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Hardy inequality for non-negative functions

The (general) weighted Hardy inequality

</ab (/: / (t)dt) q w(l")dx)

where a, b are real numbers, satisfying

1

<C (/ fp(x)v(x)dac> ' . (1)

Q|-

—0o<a<b< oo,

w, v are weightded functions, i.e. measureble functions positive a.e. in (a,b)
p, q are real parameters, satisfying

0<p,qg<oo.

The role of interval (a,b) is not important. It is easy to show that any general
interval (a,b) can be reduced to the interval (0, c0).
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The inequality (1) studied by many authors

Q 1<p<g<oo (Muckenhoupt, Bredly, Kokilashvili, Tomaselli, Talenty,
Artola, and more)

Q@ 1<g<p<oo (Mazja, Rosin)
@0<g<l<p<oo (Sinnamon)
@ 0<g<1l=p (Sinnamon, Stepanov )
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After result of Muckenhoupt(1972), where he show that (1) holds for p = ¢ if and
only if

1
7

1 T
up ( / w(y)dy) (/ vlp’<y>dy) < oo,
z€(0,00) T 0

It is now named Muckenhoupt condition.

Nowadays exists many equivalent characterisations and many difference proofs.

@ A Gogatishvili, A. Kufner, L.-E. Persson and A. Wedestig. An equivalence
theorems for some scales of integral conditions related to Hardy’s inequality
with applications. Real Analysis and Exchange, 29(2003/04), no. 2, 867 - 830.

@ A Gogatishvili, A. Kufner and L. E. Persson. Some new scales of
characterization of Hardy?s inequality. Proc. Est. Acad. Sci. 59(2010), no. 1, 7
- 18.
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I

Let v,w be weights on (0,00), p € [1,00) and q € (0,00). Fort € (0,00), denote

(fot vl_p,)ﬁ if p € (1,00),

Vp(t) = 1 ~
ess sup —— ifp=1,
s€(0,t) v(s)
and -
W(t) = / w.
t

Then there exists a positive constant C' such that (1) holds for every nonnegative
measurable function f on (0,00) if and only if A < co, where

1
sup Vp()W(t)s ifp<gq,
A = { te(0,00) e
fooo Wr=a dV,p~¢ if p> q,
in which the latter integral should be understood in the Lebesque—Stieltjes sense with

_Pa_
respect to the (monotone) function V,7=7.

@ A.Gogatishvili, L.Pick. The two-weight Hardy inequality: a new elementary

and universal proof arXiv:2109.15011



The general weighted Hardy inequality with kernel.

We say that U: [0,00) X [0,00) — [0,00) is a regular kernel if U is nonincreasing in
the first variable, non-decreasing in the second variable and there exists a positive
constant C such that

U(z,y) < CU(z,2) +U(z,x)) forevery z,z,y R,z < z <y. (2)

We shall call C' from (2) the constant of regularity of U.

Clearly, if U is a regular kernel and 0 < p < oo, then UP is also a regular kernel.
definition of a regular kernel was introduced by Bloom and Kerman (1991).

In the east, it is also named Oinarov kernel.
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The general weighted Hardy inequality with kernel.

We say that U: [0,00) X [0,00) — [0,00) is a regular kernel if U is nonincreasing in
the first variable, non-decreasing in the second variable and there exists a positive
constant C such that

U(z,y) < CU(z,2) +U(z,x)) forevery z,z,y R,z < z <y. (2)

We shall call C' from (2) the constant of regularity of U.
Clearly, if U is a regular kernel and 0 < p < oo, then UP is also a regular kernel.
definition of a regular kernel was introduced by Bloom and Kerman (1991).

In the east, it is also named Oinarov kernel.
Let

([ U(m)f(t)dt)qw(x)dx)‘l’ <o [“repen) . ®

The inequality (3) was investigate by

e l<pg<oo Martin-Reyes and Sawyer(1989), Bloom and Kerman
(1991), Oinarov (1991), Stepanov (1993)

0 0<g<1l<p<oo Krepela (2017)
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Let U is regular kernel. Then the inequality (3) holds for all f > 0 if and only if
() 1<p<g<oo

b 5
Ay = sup (/ U(y,m)qw(y)dy> Vp(a,z) < oo,

z€(0,00)

e

Ay e sup (/ w(y)dy)p(/ U(x,y>p’v1p’<y>dy)” -
z€(0,00) T 0

The best constant in (3) satisfies C ~ A; + As.
(II) 1<qg<p<oc.

