auun (Poccug, Pocros-ua-/lomy; FODY),
T. C. Augpeena (Poccus, Pocros-ua-/louy; KODY)

[Iycrs G — obmacts 8 C, H(G) — mpocTpancTBO BCeX (DYHKIUIT, TOJTOMOPMOHBIX
B G. C kax0ii HenpepbiBHOi dyHKmeit v(z) : G — R (Becom) cBsizkem GaHax0BO
MPOCTPAHCTBO

1,6) = { £ € G 1] = sup T3 < o).
2€G €

ITo yowIBatomieil (Bo3pacTaroreii) mocaes0BaTeIbHOCTH BecoB V. = (vy,) 06pasy-
eM npoekTuBHEI (MEAyKTHBHEI) Tpesen HV (G) := proj H,, (G) (coorsercreento,
Y H(G) :=ind an(G)). B cBg3u ¢ pgmoM 3a0ad OpecTaB/IsgeT UHTePeC HCCIeI0Ba-
Hue Borpoca 06 onucannu conpsizkerubix ¢ HV(G) n ¥ H(G), ynobHoM Jjist HCIOJIb-
30BaHUS B MPHUJIOKEHUAX. B J0KIa1e OyayT mpeacTaBieHbl HOBbIE, Oojee obIme 1o
CPaBHEHUWIO C TPEAbIAYIIINMN, PE3YJIbTAaThl B YKA3aHHOM HaIPAaBJIEHUN IJIA CIyYdad,
Korja He Tpebyercst BRIMYKJIOCTh (G U MCIOJb3yeTcsa mpeobpaszoBanue Ko ¢yHK-
mronasios. Panee chopmynmpoBaHHas 3a7a9a M3ydaaach s KOHKPETHBIX BECOBBIX
[OCJIeIOBATETHLHOCTEl TPOEKTHBHOTO [1]| u wHAyKTHBHOrO |2, 3| THIIOB TPOCTPAHCTB.

OCHOBHOE OrpaHWYeHNe Ha, TIPOCKTUBHYIO BECOBYIO TOCIEA0BATEILHOCTE, NCTTIO/Ihb-
3yemMoe B paboTe, COCTONT B MPEAINOJIOKEHUN, 9TO WMEETCA TaKas TMOJOKNTeTbHAST
dyukmus p(z) < dist(z,0G), aro mus moboro n € N cymecrsyer C,, > 0, npu
KOTOPOM

1
sup v +In—<Cy+ inf v,({), Vzed.
IC—2|<d(z) +1(6) p(2) |¢—z[<d(z) ©)

s MHIYKTUBHON MOC/IEI0BATEIFHOCTH HYYKHO JIUIIh MOMEHATD Upt1 U Up Me-
cramu. Ot G Tpebyercss, uToObI oHA ObLTa 006acThi0 Kapareomopu.

[Ipu stux orpanmuenusix npeobpaszoanne Komm ycranaBiIwmBaeT TOMOIOTHYE-
ckuit m3omopduam mexay HV (G) (I/IJII/I YVH (G)) M HEKOTOPBIM TTPOCTPAHCTBOM T'0O-
JioMopdHBIX BHe (G QYHKINI, NCIE3AMOMNX B OECKOHEUYHOCTH U TPOIOIKUMBIX B (7
Kak OeckoneuHo maudepeHnupyemMbie B BEIIECTBEHHOM CMbIC/Ee (DYHKITHH ¢ C OIpe-
JleJIeHHOM otieHKoi Jg/0Z.

'PaGora BemosHena mpu duHanCcOBOl Mommepxke Poccuiickoro bomma byHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 15-01-01404.
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CoBpemMeHHbIe MPoGJjeMbl MATEMATUKN M MaTeMaTUudecKoro oopaszoBanusa: XV Biamgukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkoja (r. Biagukaskas, 20-25 cenrsopst 2020 r.)

MHOT'OYJIEHBI ®ABEPA I KOHCEPBATUBHHKIE CICTEMBI
C OIHOI CTEINEHBIO CBOBO/IHI

E. C. AnekceeBa (Poccusi, Huxnuuit Hosroposg; HMO),
A. 3. Paccagun (Poccus, Huxuawit Hosropom; HUY «BIITD»)

Mmuorounens: @abepa P, (z), onpeseseHHble Ha KOMIAKTHONW OJHOCBA3HON 0018~
cru D komrutekcHoit mirockoctu C, sSIBISIOTCS BeChMa, MHTEPECHBIM 00hEKTOM TEOPUU
dbyukmmit [1].

Bymem cunrars obsracts D He mpou3BOIBHON, & OTPAHUYEHHON 3aMKHYTO# (Hha3o-
BOII TpaeKTOpUe# ciaeayroleil raMru/IbTOHOBOM CUCTEMBI:

y2

H(z.y) =L +Ul), (1)

TOr/Ia BCsIKasi aHajnTudeckasg B obmactu D dbyukmus f(z) pasmaraerca B psif 1o
vHOTouwIeHaM Pabepa 3Toit obracTu:

f(z):Zanfbn(z), z=x+1iy €D. (2)
n=0

B craree [2| mpencraBiena mporeaypa sdbdexrusmsanum TeopeMbl Pumana, KOTo-
Ppad TO3BOJIAET BBITNCATH ABHO 3THU MHOTOYJICHBI JIJIA HIO60ﬁ O6ﬂa.CTI/I ]D B TepMHUHaAX
ee TApMOHUYECKUX MOMEHTOB PuuapicoHa, OJHAKO IS MPUMEHEHUs Ha MPAKTHKE
9Ta MPOTIETyPa OKA3BIBAETCS CJIUIITKOM IPOMO3JIKOIA.

Tem ne menee, B ciryuae, Korga norennuarn U(x) cucremst (1) ciabo orinaaercs
OT TIOTEHITHAIA TAPMOHUIECKOTO OCIIIISTOPA, C €UHUIHON TTHKINIECKON IacTOTO,
st maorowienos Pabepa, BXOAAIUX B Psiff, (2), MOKHO IOy 9UTh TIPOCTHIE ACHMITTO-
Trdeckue (POPMYJIBI B PAMKAX TEOPUU MPUOIMKEHHBIX KOH(MOPMHBIX 0TODPAYKEHMI
BHENTHOCTN O6.)’[.':lCTeI‘/’I7 6JIH3KI/IX K €IUHUYIHOMY KDPYTY, Ha BHEITHOCTH €IUHUITHOI'O
Kpyra, pa3BuToii B MoHorpaduu [3|.

B wacrrocTu, jyist Takux obsracTeil crpaBejinBa CJIe Iy oIast:

Jlemma. Ilycts D — 3Be3gHass obgacTh ¢ rpaHuiei, 3a/jaBaeMOi B IMOJISIPHBIX
koopaunarax ypasaeanem 1r(0) = 1+ 46(0), npuuem 0 < € < 1, Torga st MHOrO-
uaeroB Pabepa 310t 00/1aCTH BEPHBI ACHMIITOTHIECKHE DA3IO0XKEHUS:

D (z,6) = 2"+ dW(2) + O(?),

rje

exp(if) +z df
exp(if) —z 27

[IpumeHsis 3Ty JIeMMy K pe3y/abTaTaM JOKaaa [4], Jerko moka3arb, 9To MMeer
MeCTO:
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Teopema. Acumnrornyeckue pasjoxkeHus: MHorodjieno Pabepa s obiacr,
orpaHmIenHoit (pazopoii TpaexTopmeit cuctemsr (1) ¢ norermuamom U(z) = z%/2 +
ext/4, 0 < e < 1, npoxoxsmeii uepes rouky r = a (a > 0) u y = 0, uMmeroT BHI:

2
00 = (2) S (G) -1 () - (B)'] + o
a 32 a a a

HOﬂyquHbIe peBy.)'[I)TaTI)I MOI‘yT 6I)IT]) TTOJIE3HBI IJId BBIABJIECHUA CKPBITHIX cBd3en
MEXKIY KOMILIEKCHON M CHMILIEKTHYIECKON CTPYKTYPOil, KOTOPhle MOXKHO BBECTH Ha,
BEIeCTBEHHOI JByMepHOil 1mockocTn R2. Vkazanus Ha HEOOXOJUMOCTDH MOUCKA, Ta-
KUX CBA3€ll UMEIOTCd elle B OCHOBOIOJIAraloieil i KBAHTOBOU 3JIEKTPOANHAMUKA
crarbe [5].

B zakrouenue aBropsl 6sarogapar g. d.-m. #. H. H. [Ilamaposa 3a cchliky Ha
pabory [5].
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4. Alekseeva E. S. Approximate conformal mapping for domain shaped by phase trajectory
of the Duffing equation on unit disk // School-Conference “Mathematical Spring — 2020.
Invitation to Dynamical Systems” (Russia, Nizhny Novgorod, Higher School of Economics,
February 17-21, 2020). Book of abstracts.—P. 4-5.

5. Dirac P. A. M. The quantum theory of the emission and absorption of radiation //
Proceedings of the Royal Society of London. Series A, Containing Papers of a Mathematical
and Physical Character.—1927.—Vol. 114.—P. 243-265.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

MPUBJJINKEHHOE PEINEHUE HEJMHENHOTO
NHTETPO-AN®PEPEHINAIBHOIO YPABHEHIUSI TUIIA CBEPTKI!

C. H. Acxabos
(Poccust, I'posusrit; YIITY, YTY)

O0BeKTOM HUCC/IeIOBAHNS B TAHHON pabOTe SIBJISIETCS YPABHEHUE

u®(x) = a(:c)/k:(:c — () dt + f(x), x>0, a>1, (1)
0

rie 3aganabie Gyakmun k(z), a(z) u f(x) yI0oBIETBOPAIOT YCIOBUIM:
)

ke C0,00), K (z) me y6rBaer ma [0,00), k(0) =0 u £'(0) > 0, (2)
a € CY0,00), a(z) me yopmBaer va [0,00) u a(z) > 0 mpu z > 0, (3)
f € C0,00), f(x) me yorBaer ma [0,00) u f(0) = 0. (4)

Pemenust ypasuenusi (1) paspbICKMBalOTCs B KJiacce:
Qb = {u(z): ue C*0,00), u(0) =0mu u(z)>0mnpuz>0}.

Hapsiny ¢ ypasuerunem (1) paccMarpuBaercss ypaBHEHHe
€T
u®(x) = a(z) / K(z—tu)dt+ f(z), >0, a>1, (5)
0
B kouyce Qo = {u(x) : u € C[0,00), u(0) =0 u u(z) > 0 upn = > 0}.

Teopema 1. IIycts Boimosaens: yeaosus (2)—(4). Ecmr u € QY apasercs pere-
auem ypasrennst (1), To u € Qo u sBasiercs peirennem ypasuennsi (5). O6parHo,
ectn ypasuernme (5) mmeer pemernne u € (Qy, To u € Q) m aBageTcss pemrermem
ypaBuenns (1).

[Ipeanonaras pononaurensio g(0) = 0, rue g(x) = f(x)/a(x), nokasbiBaercs,

9T0 ecam u € Qo ABMSIETCS PeIlleHreM WHTerpajbHoro ypasuenus (5), To u(zx) ymo-
BJIETBOPSIET HEPABEHCTBAM:

xT

/(a—1) 1/(a—1)
<“ - 114(0))1 1 a'/*(x) ( / a'/*(t) dt) <u(r) <

(67
0

T

a—1 1/(a—1) 1/(a—1)
< ( ) al/a(x)< / a (K (t) dt—l—g(o‘_l)/o‘(x)) .

(07
0

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIaAMEHTATBHBIX HC-
cnemoBanwmii, poext Ne 18-41-200001, m myGimkyercss B paMKax BBIIOIHEHUS TOCYIaPCTBEHHO-
ro 3amanus B coorBercTBuU ¢ JlomomuurenbubiM coriamenmeM ot 07.07.2020 Ne 075-03-2020-
239/2 peectp Ne 248 KBK 01104730290059611, no npoekry «Henmmeiinbie cuaryngpHabe nHTErPO-
muddepeHnraabHble yPABHEHNS U KPAEBbIe 331a91s.
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Ucnonb3yst 9Tr anpropHbIe ONEHKN W TeopeMy 1, MeTOJ0M BECOBBIX METPHUK J10-
Ka3pIBaeTCs, uTo ypapHenme (1) mMeeT eJMHCTBEHHOEe peleHme Kak B Komyce (Qf,
TaK ¥ B HEKOTOPOM TIOJTHOM METPUIECKOM mpocTpancTse P, u (0CHOBHOI pe3ysbrar)
MOXKET OBITh HaiifieHo B P, MeTOI0M TOC/IeI0BATEIHHBIX MPUOIMKEHUI CO CXOIIMO-
CTBIO MO METPHKE STOTO MPOCTPAHCTBA. B 9acTHOM, CyIecTBEHHO GOJIEE TIPOCTOM JI/IsT
uccefoBanus ciaydae a(x) = 1, 9Tu pe3yabTaThl TOJAPOGHO U3I0KEHbI B [1].

Cnemyer OTMETHUTH, YTO B CBA3W C PA3IUIHBIMU MPUIOKEHUSIMU B THIPOAIPO-
JTMHAMUKE, TOMY/IAINOHHON TeHeTHKe W JIPYruX, ypasHenue (5) m3ydaaoch B pabo-
Tax [2-5].
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

YUCJIEHHOE MOJAEJ/IMPOBAHUE ITAMATHU
B BASKOVIIPITMX CPEIAX

3. A. AxmaroB
(Poccus, Bragukaskas; FOMU BHIT PAH)

HpI/I MaTEeMaTUIEeCKOM MOJETINPOBAHUN BOJIHOBBIX IIPDOIECCOB B PA3JIMYIHBIX 06-
JIACTAX €CTEeCTBO3HAHUSI BCTPEYAIOTCS CUCTEMBI «C TAMSITBHIO», MTOBEJEHUE KOTO-
PBIX HE ompeneadaeTcd HeJIUKOM COCTOdHUEeM B Ha.CTOHH_[I/Iﬁ MOMEHT, a 3aBUCHUT OT
BCeil MPEJILICTOPUN TIPOIECCA U TIOITOMY OMUCHIBAETCS MHTErpo-auddepeHuaibHbIM
ypPaBHEHUEM, COMIEPKAIINM COOTBETCTBYIOIIUI HHTErpaJ M0 BPEMEHHOI MepeMeH-
Hoii. OHoMepHast obparHast 3aa4a 00 onpeenennn siipa (pyukiyun namsitu) k(t),
t € [0,T], unrerpo-auddepeHuagipHOro ypaBaerus Obta paccmorpera B [1]. Pe-
3YJIBTATHI 9TOTO UCCAEIOBAHUS — TeopeMa TJI00AJIBHON OJHO3HAYHON Pa3permMOCTh
U OIIEHKA YCTOWIMBOCTU pelteHnst oOpaTHoit 3ama4an. Lleapio nanHoit paboThl SBIsIeT-
CA YUCJIEHHad pPean3alind BaMKHyTOﬁ CUCTEeMbl HEJIMHEHHbIX WHTETPAJIBHBIX YDPaB-
HEHUi, TOJIYIEHHBIX B Pe3yJibTaTe aHAJUTUYIECKOTO DEeIeHus 0DpaTHOM 33 a4 s
ypastenust Bsiskoynpyrocru [1]. TTosyuennyio cucremy mHTErpasbHBIX ypaBHEHW
MOXKHO 3aIUCaTh B BUJE ONEPATOPHOTO YDPABHEHUS

= Ap, (1)

rie @ = [@i1(y,t), p2(y, 1), ©3(t), pa(t), 05(t), p(t)]. Kommomenrer ; (i =
1,2,3,4,5,6) npeicrasisitor coboii (byHKIMU, CBsI3aHHbIE C DPEIIeHUsIMU MPSIMOl 1

0o0paTHOt 33/1a4, B YACTHOCTH, UCKOMOE SITPO BXOJUT B

w4(t) = k() exp(r(0)t/2), r(t) = —k(t) — /k(t —7)r(r) dr.
0

Henuneiinpiii onmeparop A onpesenen na Muoxectse ¢yukmumit ¢ € C[Dy], Dp =
(0): 0<y<t<T—y).

Cucrema (1) ctyKuT OCHOBO{i JIJIs UUCJIEHHON PEATH3AINKA aJITOPUTMa OTIPeJIe-
nenns 3uadennit bynkiun namarn (uam penakcanuonnoit dynknuu). Yucaennas
peanm3anys CUCTeMBl HEJTMHEHHBIX NWHTErPaIbHBIX YPABHEHHi, K KOTOPO# CBOJUTCS
321298, ONIPENEIEHNs AApa yPABHEHNS BI3KOYTPYTOCTH, OCHOBBIBAETCS HA METOIUKE
YUCJIEHHOTO PEIeHnsT HHTErpaJbHOr0 ypasHenust Boabreppa BTOpOro poja, mpejiio-
JKeHHOW B MonOorpadun [2, mi. 5|. B obracrn D7 BBOAMTCS paBHOMEpHasi CeTKa C
marom h = T/(2N), N — kommdecTBo TOUeK paszdmenus orpeska [0,7'/2]. Unrerpa-
JIBI BBIYUCIISIOTCS C TTOMOINBIO KBAAPATYPHBIX (DOPMYJT MPAMOYTOJLHUKOB, a CAMU
WHTErPaIbHBIE YPABHEHUS TOCIE BBEICHWS DPABHOMEPHON CETKM MPEBPAIIAIOTCA B
PEKyppeHTHBIE (DOPMYIIBI.

AJIropurM peasin3oBaH C IMOMOIIBIO MaKeTa MPUKIaAHbIX nporpaMM Cu-++.
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Pesynbrarsl 9uc/ieHHOrO pereHnsi TMO3BOIUIN B SIBHOM BUJIE MOJIYYIUTH rpaduk
penakcanmonHoit pyuknnn. bosee TOro, BHIABIEHBI 3aBHCHMOCTH IOBEIEHUST MCKO-
MOl (PYHKIIMU OT PABIUIHBIX BXOJHBIX JTAHHBIX, KOTOPBIMHU SBJIAIOTCI TAPaAMETPhI
JlaM3, IIOTHOCTH Cpebl, a TaKxKe JOMOJHATEIbLHAS HHQMOPMAINAST O PEIleHnn Ips-
MOit 3a1a9r — (PYHKIUS OTKJIMKA, CMEIeHNs Ha 33 [aHHOI WMITYILCHOE BO3IeiiCTBIE
g9(t) (bynxmusa o1 (y,t) npu y = 0).

st mpoBepKu pabOThI AArOPUTMA, 33/TaBAIACH (DYHKITHST k:(t) W HACYUTHIBAJINCH
sHavenus uadopMarmn ¢(t) mo KBaIpaTypHbIM (DOPMYJIAM TPUMEHUTETHFHO K CHCTe-
me (1). B macauranubie 3HAYEHUsT BBOAMIACH CIyvaiiHas aJIuTUBHAS OMINOKA:

rie g — cpeanee 3uadenne dyHkipn g(t) Ha orpeske [0, T]; € — ypoBeHb MOrPENTHOCTH
B MpOTeHTaxX; ¢; — caydaiino pacmpesenentas Ha orpeske [0, 1] Beqmunna.

Ha OCHOBaHHWUW YHCJIEHHBIX SKCIIEPUMEHTOB MO?KHO CAe/IaTh BBIBOJA O TOM, 9TO aJI-
FOPUTM YCTOHUYNBO paboTaeT MpH OmnpeieseHnn 3uadenuii k(1) ¢ ypoBHEM CJTydaitHOl
ommbKu, BHOCUMO# B nHdopManuio, 10 € = 10%.

Jlureparypa

1. dypaues JI. K., Toruea 2K. JI. 3amada 06 ompeie/leHUU OJHOMEPHOIO spa ypPaBHEHUs
Bst3koynpyrocru // Cub. xyps. uamycTp. marem.—2013.—T. 16, Ne 2.—C. 72-82.

2. dxmo B. I. Ob6parmbie 3amaunm mist  aud@epeHnuaabHbIX  YPABHEHUN  yIPYTOCTH.—
Hosocubupck: Hayka, 1990.—304 c.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

KPAVTHNE TOYKU BBIITYKJIBIX MHOYKECTB
OJHOPOJHBIX ITOJIO2KNTEJIBHBIX ITOJIMHOMOB

A. B. Baraesa (Poccusi, Bragukaskasz; COT'Y),
M. M. Koxkamsuau (Poccus, Bragukaskaz; COI'Y),

3. A. Kycpaesa (Poccus, Pocros-ua-/lorny, PHOMIL IO®Y,
Bramnkaskas, OMIT BHIT PAH)

B paGore [1] mpemoxkeH moaxo/] K W3y UeHUs SKCTPEMATIBHON CTPYKTYPBI BBITYK-
JIBIX MHOKECTB JIMHEWHBIX OITePATOPOB Ha, OCHOBE TEOPUU BEKTOPHBIX perneTok. ek
HACTOSIIIEH pabOThl — MOKA3aTh, YTO ITOT MOAXO/ MOXKHO PACIIPOCTPAHUTD B IyXe [2]
HA OJHOPOJIHBIE MOJUHOMBI, JAEUCTBYIOIINX B BEKTOPHBIX PEIETKAX, UCIOJIb3Ys JIU-
HEapU3aIWIo MOCPEJICTBOM TEH30pHOTo npousseenuns Opemmaa.

Berony auxke F — apxuMmeoBa BEKTOpHAasI pernerka. Vcnoib3yoTes 0003HAMEHU S
u repmunosorust us [3]. B wacrnocrn, 7 ("E, F') 0o603Ha1aer mpocTpaHCTBO BCEX M-
OJTHOPOJIHBIX PEryIapHbIX HoguHOMOB u3 E B F, a P21 ("E, F) — nonoxnTeabHblit
komyc B Hem; ipi 3trom P (LE| F) — mpocTpaHCTBO MMHEHHBIX PETyISpPHBIX Ofmepa-
TOpOB, obo3Hauaemoe yepe3 £ (E, F'). CumBosom ®n s I/ obosmagaeTca n-KpaTHOE
aJrebparmdeckoe CUMMETPUTHOE TEH30PHOE MMPOW3BeIeHe BEKTOPHOI perneTkn .

OnpEJEJNEHUE 1. Opaopoaubiii noaunom P : E — F crenenu n Ha3bIBAIOT pe-
WEOUHBLM T-NOAUMODPUIMOM, €CJTH ACCOTMUPOBAHHBIN ¢ HUM MOJUIUHEAHDIH ome-
patop P : E" — F gBISIETCS PEIIeTOMHBIM N-MOP(DI3MOM.

D10 paBHOCUIBHO TOMY, 4T0 P oproronanbuo amuruser (|z| A |y| = 0 Biaeder
P(z+y) = P(x)+P(y)) u P(x) ANP(y) =0, ectm Ay = 0. Emte onH0 paBHOCHIBHOE
YCJIOBHE TJIACHUT, YTO P coXpaHsieT TOUHbIe IPAHUIBI KOHEIHBIX MHOXKeCTB. [Togpobuee
0 CTPOEHUH PEIETOYHBIX TOJMUMOPGMU3MOB CM. B [4].

Teopewma 1. /[ BekTOpHOIT pemeTkn E cytecTByeT e quHCTBEHHAS C TOTHOCTHIO
10 perneTodHoro m3oMopcbusma BeKkTopHast penrerka E rakas, dro:

(1) cymectByer pemerounsii n-mommvopusy 0, : E — E, mmgymupyromnpmit
sroxenne Q,, (E B E;

(2) mrst r060it apxuMe0Boii BeKTOpHOIT pemerku F' u y1r060ro n-oaHOpogHOrO
perrrerounoro moymmMopgusva P : E — F cyrecTByeT eMHCTBEHHBIH DENeTOYHBIH
romomopgpusm P : E — F, obecrreunsarorrmii (paxropuzanmio P = P o 6,,.

ONPEJEIEHNUE 2. Bexropuyio pererky E u3 Teopembr 1 0603HAMAIOT CHUMBOJIOM

®nst, a mapy (®nst, 0) HA3BIBAIOT T-KPAMHLM PPEMAUHOCCKUM CUMMEMPUY-
HOLM MeH3opHbLM npoussedenuem E.

Teopema 2. Ecin E — nopsiikoBo nosiHasi BekropHasi pererka, o P ("E, F')
TaK>Ke MOPSIKOBO MOJIHAS BEKTOPHAas pernerka u orobpakerne T — T o 0, cayxkur

PelIeToIHbIM n30MopguzMoM u3 L (®n JE,F) ma #"("E, F).

ONPEAENEHUE 3. Paccmorpum MHOXKecTBO % conepxareecss B P ("E, F). To-
BOPSIT, 9T0 % caabo (nopadkoso) ozpanuyeno, ecan muoxkecrso {U(z) : U € %}
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MOPsIIKOBO orpanudero B F st Bcex © € E; nomoueuno o-zamxnymo, ecav s
mroboit cetn (T;) B % m moboro nonuaoma P € 7 ("E, F) u3 0-CXOAUMOCTH CETH
(Pix) k Tz nyst Beex x € E cnepnyer T € % ; onepamopno ewnykao (nim, TouHee,
Orth(F)-ewnykao), ecnu o + U C U nns mobbix «, € Orth(F), Taknx, 9ro
a+ = Ip. (Buecs Orth(F') — mHO)KecTBO BCex opromopdusmor B F').

OUPEAEJEHUE 4. Cybaunetinvlm onepamopom Ha3bIBAOT oTobpaxkenue ¢ : B —
F, ecmm oz +y) < o(x) + ¢(y) n o(Ax) = Ap(z) maa seex z,y € En 0 < X €
R. CyGauneitaniii omepaTop ¢ : £ — F Ha3bBAIOT pPEUWemouHbiM CYOoMOPPHUIMOM,
ecin o(x Vy) = ¢(x) V @(y) ans secex x,y € E. CoBOKYNHOCTh BCEX JIMHEHHBIX
omepaTopoB u3 E B F| Ma)KOPUPYEMbIX OIIEPATOPOM (0, TIPUHSATO HA3BIBATH ONOPHHLM
MHOIICECMBOM p T 0DO3HATATH CHMBOJIOM J:

Op:={T € L(,F): (Vxe E)Tx < ¢(x)}.

Cureqyromuii pe3yabTaT SBJISeTCS OCHOBHBIM. Vlcmonb3yrorca obo3Hadenusa: % o
O :={S00, : S € U}; ext(% ) — coBOKyIHOCTH BCeX KPaiiHUX TOYEK MHOXKeCTBa %/ ;
[°°(% ,F) — BeKTOpHAsI PEIIeTKA BCEX TOPSIKOBO OMPAHUYEHHBIX OTOODpPAYKEeHUi n3
U v Fyeq : 1°(%,F) — F — cybauneiinbiii oneparop, AefiCTBYOMNIi 110 IpaBHLy
[ — sup,eqy f(v). Jlerko Buzmers, 910 €9 — pereToUHbIH CyOMOPdOU3M.

Teopema 3. Ilycts E uw F' — BexTopHbIe pemnierkn, npudem F' mopsaKoBo moJi-
Ha. /l1s c1abo mopsaKoBO OrpaHHIeHHOT0 MHOXKECTBa MouHOMOB % C P+ ("E, F)
PaBHOCHIBHBI CJICAVIOIHE YTBEPIKICHHS:

(1) cymecrsyer Bospacrarommii permerounsii cyomopdmsm ¢ : Q, E — F ra-
Koif, a0 % = (0p) 0 Oy; ’

(2) % omepaTopHO BBIMYKJIO, HOTOYEUHO 0-3aMKHYTO U eciii A + B € U s
nexoropeix A, B € 2T ("E, F), To cymectsyior o, 3 € Ortht (F) raxme, aro a+f3 =
Ip, Ac a% u B € BU;

(3) % omneparopHO BBIIIYyKJIO, IIOTOYEYHO 0-3aMKHYTO H KpaiiHne TOYKH % SBJIsi-
FOTCS PEIIETOIHBIMH N -IOJTAMODDH3MAMI;

(4) % nomyckaer dpaxropmsanuio % = 0(Eexi(z)) 1 00y, rae T — pemerounprit

roMomMopu3M u3 ®msE B [®(ext(%),F).
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

EXTREMAL STRUCTURE OF CONES
OF POSITIVE MULTILINEAR OPERATORS

A. V. Bagaeva (Ruusia, Vladikavkaz; NOSU),
M. M. Kokashvili (Ruusia, Vladikavkaz; NOSU),

Z. A. Kusraeve (Ruusia, Rostov-on-Don, RMC SFEDU;,
Vladikavkaz, SMI VSC RAS)

An element z € E, of a Banach lattice E is called an atom if the order interval
0,2z] = {y € E: 0 <y < z} contains only multiples of x or, what is the same,
the order ideal in E generated by z is one-dimensional. Denote by &(E) the set
of all atoms of E,. Recall that if f € E' is an atom if and only if f is a lattice
homomorphism, see [1, Theorem I1.4.4]. Let Z(E, F') stand for the space of bounded
linear operators from F into F' with the cone of positive operators .Z(E, F')4, and
also use S (E, F') to denote the collection of lattice homomorphisms from E into F.

In [2], Wickstead raised the question of when Z(FE,F)y is the closed convex
hull of the set of lattice homomorphisms for the strong operator topology. For the
following result see [2, Theorem 5.1].

Theorem 1. The following conditions on a Banach lattice E are equivalent:

(1) E'_ is a weak™ closed convex hull of &(E',).

(2) Z(E,F)+ is a strongly closed convex hull of s#(E,F) for all Banach
lattices F.

In this note, we announce a similar results in the multilinear setting.

DEFINITION 1. Say that an n-linear operator T : Fy X --- X E,, — F is positive
and write 7' > 0 if T(x1,...,2,) =2 0forall 0 < z1 € Ey,...,0 <z, € E,; T is said
to be lattice multimorphism or lattice n-morphism |T (z1,...,x,)| = T(|z1], ..., |zn])
for all 1 € Ei,...,x, € E,. The cone of positive n-linear operators (resp.
lattice n-morphisms) from Ej x ... x E, to F is denoted by Z(E1,...,En; F)y
(resp. H(En,...,En; F)).

A remarkable tool for studying positive multilinear operators is the Fremlin tensor
product 1 ®...® E, of Archimedean vector lattices E1,..., E,, see [3]. If Ey,... E,
are Banach lattices, then we can define the positive-projective norm || - |||z on Ey &
...® E, by means of

[l = inf { S I ikl s 0<wip € By, Jul <D min@- - ®xm}.

i<mk<n <m

DEFINITION 2. Positive-projective tensor product F1® ...®E, is a Banach space
defined as the completion of £y ® ... ® E, with respect to the norm || - || .

