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ïåðåìåííûìè êîý��èöèåíòàìè è äâóìÿ ñïåêòðàëüíûìè ïàðàìåòðàìè. Äëÿ ÷èñ-

ëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è èñïîëüçîâàí ìåòîä ïðèñòðåëêè. Ïðè ïîñòðîå-

íèè âåòâåé äèñïåðñèîííîãî ìíîæåñòâà èñïîëüçîâàí ìåòîä ïðîäîëæåíèÿ ïî ïàðà-

ìåòðó. Äëÿ ïðîèçâîëüíûõ çàêîíîâ íåîäíîðîäíîñòè ïîëó÷åíî êâàäðàòè÷íîå ïðè-

áëèæåíèå âåòâåé äèñïåðñèîííîãî ìíîæåñòâà â îêðåñòíîñòè òî÷åê ðàäèàëüíûõ

ðåçîíàíñîâ, ïîçâîëÿþùåå ðàçëè÷àòü ñëó÷àè íîðìàëüíîé è àíîìàëüíîé äèñïåð-

ñèè. Èññëåäîâàíà ñòðóêòóðà äèñïåðñèîííîãî ìíîæåñòâà äëÿ âîëíîâîäà ñ èìïå-

äàíñíûìè ãðàíè÷íûìè óñëîâèÿìè. Ïîëó÷åíû �îðìóëû, îòðàæàþùèå èçìåíåíèå

êîìïîíåíò äèñïåðñèîííîãî ìíîæåñòâà â çàâèñèìîñòè îò ïàðàìåòðîâ â ãðàíè÷-

íûõ óñëîâèÿõ. Èññëåäîâàíî âëèÿíèå ñòðóêòóðû è èíòåíñèâíîñòè ïîëÿ ïðåäâàðè-

òåëüíûõ íàïðÿæåíèé íà äèñïåðñèîííîå ìíîæåñòâî è âîëíîâîå ïîëå íà âíåøíåé

ãðàíèöå âîëíîâîäà. Ïîëó÷åíû �îðìóëû äëÿ óòî÷íåíèÿ ÷àñòîò ðàäèàëüíûõ ðåçî-

íàíñîâ âîëíîâîäà ñ çàäàííûì ïîëåì ïðåäâàðèòåëüíûõ íàïðÿæåíèé. �àññìîòðåí

ðÿä çàäà÷ î âîëíîâûõ äâèæåíèÿõ ñ ó÷åòîì íåîäíîðîäíûõ ðåîëîãè÷åñêèõ ñâîéñòâ

â ðàìêàõ êîíöåïöèè êîìïëåêñíûõ ìîäóëåé.

�åøåíà çàäà÷à î ðàñïðîñòðàíåíèè âîëí â íåîäíîðîäíîì âîëíîâîäå ñ êîëü-

öåâûì îòñëîåíèåì. Íà îñíîâå àíàëèçà ðÿäà âñïîìîãàòåëüíûõ çàäà÷ Êîøè ïî-

ñòðîåíà ñèñòåìà ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ îïðåäåëåíèÿ

ñêà÷êîâ ðàäèàëüíûõ è îñåâûõ ïåðåìåùåíèé íà îòñëîåíèè. �åøåíèå ñèñòåìû

îñóùåñòâëåíî àñèìïòîòè÷åñêè â ñëó÷àå ìàëîé øèðèíû è ïðè ïîìîùè ìåòîäà

ãðàíè÷íûõ ýëåìåíòîâ, ïðîâåäåíî ñðàâíåíèå äâóõ ïîäõîäîâ. �àññìîòðåíà îáðàò-

íàÿ çàäà÷à î ðåêîíñòðóêöèè îñåâîãî ðàñïîëîæåíèÿ îòñëîåíèÿ è åãî øèðèíû ïî

äàííûì î ïîëå ñìåùåíèé â äàëüíåé çîíå.