Ag = ( / - ( / N U(y,www(y)dy) " Vo) P o1 <x>da:) 7 e

Ay = (/OOO (/:O w(y)dy>pqq (/Ox U(%y)”/vl‘p'(y)dy)%w(w)dw> "< 00,

The best constant in (3) satisfies C' ~ Az + Ay.
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Theorem 2

(III) 0<g<l<p<o

A4<OO7

0 b P Pq ﬁ
As = </0 (/ U(y,x)‘%u(y)dy) esssup U (z,t)(Vp(t)) ”"w(w)dw) < 00,

a<t<z

The best constant in (3) satisfies C' ~ Ay + Ay.
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Problem 0.1

Fined simple proof of the general Hardy inequality with reqular kernel.
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Hardy inequality restricted on the cones of monotone functions

The boundedness of classical operators in Lorentz spaces is equivalent certain
weighted Hardy inequality restricted on the cones of monotone functions.

Let Ry :=[0,00). Denote O™ the set of all non-negative measurable functions on
Ry and M+ C 9+ (MT € MT) the subset of all non-increasing (non-decreasing)
functions.

(i) v égc T pa@dz ) femt (1)
([ () o) wiorae) < ( ] )

The inequality (4) was caharacterized by Arifio, Muchenhoupt (1990) for
1 <p=4g<ooand w=wv. In fact it is was also obtained by Boyd (1967). f
Let 1 < p=¢ < oo and w = v. Then the inequality (4) holds if and only if

z -1 rc0
B,:= sup aP </ w> / tPw < oo.
z€(0,00) 0 T

» M. Carro, A. Gogatishvili, M. L. Gol’dman, H. Heinig, L. Pick, E. Sawyer, G.
Sinnamon, J. Soria and V.D. Stepanov

» (Carro/Pick/Soria/Stepanov, 2001)

Amiran Gogatishvili



Q=

( /0 h ( /O " U tyut) f(t)dt)qw(x)dx>

and dual version

( /O b ( /m S U 2)ut) f(t)dt)q w(x)dx)

where U is regular kernel and u is weighed function.
1 0<g<oo,1<p<oo.
20<p<g<oo.
30<qg<p<l1.

we will use following notation V (t) = fg

<C (/OOO fp(:c)v(x)dx> . femt

Q=
D=

<C (/OOO fp(ac)v(a:)dx) . femt

v(t)dt.
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The following results are from the following paper.

@ A Gogatishvili and V. D. Stepanov. Reduction theorems for weighted integral
inequalities on the cone of monotone functions. Russian Math. Surveys 68:4
597-664

Theorem 3

Let 0 < g < 00,1 < p < oo and let U is reqular kernel. Then the inequality (5)
holds iff the following two inequalities are valid:

([ ([ veouo ([ ) dt)qw(:z:)dx>}z <o(f” hpvpvl,,)é —

(7)

gc(/omvf. (8)

and
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Theorem 4

Let 0 < g < 00,1 < p< oo and let U is regular kernel. Then the inequality (6)
holds iff the following two inequalities are valid:

(/ooo (/:O U(t, z)u(t) (/too h) dt)q w(x)dxy <C </0°° hpvpvl,,); ey

(9)
and
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Theorem 3 and Theorem 4 follows from general reduction theorem:

A mapping p : M — [0,00) is called a monotone quasinorm if

(a) p(Af) = Ap(f) for all A > 0 and f € MT;

(b) p(f +g) <clp(f)+ p(g)) for all f,g € M, where c is a positive constant
independent of f and g;

(c) p(f) < cp(g) for almost every x € [0, 00), if f(x) <
x € [0,00), where ¢ is a positive constant independent of f and g.

g(x) for almost every

Theorem 5

| \.