Now, one can prove the following linearization result: For any Banach lattice F'
there is a one-to-one norm and order preserving correspondence between continuous
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positive n-linear operators T : F| X --- x E,, — F and continuous positive linear
operators T® : E1®...®F, — F with T® o ® =T, see [3, 4].

ExXAMPLE. Recall that any vector lattice F' has a universal completion F*, so
that F' can be identified with an order dense vector sublattice of F*. Moreover, for
any weak order unit 1 € F'* there exists a unique multiplication (x,y) — z*y in F*
such that (F*,®) is an f-algebra and 1 is a ring unit.

An example of the disjointness preserving multilinear operator can be constructed
as follows. Let F1, ..., F}, be vector sublattices of F**. Given a finite collection of po-
sitive linear operators Ty : E, — Fj, (k= 1,...,n), one can construct a disjointness
preserving multilinear operator T" from Ey X --- X E, to F'* by putting

T(x1,...,2p) =T(x1) % xT(xy,) (x1 € E1,...,2, € Ep).

In this event, we denote T' =T ® - - - ® T},. A factorization result (Theorem 6) in [5]
asserts that each lattice m-morphism from the Cartesian product of vector lattice
into an arbitrary vector lattice has a similar structure.

Putting together these facts about factorization and linearization together with
Theorem 1, we arrive at the following result. We denote Fy x...x F,, = {fi*---* f :
fk € Fy (k = 1,...,n)} and 4 ® - ® U, = {Tl ®---®T, : T € %k}, where
U, C g(Ek, Fk)

Theorem 2. For a finite collection of Banach lattices Ey, ..., E,, the following
conditions are equivalent:

(1) (E})+ is the weak* closed convex hull of &((E},)+) forallk=1,...,n.

(2) For each Banach lattice F', the cone £ (FE, ..., En; F)4 is the strongly closed
convex hull of the union of sets of the form 7 (E,Fi) ® ... ® 4 (Ey; F,) with
Fy, ..., F, Banach sublattices of F'" satisfying Fy x...x F,, C F.

REMARK. It may happen that the assertion (2) in Theorem 2 holds for a Banach
lattice F', whilst &((E},)+) is trivial for some k < n, see [2, Example 5.2].
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

OIITUMAJIBHOE CTAPTOBOE VIIPABJIEHUE
ABYMEPHBIM HEUSOTEPMINYECKVM TEYEHNEM

E. C. bBapaunoBckwuii
(Poccust, Boponex; BI'Y)

PaccmarpuBaercs 3a1ada OMTHMAIBLHOTO CTAPTOBOTO YIIPABICHUS I CUCTEMBI
ypaBHeHN ByccuHecka, OMUCHIBAOIIEHl HEM30TEPMUIECKOE TeUEHUE BI3KON >KMIIKO-
cti B orpanmdenHoi obmacti () C R?:

ov ov ov
i — 4y, — —vAv+Vp = Q 1
ot + Uxax Uy ay rvav p f($7y7t79) B X (OvtM)v ( )

V-v=0 B Qx(0,tm), (2)
06 06 06

E—f—vz%—f—vya—y—kAH:h B )X (O,tM), (3)
00
2v[D(v)n], = —av,, v-n=0, ka—n =—p60 B 00 x(0,tr), 4)
v(z,y,0) = u(z,y), 0(z,y,0)=((2,y), (z,y)€Q, (5)
('U‘vC) € %1 X %27 (6)

M
> wi (Mot t) = BiO)[F2gq) + (1= A0, 8) = Bil)[|Fa(gy ) = min,  (7)
=0

e T, Yy — OPOCTPAHCTBEHHBIE KOOPAWMHATHI; ¢ — BpeMmd; to,t1,...,ty — 3aJaHHBIE
MOMEHTHI Bpemenn, mpudem 0 = tg < t1 < --- < tyr; 02 obozHAUaeT rpaHuily obJa-
cru (2 v — CKOPOCTD JBHzKeHust KuakocT; D(v) — Tmen3op ckopocreit gedopmarini,
0 — remmeparypa; p — JdaBjenue; f — 1oJie BHEIIHUX CUJT; h — WHTEHCUBHOCTH TEIl-
JIOBBIX MCTOYHWKOB; N — EIUHUYHAS BHEIIHSAS HOpMash K O0f); v — KodddunmenT
Bsa3KocTy; B — ko3 dunment remnooriadn Ha 0§); o — KOIMDPUIMEHT CKOJIbKEHUST;
k — xoadpdurment renmonposogHOCTH, U M ( — PACTIPeJeIeHne CKOPOCTeH W TeM-
mepaTypbl B HAUAJIBHBI MOMEHT Bpemenu (ympasjgiomue GyHKImn); v; u §; — 3a-
TaHHble QYHKINT; /) X %/ — MHOXECTBO JOMYyCTUMBIX YIPABIEHWIT; Ao, A1, - .., AAf
U fh, fb1, - - -, g — TUCTOBBIE mapamerpsl, mpudeM 0 < A; < 1, 0 < p; < 1 gna
kaxoro i € {0,1,..., M} w S0 i = 1.
Bsenem obo3HaueHndg:

“//(Q)déf{wecoo(ﬁ): V-w:OBQ,w-n:0Ha6§2},

LZJ(Q) ' sammikamme vmoKecTRa 7 (Q) s L*(),

H},T(Q) ' saMpikamme MmoKecTa 7 (Q) s H(Q).
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[TpeqmooKiM, 9TO BBITOIHSIOTCS CIIEIyIONTHe YCIOBTS:

(i) 92 € €%, v; € L2 (), 6; € L*(Q), h € L*(0,tar; L2(2));

(ii) mekTopmas dymkmms f(-,-, 0): Q x (0,ty) — R? npurajyesxuT mpocTpan-
crBy Jle6era L?(Q2 x (0,ty7)) mpu mo60oM o € R;

(iii) BexTopmast dymkmust f(r,t,-): R — R? nenpepoisra mpu m.s. (r,t) € Q x

(iv) |f(r,t,01) — f(r,t,02)| < K|o1 — 02| anst mobbix 01,02 € R u n.e. (r,t) €
Q x (0,tprr) ¢ HEROTOPOIH TTOCTOSIHHOM K > 0;

(V) MHOXKECTBO JONMYCTHMBIX YNPABICHWN 7/ CEeKBEHIIMAIBHO Caab0 3aMKHYTO
u orpaEwdeHo B mpocrpanctee H (1,77((2);

(vi) MHOXKECTBO JIOMYCTUMBIX YIPABIEHUNH %2 CEKBEHIMATIBHO CIa60 3aMKHYTO
w orpanmdeno B mpoctpanctee H ().

Cdopmyaupyem Temepb OCHOBHOM pe3y/bTaT pabOThI.

Teopewma. IIpu Bermosnennn (i)—(vi) B mogern (1)—(7) cymecrByer mo kparineii
Mepe 0JHO onTHMAaJIbHOE yiipasaenue. Ecan npu srom pg > 0, K = 0 u MmHOXKECTBO 7
COCTOHT M3 €JHHCTBEHHOTO 3JeMeHTa, a MHOXKECTBO /o BBIIYKJIO, TO OIITHMAJIbHOE
yrnpapJIEHUE €JIMHCTBEHHO.

BAMEYAHUE. Tounasi ynpasisiemocts ypasHenuit Byccunecka nsyuaercs B [1].
Ba1aun ONTUMMU3AINN I MOJIEJIeH CTAlMOHAPHBIX HEN30TEPMUIECKUX TeUEHU BA3-
KOUl KUJIKOCTH PACCMATPUBAIOTCS B [2—4].
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

O PABHOMEPHOI CXOJINUMOCTH PSIJA ®YPBHE 10 CUCTEME
[IOJIMHOMOB, ITOPO2KJIEHHOI CUCTEMOII IIOJIMHOMOB JIATEPPA!

P. M. Tagxxkumup3aeB
(Poccus, Maxaukama; JTOUILL PAH)

[ycrs a > —1, p(x) = e~z — Becosas dbynknus, 1 < p < oo, L — npocrpan-
CTBO M3MepHUMbIX (DYHKIW f, opeeseHHbx Ha moayoch [0, 00) U TaKuX, 9TO

1l = ( [11@Pota) dx>p <o,
0

/» — mpocTpancTBO dyHKImMit f, HempepeiBHO nubdepennupyembix 7 — 1 pas,
P
mst ®Koropeix f("™1) aBeomoTHo HempephiBHA Ha MPOM3BOILHOM cermente [a,b] C
T p T
[0,00), a f (") e Lj,. B nmpocrpancTse WL% OTIPEeJIeTNM CKaJIIPHOE MPOU3Be/IeHNEe TUTIA

CobosieBa
r—1

(f.0)s = 3 1 (0)g® / 70()g ()ol) . 1)
v=0
KoTopoe npespamaer W, B rub6epToBO MPOCTPAHCTEO.

B pa6ore [1] mias 3agannoro r € N Gbuia BBeJeHa CHCTEMA TOJIMHOMOB

l?{rJrn( T) = (r—1)! \/7/

(x —t)"'LY(t)dt, n=0,1,...,

[e% ;I,‘n

lin(z) = g n=0,1,...,r—1,
OPTOHOPMUPOBAHHAS TIPH ¢ > —1 OTHOCHUTEIBHO CKaJSIPHOrO mpomssegerns (1) u
nopozkieHnast cucremoit mosmuomos Jlareppa {LS(z)}02 ;. B paborax [2-3| Gbuin
HCCIeI0BAHBI CBONCTBA 9TON CHCTEMBI, TaKKe KAK MOJHOTA U OPTOHOPMUPOBAHHOCTD
B ng, SIBHOE TPEJICTABJIEHNE, PEKYPPEHTHBIE COOTHOIIEHNUS, TIPEJCTABIEHNE TePe3

nosmHOMBI Jlareppa. Kpome Toro, B pabore [3] 66110 mokaszamo, aro psit Pypbe dbyHK-
mun f € W1, o cucreme {1, () }72, nmeer cieyromuii Buj:
P )

r—1

f( ) Zf(k k'+zcrk (2)

k=0

'Pafora BeimoaHeHa Ipy bHHAHCOBOH mogmepxke Poccmiickoro dbomma byHIAMEHTATLHBIX HC-
cnemoBanwuii, mpoekt Ne 18-31-00477 mos_a.
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rie
1
()= ——— [ ML (t)pt)dt, k=rr+1,...
@ (f) W—o/ (I (Do(t) -

B Toii ke pabore ObLIA JOKa3aHA CAETYIOMIA
Teopema A. Ilycts —1 < a <1, f € W],,0< A < oo. Torma a1 mpousBoh-
)

Horo x € [0,00) HMeeT MECTO PABEHCTBO

r—1

AR
fl@)y=>" f(k)(o)g + > e(Nik(),
’ k=r

k=0

B koTOpoM psit Pypre pyuknun f mo mommrOMaM IS (x) cxXoquTest paBHOMEDHO OT-
HocurenbHo T € [0, AJ.

[e% o
Otmermwm, uto pax @ypee mo cucreme {1, ()} MOKHO ONpEeIETHTD TS JTO-
ooit dyuknun f € Wip, p > 1. B ca3n ¢ 5THM BO3HMKAET BOIPOC O TOM, CIIPABEJIIINBO
P

JIN YTBEPYKIEHIE TeopeMbl A 7151 ciaydast p # 2. OCHOBHBIM Pe3yJILTATOM HACTOSIIEH
pabOoThI SIBJISETCSA CJIELYFOIIAsT

Teopema 1. Ilycth —1 < a < 1, 1 < p < oo, p(z) = e *x®. Torga, ecin

f € Wiy, To mpu p > 2 par (2) cxoantess pasromepHo K f ma mobom orpeske [0, AJ.
P

Ecm xe 1 < p < 2, To cymecrByer ¢pyHkiust f € W£§7 psax Pypre KOTOpoi pacxo-

JUTCA B TOUKE T — 71'2.
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paaom Dypbe Mo MOIMHOMAM, OPTOrOHATHHEIM 110 C060IeBY, TOPOXKIEHHBIM MHOTOUYICHAMI
Jlareppa // Ouddepenn. ypasaerma.—2018.—T. 54, Ne 1.—C. 51-68.

3. TI'amxmvmupsaes P. M. PexyppeHTHBIE COOTHOIIEHUS OIS ITOJIMHOMOB, OPTOHOPMUPOBAHHBIX
mo CoGosieBy, opoxAeHHBIX nonuHOMamu Jlareppa // U3e. Capar. yu-ta. Hos. cep. Cep.
Maremaruka. Mexanuka. adopmarnka.—2018.—T. 18, Ne 1.—C. 17-24.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

OYHKIIS TPUHA BHYTPEHHEKPAEBOI 3AJAYN
JJIg OBBIKHOBEHHOI'O JUO®PEPEHIIUAJIBHOT'O YPABHEHI A
JIPOBHOTO TIOPIOKA C ITOCTOSIHHBIMI KOY®PUIINEHTAMI!

JI. X. 'ag3oBa
(Poccus, Hambunk; NUTIMA KBHIT PAH)

B unaTepBane 0 < x < 1 paccMoTpuM ypaBHEHUTE
m
Zﬁj 88‘; u(x) + Au(z) = f(x), (1)
j=1

e o €]1,2[, A, B €R, 51 >0, a1 > ... > quy, O, u(x) — oneparop [epacumosa —
Kamyro [1, c. 11]:

T

Iypu(x) = Tn =) /u(”) (t)(z —t)" " Lat, n—1<vy<n.

B nammoii paboTe mcciegyercs 3aaada; HANTH pPeryisipHOe pelleHne ypaBHe-
uust (1) B muarepnase |0, 1], yaoBierBopsioriee ycaoBusiM

uw(0) = up, u(l)— Zaku(xk) =uy, zx€(0,1),
k=1

TIe ay, Ug, U] — 3aJaHHbIe TTOCTOSHHBIE.

Jlokazana Teopema CyIIeCTBOBAHUS W €JIWHCTBEHHOCTH PEIEHUs W TTOCTPOEHA,
dyuknus ['puna ucciemyemoit 3a,1a4n.

JIuteparypa

1. Haxymes A. M. [Ipo6GHoe ucunciaenne u ero npumenenne.—M.: @uzmaraut, 2003.—272 c.

lPaGora BemomHena mpu dunancoBoil mommepxke Poccuiickoro bomma byHIAMEHTATBHBIX HC-
caemosanuii, rpoekT Ne 16-01-00462.
b
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

MNPEJCTABJIEHUE PEIIEHUI 3AJAYN KOIIN C TTOMOIIBIO
I[IPEOBPA3OBAHUSI ®YPBE JJIs1 IMHENHBIX YPABHEHIIT
C IEPEMEHHBIMUA KOY®PUIIMEHTAMIT!

B. U. T'unmuiapkaes (Poccusi, T'posnsrit; UT'Y),
A. A. Toscynranos (Poccus, I'posusrii; UT'Y)

CranjapTHag cxeMa MpUMeHeHHUs peobpasoBanus Oypbe MO3BOSIET BBINACATH
pertenns 3ajaqn Komm B ciyuae ypaswennit Ofu(t,z) + 2 laj<m G0 u(t, )
f(t,z). B [1] ana ypasHennit Buma

Ou(t,x) + Z €alq(t)0Su(t,z) =0, (1)

laf<m

IJIe MHOXKUTEJH £, COBHAJIAIOT WK C 1 MM ¢ OJHON M3 MPOCTPAHCTBEHHBIX ITepeMeH-
HBIX, TPUBOAUTCS WHTEIPAJIHHOE MIPEJICTABICHUE PEIIeHUil, MO/IyIaeM0oe HEeKOTOPOit
MoAuMUKAIIE STON CTAHIAPTHON CXEMBI.

Briseniem amasiornanbie hopMysIbl Tt 33529 BUIA,

Opu(t,z) + Y aa(t,z)0u(t,z) = f(t,2), ul—o = uo(z) € S(R™),

|a|<m

rae S(R™) — mpocrpancrso [IBapua 6sicTpo yobiBarommx (yuknuit. Beemem mpo-
CTPAHCTBO KO3 uiimeHTon

CAR™) := {(I)‘]R" |®:C" — C — nenas gpynxmust : (Im ®(z) =0Va € R")A

A (EIC =¢(®), reR: |B(2)] <ce'™vze C") }

Teopema 1. ITycts ug € S(R™), ay(t) € C(0,T), bo(z) € C(R™). Torna sagaqa

Owu(t, ) + Z a0 (t)bo ()05 u(t,x) =0, uli=o = uo(x), (2)

|a|=2

umeer eauacrBenHoe B S(R™) pemenne u 310 perienne mpecTaBisieTcsl B BHJE

ut,6) = Fieos( 3 el o)), e

|a|=2

'PaGora Broporo aBropa IyGIEKyeTCsS B PAMKAX BBIIOTHEHHS TOCYIAPCTBEHHONO 33, AHML B CO-
orsercrBuu ¢ JlomosHurenbHbIM coramerneM or 07.07.2020 Ne 075-03-2020-239/2 peectp Ne 248
KBK 01104730290059611 u mpu duramcoBoit nogaep:kke Poccuiickoro dhonma dbyHmaMeHTaATIBHBIX
uccienosanuit, mpoekt Ne 18-41-200001.
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e (Aqag)( fR" (& = ¢)¢*g(¢)d¢ — oneparop na La(R™), cumBos «iepesep-
HyTas KPBIIIKAa» 03HaqaeT B3aTHe obparHOro mpeobpasopanus Pypoe, a Fe ., —
npsimoe npeobpazopanue Pypoe B cmbice [1].

CXEMA JIOKA3ATEJILCTBA. [Ipumenur obparHoe npeobpasosanne Pypbe K 3a-
made (2), momyanm

it €) = Y aa()(Aatd)(t,E), (t, )l = () € SR"). (4)

=2

Hokassisaercst, aro A, (S(R™)) € S(R™), A, : S(R") — S(R™) nauneen u Herpe-
poeiBer. [lasee, moab3ysachk Teopueir quddepeHnuaabHbIX YPAaBHEHUI, perraeM 3a/1a-
ay (4), oTkyma, npuMmernus mpeobpasopanne Pypwe, mosyanm (3).

Teopema 2. ITycts ug € S(R™), an(t) € C(0,T), bo(z) € CAR"Y), f(t,z) €
C ([0,7]; S(R™)). Torna 3axaqua

Opu(t, ) + > Y aa(t)ba(z)00ult, z) = f(t,2),  ul=o = uo(x),

nmeer equacrsennoe B S(R™) perrienne, u 510 perieHne 1peacTaBIseTcs B BHJE

u(t,,s):Fgﬂ<§: > (efo%‘ AT Aa 0 (€) + ] e(t=74a f(r,§)dr>>.

Bamernm, aro ypasaerns tuna (1) BOBHMKAIOT BO MHOTMX MPUKJIA/IHBIX BOIPOCAX
(cMm., nanpumep, [2]).
JIuteparypa

1. T'mnimapkaeB B. H. O6 ogmoM crioco0e mipeacTaBeHus penieHnii 3aaaan Ko qyist TuHeRHbIX
yDPaBHEHMI B 9acTHBIX mpom3sommbix // Mar. ¢6.—2018.—T. 209, Ne 2.—C. 82-101.

2. Honsama A. /I. CupaBOYHMK TI0 JIMHEHHBIM yPaBHEHWSIM MaTeMaTwdecKoi dusmkn.—M.:
®uzmariut, 2001.—576 c.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

BO3MOYKHOCTU NUCITOJIB30OBAHN S HEMPOHHBIX CETEN
J1JIs1 IIPOTHO3MPOBAHIS PEIHKA ITPON3BOJIHBIX
®VMHAHCOBBIX MTHCTPYMEHTOB

. A. l'osioBun
(Poccust, Eserr; ET'Y nm. Bynuna)

B coBpemennoM mupe HAOIIOZAETCSA MOBBINIEHWE POIU (DOHIOBOTO PHIHKA B CHU-
creMe (PUHAHCOBBIX PHIHKOB, TaK KaK B IEHHBIX OyMarax 3ak/I04YeHa 00JIbIIas YacTh
(UHAHCOBBIX AKTHUBOB PAa3BUTHIX CTpaH Mupa. POHIOBBIE PBIHKHU SIBIASIOTCS OHUM
U3 TJIABHBIX MEXAHU3MOB MPUBJICUEHUS JTEHEKHBIX DPECYPCOB HA eI WHBECTHIIHIA,
MOJEPHU3AINN, CTUMYJIMPOBAHUNA POCTA IPOU3BO/ICTBA.

o magasa smoxu nHMOPMAIMOHHBIX TEXHOJIOTUI TOPTOBJIS aKIUSIMU ITPOU3BO-
JInJ1ach B OCHOBHOM HAa WHTYUTUBHOHI ocHOBe. [I0CKO/BKY YpPOBHU MHBECTUPOBAHUS
u 0DOPOTOB TOPrOBJM POCJH, TPEWIephl UCKAIN WHCTPYMEHTBI W METOMbI, KOTO-
pble yBenauan Obl UX NpUOBLTH TP MUHUMU3AINYN PUCKOB. C Ie/IbI0 TpeacKa3aTh
HAIlPaBJIEHNE PHIHKA, U W3BJIEYh W3 HErO BBITOJY WCIOIB30BAJINA CJIEIYIOIIHe MeTO-
JIBI: DJIEMEHTHI OTMMCATETBHOM CTATUCTUKY, TEXHUIECKNH aHAIN3, (DYHIAMEHTATBHBII
aHaIn3, JUHEHHY0 perpeccuio u T.;1. Hu onwe n3 JaHHBIX METOMOB HE OKA3aJICAd TOU-
HBIM MHCTPYMEHTOM TPOTHO3UPOBAHUSI, TIOSTOMY MHOTME AHAJUTUKNA BBICKA3BIBAIOT
COMHEHME O TTOJIE3HOCTU JaHHBIX MHCTPYMEHTOB. Oﬂ;Ha.KO JaHHBIEC METOJbI ITpeaCcTaB-
JITIOT coOOM 6a30BBIil CTAHIAPT, KOTOPBIN HEMPOHHBIE CETU JOJKHBI TPEBOCXOIUTH
1O TIPOM3BOAUTEIHHOCTHA. KpOMe TOT0, MHOTHUE N3 3TUX METOJ0B UCIOJJIb3YyIOTCA JIJIed
MpeIBAPUTETHLHON 00pPabOTKN BXOIHBIX HEOOPAOOTAHHBIX JAHHBIX, & MX PE3YIbTATHI
[epeIAloTCs B HEPOHHBIE CeTH B KAYeCTBE BXOIHBIX mapaMeTpos [1].

CriocobHOCTh HEHPOHHBIX ceTeil 0OHAPYKUBATEH HEJIMHENHBIE OTHOIIIEHUST BO BXO/I-
HBIX JIAHHBIX JIeJIAeT UX WAeaJbHBIMU [IJIsT MOJIEIUPOBAHUS HETUHEHHBIX TUHAMUAYIE-
CKUX CHCTEM, TaKUX Kak (POHIOBBIM peIHOK. OHa 3P HEKTUBHO CTapaeTCsl «OHSITH»
TeKyIIee PHIHOYHOE COCTOSTHUE, CPABHUTD €0 C paHee BCTPEUABIITUMUCS CUTYAIHSIMI
1 ¢ HanboJIbIeil BEPOSTHOCTHIO BOCIIPOM3BECTH PEAKINIO PhIHKA [2].

O ot U3 TT0baBHBIX YacTeil phIHKA, BKJIIOYAIOIIET0 B cebst Kak (DOHIOBBI, Tak
7 BHEOWPIKEBOIl, ABJISIETCS TOPrOBJIs AepuBaTuBaMu. /s TPOrHO3BUPOBAHUS PHIHKA,
MPOU3BOIHBIX (PUHAHCOBBIX MWHCTPYMEHTOB JIydIlle BCErO MCIO/b30BATH MHOTOC/IOM-
HbIe TiepcenTpoHbl. [TocTpoenne cereil ¢ 0OpaTHBIMI CBA3SIMU B JAHHOM CJIydae Helle-
JIec0OOPA3HO M3-32 KPATKOCPOUIHON MAMATH TAKUX CUCTEM U CJIOKHOCTH UX 0Dy IeHUSI.

s Hagasia HeobX0IUMO OTPEIEIUTh DA30BBIE XAPAKTEPUCTUKH JAHHBIX U CHOp-
MHPOBATH 68.3y JaHHBIX. Ha Ha9aJIbHOM 3Talle TPEACKa3aHne JUHAMUKN IIEeHBI CBO-
JIATCS K anmpoKcuManuu (pyHKINN MHOTUX TIEPEeMEeHHbBIX 10 33 JaHHOMY HaOOpy mpu-
MEPOB C TTOMOUIBIO MPOIEeAYyPHI MOTPYXKEHN PAa B MHOIOMEPHOEe ITPOCTPAHCTBO.

Obyuenne HEMPOHHON CeTH MPOTHO3MPOBAHUIO OCHOBAHO HA CTAHIAPTHOM TOJ-
xoje. Bee mpumepsr gendarcs Ha TP BBIOOPKH: O0YIAONIYI0, BAIUIAITMOHHYIO U Te-
croByto. Obyuarorias BEIOOPKA CAYKUT /s MOJACTPORKN CHHANTUIECKUX K03 du-
OUEHTOB O6yqa.eMI)IX HeﬁpOHHbIX cereit ¢ OEeJIbI0O MUHUMU3AIIUN OH_II/I6KI/I Ha BBIXOJE
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ceru. Banumammonnrast BEIOOPKA MPUMEHSIETCS JJIsT OTIPEIe/ICHIS Iy IIeil 13 HECKOIhb-
KUX 0OYUEHHBIX CeTeil, a TakKe JJisd BIOOpa MOMEHTa, ocTaHOBa o0yueHus. TecToBas
BBIOOPKA HYKHA I KOHTPOJIST KQYECTBA MPOTHO3UPOBAHMUS.

Y1066 06yINTH HEHPOHHYIO CETh, HEOOXOINMO TAKKE ONPEIEIUTh OMUOKY Mpe/I-
CKa3aHW, TaK KaK BXOMHBIX W BBIXOAHBIX JAHHBIX HEZOCTATOUHO. JIsT mporHo3mpo-
BaHUS PBIHOYHBIX KATErOpWil CPEeIHEKBAIPATUIHAS OIMMUOKA SBJISETCA MaIo3ddek-
TUBHOH, BEIb MPU MPOrHO3MPOBAHNY (DUHAHCOBBIX MMOKA3ATE/IeH TVIABHOW sIBISIETCS
OJTHO HAITPABJIEHHOCTh MPOTHO3a W MCTUHHOrO 3HaudeHus. [loaTomy ommbka HEipoH-
HOI ceTu mpeCcTaBasgeTcd B BuAe (DYHKIINNA OT CHHAITUIECKUX KO DUITHEHTOB 1 Mu-
HUMU3UPYETCsl OJJHUM U3 IPAJMEHTHBIX MeToJoB [3]:

E=—In[l+y-d,

r7e y — BBIXOJ HEHPOHHON ceTH, d — YKeJTaeMoe 3HAUEHNE BBIXO/IA.

Suadenne ommbKku F — ycpegHeHHOe TI0 BCeM TTPUMEPAaM, HCIOIb3yeTCs I/IsT MO/I-
CTPOUKM CHUHANTUIECKUX KO DUITHEHTOB.

[Tocte obydenus HeitpoHHast CETh CIIOCOOHA MPEICKA3aTh Oyayliee 3HAUCHNE PhI-
HOYHOI TIeHBI HA OCHOBE MPEIBIYIINX 3HAYCHN U APYTUX (PAKTOPOB, KOTOPBIE MOTYT
MOBJINATH HA €€ W3MEeHEeHUe.

B macrosiiee BpeMs CyIECTBYeT OIPOMHOE MHOXKECTBO CPEJICTB CO3JIaHUs Heli-
POHHBIX CeTeil C WCIOJIB30BAHNEM CHCTEM KOMIBIOTEPHOW Mmaremaruku. Hampuwmep,
Matlab, a umenno Bcrpoennsiit maker Neural Networks Tool, Scilab u ap.

[TomMmumo cucTeM KOMIBIOTEPHOI MATEMATHKW, B TIOCJIEHEE BPEMsS OTPOMHYIO I10-
MyJISIPHOCTD, CPEJIU CIEITUANCTOB B 00/IACTH UCKYCCTBEHHOTO WHTEJIJIEKTA U TTPOTHO-
3UPOBaHUS, 32BOEBAJI A3bIK MporpamMmvupoBannsa Python, a mmenuo ero 6ubsmorexku:
Tensor Flow, Keras, Theano, Scikit-learn, Pandas, NumPy u sp.

[TogBoms wTOT, MOXKHO OTMETUTBH, UTO HCIOJH30BAHNE HEHPOHHBIX CEeTeil B MPO-
PHOBUPOBAHUN PBIHKA MMPOU3BOIHBIX (PUHAHCOBBIX WHCTPYMEHTOB — MEPCIEKTUBHOE
HAIPaBJIEHNE PA3BUTHUSI CUCTEM MCKYCCTBEHHOT'O MHTEJLIEKTA.

Jlureparypa

1. Dash M., Liu H. Feature selection methods for classifications, Intelligent Data Analysis //
Internation Journal.—1997.—Ne 1.—P. 131-156.

2. Jlapua M. I TIporao3mpoBanme COCTOsiHIsI OAHKPOTCTBA MPEINPUATHAS C UCIOIH30BAHIEM
HEWPOHHBIX ceTell // AkTyambHBIE MTPOBIEMBI I'yMAHUTAPHBIX W €CTECTBEHHBIX HAyK.—2010.—
Ne 10.—C. 372-374.

3. Kammpuna E. A., Kypranos A. H. Heiipouuble ceru Kak WHCTPYMEHT IIPOrHO3UPOBAHUS
JMHAMUKYU PbHOYHBIX HeH // Science Time.—2015.—Ne 12.—P. 24.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

OYHKIIMOHAJIBHA A KPAEBAA 3ATAYA /15 CUCTEMBI O1Y
1 EE PEIIEHUS CO CBOMCTBAMM KOJIEBJIEMOCTI!

