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W/mONQ\JGJNQ\JI�mO\OKMIOs _�oZNQPQI�K oZNQNQ\��O\�[QsQIO[QsQPQNbn^o"[Q\JmOGZabY�IONQ\�y`o`K o`�QI,jioZsZKMPQN9o}]>xJNQ\��O\
s9oZm
	�PQsQIONQPba�[QsQ\JmTnJs9oZNQmTnJG o�[Q\ZnJIONQkQP9o}]>\JG(G(\JXJs9o^nJNQ\���y`o`K o`�QI�s9oZmOmOITaQNQPba
K9]9a
]>PQNQI���
NQ\��O\�his9oZGJNQIONQPba�� s��ILKMPQN��OIOs9obR��6oZm
	�PQsQIONQPQI�[QsQ\JGJ\OKMPbnJm a�y`o�mO�QITn KMIw]>x`n^oZ\JXJs9o^yzNQ{��
[Q\ZnJIONQkQP9o}]>\JG P mO\J\ZnJGJITnJmTnJGZh�� Y�I��O\ [QsQILKMIw]>xJNQ\��O\ [QIOsQI�� \OK o G [QsQ\JmTnJs9oZNQmTnJGJI�\JXJ\JX�
Y�IONQNQ{����(hiNQjQkQP���� t;IOs��wR! �nJ\s9oZm
	�PQsQIONQPQI�GJji]�� �9oZITnG,mOIOX`a�"Ojbyz\ZnJPQjbh�nJPQ[9o,jioZN�
nJ\JsQ\JGJ\��O\"t;NQ\`_�IOmTnJG o�P [QsQIO\JXJs9o^yz\JG oZNQPba g
hisQxJI$#&%�nJPi]>x`nJxJIOmzo��(hiNQjQkQPQP �'IOXJI��wobR
'�o("TnJ\Jt [bh nJP�N9oZt hzK oZITnJm a�N9o)�bnJP*�(hiNQjQkQPQ\JN9o}]>xJNQ{+��ji]MoZmOm),M[Q\OK-� \OK>abY�P���jioZj�K9]9a
nJIO\JsQIOt;{.mTh Y�IOmTnJGJ\JG oZNQPba�n^oZj�PnJIO\JsQIOt;{ ILKMPQNQmTnJGJIONQNQ\JmTnJP�R
F \OKMNQ\Jt;IOsQNQ\�� \JXJs9o^nJNQ\���y`o`K o`�QI s9oZmOmOITaQNQPba�t;\`_ NQ\�GJ{�KMIw]>PbnJx(KMG o(N9oZ[Qs9oZG^]>IONQPba/.
V R10/s9oZGJNQIONQPQI32iIw]>x4�'oZN K o!# �'IOGJPbn^oZN9o5#76�oZsQ�QIONQj \5#0g�o`KQKMIOIOG obR
f R86�o^nJsQPQ�QN9o^a�y`o`K o`�9o�mO\J[Qs ab_�IONQPba*�;PQtuoZN9o�#92EPi]>xJXJIOsbn^obR
:(IOsQGJ{+� [Q\OK-� \OK1,;XJIOsQITn�mOGJ\JI N9o`�9o}]>\�Pby�jQG oZNbnJ\JGJ\�� t;I�� oZNQPQjQP<; V�= P�mO[QIOjbnJs9o}]>x�

NQ\�� nJIO\JsQPQP \J[QIOs9o^nJ\JsQ\JG�� nZhisQtuo>#��'PbhiGJPi]Q]9a<; f4= R�?(\JNQmTnJsbhijbnJPQGJN9o^a [QsQ\JkQILK>his9o
sQI
	�IONQPba,\JXJs9o^nJNQ\���y`o`K o`�QP ywKMIOmOx
mO\JmTnJ\JPbn�G'sQI
	�IONQPQP�his9oZGJNQIONQPba@2iIw]>x4�'oZN K oA# �'I�
GJPbn^oZN9o5#76�oZsQ�QIONQj \5#0g�o`KQKMIOIOG o>; UCB VCD�= R
F�nJ\JsQ\���[Q\OK-� \OK�aQG^]9aQITnJm a�XJ\^]>IOI�\JXZY�PQt+,9NQ\

�FEG�'Ge[QsQPi]>\`_�IONQPba��'PQt;I�� nJm a
nJsbhzKMNQ\JmTnJP�mH��\JsQt h`]>PQsQ\JGJj \���NQ\JsQt;PQsQ\JGJ\J�QNQ\��O\ehJmw]>\�
GJPba
GenJIO\JsQIOt;I�ILKMPQNQmTnJGJIONQNQ\JmTnJP�RHW/XJ{|�QNQ\I"TnJ\eKM\J[Q\^]>NQPbnJIw]>xJNQ\JIHhJmw]>\JGJPQI���PQj mOP�
sbhJITnJ�K� \Zn`a�XJ{ �9oZmTnJPQ�QNQ\L�6yzN9o`�QIONQPQI tuo^nJsQPQ�QNQ\��O\'sQI
	�IONQPba�y`o`K o`�QP�mO\J[Qs ab_�IONQPba
G�XJIOmOj \JNQIO�QNQ\'hzK o}]>IONQNQ\���nJ\J�Qj I j \Jt;[i]>IOj mONQ\�� [i]>\JmOj \JmTnJP�mO[QIOjbnJs9o}]>xJNQ\��O\
[9oZs9o4
t;ITnJs9o�M

�ON��'nJsQIOXZhJITnJm a o`KMIOjQG o^nJNQ{+��GJ{|XJ\Js!�(hiNQjQkQPQ\JN9o}]>xJNQ{���ji]MoZmOmO\JG G/[QsQ\JmTnJs9oZNQmTnJGJI|oZN9o4
]>PbnJPQ�QIOmOjQP����(hiNQjQkQP�� mO[QIOjbnJs9o}]>xJNQ\��O\�[9oZs9oZt;ITnJs9o�G�y`o`K o`�QImO\J[Qs ab_�IONQPba P G
KMGJ\��QmTnJGJIONQNQ\Jt [QsQ\JmTnJs9oZNQmTnJGJI$�(hiNQjQkQP��"KMI��QmTnJGJPbnJIw]>xJNQ\�� [QIOsQIOt;IONQNQ\��"K9]9a�j \�
"��P��PQkQPQIONbnJ\JGs9oZmOmOtuo^nJsQPQG oZIOt;{���KMP��P��IOsQIONQkQP9o}]>xJNQ{���his9oZGJNQIONQP���R� �nJ\Zn�GJ{�
XJ\Js�KM\^]9_�IONXJ{�nJx�mO\�� ]MoZmO\JG oZNm hJmw]>\JGJPbaQt;P�N9o�K oZNQNQ{|I(s9oZmOmOITaQNQPba�G�nJIO\JsQIOtuo4�
mTh Y�IOmTnJGJ\JG oZNQPba P�ILKMPQNQmTnJGJIONQNQ\JmTnJP K9]9a�mO\J\ZnJGJITnJmTnJGZh�� Y�I�� y`o`K o`�QPQ�;PQtuoZN9oJ#
2EPi]>xJXJIOsbn^obR

F t;\OKMIw]>xJNQ\Jt mw]9hi�9oZI'mO[QIOjbnJs9o}]>xJNQ\���y`o`K o`�QP���o4� oZsQ\JG o�#9�%oZX o^n^o

~ψx = V (x, k)~ψ, V (x, k) = kα + αU(x)− U(x)α
m�[Q\ZnJIONQkQP9o}]>\Jt

U(x)
,>PQmO�QITy`o)� Y�PQt N9o�XJIOmOj \JNQIO�QNQ\JmTnJP/, P�[Q\JmTnJ\`aQNQNQ\���tuo^nJsQPQkQI��

α
,

mO\J\ZnJGJITnJmTnJGZh�� Y�o^a�y`o`K o`�9oR�;PQtuoZN9oS#T2EPi]>xJXJIOsbn^oeXJ{H]Mo|hijio^y`oZN9oeGey`oZt;ITnJj IVU
R4W R4�%o4
X o^n^oX; VJV�=

Φ(k − 0)T (x, k) = Φ(k + 0), k = iξ, ξ ∈ R, Φ(∞) = I.
� V �

v']9a�s9oZmOmOtuo^nJsQPQG oZIOt;\��O\
N9oZt;P�mw]9hi�9o^a(# mOjio}]9aQsQNQ\��O\'his9oZGJNQIONQPba@� s��ILKMPQN��OIOs9oP#
sQ\^]>x�tuo^nJsQPQ�QNQ{�� sQI
	�IONQP�� y`o`K o`�QP�mO\J[Qs ab_�IONQPba P��Os9o)� n�tuo^nJsQPQkQ{ FHsQ\JNQmOj \��O\�sQI�
	�IONQP�� l(\JmTn^o�,6oJ��\JsQt h`]Mo�� V � mOGZabyz{|G oZITn�yzN9o`�QIONQPba�tuo^nJsQPQk�FHsQ\JNQmOj \��O\�G�]>IOGJ\��"P
[Qs9oZGJ\�� [Q\^]9hi[i]>\JmOj \JmTn`a�� j \Jt;[i]>IOj mONQ\�� [i]>\JmOj \JmTnJP

k
R<:(sQPY"TnJ\Jt tuo^nJsQPQk9o�mO\J[Qs a�

_�IONQPba
T (x, k)

mO\J\ZnJGJITnJmTnJGZh�� Y�I�� y`o`K o`�QPZ�;PQtuoZN9o[#\2EPi]>xJXJIOsbn^o�\J[QsQILKMIw]9aQITnJm a N9o
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t;NQPQt;\���\JmOP�jioZj�\ZnJNQ\)	�IONQPQI [QsQILKMIw]>xJNQ{���yzN9o`�QIONQP�� "TnJP���tuo^nJsQPQ�QNQ{�� �(hiNQjQkQP�� l(\�
mTn^obRuFQ"TnJ\Jt�mw]9hi�9oZI "w]>IOt;IONbnJ{ tuo^nJsQPQkQ{ mO\J[Qs ab_�IONQPba�\J[QsQILKMIw]9a�� nJm a�K oZNQNQ{|t;P�s9oZm�
mOITaQNQPba

a(k)
P
b(k)

,6j \ZnJ\JsQ{|I PQt;I�� n�G�Nbh`]>I [Q\^]�� mONbh�� \JmO\JXJIONQNQ\JmTnJxQR['�o�[QIOsQGJ{+�
GZy � ]9a K"t;\`_�ITn [Q\Jjio^y`o^nJxJm a/,>�bnJ\$"TnZhNQIO[QsQPbabnJNQ\JmTnJx,t;\`_ NQ\�hJmTnJs9oZNQPbnJx,[QIOsQI�� \OKM\Jt j
s9oZmOmOt;\ZnJsQIONQP�� \ZnJNQ\)	�IONQPba

b(k)/a(k)
,9\OKMN9oZj \�ywKMIOmOx NQI�GJmOI(n^oZj�[QsQ\JmTnJ\QRV?�oZj�XZhzKMITn

[Q\Jjio^y`oZNQ\�NQPb_�I � [QsQPQt;IOs f ��,HG"GJGJ\OKMPQt;\Jt N9oZt;P ji]MoZmOmOI�[Q\ZnJIONQkQP9o}]>\JG "Tn^o�\JmO\JXJION�
NQ\JmTnJx
mOjio^yz{|G oZITnJm a�N9o�NQ\JsQt;PQsQ\JGJ\J�QNQ\Jt"hJmw]>\JGJPQP�y`o`K o`�QP@�;PQtuoZN9o # 2EPi]>xJXJIOsbn^o�,i�bnJ\
[QsQPQGJ\OKMPbn�j�NQITyzN9o`�QPbnJIw]>xJNQ\Jt h�hJmw]>\`_ NQIONQP��%KM\Jjio^y`o^nJIw]>xJmTnJG o�nJIO\JsQIOt;{ ILKMPQNQmTnJGJION�
NQ\JmTnJP�Pby's9oZXJ\ZnJ{ ; VJV�= R

� 2���C! � <#"�$E8%$�& <����('

�6oZmOmOt;\ZnJsQPQt mTn^oZkQPQ\JN9oZsQNQ\JI
\OKMNQ\Jt;IOsQNQ\JI(his9oZGJNQIONQPQI�� s��ILKMPQN��OIOs9o

ψxx =
(
q(x) + k2

)
ψ, x ∈ R.