Let 1 < p < oo and let p be any monotone quasinorm. Then the inequality

<c(/ fP(z da:) . femt (11)

holds if and only if the following two inequalities are valid:

p (/ h) <C (/ thpvl_p> " hemt (12)
i 0
and )

p<1>sc(/ ) (13)
0



In the case 0 < ¢ < 1, we know only discrete characterization of the inequality (9)
We have second reduction Theorem

Theorem 6

Let 1 < p < oo and let p be any monotone quasinorm. Then the inequality (11)
holds if and only if the following inequality is valid:

) <V21(t) /Ot hV) <C (/Ooo h%“?)é ., hemt, (14)
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Theorem 7

Let 0 < g < 00,1 < p < oo and let U is reqular kernel. Then the inequality (5)
holds iff the following two inequalities are valid:

(/OW (/Ow Uz, t)u(t) (Vj(t) /Ot hV> dt)qw(m)dx>é <C (/0“ hpvl_p) P e

(15)

Let 0 < g < 00,1 < p < o0 and let U is reqular kernel. Then the inequality (6)
holds iff the following two inequalities are valid:

(/ooo ([ vttt (g [ ) dt)qu)dm); <o([Twe=)’ nem

(16)
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Theorem 9

Let 0 <p<1p<qg<oo and let U is reqular kernel. Then the inequality (5) holds
iff the following two inequalities are valid:

00 min(z,y) g a .
yes(g,lio) (/0 </0 U(at)u(t)dt) w(x)dac) V(y)™r < oo. (17)

Theorem 10

Let 0 <p<1p<q<oo and let U is reqular kernel. Then the inequality (6) holds
iff the following two inequalities are valid:

s ( /0 ’ ( / ’ U(t,x)u(t)dt)qw(x)dm>; TS, (18)
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Theorem 11

Let 0<qg<p<1,1/r:=1/q—1/p. Let U(z,y) be a reqular kernel. The inequality
(5) is equivalent with one of the following inequalities:

</Ooo </ox Uz,y) (/;O h)'l’u(y)dy>qw(x)dx>s <cr Ooo WV, feamt, (19)

</0Oo (/Ox UP (x, y)h(y)u(y)dy + Uy (z, x) /:O h(y)dy) 2 w(x)dx> e
(
(

(/ <supU5(y,x)/ h>pw(x)dw) < C’g/ hV, h e M+, (22)
0 y>x y 0
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The proof is base on the following estimates: If 0 < p < 1

<°2}Ef‘ vitey) /yoo h) % = /OI Ve yjuly) </y°° h) % dy < (/Off Ui(y, x)h(y)dy) %
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Denote

y
:/ Uz, x)u(z)dz
Theorem 12

Let0< g<p<1,1/r:=1/q—1/p. TheThe inequality (6) is equivalent with one of
the following inequalities:

</ow </w vima (1) % “@)dy) q w<x>dx>
( [ ([ o onom)’ w(@dz)
([ (oo 1) o) <cx [ e, o

Moreover, C; =~ Cy =~ (Cj.

Qs

ng/ hV he M+, (23)
0

Vi)

gc;’/ hV, h e Mt (24)
0
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The proof is base on the following estimates: If 0 < p < 1

(3;1; U (y, x) /:O h>; < /:o Uy, z)u(y) (/:O h); dy < (/j ﬁﬁ(y,m)h(y)dy) ’
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Observation this fact in the following paper

@ A. Gogatishvili, L. Pick and T. Unver. Weighted inequalities for discrete
iterated kernel operators, Math. Nachr. 295, (2022), no. 11, 2171 — 2196

we have following theorem:
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Theorem 13

Let 1 <p < oo and 0 < qg < oo and U be a reqular kernel. Then the following three
statements are equivalent.
(i) There exists a constant Cy such that

(/OOO <%S<S;£U(y,x) /Oy f)qw(x)dm); <G (/OOO f%)é feMy (26

(ii) There exists a constant Coy such that

(/000 (/OI U(y,x)Pf(y)dy) ' w(:z:)dx>2 < Oy /OOO F@)V,(0,2) Pdx  fe M,

(27)
(iii) There exists a constant Cs such that
/ (esssup U(y,x)p/ f) w(z)de | < Cg/ flz ) Pdx  fe M;
0 0<y<z 0
(28)

Moreover, if C1,Cy and Cg are the best constants in (26), (27) and (28),
respectively, then C1 = Cy ~ C””
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The proof is based on the so call discretizing techniques.