�åøåí ðÿä îáðàòíûõ çàäà÷ ïî îäíîâðåìåííîìó âîññòàíîâëåíèþ íåñêîëüêèõ

�óíêöèé íåîäíîðîäíîñòè (ïåðåìåííûå ïî ðàäèàëüíîé êîîðäèíàòå, ïàðàìåòðû

Ëàìå è ïëîòíîñòü). �àññìîòðåíû ïîñòàíîâêè îáðàòíûõ çàäà÷, â êîòîðûõ äîïîë-

íèòåëüíàÿ èí�îðìàöèÿ çàäàåòñÿ â ðàìêàõ ïîçèöèîííîãî è ÷àñòîòíîãî çîíäè-

ðîâàíèÿ. Ìåòîä ðåøåíèÿ îñíîâàí íà ëèíåàðèçàöèè çàäà÷è â îêðåñòíîñòè íåêî-

òîðîãî íà÷àëüíîãî ïðèáëèæåíèÿ è ÿâëÿåòñÿ èòåðàöèîííûì. Íà êàæäîé èòåðà-

öèè íàõîäÿòñÿ ïîïðàâêè íà îñíîâå ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé

Ôðåäãîëüìà ïåðâîãî ðîäà ñ ãëàäêèìè ÿäðàìè ïðè ïîìîùè ìåòîäà ðåãóëÿðèçàöèè

À. Í. Òèõîíîâà, ïðåäëîæåíà åãî ìîäè�èêàöèÿ íà îñíîâå àíàëèçà ÷óâñòâèòåëü-

íîñòè è ñðàâíèòåëüíîãî àíàëèçà íîðì ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ.

11



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÁÓËÅÂÎÇÍÀ×ÍÛÉ ÀÍÀËÈÇ:

ÓÂÈÄÅÒÜ Ï�ÎÑÒÎÅ Â ÑËÎÆÍÎÌ

1

À. Å. �óòìàí

(�îññèÿ, Íîâîñèáèðñê; ÈÌ ÑÎ �ÀÍ, Í�Ó)

Âíèìàíèþ ñëóøàòåëåé ïðåäëàãàåòñÿ ðàññêàç î áóëåâîçíà÷íûõ ìîäåëÿõ òåî-

ðèè ìíîæåñòâ [1�3℄. Ýòî î÷åíü íåîáû÷íûå ìîäåëè ñ î÷åíü íåîáû÷íîé ëîãèêîé.

Óòâåðæäåíèÿ â òàêèõ ìîäåëÿõ íå îáÿçàíû áûòü èñòèííûìè èëè ëîæíûìè, è

èõ èñòèííîñòü ìîæåò ïðèíèìàòü ïðîìåæóòî÷íûå çíà÷åíèÿ. Èìåííî ñ ïîìîùüþ

ýòîé èäåè â ñâîå âðåìÿ áûëà óñïåøíî ðåøåíà ñàìàÿ çíàìåíèòàÿ ìàòåìàòè÷åñêàÿ

çàäà÷à XX âåêà � ïðîáëåìà êîíòèíóóìà.

Îñíîâíûå ïðèíöèïû áóëåâîçíà÷íîãî àíàëèçà è êëþ÷åâûå ýòàïû ðåøåíèÿ

ïðîáëåìû êîíòèíóóìà îïèñûâàþòñÿ áåç �îðìàëüíûõ äåòàëåé è ñòðîãèõ äîêà-

çàòåëüñòâ â ñîîòâåòñòâèè ñî ñëåäóþùèì ïëàíîì:

◦ Ïîñòàíîâêà çàäà÷è.
◦Îñíîâíûå ñîáûòèÿ è ó÷àñòíèêè: �. Êàíòîð, Ä. �èëüáåðò, Ê. ��åäåëü, Ï.Êîýí.
◦ Óïðîùåíèå ìàòåìàòè÷åñêèõ îáúåêòîâ ¾ñèëîé âçãëÿäà¿.
◦ Ñòåðåîãðàììû, 3-ãðàììû, ω-ãðàììû è êîíòèíóóì-ãðàììû.

◦ Áóëåâîçíà÷íûé âçãëÿä íà âåùåñòâåííûå �óíêöèè.
◦ Ïðèíöèï ïåðåíîñà è ñâÿçàííûå ñ íèì êàæóùèåñÿ ïàðàäîêñû.