� f �
W�hzKMIOt mO�QPbn^o^nJx�,9�bnJ\�GJITY�IOmTnJGJIONQNQ{+��[Q\ZnJIONQkQP9o}]

q
aQG^]9aQITnJm a\JXJ\JXZY�IONQNQ\���[QsQ\JPbyzGJ\OK-

NQ\��
Q′ NQIOj \ZnJ\JsQ\�� �(hiNQjQkQPQP Q ∈ L2

loc(R)
R :(sQP"n^oZj \Jt [QsQILKM[Q\^]>\`_�IONQPQP �(hiNQjQkQPba/,

hzKM\JG^]>ITnJGJ\Js a�� Y�o^a�his9oZGJNQIONQP�� � s��ILKMPQN��OIOs9o�,9t;\`_�ITn�P�NQI PQt;ITnJx�[QsQ\JPbyzGJ\OKMNQ{�� ,Q[Q\�
"TnJ\Jt ht;{ GJGJ\OKMPQt G�s9oZmOmOt;\ZnJsQIONQPQI
jQG o^yzPQ[QsQ\JPbyzGJ\OKMNbh��

ψ[x] = ψx −Qψ
Rur6\�� K o

ψxx = ψ[x]x + qψ +Qψ[x] +Q2ψ,
Phis9oZGJNQIONQPQI�� s��ILKMPQN��OIOs9o t;\`_ NQ\�y`oZ[QPQmzo^nJx�G�GJP KMI

ψ[x]x =
(
−Q2(x) + k2

)
ψ −Q(x)ψ[x].

� UG�
%u]>ILK>hZa ; V}f , V U = ,u\J[QIOs9o^nJ\Js � s��ILKMPQN��OIOs9o

Lψ = −ψxx + q(x)ψ
XZhzKMIOt mO�QPbn^o^nJx"y`o4

K oZNQNQ{|t G,ji]MoZmOmOI
D(L)

�(hiNQjQkQP���oZXJmO\^]�� nJNQ\NQIO[QsQIOsQ{|GJNQ{���GJt;IOmTnJI�mO\,mOGJ\JI���jQG o4
yzPQ[QsQ\JPbyzGJ\OKMNQ\�� N9o]�� XJ\Jt.\ZnJsQITyzj I

[α, β] ⊂ R
R�F n^oZj \Jt mw]9hi�9oZI,[QsQ\JPbyzGJ\OKMN9o^a

ψx�(hiNQjQkQPQP
ψ ∈ D(L)

\J[QsQILKMIw]>ION9o [Q\J�bnJP GJm���K>h N9o
R
R W/mO\JXJ\ GJ{�KMIw]>PQt mw]9hi�9o)�/,

j \�� K o
Q
aQG^]9aQITnJm a<�(hiNQjQkQPQI�� \��Os9oZNQPQ�QIONQNQ\�� G oZsQP9oZkQPQP�R v']9a n^oZj \��<�(hiNQjQkQPQP G

jio^_�KM\�� nJ\J�Qj I
x ∈ R

y`oZGJILKM\Jt;\"mTh Y�IOmTnJGZh�� n \OKMNQ\JmTnJ\JsQ\JNQNQPQI�[QsQILKMIw]>{
Q(x ± 0)

R
:(sQPQ�QIOt t;NQ\`_�IOmTnJGJ\�nJ\J�QIOj s9o^yzsQ{|G o*�(hiNQjQkQPQP

Q
NQI�XJ\^]>IOI �QIOt mO�QITnJNQ\QR�:(\�"TnJ\Jt h

G nJ\J�Qjio4� NQIO[QsQIOsQ{|GJNQ\JmTnJP
Q
K9]9a GJm aQj \�� �(hiNQjQkQPQP

ψ ∈ D(L)
mTh Y�IOmTnJGZhJITn [QsQ\�

PbyzGJ\OKMN9o^a
ψx

R*);mw]>P _�I �(hiNQjQkQPba
Q
PQt;IOITn G NQIOj \ZnJ\JsQ\�� nJ\J�Qj I

x0 ∈ R
mOjio`�Q\Jj

4Q(x0) = Q(x0 + 0) − Q(x0 − 0)
,HnJ\ oZN9o}]>\��OPQ�QNQ{+� [Q\�GJIw]>PQ�QPQNQI�mOjio`�Q\Jj XZhzKMITn

PQt;ITnJx P�[QsQ\JPbyzGJ\OKMN9o^a
ψx

R
:/hJmTnJx

ψ
P
ϕ
hzKM\JG^]>ITnJGJ\Js a�� n'his9oZGJNQIONQP�� � f ��,JnJ\�� K o/K9]9a�[Q\J�bnJP�GJmOI��

x ∈ R
XZhzKMITn

GJ{|[Q\^]>NQIONQ\ s9oZGJIONQmTnJGJ\

ψ(x)ϕx(x)− ψx(x)ϕ(x) = ψ(x)ϕ[x](x)− ψ[x](x)ϕ(x),
[Qs9oZG o^a �9oZmTnJx�j \ZnJ\JsQ\��O\�mTh nJx�NQIO[QsQIOsQ{|GJN9o^a N9o

R
�(hiNQjQkQPba�R :(\�"TnJ\Jt h�GJsQ\JNQmOjQP9oZN

]�� XJ{���KMGZhG��sQI
	�IONQP��,his9oZGJNQIONQPba�� f �ut;\`_ NQ\
mO�QPbn^o^nJx�NQIO[QsQIOsQ{|GJNQ\��N9o
R
�(hiNQjQkQP�

I���RVWH\^]>IOI�nJ\��O\�,9PQt;IOITn t;IOmTnJ\ mw]>ILK>h�� Y�IOI'h nJGJIOs _�KMIONQPQIZR
�,+.-/-/0214365�7�8:9�;=<?>A@B9DC4E�F:GIHKJML:NOHP7�Q=RSQ=9?>?TUNV7M@BL�9�Q=9?>XW � f � 9�QZY�@BL�>�;=>![K8V[

x ∈ R \
C
:/hJmTnJx

ψ(x)
P
ϕ(x)

hzKM\JG^]>ITnJGJ\Js a�� n�his9oZGJNQIONQP��&� f ��,�nJ\�� K o�Pby�\J[QsQILKMIw]>IONQPba
jQG o^yzPQ[QsQ\JPbyzGJ\OKMNQ\���P � UG�Hmw]>ILK>hJITn4,M�bnJ\�K9]9a�[Q\J�bnJP�GJmOI��

x ∈ R
XZhzKMITn�GJ{|[Q\^]>NQIONQ\

d

dx
〈ψ, ϕ〉 =

d

dx

∣∣∣∣
ψ ϕ
ψ[x] ϕ[x]

∣∣∣∣ = Q

∣∣∣∣
ψ ϕ
ψ[x] ϕ[x]

∣∣∣∣−Q

∣∣∣∣
ψ ϕ
ψ[x] ϕ[x]

∣∣∣∣ = 0.
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# N9oZt \JmTn^oZITnJm a�nJ\^]>xJj \�mO\Jmw]Mo^nJxJm a�N9o�NQIO[QsQIOsQ{|GJNQ\JmTnJx�GJsQ\JNQmOjQP9oZN9obR
B:(IOsQIO[QP�	�IOt his9oZGJNQIONQPQI�� s��ILKMPQN��OIOs9o G�GJIOjbnJ\JsQNQ\Jt GJP KMI

yx =

(
0 1
k2 0

)
y +

(
Q(x) 0

−Q2(x) −Q(x)

)
y = A(k)y +Q(x)y,

y =

(
y
y[x]

)
=

(
y1
y2

)
.

� dL�

v']9a�K oZNQNQ\��O\ his9oZGJNQIONQPba�mO\ �bs9oZNba�� nJm a�GJmOIH� oZs9oZjbnJIOsQNQ{|Ie�QIOsbnJ{ nJIO\JsQPQP�\JXJ{|jQNQ\JGJION�
NQ{��'KMP��P��IOsQIONQkQP9o}]>xJNQ{+��his9oZGJNQIONQP��%$�mThit;t;PQsbhJIOt;{|t;P�j \�"��P��PQkQPQIONbn^oZt;P�R�F��9oZmTn�
NQ\JmTnJP"PQt;I�� nt;IOmTnJ\mw]>ILK>h�� Y�PQI�h nJGJIOs _�KMIONQPba/, N9o j \ZnJ\JsQ{|I�t;{ GJ[Q\Jmw]>ILKMmTnJGJPQP�XZhG
KMIOt mOmO{H]Mo^nJxJm a�R
�I+'&)( +.-/0 1 ; V U�,"* V q = 3�+ N?;�[�,

A(x) -/. @.[=7!>10A@ 7M@ Y . Q 7M@ n×n 2�3 C!Q . Q=9![�G <?8V[B8�7�8:T
4 7!>?9A@ J
C!Q�56@.[ L1

loc(α, β) 2
@
f ∈ [L1

loc(α, β)]
n \76 898 J @ 4 7!>,C4E�F�8 . x0 ∈ (α, β)

Y�@ J @;:V@
< 8:R >

yx = A(x)y + f(x), y(x0) = y0 ∈ R
n � ~ �

> . Q�Q�[ 9A@ (α, β) Q JM>?9�;�[�LOQ=9?9�8�Q 7�Q=RSQ=9?>�Q y 2 @VF�;�8�C4E [�9�8 9�Q 4 7�Q 7!G L�9�8�Q 9A@ <?8 . 4 @B<![�@�HL
(α, β) \��o`K o`�9o(?(\)	�P � ~ ��"OjQGJPQG o}]>IONbnJN9o�PQNbnJI��Os9o}]>xJNQ\Jt h,his9oZGJNQIONQP��

y(x) = y0 +

x∫

x0

(
A(s)y(s) + f(s)

)
ds,

� qG�

sQI
	�IONQPQI
j \ZnJ\JsQ\��O\�N9o4� \OKMPbnJm a�t;ITnJ\OKM\Jt PbnJIOs9oZkQP���R
�I+'&)( +.-/0>= ; V U�,;* V q = 3X5,N?;�C!8:L�>XWOH 4 7�Q JMG�J�N1?SQ=T [BQ�8�7�Q . GP;�N1?SQ�;�[�L:N?Q�[ Q JM>?9�;�[�LOQ=9�@9�8�Q/7�Q=RSQ=9?>�Q >?9![BQA8�7M@:C�,�9�898:86NV7M@BL�9�Q=9?>XW 5 8�C�,V[BQ 7?7M@ � qG� 2 Y�@ J @B9?9�8�Q 9A@ (α, β) \CB [B87�Q=RSQ=9?>�Q 4 7�Q J(;�[�@BL C?W�Q�[B; W,L L�> J(Q 7M@BL�9�8 . Q 7!9�8 ; HX8�J
W1?SQA8:8�; W 7?W J @6[BQ�8�7!>?>�LO8BY . N1?SQ�@9?>?T
\%u]>ILK>h�� Y�o^a�nJIO\JsQIOtuo,aQG^]9aQITnJm a�NQIOmTh Y�IOmTnJGJIONQNQ\�� t;\OKMP���PQjioZkQPQI���nJIO\JsQIOt;{ D Pby

s9oZXJ\ZnJ{ ; V}fC= R
�I+'&)( +.-/0ED
3%+ N?;�[�,PY�@ J @B9A@ . @.[=7!>10A@ A(x) 7M@ Y . Q 7M@ n × n

> 4 8�;�C!Q J(8:L.@.[BQ�C�,;@
9�8�;�[�, . @.[=7!>10 Aε(x)

; 3 C!Q . Q=9![�@ . > >4Y L1(α, β) 2 −∞ < α < β < ∞ 2 [�@B<?>�Q 2 :O[B8
‖Aε(x)− A(x)‖L1(α,β) → 0 4 7!> ε → 0 \F6 898 J @ 7�Q=RSQ=9?>XW yε(x)

>?9![BQA8�7M@:C�,�9?GIH NV7M@BL;@
9�Q=9?>?T

yε(x) = y0 +

x∫

x0

Aε(s)yε(s) ds, y0 ∈ R
n,

; HX8�J
W![B; W <67�Q=RSQ=9?>?E
y(x)

NV7M@BL�9�Q=9?>XW

y(x) = y0 +

x∫

x0

A(s)y(s) ds

7M@BL�9�8 . Q 7!9�8 9A@ [α, β] > ; 4 7M@BLOQ J
C4>?L.@ 890�Q=9?<X@
∥∥yε − y

∥∥
C[α,β]

6 C
∥∥y0

∥∥ ·
∥∥Aε(x)− A(x)

∥∥
L1(α,β)

; 4 8�;�[B8�W?9?9�8:T C 9�Q Y�@BL�>�; W1?SQ=T#8V[
y0

>
ε \
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C
W/[QIOs9o^nJ\Js

Aεz =

x∫

x0

Aε(s)z(s) ds,

KMI��QmTnJGZh�� Y�P�� G
C[α, β]

aQG^]9aQITnJm a%GJ\^]>x`nJIOsQsQ\JGJ{|t|R %u]>ILKM\JG o^nJIw]>xJNQ\�,�\J[QIOs9o^nJ\JsQ{
I − A

,
I − Aε

\JXJs9o^nJPQt;{ P
∥∥yε − y

∥∥
C[α,β]

=
∣∣(I − Aε)

−1y0 − (I − A)−1y0

∣∣ 6
6
∥∥(I−Aε)