Note that the kernel U,, and ﬁu are not regular kernels. The Theorem 13 for more
general kernel then regular kernel which cover the U, and U, kernel unknown.
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Definition 14

Let A > 0. We say that a non-negative function h is A-quasiconcave if h is
equivalent to a non-decreasing function on (0, c0) and @ is equivalent to
a non-increasing function on (0, 00). We denote by € the family of A\-quasiconcave

functions. We say that h is quasiconcave when A = 1 and we write that h € Q.

@ A Gogatishvili and J. S. Neves, Weighted norm inequalities for positive
operators restricted on the cone of A-quasiconcave functions, accepted in Proc.
Roy. Soc. Edinburgh Sect. A 150, no. 1, 17-39, 2020

@ A Gogatishvili and J. S. Neves, Weighted norm inequalities for positive
operators restricted on the cone of A-quasiconcave functions?corrigendum.
Proc. Roy. Soc. Edinburgh Sect. A 152n0. 2, 542-543. 2022.
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Let A >0 and 1 < p < 0. Let p be any monotone quasinorm. Then the inequality

s <a ([ sorind)’, e, (29)

holds if, and only if, the following three inequalities are valid:

() ree ] mt*h)

</ e 2 p(1=p) (fz t/\pv) -’ (fsjo v) - dw) ’ , heMt; (30)

t)\pUer)\pf )1—2p

p@<»<@(A Qp; (31)

p (T (2%)) < Cy (/OOO 2 (z) dx) ' . (32)
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Definition 16

A pair (X, X7) of Banach spaces Xy and X is called a compatible couple if there
is some Hausdorff topological vector space, say X, in which each of Xy and X; is
continuously embedded.

Note That (L', L>) is a compatible couple because both L! and L> are
continuously embedded in the Housdorf space Mg of measurable functions that are
finite a.e.
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Applications

K-interpolation method or real method. K-interpolation method or real method.
Interpolation constructions are obtained with the help of the K-functional.
As usual we denote by K (¢, f, X, X7) the K-functional of the couple Xy, X1, i.e.,

Kt f, X9, X1)= inf |z +1 , t>0,
(4 X0, X0) = il ool g, + el x,

where the infimum is taken over all representations of x as a sum of fy € Xy and
f1€ Xy

1
(Xo, X1)5y,p = {f €Xo+X1: allf, = </ K(t,I,XmXOpw(t)dt) < 00}
0

wi(z) == </OOO min(t, x)mwi(t)dt) g i=0,1

let £92) ig increasing and define the function o by equality = = ii’ggg%

v1(z)

o(z)

i)
K(tv fv (X()le)wo,pm (XOaXl)wl,Pl) ~ ( K(t7 f’ Xonl)pOwO(t)dt>
0
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(33) is satisfies if and only if
1 1
o(x) I o T
/ K(t, £, Xo, X1)Pwo(t)dt ([ kg, XO,Xl)lel(t)dt> (34)
0 0
1
(t)dt

(
t( /U::)K(u £, Xo, X1)P s (¢ ) ( /OOOK(L f,XO,Xl)pOwo(t)dt)m (35)

Letpogplannd%:p%—pi1

(34) holds if and only if

S
1
P1

S

po(t)" P ) ¢o()
wo(t)dt | < 36
([ 2o wtoar) 5 )
and (35) holds if and only if
216 is quasi-decreasing.
vo()

(36) < there is exists small € > 0 such that “’O(f() ) is quasi-increasing.
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Proposition 17

0
|
Z
|
o

The formula (33) hold if and only if there is exists small € > 0 such that ‘P(zp(f()m) 18
quasi-increasing.

The result of what is known form follows sufficient condition that (33) is held if
wo(z)

exists small € > 0 such that is quasi-increasing.

L w1 (z)ze
e
1 e\«
w) =1 (10(5)) " x0n® w®=7(w(5))" xon®
e ao+%
wo(t) =t (ln (;)) X(0.1) () + X1 infe) (1)
e a1+ﬁ
@l(t) ~t (hl (Z)) X(071) (t) + X(l,infty) (t)
@f?x(iis is quasi-decreasing for every € > 0
1f0¢o+—<a1+iando<€<a1+*_a0+7 than%ls
quasi-increasing.
Let

wo(t) = ! (ln (E))ao X(0,1)(t)

t t

1

1= 0 (5)F (e (9)) v
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[§ I Ahmed, A. Fiorenza and A. Gogatishvili. Holmstedt’s formula for the
K-functional: the limit case §y = 6;. Math. Nachr. 296 (2023), no. 12, 5484 —
5492.