A. JI. dxabpausoB
(Poccust, T'posnbrit; IT'Y)

PaccmarpuBaercs cucrema OOBIKHOBEHHBIX audepeHInaIbHbIX yPABHEHUIA
(O1Y) Buzma
Yi = i@y, 42, Y)Y + (@002, Un), (1)
rae dbyukiun $; u f; onpeneseHbl U HEMPEPBIBHBI M0 COBOKYIMHOCTH apryMEHTOB B
obmacru D: {|y;| < dj,i=1,...,n,x eI}, I = q(av,aps1), a =0ap < a; < as <
co. < m < @my1 = b, dj > 0 nannable YUCTA, U YIOBJIETBOPSIOT YCIOBUSM:

|f(xaylay25"'ayn)|<¢i(x)) izla"'an) (2)

_¢21(:C) < ¢i(x)ylay25 cee ayn) Sigl’l (:C - Cv) g —?/)u‘(x)’ V= Oa cee, M. (3)

Baecy dyukuum 1;(x) uaTErpupyeMer Ha [a, b, a dyarunM 19 (x), ¥1;(r) — Ha
orpeskax [ay + Oy, Cyl, [Cuy Gpi1 — Oy, ay < €y < Gyy1, Oy > 0, IPU 3TOM TIPEIIONA-
raercs, 910 ¥g;(x) > 0, ¥1i(z) >0 n

ay+dy Ay+1
Oilt) dt = / Vri(t) dt = +00, k=1,2. (@)
ay ay+1—0;

Peun uzer o pemenusx cucremsl (1), yI0BIETBOPAIOMNX CUHTYIAPHBIM (DYHKIIU-
OHAJIBHBIM YCJIOBHSM

ay+1
/ i (t)yi(t) dt = ly, 1y = const, (5)

[IpU 33JaHHBIX HEMPEPBIBHBIX TTOJOKUTETBHBIX (DYHKIUAX Ay, () HA (Gy,y ypt1), IME-
IOIIMX CHUHTYJISPHOCTH Ha KOHIAX 3TWX WHTEPBAJIOB TAKOTO K€ XapakTepa, 9To 1

dbyukmmn ¥1;(x), Yo (x) (em. (4) u [1, 2]).

Ecim JOMMYCTUTH BBITIOJTHEHUE JOTIOJTHUTE/IHBHBIX yC.}IOBI/Iﬁ

av+1 Cy
— [ ¥2i(7)sign (7—s) dr

ds # 0,

Qi = aiy(s)e

Qy

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIaAMEHTATBHBIX HC-
cnemoBanwmii, poext Ne 18-41-200001, m myGimkyercss B paMKax BBIIOIHEHUS TOCYIaPCTBEHHO-
ro 3amanus B coorBercTBuU ¢ JlomomuurenbubiM coriamenmeM ot 07.07.2020 Ne 075-03-2020-
239/2 peectp Ne 248 KBK 01104730290059611, no npoekry «Henmmeiinbie cuaryngpHabe nHTErPO-
muddepeHnraabHble yPABHEHNS U KPAEBbIe 331a91s.
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ay+1
a; Biv +Yiv < diy  Biv = |liw| + / v (8)Piv(s) ds,
Cov ay+1
o =maxd [wd, [ v,
biv(x) = /exp — /wli(s) sign (s — t) ds | 1;(t) sign (t — ¢,) dt,
Cy t

To 3amaqa (1), (2) umeer mo KpaiiHeii Mepe OJHO pereHre, KOTOPOE YI0BAETBOPSAET
erre u yCJIOBUAM KOJIE0IeMOCTH

yi(ay) =0, i=1,....,n, v=0,...,m.

DTo perrieHne HeNpPepbIBHO Ha [a, b] n HenpepbisHO And depenuupyemo npu x € 1.

Jlureparypa

1. Hcpawmmnos C. B., FOmaes C. C. Muororoueunbie u (HyHKIMOHAIbLHBIE KPAEBbIe 33/Ia9U IJIsl
OOBIKHOBEHHBIX ard depeHnanbabx ypasuennit. —Haasunk: 3garenbckmit meHTp «Diib-
day, 2004.—445 c.

2. Hcpawnnos C. B. Touku cuarynapuaocreii B OIY mopoxXaaioT mepeornpe/ie/ieHHbe IPAaHnIHbIE
ycnoBust // CoBpemeHHBIE TPOGJIEMBI IPUKIIATHON MATEMATHKY U MaT. MOJEIUpOBaHus. Ma-
tepuassel I11-it Mexaynap. Hay4. koudepennun. 9. 1.—Boponex: Hayuq. ku., 2009.—C. 90-92.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

CUCTEMHBINT AHAJIN3 11 TNCKPETHBIIT MATEMATNYECKIUN
AHAJIN3 B OIIEHKE CEMCMNYECKOII OITACHOCTH!

B. A. /I3e60eB
(Poccust, Mockga; '] PAH)

B paborax [1, 2| Obur paspaboraH OpUHIUIWAILHO HOBBI Meron FCAZ
(Formalized Clustering And Zoning) pacro3HaBaHusi MeCT BO3MOXKHOTO BO3HUKHO-
BeHNUS CUILHBIX 3emyerpsicennit. FCAZ apigercd 4acTbio OPUTHHATIHHOTO TOIAXOTA
K anaau3y juckpernbix ganabix JIMA (Iuckpernsiit Maremarmueckuit Awamms),
cO3AHHOTO HayuHOI mKosoil akagemnka PAH A. JI. I'summanu. Ou mozBossger 3¢-
(beKTI/IBHO ITPOBOJUTH PACIIO3HABAHNE MECT BO3MOXKHOT'O BO3HUKHOBEHUA CUJIBHBIX
3eMJIeTpsICeHnit Ha 6a3e KJIACTEPHOr0 aHAIN3a KATaJI0Ta CeHCMUIecKuX CoObITHit. 911-
pom FCAZ snstercst anropurm ronosornyeckoit punsrpamun DPS (Discrete Perfect
Sets), Bxomsmmii B 610k «/IMA-k1acrepusanusy. AJIropuT™M BBIIEISET KIACTEPHI
KaK COOCTBEHHBIE MOAMHOMKECTBA BO MHOXKECTBE 00LEKTOB. JTo oriamdaer DPS or
KJIACCUIECKUX aJITOPUTMOB Kjacrepusanun. OH HalleJleH Ha BBIIEJIEHNE B KOHETHOM
MHOXKECTBE €BK/INI0OBA MPOCTPAHCTBA TIJIOTHBIX 00JAacTeill 33 JaHHOTO YPOBHS ILIOT-
Hocru. B Hacrosimeit pabore FCAZ-pacrnosnaBanue m3ydaercst ¢ TOYKA 3PEHUST TEO-
PETUYIECKOrO CHCTEMHOTO aHaau3a (B aHIos3baHOi ureparype ASA — Advanced
Systems Analysis). IIporiecc n pesynsrar FCAZ-onpenenennst NOTEHIMANIBHBIX 30H
BBICOKOI CeCMUYECKOil OMacHOCTH MpeJCTaB/sger coboii caoxkuyio cucremy [3]. Co-
CTOdHNE CHUCTEMbI 3aBUCHUT KaK OT ITPOCTPAHCTBEHHBIX KOODAWMHAT O6']>€KTOB pacrto-
3HABaHWs, TaK W OT Bpemenu. Pe3ymbrarsl FCAZ-pacmo3naBanus CaegyioT U3 aj-
TOPUTMHUYECKOTO aHaJIn3a OIpEeJe/IEHHBIX B HaCTOﬂH_[I/Iﬁ MOMEHT BPEMEHU O6'])€KTOB
PACIIO3HABAHUS, TTPEJICTAB/ISIIONINX COO0N MHOTOUYHUC/IEHHBIE SMUIEHTPHICTADBIX 3€M-
nerpscennii. B paborax [1-3] mokazano, uTo jyist KapTUHLI cerousitmaero qus FCAZ
BBITTIOJTHUJI JOCTOBEPHOE PACIIO3HaBaHME MCKOMBIX BBICOKOCEMCMUYHBIX 30H B neJIoM
psiie TopHBIX cTpaH. [IpuBesenbr 060CHOBaHUS TaKO#l TOCTOBEPHOCTH I HEKOTOPO-
ro Mepruojia BPEMEHU. DTOT MEPUOJ] XapaKTEPU3YETCS TEM, U4TO Ha ero MPOTSKeHUH
MHOXKECTBO 0OBHEKTOB PACIO3HABAHUS KapAUHAIBHBIM 00pa3oM He MeHsieTcsa. bymem
obozHauaTh depe3 At MTPOMEXRYTOK BPEMEHHU, B KOTOPBIH ¢ MHOXKECTBOM OOBEKTOB
HE MPOU30III0 KAPAUHAJBHBIX HU3MEHEeHW. KCTeCTBEHHO MpEeanoI0KUTh, UTO MO-
JgyueHHbIt B MomenT Bpemenu ti FCAZ-pezyabrar Oymger mMeTh MeCTO BILIOTH JI0
MoMmeHTa to = t1 + At. Haunmuas ¢ to, MHOKECTBO 00BEKTOB MPETEPITUT KAPTHHAT-
uble usMenennst. CaenoBaTeabHO, B MOMEHT ty HEOOX0AUMO BhIoJHUTH HOBoe FCAZ-
pacro3HaBaHue C y9eTOM BHOBB MOCTYIIUBIINX UCXOMHBIX JAHHBIX. PaccMarpuBas 310
paccyXkjeHrne Kak MEepBBIA Mar MaTeMAaTHIeCKOW WHIYKIINUA, MOYXKHO TEOPETUIECKHU
ompenenuts 1 = t,, n = 1,2,..., tae t,, — CyTh MOMEHTHI, KOT/Ia JOJIKHBI TOBTO-
parbest FCAZ-pacnosnasanns. Takum obpazom, FCAZ ecTh aHauTHIECKHi TOIXOT

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 20-35-70054.
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K Pacro3HaBaHWI0 MOTEHINAIBHBIX BBICOKOCEHCMWYHBIX 30H KaK K M3MEHIoImeics
C TedeHneM BPeMeHH CJIOKHON CHCTeMe, CTabHIBLHOI IPH 5TOM Ha JOCTATOYHO IIPO-
TSKEHHBIX JIOKAJBHBIX TTPOMeKyTKax. Takoit monxo 6asmpyercsa Ha JUHAMWIECKIX
M3MEHeHNSX OCHOBHBIX IapaMeTpoB cucTeMbl. Ilociemmee oOOCHOBBIBaeT OTHeceHHe
asropurTMmdeckoit nocsreosarensaocta 1'(n) X FCAZ k meromam cucremMHoro ana-
JIA3a.

JIuteparypa

1. I'eummanmn A. /1., /I3e60eB B. A., Arasa C. M. O HOBOM MOIXO0/I€e K PACIIO3HABAHUIO MECT BO3-
MOXKHOI'O BO3HUKHOBEHUSI CUJIbHBIX 3eMierpsicenuii Ha Kaskase // ®usuka 3emmn.—2013.—
Ne 6.—C. 3-19.

2. I'Bummann A. 1., /I3e6oeB B. A., Arasu C. M. InrenekTyaabHas CUCTEMa PACTO3HABAHS
FCAZm B onpe/ie/ieHuu MECT BO3MOXKHOIO BOSHUKHOBEHUS! CUIBHBIX 3€MJIETPICEHUI TOPHOIO
nosica Aun u Kaskasa // ®usuka Semnn.—2016.—Ne 4.—C. 3-23.

3. Zgurovsky M. Z., Pankratova N. D. System Analysis: Theory and Applications (Data and
Knowledge in a Changing World).—Berlin-Heidelberg: Springer-Verlag, 2007.—447 p.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

OB O'PAHUYEHHOCTH OIIEPATOPA TUIIA IIOTEHIINAJIA PIICCA
C CyMMMPyEMOﬁ IJIOTHOCTBIO B ITIPOCTPAHCTBE ITEPEMEHHOI
I'EJIBJIEPOBOCTN HA KBABUMETPUYECKO! TUIIEPCO®EPE!

1O. E. /Ipo6otos
(Poccust, Pocros-na-/lony; FODY)

Oycrs S ! = {z € R : d(z,0) = 1}, rae d : S x S"~! — [0, 00) — kBazwmpac-
crostame, perymsipuoe mopsika 6 € (0,1], T e.
d(2,y) — d(y, 2)| < Ad’(z,y){d(z,2) + d(y,2)}* ", A >0.
PaccmaTpuBaercs omeparop Tumna morennuaaa Pucca Ig;(;)l EPEMEHHOT0 TTOPS/I-
Ka «(x), onpeesiemblii Kak

(Ign('_)l )(x) = / " f(o) do r eSSt

_ O_‘n—l—a(x) ’
S§n—1

Byznem mnonarars, uro Re«(z) Moxer BBIPOKIATHCS HAa HEKOTOPOM TOJMHOMKE-
cree S"! u mosoxKmM, uTO

H:c €S"!: Rea(z) = OH = 0.
HcemenyioTess yeJIOBAS OTPAHUYCHHOCTH MTOTEHITHATA Ig,g;)l OpH O0TOOPAKEeHNN
bynxmpm f € LP(S*1) B mpocrpancTBo mepemenwoit réanmeposocti HA (SP1),
OIpeieIgeMOoe B TEPMHUHAX JIOKATBLHOTO MOJYJ/IS HENPepLIBHOCTH

My(f,@,t) = sup  |f(z) = f(y), xeS",
yeS—1: d(z,y)<t

CJIC/IYIONIMM YC/IOBUEM POCTa
VeesS' 1 o<t<1 Md(f,x,t)gCt)‘(x), 0<C <.

OTmpaBHbIe PE3YJLTATHI IS HACTOAIIETO WCCIEI0BAHUS COJAEPKATCA B pabo-
te [1], e nocrasiennas 3aqada Oblia perieHa Jjisi TIOCTOSHHOIO (v B CIydae MeT-
PUYECKUX MPOCTPAHCTB, a TakXke |2, 3], B KOTOPbIX JIefCTBHE TTOTeHIraIa Ign('_)l pac-
CMaTPHUBAJTIOCH MEXKIY MPOCTPAHCTBAME, COOTBETCTBEHHO, 00OOIIEHHO TepeMeHHOi
1 TIepEeMEeHHO TéIbIepOBOCTH, BO BTOPOM CJydae — Ha KBa3UMETPUYECKOM ITPO-

CTPAHCTBeE.

ApTop Gaaromapur csoero HaydHoro pykosoaurens b. I. Bakynosa 3a mocraHoBKy 3a-
Jla9d ¥ TIOMOIIb B TIPOBEJEHUN UCCIIETOBAHUS.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT N 20-51-46003, m Hay4noro m TeXHOJIOrHI€CKOro UCCIeq0BaATETHCKOTO COBETA
Typrmn.
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1.

2.

JIureparypa

Bakynos B. I. Teopembr tunia Xapau — Jlurtasyna — Cobonesa 06 omeparopax THIia I10-
rernuana B Ly(Sn—1,p) // den. B8 BUHITIL.—1986.—T. 86, Ne 5435.

Samko N., Vakulov B. G. Spherical fractional and hypersingular integrals of varialbe order
in generalized Holder spaces with variable characteristic / Math. Nachr.—2011.—Vol. 284,
Ne 2-3.—P. 355-369.

Bakynos B. I., Camro H. I'., Camkxo C. I Omeparops! THIA TOTEHINAIA M TUIEPCUHTY-
JISIpHBIE MHTErPAJIbl B IIPOCTPAHCTBAX ['ébepa mepeMeHHOro MOPSIKa Ha OJHOPOJHBIX IPO-
crpancrsax // W3s. Bysos. Ces.-Kask. perunon. Crengburyck.—2009.—C. 40-45.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

VHTEPIIOJIANINA OITEPATOPOB, OTPAHUYEHHBIX HA KOHYCAX
B BECOBBIX ITPOCTPAHCTBAX YUCJ/IOBBIX
IIOCJIEJOBATE/JILHOCTEI, 11 EE IPUMEHEHUE K HEKOTOPBIM
BOITPOCAM TEOPUU BABUCOB B ITPOCTPAHCTBAX ®PEIIE

A. K. /Ipouos
(Poccust, Pocros-na-lony; PI'9Y (PITHX))

Obobmaercst Kyraccuieckast 3aa49a WHTEPIIOJISIIAN JTUHEHHBIX OMEPATOPOB, OTpa-
HUYEHHBIX HA Mapax OAHAXOBBIX MPOCTPAHCTB, HA CAydail JUHEHHBIX OMEPATOPOB,
OTpaHUYEHHBIX HA TMapax KOHYCOB. BBoauTCS MOHATHE WHTEPIOJSIMOHHOTO CBOU-
CTBa TPOWKM KOHYCOB ¥ PABHOMEDPHOTO WHTEPIIOJISIIIHOHHOIO CBOMCTBA CeMECTBa, TPO-
€K KOHYCOB TIO0 OTHOIIEHUIO K TPOKe OaHAXOBBIX MpocTpaHcTB. Ilomyuen pesyabrar
O PaBHOMEPHOM WHTEPIIOJTAIITNOHHOM CBOICTBe cemeiicTBa KOHYCOB B TPOCTPAHCTBaAX
BECOBBIX UUCJIOBBIX MOCJIEIOBATETHLHOCTEI.

Teopewma. Ilycrs E; = co(a;), F = co(b;)(i =0,1), E = co(a), F = co(b), npraem
E, C EC Ey, Fi C F C Fy un 6anaxoBa rpoiika (Ey, E1, E) obiamaer unreproJis-
IHOHHBIM CBOHCTBOM II0 OTHOIIEHHIO K OaHaxoBoii Tpoiike (Fy, F1, F'). Ilycrs of —
MHOKecTBO KOHYCOB B w' Takoe, ITO /I KaxkJoro KoHyca () € .2/ BBINOTHIIOTCS
YCJIOBUS:

1) Q — HUXKHSA TOIYpEITeTKa B w;

2) QN Ef — TOTaJIBHBIH KOHYC B IpocTpaHcTBe F;

3) QN E £ {0).

Tora cemeiicTBO TPOEK KOHYCOB
M={(Ef,QNE,QNET): Qe o}
obJ1a1aeT paBHOMEDHBIM HHTEPITOJISIIIAOHHBIM CBOHCTBOM IO OTHOIITEHHIO K DOaHaxo-

Boii Tpoiike (Fy, F1, F).

JlaHHBIN pe3y/abTaT MO3BOJISIET WCC/IEIOBATH BOIMPOC O CYIIECTBOBAHUU 0a3mca
B JIOTO/THSIEMBIX TIOAIPOCTPAHCTBAX mpocTpancTs JIparuiesa.

Jlureparypa

1. Kammaukwuii B. M., /Iporos A. K. IlpuMmereAne MHTEPIOIIINOHHBIX CBONCTB OIEPATOPOB,
OrpAaHUYEHHBIX Ha KOHYCaX, K HEKOTOPBIM BOIIpOcaM Teopuu 6a3ucos B mpocrpancrBax Ppe-
me // Mar. popym.—2014.—T. 7.—C. 88-103.

2. Cerda J., Coll H. Function cones and interpolation // Math. Nachr.—2005.—Vol. 278.—P. 227~
239.
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CoBpemMeHHbIe MPoGJjeMbl MATEMATUKN M MaTeMaTUudecKoro oopaszoBanusa: XV Biamgukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkoja (r. Biagukaskas, 20-25 cenrsopst 2020 r.)

NCCJIIEJOBAHUE XAPAKTEPUCTUK 3JIEKTPOYIIPYT'OI'O
BOJIHOBOJA ITPU HAJINYNU ITPEABAPUTE/IBHBIX HAIIPSIKEHWIT!

B. B. Hdynapes (Poccus, Bramukaskas; FOMI BHIL PAH),
M. A. Jlerynos (Poccusi, Pocros-na-/Jony; FODY)

Ucnonb3yst Momesib TPEIBAPUTEILHOIO HAIMPIKEHHOTO 3JIEKTPOYIPYyroro Te-
na [1, 2] echopmynuposana 3a1a4ua Jjist MbE30YIPYTOro BOIHOBOAA. OIHOPOIHOE T0JTe
[IPETHANPSIKEHUN ABJISIETCS IBYXOCHBIM M XapPaKTEPU3YeTCd IBYMs KOMIIOHEHTAMU.
Bepxuss v HUXKHsIST TPAHUIBI BOJHOBOIA CBOOOJHBI OT HAIPY30K, JIEKTPOIUPOBaA-
HBI 1 3aKopoduensbl. Vcmoas3ysa npeobpasoBanne Pypbe MO MPOIOJIBHON KOOPIWHA-
Te PACCMOTPEHME 3a0aYN CBEIEHO K PEITeHWIO0 CHCTeMBI mecTrn and hepeHinaabHbIX
ypaBHEHMIT MEePBOT0O MOPsiIKa [0 TOJIIUHHON KoopauHaTe. B KadecTBe MeToa pe-
IMIEHUs 3TOW CUCTeMbI BbIOpaH Meron npuctpeaku. C MOMOIIbI0 COCTABIEHHON dnc-
JIEHHO# CXeMbI TTOCTPOEHBI JTUCIIEPCUOHHBIE KpuBbie. [IpoBeeH ana 3 BANAHUS BU-
Jla U yPOBHSI MPEIBAPUTEIHHOTN0 HAMPAKEHHOT'O COCTOAHUS HA 3HAYEHUS] TOJIIIAH-
HBIX PE30HAHCOB U XapaKTep M3MEHEeHUs JUCIEPCUOHHOT0 MHOXKecTBa. Takike mpe/-
CTaBJIEHBI PE3Y/ILTATHI BEIYUCAUTEIHLHBIX SKCIIEPUMEHTOB TI0 TOCTPOSHUIO OTIE/THHBIX
JIUCIIEPCUOHHBIX KPUBBIX, JEMOHCTPUPYIONIUX yUIET TOJBKO MPOIOJIbHBIX WJIU IOTIe-
peunbIX mpegHanpszkennii. Ha ocHOBe BBISIBIEHHBIX 0CODEHHOCTEH chopMyIMpOBaHa,
obparHast Ko dUuImeHTHasT 3234 [0 OIPEIEJIEHNI0 IBYX MAJIBIX MapaMeTpoB, Xa-
PAKTEPU3YIOMUX PEIBAPUTEILHOE HAMPSKEHHOE COCTOSHUE, TI0 JTAHHBIM O TOYKAX
Ha, JIUCIIEPCUOHHBIX KPUBBIX. [Ij1s TPUOJIMKEHHOTO TMOCTPOEHUS TEPBBIX JIBYX IHC-
MEPCUOHHBIX KPUBBIX UCHOJB30BaH Meron l'amepkuna. Ilpoeesen amaan3 TOUHOCTH
MOJIyYEHHBIX PE3Y/IbTATOB MPU PA3IUIHBIX 3HAUYEHUAX [TapPaMETPOB. BBIABIEHO, 9TO
C TIOMOIIIBIO HTOTO METO/[a MOXKHO ANMpPOKCUMUPOBATH BTOPYIO BETBb IUCIEPCHOH-
HOTO MHOXKECTBA TOYHee, deM mepByio. [locrpoensr cobcTrertbie hOpMBI KOJIEOAHMTT
JIJTsT TIEPBBIX JIBYX JIMCIIEPCUOHHBIX KPUBBIX. B paMKax acHMIOITOTHYECKOTO IMOIXO0a
noydeHa (hOpMyJIa i BBIYUC/IEHUS YTJIOBOTO KO3 DuimenTa mpsaMoil, ammpok-
CUMUPYIOITEel BTOPYIO JTUCIEPCHOHHYI0 KPUBYIO B OKPECTHOCTH HAadaja KOODIUHAT.
IIpencrapaens! rpadukn BTOPO AUCIEPCHOHHON KPUBOI, TOCTPOEHHBIE C TIOMOIIHIO
PA3JIMIHBIX METO/IOB.

JIuteparypa

1. Kuang Z.-B. Theory of Electroelasticity.—Heidelberg—New York: Springer, 1976.—431 p.
Nedin R. D., Dudarev V. V., Vatulyan A. O. Vibrations of inhomogeneous piezoelectric
bodies in conditions of residual stress—strain state // Applied Mathematical Modelling.—
2018.—Vol. 63.—P. 219-242.

lPaGora BemomHena mpu dunancoBoil mommepxke Poccuiickoro bomma byHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 16-01-00354.
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CoBpemMeHHbIe MPoGJjeMbl MATEMATUKN M MaTeMaTUudecKoro oopaszoBanusa: XV Biamgukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkoja (r. Biagukaskas, 20-25 cenrsopst 2020 r.)

OB YCTAHOBUBIINXCA KOJIEBAHUAX
OYHKIMOHAJ/IBHO-TPAJIUEHTHBIX TEJI ITPU HAJIMYNN
1 OTCYTCTBUN MTPEJABAPUTE/JIBHBLIX HATIPAKEHIIT!

B. B. ynapes (Poccus, Baagukaskas; FOMIU BHIL PAH),
P. M. Muyxun (Poccus, Pocros-ua-/lony; FODY),
M. E. TosoBarenko (Poccus, Pocros-ua-/lomny; HODY)

Ha ocHoBe MOJIe/1M HEOJHOPOIHOTO N30TPOITHOIO yIIPYroro Tesa [1] paccmorpens
MpsSMble 337a9U 00 YCTAHOBUBIIUXCS KOJEOAHWAX MOJOTO ITUJIUHIPA U MPSIMOYTO/Thb-
HOIT obsiacTu. Buyrpenuss wacts muamHapa cBOOOMHA OT HArPY30K, HA, BHEITHEH
OOKOBO#I MOBEPXHOCTH 33[aHO MEPEMEHHOE M0 MPOJOJBHON KOOpAWHATE IaBJICHUE,
Ha, TOPIAX Pean30BaHBI YCIOBUs CKOJb34IIel 3amaeaku. KoaedaHus OnmChIBAIOTCI
cucremoit n1Byx audepeHnraabHbIX YPABHEHNN B YACTHBIX MPOU3BOIHBIX C TIepe-
MeHHBIME Ko3bdurmentamn [2]. B pamkax 1mepBoro mojaxozja perieHne CTPOUTCS C
MTOMOIIBI0 METO/Ia, pa3J/IeJIeHUs] TIePEMEHHBIX U CBOAUTCS K YUCJIEHHOMY PEIEeHUIO
nabopa cucrem muddepeHnraabHbIX YPABHEHUI MEPBOTO MOPSAIKA MO PAJUATHHOMN
koopauHaTe. Kaxkas u3 cucteM MCCIeIyeTcs ¢ MOMOIIBI0 MeTo/a IpucTpeakn. Tak-
JKe 3ajlada s [MUInHApa pemreHa ¢ momornsio MKD, peagm3oBaHHOrO B makeTe
FlexPDE. Ilposeaeno cpaBHeHme MOJYyYEHHBIX PEIIEHWI [Ji KOMIIOHEHT BEKTOPA
CMEITeHNsT U TeH30pa HampsikeHwit. Jlana oreHKa BAUSHUS MEPEMEHHBIX CBONCTB Ha
AMILTUTYIHO-9aCTOTHBIE XapakTepuctuku (AUX).

3ajaua [11st HeOHOPOIHOM MPSIMOYTOJIBHON 00JIaCTH UCCIe0BAIACH UUCTEHHO C
momorsio MKD. CHoBa nCmoib3yst MOJIE/Ib MPEIBAPUTEIHHO HATIPSIXKEHHOTO YIIPYTO-
r0 TeJIa, MPOBEIeH AHAJN3 BIUSHUS YPOBHS U CTPYKTYPHI peaHanpsykennii Ha AYX
U 3HAUEeHNS COOCTBEHHBIX 9acTOT Kosebanuit. [Ipu sToM ObLIa pean3oBaHa mpoIeIy-
pa TPaHCAANUN JAHHBIX JJIS y9eTa XapaKTEPUCTUK MPEIBAPUTETHHOTO COCTOSTHUS.
[Tonyuensr rpadukun KOMIIOHEHT TOJIsI CMEIeHusl W HampsKkennit. Vcmoib3ys Bo3-
moxkaocTn makera FlexPDE, mposemensr pacuerst AUX g pa3nudHbIX 3aKOHOB
U3MEHEHUST TIePeMEeHHBIX yYIPYTUX CBONCTB W BUIOB MpEeTHAINpsKeHuil. BrisBieHo,
9TO TIePeMEeHHBIE CBOWCTBA, OKA3bIBAIOT CYIIECTBEHHO 0O0JIbINIEe BIUSHUIE HA, OCHOBHBIE
AKYCTUYIECKNE XaPAKTEPUCTUKH, YeM MPEeTHATPSIKeHW.

Jlureparypa

1. Jlomakuu B. A. Teopus yupyrocru sHeogaopomabix Tea.—M.: Uza-so MT'Y, 1976.—368 c.

2. Dudarev V. V., Mnukhin R. M., Nedin R. D., Vatulyan A. O. Effect of material inhomogeneity
on characteristics of a functionally graded hollow cylinder // Applied Mathematics and
Computation.—2020.—Vol. 382.—P. 125333.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 19-31-90009.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

VMHBAPUMAHTHBIE I[TOAITPOCTPAHCTBA OIIEPATOPA
OBPATHOT'O C/IBUT'A B IIPOCTPAHCTBE IEJIBIX ®YHKIINN

0. A. IranoBa
(Poccust, Pocros-na-/lony; FODY)

[Tycrs H(C) — npocrpancrio Beex neabix B C dynkuuii ¢ Tornosornei KoMmmax-
Hoit cxommmocru. Pyukuusa gy € H(C) rakas, aro go(0) = 1, 3amaer omeparop
060061eHHOT0 06paTHOrO ¢BUra (OJHOMEPHOE BO3MYIIEHHE OmepaTopa 0OpaTHOTOo
casura) Do g, (f)(t) := w, nvHeitabli u wenpepwisablii B H(C). B gokia-
e naeT pedb O CO6CTB€HHI)IX 3aMKHYTBIX THBAPUAHTHBIX MMOAITPOCTPAHCTBAX DO’gO
B H(C). Eciiu MmuOXKeCTBO Z(go) HYJI€El go HEMYCTO, TO n) 0603HAYALT KPATHOCTE HYJIST
A € Z(go). Kparabiv mMHOroo6pasnem B C HazbiBaeTcss KOHEYHAsi MM OECKOHEYHAs
nociaegosarTenbHocTs W omap (u,my,), tne Z(W) := {u} — anmckpernoe moaMHOXKe-
creo C nm,, € N. [lynst wemrycroro kparroro muoroobpasmust W = {(u, m,)} B C BBe-
nem muozkecto S(W) := {f € H(C): fU)(u) =0,0<j <myu—1 mra moboro pu}.
Hnst kparaeix muoroobpasmit W = {(u,m,)} n V= {(A\,ny)} B C 6ynem mmcars
W <V,ecmu Z(W) C Z(V) um, < ny qns moboro p € Z(W). Huzke cumson 2(go)
0603HAUAET MHOXKECTBO BCEX MHOTOWIEHOB p Takux, 9ro p(0) = 1 u dbynkuus go/p
rosiomopdua B C. Ilycrs C|z], — mpocTpaHCTBO MHOTOUJIEHOB CTENEHU HE BBIIIE N
(n > 0) max monem C.