−1
∥∥ ·
∥∥Aε−A

∥∥ ·
∥∥(I−A)−1

∥∥ ·
∥∥y0

∥∥ 6 C
∥∥y0

∥∥ ·
∥∥Aε(x)−A(x)

∥∥
L1(α,β)

. B

� 2���7������������ $���DM:
:(sQP PbyOhi�QIONQPQP \JXJs9o^nJNQ\�� y`o`K o`�QP s9oZmOmOITaQNQPba<�(hiN K oZt;IONbn^o}]>xJNbh�� sQ\^]>x P��Os9o)� n

oZN9o}]>PbnJPQ�QIOmOjQPQI�mOGJ\��QmTnJG o�mO[QIOkQP9o}]>xJNQ{���sQI
	�IONQP���his9oZGJNQIONQPba*� s��ILKMPQN��OIOs9obR+:(sQIT_(
KMI��QIOt.GJGJIOmTnJP G�s9oZmOmOt;\ZnJsQIONQPQI["TnJP sQI
	�IONQPba/,ut;{ m KMIw]MoZIOt KM\J[Q\^]>NQPbnJIw]>xJNQ{|I,\��O\�
GJ\JsQjQP/,ijioZmzo)� Y�PQIOm aJ�(hiNQjQkQPQ\JN9o}]>xJNQ\��O\
ji]MoZmOmzo�,bG'j \ZnJ\JsQ\Jt XZhzKMITn�s9oZmOmOtuo^nJsQPQG o^nJxJm a
[Q\ZnJIONQkQP9o}]

q
his9oZGJNQIONQPba � f �wR

W/XJ\ZyzN9o`�QPQt �QIOsQITy
BV

[QsQ\JmTnJs9oZNQmTnJGJ\[�(hiNQjQkQP��/,�PQt;I�� Y�P���N9o
R
\��Os9oZNQPQ�QIONQNbh��

G oZsQP9oZkQP�� P�NQIO[QsQIOsQ{|GJNQ{�� mw]>IOG o�,;o��QIOsQITy
M0

#�t;NQ\`_�IOmTnJGJ\�GJmOI�� ��PQNQPbnJNQ{�� N9o
R
�(hiNQjQkQP��/,4jio^_�K o^a"Pby�j \ZnJ\JsQ{��"aQG^]9aQITnJm a�\JXJ\JXZY�IONQNQ\���[QsQ\JPbyzGJ\OKMNQ\���NQIOj \ZnJ\JsQ\��

�(hiNQjQkQPQP�\��Os9oZNQPQ�QIONQNQ\��"G oZsQP9oZkQPQP"Pby
BV

R
��oZt;ITnJPQt+,E�bnJ\ K9]9a�]�� XJ\��O\,j \JNQIO�QNQ\��O\
PQNbnJIOsQG o}]Mo

(α, β) ⊂ R
[QsQ\JmTnJs9oZNQmTnJGJ\

BV (α, β)
j \Jt;[9oZjbnJNQ\ G^]>\`_�IONQ\ G

L2(α, β)
R

:(\�"TnJ\Jt hIOmw]>P
q ∈ M0

P
q = Q′ G�\JXJ\JXZY�IONQNQ\Jt mOt;{|mw]>I),>nJ\ Q ∈ L2

loc(R)
R

'�o`�QPQN9o^a m|K oZNQNQ\��O\
s9o^ywKMIw]Mo
P�GJm���K>h�K o}]>IOI),bmO�QPbn^oZIOt+,Q�bnJ\�[Q\ZnJIONQkQP9o}]
q
his9oZGJNQI�

NQPba>� s��ILKMPQN��OIOs9o�aQG^]9aQITnJm a>"w]>IOt;IONbnJ\Jt
M0 	 RF mw]9hi�9oZI���PQNQPbnJNQ\��O\�[Q\ZnJIONQkQP9o}]Mo�sQI
	�IONQPba�his9oZGJNQIONQPbaZ� f �|[QsQP

k
,9]>IT_�o^Y�P���N9o

t;NQPQt;\�� \JmOP/,u\OKMNQ\ZyzN9o`�QNQ\"\J[QsQILKMIw]9a�� nJm a mOGJ\JI�� oZmOPQt;[bnJ\ZnJPQj \�� G�\OKMNQ\�� Pby,XJIOmOj \�
NQIO�QNQ\�hzK o}]>IONQNQ{���nJ\J�QIOj�R[%H[QIOkQP9o}]>xJNQ{|I�sQI
	�IONQPba�his9oZGJNQIONQPba � f � $ oZmOPQt;[bnJ\ZnJPQjio4
t;P

ψ±(x, k) = e±kx
[QsQP

x → ±∞
,4N9o^yz{|G o)� nJm a GnJIO\JsQPQP s9oZmOmOITaQNQPba�
���������������

( ��� ������������� ) � �"!�#%$ R );mw]>P q ∈ M0
P
[α, β]

# t;PQNQPQtuo}]>xJNQ{+� j \Jt;[9oZjbn4,HmO\OKMIOs�
_�o^Y�P���NQ\JmOPbnJIw]>x�[Q\ZnJIONQkQP9o}]Mo

q
,EnJ\�GJNQI

[α, β]
sQI
	�IONQPba l(\JmTn^o[QsQILKMmTn^oZG^]9a�� nJm a G

GJP KMI

ψ+(x, k) =

{
a(k)ekx + b(k)e−kx, x > β,

ekx, x < α;

ψ−(x, k) =

{
e−kx, x > β,

a(k)e−kx − b(−k)ekx, x < α.

� � �

g
hiNQjQkQPQP
a(k)

P
b(k)

N9o^yz{|G o)� nJm a [QsQPQ"TnJ\Jt'& $ ����()���*
 $+!,! �-��������� j \�"��P��PQkQPQIONbn[QsQ\ � \`_�KMIONQPba�Pj \�"��P��PQkQPQIONbn \ZnJs9o^_�IONQPbamO\J\ZnJGJITnJmTnJGJIONQNQ\L�wR�FH{|�QPQmw]>IONQPQI/K oZNQNQ{��
s9oZmOmOITaQNQPba [Q\�y`o`K oZNQNQ\Jt h [Q\ZnJIONQkQP9o}]9h

q
mO\�� ]MoZmONQ\Z��\JsQt h`]MoZt � f � ,�� � ��N9o^yz{|G oZITn�

m a�[Qs aQt;\���y`o`K o`�QI���s9oZmOmOITaQNQPba/,Eo�y`o`K o`�9o GJ\JmOmTn^oZNQ\JG^]>IONQPba�[Q\ZnJIONQkQP9o}]Mo�[Q\�K oZNQNQ{|t
s9oZmOmOITaQNQPbaX� [Q\^]9hi�QIONQNQ{|t+, N9oZ[QsQPQt;IOs/,�"Oj mO[QIOsQPQt;IONbn^o}]>xJNQ\L� N9o^yz{|G oZITnJm a�\JXJs9o^nJNQ\��
y`o4
K o`�QI���R
U N9o}]>PbnJPQ�QIOmOjQPQI mOGJ\��QmTnJG o sQI
	�IONQP��0l(\JmTn^o G [Qs9oZGJ\�� [Q\^]9hi[i]>\JmOj \JmTnJP

K+ =
{k ∈ C,Re k > 0}

j \Jt;[i]>IOj mONQ\��O\�[QIOsQIOt;IONQNQ\��O\
k
hJmTn^oZN9oZG^]>PQG o)� nJm a [QIOsQI�� \OKM\Jt%\Zn

.0/2103545687:9-;=<?>A@CB-4D35@0E-F-G?>H9
q I-J 9 I @0357 I�K 4DE-@0<-E-4DLM6"@0N-4DL�O+4DN-@:9 I E?> R P
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KMP��P��IOsQIONQkQP9o}]>xJNQ{���his9oZGJNQIONQP���j�PQNbnJI��Os9o}]>xJNQ{|t|R #/yzGJIOmTnJNQ\�� mOt|R ,MN9oZ[QsQPQt;IOs/,�; V d�,
� ] R U�,!*9d = ��,M�bnJ\ sQI
	�IONQPQI
y`o`K o`�QP*?(\)	�PQ� ~ ��m'tuo^nJsQPQkQI��/, NQI�y`oZGJPQm abY�I���\Zn

x
,M\J[QsQI�

KMIw]9aQITnJm a*��\JsQt h`]>\��

y(x) = e(x−x0)Ay(x0) +

x∫

x0

e(x−s)Af(s) ds.
� � �

:(\�"TnJ\Jt hm/hi�QITnJ\Jt � dL���(hiNQjQkQPba�l(\JmTn^o
ψ+ t;\`_�ITn�XJ{�nJx�\J[QsQILKMIw]>ION9o�Pby'mO\J\ZnJNQ\)	�I�

NQPba

y+(x, k) =

(
1
k

)
ekx +

x∫

−∞

e(x−s)A(k)Q(s)y+(s, k) ds, y+(x, k) =

(
ψ+(x, k)

ψ+
[x](x, k)

)
.
���G�

U [Q\JmOj \^]>xJjbh

e(x−s)A(k) =

(
ek(x−s)+e−k(x−s)

2
ek(x−s)−e−k(x−s)

2k

−k ek(x−s)−e−k(x−s)

2
ek(x−s)+e−k(x−s)

2

)
=

(
−Gs(x− s, k) G(x− s, k)

−kG∗
s(x− s, k) kG∗(x− s, k)

)
,

� KMI
G(x′, k) = e−kx′−ekx

′

2k

,
G∗(x′, k) = e−kx′+ekx

′

2k

,QP

Q(s)y+(s, k) =

(
Q(s)ψ+(s, k)

−Q2(s)ψ+(s, k)−Q(s)ψ+
[x](s, k)

)
=

(
ψ+(s, k)

−ψ+
s (s, k)

)
Q(s),

nJ\�PQNbnJI��Os9o}]>xJNQ\JI'his9oZGJNQIONQPQI@���G�Ht;\`_ NQ\�[QsQIO\JXJs9o^yz\JG o^nJx�jGJP K>h

y+(x, k) =

(
1
k

)
ekx −

x∫

−∞

d

ds

(
G(x− s, k)Ψ+(s, k)

)
Q(s) ds,

� KMI
G(x′, k) =

(
G(x′, k) 0
kG∗(x′, k) 0

) ,
Ψ+ =

(
ψ+

ψ+
x

) R@:(\JmOj \^]>xJjbh���PQNQPbnJNQ{+� [Q\ZnJIONQkQP9o}]

q ∈ M0
his9oZGJNQIONQPbaQ� f �HaQG^]9aQITnJm a�\JXJ\JXZY�IONQNQ\���[QsQ\JPbyzGJ\OKMNQ\��>�(hiNQjQkQPQP

Q ∈ BV
,QnJ\

Q(x) = C1 = const
[QsQP

x � −1
P
Q(x) = C2 = const

[QsQP
x � 1

R :(sQPZ"TnJ\Jt
�(hiNQjQkQPba

Q
GJ\JmOmTn^oZN9oZG^]>PQG oZITnJm a [Q\�mOGJ\JI���[QsQ\JPbyzGJ\OKMNQ\�� m�nJ\J�QNQ\JmTnJx�� KM\�[Q\JmTnJ\`aQN�

NQ\��O\�mw]Mo)�woZIOt;\��O\QR$:(\�"TnJ\Jt h"t;{ t;\`_�IOt [Q\^]>\`_ PbnJx�, �bnJ\
Q(x) = 0

[QsQP
x � −1

, P
PQNbnJI��OsQPQsQ\JG oZNQPQIOt [Q\��9oZmTn`aQt [Q\^]9hi�QPQt

y+(x, k) + G(0, k)Ψ+(x, k)Q(x) =

(
1
k

)
ekx +

x∫

−∞

G(x− s, k)Ψ+(s, k) dQ(s),
� VCD �

� KMI'PQNbnJI��Os9o}]"[Q\JNQPQtuoZITnJm a�G�mOt;{|mw]>I!�;PQtuoZN9o!#7%�nJPi]>x`nJxJIOmzobR+:(\JmOj \^]>xJjbh
G(0, k) =(

0 0
1 0

) ,�nJ\Pby
ψx = ψ[x] + Qψ

mw]>ILK>hJITn4,6�bnJ\�[Qs9oZG o^a��9oZmTnJx�GJIOjbnJ\JsQNQ\��O\�s9oZGJIONQmTnJG o

mO\JGJ[9o`K oZITn m
Ψ+ =

(
ψ+

ψ+
x

) ,>o�yzN9o`�QPbn

Ψ+(x, k) =

(
1
k

)
ekx +

x∫

−∞

G(x− s, k)Ψ+(x, k) dQ(s)
� VJV �



� ���������
	�������������������������

Pi]>P

Φ+(x, k) =

(
1
k

)
+

x∫

−∞

(
1 0
0 k

)
R(x− s, k)Φ+(s, k) dQ(s), Φ+ = Ψ+e−kx,

� V}f �

� KMI

R(x′, k) =

(
R(x′, k) 0

R∗(x′, k) 0

)
,

R(x′, k) =
1− e−2kx′

2k
θ(x′), R∗(x′, k) =

1 + e−2kx′

2k
θ(x′),

o
θ(x′)