[d 1. Ahmed, A. Fiorenza and A. Gogatishvili. A generalized version of
Holmstedt’s formula for the K-functional, Colloquium Mathematicum 176
(2024), no. 1, 77 — 85.
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> (R,u) is a totally o-finite measure space with a non-atomic measure f,
> M is the set of all p-measurable functions on R whose values lie in [—00, 0],
> M™ is the class of functions in M whose values lie in [0, oo].

The non-increasing rearrangement of f € M(R, u) is the function f* defined by

£ =inf{\: p({z € R: |f(2)] > A}) <t}, e 0,00).
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> (R,u) is a totally o-finite measure space with a non-atomic measure f,
> M is the set of all p-measurable functions on R whose values lie in [—00, 0],

> M™ is the class of functions in M whose values lie in [0, oo].
The non-increasing rearrangement of f € M(R, u) is the function f* defined by
ff@)=mf{A: p{x e R:|f(x)] > A}) <t}, te€]0,00).
The mazimal non-increasing rearrangement of f, fr* defined by ,

A —é t*suss 00
1 <t>—fgu(s)ds/0f<><>d7 t € (0, 00)

If u =1 we will write f**
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0 < p < 00, Lorentz spaces AP(v) (Lorentz 1951)

I fll Aoy := (/Ooo(f*(t))pv(t)dt); < 0.
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0 < p < 00, Lorentz spaces AP(v) (Lorentz 1951)

S =

I fll Aoy := (/Ooo(f*(t))pv(t)dt> < 0.

iz = ([ G @) <o

3=

0 < p < 00, the space I'2(v) (Gogatishvili Pick 2003)
if u =1 we write I'"(v) (Sawyer 1990)
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0<p<oo, M= {feM": f*(c0) =0},

1o = ( / T - o)) dt)p <o

1

u(t) = ti ( Bennett, De Vore, Sharpley 1981)
p = q = oo Weak-L*>

(Carro/Gogatishvili/Martin/Pick 2005)

Remark 18

If X C Y and the identity operator is continuous from X to Y, i.e.,
de: || 1(2)|ly < ¢flz]|x for all z € X, we say that X is embedded into Y and write
X =Y.
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0<p,g< oo

AP (v) — Al(w)
AP(v) =T

(w)

q
u

(v) = A(w)

I

(w)

q
u

(v) — I
AP (v) — SY(w)

P
u

I

5
]
3
®
o0
o
0
=1
@
&
g
<




0<p,g< oo

~ N/~~~

CACHCICR)
S
rrr Ty

A~ N~/

~—

with

w(1/t)t12

(t)

w

v(1/t)tP2,

o(t)




0<p,g<o0
AP (v) — Al(w)
AP(v) = T (w)
I(0) < A%(w)
I'?(v) — I'l (w)
AP (v) = SY(w)
SP(v) = Sl (w) <= AP(?) — A(w)
SP(v) - T(w) <= AP(?) — T'(0)
I?(v) = S w) <= TP(0) — AY(wD)
SP(v) = Al(w) <= AP(D) — S9(w)
with

Remark 19

M. Carro, A. Garcia del Amo, A. Gogatishvili, M.L.. Gol’dman, H. Heinig, S. Lai,
L. Maligranda, J. Martin, C. Neugebauer, R. Oinarov, L. Pick, E. Sawyer, G.
Sinnamon, J. Soria and V.D. Stepanov, and many more.
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M. L. Gol’dman, H. P. Heinig, and V. D. Stepanov. On the principle of duality
in Lorentz spaces. Canad. J. Math., 48(5): 959 - 979, 1996.

Gol’dman, M.L., Functions spaces and their applications, Patrice Lumumba
Univ., (1991), 35-67.

Gol’dman, M.L., On integral inequalities on a cone of functions with
monotonicity properties, Soviet Math. Dokl. (2)44(1992), 581-587.