Ormernm cremyroniue cBoiicTBa cemeiictsa LatDy 4, Bcex 3aMKuyTBIX Dy 4 -HH-
BapuaHTHBIX noanpocrpancTs H(C). Ecim dbynkmusa go me nmeer mymeit, To Dy g,
SABJIACTCA OJHOKJIETOYHBIM, T. e. Lat Dy g4 MUHEHHO yHopsIoueHHoe M0 BIOXKEHHIO.
Ecm xe gy mmeer mymu, o Dy 4, OAHOKIETOYHBIM He fABIdgercd. B stom ciaydae
Lat Dy 4, pacmajaercs Ha JBa MHOXKECTBa, OJJHO M3 KOTOPBIX COJIEPKUT TOIBKO Oec-
KOHEYHOMEpHBIE TTOIIMTPOCTPAHCTBA, & JIPYTroe — TOJBKO KOHETHOMEPHBIE.

Teopewma. IIpexmnonoxum, aro gy umeer vHyau B C.

(i) s mo6oro memycroro kparHoro muoroobpasus W < W (gg) B C muoxKe-
crBo S(W) siBasiercst cobcTBeHHBIM 3aMKHYTHIM Do ) -HHBAPHAHTHBIM MOATIPOCTPAH-
creom H(C).

(ii) st smr06p1x MHOrOUWIEHA P € D(g0), H1Eoro n = 0 raxkoro, uron > deg (p)—1,
MHOXKECTBO %0 Clz],, aB1sIeTCA COOCTBEHHBIM 3aMKHYTHIM Dy 4 -HHBAPHAHTHBIM IO/
npocrparcreom H(C).

(iii) st smro6oro coberBenHoro 3aMKHYTOr0 Do g0 -HHBAPHAHTHOTO ITOIIPOCTPAH-
crBa S mpocrparcrea H(C) smbo cymiecTByer Hemycroe KpaTHOE MHOroobpasme
W < W(go), mra koroporo S = S(W), mmbo matigyrcs mmorounen p € 9(go),
nesioe n > 0 rakoe, uro n > deg (p) — 1, ais Koropbix S = %0 Clz]n-

[Tpusegennbie pesysbraThl cojepKarcs B [1].

Jlureparypa

1. Ueanosa O. A., Memuxos C. H., Memuxos FJ). H. VuBapuaHTHBIE TOIIPOCTPAH-

cTBa omeparopa 000OIIEHHOrO0 O0OpaTHOrO CcABWra u parumoHaabHble GyHKIM.—URL:
http: //arxiv.org/pdf/2005.01596.pdf.
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OB OJJTHOM CJIVUAE BBIPOKJIEHUS JTMHENHON CUCTEMBI
C OIIEPATOPOM CTOKCA B INTABHOII YACTU

M. P. Unimeen
(Poccust, Mocksa; Tuabkodd)

[ycrs ) — orpanudenHas 061acTh B R3 co CKOIb yroHO Tya Kol rpanuieit 0f),
m € N, w > 1. B beckoneunom muauuape () = {2 X R paccMOTpHM 3aJady O 2;’r—ne—

prnoaAnYIeCKux 1m0 BpeMeHn t penreHnAxX CUCTEeMBbI ypa,BHeHI/Iﬁ

0 1 A
3_7: + Vp = Au+ By(x)u+ —C(z)u + Z (Mp(z)u + di(x))e* ™ + do(x), (1)
w 1<|kl<m
divu =0, (2)
ulag = 0. (3)

3nech x = (x1,x2,23) € Q, t € R, u = u(x,t) — Hen3BecTHAs BENECTBEHHAS] TPEX-
mepHast dbyHKImst, p = p(z,t) — HeM3BeCTHAs BEleCTBEHHAs CKaJspHasi (DyHKIWs,
By(z), C(z), Mi(x) n do(x), dp(xr) — n3BecTHBIE GECKOHEYHO TIAJKHE MATPHUIHI-
dbyukin u BekTop-byHKIMK coorBeTcTBeHHO, puueM By(x), C(x) u do(z) — Be-
mectBenuble, a My(x), di(x) kommrekcHo conpsizkensl ¢ M_g(x), d_g(x).

Cunsosiom IT 0603HaunM M3BECTHBIT OPTOrOHAIBHBIN TPOEKTOP B Lo(§2) Ha Sa(2)
(cm. [1, 2]). Beemem B S2(2) omeparop A = IIA 4 I1By(z) ¢ obacTbio ompeeeHns
D(A) = {u € S2(Q) NWZ(Q), ulpo = 0} u Bbipaxenne

TIM (2)IIM g, ()
ik '

B =1IC(x) + Z

1<|kl<m

[Ipeanomoxkum, uto A = 0 — n-kparHoe (n € N) coOCTBEHHOE 3HAYEHUE OTEPaTO-
pa A, kotropoMmy oTBedaeT HabOp u3 S, 1 < s < N, JUHEHHO HE3ABUCUMBIX COOCTBEH-
HBIX BeKTOp-byHKIW: a1(x),az(x),...,as(z). Byaem mpemmonarars, 9ro HE OFHA
cobcreennast Bekrop-pyHKIwst a(x) oneparopa A, orBevaiommast HyJ€eBOMY COOCTBEH-
HOMY 3HAUeHMIO, He UMEET MPUCOCINHEHHLIX BEKTOP-(DYHKIMIA OTHOCHTENIHHO Iaphl
A, B [3], . e. 3ama4a

Av(z) = —Ba(x),

v(@)|on =0,
HE MMeeT KJIACCUYECKUX PEeIICHUN.
Bajgaueii (A) HazoBem 3amauy Iupuxiie TakOro BHIA:

(A + Bo)u(z) + Vp(z) = G(z),

divu(z) =0,
(u(x),a;(z)) =0,i=1,...,s,
u(@)|on =0,
rme G € O®(Q), (G,b;) =0, bj(z),i=1,...,s, — JTUHEHHO HE3ABUCHMbIE COOCTBEH-

HbIe BEKTOPBI, OTBEYAOIINE HYTEBOMY COOCTBEHHOMY 3HatdeHnio A*.

202



Bagaueii (B) mazosem 3amaay Heiimana takoro Bumga:

Aq(z) = G(x),
9q(x) —
on oQ O’

rne G € C*(Q), [, G(z)dz = 0.

Bagaua (C) — 3amaua 06 l-meproguIeckux Mo BPEMEHN PEreHusIX:

oy(r il
5 = Gla)e',

{y(r)) =0,
e | — 1eJsoe 4mco.
Bagaun (D), (E) u (F) — caexyrompme 3amaaun nva ayqe p > 0:
. 92
ikz(p) = S8 + g(p),
z(p)|p=0 = c,

Z(P) ’p—)oo = 07

rie k — memynesoe menoe uucio, g(p) = gop’e P, go € R3, s — meorpumaTembHoe
mesioe 9ncyo, oy > 0, ¢ — BeImecTBeHHOe TNCIO;

21}
TA = g(p),
U(P)|pﬁ<>o =0,

e g(p) = gop®e 7", go € R3, s — meorpumaremsHoe mestoe uncyio, Ry > 0;

20) — g(p),
S(p)’p—)OO - 07

e g(p) = gop®e™”, go € R3, s — meorpumarenbroe Tetoe wncao, Ny > 0. Owe-
BuHO, 3a1adu (A)-(F) ogmosnauno paspemmwmel, B ciydae 3a1ad (A) u (B), ecan
eJIMHCTBEHHOCTh P M ¢ TIOHUMATh C TOYHOCTBIO JI0 TIOCTOSTHHOIO CJIAraeMoro.

g 3amaam (1)-(3) Obum yCTAHOBJIEHBI CYIIECTBOBAHWE U €IMHCTBEHHOCTH
2UﬂF—HepI/IO'ZI;I/ILIQCKOFO pemeHnda Tpu J0CTaTOYIHO 6OH])LL[I/IX W, 9TO pPermeHne ABJIACTCA
BellleCTBEHHBIM U 6eCKOHeTHO muddepeHnnpyeMbIM, a TaKKe IOCTPOeHa 1 000CHOBA-
Ha €ro MOJIHAs ACHMITOTHKA. Ke MocTpoeHue CBOUTCS K PEIIeHN0 KOHETHOTO THCIa
0JIHO3HAYHO paspernmmbix 3a1a4 Buga (A)—(F).

Jlureparypa

1. FOgopnuy B. H. Meron snwHeapu3aiuu B THAPOJNHAMUYECKON TEOPUM YCTONINBOCTH.—
Pocros u//.: Uzn-so PT'Y, 1984.

2. Jlagerkerackas O. A. MaremaTudeckue BOTIPOCHI TWHAMUKH BSI3KOW HECKMMAEMON YKHJIKOC-
Tn.—M.: Hayxka, 1970.

3. Bumuxk M. H., /Tiocrepruk JI. A. Penienne HeKOTOPBIX 32729 0 BO3MYIIEHUN B CJIy9ae MAaTPHI]
U CAMOCOIDSIYKEHHBIX M HECAMOCOIPSKEHHBIX nuddepeHimagbHbIX ypasHeuit // Yemexu
mart. Hayk.—1960.—T. 15, Ne 3.—C. 3-80.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

NIEHTUOUKAINA ITAPAMETPOB CUCTEM PEAKINU-INODY 3NN
1O THO®OPMALIMN O ThIOPUHTOBBIX CTPYKTYPAX

A. B. Kazapuukos (Poccusi, Bragukaskas; FOMI1 BHIL PAH),
X. Xaapuo (Quunsunus, Jlanmeenpanra; JITY-yausepcurer)

Cucrembr peakiyn-1udy3un MpeICTABISIIOT COO0N BaXKHBIN KJIACC MATEMATHIE-
CKHUX MOJIeJIeif, CIIOCOOHBIX OMUCHIBATH MPOIECChl CTPYKTypoobpazosanus [1]. Brep-
Bble JIAHHbIE ypaBHeHWs: Obum mpeanokensl A. Twiopurrom (2| mag obbscHenus
MPOIIECCa TACTPYJISAINN, TPOUCXOJAIIEr0 B CaMOM Hadaje OHOJOruIeckoro Mopdo-
rere3a. B mammroit Mozmenn popMUpPOBaHME MPOCTPAHCTBEHHBIX HEOJTHOPOJHOCTEH Ha
MMOBEPXHOCTH SMOPUOHA OODBICHIETCS KAaK PE3YIbTAT HEJUHEHHOT0 B3aUMOIEHCTBUS
asyx muddyraupyommx Bemects (MoOpdOreHoB), KOHIEHTPAMT KOTOPhIX (hopMu-
PYIOT YCTOHYNBBIE TPOCTPAHCTBEHHBIE CTPYKTYPHI (CTpyKTYypbl Thiopuara), ompee-
JIAIOIIHNE JaJibHeiime Mopdosiorntdeckne n3Menenus. /lannas Teopust ObL1a ycrer-
HO TIpUMeHeHa /iJisi 00bsICHeHnsT (hOPMUPOBAHUS HOBBIX KOHETHOCTEl MTPECHOBOHOTO
nosmna Hydra Linnaeus [3], a 1ocsie ycrenrHoro BOCHPOM3BEIEHUS] ThHIOPUHIOBBIX
CTPYKTYp B 3KcmepumenTe [4] ObLaa pacmpocTpaHeHa W Ha Jpyrhe OHOJIOTHYeCcKue
06bexTh [5].

Kaxk mpaBusio, HavabHbIE KOHIIEHTPAIUH MOP(OTeHOB HEU3BECTHBI U 3a/IAI0TCS
MaJIbIMN CﬂyqaﬁHbIMI/I BO3MYIIEHNAMN HEKOTOPOTO HeyCTOﬁqHBOFO TPOCTPAHCTBEH-
HO-OTHOPOJTHOT'O DEIeHNs 33/1a91, COOTBETCTBYIOIIEr0 COCTOSHUIO OJHOPO/IHOM CMe-
cu. DTO 3ATPYAHSIET COMOCTABIEHNE MOJE/N U SKCIIEPUMEHTA, TaK KaK /AT HEeBO3-
MOZKHBIM TPpUMEHEHNE CTaHJaPTHBIX ITOAXO0A0B, TAKNX KaK METO/ HaNMEHBIIMTNX KBa/-
paroB. PaccmarpuBaercss obparHas 3amada 00 MIeHTH(MUKAINN TapaMeTpOB CHCTEM
peaktyu-auddysun 1o nHGOPMAINYT O CTAIMOHAPHBIX (THIOPUHTOBBIX) CTPYKTYPaX,
6e3 ydera JAHHBIX O HAYAJIBHBIX YCJIOBUAX UJIU MEPEXOTHBIX MPOIECCAX.

B pabore paccmarpuBatoTca Tpu CcHCTEMBl peakiuu-andy3un: MO
Ournxpto — Harywmo, cucrema I'mpepa — MaiiHXapara W TPOCTPAHCTBEHHO-
pacrpeenerrast Mojeb oproccesaropa. Cucrema @urixpio — Harymo mpegcrasiisi-
er coboil HECKOHEYHOMEPHBIN aHAIOr IBYXKOMIIOHEHTHONW PEIYKIINNA MOIETN XOIK-
KMHA — XaKCJIM PACIPOCTPAHEHUST HEPBHOTO MMITYJIHCA B TUTAHTCKOM aKCOHE KaJlh-
Mapa U UMeeT BH]T

v = AV +e(w — aw), wp = Aw — v+ pw —w?, € Q=(0,1)% (1)

rae v = v(z,t) — noreHnmas MeMOpaHbl, w = w(x,t) — HepeMeHHasT BOCCTAHOBIIE-
s, 4 € R, a > 0, € > 0 — nmapamerpsl peakmnuu, Vi, Vs > 0 — roaddunmentsr
nuddysun. Cucrema I'mpepa — Maiiaxapara Oblaa mpeioxkeHa KaK MOIeTb (hop-
MHPOBaHUA KOHEYHOCTel TTPECHOBOJHOTO TIOJINTIA THUIPHI. OHa nMeeT BUJ

2
vy = V1 Av — v + v_’ wy = veAw — pw + 0%, 2 € Q=(0,1) (2)
w
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rae v(x,t) n w(z,t) — akTUBATOPHAS W WHTUOMTOPHASI TIEPEMEHHBIE, [iy, fly > 0 —
K03 uIneHTs yoObIBaHUS KOHIIEHTpAIHi, V1, Vo > 0 — ko3ddurnments! nuddy3un.
[IpocTparcTBeHHO-pACTPEIETEHHAS MOETb OPIOCCETATOPA 3aAETCST YPABHEHUSIMI

vi = Av+A— (B+1)v+v*w, w=wvAw+ Bv—v*w, x€Q=(0,1)?2 (3)

riae v(z,t) u w(z,t) — mepeMeHHbIe KOHIIEHTPAIMHA MTPOMEKYTOTHBIX KOMIIOHEHTOB,
A, B > 0 — noCcTostHHBIE KOHIIEHTPAIIMA KOMITOHEHTOR peaknmu. J[ms Bcex paccmar-
PUBaEMBbIX CHCTEM MPEIIO/IaraeTcs, 9To Ha, TpaHulile obaactu §) 3aJaHbl OHOPOIHBIE
KpaeBble ycaoBug Heiimana.

O6oznaunm uepes p = (p1,p2) BEKTOD YHPABJISIONIMX [apPaMETpPOB, MoJaras
(p1,p2) = (p,e) mma momenun Purnxsio — Harymo (1), (p1,p2) = (fho, fw) 0T
cucrembl 'mpepa — Maiinxapara (2) u (p1,p2) = (A, B) 11 OpOCTPAHCTBEHHO-
pacmpe/esienHoit Mojen 6proccenaropa (3). Ilpeamonaraercs, 9To P MPUHAJIEKUAT
obsractu HeycroitanBocTr ThOpUHIa Ha 1I0CKOCTH apaMerpos (p1, p2). OcranbHbie
mapaMeTpbl peakiun u KodddurmeHTs! 1nddy3un CANTA0TCA (PUKCHPOBAHHBIMIA.

B pa6ote [6] 66l peiokKeH CTATHCTHYECKHH aJrOPUTM HAeHTHMUKAINT Tapa-
METPOB CUCTEM PEeAKIUH-Tu(hPY3Un M0 WHMOPMAIUKA O THIOPUHTOBBIX CTPYKTYPax
npu ycjoBuw, 9T0 B Hajauauu mmeerca N crpykryp, rme N > 50. B macrosiieit
pabore maHHBIN TOAX0M pacupocTpansgerca Ha caydait 1 < N < 50. Ilpumensas me-
TOZIBI, AHATIOTUYHBIE |7, 8], ompejeneHa cToxacTudecKast (DYHKINS HEBA3KU JIJIS PAC-
cmarpuBaembix 3uadennit N. Vcnmonws3ys amantwBHBI agroputm Merpomosnca —
lacTunrca, mMOCTPOEHBI AMOCTEPUOPHBIE PACIPEIETEHUS MapaMeTpoOB I Pa3aInd-
HbIX N, 9TO MO3BOIMIIO OLEHUTH 3aBUCUMOCTH MOTPENTHOCTH METOZA OT KOJUIECTRa,
BXOJTHBIX JAHHBIX. [IpU MTOMOIIN CTOXACTUIECKUX METOOB ONTUMI3AINN TTPOBEEHDBI
YUCJIEHHBIE SKCIEPUMEHTHI TI0 NAEHT(OUKALINN TAPAMETPOR /I PACCMATPUBAEMBIX
YPaBHEHUIA.
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3ATAYA B HEOTPAHNYEHHON OBJIACTU
J1J11 IIAPABOJIMYECKOI'O YPABHEHIISI BEICOKOT'O ITOPSIIKA
C IPOBHOMN ITPOM3BOJIHOI IO BPEMEHHOI1 TIEPEMEHHOIT!

JI. JI. KapareBa
(Poccus, Hampunk; UTIMA KBHIT PAH)

PaccmorpuMm ypaBHeHUE

leY 2n

— u(z,t) + (—1)”m

e u(:c,t) :f(:t?,t), (1)

roe n € N, gTO; — apobHast mpousBogHas mopsiaka « [1, ¢. 9], 0 < a < 2.

Ypagueane (1) npu n = 1 cosnagaer ¢ quddy3MOHHO-BOTHOBBIM yPABHEHUEM,
KOTOPOE IMUPOKO UCCIen0BaHO (cM. |2] u 6ubanorpaduio tam). B wacrHocTH, B moTy-
BeckonevHoit obsacti B pabore [3] ncciemoBana Kpaepas 3ajada Jjisi OJHOPOIHOTO
ypasuenns (1) mpu n = 1 ¢ apobuoii mpoussoxuoit Pumana — JInysuais. B pa-
Gore [4] mns ypasuenusi auddysun 1poGHOro Mopsijika € MOCTOSTHHBIMEU K03 du-
[MEeHTAMHU TIPW MJIQJIINNX WIEHAX peleHa 3ajada B mosymnosoce. B pabore [5] mis
ypasuenus (1) mocrpoeno dbyHmaMeRTaILHOE PENIeHne u perena 3a1ada Komm.

B mannoit pabore mig ypasuenus (1) perena 3a1aqa B HeOrpaHUIEHHOT 00/1ACTH,
JIOKa3aHa TeopeMa eJMHCTBEHHOCTH B KJacce MYHKIHI OBICTPOro pocra.

Jlureparypa
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4. Mamuyes M. O. Kpaesbie 3amaun g ypasuenus auddy3un apobHOro mopsaka € IoCTo-
ssaHbIME KO3 durnmentamu // Toka. Anerrckoit (Yepkecckoit) Mexkaynap. akam. HayK.—
2005.—T. 7, Ne 2.—C. 37-44.
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'PaGora my6iamKyeTcs B paMKax BBIMOJHEHHS TOCYJAPCTBEHHOTO 3aJAHWS B COOTBETCTBUN
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Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkoja (r. Biagukaskas, 20-25 cenrsopst 2020 r.)

OIMEPATOPHI BOJIETEPPA U TEJIbOOHIA — JIEOHTBEBA
HA BECOBBIX BAHAXOBBIX I[TPOCTPAHCTBAX

B. O. KoBasenko
(Poccusi, Pocros-na-/lony, FODY; Bragukaskas, KOMI BHII PAH)

Berony nanee H (C) — npocrpancTBo Beex (DYyHKIMI, AaHAJINTHYIECKIX B KOMILIEKC-
moit mnockoctu C. Omeparopsr 0b60bIIeHHOTO AudHEPEHITMPOBAHUST U 0000IIEHHOTO
MHTETPUPOBAHUA PACCMATPUBAIOTCA Ha BECOBBIX IMPOCTPAHCTBAX

H,(C) = {f cHO): ||f]l, = iﬁé’% < oo},

0C) = - lim 1)l —
HO(C) == {feH(C). Jim 2 0},

rae v — paauanbhbiii Bec B C, 1. e. v(z) = v(|z]), z € C. Ilpu s1om byurnusa v(r)
HernpepbiBHa 1 Bo3pacraer Ha (0, +00).

Bosemem menyio dymrumo e(z) = > o7 e,z" mopsaaka p € (0,00) u Tuma
o € (0,00), aist Koropoii e, # 0, n =0,1,2,..., n cymecrsyer npeje

lim n'/?|e, |V = (cep)'/”.
n—0

Torma omeparopsr 0bobimerHoro anddepeHInpoBanns 1 000DIIEHHOTO WHTETPH-
POBaHUS UMEIOT CIEAYIONINN BIIT;:

€n

-1 n—
71 zeC,
en

(Def)(z) = Z In
n=1

o] en .
(Jef)(2) =D fa22e™, 2 €
n=0 "

e f(z) =Y 00 faz" € H(C).

JInHaMuIecKre CBOMCTBA OMEPATOPOB OOBLIYHOTO ANMOEPEHITNPOBAHNS W WHTE-
IPUPOBAHUSI N3y IAIUCH paHee B paborax [1, 2|. B HuX Ob11M MOy YeHbl pe3yabTaThbl 00
WX TUTIEPOUKINIHOCTH, XQaOTUIHOCTH, SPTOAUIHOCTA B CPEJAHEM, HAJUIUN TTEPUOIN-
YEeCKUX 3JIEMEHTOB U T.J1. [Ipe/icTaB/serT HHTepec pacpoCTPAHEHNe STUX Pe3yIbTaTOB
Ha Oosiee obrue omeparopsl Tumna [enbdonrmga — JleoHTheBa, MTOCKOMBKY MOC/TIETHUE
COZEpKAT B KAYECTBE YACTHBIX CJIYYAEB OMEPATOPHI, NCIOIb3yEMbIE B TIPUIOKEHUIX
(mampumep, omeparop dankma, cm. [2]) Cremyronuii pe3ybraT yCTaHOBIEH B CTa-
The [1].

Ipeagnosxxenue 1. Oneparop J ne spasercs runepukamaeckay Ha HY(C) n ne
umeer nepuoguieckux touek Ha H,(C), ormmunbix or Hyms. 3mecs J — omeparop
obbranoro guppepennmposanns, . e. J f(z) = [ f(¢)d¢, z € C.
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B nmannoit pabore ycTaHaBIMBAIOTCS aHAJIOTMYHBIE PE3Y/ILTATHI JIIst Dosiee 0bIero
ciydas.

IIpennoxenue 2. Oneparop J. : H,(C) — H,(C) me apisercs runeprukimde-
0
cknm ua H)(C).
JIyist TOKa3aTeIbhCTBa, OTCYTCTBAS HEHYJIEBBIX 3JIeMEHTOB y oneparopa .J. Tpedy-
eTCd JIeMMa, IMEIOIIAs CAMOCTOATEIbHBII HHTEPEC.

Jlemma. Pemrennem ypasmuenust D] f = f sapisiorcs jmnefinble KoMOHHAIMH
s/meMeHTOB BHAa e(A\pz) = » o e A"2", mme N\, — KopHH ypaBmenma \" = 1,
k=0,....,n—1.

C moMOIIBIO JIEMMBI W WCIOIB30BaHUsT (PaKTa 0 TOM, 9T0 D, SIBISIETCS TTPABBIM
0OpaTHBIM K OMepaTopy Je, TOKA3BIBAETCS, UTO €C/JIU TEPUOJAUIECKIN 3JIeMEHT U Cy-
mecreyer B H,(C), To oH 0bsi3aTesbHO HYIIEBOII.

JIureparypa
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2. Dunkl C. F. Differential-difference operators associated with reflection groups // Trans. Amer.
Math. Soc.—1989.—Vol. 311, Nel.—P. 167-183.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

3ATAYA KOIIN /19 BOJJHOBOTO YPABHEHIIA
C BBICTPO OCHIJIJINPYIOIIEI IIPABOII YACTBIO

9. B. Kopabuuna
(Poccust, Pocros-na-/lony; FODY)

Mycrs T > 0, II = {(z,t) : x € R, t € [0,T]} — monoca, Q@ = {(z,t,7) :
(x,t) € II, 7 € [0;00)} — OGeckOHEUHBIII MPSIMOYTOIBHBIN Mapasutesenumnes. Ha muo-
xkecrse 11 pacemarpusaercs 3anada Komm ¢ 6oabmmy napaverpom w Buja [1]

Utt — Ugy = f(xat)Wt)a
u’t:O =0; (1)

ut]t:() = 0.

Baech f(x,t,7) — BemecrBennast byHKIMS, ONPe/IeJIeHHAs], HEIPEPHIBHAS, JIBAXK JIbI
HenpepbiBHO uddepeHnupyeMasi o mepeMenHoii « u 1o (¢, 7) Ha MHOXKecTBe (), a
TaksKe 2m-nepuoguyeckast no 7. Ilycrs u,(z,t) — pemenne 3amaqan (1). Ero k-wien-
HYIO0 ACUMIITOTHKY PAaCCMaTpUBaeM B BHJIE:

1 1
ul ~ gz, t) + = uy(x,t) + = (ug(z,t) + vo(z, t,wt)) + ... +

1
+ E (uk(x’t) + Uk(x’taWt)) ’

rie dbyukun ug(x,t), vg(x,t, 7) onpemenensl u HermpepbiBHbl B 11 u () cooTBeTCTBEH-
HO, & TaK’Ke JIBaXKJIbl HenpepbiBHO juddepenimpyembr o « u 1o (t,7) [2]. Kpome
Toro, GyHKImn vk (x,t, 7) — 2T-NEePpUOANIECKUE TI0 T C HYJTEBBIM CPEJIHUM.
Teopema 1. /I kaxmoro M > 0 mafigerca wy = wo(M) > 0 takoe, uro mnpu
w > wo
Huw - uiHC(HM) =0w™®), w— oo

JIuteparypa

1. Bsanc JI. K. Ypasuenus ¢ gactaHbiMz nponssonubivu / [lep. ¢ anrm.—Hosocubupcek: Tamapa
Poxkosckas, 2003.

2. Kynpsies JI. /I. Kypc maremarmaeckoro anann3a. T. 2.—M.: Breicimas mrkosa, 1981.—584 c.

3. Ilerposckmii H. I'. Jleknum 110 TeOpUH MHTErpaJIbHBIX ypaBHeHwmit.—M.: Hayxka, 1965.

209



CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

O HEIMTPEPBIBHOCTU KJIACCUYECKINX OIIEPATOPOB B BECOBBIX
BAHAXOBBIX ITPOCTPAHCTBAX I'OJIOMOP®HBIX ®YHKIINIT

}O. B. Kopabsauna
(Poccus, Pocros-na-/lony, FODY; Bragukaskas, KOMIU BHII PAH)

PaccmarpuBaerca 3amada 0 HEPePBIBHOCTH KJIACCHYECKUX OIMEPATOPOB B BECO-
BbIX GAaHAXOBBIX NpocTpaHcTBax rosomopdubix dyukimit H,(G). YkazauHoe npo-
CTPAHCTBO BBOJIMTCS CJIEIYIOMINM 00pPa30oM:

1,6) = { € 1@, Il =sup T < oo
zeG U(Z)
Baecy G — obmactb B KommtekcHoii miockoctu C, H (G) — mpocTpancTBo Beex QhyHK-
unii, aHaJIuTUYecKuX B (7, C TOMOJIOrMEil PaBHOMEPHON CXOAUMOCTH Ha KOMIIAKTaX
u3 G, v — Bec.

Beromy nanee X — 6aHaxoBO MPOCTPAHCTBO C HOPMOIi || - ||, HeNmpepwbIBHO BJIO-
xennoe B H(G), X* — conpszkernoe ¢ X MPOCTPAHCTBO JIMHEHHBIX HEPEPBIBHBIX
dyukmmonanos Ha X ¢ conpsizKeHHO HOpMOIi || -||*, a 0, — menpra-dyukunga Jupaka
Jyist purcnpoBanHoii Toukn z € G, 1. e. 0, : f— f(2), f € H(G).

B pabore chopmynupoBana TeopemMa, KOTOpas sIBJIsIeTCs 0000IeHneM abcTpaKT-
HOro Kpurepusi [1, reopema 2.1] Ha caywaii nponsBosibHON obaactu G BMeECTO eju-
HuuHOro Kpyra D u j060ro, He 00s13aTEILHO PAINATBLHOTO, BECa, V.

Teopewma 1. Ilycrs v — npousBossHblii Bec Ha G. Jluneiinsrii omeparop T @ X —
H,(G) KoppeKkTHO olpee/ieH i1 orpaHindeH TOra i TOJbKO TOI/a, KOI[a BBIITOJIHEHbI
CJIeYIOIHEe YCIOBHSI:

a) 0,(T) € X* npu Bcex z € G,

5 sup lEDI _
z€G U(Z)

Ha ocroBanum 3T0#f TeOpeMbl MOJyYeHBI KPUTEPUN HETPEPHIBHOCTH OIEPATOPOB
BECOBOI Kommoswnuu u Bosbreppa Ha BecoBoMm OamaxoBom mpocrpanctse H,(C),
KOTOphIe 0606IIAT pe3ysabrarsl, noaydendbie B crarbe H. Sopbocka [1]. dasee
YCTaHOBJIEHBI KPUTEPUU KOPPEKTHO OIPEIeIEHHOCTH W OTPAHUYEHHOCTU OMEPATO-
pa Bosbreppa Ha BecOBBIX mpocTpaHCcTBaxX beprmana, Xapau u KJIaCCHIECKOM ITPO-
crparcTee Poka. Hakowuerr, moyry<ueHbl (GOpMYJIbI JIJIsT BBIYUCIECHUS HOPMBI OITEPATOPA
Boawsreppa B mpoctparcTBax Beprmanma n Xapan.