# �(hiNQjQkQPba��/IOGJPQmzo)� K o�.
θ(x′) = 0

[QsQP
x′ < 0

P
θ(x′) = 1

[QsQP
x′ > 0

R
U N9o}]>\��OPQ�QNQ\�t;\`_ NQ\�[Q\Jjio^y`o^nJx�,9�bnJ\�IOmw]>P

Ψ−(x, k) = Φ−(x, k)e−kx
,QnJ\

Φ−(x, k) =

(
1
−k

)
+

∞∫

x

(
1 0
0 −k

)
R(s− x, k)Φ−(s, k) dQ(s),

� V UG�

� KMI
Q ∈ BV

,
Q(x) = 0

[QsQP
x � 1

P
Q(x) = const

[QsQP
x� −1

R
%H\�� ]MoZmONQ\�nJIO\JsQIOt;I f oZXJmO\^]�� nJNQ\ NQIO[QsQIOsQ{|GJNQ\JI
N9o�j \Jt;[9oZjbn^o4��G

R
sQI
	�IONQPQI�GJIOj�

nJ\JsQNQ\��O\(PQNbnJI��Os9o}]>xJNQ\��O\(his9oZGJNQIONQPba[���G� t;\`_ NQ\ [Q\^]9hi�QPbnJx(t;ITnJ\OKM\Jt"PbnJIOs9oZkQP���G GJP KMI
s9oZGJNQ\Jt;IOsQNQ\ m � \OK>abY�I��O\Jm a�s a K o|NQIO[QsQIOsQ{|GJNQ{��
GJIOjbnJ\Js� �(hiNQjQkQP��

y± =
∑∞

j=0 Y
±
j

R '(\
nJ\�� K o PbyP� VCD �FB/� V}f ��mw]>ILK>hJITn4, �bnJ\/sQI
	�IONQPQI�PQNbnJI��Os9o}]>xJNQ\��O\ his9oZGJNQIONQPba[� V}f �H� Pi]>PJ� V UG� �
t;\`_ NQ\�[QsQILKMmTn^oZGJPbnJx�G�GJP KMI�s9oZGJNQ\Jt;IOsQNQ\�m � \OK>abY�I��O\Jm a�s a K o

Φ± =

∞∑

j=0

F±
j , F±

0 (x, k) =

(
1
±k

)
,

F±
j+1(x, k) = ±

x∫

∓∞

(
1 0
0 ±k

)
R(x− s, k)F±

j (s, k) dQ(s) =

=
(
Y ±
j+1(x, k) + G(0, k)Q(x)Y ±

j (x, k)
)
e∓kx.

� V dL�

��oZt;ITnJPQt+,��bnJ\�Pby�NQIO[QsQIOsQ{|GJNQ\JmTnJP<�(hiNQjQkQP��
Y ±
j

mw]>ILK>hJITn NQIO[QsQIOsQ{|GJNQ\JmTnJx [QIOsQGJ{��
j \Jt;[Q\JNQIONbn�GJIOjbnJ\Js� �(hiNQjQkQP��

F±
j

,9o�mTn^o}]>\ XJ{�nJx�P�NQIO[QsQIOsQ{|GJNQ\JmTnJx
φ± R

:(\JmOj \^]>xJjbh�K9]9a�[Q\ZnJIONQkQP9o}]Mo
q ∈ M0

P]�� XJ\���NQIO[QsQIOsQ{|GJNQ\�� �(hiNQjQkQPQP
ϕ
PQt;IOITn

t;IOmTnJ\ s9oZGJIONQmTnJGJ\
x∫

−∞

ϕ(s)q(s) ds =

x∫

−∞

ϕ(s) dQ(s),

nJ\�N9oZt [QsQILKMmTn^oZG^]9aQITnJm a XJ\^]>IOI�hzKM\JXJNQ{|t G"PQNbnJI��Os9o}]Mo4�Y%�nJPi]>x`nJxJIOmzo�G�� V}f �'P � V UG�
GJt;IOmTnJ\

dQ(s)
[QPQmzo^nJx

q(s)ds
R

r oZjQPQt\JXJs9o^yz\Jt+,}G|mw]9hi�9oZIuj \�� K o
q ∈ M0

,}sQI
	�IONQPba
l(\JmTn^o
ψ±(x, k)

his9oZGJNQIONQPba@� f �
G�[Qs9oZGJ\��[Q\^]9hi[i]>\JmOj \JmTnJP

K+
.

K+ =
{
k ∈ C, Re k > 0

}
,

� V}~ �



� ������������� 	�:�
������ ����������������������������������� ���������� �����(�������� ������� � ���! .��� �"��������� 

\J[QsQILKMIw]9a�� nJm a�PQNbnJI��Os9o}]>xJNQ{|t;P�his9oZGJNQIONQPbaQt;P

ψ+(x, k) = φ+(x, k)ekx, φ+(x, k) = 1 +

x∫

−∞

R(x− s, k)φ+(s, k)q(s) ds,

ψ−(x, k) = φ−(x, k)e−kx, φ−(x, k) = 1 +

∞∫

x

R(s− x, k)φ−(s, k)q(s) ds,

� V qG�

G�j \ZnJ\JsQ{��
q(s)ds = dQ(s)

,Qa KMsQ\
R
hzKM\JG^]>ITnJGJ\Js aQITn G

K+
\JkQIONQj I

R(x′, k) =
1− e−2kx′

2k
θ(x′) ⇒

∣∣R(x′, k)
∣∣ 6

0∫

−x′

∣∣e2ks
∣∣ ds 6 x′, Re k > 0.

� V}� �

�'IOGJIOI�NQ\JmOPbnJIw]9a [Q\ZnJIONQkQP9o}]Mo�K9]9a�\OKMNQ\���Pby �(hiNQjQkQP�� l(\JmTn^oPQt;IOIOt
ψ+(x, k) =

ekx
,>o�[Qs9oZGJIOI�NQ\JmOPbnJIw]9a�[Q\ZnJIONQkQP9o}]Mo�K9]9a�KMsbh��O\���[Q\^]9hi�9oZITnJm a

ψ−(x, k) = e−kx
R

�,+.-/-/0 =
3�� N?9?<10?>?>�� 8�;�[�@
ψ±(x, k) 4 7!>P<X@95 J(8 . x ∈ R

W?L C?W?E [B; W 0�Q�C4G . >� N?9?<10?>XW . > 4 Q 7�Q . Q=9?9�8:T k ∈ C 2 @ 4 7!> k → ∞ 2 Re k > 0 2 > . Q=E [ . Q�;�[B8 ;�C!Q J�N?E ? >�Q4 7�Q J(Q�C�,�9?G Q ;�8�8V[�9�8:RSQ=9?>XW��

Ψ+(x, k) =

(
1
k

)
ekx

(
1 +

x∫

−∞

R(x− s, k)q(s) ds+ o

(
1

|k|

))
,

Ψ−(x, k) =

(
1
−k

)
e−kx

(
1 +

∞∫

x

R(x− s, k)q(s) ds+ o

(
1

|k|

))
.

� V`� �

C
:(IOsQGJ\JI�h nJGJIOs _�KMIONQPQI,mw]>ILK>hJITn�Pby�\JXZY�P���nJIO\JsQIOt \�sQI
	�IONQPba���KMP��P��IOsQIONQkQP�

o}]>xJNQ{�� his9oZGJNQIONQP�� P nJ\��O\�,H�bnJ\�j \�"��P��PQkQPQIONbnJ{ his9oZGJNQIONQPba � dL�
aQG^]9a�� nJm a kQIw]>{�
t;P��(hiNQjQkQPbaQt;P�[9oZs9oZt;ITnJs9o

k
� mOt|R , N9oZ[QsQPQt;IOs/,V; V}~ , � ] R��
	 ,�* f4= �wR��/nJ\_�I�jioZmzoZITnJm a

oZmOPQt;[bnJ\ZnJPQ�QIOmOjQP��J��\JsQt h`] ,JnJ\
GJGJP K>h�[Q\^]>NQ\���oZN9o}]>\��OPQP�s9oZmOmTh _�KMIONQP�� t;{ KM\Jjio^_�IOt
oZmOPQt;[bnJ\ZnJPQ�QIOmOjQPQI!��\JsQt h`]>{ nJ\^]>xJj \�K9]9a

Ψ+ R
:/hJmTnJx

Ψ+ = Φ+ekx =

(
1 0
0 k

)
Υ+ekx

R|r6\�� K o�GJGJP K>hQ� VJV � ,�� V}f ��GJIOjbnJ\Js
Υ+ aQG^]9a�

ITnJm a�sQI
	�IONQPQIOt PQNbnJI��Os9o}]>xJNQ\��O\�his9oZGJNQIONQPba

Υ+(x, k) =

(
1
1

)
+

x∫

−∞

R(x− s, k)Υ+(s, k) dQ(s).

W/�QIOGJP KMNQ\�,9�bnJ\ N9oZt KM\JmTn^o^nJ\J�QNQ\�KM\Jjio^y`o^nJx$��\JsQt h`]9h

Υ+(x, k) =

(
1
1

)(
1 +

x∫

−∞

R(x− s, k)q(s) ds+ o

(
1

|k|

))
.

� V �G�

v']9a IOI�KM\Jjio^y`o^nJIw]>xJmTnJG o�t;{ PQmO[Q\^]>xZyOhJIOt mTn^oZN K oZsbnJNbh�� [QsQ\JkQILK>hisbh m�� ]Mo^_ PQG oZNQPba�R
:/hJmTnJx

Q(x) = 0
[QsQP

x 6 α
P
Q(x) = const

[QsQP
x > β

RHv']9a�[Q\Jmw]>ILKM\JG o^nJIw]>xJNQ\JmTnJP
hJmOsQILKMNQIONQP��

ηε
\J[QsQILKMIw]>PQt

Qε = ηε ∗Q
P�s9oZmOmOt;\ZnJsQPQt PQNbnJI��Os9o}]>xJNQ\JI�his9oZGJNQIONQPQI

Υ+
ε (x, k) =

(
1
1

)
+

x∫

−∞

R(x− s, k)Υ+
ε (s, k)qε(s) ds, Q′

ε = qε.



�(& ���������
	�������������������������

#/y�nJIO\JsQIOt;{ f mw]>ILK>hJITn4,;�bnJ\�sQI
	�IONQPQI�GJIOjbnJ\JsQNQ\��O\�PQNbnJI��Os9o}]>xJNQ\��O\�his9oZGJNQIONQPba � V �G�
mTh Y�IOmTnJGZhJITn4, ILKMPQNQmTnJGJIONQNQ\�P N9o4� \OKMPbnJm a t;ITnJ\OKM\Jt%PbnJIOs9oZkQP���R :(sQP

Re k > 0
a KMsQ\

R(y; k)
KM\J[bhJmOjioZITn�\JkQIONQjbh

∥∥R(y; k)
∥∥ 6

1

|k|
.

:(\�"TnJ\Jt h[QsQP
k → ∞

,
Re k > 0

,QPQt;I�� n t;IOmTnJ\ mO\J\ZnJNQ\)	�IONQPba
∥∥∥∥∥

x∫

−∞

R(y; k)qε(s) ds

∥∥∥∥∥ 6
1

|k|

x∫

α

|qε(s)| ds 6
1

|k|
‖qε‖(β − α).

� f)D �

:(sQPQt;IONbaba�t;ITnJ\OK"PbnJIOs9oZkQP��/,>[Q\^]9hi�9oZIOt

Υ+
ε = f (0)

ε + f (1)
ε +

∞∑

j=2

f (j)
ε , f (0)

ε =

(
1
1

)
,

f (1)
ε (x) =

x∫

−∞

R(x− s; k)qε(s)f
(0)
ε ds,

∥∥f (j)
ε (x)

∥∥ 6
(‖qε‖(β − α))j

|k|j
, j = 2, 3, . . .

%�n^o}]>\ XJ{�nJx�,
∥∥∥∥∥

∞∑

j=2

f (j)(x)

∥∥∥∥∥ 6
‖qε‖

2(β − α)2

|k|2

∞∑

j=0

‖qε‖
j(β − α)j

|k|j
,

P�m(hi�QITnJ\Jt � f)D �Ht;{ [Q\^]9hi�9oZIOt

Υ+
ε (x, k) =

(
1
1

)(
1 +

x∫

−∞

R(x− s; k)qε(s) ds+ o

(
1

|k|

))
.