Gol’dman, M.L., Function spaces, differential operators and nonlinear analysis,
Teubner Texte, Math. 133(1993), 274-279.
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AP(v) = Al(w) (Sawyer 1990, Stepanov 1993)

It is easy to see that
AP(v) s Ad(w) < Aa(v) = A'(w)

Sawyer (1990)
AP(v) = AY(w), 1<p<oo

Stepanov (1993) 0 < p < 1

Now it is know as Sawyer’s duality theorem
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Letl<p<oo,p’:p’%1

. Amf@mmwxl
Jerna < /O h f(x)%(az)d:z:) ’

o (Sawyer 1990)
Let 0<p<1

Amf@mwwx

sup /A sup

feMT L </O°° f(x)pv(:c)d:r>p 0<z<oo (/Ow U>p




Compare with Holder theorem

sup /O fatads - = (/Ooog(t)p/v(t)l_p/dt>pl/ 1<p<oo

femt ( /O h f(@%(@m)p
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The associate space (A?(v))" of AP(v) is defined by associate norm

lgll(ar o)y ==  sup /f

1fllaP(vy<1

. ( /()w(g**(t))p'tp( /0 t v) P'v(t)dt>z3' 4 W.

Moreover, when 1 < p < co

AP(v) is a Banach space if and only if T?(v) = AP(v).
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Since f* < f**
I'?(v) — AP(v)
is trivial.
The reverse embedding is not trivial (Arino-Muckenhoupt 1990).

The embedding 0 < p,q < oo
AP(v) = T (v)

» M. Carro, A. Gogatishvili, M. L. Gol’dman, H. Heinig, L. Pick, E. Sawyer, G.
Sinnamon, J. Soria and V.D. Stepanov

» (Carro/Pick/Soria/Stepanov, 2001)
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r
I
(/OOO (/Ot f*(S)u(s)ds)q(%(Z))th); < C(/Ooo(f*(t))pv(t)dt);’ fem.
I
<

([ (L0 o) i) <c( [ [ ) ese

Q1:




e —
» (Carro/Gogatishvili/Martin/Pick 2008)

AP (v) = S (w)




For f € M, 0 < p,q < o0, the weighted Cesaro and Copson function spaces
Ces, 4(u,v) and Cop,, ,(u,v)

a 1

1 llcon, o) = (/OOO (/Ot|f(s)|pv(s)ds)pu(t)dt>q <
| fllcop, , (uv) = (/Ooo (/too If(s)lpv(s)ds>gu(t)dt>é < o0.

> Cesyp(z7?,1), Copy,(1,27") (G. Bennett 1996)
» (Grosse-Erdmann 1998)
Q3

Copy, 4, (u1,v1) = Cesp, g, (u2, v2)
Q4

Cesyp, g, (u1,v1) < Cesp, g, (u2,v2)
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Discretization

Definition 20

Let M € Z U {+oc} and {z}2L___ be a strictly increasing sequence in (0, 00). We
say that {wk}ﬂ/fzim is a covering sequence if limy_,_ o zx = 0 and, either M = 400
and limg_,o T = 00 or M € Z and xp; := oco.

— 00

Denote by

Definition 0.2

Let w € M*(0,00) such that 0 < W (t) < oo, t > 0.
o If W(o0) = oo, then let {zx}2L _ C (0,00) such that W(zy) = 2%,k € Z.
o If W(00) < oo, then define a sequence {z;}2L ___ C (0,00) such that
W(zy) = 2% k < M,k € Z and s = +o0, where M satisfies
2M=1 < W (o0) < 2M.

We say that the covering sequence {zx} _ C (0,00) is a discretizing sequence of
w.
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This technique I learned from the paper

[ M. L. Gol’dman, Proc. Steklov Inst. Math. 2001, no. 1(232), 109-13T7;
translated from Tr. Mat. Inst. Steklova 232 (2001), 115-143.
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Let a > 0. Assume that w is a weight on (0,00) and {x,}2L__ is a discretizing

sequence of W. If h is a non-negative, non-increasing function on (0,00).