JIuteparypa
1. Zorboska N. Intrinsic operators from holomorphic function spaces to growth spaces // Integr.
Equ. Oper. Theory.—2017.—Vol. 87, Ne 4.—P. 581-600.

2. Abanin A. V., Pham Trong Tien. Differentiation and integration operators on weighted spaces
of holomorphic functions // Math. Nachr.—2017.—Vol. 290, Ne 8-9.—P. 1144-1162.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

KAYECTBEHHBIE CBONCTBA MATEMATHNYECKO! MOJIE/IN
[IJTOCKO CTEPKHEBOI CUCTEMBI!

P. 9. Kynaes (Poccust, Bragukaskas; KOMI BHI[ PAH, COT'Y),
M. A. Ilaues (Poccus, Bragukaskas; KOMI BHIL PAH),
A. A. ¥Ypraesa (Poccusi, Bnagmkaskasz; COT'Y)

Nzyaaerca ognopoanoe muddepennmaibHoe ypaBHEeHEe
Lu=0, ze€eT, (1)

zasanHoe Ha reomerpudeckom rpade . Ilpu atom, mox guddepennuaabHbIM ypaBHe-
uuem (1) va rpade mbl nogpasymvesaewm, ciaeays [1, 2|, nabop oO6bIKHOBEHHBIX i de-
PEHITNAILHBIX YpaBHEHU Ha pebpax rpada u Habop yCa0BHUil COTIacCOBaHUS BO BHYT-
PEHHUX BEPITTTHAX.

B nammoit paboTe MbI pacCMaTpPUBAEM ypaBHEHNE, OIMCHIBAIOIIEE MaJIbIe TOoTepet-
HbIe 1eOpMAITUHN TIJIOCKON CTEPYKHEBOM CUCTEMbBI C YCJIOBUSIMU MIAPHUPHOTO COUJIe-
HEHUA CTep)KHeﬁ B Y3JIOBBIX TOYKaX. Ta.Ka.ﬂ MOJIEJ/Ib TTOPOZKTAECTCA COBOKYITHOCTBHIO
nuddepeHIuaIbHbIX ypaBHeHt Ha, pedbpax rpada

n

[}
(pi(z)u])" —ri(x)u =0, z€v CT, (2)
¢ koabdummentavm, onpejensembivi byaxmuavu p(z) € C2[T], inf Igp(x) > 0,
re
r(z) € C[I'], r(z) > 0 ma I', nomonugemoii B kax10it BHyTpenueii Bepmune a € J(I)
PABEHCTBAMHE

ui(a) = ug(a), u(a)=0, Z (pi(a)ui(a)") =0, ae€ J().

i€l(a)

Teopema 1. ITycrs u(x) — pemenne ypasrenus (1), pasroe Hysto Ha 0T n nve-
forrtee BHyTpu rpaca S-zomy I'y, I'g CC T'. Torga sroboe 3aakomocrostaaOEe Ha [
perrerne v(x) ypaBuenns (1), paBroe mymo ua O, kommmaeapro u(x) Ha Ty.

Teopewma 2. Ilycrs u(x) — pemmenne ypaprenns (1), pasroe mysmo Ha OI' u nmero-
mee BHyTpH rpaga S-30Hy I'g, g CC I'. Torua siro6oe perrierne v(x) ypasraernuns (1),
pasroe Hysio Ha OI' 1 Hekosmnaeaproe u(x) Ha Iy, mersier 3nak B I'g.

Teopema 2 SABISETCA AHAIOIOM TEOPEMBI O ITEPEMEeKAeMOCTH HYJ/Iell i ypaBHe-
HUsI 9eTBEPTOrO MOPsiJKa Ha oTpe3ke [2, reopema 3.1|: Hyau Ja00bIX ABYX JHMHEHHO
HE3aBUCHMBIX DeIleHuii ypaBHenus (2) Ha oTpeske [a,b|, paBHBIX HYJIIO Ha KOHIAX
oTpeska, repemexaiorcs B (a,b).

lPaGora BTOpOro aBropa BBINONHEHA IpU (DUHAHCOBOM HOmIepxKKe Poccuiickoro dbonma dyHa-
MEHTAJILHBIX MCCIeaoBaHmii, mpoekt Ne 17-51-12064.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

CYMMEI ITOPSITKOBO OTPAHIMYEHHBIX OTTEPATOPOB,
COXPAHSIONINX N3 BIOHKTHOCTD!

3. A. Kycpaesa
(Poccust, Pocros-ua-lony, PHOMIL FO®Y,; Baagukaskas, FOMI BHIL PAH)

B macrosmem nccieoBaHUE MOTYyYeHbl HEOOXOIUMBbIE U JOCTATOYHBIE YCJIOBHSI,
IPU KOTOPBIX I HATYPAIbHBIX ducea n u N cymma N MOPSIIKOBO OTDAHUYEHHBIX
COXPAHSIOIIIX JU3HIOHKTHOCTH OTIEPATOPOB SIBISIETCST N-TU3BIOHKTHBIM OIT€PATOPOM.
[Tokazano, 9TO pa3moKeHne MOPSIKOBO OTPAHUIEHHOTO N-TU3BIOHKTHOTO OMTEPATOpa,
B CYMMY COXPaHSIONNX JIU3bIOHKTHOCTEH OTEPATOPOB €INHCTBEHHO C TOYHOCTHIO 0
«OyJ1eBOit TIEPECTAHOBKMUY CIAraeMbIX.

Ucnons3ytoTest cTanapTHBIe 0003HAYEHNST W TEPMUHOJIOTHS W3 TEOPUN BEKTOP-
HBIX DENIeTOK U MOJOXKUTETHHBIX OIePaTOpPOB, MPUHATHIE B KHUTe AJMIpaHTHCA U
Bépkunmio [1]. Bee BeKTOpHbIE PEIIETKY MPEIOIAraOTCs BEIECTBEHHBIMU W apXi-
MeJOBBIMHU. BCIONY B TEKCTE «OTMEpaTop» O3HAYAET JIMHEHHBIN omepaTop.

Tosopsit, uro ssiementsl z,y € E dusstonkmuu v nuinyT x Ly, ecim || Aly| = 0.
Jussonkmuoe donoanenue AT mermycroro muoxkectsa A C E onpenensercst hbopmy-
goit At = {x € E: x L annascex a € A}, a g 06011020 Ju3sI0HEMH020
donoanenus wcropsyercs obosnauenne AL = (AL)L. Eam E = AL @ AL 1o
COOTBETCTBYIOIINI OMTEPATOP MTPOEKTUPOBAHUS B F HA3BLIBAIOT NOPAJKOGHIM NPOEKMO-
pom. Cumsosiom P(E) obosnadaercst GysieBa anrebpa BeeX MOPSIIKOBBIX TPOEKTOPOB
B BeKTOpHOII perterke E. Pasbuenuem edunuys B P(E) HA3BIBAIOT MOMAPHO JH3b-
FOHKTHOE CeMEeNCTBO TMOPSITKOBBIX MPOEKTOPOB, CyMMa, KOTOPBIX PaBHA TOYKIECTBEH-
HOMY omepaTopy [g umcer.

OnpPEAENEHUE 1. Oneparop T : E — F Ha3bIBAIOT COLPAHANOWUM OUSBIOHKM-
HOCMb WM TOBOPAT, uT0 T corpansem OusslonKmMHOCMy, ecin 06pa3bl OTHOCHTEb-
HO T" M100BIX IBYX AM3BIOHKTHBIX 9JIeMeHTOB 13 E nm3bionkTHB B I T. €. [z|A]y| =0
sreder |T'(z)| A |T(y)| =0 qnsa mobeix x,y € E.

OUPEAEJEHUE 2. Jluneitasiit onepaTop 1" : £ — F HAa3BIBAIOT Nn-du3s10MKM LM,
ecq JTst I000T0 Habopa m3 n—+ 1 momapHo AM3BIOHKTHOTO JIEMEHTA, Xq, . .., T, € F,
TOYHAs HUKHSA rpanuna Maoxkecrsa {|Tx1|, ..., |Tz,|} paBra mymo:

Vzo,z1,...,xn € E) 2 Ly (k#1) = |Taog| A+ A |Tzy,| =0.

OUPEAEJEHUE 3. Jluneiinbiit omeparop 1 : E — F HasoBeM wucmo n-
JU3BIOHKMHbLLM, €CIM 1, — 3TO HaWMeHbIIee HATypPaJbHOE YHCJIO0, JJId KOTOPOIo
7'l aBsiercst N-AU3BIOKHTHBIM IS 0000 HEHYJIEBOTO IMOPSIKOBOTO IMIPOEKTOPA

T e P(T(E)H).

'PaGora BemosHena mpu duHanCcOBOI Mommepxke Poccuiickoro bomma byHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 18-31-00205.

213



CdhopmyaupyeM TepBbIii OCHOBHOUW pe3Y/IbTAT, XapaKTepPU3YIOMNii KOHEUHBIE
HAOOPBI TMOPSIIKOBO OTPAHUYIEHHBIX COXPAHAMONINX U3BIOHKTHOCTH OINEPATOPOB
Si,..., SN, IMEIONINX N-IN3bIOHKTHBIE CyMMbl |S1| + -+ + | SN

Teopewma 1. Ilycts E n F' — BekTOpHBIE perteTKH, npuieM F' mopsakoBo mosna,
an, N € N rakosor, uro n < N. lna wabopa Si, ..., SN TOPSIKOBO OrpaHHYEH-
HBIX JIHHEHHBIX oreparopoB u3 E B F, cOXpaHSIIONIAX JU3BIOHKTHOCTD, OMEPATOD
|S1| + -+ + |SN| 4ucro n-aM3LIOHKTEH B TOM H TOJBKO B TOM CJIydae, KOLJa Cy-
mecrByer P(F')-mepecranoBka T4, ..., Ty wabopa Si,...,Sn rakas, aro Ti,...,T),
1nonapHo AU3bIOHKTHBI 1 ecin 1 < N, 10 Kaxx/piit u3 oneparopoB Tni1,..., TN J0-
myckaer npeicrasienne B Buge Tj = ¢ o T}, M1 HEKOTOPOro HaGopa MOMAPHO
JU3BIOHKTHBIX opToMopusmoB 0 < a1, ..., 050 € Z(F) (j:=n+1,...,N).

OnpPEIAENEHUE 4. Koneunyio nocienosarenbuocrs nap (ki,m1), ..., (k;,m) #a-
3BIBAIOT dekomnozuyuonnvim padom B P(F), ecim 1 < ky < -+ < k; — HATypaib-
Hble yncaa u {7my,...,m} — pasbuenne equnninl B P(F'), cocrosiiiee 3 HEHYJIEBBIX
MOPSITKOBBIX TPOeKTOPoB. CKaykeM, 9To N-Iu3bIOHKTHBIN omeparop 1 obaadaem de-
Komnosuyuonnvim padom (ki,m), ..., (k,m) B P(F), ecin, cBepx cKa3aHHOIO BhIIIIe,
k; < m ¥ CYIIECTBYIOT TOPSIIKOBO OTPAHNYEHHBIE COXPAHSIONIIE U3 BIOHKTHOCTD OTe-
paropsr 17, ..., Tk,
YUCTO AM3BIOHKTHBI It Bcex ¢ = 1,..., 1.

Bropoii ocHOBHOIT pe3y/braT 0OTBeYaeT Ha BOMPOC 06 €INHCTBEHHOCTH Pa3JIOXKe-
HUS TOPSIAKOBO OTPAHIIEHHOTO N-TU3BHIOHKTHOTO OMEPATOpa B TEPMUHAX MOTAPHO
YUCTO JUIBIOHKTHBIX OMEPATOPOB, COXPAHSIONINX TN bIOHKTHOCTD.

u3z BB F rakne, uro T' =T +-- -+ T}, n w11, .., m1}, monmapHo

Teopema 2. ./I[1060it MOPSIAKOBO OrpaHWYEHHBIH N-AA3bIOHKTHRIH ormepaTop T’ n3
BEKTOpPHOH perreTkn F B MOPsSAKOBO HOJIHYI BEKTODPHYIO perneTrky F mveer emmr-
CTBEeHHHBDII jjekoMto3unnonnbIit psig (ki,m1), ..., (k,m) B IP’(T(E)J‘J‘).

S3AMEUYAHUE 1. 3ajada 0 XapakKTepU3aIul OMepaTOPOB MEXKTY BEKTOPHBIME WLJIN
0aHaXOBBIMY PEITIETKAMU, KOTOPhIE MOYKHO TIPECTABATE B BUE KOHEYHO CyMMBI pe-
[IIETOYHBIX TOMOMOPMUMOB, ObLTa BiepBbie c(hOPMYTUPOBAHA HE3ABUCUMO B paboTax
Kaporepca n ®@enpamana [2] u [ocmanca n ge Iaxre [3, 3amevanue 2.3].

SAMEYAHUE 2. 3ama4ua 0 HaAXOXKIECHUN HEOOXOINMBIX M JOCTATOUYHBIX YCIOBHUIA,
pu KOTOPBIX KOHEYHAA CyMMa MMOPAJTKOBO OTPAHUYICHHBIX COXPAHAIOINX U3 BIOHKT-
HOCTH OIIEPATOPOB ABJSIETCS N-TU3BLIOHKTHON m3ydasach B Kuure Kycpaesa um Ky-
rarenazaze [4, wi. 3, §8], ucnonn3ys Gynesosnaunblii nogxon. Teopema 1 siBasiercs
yrounenneMm teopembl 3.8.7 u3 [4]. OmHako, 10Ka3aTeIbCTBO TeOpeMbl 1 B HACTO-
SIIIEM MCCIETOBAHUN KCIOIL3YeT CTAHIAPTHBIA MHCTPYMEHTAPHI W He 3aBHUCHT OT
Oy/I€BO3HAYHOTO aHAIM3A.

Jlureparypa

1. Aliprantis C. D., Burkinshaw O. Positive Operators.—London etc.: Acad. Press Inc., 1985.
. Carothers D. C., Feldman W. A. Sums of homomorphisms on Banach lattices // J. Operator
Theory.— 1990.— Ne 24.— P. 337-349
3. Huijsmans C. B., de Pagter B. Disjointness preserving and diffuse operators // Comp. Math.—
1991.—Ne 79.—P. 351-374
4. Kusraev A. G., Kutateladze S. S. Boolean Valued Analysis: Selected Topics Vladikavkaz:
Vladikavkaz Scientific Center Press, 2014.
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[IOYTH BHIIYKJIBIE IIOCJIEJOBATE/IBHOCTI
1 X CBOVICTBA

A. A. JIurBuHOB
(Poccusi, Pocros-na-/lony, FODY; Bramukaskas, KOMI BHII PAH)

Boinykibie 9ucioBbie mOC/I€I0BATEIHFHOCTH, IIOMUMO CAMOCTOSITE/IHHOTO HHTEPE-
ca JITsl NCCJIeIOBAHUSI, NTPAIOT CYIIECTBEHHYIO POJIb B MpobjieMe onucanus (He) KBa-
3UAHAJIUTUIECKAX KJACCOB OeckoHedHo auddepeHmupyeMbix (MYHKIUNE B TOIXOIE
Hamxkya — Kapiemana, Teopun yabTpaauddepeHiupyeMbix (DyHKIUN U yabTpa-
pacnpenenenuit Pymbe — Komarcy, Teopun pocra menbix ¢yuknuit. B mociemnne
10-15 smer ¢ mX TOMOIINBIO OBLI TOJHOCTHIO WCCAETOBAH P 3309, KACAIOIIIXCS
CBOICTB KJIACCUYECKUX OMEPATOPOB MHTErPUPOBAHUS U JudHEPeHITMPOBAHNUS B BECO-
BBIX BAHAXOBBIX NPOCTPaHCTBaX rojaomMopdubix dyakiumii (cm. [1-5]). Oxnako Heko-
TOpbLIe W3 3TUX CBOMCTB HE yJaeTCd OXapaKTePU30BaTh B PAMKAX BBITYKJIBIX TTOCTIE-
JoBaTebHOCTEN. B CBsI3M € 9TUM MpeCcTaBIsgeT WHTePec BOIPOC O HETPUBUAJIHLHOM
pacImpeHnn Kjaacca BBITYKIBIX MOcaenoBaTeabuocTell. HeTpuBnaaprHOCTD MOHUMA-
€TCsI B TOM CMBICJI€, 9TO C TOMOIIBIO HOBBIX BECOBBIX IOC/IEI0OBATEIHHOCTEH MOYKHO
OTpeZIeTNTh MPOCTPAHCTBA, KOTOPhIe HEBO3MOXKHO 33/IaTh BBITYKJIBIMU IOCTIEI0BA-
rebHOCTIMU. B pabore mpeicTaBieH TaKO# KJIACC, DJIEMEHTHI KOTOPOTO HAa3BAaHBI
MOYTH BBITYKJIBIMU MTOCTET0BATETLHOCTIM.

OnpeAENEHUE 1. ITocaegoBaTenbHOCTD (24,)00 ) HA3BIBAETCS 6bINYKAOU, €CIN

2y < L T I ;—x"“ (Vn = 0).

OnpEAENEHUE 2. [IycTs mocieoBaTebHOCTD ()00 ) BO3PACTACT, Ty — +00.
[Tocte0BaTEMBHOCTD ()50 ) HABBIBACTCS NOYMU 6bNYKAOT, €CIIN

Tp—1+ Tpii

Vp>1)(AN): zx,<p 5

(Vn > N).

OnpeAENEHUE 3. Ilycrs mocaenoBarensHOCTh (T,,)00 ) BO3PACTALT, Ty — +00.
ITocte0BaTEIbHOCTD ()50 ) HABBIBACTCS CUALHO NOYMU 6bNYKAOU, eCITH

FC>0): 2z, <xp-1+2Tp1+C (Yn=0).

YcraHOBJIEHB! TPOCTEIiIIE CBOHCTBA (CHIILHO) MOYTH BBIMYKJIBIX MTOC/I€I0BATE b
HOCTell, CBA3aHHbBIE C apU(PMETHIECKIMI OINepAITNIMI HaJl HIMI.

IIpennoxxenne 1. IlociesoBarebHoCTs (2y,)00 ) HOUTH BBIIYK/IA TOLfa H TOIb-
KO TOrJa, KOrjaa

—_

o Tn
lim ———— < =.
n—=00 Tp_1 + Tp+l 2
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Paccmorpenst ciiejtyomme 3a1adm:
1. Iyt BcgKoOl i (CHIBHO) MOYTH BBIMYKJION IOCTIEI0BATEIBHOCTH (Tp )0y CY-
IIECTBYET TAKast BBILYK/IAsl IIOCJIEJOBATEILHOCTE (Yp )02, 9T0 1pu HeKoTopom C' > 0

|zn, —yn| < C  (Vn e Ny)?

2. Ilycte (2,)5%, — HOYTH BBIIYKJIAs [IOCIEI0BATEIBHOCTL. T'pebyercs Bblsc-
HUTH, CYIIIECTBYET JIM TaKasi BBILYK/Ias MOCIEI0BATEILHOCT (Y )02 o C' > 1, aro

1

oYn <an < Cy, (Yn e Np).

Jlokazana HEBO3MOXKHOCTH ANMpPOKCUMAIMK (CHIBLHO) MOYTH BBITYKJIBIX TTOC/IE-
JIOBATEIBLHOCTEH BBITYK/IbIMU. TakuM 00pa3oM, OTBEeT Ha 00e MOCTABIEHHBIE 33, 1a9n
OTpHUIATENIeH. DTO 03HAYAELT, YTO KJIACC MOUTH BBIMTYKJIBIX MOCIEJ0BATEHHOCTENH MO-

JKeT OBITH B OYIyIeM WCIIOJb30BAH [JIsi PEIIeHrs HEKOTOPBIX 3aad BECOBBIX IMIPO-
CTPAHCTB, JJId KOTOPBIX KJACC BBIMTYKJIBIX MOCIEI0BATEILHOCTEN HEJOCTATOYEH.

Jlureparypa

1. Xepmanzgep JI. Ananu3 nunaeiinbix quddepeHnuaibHbIX OepaTOPOB € YaCTHBIMU ITPOU3BOJI-
meivu. T. 1. Teopusa pacnpenenenwnit u anaan3 @ypre.—M.: Mup, 1986.—464 c.

2. A6amnn A. B., Kopabmmua FO. B. K Bonpocy 06 anmmpoKCHMAanuyu BBITYKIbX GyHKImi //
3. By3oB. Ces.—Kask. peruon. @us.-mat. Haykm.—2018.—Ne 3.—C. 4-9.

3. Abakumov E., Doubtsov E. Moduli of holomorphic functions and logarithmically convex
radial weights // Bull. London Math. Soc.—2015.—Vol. 47, Ne 3.—P. 519-532.

4. Azagra D. Global and fine approximation of convex functions // Proc. London Math. Soc.—
2013.—Vol. 107, Ne 3.—P. 799-824.

5. Abanin A. V., Pham Trong Tien. Differentiation and integration operations on weighted
Banach spaces of holomorphic functions // Math. Nachr.—2017.—Vol. 290, Ne 8-9.—P. 1144—
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GENERALIZED MATHEMATICAL MODEL
FOR POPULATION DYNAMICS AND AGE STRUCTURE

F. M. Losanova (Russia, Nalchik; IAMA KBSC RAS),
R. O. Kenetova (Russia, Nalchik; TAMA KBSC RAS)

In the domain Q = {(z,¢) : 0 < < [,0 < t} consider a mathematical model
that describes the dynamics of the population size of a species

Igpu(z,t) + )@gtu(x,t) + c(x)u(x,t) = f(x,t), (1)

with a =1 and 8 = 1 it is a generalization for the McKendrick von Foerster equati-
on [1|. Here u = u(x,t) is interpreted as the population density of the age = € (0,1)
at time ¢ > 0, Of,u(x,t) — change in the number of individuals of age z at fixed ¢,
8gtu(x,t) — change in the number of individuals at different times for a fixed z,
88;,8525 is the regularized (Caputo) derivative [2], 0 < o < 8 < 1, f(z,1), c(x) are
the given functions, while the function ¢(z) is the function of mortality, and f(z,t)
describes various demographic processes, A = const — coefficient change status. For
equation (1) the solution of the Cauchy problem was found in [1].

By a regular solution of equation (1) in the domain € we mean the function
u = u(x,t) from the class u(x,t) € C(Q); um(x,t),68‘1u(ac,t),6gtu(x,t) e C(Q)
satisfying equation (1) in the domain €.

PROBLEM. Find a regular solution w(z,t) to equation (1) in the domain
satisfying conditions

l
w00+ [ M©uie e = o), <t (2)
0

u(z,0) =7(z), 0<z<L (3)

Condition (2) is called the fertility equation [1], where u(0,t) is the is the density
of newborn individuals in the population, [ is the age limit, M (&) is the fertility
function, and ¢(t) is some control function for possible human intervention on
population dynamics.

The initial condition (3) is necessary to study the dynamics of the age structure
of the population.

In article the existence of a unique regular solution to the problem (1)-(3) is
proved.

References

1. Nakhushev A. M. Equation of Mathematical Biology.—Moscow: Vysshaja shkola, 1995
2. Nakhushev A. M. Fractional Calculus and its Application.—Moscow: Fizmatlit, 2003.—272 p.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
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CTPYKTYPHBIE KOMIIOHEHTBI CTOXACTNYECKOI'O
MIPOBO33PEHN B NCCJIEIOBAHIN BO3MOYKHOCTEIN
MATEMATUYECKOI'O OBPABOBAHIS!

K. I'. JIeikoBa
(Poccust, Ener; ET'Y um. 1. A. Bynuna)

Bompoc dopmupoBaHusi CTOXaCTHIECKOTO0 MHUPOBO33PEHUsT CTAPIIEKIACCHUKOB
Ha CeFO,D;HHI_HHI/Iﬁ AJC€Hb B YCJIOBUAX TTPOUCXOJAIINX I/IBMeHeHI/H‘/’I7 HEommpeaeJIeHHOCT!
U HECTADUIHHOCTH MPUOOPETAET XapaKTep OOBLEKTUBHOM HEOOXOIMMOCTH, TTPUBOIUT
K POCTY BOCIIPUUMYNBOCTU MHUPOBbBIX TeH,ZI;eH]_[I/II‘/’I B O6pa.30BaHI/H/I, ITIOBBIIIIEHUIO NHTE-
peCa K 3HaHUAM, HAYKE 1 THHOBAIITMOHHBIM TEXHOJIOTUAM. CTOXa.CTI/ILIeCKOG MHPOBO3-
3pEeHHe YUAIIerocs — eCTh 3aKOHOMEDHBIN pPe3yabTaT MO3HABATENbHON esTe/TbHO-
CTH, HE UCKJIIOYAIONINIT MHOXKECTBO CIydIaifHOCTE! B X0O/e aHAJJIN3a yCI0BUM U HANOO-
Jiee PAITMOHAIBHOTO WCTOJIKOBAHUSI TEHAEHITNH WX (DYyHKIMOHUPOBAHUS WU OTKJIO-
umenus. OB/ajieHNEe CTAPIIEKJTACCHUKAMU YHUBEPCAIBHBIMU METOJAMU U CIIOCODAMU
MMO3HAHUA MUDPa JJIsd OPHUEHTAIIMW B HEM U aJalTallii K HEMY Ha OCHOBE 3HAHUN
CTOXaCTUKN B CUTYaAIIUAX HEOIIPEIACTICHHOCTU TMOJIOZKUTEJIbHO BJINAET Ha @OpMI/IpOBa—
HIE CTOXaCTUIECKOTO MUPOBO33peHus. LleHTpaabHoit 0CHOBOI (hOPMUPOBAHUST CTOXA~
CTUYIECKOT'O MUPOBO33PEHUA BBICTYIIAET BBIAECJIECHUE TPEX €ro CTPYKTYPHBIX KOMIIO-
HEHTOB: MOTUBAIIMOHHO-IEHHOCTHBIEC OTHOIICHN I, I/IHTyI/ITI/IBHO—O6pa.3HOG BOCTIpudATHE
U PAIMOHAIBHO-JIOTHIECKOE TTPUHSITHE.

MupoBo33penre KaxKI0r0 9el0BeKa HEMOBTOPUMO, B €r0 OCHOBY 3aJIOXKeH YHU-
KaJIbHBIN WHIWBUAYAJIBHBIN ONBIT U cHerududeckue 3HaHusg o npupoge. Ha ocuo-
BEe MUPOBO33PEHUYECKUX TOJIOXKEHUN OCYIECTBISIETCS OIEHKA sIBJIEHUN JEeHCTBUTEh-
HOCTU. BSaI/IMOCBHSI) TYBCTBEHHBIX M MHTEJLJICKTYAJJIbHBIX Hpe,ZI;CTaB.HeHI/II‘/’I Y9eJI0BEKa
0 MUpe 1 caMoM cebe, MPOSIBJISIETCST B KAUECTBE BayKHEHIIIEro acekTa CTPYKTYPhI M-
poBoz3penus. MupoBo33peHIeCKOMY MO3HAHWIO CBOMCTBEHHA crerupuyieckas He3a-
BEPIMIEHHOCTh U JUHAMWUYHOCTD, HO6y)K,D;eHI/Ie K BHYTPEHHUM O6HOBJI€HI/IHM n COBEpP-
mencTBoBanusM [1].

Boabmmuucrso yuensix (B. II. Usanos, B. T. Jluxaues, H. A. Menunnckas,
9. . MoHOC30H 1 Ap.) 0 COAEPIKATENTHLHOM HAMOJTHEHUY MUPOBO33DEHUST TIPUIEPIKY-
BaIOTCA MHEHUA, 9TO B MUPOBO33PEHUN B3aNMOTEPEIJIETEHBI YyBCTBECHHAA U MHTEJI-
JIEKTyaJIbHAsT CTOPOHBI JIMIHOCTU. B MUPOBO33pEHNN YIIOPSAI0UNBACTCST B3AUMOCBSI3hb
YyBCTBEHHON 1 PAIMOHAILHOM cdep co3HaHUS ¢ 00pa3oBaHUEM HOBOI KaUeCTBEHHOM
I[EJI0OCTHOCTH.

B kadecTBe CTPYKTYypPHBIX KOMIIOHEHTOB CTOXACTHIECKOTO0 MUPOBO33PEHUS ObLIN
BBIABJICHBI:! MOTUBAIIMOHHO-IIEHHOCTHBIE OTHOIIIECHWA, I/IHTyI/ITI/IBHO-O6paBHO€ BOCIIpHU-
ATVE U PaVUOHAJIBHO-JIOTUYIECKOEe MPUHATHE.

Momusayuonno-uennocmusie OMHOWEHUA B COCTABE CTOXACTUYIECKOTO MUPO-
BO33peHUA CTaPIIEKJJIaCCHUKOB. OTHOH_[eHI/IH CTapPIITEeKJIaCCHUKOB K 3JIEMEeHTaM CTO-
XacTUKU (POPMUPYIOTCI HE TOJBKO IO BO3AEHCTBUEM BHEITHUX ODCTOSATE/NHCTB, HO

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 20-313-9019.
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¥ B 33aBUCHUMOCTHU OT WHIWBUIYAJIbHBIX WHTEPECOB, CKIOHHOCTEH, B TOM dWHCje COb-
CTBEHHO# cucTembl enrocTeit. Vlceaemyst OTHOIIIEHWsT B Ka9eCTBe JefiCTBUTEILHO CY-
IIIECTBYIOIIEH CBA3W MEXKJY VUAIIUMCS W 3aKOHOMEPHOCTSIMH OKPYIKAIOIIEero MUPa,
OTIPEEINM XAPAKTEP STUX OTHOIIEHU KAK IEHHOCTHO-CMbBICJIOBOI. MOTUBAITMOHHBIE
COCTOSIHUS B TTO3HABATEIBHON JTeATETHHOCTH SIBJSIOTCS CBOETO PO/ «CTPOUTETHHBIM
MaTepuaioM JITIHOCTH.