� fiV �

:(\JmOj \^]>xJjbh
Qε → Q

G
L1(α, β)

[QsQP
ε → 0

, nJ\ GJGJP K>h nJIO\JsQIOt;{ U [QsQP
ε → 0XZhzKMITn

Ψ+
ε → Ψ+ s9oZGJNQ\Jt;IOsQNQ\[Q\ x N9o,j \Jt;[9oZjbn^o4�"G R

R!%�n^o}]>\�XJ{�nJx�, P
Υ+

ε → Υ+

s9oZGJNQ\Jt;IOsQNQ\�[Q\
x
N9o�j \Jt;[9oZjbn^o4��G

R
RV?(sQ\Jt;I/nJ\��O\�,

qε → q ∗
 mw]MoZXJ\�,9o�yzN9o`�QPbn

x∫

−∞

R(x− s; k)qε(s) ds→

x∫

−∞

R(x− s; k) dQ(s) =

x∫

−∞

R(x− s; k)q(s) ds.

:(IOsQI�� \OK>a�G*� fiV �Hj[QsQILKMIw]9h�[QsQP
ε→ 0

,9[QsQP�� \OKMPQt j�s9oZGJIONQmTnJGZh � V �G�LR
B���(+������	��
 +#143 5�7�8:9�;=<?>A@B9 � N?9?<10?>?T � 8�;�[�@

〈ψ−, ψ+〉 = 2ka(k)
W?L C?W�Q�[B; W 0�Q�C!8:T

� N?9?<10?>�Q=T
k ∈ C 2 4 7!> :.Q . a(k) → 1 4 7!> |k| → ∞

>
Re k > 0 \�4I
	�IONQPQIOt%[Qs aQt;\�� y`o`K o`�QP s9oZmOmOITaQNQPba mO�QPbn^oZITnJm a tuo^nJsQPQk9o"FHsQ\JNQmOj \��O\�,�mO\JmTn^oZG�

]>IONQN9o^a�Pby3�(hiNQjQkQP���l(\JmTn^o�.

Ψ(x, k) =

(
ψ+(x, k) ψ−(x, k)

ψ+
x (x, k) ψ−

x (x, k)

)
.

� fJf �

�'I��Oj \ GJP KMITnJx�,9�bnJ\
d

dx
Ψ =

(
0 1

q(x) + k2 0

)
Ψ.

� f UG�
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� "��><���<Q8u<���� < � 2 W/[QsQILKMIw]9a�� Y�PQt his9oZGJNQIONQPQIOt \JXJs9o^nJNQ\�� y`o`K o`�QP s9oZmOmOITaQNQPba
N9o^yz\JGJIOt mw]>ILK>h�� Y�IOI
tuo^nJsQPQ�QNQ\JI�his9oZGJNQIONQPQI/K9]9aX�(hiNQjQkQP���l(\JmTn^o�.

Ψ(x,−k)σ = Ψ(x, k)
1

a(k)

(
1 b(−k)

−b(k) 1

)
, σ =

(
0 1
1 0

)
,

� f dL�

G�j \ZnJ\JsQ\Jt [QIOsQIOt;IONQN9o^a
x
P��Os9oZITn sQ\^]>x�[9oZs9oZt;ITnJs9o��}R

W nJt;ITnJPQt+,>�bnJ\ tuo^nJsQPQk9o�FHsQ\JNQmOj \��O\

Ψ̃(x, k) = Ψ(x,−k)σ =

(
ψ̃−(x, k) ψ̃+(x, k)

ψ̃−
x (x, k) ψ̃+

x (x, k)

)

Ge]>IOGJ\����9oZmTnJP�\J[QsQILKMIw]9a�� Y�I��O\/his9oZGJNQIONQPba[� f dL�E[Q\JmTnJsQ\JION9o [Q\ sQI
	�IONQPbaQt
ψ̃±(x, k) =

ψ±(x,−k)
[QsQP,[Q\Jt;\ZY�P,y`oZt;IONQ{

k → −k
RH:(\�"TnJ\Jt h�mOGJ\��QmTnJG o�tuo^nJsQPQ�QNQ\��[�(hiNQjQkQPQP

Ψ̃(x, k)
G�]>IOGJ\�� [Q\^]9hi[i]>\JmOj \JmTnJP mO[QIOjbnJs9o}]>xJNQ\��O\ [9oZs9oZt;ITnJs9o

k
oZN9o}]>\��OPQ�QNQ{ mOGJ\���

mTnJG oZt
Ψ(x, k)

G [Qs9oZGJ\�� [Q\^]9hi[i]>\JmOj \JmTnJP � V}~ �LR :(sQPY"TnJ\Jt GJIOsbnJPQjio}]>xJN9o^a [Qs aQtuo^a
k = iξ

,
ξ ∈ R

,9P��Os9oZITn G>� f dL�HsQ\^]>x�]>PQNQPQP�mO\J[Qs ab_�IONQPba�R
'(I�mw]>\`_ NQ\�[QsQ\JGJIOsQPbnJx�,>�bnJ\

detΨ(x, k) = −2ka(k), det Ψ̃(x, k) = −2ka(−k).
� fJ~ �

:(IOsQIO[QPQmzoZG tuo^nJsQPQ�QNQ\JI�his9oZGJNQIONQPQI � f dL��G�nJIOsQt;PQN9o4� \J[QsQILKMIw]>PbnJIw]>I�� P PQmO[Q\^]>xZyOhZa
s9oZGJIONQmTnJG o � fJ~ ��,>t;{.[QsQP�� \OKMPQt j � � & ������� � � � � 
 $	� �C������
 � � 
 $ # � ���� $ & $�� � 
 $+!,! ����������

a(k)a(−k) = 1 + b(k)b(−k).
� f qG�

v']9a0GJITY�IOmTnJGJIONQNQ{�� [Q\ZnJIONQkQP9o}]>\JG
q
[QsQP

k = iξ
GJ{|[Q\^]>Nba�� nJm a+mO\J\ZnJNQ\)	�IONQPba

a(−iξ) = ā(iξ)
P
b(−iξ) = b̄(iξ)

,�� KMI��QIOsbn^o�\JXJ\ZyzN9o`�9oZITn�j \Jt;[i]>IOj mONQ\JI�mO\J[Qs ab_�IONQPQIZR
F<"TnJ\Jt mw]9hi�9oZI't;\OKMIw]>xJNQ\JI(his9oZGJNQIONQPQI3"OjQGJPQG o}]>IONbnJNQ\$��\JsQt h`]>I

∣∣a(iξ)
∣∣2 = 1 +

∣∣b(iξ)
∣∣2,

mOGZabyz{|G o)� Y�I�� jQG o`KMs9o^nJ{%t;\OK>h`]9a
a
P
b
N9oGJIOsbnJPQjio}]>xJNQ\�� \JmOP�R@'�oZ[QsQPQt;IOs/,4G�[QsQ\�

mTnJI���	�IOt mw]9hi�9oZI
q(x) = γ1δ(x− x1)

t;{ N9o4� \OKMPQt+,>�bnJ\

a(k) = 1 +
γ1
2k
, b(k) = −

γ1
2k

e2kx1 .

� 2��(<A$��><��/: <��V������DE= <�����$���D �
F K oZNQNQ\Jt [9oZs9o)�Os9o)��I't;{ [Q\Jjio^_�IOt+,9�bnJ\ G�\JXJs9o^nJNQ\��y`o`K o`�QI's9oZmOmOITaQNQPbaK oZNQNQ{|I

s9oZmOmOITaQNQPba \J[QsQILKMIw]9a�� n � ����� # ��(  [Q\ZnJIONQkQP9o}] \OKMNQ\ZyzN9o`�QNQ\QR ?�oZj XZhzKMITn [Q\Jjio^y`o4NQ\�NQPb_�I), "TnJ\ZnGJ\J[QsQ\Jm
mO\J[QsQPQjioZmzoZITnJm a"m�GJ\J[QsQ\JmO\Jt \JX�\OKMNQ\ZyzN9o`�QNQ\���s9o^yzsQI
	�PQt;\JmTnJP
tuo^nJsQPQ�QNQ\�� y`o`K o`�QP �;PQtuoZN9oX# 2EPi]>xJXJIOsbn^obR '�oZ[Q\Jt;NQPQt ; V q = ,;�bnJ\�y`o`K o`�9o �;PQtuoZN9o4
2EPi]>xJXJIOsbn^oy`oZji]�� �9oZITnJm a�GN9o4� \`_�KMIONQPQP�KMGZhG���(hiNQjQkQP��/,4\OKMN9o,Pby�j \ZnJ\JsQ{���oZN9o}]>P�
nJPQ�QN9o'G�[Qs9oZGJ\���[Q\^]9hi[i]>\JmOj \JmTnJP

K+
, o KMsbh��wo^a oZN9o}]>PbnJPQ�QN9o'G/]>IOGJ\���[Q\^]9hi[i]>\JmOj \JmTnJP

K−
, PQt;I�� Y�P�� j \JNQIO�QNQ{+��[Q\Js a KM\Jj N9o�XJIOmOj \JNQIO�QNQ\JmTnJP�P�hzKM\JG^]>ITnJGJ\Js a�� Y�P���N9o�t;NQP�

t;\���\JmOP,]>PQNQI��QNQ\Jt h[�Os9oZNQPQ�QNQ\Jt h�hJmw]>\JGJP��9� hJmw]>\JGJP�� mO\J[Qs ab_�IONQPba��wR
�6oZmOmOt;\ZnJsQPQt tuo^nJsQPQ�QNQ\JI sQI
	�IONQPQI y`o`K o`�QP s9oZmOmOITaQNQPba

Ψ(x, k)
K9]9a his9oZGJNQIONQPba

� s��ILKMPQN��OIOs9o � f �HP�[QsQILKMmTn^oZGJPQt I��O\�G�GJP KMI

Ψ(x, k) =

(
ψ+(x, k) ψ−(x, k)

ψ+
x (x, k) ψ−

x (x, k)

)
= Φ(x, k)E(x, k), E(x, k) =

(
ekx 0
0 e−kx

)
.
� fJ� �

��� @0N-@ 6"@0E-E�� @
x
G
k
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:(\JmOj \^]>xJjbh�G y`oZt;{|jioZNQPQP�[Qs9oZGJ\���[Q\^]9hi[i]>\JmOj \JmTnJP
Re k > 0

GJ{|[Q\^]>IONQ{ oZmOPQt;[bnJ\ZnJP�
�QIOmOjQPQI'mO\J\ZnJNQ\)	�IONQPbaZ� V`� � ,QnJ\

det Φ = 〈ψ+, ψ−〉
P

Φ(x, k) ∼

(
1 1
k −k

) �����
= K(k), K−1(k) =

1

2k

(
k 1
k −1

)
, |k| → ∞, Re k > 0.

�,+.-/-/0 D
3�+ N?;�[�,
ψ±(x, k) - � N?9?<10?>?> � 8�;�[�@

\ 6 898 J @

Ψ−1(x, k)Ψ(x,−k) =
1

a(k)

(
b(−k) 1

1 −b(k)

)
.

� fZ� �

C
#(mO[Q\^]>xZyOhZa�[QsQILKMmTn^oZG^]>IONQPba � � ��P�mO\J\ZnJNQ\)	�IONQPQI[� f qG� ,>[Qs9oZGJIOI'NQ\JmOPbnJIw]9a�[Q\ZnJION�

kQP9o}]Mo�[Q\^]9hi�9oZIOt

b(−k)ψ+(x, k) + ψ−(x, k) = a(k)b(−k)ekx + [b(k)b(−k) + 1]e−kx =

= a(k)b(−k)ekx + a(k)a(−k)e−kx = a(k)ψ+(x,−k).
U N9o}]>\��OPQ�QNQ\�]>IOGJIOI�NQ\JmOPbnJIw]9a�[Q\ZnJIONQkQP9o}]Mo�[Q\^]9hi�9oZITnJm a

ψ+(x, k)− b(k)ψ−(x, k) = a(k)ψ−(x,−k).
#/y3"TnJP���s9oZGJIONQmTnJG mw]>ILK>hJITn

Ψ(x,−k) = Ψ(x, k)
1

a(k)

(
b(−k) 1

1 −b(k)

)
. B

�,+.-/-/0���3 + 7!>
|k| → +∞ 2 Re k > 0 2 > . Q�Q�[ . Q�;�[B8 @V;=> . 4 [B8V[�> :.Q�;=<?8�Q�;�8�8V[�9�8:RSQ�@9?>�Q

Φ(x, k)K−1(k) →

(
1 0

p(x) 1

)
,

L6<?8V[B8�7�8 .
p(x) = lim

|k|→+∞
p(x, k), x ∈ R, Re k > 0

p(x, k) =
1

4

x∫

−∞

(
1 + e−2k(x−s)

)
q(s) ds−

1

4

∞∫

x

(
1 + e−2k(x−s)

)
q(s) ds.

� f �G�

0 nJGJIOs _�KMIONQPQI(]>IOt;t;{ mw]>ILK>hJITn�Pby
oZmOPQt;[bnJ\ZnJPQjZ� V`� �LR
� �����(<�� � 2HF mw]9hi�9oZI$� mOt|RR; V}�4= �

q(x) = γ1δ(x− x1) + γ2δ(x− x2),
KMGJI�PbnJIOs9oZkQPQP,K o)� n [Q\^]>NQ\JI�sQI
	�IONQPQI'PQNbnJI��Os9o}]>xJNQ{���his9oZGJNQIONQP�� � V qG��.