M—-1

/0DO W (z)%w(x)h(z)dz ~ Z 28D p(24).

k=—oc
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Theorem 22

Let 0 <p<1and0<q,r <00, uv,we M (0,0) such that W(cc) = co. Then

(/OOO </too (/Osf(T)pv(T)dr>gu(s)ds)z>i < c/ooo F(t)dt. Q)

holds for all f € M™(0,00) if and only if there exist positive constants C' and C"

such that
(:jz::; 2’“(/:+1 (/xk f(T)Py(T)dT)Zu(S)dS>Z)i <c :_42::; /I:W f(t)dt
and
o1 - s NN M1
(k;)oﬁ( /w k u(s)ds)q ( /0 f(T)Pv(T)dT>p>q)' <c” k;m /x ity

hold for all f € M™(0,00). Moreover C =~ C'+ C".
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b o1 \i=2
([JvTP) 7 if0<p<l,
esssup v(t) ifp=1
te(a,b)

Vp(a,b) :=

For every k € Z, k < M, we denote

b

1

u(t) dt) ’

P

Tp t
A Vil ) d B <fwk1 <fzk1 h(s)Pv(s) ds>
k= Tkp-1,TE) an e 1= sup i
P he M+ (zr—1,21) f P h(t) dt

Tr—1
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Proposition 23

Let 0 <p<1,0<q,r < oo and let u,v,w be weights on (0,00). Assume that

{xp 3 is the discretizing sequence of W. Then there exists a positive constant
C' such that the inequality (Q) holds for all nonnegative measurable functions f on
(a,b) if and only if there exist positive constants C',C" such that the inequalities

M-1
<’ Z ak

1

M-1 1
(X s

k=—o0 k=—oc0

M-1 b z k z % M-1
( Z 2’“(/ u(t)dt) ( Z a?A?) ) <c” Z ag

k=—oc0 Tk j=—o00 k=—oc0

M—1

hold for every sequence {ay}r_

C=C +(C".

of nonnegative numbers. Moreover,
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Corollary 24

(i) Let 0 <p<1<r,q, uv,we M"(0,00). Then the best constant C in (Q))
satisfies C' = A} + B, where

i t N\ AN
Al = sup 2r sup / vi=rp / &
k<M-1 te(zp—1,Tk) Tp—1 t

Bf = sup <IM212i</vjou(t)dt>g>}'Vp(a,xk).

k<M-1\ =%

(i) Let 0 < p<1<r,qg<1,uv,we M (0,00). Then the best constant C in
(Q) satisfies C ~ Ay + B, where

q 1—g

A Th+41 Th+1 1—gq q q
A} := sup 2r </ </ u(s) ds) u(t)Vp(zg, t) =4 dt) .
k<M—1 s t

Amiran Gogatishvili



Corollary 24
(i1i) Let 0 <p<1<gq,r<1,uv,we M"(0,00). Then the best constant C in

(Q) satisfies C = A5 + B3, where

M—-1

X Tt Eee) L\
Aj = < Z 27-7  esssup (/ u(s) ds) Vp(xk,t)lr> ,
¢

b — oo te(xr,Tri1)

and

(oo

k=—o0

M—1 T 1—r

Z_; 2i(/g:u(t)dt)r>mvp(a,xk)l—rr> -

=

Q

(w) Let 0 <p<1,7r,g<1,uv,we M"(0,00). Then the best constant C in (Q)
satisfies C =~ A} + B3, where (iv) r <1, ¢ < 1, B < oo and

r(l—gq) 1—17r

M-l Tht Thot1 = ; A=\
Ay = ( Z 277 (/ (/ u(s) ds) u(t)Vp(zp, t) =4 dt) ) .
T t

k=—o0
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Theorem 25

(i) Let 0 < p <1< r,q, u,v,w € MT(0,00). Then the best constant C in ((Q))
satisfies C' =~ C + Cy, where

t - b z
Cy := sup </ w(s) ds) ess sup </ u(T) d7> Vp(a,s)
t€(a,b) a sE(t,b) s

ex g, ([ oo [ wor)| ) e

(1)) Let 0 < p<1<r,qg<1, u,v,w € M"(0,00). Then the best constant C in (Q)
satisfies C' =~ Cy + C3, where

and

1—g

im g, ([ 08) ([ ([0 S ™
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Theorem 25

(11i) Let 0 < p<1<¢q, r <1, u,v,w € MT(0,00). Then the best constant C in
(Q) satisfies C = Cy + C5, where

1—7r

bt . b e ) =
Cy = (/ (/ w(s) ds) w(t) esssup (/ u(T) dT) ( )Vp(a,s)ﬁ dt)
a a sE(t,b) s

and

Com ([ ([ wt( [ umar) ") T w( [ atrrir) Vot ) N

(iv) Let 0 < p <1, q,r < 1, u,v,w € M*T(0,00). Then the best constant C in (Q)
satisfies C' = C5 + Cg, where

r(1—gq) 1—7r

Co = (/b (/atw(s) ds)lrrw(t)(/tb (/sbu(f) d7'>1qqu(s)Vp(a, o) ds) o dt) '
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Theorem 26