Hrmyumueno-obpadroe socnpusmue B COCTABE CTOXACTUIECKOTO MUPOBO33PEHUST
CTaPIIMEKIACCHUKOB. Ue/I0BEYECKOe MBINLIEHNEe UHTYUTUBHO W B OOJIBINEH CTerneHu
MIPeJACTABIEHO BEPOSITHOCTHBIM XapakTepoM. [lo3HaBas OKPYy:KAIONINN MUAD, YET0BEK
BOCIIPUHWMAET €ro B 3PUTEIHHBIX 00pa3ax, 1Mo CPeACTBAM MUPOOIILYIIIEHNUST W IMOIIO-
HAJIbHO-IYBCTBEHHOTO OIBITA, 0€3 YCTAHOBJIEHUsI JIOTUIECKNX B3aMMOCBSA3€H BO3HU-
Karomux 06pa30oB. ATeKBATHOCTE CO3IaBAEMbBIX 00Pa30B II0 OTHOIIEHUIO K PEATLHOMY
MUPY OIpenerdaerca nHTYyuTuBHO. Takwue Boigaommecs maremaruku, Kak JI. J1. Kyz-
pasies, A. [lyankape, A. 9. Xunuua u gp. orMedaan HEOOXOIUMOCTH 3a1efiCTBO-
BAHNA MHTYUTHBHON COCTABJSIIONIEH 1 00pa3HBIX KOMIIOHEHTOB B IIO3HABATEILHOM
pOIeCcCe I PACKPBITAST MaTeMaTHIeCKuX moHsaTuil. [Ipu TakoM BoCIpusiTuu BbI-
SIBJISTIOTCST HOBBIE TIO/IXO/IbI K PEIEHUT0 TPODJIEMHBIX CATYAIU, 8 B3ANMOCBI3HU U 3a-
KOHOMEPHOCTHU MCCJIEAYIOTCS C PA3JUIHBIX TOUEK 3PEHMUSI.

Payuonasvro-sozuveckoe npunsmue B COCTaBE CTOXACTUIECKOTO MHPOBO33Pe-
HUsI cTapiiekaaccHuKoB. 3yyenne yaammmucs 10-11 K1accoB 3jieMeHTOB CTOXaCTH-
KJ TIO3BOJIIET COBEPIITEHCTBOBATH OCHOBHBIE MBICJHUTE/TbHBIE JNEHCTBUS W ONEPAITHN:
aHaIn3, CHHTE3, CpaBHEeHWe, abCTpakinio, 0DOOIIeHre, CHCTeMATU3AIN0, KOHKpe-
TH3AMUIO W AP. B CBA3W C YeM pa3BUTHE MBINLJIEHUSA IMKOJLHUKOB SIBISETCS 3a-
KOHOMEPHBIM PE3YJITATOB MO3HABATEILHON AeATEJTHHOCTH, OCYIINECTBIAETCA 00JIee
KAQIeCTBEHHOE YCBOEHHWE CTOXACTUYECKUX BHAHUI, YTO MPUBOAUT K KOMILIEKCHOMY
U OTIOCPEIOBAHHOMY TIOHUMAHWIO yCTPOiCcTBa Mupa. Pe3ynbrar npuHATHAS PermeHuit
SIBJISIETCS TIPOMBBOIHBIM CHUTYAITUA HEOIPEJIeJIEHHOCTH, B paMKaxX KOTOPO# OH OCy-
mectBisiercst. Amepukanckuit mcuxosior K. Xasn ormedaer: «[Ipunsitue perrenus
IpeCTaBasgeT cobOil CUCTeMy IpOIeayp, HAIIPABACHHBIX Ha M3BJIEUYEHNe TPUINHHO-
CJI€ICTBEHHO C¢BA3M, cOOP MHMOPMAIMHI U3 PA3IUYHLIX HCTOYHNKOB, UCIOJIH30BAHIE
3HAHMIT JyIst aHAJIN3a CUTYALUU U TOCTPOEHWsI Tpe/icTaBienns o Heii» [2]. Pannonans-
HO-JIOTUYECKOe IPUHATHE HAIIPABICHO HA BHIOOpP HambOJIee ONTHMAILHOTO PEIIeHMS
13 MHOXKECTBA AJbTEPHATUB I KOHKPETHONH IIPOOIEMEL.

Taxum 06pazoM, TPeaCTABIEHHBIE KOMIOHEHTHI TTO3BOJISIOT CYAUTh O KavIeCTBe,
HAIIPABIEHHOCTH CTOXACTIIECKOTO MIPOBO33PEHNS Y CTAPIIEKIACCHIKOB, O IIPeod Ia-
JTAIOIIIX OTAETBHBIX €r0 0CODEHHOCTSX U ueprax. A caM mporecc POPMUPOBAHWST M-
POBO33peHus B UCCIEIOBAHNY BO3MOXKHOCTEH MaTeMaTHIeCKOr0 00pa30BaHUs B PaM-
KaX CTOXACTHUKM JJIsl PA3BATHUS HAYUIHBIX IIPEICTABICHUI 00 YHIBEPCATBLHON IPUPOIe
MHOTHUX CJIy9aflHBIX SIBJIGHWI W TMPOIECCOB [IEHCTBUTEILHOCTH ABJISIETCST BECHMA Mep-
CITEKTUBHBIM.

JIuteparypa
1. IITyprakos K. II. MupoBo33penne u MeToasl ero dhopmuposauus: Konnenryansao-duaocod-

ckmit anasm3.—Kazanmn, 1989.—212 c.
2. Xamar K. JI. Ilpuamunst moBeaerus.—1943.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

COBOJIEBCKUE CUCTEMBI, OPTOI'OHAJIBHBIE
OTHOCUTEJIbBHO CKAJIAPHOT'O ITPOU3BEIEHN A
C IBYMSI JUCKPETHBIMU TOYKAMI!

M. I'. Maromen-Kacymos
(Poccus, Bragmkaskas, FOMU BHIT PAH; Maxaukana, JTOUIL PAH)

1 _ il
[Iycrs B mpoctpanctee Wi, = Wi, [a,p] COCTOSIIEM 13 abCOJIFOTHO HEMPEPBHIBHBIX

byHKImit, Tpom3BOAHLIe KOTOphIX mpuHaatexar L2 = L%[a,b], 3amano craaaproe
TPOU3BEJIEHNE

b
<ﬁws=ﬂ@m@+f@ﬂ®+/f®d@ﬁ- (1)

Cucrembl (byHKIHT, OPTOrOHAIBHBIE OTHOCUTEIBHO CKAJISPHBIX MTPOW3BEIEHUIT BU-
Ia (1), HO C OJHOH JUCKPETHON TOYKOI, JeTaJbHO HUCCASTOBAJINCHE B pPabOTax
1. U. MTapanyxunrosa (cM., nanpumep, [1, 2]). B ganHoii pabore Mbl nepenecem HeKo-
TOpbIE U3 PE3YJILTATOB, IMOJYIEHHBIX B YIIOMSIHYTHIX paboTax, Ha Caydail CKaJIsSpHOTO
npousseenns (1).
— [e§) s 2
Oycre & = {pp}2, — cucrema dbynxnuii, 3aganras B npocrpancree L-. Ha
. . _ [e’s)

OCHOBE 3TOli CHCTeMBI OIIpeJeIIM HOBYIO cucreMy dbynknmit ®1 = {1 1172, ¢ moMo-
b0 opmyi:

1
p10(z) = 7 (2)

x b
1 1
p11(2) = \/ﬁ ( — 3 +/<P0(t) dt>7 Jo = a/ﬁpo(t) dt, (3)

@MmszHmﬁ,k>z (4)

a

Teopema 1. Ecin cucrema ¢pynxnuit ® opromopmuposana B L? u j1st Hee BbI-
TIOJTHEHBI YCJIOBUS

b b

/%mﬁ#a /wmﬁ:ak»L (5)

a a

To cucrema pyukiuii Pq, mopoxgennast popmynamu (2)—(4), Oygaer opToHOPMUPO-
BaHA OTHOCHTEJILHO CKaJsIpPHOro npoun3ssegerns (1).

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
ciemoBanwmit, mpoexkT Ne 18-31-00477 mon_ a.
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Vreepxkgenne. Ilycrs ® = {¢;}3°, — nommast opronopmuposannast B L* cu-
crema ¢yukmuii. Torya ycaoBus (5) BBIIOJIHEHBI B TOM H TOJBKO B TOM CJIy9ae, eCIIH
(o = const moYTH BCIOAY.

Orcroza BeiTekaer, uro ecm ® = {p}7°, — moamas opTOHOPMUpPOBAHHAS CH-
creMa B L2, TO B CITy HOPMEPOBAHHOCTH @q(T) = \/ﬁ. CreoBaTeIbHO, JJIsT TAKUX

cucreM hopMysy (3) MOXKHO 3aIMCATH B CJIEIYIOMIEM BHUJIE:

a-+b 1

prafa) = (o2 )F = )

Teopema 2. IIycts ® = {¢}} — opromopmupopannas B L? cucrema hynxmmii,
npuyYeM py = const = ﬁ Iycre @1 = {11} — cucrema, mopoxgennast opmy-
mamu (2)~(4). Ecin ® nonna B L?, To ®1 Gyxer momma B Wi,

Paccvorpum psim @ypee dyuknun f € WL12[a,b} o cucreme Pp, TOPOKTEHHOI

OJIHO# OpTOHOPMUPOBaHHOI cucremoit ® mocpegcrsom dopmyn (2)—(4):

f@)~ > arHerp(),  er(f) = (f,o1h)s:

k=0

Herpymmao mokazars, 9o

cir(f) = /f/(t)@k—l(t) dt = (', op—1) = c—1(f), k=2 (7)

Orcioma, ucnonb3yst (2) u (6), MOXKHO MOJYYUTH CJIEIYIONIEe MPEJICTABICHIE Ds/Ia
Oypne:

iy~ 1AHIO O S (x B ) S

Yacruunsle cymmbl psja Pypbe Oyziem obo3HaYaTH CUMBOIOM S p:

R L ) +3 e Dorsto)

OTMeTI/IM HEKOTOpPbIE CBOMCTBA YaCTUYHBIX CyMM.
1. CoBmajienre Ha KOHIAX € MpUOIUKAEMOi (DYHKITIEH:

Sl,n(f’ CL) = f(a’)’ Sl,n(f, b) = f(b), n = 2.
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2. InddepennumaibHoe CBORCTBO:
Si,n(fa :C) = Snfl(f/’ IE)

Teopema 3. Ecan &1 — nmosHast opToOHOPpMHPOBAHHAST CHCTEMA B WllIQ, TO JJIST
0601t pyarnun f € VVLl2 psan @ypwe s1oit ¢y mo cucreme ®1 paBHOMEpHO
CXOAUTCS K CaMOit (DYHKITHH.

JIureparypa

1. IMMapanyauaos H. . Oproronanbabie mo CoboneBy cucrembl (DyHKIUA U HEKOTOPbIE HUX
npusoxkenns // Ycemexu mar. nayk.—2019.—T. 74, Ne 4. —C. 87-164.

2. ITapamymuros U. H. Cucrembr dyukiuii, oproronanbuabie 1o CoboseBy, acCOUUPOBAHHBIE
¢ oproronanbuoii cucremoii // Uss. PAH. Cep. maremarnka.—2018.—T. 82, Ne 1.—C. 225-258.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

KPAEBAS 3AJIAYA CO CMEIIEHNEM 7T TUHEITHOTO
OBBIKHOBEHHOT'O JTU®®EPEHIINAILHOIO YPABHEHI
C TIPOM3BOJIHON PUMAHA — JINYBUJL/IS
C 3AITABIBIBAIOIINM APTYMEHTOM!

M. I'. Maxxruxosa
(Poccus, Hampunk; UTIMA KBHIT PAH)

Paccmorpum ypasraenwue
Diu(t) — Mu(t) — pH(t —T)u(t —7) = f(t), 0<t<1, (1)

rie 1 < a < 2, A\, 4 — TIPOU3BOIbHBIE MMOCTOSHHBIE, T — (PUKCUPOBAHHOE TTOJIOKU-
renbHoe uncao, H(t) — dyskuns Xesucaitna, D, — oneparop JpoGHOr0 MHTErpo-
muddepentpoBanus B cmbicye Puvana — Jlnysumas [1]:

. t
s ) f ‘f_(?‘lflfla v < 0;
v s
Dstg(t) = g(t) v=20:
sign”(t—s)dtnDZt” (t), n—1l<v<n,neN.

BAJIAYA. Haiitu perynsproe pemrenne u(t) ypapuenus (1), ymoBieTBopsiroree
YCTIOBAAM

n
lim D& 2u(t) = ¢ lim D& 2u(t) — a lim D& 2u(t) = ¢ 2
t—p ot () 1 ot () it 0t () 2 ()
k=1
re ¢1, Co — 3aJlaHHbIE TTOCTOSIHHbBIE.
Paccmorpum dymkmmio

a,am—+v

W, (t) = Wyo(t, T3\, ) Z pm(t — mr) Lpmtl (At —m7)%), veR,
m=0

rje
o0

P o (p)kzk
Pes® = 2 Fak+ ayw

— obobmennas dyukipst Murrar-Jleddiepa [2], ['(z) — ramma-dbynkius Diinepa,

(P)k = F%I)(J;f ) cnvmon IToxrammepa,

t—mr, t—mr>0;
(t—m7)s =
0, t—m7 < 0.

'PaBora myGaMKyeTcs B pPAMKaxX BEIIOJIHEHHS TOCYJAPCTBEHHOTO 3aJaHUS B COOTBETCTBU
¢ Honomaurensabim cormamenunem ot 07.07.2020 Ne 075-03-2020-239/2 peectp Ne 248 KBK
01104730290059611, mo mpoekty «Henumeiiabre cuuryisipasie nHTErpO-auddepeHuaababe ypas-
HEeHUS W KPaeBbIe 3aJaYUN».
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B pabore mokazano, aro dyHKIIHNA

Gt =t - Walt )~ 220 w1 - ) —a Y Bt - OWalti — 9)|
k=1
rie .
A =Wa(l) —ad Walty) #0, (3)
k=1

sijisieTcst (byHKIMeH ['puHa ucciaemnyemoit 3amaqn.
Jlokazana cieiyiomnas Teopema:

Teopewma. Ilycrs f(t) € L(0,1) N C(0,1) u Beimoaneno yciaosue (3). Torya
1) pemenne 3amaun (1), (2) cymecrByer u umeer B

1
u(t) = =Gty + eaGet &)y + [ FEOC(Ede )
0

2) perrenne 3aaqn (1), (2) equHCTBEHHO TOIIA M TOJIBKO TOIIA, KOT/IA BEIIOJIHEHO
ycropue (3).
Jlureparypa

1. Haxymes A. M. [Ipobuoe ncuucnenue u ero npumenenune.—M.: @usmaraur, 2003.—272 c.
2. Prabhakar T. R. A singular integral equation with a generalized Mittag-Leffler function in the
kernel // Yokohama Math. J.—1971.—Vol. 19.—P. 7-15.
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

PA3PABOTKA CPEJICTB KOMIIBIOTEPHOT'O
MO/IEJIUPOBAHNS IIPOIIECCOB, IPOUCXO/ISIINX
B U3MEJIBUYNTEILHOM OBOPY/IOBAHUI!

. I'. Munacsau (Poccug, Bragukaskas; FOMU BHIL PAH),
A. C. EnoeBa (Poccus, Bragukaska3; BHII PAH)

Brutn ucce0BaHbI TPOIECCHl TPOUCXOSINNE B U3METBINTETHLHOM 000pY/I0Ba-
HAW Ha, TPUMepe ITeHTPOOEKHON MEeTbHUIBI BEPTUKAJIHLHOTO TUMA. [IpoBeaeno moe-
JINPOBAHWE TMPOIECCOB C MOMOIIBIO0 JIBYX PA3JUIHBIX MAaTEMATHUYECKUX MOjeseir —
KOHTHUHYAJIBbHONU MOJENIN, MPEACTABIAIONICH CBITYYYIO CPely KaK HEHbIOTOHOBCKYIO
JKUJIKOCTH, B KOTOPOit KO3 MUIMEHT BI3KOCTU 3aBUCHUT OT JABJIEHUS, a TaK ¥Ke, C UC-
[0JTb30BAHUEM MeTOJ[a JUHAMUKN JacTull. Beiia BeiOpana Hanbosee 3¢hderkTuBHasS
MOJIe/Ib U Pa3paboTaHo MPOrpaMMHOE 00eCledenne jisi KOMIBIOTEPHOTO MOJIEIPO-
BaHUS MPOIECCOB, TPOUCXOSIIUX B U3MEJTBIUTETHHOM 000DY/IOBAHUN.

[IpesncraBasgercds WHTEPECHBIM TPOBEIEHNWE CPABHEHUS [TaHHBIX IBYX MOJIEJIei
u ompejiesienne cepbl IPUMEHEHUs 1 0COOEHHOCTU UCIIOIb30BAHUA [I/IsT PA3HBIX MO-
TeJien.

C 9T0i1 1171610 OBLITIO TPOBEIEHO MOIETNPOBAHNE JBUKEHUS ChITTydeil CPeIbl B IEH-
TPOOEKHOIM MEIBLHUIE BEPTUKAILHOIO TUIA C WCIIOJIb30BAHUEM IBYX MOJIEJIEH.

Hununanpudeckuit KOPIyc MeHTPOOEKHON MeTHHUITBI HEMOJBUKEH U Ha ero mo-
BEPXHOCTH, HA BCEil TTOBEPXHOCTHA POTOPA 33JaBAJIACh YCJIOBUA OTCYTCTBHAS OTHOCH-
TeJIbHON CKOPOCTHU JIBUYKEHUST M3MEJIBIaeMOr0o Marepuaa. st ruapoinHaMudecKoii
MOJIE/IN TIPUHUMAJIOCH, 9TO BEPXHsAs (CBOOOIHASI) MOBEPXHOCTH CTOJI0A M3METbUAE-
MOT'0 MaTepHuaJia B KOPIyCe IeHTPODEKHON MEJIbHUIIBI SBJISIETCST TOPU30HTAIHHOM,
YUTO SIBJISIETCS CIPABEJIUBBIM MPU OOJBIINX BBICOTAX 3ACHIIKU U HA HEll CTaBU/IOCH
yCJIOBHE OTCYTCTBUS TPEHU.

L IpuBSBKU pe3y/IbTaTOB CUeTa K KOHKPETHOMY, JIETKO TTPOBEpSIeMOMY B Jiabo-
PATOPHBIX YCIOBUAX, CIYIAI0 ObLI MPOCIYNTAH BAPUAHT PAOOTH IIEHTPODEKHON MeTh-
HHUIBI C guaMeTpoM poropa R = 0,15 M mpu uactore Bpamenus poropa 310 mum !,
BbICOTE CTOsI6a Marepuasa B Kopmyce — (0,27 M, yCTAHOBKE B TOJIOCTA POTOPA TPEX
paJnanabHBIX pebep U pa3MereHnu B paboueM MpOCTPAHCTBE KOAKCHATHLHOTO KOJIbIIA.

Ucxonsa u3 pe3y/ibTaToB MOJETUPOBAHUS MOXKHO CJ€IaTh BBIBOJ, 9TO Jjid Oojee
TOYHOTO MOJIEJIUPOBAHNS MPOIECCOB TMTPOUCKOISIIUX TP OBICTPOM JIBUKEHUU CHITTY-
Yero MaTepuasia B M3MEILIUTENIHHOM ODODPYIOBAHWH MPEAMNOUYTATEIHHEE MCIO/IB30-
BATh MOJIE/b WCIOJIB3YIONIYI0 METOJ AUCKPETHOTO dJeMEeHTa. | MIpOoInHaMUIeCKY O
MOJIE/Tb TEIECO0DPA3HO UCIO/IB30BATD [IJIsl IIPOBEIEHUsT OOJIBIIIOTO KOJIMIEeCTBA TTOUC-
KOBBIX PAaCCBETOB WMJIM KAaK MOJEJb MPEIUKATOB, KOTOPas MO3BOJIUT OBICTPO 33/1aTh
HaYATbHbIE 3HAUEHUsI CKOPOCTU I YACTHI[ B MOJEIN HUCIOJIB3YIOIIel MeTOJ, JIHC-
KPETHOTO 3JIeMEHTA.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 18-31-00476.
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Tax ke 6bL1r pa3zpaboTaHbl CPEACTBA KOMIIBIOTEPHOTO MOIEJNPOBaHUA Ha Oy-
3e makera LIGGGHTS, korophie mMo3BOJIAIOT 3HAUUTETHLHO YIPOCTUTH U YCKOPUTH
npoiecc Mogenuposanus 3a caer npumenennss GUI. B npoekre ncrnoab3oBana 6ub-
smoreka VTK mmupoko npumensemast g HayaHoii rpacduku. [IporpaMMHubIil KOM-
TJIeKC pa3paboTan Ha sA3bIKe Java m MoyKeT OBITH MCITOIB30BAH HA KOMITBIOTEPAX TIOT
yupasieanem OC Windows, Linux, MacOS.

JIuteparypa

1. Cundall P. A., Strack O. D. L. A discrete numerical model for granular assemblies //
Geotechnique.—1979.—Vol. 29 (1).—P. 47-65.

2. Xerarypos B. H., Kamenenxkuii E. C., Jlanunaros A. M., HanueBa B. M. DxcriepuMeHTaIbHOE
HCCJIEIOBAHUE XapaKTepa JBUKEHUS M3MEIBIaeMOr0 MATePHaIa B KOPIIyCe IIEHTPODEKHOM
MEJIBHUIIBI BepTUKAIbHOrO Trmna // [opHblil madGOopMannoHHO-aHATATHIECKUi GI0/IeTEHb.—
M.: MI'TY, 2004.—Ne 3.—C. 309-312.

3. Zamankhan P., Soleymania A., Polashenski W. Jr., Zamankhan P. Flow dynamics of grains
in spinning bucket at high frequencies // Chemical Engineering Science.—2004.—Vol. 59 (1).—
P. 235-246.

4. Remy B., Khinast J., Glasser B. Discrete element simulation of free flowing grains in a four-
bladed mixer // AIChE Journal.—2009.—Vol. 55, Ne 8. —P. 2035-2048.

5. Cleary P. Modelling comminution devices using DEM // Int. J. Numer. Anal. Meth.
Geomech.—2001.—Vol. 25, Ne 1.—P. 83-105.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

MOJEJIN ABNKEHNS OBBAJIBHBIX TOPHBIX ITOPOT!

H. C. OpJsoBa
(Poccust, Bragmkaskas; FOMU BHIT PAH)

CymiecTByer JBa, OCHOBHBIX MOAX0/Ja K MOIEIUPOBAHUIO IBUKEHUsT 00BAIBHBIX
FOPHBIX MOPOJ. IIepBhIil MOIXOM — AUCKPETHBIN, IPA KOTOPOM JIBHXKEHIE OOBAILHOI
MAaCChI PACCMATPUBAETCSA KAK JBUYKEHUE COBOKYITHOCTH 00JIOMKOB (9acTuly), B3amMo-
IEACTBYIOIMMX APYT C APYrOM U C IOBEPXHOCTBIO CKJIOHA. BTOpoil moaxos — KOH-
THHYyaJIbHEBIA, IPH KOTOPOM OOBaJIbHAS MACCA MPEJCTABILCTCS B BHJE KOHTHHYYMA.
Xa.paKTepI/ICTI/IKI/I KOHTI/IHyyMa. Tpa.KTyIOTCH KaK MeCTHBIE Cpe'ZI;HI/Ie 3HAYEHU A Ha.pa—
MEeTpPOB 00JIOMKOB.

Kazkiprit 3 moxo0B MMeeT CBOM MPEUMYIIEeCTBA W HEAOCTATKHU. JMCKpeTHbIi
nogxoy; pusmaecku 6ojiee eCTECTBEHHBIA I MMUTAIME MAJAIOIMINX IIOPO, HO pe-
AIM3annsa MOJEIeH, OCHOBAHHBIX Ha TaKOM TTOIXO0Je, TPeOyeT JOCTATOYHO MOIIHBIX
BBIUUC/UTETBLHBIX PECYDPCOB (B OT/IHYME OT KOHTHHYAJTBLHOTO moaxo/a). Momenn Ha oc-
HOBE KOHTI/IHyaJH)HOFO IOAXO0Ja ITO3BOJIAIOT HOquI/ITB pvaeTI)I 6])ICTpee7 geM MOoJJeIn
HA OCHOBE JINCKPETHOrO MOX0a (UTO ABJISIETCS CYIIECTBEHHBIM TP MOJIETMDOBAHIN
peasbHBIX 00BAJIOB), HO MPH 3TOM HEBO3MOXKHO TIPOCJIEAUTH TPAEKTOPUN JIBUYKEHUST
OTIEJIBHO B3ATBIX 0OJOMKOB.

Cioregyer Tak»Ke OTMETHTH, YTO HEKOTOPBLIE MOJENN HA OCHOBE KOHTHHYAJILHOI'O
IOAXO0da yLH/ITI)IBaIOT YaCTU4YHOE OXKUKeHue O6.)‘[OMKOB7 KOTOpoe MO2KET BO3HUKATH
B IIPOIIECCE WX JBUKCHUS BIOJb CKJIOHA. Takmm 00pa3oM, MOJEIN, OCHOBAHHEBIE HA,
JUCKPETHOM ¥ KOHTHHYAJILHOM ITO/IX0IaX MMEIOT CBOM 00JacTu mpuMmenenus. Bosiee
OIPOOHOE MCC/IeI0OBAHNE MOJEIeil MpeIcTaBIeHo B paborax [1-6].

Jlureparypa

1. Kycpaes A. I'., Munacsia /1. I., Opsosa H. C., ITanruaees /1. I., Xy6exrsr III. C. Bepudnu-
Kanusl MOJesn 00BAJIOB, UCIIOJB3Y e MeTO JUCKpeTHOro syiementa // Deonorust u reodu-
3uka FOra Poccun.—2016.—Ne 4.—C. 83-93.

2. OpuoBa H. C., Boauk M. B. MaremaTrudeckoe MOIeIMPOBAHIE IBHKEHNS 00BAIOB C UCITOIhb-
30BaHMEM KOHTHHYyaJbHOro moaxona // U3s. Byszos. Ces.-Kask. permon. Ecrects. Haykm.—
2016.—Ne 3.—C. 20-24.

3. Opiosa H. C., Bosmk M. B. VcciemoBanne BAWSTHUSI TPAHUYHBIX YCIOBUI Ha PE3yJIbTATHI
MozenupoBaHus qBKeHnst obBanos // IIpomeccst B reocpenax.—2017.—Ne 4.—C. 693-699.

4. Opuaosa H. C., Kamenenkuii E. C. Bepudukanusa Momenn ropHbIX 00BAJIOB HA OCHOBE KOH-
THHYyaJILHOTO TI0X0a // YcToitunBoe pa3BuTHe ropHBIX Teppuropuit.—2018.—Ne 1.—C. 7-13.

5. OpuoBa H. C. Uccnenosanue Bimsiaust Ko3(hOUIMEHTa BOCCTAHOBICHUS HA PE3YJIbTATHI MO-
nmenmmposanus o6Banos // IIponeccer B reocpemax.—2018.—Ne 3.—C. 1037-1041.

6. Orlova N. S., Volik M. V. Study of falling rocks using discrete element method // Processes
in GeoMedia. Springer Geology.—2020.—Vol. 1.—P. 75-82.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 16-35-00147.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

MATEMATNYECKOE MOJIE/IMPOBAHNE PACIIPEAE/TEHUA TTIBLJIN
ITO CKJIOHAM I'OPHOTI'O YHIEJ/IbA OT XBOCTOXPAHUWJINIIIA,
PACIIOJIO?KEHHOT'O B AJTATUPCKOM YIIEJIBE

O. C. ITanasroBa (Poccus, Bragukaskas; FOMI BHIL PAH),
B. 0. Tumuenko (Poccus, Bnagukaskasz; FOMU BHIT PAH),
A. A. Papguonos (Poccuga, Biragukaskas; FOMU BHIT PAH)

B ropubix paiionax Ceseproro Kaskaza BefeTcst ak THBHAS TPOMBIIIIEHHAST W XO-
BICTBEHHAS JEATETbHOCTD, JOOBIBAIOTCS SHEPTUS U MUHEPAJbHBIE PECYPChI, JKC-
IIyaTUPYIOTCS TPAHCIIOPTHBIE aPTEPUH, TTPOBOAUTCS CAHATOPHO-KYPOPTHOE JIETEHUE.
B xome ocBoenus ropHBIX TEPPUTOPUI BOZHUKAIOT PA3HOTO PO/ UCTOUYHUKU 3arps3-
HEHWsI, B BUIE OTBAJIOB TOPOIBI, BHIOPOCOB a3p030Jeil, MBIJIN W BPEIHBIX BEIECTB.
Ornpeenenre TEKYIIEro U J0JTOBPEMEHHOTO BUSHUS BPEIHBIX (PAKTOPOB, COCTOS-
HUA KJINMaAaTUYIEeCKUX 30H W IMPOTHO3UPOBaHNE U3MEHEeHU gaB/IgeTCsd a.KTyaJIBHOfI Ha-
YUYHOI 3a/1avei.

L7t TpeXMEPHOT0 MOJETMPOBAHUS BHIUUCIUTEIbHBIE MOE/IN 3aTrPsi3HEHNST BOJIN-
31 yHa..)'[I)CKOFO n q)I/Ia.I‘,Z[OHCKOFO XBOCTOXPaHUJIUIL CTPOUJINCH Ha OCHOBAHUU I'€OJaH-
HBIX JIUCTAHIIMOHHOTO 30HIUPOBAHNS 3eMJIH KOCMUYIECKOI TporpaMMbr Space Shuttle,
KOTOPbIE HAXOJSITCS B HACTOSIIEE BPeMsi B OTKpBITOM gocryre. [IpoBemeno ompeme-
JIeHUe paiioHa MCCIeOBAaHUIl, MOJyUeHNEe Me0JAHHBIX C WH(MOPMAIIMOHHOTO CepBUCA
B Buje rpaduteckoro (aiiia, IeKoaupoBaHue u MpeodpPa3OBAHNE TAHHBIX O BBHICO-
Tax B (OpMAT CTEPEOTUTOTpadun ¢ UCHOIB30BAHUEM MTPOTPAMMHOTO 0DECIeueHus
heightmap2stl, Meshmixer. IlocTpoenne ceTku u npucoeanHeHne K BBIIUC/TUTEIHHOM
MOJIE/IN BBITIOJIHEHO C UCIOJib30BaHueM nHcTpyMeHToB blockMesh u snappyHexMesh
n3 KoMILiekca nporpaMMubix cpegcrs OpenFOAM.