φ+(x, k) = 1 + γ1R(x− x1) + γ2(1 + γ1R21)R(x− x2),

φ−(x, k) = 1 + γ1(1 + γ2R21)R(x1 − x) + γ2R(x2 − x),

R21 = R(x2 − x1) =
1

2k
(1− e1ē2), ej = e2kxj , ēj = e−2kxj ,

� U D �

Pby'j \ZnJ\JsQ{���[Q\^]9hi�9o)� nJm a�GJ{|s9o^_�IONQPba

a(k) =
1

2k

〈
φ−(x, k), φ+(x, k)

〉
= 1 + γ̂1 + γ̂2 + γ̂1γ̂2(1− e1ē2),

b(k) =
1

2k

〈
φ−(x,−k), φ+(x, k)

〉
= −e1γ̂1 − e2γ̂2 − γ̂1γ̂2(e2 − e1),
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p(x, k) =
1

4





−γ1 (1 + e1ē)− γ2 (1 + e2ē) , x < x1,

γ1 (1 + e1ē)− γ2 (1 + e2ē) , x ∈ (x1, x2),

γ1 (1 + e1ē) + γ2 (1 + e2ē) , x > x2,
� KMI

e = e2kx
,
ē = e−2kx , γ̂j = γj

2k

R
r oZjQPQt \JXJs9o^yz\Jt [QsQP

x ∈ [x1, x2]

Ψ(x, k) =

(
ekx(1 + γ̂1)− γ̂1e1e

−kx e−kx(1 + γ̂2)− γ̂2ē2e
kx

k[ekx(1 + γ̂1) + γ̂1e1e
−kx] −k[e−kx(1 + γ̂2) + γ̂2ē2e

kx]

)
,

Φ(x, k) =

(
1 + γ̂1 − γ̂1e1ē 1 + γ̂2 − γ̂2ē2e

k [1 + γ̂1 + γ̂1e1ē] −k [1 + γ̂2 + γ̂2ē2e]

)
.

�/\Zn`a�K9]9a!��PQNQPbnJNQ{���[Q\ZnJIONQkQP9o}]>\JG(tuo^nJsQPQ�QNQ\JI�sQI
	�IONQPQI3� fJ� � oZN9o}]>PbnJPQ�QIOmOjQP�[QsQ\�
KM\^]9_ PQt;\�G�]>IOGZh�� [Q\^]9hi[i]>\JmOj \JmTnJx

Re k 6 0
,9\JmONQ\JGJNQ\���GJsQ\JNQmOjQP9oZN � fJ~ �HPQt;IOITn n^oZt+,

y`o�sQILKMjQPQt;PPQmOji]�� �QIONQPbaQt;P/,>XJIOmOj \JNQIO�QNQ\JI(t;NQ\`_�IOmTnJGJ\�Nbh`]>I���RH��oZt;ION9o
k → −k

[Q\Zy

GJ\^]9aQITn�[Q\JmTnJsQ\JPbnJx,[QsQP

Re k 6 0
KMsbh��O\JI
tuo^nJsQPQ�QNQ\JI�sQI
	�IONQPQI

Ψ̃(x, k) = Ψ(x,−k)σmO\ mOGJ\��QmTnJG oZt;P/,MoZN9o}]>\��OPQ�QNQ{|t;P
Ψ(x, k)

,
Re k > 0

,-� KMI
σ
# tuo^nJsQPQk9o�[QIOsQIOmTn^oZNQ\JGJjQP

σ =

(
0 1
1 0

) R%);mw]>P�GJGJIOmTnJP�\JXJ\ZyzN9o`�QIONQPQI
ψ̃±(x, k) = ψ±(x,−k)

,QnJ\

Ψ̃(x, k) =

(
ψ̃−(x, k) ψ̃+(x, k)

ψ̃−
x (x, k) ψ̃+

x (x, k)

)
= Φ̃(x, k)E(x, k),

� U V �

P�Pby(]>IOt;t;{.U�[Q\^]9hi�9oZIOt���\JsQt h`]9h

Ψ−1(x, k)Ψ̃(x, k) = Ψ−1(x, k)Ψ(x,−k)σ =
1

a(k)

(
1 b(−k)

−b(k) 1

)
,

j \ZnJ\Jsbh�� t;\`_ NQ\�[QsQIO\JXJs9o^yz\JG o^nJx�j�GJP K>h

Φ−1(x, k)Φ̃(x, k) = T (x, k),
� U f �

� KMI

T (x, k) = E−1(x, k)
1

a(k)

(
1 b(−k)

−b(k) 1

)
E−1(x, k) =

=
1

a(k)

(
1 e2kxb(−k)

−e−2kxb(k) 1

)
.

� UJUG�

- 0	�1( 
���� 0����.0 � 0�� 00��
 -/0�� 0
	 ��
 ����A+'( �.0�� '�o)�bnJP �(hiNQjQkQP��  tuo^nJsQPQkbh
Φ(k)

oZN9o}]>PbnJPQ�QIOmOjbh�� G"[Qs9oZGJ\�� [Q\^]9hi[i]>\JmOj \JmTnJP
K+

,�hzKM\JG^]>ITnJGJ\Js a�� Y
h�� N9o"t;NQP�
t;\���\JmOPX�Os9oZNQPQ�QNQ\Jt h�hJmw]>\JGJP��

Φ̃(k) = Φ(k)T (k),
� UZdL�

o�[QsQP
|k| → +∞

,
Re k > 0

,bhJmw]>\JGJP��

Φ(k)K−1(k) →

(
1 0
p 1

)
,

� U ~ �

Gj \ZnJ\JsQ\Jt
T (k)

# y`o`K oZNQN9o^a"tuo^nJsQPQ�QN9o^a��(hiNQjQkQPba/, o
p
#+NQIOj \ZnJ\JsQ\JI>� GJ\J\JXZY�I5�O\�

GJ\Js a/,9NQIOPbyzGJIOmTnJNQ\JIC�e�QPQmw]>\QR
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?�oZj�[Q\Jjio^yz{|G o)� n5��\JsQt h`]>{ � U V � B/� UJUG�;P�]>IOt;tuo
d�,i[QsQPJ��PQj mOPQsQ\JG oZNQNQ\Jt
x
�(hiNQj�

kQPba
Φ(x, k) = Ψ(x, k)E−1(x, k),

� KMI
Ψ
# tuo^nJsQPQ�QNQ\JI�sQI
	�IONQPQI�l(\JmTn^o�,

E(x, k) = diag(ekx, e−kx)
� mOt|R � fJ� � ��, aQG�

]9aQITnJm a sQI
	�IONQPQIOt y`o`K o`�QPZ�;PQtuoZN9oX# 2EPi]>xJXJIOsbn^oZ� UZdL��, � U ~ ��m�tuo^nJsQPQkQI�� [QIOsQI�� \OK o
T (k) = T (x, k)

,�\J[QsQILKMIw]9aQIOt;\���[Q\J��\JsQt h`]>I[� UJUG�LR'WeKMN9oZj \�, ILKMPQNQmTnJGJIONQNQ\JmTnJx�sQI
	�I�
NQPba�y`o`K o`�QP*�;PQtuoZN9o5#72EPi]>xJXJIOsbn^o NQI'PQt;IOITn�t;IOmTn^o�, \��QIOt mOGJP KMITnJIw]>xJmTnJGZhJITn�mw]>ILK>hG
� Y�P���[QsQPQt;IOs�R

� �����(<�� � 2�F.mw]9hi�9oZI
q(x) = γ1δ(x − x1)

[QsQP
x → x1 ± 0

[Q\^]9hi�9oZIOt KMG o,s9o^y

]>PQ�QNQ{���sQI
	�IONQPba�y`o`K o`�QP � UZdL� ,S� U ~ �(� ]>IOGJ\JI�P�[Qs9oZGJ\JIC�wR F mzoZt;\Jt KMIw]>I),4PQmO[Q\^]>xZyOhZa
��\JsQt h`]>{ � U D �H[QsQPQt;IOs9o V ,Q[Q\^]9hi�9oZIOt

ψ+(x, k) = ekx

{
(1 + γ̂1)− γ̂1e1e, x� 1,

1, x� −1;

ψ−(x, k) = e−kx

{
1, x� 1,

(1 + γ̂1)− γ̂1ê1e, x� −1;

T (x, k) =
1

1 + γ̂1

(
1 γ̂1ē1e

γ̂1e1ē 1

)
.

:(sQP
x > x1

PQt;IOIOt

Φ(x, k) =

(
1 + γ̂1 − γ̂1e1ē 1

k[1 + γ̂1 + γ̂1e1ē] −k

)
, Φ̃(x, k) =

(
1 1− γ̂1 + γ̂1ē1e

k k[−1 + γ̂1 + γ̂1ē1e]

)
,

PX�(hiNQjQkQPba

Φ(x1 + 0, k) =

(
1 1

k(1 + 2γ̂1) −k

)

aQG^]9aQITnJm a�sQI
	�IONQPQIOt y`o`K o`�QP � UZdL� ,1� U ~ �H[QsQP

T (k) = T (x1, k) =
1

1 + γ̂1

(
1 γ̂1
γ̂1 1

) P
p =

1

2
γ1.

U N9o}]>\��OPQ�QNQ\�,9s9oZmOmOtuo^nJsQPQG o^a�mw]9hi�9o)�
x < x1

,Q[Q\^]9hi�9oZITnJm a/,M�bnJ\ �(hiNQjQkQPba

Φ(x1 − 0, k) =

(
1 1
k −k(1 + 2γ̂1)

)

aQG^]9aQITnJm a�sQI
	�IONQPQIOt nJ\��_�I/y`o`K o`�QP/,>[QsQPQ�QIOt G "TnJ\Jt mw]9hi�9oZI
p = −1

2
γ1
R

r6IO[QIOsQx t;{�[QsQPQmTnZhi[9oZIOt j ��\JsQt h`]>PQsQ\JGJj I P KM\Jjio^y`o^nJIw]>xJmTnJGZh.nJIO\JsQIOt;{ ILKMPQN�
mTnJGJIONQNQ\JmTnJP�G�\JXJs9o^nJNQ\�� y`o`K o`�QI/s9oZmOmOITaQNQPba�R4v']9a@"TnJ\��O\�s9oZmOmOt;\ZnJsQPQt�KMG o'his9oZGJNQIONQPba
GJP K o>� f ��m�[Q\ZnJIONQkQP9o}]MoZt;P

q1, q2 ∈ M0
R�W/XJ\ZyzN9o`�QPQt �QIOsQITy

aj(k)
,
bj(k)

,
j = 1, 2

,QmO\�
\ZnJGJITnJmTnJGZh�� Y�PQI/K oZNQNQ{|I s9oZmOmOITaQNQPba�Rur6\�� K o'PQt;IOITn�t;IOmTnJ\�mw]>ILK>h�� Y�IOI/h nJGJIOs _�KMIONQPQIZR
�I+'&)( +.-/0 � � nJIO\JsQIOtuo ILKMPQNQmTnJGJIONQNQ\JmTnJP�� 3��I;�C4> LO;=E�J�N 9A@ . 9?> . 8:T 8�;=> L�G 4 8�C49�Q=9?G7M@BLOQ=9�;�[�L.@

a1(k) = a2(k) 2 b1(k) = b2(k) 2 [B8 q1 = q2 \
C

:(sQILKM[Q\^]>\`_ PQt+,%�bnJ\
q1(x) 6≡ q2(x)

P \JXJ\ZyzN9o`�QPQtc�QIOsQITy
Ψj(x, k) =

Φj(x, k)E(x, k)
,
j = 1, 2

, mO\J\ZnJGJITnJmTnJGZh�� Y�PQItuo^nJsQPQ�QNQ{|I�sQI
	�IONQPba l(\JmTn^obRF mOPi]9h
mO\JGJ[9o`KMIONQPba(K oZNQNQ{��
s9oZmOmOITaQNQPba
P�]>IOt;t;{ d mO[Qs9oZGJILK9]>PQGJ{ mw]>ILK>h�� Y�PQI�mO\J\ZnJNQ\)	�IONQPba/.

Φ̃j(x, k) = Φj(x, k)T (x, k), Φj(x, k)K
−1(k) →

(
1 0

pj(x) 1

)
, |k| → ∞, Re k > 0,
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� KMI
T (x, k)

\J[QsQILKMIw]9aQITnJm a�G � U D �LR #/y�hJmw]>\JGJP���mO\J[Qs ab_�IONQPba�]>I��Oj \�[Q\^]9hi�9oZITnJm a�s9o4
GJIONQmTnJGJ\

Φ2(x, k)Φ
−1
1 (x, k) = Φ̃2(x, k)Φ̃

−1
1 (x, k).