Let 0 <7 <1 and 0 < p,q < 00, u,v,w € M*(0,00) such that W(occ) = co. Then

</ </f 5) ”‘“) <C</ </ f(s ) >dt>;- (QQ)

holds for all f € M™¥(0,00) if and only if there exist positive constants C' and C"
such that

|

(S ) [ o) ([ o))
(S (L) wom) ser(Sn( [ o))’

kEZ

and

hold for all f € M™(0,00). Moreover C =~ C' + C".
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Theorem 27

Let 0 <7 <1 and 0 < p,q < oo, u,v,w € M*(0,00) such that W (o) = co. Then
(QQ) holds for all f € M™(0,00) if there exist positive constants C' and C" such

that
k ek \ 7 B
(Z < Z Zi;X/;(xil,xi)raf> / o U> S C/(Zai) 3 (37)

k€EZ “i=—o0 k k€EZ

and

1

<Z2kngaZ> "< C”(Zaz>;7 (38)

k€EZ keZ

hold for every sequence of non-negative numbers {ax } ez, where {xk}rez is the
discretizing sequence of W, By, is the best constant of the inequality

Tht1 t % % Thk+1
(/ </ hrv) u(t)dt) < c/ h, heM(ap,ap41), kEZ
By Ty Tk

Moreover C ~ C' + C”.
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Corollary 28

Let0<p<g<1l,0<p<r<1,uv,we M"(0,00) such that W(c0) = co. Then
the best constant C' in (QQ) satisfies C ~ Ay + By, where

1—r 1
_k = 1 " o0 q
A =sup2™» vI—r w| <oo
kEZ Tp—1 T
(A—=r) 1—g

L [ (TR [ TR\ Tog t L \rmo \ o
Bi =sup2”» (/ (/ u) u(t)(/ v17'> dt) < 00.
kEZ Tp t Ty

Theorem 29

Let0<p<qg<1l,0<p<r<l1,uv,we MT(0,00) such that W(oo) = co. Then
the best constant C in (QQ) satisfies C = Cy + Cy, where

1 1—7r 1
) xr 1 I o0 E
Cy = sup (/ w) (/ ’Ul—’”> (/ u) < 0
z€(0,00) 0 0 a
= _1 z 50 _q t a(l—r) 1—gq
P 1-q 1 r(l1—q) q
Cy = sup </ w> (/ </ u) u(t)(/ vl—r) dt) < 0.
z€(0,00) 0 0 t 0
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Corollary 30

Let0<q<p,g<1,0<r<pandr <1, uv,we M"(0,00) such that
W (o0) = 0o. Then the best constant C in (QQ) satisfies C' = Ag + B, where
p(l=q) p—gq

a q(1—r)
Fr Fril N T2 ¢ e p=a \ e
(g [ () )
keZ Tk t Ty
Thot1 o) -4 k s p(1—7) qu—r; p—gq
pP—q ° @ K2 p—71 T(p—q Pa
e (B (S ()7
kezZ Tk Tk i— Ti 1

1=—00
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Theorem 31

Let 0<r <qg<p<1, u,v,w € M*(0,00) such that W(oo) = co. Then the best
constant C' in (QQ) satisfies C' = C5 4+ Cy, where

0 e N\ —is x e N\ T t o\ e\ B2 =
= (1) [ () e [ ) ) )

_a_ p(1—7) a(p—r) p—q

([ ([ ol () o [0 )™
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Theorem 32

Let0<q<p,g<1l,0<r<pandr <1, uv,we M"(0,00) such that
W (o00) = co. Then the best constant C' in (QQ) satisfies C =~ C5 + Cg, where

p(l1—q) P—q

o s o N\ o5 e sow o\ t  \HES \BEE N\
([ () Pl () o))
([ () o (o )

p(1—7) a(p—r) p—q

(L (o) o) w) ) <
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Happy Birthday to Mikhail Lvovich (Misha)
[ wish you good health
and a long and happy life
[ wish we could meet in person in Prague
next year

Thank you very much for your attention!