LISt OTIeHK Y BPEIHOT0 BO3EHCTBUS MBLIN XBOCTOXPAHUININA, HA SKOJOTUI0, HEOD-
XOJIUMO 3HATH pacupejesienrne 3B Ha CKI0HAX aJarupCKOTO YINEIbs 0 BCEil ero mpo-
rsiykerroCcTH. Co3IaHre MOJIE/IN, TOYHO YIUTHIBAIOIIEH OOJIBIIOe pa3HooOpa3ne aTMo-
cepHbIX yCa10BHil (HAPAB/IEHNEe U CUJTa BETPA, TEMIIEPATYPa, BIAXKHOCTH, 00JIATHBIH
NOKPOB) B TOPHOIT aTrmocdepe 3a1ada BeChbMa TPyJ0eMKas. B yIpomenHyo MOIe b
BKJTIOUAJINCH PErHOHAJbHBIE TOMOrpaduueckune 0COOEHHOCTH W XapaKTEPHBIE PO3bI
BETPOB, TOJyYeHHBIE W3 JAHHBIX CIYTHUKOBHIX rpynmupoBok NASA MC3 GOES,
METEOSAT, EOS Terra/Aqua -AVHRR/MODIS. [Ipencrasienne o mpubIn3uTeh-
HOM 3HAYCHNHN KOHIICHTPAIINN 3B B Ka?K,Z[OfI TOYKEe CKJIOHOB YIIIEJJIbd MOZKHO TTOJIYINUTH
mocJie HOPMUPOBKY HA HAOJIIOAaeMbIe B TIOJIEBBIX YCIOBUAX 3HadYeHUs 3B.
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CoBpemMeHHbIe MpPoGJeMbl MATEMATUKN M MaTeMaTUudecKoro oopasoBanusa: XV Biamgukas-
Ka3CcKasi MOJIOJIe’KHAsL MaTeMaTHIecKast mkoja (r. Biagukaskas, 20-25 cenrsopst 2020 r.)

NCCJIEJOBAHNE BOJIHOBBIX ITPOIIECCOB
B TOITOTPAOUYECKOM BOJIHOBO/E
C YYETOM 3ATYXAHUI!

JI. . TlapunoBa
(Poccust, Pocros-na-/lony; FODY)

Pesynbrars! nccaemoBaHns 0COOEHHOCTEH pacIpOCTPAHEHN aKyCTHIECKUX BOJIH,
BO3HUKAOIINX B MPOTIKEHHBIX KJIUHOBUIHBIX CTPYKTYpaX, aKTyaJbHBI JIJIS YCOBEP-
[IIEHCTBOBAHUS pabOThl (DUILTPOB U JIMHUIN 331epKKU. V3ydenne n3MeHeHnsT CKOPO-
CTU aKYCTUYIECKONl BOJIHBI B 3aBUCHUMOCTH OT YIJIa PACTBOPA KJMHA UMEET MPAKTH-
JecKoe IpHUMEHEHNe I Pa3pabOTKH HOBBIX METOMOB HEpa3pYIIAOIIero KOHTPOJIS,
a Tak:Ke s 1eeKTOCKOmnn U ceiicmosiorun. OTMETHM, UTO B PEAJbHBIX TOMOTPa-
duUIecKnx CTPYKTypax HMeeT MEeCTO 3aTyXaHne, KOTOpPOe B HACTOAIIEM COOOIIEHHN
MOJIEJTUPYETCS B PAMKaX MOJIETN JTMHEHHON BA3KOYITPYTOCTH 1 KOHIIETITNH KOMILIEKC-
HBIX MOJIyJIeil JIJIS CTAHJAPTHOTO BSI3KOYIIPYTOTO TEJA.

B mpenacraBieHHOM HCCIETOBAHUU M3YYalOTCT OCOOEHHOCTH PACIPOCTPAHEHNS
BOJTHOBBIX TIPOITECCOB C YUETOM 3aTyXaHUs. PaccMaTpuBaeTcss OTpaHUYEHHBIN 0 BBI-
COTe BARKOYIPYTUH KJIWH C TPEYTOJbHBIM TOMEPEYHBIM CEeUeHUEM U YKECTKO 3allleM-
JIEHHBIN IO OCHOBAHUIO. BBIUMCINTEIBHBIE SKCIEPUMEHTHI ITPOBOIATCS B IIPEIITOJIO-
JKEHUU, 9TO TOMOTPAMUIECKUN TJIACTUHIATHIN BOJTHOBO WMEET MAJIbIil yroJ pac-
kpbiBa. s onpemenerns 0cOOEHHOCTEH 3aTyXaHWSA MOBEPXHOCTHBIX AKYCTHICCKUX
BOJIH BBOJIATCHA KOMILIEKCHBIE MOJIYJIN.

[Ipu ucciaemoBannu CTPYKTYPHI BOJTHOBBIX MOJIEH MIPUHNMAETCS BO BHUMAHUE, 9TO
KOJIEOAHWS TPOTSIKEHHBIX CTPYKTYP PAa3IeIA0TCd Ha CAMMETPUIHBIE W AHTUCUM-
METPUYHBIE, HO /I CAMMETPUYIHOTO CAydas OTCYTCTBYIOT M3ydaeMble TUIBI JBUKE-
unii. [losToMy yauThIBaeTCst aHTUCUMMETPUIHOCTD U TIOC/IE TTEPEX0a OT TPEXMEPHOTT
MOJIe/IU K ILJIOCKOMY CJIy9al0 IMyTeM OTBICKAHUS TJIOCKUX BOJIH BBOJSITCS THIOTE3BI
YETHOCTU-HEIETHOCTH TI0 OHOM M3 KOOPIWHAT.

BosiHOBBIE TIpPOTIECCHI, BO3HUKAIONIIME B BI3KOYIPYTOM OPTOTPOIHOM TOIOTDa~
dbuIecKkoOM BOJTHOBOE, M3YYaOTCTd B PAMKAX MOJEIN IJIACTUHBI MEPEMEHHON YKeCT-
kocTu. BBeeHb! rumoTe3sr 0 CTPYKType TOJieli, aHAJOrndHble rumore3aM Kupxro-
da B Teopun miracrua. C HUCHOABL30BAHUEM BapPUAIMOHHOIO MPUHIINAIA | 'aMuIbTOHA-
Ocrporpaickoro (hopMupyercst yIpoIieHHbIH (YyHKIIMOHA, CTAIMOHAPHOE 3HAYEHIE
KOTOPOTO HAXOAWTCS TTPU TTOMOIIN TPpUbIM:KeHHoro Metoma Purtiia. Beemers: koopan-
HaTHBIE (DYHKIINN, YIOBJIETBOPSIONINE IPAHUIHBIM YCIOBUIM Ha, 3AIMEMJIEHHON TPAHN
BOJIHOBOJTA. V3yveHa cXoauMOoCTh Mpub/INKEHHBIX PeIeHnil B 3aBUCUMOCTH OT UHCJIa,
KOOPAUHATHBIX (DYHKITHI.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIaAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 19-31-90079.
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[TocTpoena cucrema JUHEHHBIX aAredpanIecKuX yPABHEHUH C KOMILIEKCHBIMU KO-
spdurmerTamMu, paBeHCTBO HYJIIO ONPEIEJUTE ST KOTOPOW TaeT KOMILIEKCHOE IHC-
MTEPCUOHHOE MHOXKeCTBO. Pa3paboTaHbl BHIUYNCIANTEILHBIE KOMIIIEKCHI, TP TTOMOIIN
KOTOPBIX OMPEAeaIioTcs (ha30Bbie CKOPOCTH U KOI(DMUIMEHTHI 3aTyXaHus s Paia
MaTepHaJIOB, MMPEICTABICHBI PE3YIbTATHI BEIYUCIUTEILHBIX JKCIEPUMEHTOB.

Awrop Gnaromapur nayunoro pykosomurenas A. O. Barynbsua 3a BHuManue K padore.
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CoBpemMeHHbIe MpPoGJeMbl MATEMATUKN M MaTeMaTUudecKoro oopasoBanusa: XV Biamgukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

ACUMIITOTUKA CIIEKTPA JNO®OEPEHIIMA/IBHOI'O
OITEPATOPA TPETBET'O TTOPSIIKA!

. M. Ilongakos
(Poccust, Bragmkaskas; FOMU BHIT PAH)

[Mycrs Lo[0,w] = La(]0,w], C). Hacrosimuit JOKIa/| HOCBSIIIEH OMUCAHIIO ACHMII-
TOTUKW COOCTBEHHBIX 3HAYEHNH AuddepeHnnaIrHOr0 OepaTopa TPeThero mopsiaKa,
Ly : D(Lg) C Lo[0,w] — La[0,w], 6 € [0,1], KOTOPBIil OMpeneIsieTcst CJIeTy OMIM
muddepeHnraaIbHBIM BEIPAKEHUEM:

I(y) = iy®(t) —ia(t)y (t) — b(t)y(t),

e KodphUIuenTs! a, b ABISIOTCS KOMIUIEKCHO3HAYHBIME U puHajiexar Lo[0, w).
O6macts onpenenenns D(Lg) = {y : y € W3([0,w], C)} 3amaercs kpasumepmnomde-
CKUMHI KDPAeBBIMHU YCIOBUSIMU

y(0) = ™y (W), 6e[0,1], 1 =0,1,2.

Ormernm, aro nipu § = 0 Kpaesble ycaoBust OyAyT mepuoandeckumu, a npu § = 1 —
AHTUTIEPHOTNIECKIMU.

WNHuTepec kK n3y4eHUIO JAHHOTO OTIEPATOPa CBSI3aH C TEM, UYTO OH BOBHUKAET B Pa3-
JINYHBIX 3a7a9aX MEXaHWKN W (PU3NKH. B 9acTHOCTH, MpU MCCIETOBAHUN MOJETei
MOTOKA TOHKOMW TIIEHKW BSI3KOM »KUAKOCTH WM MOZEe KoIebaHnst 3JaCTUIHON Oasl-
ku [1]. Kpome Toro, omeparopbl TpeTHErO MOPSIKA BO3HUKAIOT B METOE OOPATHOM
3a/la4M MHTErPUPOBAHUST HEJMHETHOTO 9BOJIOIMOHHOrO ypaBHeHus: Byccunecka [2].
CrekTpaJbHBIN aHAN3 BEMECTBEHHOTO CAMOCOTIPSIKEHHOTO OMEPATOPa TPETHEro IMo-
psijika ¢ Hermaakumu Kosddurmentamn ObLT paHee nposejed B [3].

Jnst meenenosanmst oneparopa Lg TPUMEHsIeTCa HOBasg TEXHWKA, KOTOPas Pa3Bh-
Baer ujen u3 [4] u [5]. DTa TeXHUKA MO3BOISIET YTOUHUTD, & B PsIJIe CJYUAEB YCUIUTD,
M3BECTHYIO PaHee aCMMIITOTHKY COOCTBEHHBIX 3HadeHuii [6].

Teopema 1. /Iucpepentmanpupiii oneparop Lg, 0 € [0, 1], sBasiercst oneparo-
POM ¢ JUCKDETHBIM CIIEKTPOM. Bosee Toro, maiimerca takoe mgoCTATOMHO 6OJIBIIOE
aucy0 m € Z, 9To crnekTp oneparopa Lg npegcraBuM B BHJE

o(Lg) = o(m U {Xn,e, In| > m + 1} ; (1)

TJie O (;y) — KOHEIHOe MHOXKECTBO C IHCIOM TOYEK HE IPEBOCXOAmuM 2m + 1. Coob-

CTBEHHBIE 3HAYCHUS N, g ABJISIOTCH IIPOCTHIMHU M JIOIYCKaIOT CIEIYIONYI0 aCHMIITO-

THKY:
/ b(t) dt —
0

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 18-31-00205.

a

EI'—‘

w
~ m2n+0)  w(2n + 0)
n,0 — 3 +
w
0
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e

—i wa a * — R wa (a * — R
87T<0/ (£) (@ ho) (1) dt hn> m\f(()/ Ton) (1) h)

w 12 7 i
0 0

_t + e*ﬂvt/w - e7rv(t/u)1)>7

4l i(i— w mui (e —t/(2w
gn(t) = _(em}z(z VBt (2w) y muili+V3)(—t/(2 )+1/2))’

2
_ Z47Tt _ _ 2rat/w (s —i2wft/w
ha(t) = —=— (2 (1—iv3)e (V3 + e )
7 _ Z2_7Tt —i2nft/w _ i2mat/w
hn(t) = - (e e ),
V3 — 3 V3 + 3
a= Z\/_4 (2n+0), B= Z\/_4+ 2n+0), v=+v3(2n+0),

u fY, g0, hy, 10 — cpenane suavennsi pynxuuii a x (b fn), a* (b*gn), a* (a*hy),
a * (a * hy,), COOTBETCTBEHHO:

fo= [ (ax (b= fa))(t) dt (ax (b gn))(t) dt,

O\E
Q
3o
Il
O\E

hg:/(a*(a*hn))(t)dt, n (a* (a* hy))(t)dt.
0

Il
Ot~
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

O HYJIIX AHAJIUTUYECKUX ®YHKIINIT
N3 KJIACCOB 1. 1. TIPUBAJIOBA!

E. I'. PoagukoBa
(Poccus, Bpsiack; BI'Y um. 1. T'. Ilerposckoro)

[Tycrs C — komiuiekcHast m1ockoctb, D — exunnanstii kpyr va C, H(D) — mHo-
’KeCTBO Bcex QyHKImil, aHaIuTHIecKnx B D, Z; — MHOXKECTBO BCeX HyJIeil HeTpUBH-
asbioit dyukiuu f € H(D), n(r) = card {2z : |z| <r < 1}.

IIpu Bcex 0 < g < 400 onpegennm kiaacc Ipusanosa I, (cm. [1]):

s
IIy,=<feH(D): sup Qi / (anr ‘f(rew)quQ < 400
0<r<1 &7
™

OrmernM, uro kmnaccer II, Bmepsrle 6butn paccmorpenst 1. 1. IlpusanosbiM B [1].
IIpn ¢ = 1 kaacc [IprBasioBa coBmaiaer ¢ XOPOIIO N3BECTHBIM B HAYYHOI JINTEPATYPE
KJ1accoM (QYHKIMiT orpanndenHoro suga min kiaaccom P. Hepammuuner N (cum. [2]).

Bajaua XapaKTepu3allid KOPHEBBIX MHOXKECTB (DYHKINN Pa3/IMIHBIX KJIACCOB
AHATUTUIECKUX (DYHKIINN HEOTHOKPATHO IMOJHUMAIACH B pabOTax CIEIUAJIUCTOB
B 00JIACTH KOMILJIEKCHOTO aHaan3a. B wacTtHOCTH, B paborax asropa |3, 4]. Hdan-
Has paboTa MOCBAIIEHA NCCIEI0BAHUIO HY/IeBbIX MHOXKeCTB Kiaacca V. U. TlpuBasosa
B kpyre. IIpu 1 < ¢ < +oo cnpasegmso Bkmouenne I, € N, rme N — kiacc
byHKINI OrPAHUYEHHOr0 BU/IA, W U3 CBOWCTB MPOU3BEIeHNA BJidiike

2k kT2
=112
S 2kl 1= zpz
CJIeTyeT, YTO0 KOPHEBbIE MHOYKECTBA XapPaKTEPU3YIOTCS XOPOIITO U3BECTHBIM YCIOBUEM

Bigamke
400

S0 = Jz4]) < +oo. (1)
k=1
Opnnako npu 0 < ¢ < 1 ycoBue Biisitiike yKe He siBIsIeTCsT HEOOXOIUMBIM, H0Jiee TOro,
HyJIeBBle MHOXKecTBa Kiaccos Iy, 0 < ¢ < 1, cymecTsenHO 3aBUCAT OT 3HAYCHUA
mapaMerpa ¢, Kak BIepBble ObLTO ycranowieno B pabore @. A. IMlamosina m ero
coasropos [5]. B manbueiimem, B paborax [6] u [7] sroT pe3ynbrar ObLI yTOYHEH.
B wacruoctu, B Hegasueir pabore [7] . A. IlamossHOM OBLT TIOJTyUeH CJI€TY IOt
UHTEPECHBIN Pe3y/IbTar.

Teopema III. Ilycre {z,} C D, 0 < q < 1. Ecmn {2} = Z; 11 HEeKoTOpOIt

felly, To
1

n(r) < m.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cremosanmii, mpoekT Ne 18-31-00180.
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Ob6parHo, ecin Toukn 1ociaegoparensbHocTn {z,} C D pacnosoxeHbl B KOHEYHOM
gnucsre yrios IllTonsna n

1
/nq(r) dr < 400, (2)
0

TO MOXKHO HOCTpoHTh pyHKIHIO g € I, Takyo, aro Zy = {z}.

Hamomunwm ompenenenne:

ONPEAEIEHUE. Yeaom ITmoavua Ts(f) ¢ Bepmmmoit B Touke e masmisaercs

yros pacteopa w0, 0 < & < 1, GHCCEKTpHCa KOTOPOTO COBIAJAET ¢ OTpe3KoM 1€l
0<r<l.

Hawm yramock yrounuts HEeobxoaumoe yeaoue TeopeMbl L ciaemyromnum obpazom.

Teopema 1. Ilycts {2z} C D, 0 < q < 1. Ectn {2} = Z; ana mekoropoii
felly, mo

1
/nq(r) dr < +o0.
0

Takum obpazoMm, B Teopeme 1 yCTaHOBJIEHO, UTO JOCTATOYHOE yCJIOBUE HA HYJIH,
pacrosioxkenubie B yriaax [llronsna, waitgerroe @. A. [lamosiHOM, SIBISIETCST TaKKe
u HeobxomuMbiM. OTMETUM, UTO MpU JOKA3ATETHCTBE TEOPEMBI 1 UCIOIB30BAIACH

Teopema M [8]. Ecmr f €11, 0 < g <1, 10
Int M(r, f) = o((1 —7)"Y9), r—=1-0, (3)

e M(r, f) = Iax|,|=p ‘f(z)‘

Ob6mweaunsst Boeauuo pedyabrarbl TeopeM I u 1, moayunm ciemyromiee yrBep-
JKTeHIE.

Teopema 2. ITyctb {2} — Opou3BOJIbHAST TOCJIEJOBATEIHHOCTD TOUEK, COJEPHKA-
masicst B KoeaHoM gucsie yriioB Illtonbma B equamanom kpyre, 0 < g < 1. s Toro
9T00BI {2, } = Z ¢ A1 HeKoTopoit HeTpuBHaabHoOi f € Il,, HeobX0aHMO H JOCTATOYHO

q9T00BI fol ne(r) dr < 4o0.

Opxrako y#iTy mpu HOKA3aTeJhCTBE JOCTATOUYHOCTH OT TPEOOBAHUS MPUHAIIEK-
moctu Kopueil yriaaMm Iltonbia moka mHe yaaaochk. Takmm obpaszom, mpobiieMa, moIHOM
XapaKTepu3alny KOPHEBBbIX MHOKeCTB (byukmmit n3 kiracca . 1. [IpuBasosa B Kkpyre
IIOKa OCTAeTCd OTKPBITOM.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

PEKYPPEHTHBLIE ®OPMYJIBI 171 OPTOTOHAJIBHBIX
I1I0 COBOJIEBY IIOJIMHOMOB, IIOPOKJIEHHBIX
KJACCUYECKUMUI OPTOTOHAJILHBIMI TTOJIMHOMAMUI
JINCKPETHO! ITEPEMEHHOM

M. C. Cynranaxmei0B
(Poccus, Maxaukama; JTOUILL PAH)

XO0poIIIo W3BECTHO, UTO PEKYPPEHTHBIE COOTHOIIEHUS SIBISIOTCS OJHUM W3 KJIO-
YEBBIX CBOMCTB K/IACCUYIECKUX OPTOTOHAJIBHBIX MOAUHOMOB. OHU UCIOIB3YIOTCS B UC-
CJIEJTOBAHWN PA3JIMIHBIX CBOWCTB CHUCTEM OPTOTOHAJBHBIX TTOJMHOMOB, a TaKYKe s
BBIUNC/ICHNA 3HAYEHUIT TOJUHOMOB B IIPOU3BOJBHO 33JaHHON TOYKE.

B pabore [1] aBropom 6Gblar yCTaHOBJIEHBI PEKYPPEHTHBIE COOTHOIIEHUS! JI/Is 110~
JIMHOMOB, TOPOXKJIEHHBIX KJIACCUIECKIMU OPTOTOHAJBHBIMA MTOJUHOMAMA U OPTOTO-
HaJIbHBIX B CMBICJIE CKAJISIPHOTO mpousBeerus Tuna CobosieBa BUIA

r—1 b

)b = 3 F(@)g™ (a) + / FO g0 (Ew(t) dt,

v=0 a

rie w(t) — BecoBasi GyHKIHSI.

B macrosimeit pabore paccMaTpuBaeTCa IUCKPETHBIN aHAIOr YKA3AHHBIX TOJIHHO-
MOB, & UMEHHO IIOJIMHOMBI, TTOPOXKAEHHbBIE KJIACCUYIECKUMUN OPTOTOHAJIBHBIMHW TIOJIN-
HOMaMHn ,Z[I/ICerTHOI‘/'I HepeMeHHOﬁ 1 OPTOTOHAJIBHBIX B CMBICJIE CKAJIAPHOTO IMTPOU3BE-
nenns tumna CoboseBa BUIA,

r—1
(f,9) = AYF0)A"9(0) + Y ATF(OA g(t)w (), (1)
v=0

teQ

e Q@ = {0,1,2,...} — nuckpernas cerka, a Af(t) = f(t+ 1) — f(t) — oneparop
KOHEwHOI pasnocTw, ayist Koroporo AFFLf(#) = A(AFf(1)).

O6oznaaum wepe3 {1, }7°, cucreMy MOJHHOMOB, OPTOHOPMHPOBAHHBIX B IIPO-
crpamcTse [, ,(Q) dyskamit f(z), 3agannbix Ha {2, 17159 KOTOPBIX

Z lf(O)IPw(t)dz < 0.

teQ

JpyruMu cjioBaMu, CIIpaBeTNBO PABEHCTBO

(¥ns ¥m) = (s Prdiy (@) = D Yn(t) Ym (D)w(t) dE = 63 m,

teQ

rae Op ., — cuMBOT Kponekepa.
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PaccmoTpim HOBYIO crcTeMy mONMHHOMOB {1y ()}, 3aJaHHBIX CIELYIOMIMI Pa-

BEHCTBAMMT: .
Yy (z) = %, n=0,1,...,r—1, (2)
S @ 1- Uy, (1), x>
wr’n(x) _ (7‘71)! t;o(x ) w ( ) X T ’ n > r’ (3)
0, z<r

rne afl = a(a—1)---(a—k+1), al =1.
[Ipu 5TOM MBI YCIOBUMCS CHUTATH, 9TO Yo 5 (X) = Pp ().
B pabore [2] nokazauo, aro cucrema {1y, ()} gBaseTCSt OPTOrOHAIBHON B CMbIC-
JIe CKaJIsIpHOTo TpousBefenus (1) u mosmoit B mpocrpancrse W, C [, cocrosmiem
w
U3 JUCKPETHBIX (DYHKINI, JJIst KOTOPBIX CKaIApHOe npoussejenne (1) uveer cMbICT.
[Tonoxum renepb {1y, }5° , OAHON U3 CHCTEM KJIACCHYIECKUX OPTOrOHAIBHBIX II0-
JIMHOMOB JTUCKPETHO# mepemennoii. Torma cnpasemivBa Caegyomas TPexaJIeHHas
pekyppenTHas (opmya;

Yn(z) = (Apz + Bp)Yn—1(z) + Cphp—2(z), n=2,3,... (4)

Hawmu jiokazano cejyioniee yTBep K /IeHIe, yCTaHABINBAIONIEe PEKYPPEHTHBIE CO-
OTHOIIEHNSI JIJIST TOJIMHOMOB, OPTOTOHATBHEIX 110 CODOJIEBY U MMOPOK IEHHBIX KIACCH-
YEeCKUMHU OPTOTOHAJIBHBIMU IMOJIMHOMAMN 'B;I/ICerTHOI‘;I HepeMeHHOP'I.

Teopema 1. Ilpn v > 1 gast cucrempl OJIHHOMOB {1y 5, }0° ), OPTOTOHAIBHBIX B
cubicre (1) # HOpOXK T€HHBIX CHCTEMOI OPTOrOHAIBHEIX IOTHHOMOB {1y, }02 ), HMEIOT
MECTO CJIeAyIOIIne PeKyppPeHTHBIe (DOPMYIIBI

r—n+1
QzZ)T,O(:C) = 1’ Q;Z)T,n(x) = T¢T‘,n*1(x)a n = 152)° ey 17
20 —r z+1
¢0,0($) = Q;Z)Oa ¢T+1,r+1(x) = r ¢r,r($) - <’I“ + 1) ¢0 =
P
r—r p; Yo
= I wr,rx +—'¢7",7" 1\T), 7“21,2,...,
r 7”/47% ( ) 7”/47% + ( )

Anr¢r+1,r+n(3§) = [An(z — 1) + By ¢r,r+nfl(x) +
+ Cn¢r,r+nf2($) - @Z)r,rJrn(:C), n =2,
)

e kqf 1 p] — KO3(DUIIHEHTHI TOJIHHOMA IIepBoli cremenn ¥y (t) = k:ip t+ p’f, a An,
By, u C,, nmeror Tor xe cMbIci, 9410 1 B (4).

SAMEYAHUE 1. PekyppeHTHBIE COOTHOILIEHUS IS TOJHHOMOB 91 ny1(2), 1 2> 1,
TS KQXK 0¥ KOHKPETHOMN CHCTEMBI HEOOXONMO YCTAHABINBATD, OT/IEJIHHO HCIO/IB3Y T
CenuaJjbHble CBONMCTBA UCXOMHON OPTOTrOHAJIBHON CUCTEMBbI {1/)”}30:0.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

CZKUMAIOIINE IMTPOEKTOPHI B IIPOCTPAHCTBAX JIEBETA
C TEPEMEHHBIM ITOKA3ATEJIEM!

Bb. B. Tacoes
(Poccust, Bragmkaskas; FOMU BHIT PAH)

B mok1a/1e MpUBOIUTCS OMUCAHIE CTPYKTYPBI TIOJOKATETBHBIX CAKUMAFOITIX ITPO-
eKTOPOB B MpocTpaHcTBax Jlebera L.y ¢ 0-KOHETHOI Mepoii i ¢ CyMecTBeHHO Orpa-
HUYEHHBIM lepeMeHHbIM 1okKaszaresem p(-). Jannoe onucanne o6obuiaer aHajIOrmd-
HBIE Pe3yJIbTaThI, TOJyUYeHHble B paborax [1-3].

[Tycrs (2,3, u) — npocrpancTBo ¢ o-koneuHoii mepoii. Cumsosiom Lo(2, X, )
OyzeM 0003HAYATH MHOYKECTBO K/JIACCOB 3KBUBAJEHTHOCTH M3MEPHMBIX ITOYTH BCIOLY
KoHeuHbIX dyHKumii. Berogy nasee dbyukms p(-) € Loo (2, X, 1) Takas, aro 1o < p(-)
noutn Beiofy Ha (). O6osmatmm cuMBoToM Ly (§2, X, 1) MHOKeCTBO Beex (ymKmmit
f € Lo(Q, %, p), nnst koropsIx [, |£()[P® du(t) < oo. B mpocrpancTse Ly (4, %, 1)
BBeJeM HopMy || - || mo dopmye

171 ::inf{bo:ﬂ/'@

Torma  (Lyy (2,3, 1), || - [|) sawasercs Gamaxomoii pemerkoit. Kpowme Toro,

Ly (82, X, u) — uneansuoe noampoctpanctso B Lo($2, X, p). Anrebpaneckue u pe-

merounbie oneparun B Ly ) (£2, X, (1) oCyIIeCTBIMIOTCS TOTOUETHO TIOUTH BCIOJLY.
IIycts 0 < e € Lp(_)(Q,E, () 1 ¥y — HEKOTOPOe O-TIOJKOJBIIO B X C eIUHUIIEl

p(t)
d:“’(t) < 1} (f € Lp(-)(Q’E’H))'

Qo = suppe. Tak kax 1 < p(+) € Loo(Q, 2, ), To B cuny [4, Proposition 2.12] eP() €
L1(, %, 1). Beezem komeunyio mepy ()i mo dbopmyie eP()p(A) := N ePO) dy porst
Becex A € Y. dcHo, UuTO MpOM3BOIbHAS (PYHKIWA h TPUHAIIEKAT Ll(Q,E,ep(')u)
TOIJla M TOJBKO TOIJA, Korja |q |h|ePt) dpy < co. BosbmeM mpomsBoIbHYIO (byHK-
mmo h € L1(Q,%,ePp) u nomoxmv mo ompenerennio A(A) = N he?() dy, s
Becex A € ¥g. Torma A : Xy — R koneunas mepa u o reopeme Pajona — Hukozuma
CYIIECTBYET €MHCTBeHHAs (DYHKIIUS éoep(')“(h@o) € L1(Q, Xo, e’V ) Takas, aro

/hep(-) d,u:/ge”(‘)“(h@o)ep(') du (1)
A A

mass Becex A € Yo, Ilpomomxkum  pyHKIHIO & ep(')“(h|20) ma §), mosaras
@@ep(')“(h\Zo)(t) = 0 mua Beex t € Q\ Qp, u 0603HAUNM ITO NPOJOJIKEHNE CHOBA
qepes & 1(h|Sg). Toraa B cumy onpenenenns 3.1 & 1(h|So) — emuHcTBeHAbI
snement u3 Ly (€2, Xo, PO ), yrosaersopsiommii coorrormenmo (1).

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cienmosanwmit, mpoekT Ne 14-01-91339 HHIIO _ a.
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ONPEAEMEHNE 1. Otobpamenme & 1H(-[So) : h +— ECH(RS)) us
Li(,%,e?Ou) B L1(Q, Xo, PO ), onpenensiemoe coorromtenmem (1), HazpisaeTcs
onepamopom ycaoenozo ovcudanua s Mepsl ePU)y oTHOCHTENBHO O-KOMBI X
¢ eguHuLei €.

OnpPEAENEHUE 2. Omeparop T : X — Y MexXJay HOPMUDPOBAHHBIMU TPOCTPAH-
crBamu X, Y Ha3BIBACTCI COICUMAIOULUM, ECTA €r0 HOPMa, MEHBIIIE €INHUIIHI.

Cumponom Z(T) = {T(f) : f € X} 6ymem obo3nadtaTs 00pa3 omepaTopa
T : X — Y, #geficTByoIero B HOpMUPOBAHHBIX mpocTpaHcTBax X m Y.