� UJqG�
FHGJILKMIOt G�s9oZmOmOt;\ZnJsQIONQPQI �(hiNQjQkQP��

F (x, k) = Φ2(x, k)Φ
−1
1 (x, k)

,
x ∈ R

,
k ∈ C

R
:(sQPX��PQj mOPQsQ\JG oZNQNQ\Jt

k
�(hiNQjQkQPba

F (·, k)
aQG^]9aQITnJm a�sQI
	�IONQPQIOt y`o`K o`�QP>?(\)	�P

d

dx
F =

(
0 1

q1(x) + k2 0

)
F − F

(
0 1

q2(x) + k2 0

)
, F (x, k) = I

[QsQP
x� 0.

�9KMIOmOx N9o`�9o}]>xJNQ\JI�hJmw]>\JGJPQI�aQG^]9aQITnJm a mw]>ILKMmTnJGJPQIOt7��PQNQPbnJNQ\JmTnJP �(hiNQjQkQP��
q1
,
q2
P

nJ\`_�KMIOmTnJG
a1(k) ≡ a2(k)

,
b(k) ≡ b2(k)

N9o
R
RuF mOPi]9h nJIO\JsQIOt;{ \5�O\^]>\Jt;\Js���NQ\JmTnJP�[Q\

[9oZs9oZt;ITnJsbh�sQI
	�IONQP�� y`o`K o`�QPQ?(\)	�P�K9]9a�]>PQNQI��QNQ\��O\KMP��P��IOsQIONQkQP9o}]>xJNQ\��O\�his9oZGJNQI�
NQPbam/[Q\^]>PQNQ\Jt;P9o}]>xJNQ{|t;P[Q\�[9oZs9oZt;ITnJsbh,j \�"��P��PQkQPQIONbn^oZt;P�tuo^nJsQPQk9o

F (x, k)
aQG^]9a�

ITnJm a"kQIw]>\�� �(hiNQjQkQPQI��
k
[QsQP�]�� XJ\Jt

x ∈ R
RA:(sQP*"TnJ\Jt+,�jioZj�[Q\Jjio^yz{|G oZITn�]>IOt;tuo�d�,

GJ{|[Q\^]>NQIONQ\ mO\J\ZnJNQ\)	�IONQPQI'[QsQP
|k| → ∞

,
Re k > 0

F (x, k) = Φ2(x, k)Φ
−1
1 (x, k) = Φ2(x, k)K

−1KΦ−1
1 (x, k) →

(
1 0

p(x) 1

)
,

� U � �

� KMI
p(x) = p2(x)− p1(x)

R
FHGJP K>h � UJqG�!�(hiNQjQkQPba

F (x, ·)
j \Jt;[i]>IOj mONQ\��O\ [QIOsQIOt;IONQNQ\��O\

k
aQG^]9aQITnJm a �QITnJNQ\���R

%u]>ILKM\JG o^nJIw]>xJNQ\�, [QsQILKMIw]>xJNQ\JI�mO\J\ZnJNQ\)	�IONQPQI[� U � ��GJ{|[Q\^]>NQIONQ\�P�[QsQP
k → ∞

G�]>IOGJ\��
[Q\^]9hi[i]>\JmOj \JmTnJP�R|W nJm���K o�mw]>ILK>hJITn4, �bnJ\

F (x, k) = I + P (x), x ∈ R, k ∈ C,

� KMI
P (x) =

(
0 0

p(x) 0

) ,
I = diag(1, 1)

,;P t;{ [QsQP�� \OKMPQt j s9oZGJIONQmTnJGZh
Ψ2 = (I +

P (x))Ψ1
,9Pby'j \ZnJ\JsQ\��O\�\J�QIOGJP KMNQ{|t \JXJs9o^yz\Jt GJ{�nJIOjioZITn

ψ+
1 (x, k) ≡ ψ+

2 (x, k), ψ−
1 (x, k) ≡ ψ−

2 (x, k).

:(\JmOj \^]>xJjbh[�(hiN K oZt;IONbn^o}]>xJN9o^a�mOPQmTnJIOtuo sQI
	�IONQP��]>PQNQI��QNQ\��O\ \OKMNQ\JsQ\OKMNQ\��O\�his9oZGJNQI�
NQPbaQ� f UG��\J[QsQILKMIw]9aQITn,tuo^nJsQPQkbh�I��O\ j \�"��P��PQkQPQIONbnJ\JG,\OKMNQ\ZyzN9o`�QNQ\�,>nJ\ t;{ [QsQP�� \OKMPQt
jnJ\`_�KMIOmTnJGZh

q1(x) ≡ q2(x)
R
B

� 2���<Q8��9DM:�$ C �b:��L����< "�$6DE<������6: 8��
F K oZNQNQ\Jt s9o^ywKMIw]>I�t;{ s9oZmOmOt;\ZnJsQPQt mw]9hi�9o)�/,9j \�� K o5�(hiNQjQkQPba

q
aQG^]9aQITnJm a,]>PQNQI���

NQ\�� j \Jt;XJPQN9oZkQPQI��
δ
 �(hiNQjQkQP���R;r oZjQPQIR�(hiNQjQkQPQP�t;{ XZhzKMIOt N9o^yz{|G o^nJx

δ
 \JXJs9o^yzNQ{|t;P�R

FH{|XJs9oZG
φ ≡ 1

G�jio`�QIOmTnJGJINbh`]>IOGJ\��O\�[QsQPQX^]>Pb_�IONQPba P [QsQPQt;IONQPQG"t;ITnJ\OK PbnJIOs9oZkQP��
NQIO[Q\JmOsQILKMmTnJGJIONQNQ\j�mOjio}]9aQsQNQ{|t PQNbnJI��Os9o}]>xJNQ{|t his9oZGJNQIONQPbaQt � V qG� ,Mt;{ [QsQP�� \OKMPQt j
y`o`K o`�QI
\
	^mThit;t;PQsQ\JG oZNQPQP���XJIOmOj \JNQIO�QNQ\��O\�s a K o*� mOt|RP� V dL� �wR|WeKMN9oZj \�,MjioZj�XZhzKMITn [Q\�
jio^y`oZNQ\�NQPb_�I), K9]9a his9oZGJNQIONQPbaZ� s��ILKMPQN��OIOs9o"m

δ
 \JXJs9o^yzNQ{|t.[Q\ZnJIONQkQP9o}]>\Jt

q ∈ M0GJP K o

q(x) =

N∑

j=1

γjδ(x− xj)
� U � �

t;ITnJ\OK PbnJIOs9oZkQP���[Q\ZyzGJ\^]9aQITn�[Q\^]9hi�QPbnJx�nJ\J�QNQ\JI�sQI
	�IONQPQI�y`o,j \JNQIO�QNQ\JI��QPQmw]>\J	�o)�O\JG
� jioZjQ"TnJ\"XJ{H]>\�m KMIw]MoZNQ\"G�[QsQPQt;IOsQI f �wR�'(IO[QsQIOsQ{|GJNQ{|I[QsQP GJmOI��

x
sQI
	�IONQPba

ψ(x)



�(' ���������
	�������������������������

his9oZGJNQIONQPba � sQILKMPQN��OIOs9o�� f ��m'[Q\ZnJIONQkQP9o}]>\Jt � U � �uKM\^]9_ NQ{ hzKM\JG^]>ITnJGJ\Js abnJx�G�h yT]Mo4�
xj
,
j ∈ [N ]

,QhJmw]>\JGJPbaQt NQIO[QsQIOsQ{|GJNQ\JmTnJP�PmO\�� ]MoZmO\JG oZNQPba�[QsQ\JPbyzGJ\OKMNQ{��Q� mOt|R * V ��.

∆ψ(xj) = 0, ∆ψx(xj) = γjψ(xj).
� U �G�

��oZNbhit;IOsQ\JG oZG�h yT]>{
xj
,
j ∈ [N ]

,MG�[Q\Js a KMj I'GJ\Zyzs9oZmTn^oZNQPba/,Mt;{ s9o^yzXJPQG oZIOt �QPQmw]>\JGZh��
[Qs aQt h�� N9o

N + 1
[QsQ\Jt;IT_�h nJj \JG�.

I0 = (−∞, x1], Ij = (xj, xj+1], IN = (xN ,∞).
� d D �

0/s9oZGJNQIONQPQI � f �/PQt;IOITn�N9ojio^_�KM\Jt [QsQ\Jt;IT_�h nJj I
Ij

KMG o�]>PQNQI��QNQ\�NQITy`oZGJPQmOPQt;{�� sQI�
	�IONQPba

e±kx
R&�4I
	�IONQPQI his9oZGJNQIONQPba N9o GJmOI�� \JmOP t;\`_ NQ\ [Q\JmTnJsQ\JPbnJx m [Q\Jt;\ZY�x��

hJmw]>\JGJP�� � U �G��[bh nJIOt 	^mOji]>I��QjQP�� sQI
	�IONQP�� [QsQP [QIOsQI�� \OKMI�m
Ij

N9o�mw]>ILK>h�� Y�P�� \Zn�
sQITyz\Jj

Ij+1
R F mw]9hi�9oZI

N > 1
NQIO\JX � \OKMPQt;\ hi�QPbnJ{|G o^nJx sQITyOh`]>x`n^o^n [QsQILKM{�K>h Y�P��

mOjio`�Qj \JG [QsQ\JPbyzGJ\OKMNQ{�� � mOt|RR; V}� , V`��= �wR
�I+'&)( +.-/0 � 3��SC?W

δ
@ 8�F�7M@ Y�9�898:8 4 8V[BQ=910?>A@:C�@ � U � � . Q�[B8�J 4 8�;�C!Q J(8:L.@.[BQ�C�,�9?GIH 4 7!>�@

F�C4>"5 Q=9?>?TSJ @VQ�[ Y�@
N
R @ 8:8:L [B8 : 9�8�Q 7�Q=RSQ=9?>�Q/>?9![BQA8�7M@:C�,�9?GIH NV7M@BL�9�Q=9?>?T � V qG�

\
C
�4I
	�IONQPQI

φ+ [QIOsQGJ\��O\�Pby'PQNbnJI��Os9o}]>xJNQ{���his9oZGJNQIONQP�� � V qG� K9]9aX�(hiNQjQkQPQP�l(\JmTn^o
t;\`_ NQ\�[QsQILKMmTn^oZGJPbnJx�G�GJP KMI�s a K o�NQIO[QsQIOsQ{|GJNQ{��>�(hiNQjQkQP�� � mOt|R � V dL� ��.

φ+(x) = 1 +
∞∑

j=1

fj(x), fj+1(x) =

x∫

−∞

R(x− s, k)fj(s)q(s) ds, f0(x) = 1.
� d V �

#/y@� U � ��, � d V �Hmw]>ILK>hJITn

fj+1(x) =
∑

n:xn<x

R(x− xn, k)fj(xn)q(xn), j = 0, 1, 2, . . . ,
� d f �

[QsQPQ�QIOt
fj(x) = 0

[QsQP
x 6 x1

P
j > 1

R4v�o}]>IOI),bPQmO[Q\^]>xZyOhZa � d f � ,b[Q\�PQN K>hijQkQPQP,]>I��Oj \
[Q\Jjio^y`o^nJx�,M�bnJ\ [QsQP

1 6 j 6 N − 1
K9]9a�GJmOI��

x 6 xj+1
XZhzKMITn GJ{|[Q\^]>NQIONQ\�s9oZGJIONQmTnJGJ\

fj+1(x) = 0
P/, G��9oZmTnJNQ\JmTnJP/,

fN (x) = 0
[QsQP

x 6 xN
R '(\�nJ\�� K o�Pby�� d f ��mw]>ILK>hJITn

fN+1(x) ≡ 0
,9o�yzN9o`�QPbn s a K�G>� d V �H\JXJsQ{|G oZITnJm a�N9o��i]>IONQI'm�NQ\Jt;IOsQ\Jt

N
R

�(mONQ\�, �bnJ\
oZN9o}]>\��OPQ�QNQ{|Ies9oZmOmTh _�KMIONQPba [QsQPQt;IONQPQt;{ P�j \�GZnJ\JsQ\Jt h�Pby PQNbnJI��Os9o}]>x�
NQ{��his9oZGJNQIONQP��Q� V qG�LR

BW/mTn^oZNQ\JGJPQt;m a�jQs9o^nJj \
N9o(GJ\J[QsQ\JmOI|\(nJ\J�QNQ{�� ��\JsQt h`]Mo4�'K9]9a�sQI
	�IONQP�� PQNbnJI��Os9o}]>x�
NQ{�� his9oZGJNQIONQP�� � V qG�LR ?�oZj [Q\Jjio^y`oZNQ\ G s9oZXJ\ZnJI�; V}�C= ,/\JXZY�P�� mw]9hi�9o)� mOGJ\OKMPbnJm a j
mw]9hi�9o)�%m

k = 0
R �4I
	�IONQPba�his9oZGJNQIONQPba � s��ILKMPQN��OIOs9o�� f ��m(KMIw]>x`n^oZ\JXJs9o^yzNQ{|t [Q\ZnJION�

kQP9o}]>\Jt � U � �([QsQILKMmTn^oZG^]9a�� n�mO\JXJ\���[QsQP
k = 0

]>\JtuoZNQ{|I m�PbyT]>\JtuoZt;P GnJ\J�Qjio4�
xj
R

0/�QPbnJ{|G o^a*��\JsQt h`]9hQ� U �G��,>mOGZabyz{|G o)� Y
h��%N9oZji]>\JNQ{ ]>\JtuoZNQ\���N9o�mO\JmOILKMNQP���\ZnJITyzjio4�
sQI
	�ITnJjQPZ� d D �Ht;{ N9o4� \OKMPQt+,>�bnJ\

ψ(x) = τj(x− xj) + ψj, x ∈ Ij, ψj = ψ(xj), j ∈ [N ],

γjψj = τj − τj−1, ljτj = ψj+1 − ψj, lj = xj+1 − xj.

� d UG�

#(mOji]�� �QPQG \ZnJm���K o
τj
,9[Q\^]9hi�QPQt s9o^yzNQ\JmTnJNQ\JI'his9oZGJNQIONQPQI�GZnJ\JsQ\��O\�[Q\Js a KMjio

1

lj
ψj+1 +

1

lj−1
ψj−1 =

(
1

lj
+

1

lj−1
+ γj

)
ψj,

� dJdL�

j \ZnJ\JsQ\JI/[QsQP [Q\OK-� \OK>abY�P��,jQs9oZIOGJ{���hJmw]>\JGJPba�� , K oZITn
yzN9o`�QIONQPba�sQI
	�IONQP��,PQNbnJI��Os9o}]>x�
NQ{���his9oZGJNQIONQP��J� V qG� Geh yT]Mo4�'sQI
	�ITnJjQP�R8U N9o}]>\��OPQ�QNQ\JIus9o^yzNQ\JmTnJNQ\JI�his9oZGJNQIONQPQI K9]9a

τj
,
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j \ZnJ\JsQ\JI
[Q\^]9hi�9oZITnJm a�PbyJ� d UG��[bh nJIOt PQmOji]�� �QIONQPba
ψj

,bK oZITn G�mw]9hi�9oZI
jQs9oZIOGJ{��hJmw]>\�
GJP��

τ0 = 0
,
τ1 = γ1

N9o
]>IOGJ\Jt j \JNQkQI),>mw]>ILK>h�� Y
h�� ��\JsQt h`]9h�.

τ3 = τ(γ1, γ2, γ3) =
3∑

j=1

γj +
∑

i>j

γiγjxij + γ3γ2γ1x32x21,

xij

�����
= (xi − xj)θ(xi − xj) > 0,

� d ~ �

j \ZnJ\Js9o^a�XJITy�nJsbhzK o�\JXJ\JXZY�oZITnJm a�N9o\JXZY�P���mw]9hi�9o)��R�F �9oZmTnJNQ\JmTnJP/, [Q\^]Mo)�wo^a�GX"TnJ\��
��\JsQt h`]>I

γ3 = 0
,Qt;{ N9o4� \OKMPQt

τ2 = τ(γ1, γ2) = γ1 + γ2 + γ2γ1x21,

�bnJ\�GJt;IOmTnJI�m(��\JsQt h`]MoZt;PY� d UG�/[Q\^]>NQ\JmTnJx�� \J[QsQILKMIw]9aQITn�sQI
	�IONQPQI � V qG�/[QsQP
N = 3

,
k = 0

R�v']9a�[QIOsQI�� \OK o�j�mw]9hi�9o)�
k 6= 0

Nbh _ NQ\�� mOt|R�; V}�4= �ePQmO[Q\^]>xZyz\JG o^nJx y`oZt;IONbh
xijN9o

x̂ij(k) =
1− e2k(xj−xi)

2k
θ(xi − xj),

mOGZaby`oZNQNbh�� m�PQNQG oZsQP9oZNbnJNQ\JmTnJx�� his9oZGJNQIONQPba � sQILKMPQN��OIOs9o�m�[Q\ZnJIONQkQP9o}]>\Jt � U � �/\Zn�
NQ\JmOPbnJIw]>xJNQ\$�Osbhi[Q[Q{.s9oZmTn`ab_�IONQP��Q� m�[9oZs9oZt;ITnJsQ\Jt

%
��.

xj → %xj , γj →
γj
%
, k →

k

%
.

��oZt;ITnJPQt�G/y`oZji]�� �QIONQPQI),i�bnJ\(hijio^y`oZNQNQ\JI|GJ{S	�Ies9o^yzNQ\JmTnJNQ\JI|his9oZGJNQIONQPQI3� dJdL��K9]9a�s9oZG�
NQ\Jt;IOsQNQ\���sQI
	�ITnJjQP�[QsQPQNQPQtuoZITn mw]>ILK>h�� Y�P���[QsQ\JmTnJ\���GJP K1.

1

l
[ψj+1 + ψj−1 − 2ψj] = γjψj, lj = l, j = 1, 2, 3, . . .

� 2��4:!�(<��6: ���('

#/yT]>\`_�IONQN9o^a GJ{S	�I�nJIO\JsQPba \JmTn^oZG^]9aQITn�\ZnJjQsQ{�nJ{|t;P GJ\J[QsQ\JmO{ \�mTh Y�IOmTnJGJ\JG oZNQPQP
sQI
	�IONQPba,\JXJs9o^nJNQ\�� y`o`K o`�QP�s9oZmOmOITaQNQPba,P GJ\Zyzt;\`_ NQ\JmTnJP�[QsQILKMmTn^oZG^]>IONQPba["TnJ\��O\�sQI
	�I�
NQPba�G�aQGJNQ\�����\JsQt;IZR�v']9a"nJ\��O\�,6�bnJ\JXJ{ [Q\ZnJIONQkQP9o}]

q ∈ M0
\JX^]Mo`K o}] GJmOIOt;P�Nbh _(

NQ{|t;P"mOGJ\��QmTnJG oZt;P/,�mO\J\ZnJGJITnJmTnJGZh�� Y�PQI�K oZNQNQ{|I�s9oZmOmOITaQNQPba�mzoZt;P�KM\^]9_ NQ{ \JX^]Mo`K o^nJx
\J[QsQILKMIw]>IONQNQ{|t;P mOGJ\��QmTnJG oZt;P�R>'(IOmOt;\ZnJs a N9o�nJ\�, �bnJ\KMITn^o}]>xJNQ{+� oZN9o}]>Pby�[Q\OK-� \OK>a�
Y�P���ji]MoZmOmO\JGA�(hiNQjQkQP��'K9]9a'K oZNQNQ{���s9oZmOmOITaQNQPba�GJ{�� \OKMPbn�y`o [QsQILKMIw]>{ s9oZmOmOt;\ZnJsQIONQP��
K oZNQNQ\���s9oZXJ\ZnJ{A,9t;{ GJmOI(_�I�m KMIw]MoZIOt NQIOj \ZnJ\JsQ{|I�y`oZt;IO�9oZNQPba�[Q\("TnJ\Jt h[Q\JGJ\OK>hJR
?�oZj
[Q\Jjio^yz{|G o)� n�s9oZmOmOt;\ZnJsQIONQPba�[QsQILKM{�K>h Y�P���[9oZs9o)�Os9o)��\JG�,Z[Qs aQtuo^a
y`o`K o`�9o s9oZm�

mOITaQNQPba�mOGJ\OKMPbnJm a�j[QsQIO\JXJs9o^yz\JG oZNQP�� g
hisQxJIA#7%�nJPi]>x`nJxJIOmzo$�(hiNQjQkQPQP
Q
R #/yzGJIOmTnJNQ\

� mOt|R ,|N9oZ[QsQPQt;IOs/,3; f)D4= ��,|�bnJ\ GJm aQjio^aY�(hiNQjQkQPba
Q ∈ BV

t;\`_�ITn XJ{�nJx [QsQILKMmTn^oZG^]>I�
N9o�G�GJP KMI�mThit;t;{ nJsQI���j \Jt;[Q\JNQIONbn #9�(hiNQjQkQPQP�mOjio`�Qj \JG�, oZXJmO\^]�� nJNQ\ NQIO[QsQIOsQ{|GJNQ\��
�(hiNQjQkQPQP P mOPQN��Th`]9aQsQNQ\����(hiNQjQkQPQP � [QsQ\JPbyzGJ\OKMN9o^a [Q\Jmw]>ILKMNQI�� s9oZGJN9o"Nbh`]��+[Q\J�bnJP
GJm���K>h��wR F mw]9hi�9oZI��(hiNQjQkQPQP�mOjio`�Qj \JG

Q
m's9o^yzsQ{|G oZt;P

∆Qj

G kQIw]>\J�QPQmw]>IONQNQ{���nJ\J��
jio4�

j ∈ J ⊂ Z
PQNbnJI��Os9o}] g
hisQxJI�# %�nJPi]>x`nJxJIOmzo�[QsQILKMmTn^oZG^]9aQITn�mO\JXJ\���nJsQP��O\JNQ\Jt;ITn�

sQPQ�QIOmOjQP���[Q\^]>PQNQ\Jt

Q̂(k) =

∞∫

−∞

eks dQ(s) =
∑

j∈J

∆Qje
kj
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P K oZITn�[QIOsQPQ\OKMPQ�QIOmOjbh�� �(hiNQjQkQP��
Q̂(k + 2iπ) = Q̂(k)

R%);mw]>P_�I �(hiNQjQkQPba
Q
PQt;IOITn

mOjio`�QjQP
∆Q(xj)

G�[QsQ\JPbyzGJ\^]>xJNQ\���[Q\Jmw]>ILKM\JG o^nJIw]>xJNQ\JmTnJP�nJ\J�QIOj
x = xj ∈ R

P�GJ{|[Q\^]�
NQIONQ\�hJmw]>\JGJPQI�m � \OKMPQt;\JmTnJP�s a K o ∑

|∆Q(xj)| < ∞
,MnJ\,mO\J\ZnJGJITnJmTnJGZh�� Y�o^a �(hiNQjQkQPba

Q̂(k)
[QsQILKMmTn^oZGJPQtuo�G�GJP KMI�s a K o

Q̂(k) =

∞∫

−∞

eksdQ(s) =
∑

j

∆Q(xj)e
kxj

� d qG�

PaQG^]9aQITnJm a�[Q\J�bnJP�[QIOsQPQ\OKMPQ�QIOmOj \���N9o�GJIOsbnJPQjio}]>xJNQ\���\JmOP
k = iξ

R
WeKMN9oZj \�,6jioZj [Q\Jjio^yz{|G oZITn�mw]>ILK>h�� Y�P�� [QsQPQt;IOs/, K o^_�I�ji]MoZmOm�[Q\J�bnJP [QIOsQPQ\OKMPQ�QI�

mOjQP��X�(hiNQjQkQP���NQI�\ �bG o^nJ{|G oZITn GJmOI���GJ\Zyzt;\`_ NQ{��,mw]9hi�9oZIOGQR
:/hJmTnJx

C(x)
# �(hiNQjQkQPba�?�oZNbnJ\Js9o(# �'IOXJI��wo�,�j \ZnJ\Js9o^a�NQIO[QsQIOsQ{|GJN9o,P�t;\JNQ\ZnJ\JN�

N9o�,�NQ\�PQt;IOITn�[Q\J�bnJP GJm���K>h Nbh`]>IOGZh�� [QsQ\JPbyzGJ\OKMNbh��
R�v�\J\J[QsQILKMIw]>PQt IOI[Q\"N9o�GJm��
�QPQmw]>\JGZh�� [Qs aQt h���.

C(x) = 0
[QsQP

x < 0
P
C(x) = 1

[QsQP
x > 1

RX:(sQIO\JXJs9o^yz\JG o4
NQPQI�g
hisQxJIR# %�nJPi]>x`nJxJIOmzo

Ĉ(k)
"TnJ\��J�(hiNQjQkQPQP�hzKM\JG^]>ITnJGJ\Js aQITn>� mOt|R ; fiV
= �u[QsQ\JmTnJ\Jt h

�(hiNQjQkQPQ\JN9o}]>xJNQ\Jt h,his9oZGJNQIONQP��

Ĉ(3k) = ch(k)Ĉ(k), Ĉ(0) = 1, ch(k) =
ek + e−k

2
.

� d � �

 �nJ\*�(hiNQjQkQPQ\JN9o}]>xJNQ\JI�his9oZGJNQIONQPQI�\OKMNQ\ZyzN9o`�QNQ\�s9o^yzsQI
	�PQt;\�G�ji]MoZmOmOI kQIw]>{����(hiNQj�
kQP��/,bNQ\�, jioZj�]>I��Oj \�GJP KMITnJx�,bI��O\
sQI
	�IONQPQI/NQI aQG^]9aQITnJm a�[Q\J�bnJP�[QIOsQPQ\OKMPQ�QIOmOj \��J�(hiNQj�
kQPQI���R
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