Teopewma. ITycrs (2,3, u) — npocrpancrso ¢ o-koHe4dHOl Mepoii, E — 3aMKHy-
TBIH 110 HOpMe MOPSIKOBBIN HJIeal B Lp(,)(Q, X.p), P: E — E — momoxunreib-
Hbrii cxxumaromuii mpoektop. Torma cymecrByior 0 < e € #(P), o-noakoabno Y
B X ¢ egummieii )y := suppe H €IHHCTBEHHAS IOJOXKHTEJIbHAS (DYHKIHUS W €
Lo(Q, 2, e’V ) raxne, aro supp Z(P) = Qq, suppw C supp g i cupaBeimBo mpes-
crapnemie P(f) = e 1 (e= 1w f|S0) amst seex f € {e}*L C E.

Caencrsue. Ilycrs (2,%, 1) — npocrpancrso ¢ o-koHedHoii mepoii, E — 3a-
MKHYTBIH [0 HOpMe IIODSJKOBBIHA ujear B Ly . (Q,%, ), P: E— E — mosoxureb-
HBIH CxuUMaroumii mpoekTop. Torma cymecTByrOT 3aMKHYTBIE HIACAJIHHBIE TIOIIDO-
crparctBa F, Fo B E W moaoxxurenapHBbIE CKEUMaroiue omeparopsl Py @ By — Fy
n Plg . E2 — E1 TaKnue, 9TO E = E1 D Eg, P11P12 = Plg, P121 = P11 n orrepaTtop P
HMeeT MaTPHIHOE TPE/CTABICHHE

Py Pro
P = .
< 0 0
Bosee toro, cymecrsyior 0 < e € Z(P), o-noakosbio g B X ¢ exuHHIel

Q)9 = suppe H eIHHCTBEHHAs ITIOJIOXKHUTEJbHAas (DYHKIHT W € LO(Q,E,BP(') 1) Ta-
ke, uro supp Z(P) = Qp, suppw = Qq, u umeer mecro npegcrapaeane Pii(f) =

e&" 1 (e~ 1w f|S0) amst Beex f € By.

JIuteparypa

1. Ando T. Contractive projections in L, spaces // Pacific J. Math.—1966.—Vol. 17.—P. 391-
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

HEJIOKAJIBHAA MATEMATNYECKAA MOJIEJ/Ib PUKKATU
1 ITOKABATEJIb XEPCTA /15 UCCJIEJOBAHNA JMHAMUKN 23 U 24
INKJIOB COJTHEYHON AKTUBHOCTU HA CTAJIUN ITOJHEMA!

. A. Tepaprit

(Poccus, Hampunk, UTIMA KBHIT PAH;
[Merponasnosck-Kavuarcknmit, KamT'V)

B macrosimmeit paboTe mpeaioyKeHo nCCaIenoBaHne IMHAMAKI COTHETHOW aK THBHO-
cru 23 u 24 MUK/ HA CTAIUK MobeMa 1], mo JaHHbIM [2], ¢ TOMOIIBI0 MOJETHLHOTO
ypaBHeHnust PUKKaTH ¢ mpon3BOAHOM APOOHOTO MOPSIKA W HEITOCTOSTHHBIMEU K03 du-
muertamu |3, 4|. TlomoGuble wmccmenoBanus yKe MPOBOAUINCH, HAPUMEDP, B pabo-
te [5]. Ognako B 910l pabore MojeabHOE ypaBHeHHe PUKKaTH ¢ IPOU3BOAHOI Apo6-
HOTO TOPSIIKA OBLIO C TOCTOTHHBIMY KO DUITHEHTAMY, & TAKXKe ObLIa MCCIeOBAHA
JTUHAMWKA, COJTHeYHO! akTuBHOCTH B Tiepmof, 1998-2010 rr. m ycranoB/ieHa ee CBA3b
¢ cenesbivMu notokamu B Kabapaumno-Bankapckoit Peciybiinke.

B wmacrosimeit pabore uccienoBaHre MPOBOIUTCS C TOMOIIBIO HEJIOKAIBHON Ma-
TeMaTuIeckoil Mogenmn Pukkaru. Dra HeJOKAJbHAS MaTeMaTHIecKasl MOIe/]b Oblia
BIIEpBBIE paccMoTpera B pabore [4]. Oma mpemcrasisier coboit 3amady Komm s
ypaBHeHusi PUKKaTH C MPOU3BOIHON APOOHOTO MTEPEMEHHOIO TMOPSIKA:

00D u(r) + a()u(t) + b(t)u(t) + c(t) = 0,u(0) = ug, (1)

re u(t) € C?[0,T] — byHKIHs penreHus; a(i(t)u(T) = F(l—la(t)) fot (t_uT()Ta)(t) dr —
TpobHas Tmpou3BoaHasa mepemeHHoro mopsiika 0 < «(t) < 1 tuma TepacumoBa —
Kamyro; u(t) = % — mpou3BOAHAs MepBoro mopsaka; (1) — ramva-byHKIMs;
t € [0,T] — Bpemst; T — BpeMs MOJIEIUPOBAHUS; Uy — 33JAHHAS KOHCTAHTA;

Pemmenne sroit MaremMaTuyeckoit MOIEIN TAETCS UNUCAEHHO C MOMOIIBIO0 METOIa
Hrrorona. Ilomydaentoe perenne COMOCTABISIETCS CO CTIAYKEHHBIMHU, € TIOMOIIBIO KY-
OMTECKOTO CIIIATHA, SKCTIEPUMEHTAILHBIMI JAHHBIMI COTHETHON akTuBHOCTH 23 1 24
uKJI0B. Jlajiee ¢ moMOIIbI0 MeTOa HANMEHBIIEr0 KBa paTa BEIOMPAETCS ONMTUMATh-
HOE 3HAYEeHWe TOPSIIKa APOOHON MPOM3BOLHON, TPW KOTOPOM KoM duImenT merep-
MHUHAITAA JOCTUTAET MAKCUMAJIBHOTO 3HAYECHUS.

ITo pe3ynbraram [TaHHOTO PEIEHUST W MUCXOIHBIM JAHHBIM O HCCJIELYEMOM IPO-
ecce, ¢ MoMompI0 nporpammbl Fractan, Beramcisiercs nokasaresb Xepcra [6]. Tax
KaK 00beMa MCXOMHBIX JAHHBIX HE JOCTATOYHO /IS PACUeTa MOKa3aTess, TO C IOMO-
IO CIVIAKUBAHUST KyOWIECKUM CILIAHOM IMOJIyYIUM HYXKHOE KOJUYIEeCTBO: BECh 23
n 24 muka — 3000 Touek; sTam mogbema — mopanka 1400; a MomennpoBaHue dTaIa
ObeMa, TIPOBOAMIOCH cooTBeTCcTBeHHO Ha 1400 Touek.

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
cnemoBanwmii, mpoexkt Ne19-31-50027 mon__Hp, mo teme «Maremarndeckoe MOZeIMPOBAHIE HEKOTO-
PHIX (PUBUUECKUX TTPOIECCOB C TMTOMOIIBIO SPEIUTAPHOTO YpaBHEHUsT PUKKATA»
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CoBpemMeHHbIe pobJIeMbl MATEMAaTUKHU U MaTeMaThudecKoro obpasoBauus: XV Biagukas-
Ka3CKas MOJIOIEKHAA MareMaTuaeckad mkoua (r. Bragmkaskas, 20-25 centabpa 2020 r.)

METO/JIUKA BBIABJIEHUA ITPOOPECCNOHAJIBHBIX JTEOUIINTOB
B HAIIPABJIEHUM UCIIOJIb30BAHUSI TEXHOJIOI'MIT
NCKYCCTBEHHOI'O UHTEJIJIEKTA
B MATEMATNYECKOM OBPA3OBAHNN!

A. B. XmxHAK
(Poccust, Enerr; ET'Y nm. Bynuna)

YcroitunBast TeHAEHIUS K KOMIbOTepW3anuu u uHOpMaTH3anuu o0pa3oBa-
uus B pamrax Ludposoit Tpancdopmarun obpazoBanus, 3aKPEIIEHNE TTOTOXKEHUIA
0 HEOOXOIMMOCTH Tepexoia K (hOPMUPOBAHNA €IMHOTO 00PAa30BATEIHLHOTO TPOCTPAH-
CTBa, WHAWBUIyAIN3allnio oOpa3oBaHus, OOecredeHnsl MpaBa IpaykiaH Ha, Herpe-
pBIBHOE 00pa3oBaHme, MyOJUIHOCTH U UH(MOPMAIUOHHYIO OTKPBITOCTH 00pa3oBa-
Hug B pamkax @exnepanbHoro 3akona «00 obpasosanum B Poccuiickoit ®@enepa-
muny oT 29.12.2012 r. Ne 273-P3, MaccoBBIi mepexo Ha JUCTAHIIMOHHOE O0YJIeHMs
B pPaMKax COOJIIOJEHNS CAHUTAPHO-3MUIEMUOJOTTIECKUX HOPM BO BpPEMsI MaHIEMUN
COVID-19 recHo conpsizkennl ¢ Tpancdopmalyeil Beeii cucreMbl obpasosanust B Poc-
CUH, a TaKyKe MATEeMATHIeCKOro 0OPA30BaHUs B YACTHOCTU. 3aTPAruUBasi BOIPOCHI
nudpoBusaus 00y<deHusi, YMECTHO Pa300paTh BOMPOCH WHTErPAINN WHHOBAIMOH-
HbIX jgoctmkenuit ['T-unpycTpun B 06pa3oBaHue U MOCTEIYIONIAE 33, STUM JTAIBI aK-
TyaJIN3a0Uu TPAKTUKYEMbIX METOIUIECCKUX CHOCO6OB n IprueMoB O6yquI/I${.

B cBa3u ¢ nporekamomuMu riaobabHBIMI MUPOBBIMU TOJUTHIECKUMUA U SKOHO-
MUYECKUMU U3MEHEHUsIMU, HEM3MEHHO 3aTPAruBalOMMMU COMHAIBHO-3MOIUATBHY IO
cdepy UesIOBEUECKUX B3aUMOOTHOIIEHNUMN, MPEICTABIIETCS HEOOXOIUMBIM OIEHUTH
KOMIIETEHTHOCTH rZ[eI;'ICTByIOLL[I/IX neJarornYeCKmux pa6OTHI/IKOB B O6J'Ia.CTI/I MaTeMaTu-
KA W TOYHBIX JUCIUIINH B TJIAHE WX TOTOBHOCTH K WHTE/JIEKTYAJTU3AIUNA TIPE/I-
MEeTHOTr0 obOpa3oBaHusi Kak (POPMBI OTBeTA Ha CHOPMHUPOBABIINECS YCJIOBUS CYIIIe-
CTBOBaHUS W pa3BuTusi jgudHocTh. g BbIgBIeHUT MPOdECcCHOHATBHBIX TeduIn-
TOB B HAIPAaBJEHUN WCIOJTH30BAHUST TEXHOJOTHI MCKYCCTBEHHOTO WHTE/JIEKTA B Ma-
TeMaTUIeCKOM 0Opa30BaHUU WHTEPECHO WMCIOJIH30BAThH KEefC-TeCTUpOBAHIE, HAIPAB-
JIEHHOE Ha BBISBJIEHUE YPOBHSI C(OOPMUPOBAHHOCTY K/IFOUEBBIX KOMTIETEHITH, TAKUX
kak «CrocobHOCTH OPMUPOBATH HACKHIIIEHHYIO WHMOPMAIIMOHHO-00pa30BaTEIbHY IO
Cpey CpeCTBAMEU KOMIIBLIOTEPHOTO MOJIETUPOBAHUS C yUIeToM TpeboBaHuil nudpo-
BOIl 9KOHOMWKH» U «['OTOBHOCTH K BKJIIOUYEHWIO B COBPEMEHHYIO WHMOPMAIMOHHO-
00pazoBaTEIBbHYIO CPEIY U K UCIOTH30BAHUI0 ABTOMATH3NPOBAHHBIX WHTEJLIEKTYATh-
HbIX O6yanOH_[I/IX CUCTEM [JId OCBOCHHA TIPEAMETHOTO MaTepuruaJjia».

Keiic-Tect, kak ¢dpopma oreHnBaHuUsI, MPEICTABIET OO0 HADOP BXOMHBIX 3HAUTE-
HUil, TPeIyCJA0BUil BBIMOTHEHNS, OKU/TAEMbBIX PE3YJIbTATOB TECTUPOBAHUS U TOCTY-
CJIOBUI BBITIOJTHEHUS, Pa3PabOTaHHbBIN [jIsi TTPOBEPKU COOTBETCTBUS OMPEICTICHHOMY

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIaAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 19-29-14009.
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TpPebOBAHUIO, B HAIEM CJIydae, CIIOCOOHOCTU W MOTOBHOCTHA K (POPMUPOBAHUIO U WH-
Terpanun B y4eOHBIH TpoItece coBpeMeHHbIX nHTeaIeKTyaabubix EdTech. B orauaun
OT TPAJUIIMOHHBIX TECTOB NJIN OITPOCHUKOB, KelC-TeCThl NO3BOJISIIOT OTIPEIC/INTDH ITPO-
deccruoHa bHBIE U TICHXOJOTUYIECKIE XAPAKTEPUCTUKU PECTIOHIEHTA B JTUHAMUKE €0
JIMGHOCTHOT'O PA3BUTUA, a TaK2Ke€ OIEHUTH €ro HaBBIKU U YMEHUA <«B JejIe», a He
MIPOCTO MOJIYyYATh TEOPETUYECKHI Cpe3 B TeKyInii MOMEHT BpeMeHH.

JJIst TpeIyIoyKeHHBIX KOMTIETEHITNI Keific-TeCTHPOBaHNE TTO3BOJINT OTPEIeINTh Ha-
CKOJIBKO TIPEINoJaBaTeJ b MATEeMAaTHUKH 3HAET CTPYKTYpPHBIE KOMIIOHEHTH! HACBHIIEH-
HOIT MHMOPMAITMOHHO-00PAa30BATENIBHON CPEIBl 1 WX MEPAPXUIO; ITAIBI, COAEPKAHNE
7 pOPMBI KOMIBIOTEPHOT'O MOISIUPOBAHUS MIPU PEIEHUN yIeOHO-METOTUIECKUX 3a-
Jlad BBIOPAHHOM TpPEIMETHON 00/acTh; OCOOEHHOCTH W XapAKTEPUCTUKU ABTOMATHU-
SUPOBAHHBIX MHTE/IJIEKTYAJIbHBIX o6yqafon_mx CHuCTeM, TEeXHOJIOTUI 1 cpelr, BOSMOXK-
HOCTH OpraHu3aIuu 00pa30BaTeJHLHOIO MPOIEcca C WX TPUMEHEHWeM; yMeeT ajall-
TUPOBATh COBPEMEHHBIEC TEXHUYICCKHNE JOCTU2KECHUA W ITPUOPUTETHBIE CKBO3HBIE TEX-
wosnornu (BigData mw DLT, VR, AR u MR, ucKycCTBeHHbIE WHTEJIIEKT, 5JIEMEHTHI
POOOTOTEXHWKN, CEHCOPUKU W ﬂ;p.) K OPraHM3alluy U 3KCIJIyaTalluyl HACBIIEHHOMN
nHGOPMAITMOHHO-00PA30BATEIBLHON CPEJIbl; BRIONPATh U MPUMEHSTH MU(pPOBbIE WH-
CTPYMEHTBI U CEPBUCHI JJTsi PEIIeHns KOHKPETHBIX 00pa30BATEILHBIX 33/1a9; BIAIEeT
crocobaMy aHAJN3a W KPUTUYECKON OIEHKU PA3JIMIHBIX TEOpWil, KOHIEMINi, Mo/I-
X0/I0B K (DOPMHUPOBAHWIO HACBIIMIEHHON WHMOOPMAITMOHHO-00PA30BATE/IHHON CPEIbI;
JIOCTYIHBIMEU TTH(DPOBBIMEI  yIeOHO-METONUIECKUMU MATEPUAIAMEI, WHCTPYMEHTaAMHI
7 CeTEeBBIMU CEPBUCAMMU.

N3 nmpuBegeHHBIX BBITITE TTOJOKEHUI BUIHO, UTO KEHC-TECTHPOBAHUE SIBISIETCS
COBPEMEHHOI WHTEepeCcHO# MeTOnudeckoil (popMoil BhIABICHUS TPOGECCHOHATBHBIX
,D;e(bI/IL[I/ITOB B HaITPAaBJIEHNHW NCITOJIB30BaHU A TEXHOJIOTHIA NCKYCCTBEHHOT'O MHTEJLJIEKTA
B MaTEMaTHIECKOM 00OPA30BAHUU, U MOXKET OBIThH C YCIIEXOM BHEJIPEHO B OTEHOUHYO
JIesITeJIbHOCTh POCCUIICKON CHCTEMBI TI0CIEBY30BCKOI0 0Opa30BaHUS.

Jlureparypa
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. O. ®pymun.—M.: Usmarensckuit qom Boicmreit mikossr sxkonomukm, 2019.—344 c.
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CospemeHHblIe Ipo6JieMbl MaTEMATUKU U MaTeMaTudeckoro obpasoBanusi: XV Bragukas-
Ka3CKasi MOJIOJIe’KHAsI MaTeMaTHIecKast mkosa (r. Bragukaskas, 20-25 cenrsopst 2020 r.)

O HEKOTOPHIX CBOIICTBAX CUCTEM,
OPTOT'OHAJIBHBIX 1O COBOJIEBY!

T. H. ITax-9mupos (Poccus, Maxauxana; JJOUIL PAH),

M. I'. Maromen-Kacymos (Poccust, Bragukaskas, KOMI1 BHII PAH;
Maxaukana, JT®UIL PAH)

[ycts L2[a, b] mpocTpancTBo (bYHKIMIA, 118 KOTOPBIX

b
/f2(x) dx < 0.

Hepes W, b " € N, o6o3nauunm npocrparcTso CobosieBa, cocTosImee u3 abcoI0THO

HempepbIBHBIX byHKIHil f, v Koropbix npomssoausie f/, ..., f'~1) takxke abcomorHo
menpepibl, a f(7) € L2[a,b]. B Wzg[a p) MOYKHO BEECTH CKaJIsIPHOE MPOM3BEIEHHE
turra, CobosteBa

r—1 b
()5 = 3 1@ (@) + [ @)y (z) da &
v=0 a

B pa6orax [1-3] 6b11 paspaboran OIMH U3 METOJOB MOCTPOEHWsI CUCTeM (DYHKIHI,
OPTOTOHAIBHBIX OTHOCUTENHHO (1) M3 cucrem, OPTOrOHATBLHBIX OTHOCUTETHHO 00bIU-
HOTO CKaJIApHOTO Tipomssesienns B L2[a, b]

b
Ugn%@:/#@mmmL

w OBLIO TOKA3aHO, UTO eC/M WeXojHas cucrema noina B L2[a,b], To mopoxktennast
ero cucrema opToroHabHbIX o Cobonesy dynkumit Gyser Takxke nona B W/, fa,b]"
B macroseit pabore paccMaTpwBaiOTCS BOMPOCHI, CBSI3aHHBIE C ODIIMM BWIOM OP-
TOrOHAJBHBIX OTHOCUTETBHO (1) cHCTeM, COOTBETCTBYIOMIUX MOPOXKIAIONINX CHCTEM
W WX TOJHOTHI B Ciyd4ae, Kormga r = 1. B wgacTHOCTH 0OKa3a/i0Ch, UTO CHUCTEMBI

@1 = {1,172y, OPTOTOHATLHEIE OTHOCHTEIBHO CKAJISPHOTO IIPOM3BEICHIT

b
mwszﬂ@m@+/ﬂmy@w, )

He MOTYT OBITH MOTHBIMH, ecil @1 ;(a) = 0 a1 Bcex k € N. A umeHHO, IMeeT MeCTO
cJleiyronas

'PaGora BeimonHena npu dunancoBoil momuepxke Poccuiickoro dbonma GyHIAMEHTATBHBIX HC-
ciemoBanwmit, mpoexkT Ne 18-31-00477 mon_ a.
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Teopewma 1. ITycrs &1 — oproHopMmupoBanHasi orHOcHTebHO (2) crcremMa (byHK-
muit. Ecin ¢ i, (a) = 0 a1 Beex k > 0, o cucrema $q He Oyjer moHOIf.

PaccmoTpen ciyuait, Korga poBHO 1 (DYHKIUI OTAUYHBEI OT HYJIsT B ToUuke a. OT-
MeTHM OTJEJBbHO B CBsi3n ¢ paboramu [1-3]| ciaywaii, korjga poBHO oxHa (yHKIWMST
OTJIMYHA OT HYJII B TOUKe a. B 3TOM ciyvae crpaBe/IUBBLI CAEYIONINE YTBEPIK/Ie-
HUS.

Teopewma 2. I[Tycte &1 — nosrass OHC. /Ixst Toro arobbr pOBHO OJHA U3 (DYHKIIHIT
cucremsr $ ObL1a OTIMYHA OT HYJ/IST B TOYKE G, HEOOXOJUMO U JOCTATOYHO, ITOOBI
91a (OYHKIHST ObIJIa KOHCTAHTOMH, paBHOI +1:

(gkaO(a) #0A @i i(a) =0, k # k:o) & 14 () = const = +1.

Teopema 3. Ilyctpo ¢ — moanas B VVLl2 OpPTOHOPMHUPOBaHHAas CHUCTEMa C POB-
HO OAHOH (PyHKIHEH, OTJIUYHOH OT HyJs B TO4ke a. MOXKHO cumTarh, 9TO TaKOH
dyuknmeii spiasercst @1 9. Torga cncrema ® = {ap'l s k > 0} 6ymer nomroii u opro-
HopmupoBanuoii B L[a, b].

Kak yxke ObL10 OTMedeHO, B paborax [1-3| OBLIO TOKA3aHO, UTO €CJHM MOPOK-
marorast oA B L2[a, b], To MOpOXK/IeHHAS €10 CHCTeMa ToJHA B WEQ[a’b]. B To ke
BpeMd TeopeMa 3 YTBEPKIAET, UTo Jijisd = 1 BepHO u 00paTHOE, TO eCTh U3 TMOJTHOTHI
MTOPOXKIEHHOH CHCTEMBI B I/Vlll2 [a,p] BPITEKALT TOJIHOTA MCXOJHOM CHCTeMbI B L?[a,b)].

Jlureparypa
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KOJIEBAHIA HEOJTHOPOJHOI'O BOJTHOBO/IA
C OTCJIOEHMEM B KOJIBIIEBOII OBJIACTH!

B. O. FOpos
(Poccusi, Pocros-na-/lony, FODY; Bragukaskas, KOMIU BHII PAH)

C 1menpio pa3BUTUS METOIUK UACHTU(MDUKAINN CKPBITHIX Ae(DEKTOB MPOBOIUTCS
HCCTIeIOBaHIE PACIPOCTPAHEHUS BOJH B IIMJIMHIPUYECKOM BOJIHOBOIE C KOJIBIIEBBIM
MOTIEPEYHBIM ceueHreM. [Ipn perennn 3aa9 yINTHIBACTCS HEOTHOPOTHOCTE MaTe-
puaJia BI0Jb paJrabHON KOOPAWMHATHI U HAJUYINE KOJBIIEBOTO OTCa0eHus. Bes rpa-
HUIIA BOJTHOBOJA CUMTAETCS CBOOOMHOM OT HAMPSKEHUN U JIUIIL OCECHMMETPUIHAS
00J1aCTh BHEITHe! MPaHWIbl 3aHSTa MEPUOINIECKONl BO BPEMEHU HArPY3KOii; OTCI0e-
HIE TaKyKe UMEeT OCECUMMETPUUIHYIO (POPMY, UTO TO3BOJISIET PA3BICKUBATEL PEITeHNe
B Busie DYHKIINY HE3ABUCIIINEN OT OKPYKHOI KoOpAuHATHI. 15T perenns BOSHUKAIO-
e 33291 B YACTHBIX TTPOU3BOIHBIX MPUMEHSIETCS WHTErpajibHOe Tpeobpa3oBaHue
Oypbe BIOJb MPOAOIBHON KOOPIUHATHI.

B npocrpancrse nmpeobpazoBanus Dypre chopMyInpoOBaHa KAHOHUIECKAST CUCTE-
Ma, mudpepeHImaIbHbIX YPABHEHNN TIEPBOTO MOPSIKA U PEIIeHbl YeThIpe BCIIOMOTa-
renpubie 3aaan Kormm. Ha ocroBe MeToma MpuCTpes Ky TTOCTPOEHO PEITeHne 33T n
B TIPOCTPAHCTBE TpaHCHOPMAHT. Perterue comepKuT JBe HEM3BECTHBIE (DYHKIINN Pac-
KPBITHUA. ﬂﬂﬂ NX OTBICKaHUA C(bOpMy.)'[I/IpOBaHa. cucTeMa JIBYyX 'PaHNYHBIX MHTETPaJIb-
HBIX YPaBHEHUIl C TUIEPCUHTYJIAPHBIMU sapaMu. s periennst CucTeMbl TpUMeHs-
eTCcsl MeTOJl 'PAHMYHBIX 9JIeMeHTOB [1] nam acuMnToTndeckuii MeTos1, OCHOBAHHBIN Ha
PA3JIOKEHUH 0 MaJIOMY MapaMeTpy, XapaKTepu3yoIeMy IHPUHy oTcaoeHus. Pac-
XOoadmuecd MHTErpaJibl MOHUMAIOTCA B CMBIC/IE€ KOHEYHOI'O 3HAYEeHUdA I10 A;LaMa,py
[IpoBeieHbl BEIYUCAUTETBHBIE SKCIEPUMEHTHI TI0 CPABHEHUIO IBYX METOIOB.

Awrop Gnaromapur A. O. Barynbsna 3a BHEMaHUE K pabdore.

JIuteparypa

1. Bemonepkosckuii C. M., JIndpanos . K. YucaeHHBIe METOIBI B CHHIYJISIPHBIX NHTEIPAJIHHBIX
YPaBHEHUAX U UX [IPUMEHEHVe B a3DOANHAMUKE, TEOPHH YIPYIOCTH, dIeKTpoauHaMuKe.—M.:

Hayxka, 1985.—253 c.

lPaGora BemomHena mpu dunancoBoil mommepxke Poccuiickoro bomma byHIAMEHTATBHBIX HC-
cremoBanmii, mpoekT Ne 19-31-90017.

246



CIINCOK COKPAIIIEHU

ETIU — Eastern Illinois University

IAMA KBSC RAS — Institute of Applied Mathematics and Automation
of Kabardino-Balkar Scientific Center of the Russian Academy of Sciences

IM SB RAS — Sobolev Institute of Mathematics of the Siberian Branch
of the Russian Academy of Sciences

NOSU — North Ossetian State University named after K. L. Khetagurov

RMC SFEDU — Regional Mathematical Center of Southern Federal University

SMI VSC RAS — Southern Mathematical Institute — the Affiliate of Vladikavkaz
Scientific Centre of the Russian Academy of Sciences

BTY um. U. T. IlerpoBckoro — Bpsiackunit rocy1apCcTBeHHBIN YHUBEPCUTET
nmenn akajgemuka U. I'. IleTpoBckoro

BI'Y — Boponexckuil rocy1apCTBeHHbI yHUBEPCUTET

I'll PAH — leodusuuecknii meaTp Poccuiickoil akameMnn HayK

ADPUILL PAH — [arecranckuii ¢derepaabHbIi UCCIEI0BATETHCKUI TIEHTD
Poccuiickoit akajieMmnn Hayk

EI'Y nm. Byauna — Egnenknit rocy1apCTBeHHBIN YHUBEPCUTET
nmvenn . A. Byanna

NTuJI CO PAH — UucturyTt rugpoannavMukn numenn M. A. JlaBpenTheBa
Cubupckoro ornenenust Poccuiickoit akageMun HayK

UIIMA KBHII PAH — UucTuUTyT NPpUKJIATHON MAaTEMATHKU U aBTOMATH3AIIAN
Kabapauno-Baakapckoro mayganoro mearpa Poccuiickoit akagemMun HayK

KamI'yV — Kamuarckuii rocy1apcTBeHHBIN yHUBEpcUTeT nMeHn Buryca Bepuara

JITY-yuuBepcurer — JlanmeeHpanTCKuii TEXHOJIOTUIECKUN YHUBEPCUTET

HI'Y — HoBocubupckuii rocy1apCTBeHHBIN YHUBEPCUTET

HNMY «BIIY» — HamuoHnaabHbII UCCIEIOBATEILCKUN YHUBEPCUTET
«Bpicimas mkoJa SKOHOMUKAS

HMO — Hmxeropoackoe MaTeMaTHIecKoe OOIIecTBO

PI'DY (PUHX) — Pocrosckuii rocy1apCTBEHHBINH SKOHOMUIECKUIt
yuusepcurer (PTTHX)

PHOMII FO®Y — PernonabHblil Hay4HO-00Pa30BATEIBHBII MAaTEMATHIECKN
neutp HOxHOTO (bemepasibHOro yHUBEPCUTETA

COT'Y — Cesepo-OcerwHcknit TOCYTaPCTBEHHBIN YHUBEPCUTET
nmernn K. JI. Xertaryposa

Tunbkodd — Aximoneproe obiecrso « Tuabkohd Bank»

YUTI'ITY — YeueHcKuii rocy1apCTBEHHBIN TEIarOTHYECKUH YHUBEPCUTET

YUI'Y — YeueHcKuit rocy1apCTBEHHBIN YHUBEPCUTET

FOMU BHII PAH — HOxubIi MaTeMaTnaecKnii WHCTUTYT — (DuaInas
@eiepaabHOTO TOCYIAPCTBEHHOTO OIO/IKETHOTO YUPEXK/IeHUs HAYKN
Denepa/IbHOTO HAYIHOTO MEeHTpa «BiiaInkaBKa3CcKuii HAyIHBIN IEHTP
Poccuiickoit akajgeMun HayK»

FODY — HOxublii denepabHbIl YHUBEPCUTET

ATIIY — dpocraBckuit TOCyTapCTBEHHLIN TTeTarOTUIeCKUil YHUBEPCUTET
nvernn K. JI. VmwuaCKOrO

247



COBPEMEHHBIE ITPOBJIEMBI MATEMATUKN
1N MATEMATNYECKOI'O OBPAZOBAHU A

XV BraagmkaBkaszckasi MOJOMEKHAS MaTEMATHIECKAs TITKOJIA,
(r. Bragmkaskas, 20-25 cenrsibpst 2020 r.)

Komnvromepraa eepemra:
N. C. l'npungamsmim

3a6. pedaxyueti: B. B. Bo3poBa

FOMU BHIT PAH
362027, r. Biragukaskas, yia. Mapkyca, 22.

ISBN 978-5-904695-43-9

97"785904"695439