◦ Ïðèëîæåíèå ê ðåøåíèþ �óíêöèîíàëüíûõ óðàâíåíèé.

◦ Ìåòîä ïîäúåìà è ñïóñêà.

◦ Êàíîíè÷åñêîå ïîãðóæåíèå â áóëåâîçíà÷íûé óíèâåðñóì.

◦ �àññëîåíèå óíèâåðñóìà.
◦ �åøåíèå ïðîáëåìû êîíòèíóóìà.

Ëèòåðàòóðà

1. Je
h T. Set Theory. The Third Millennium Edition, revised and expanded.�Berlin: Springer,

et
., 2003.

2. Bell J. L. Set Theory. Boolean-Valued Models and Independen
e Proofs.�N. Y.: Clarendon

Press, 2005.

3. Êóñðàåâ À. �., Êóòàòåëàäçå Ñ. Ñ. Ââåäåíèå â áóëåâîçíà÷íûé àíàëèç.�Ì.: Íàóêà, 2005.

1

�àáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÌ ÑÎ �ÀÍ, ïðîåêò � 0314-2019-

0005.
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SEPARATION AND COMPARISON THEOREMS

FOR A FOURTH-ORDER DIFFERENTIAL EQUATION ON A GRAPH

R. Ch. Kulaev

(Russia, Vladikavkaz; SMI VSC RAS)

We study a fourth-order equation

Lu ≡ d2

dΓ2

(
p(x)

d2u

dΓ2

)
− h(x)u = 0, x ∈ Γ, (1)

where Γ is a geommetri
 graph [1, 2℄. By a di�erential equation on a graph, we

understand the set of di�erential equations on the edges

(
pi(x)u

′′
i

)′′ − ri(x)u = 0, x ∈ γi ∈ E(Γ), (2)

and the set of 
onsisten
y 
onditions at the nodes

u ∈ C(Γ) ∩ C4[Γ], β(a)u′′i (a)− ϑ(a)u′iν(a) = 0, a ∈ J(Γ), i ∈ I(a), (3)
∑

i∈I(a)

(
piu

′′
i

)′
ν
(a)− h(a)u(a) = 0, a ∈ J(Γ). (4)

Equation (1) arises in the study of the spe
tral problem of natural vibrations of

a system of Euler�Bernoulli beams 
onne
ted by elasti
 hinges [1℄.

A subgraph Γ0 ⊂ Γ is 
alled an S2
-zone of a fun
tion u(x) ∈ C(Γ) ∩ C1[Γ] if

the following 
onditions hold: 1) u(x) 6= 0 on Γ0; 2) there exist a subgraph Γ1 su
h

that Γ0 ⊂ Γ1 ⊂ Γ and u(x) = 0 on ∂Γ0 ∪ ∂Γ1; 3) u
′(x) = 0 on ∂Γ0 ∩ ∂Γ1.

Theorem 1 (separation theorem). Let u(x) and v(x) be two solutions of (1)
su
h that u|∂Γ = v|∂Γ = 0. If u(x) has an S2

-zone Γ0 ⊂ Γ, then v(x) vanishes at
least on
e in Γ0 unless v(x) is a 
onstant multiple of u(x) on Γ0.

Let r(x), R(x) ∈ C[Γ]. Denote by Lr, LR di�erential operators with h(x) = r(x)
and h(x) = R(x), respe
tively.

Theorem 2 (
omparison theorem). Suppose that 0 < r(x) 6 R(x) on Γ,
and v(x), u(x) are nontrivial solutions of equations Lrv(x) = 0 and LRu(x) = 0,
respe
tively, su
h that v|∂Γ = u|∂Γ = 0. If v(x) has an S2

-zone Γ0 ⊂ Γ, then u(x)
vanishes at least on
e in Γ0 unless u(x) is a 
onstant multiple of v(x) on Γ0.

We note that our formulation 
lari�es the Theorem5.2 [2℄ and is similar to

Sturm's 
omparison theorems for a se
ond-order equation (see [3℄).

Referen
es

1. Borovskikh A. V., Lazarev K. P. Fourth-order di�erential equations on geometri
 graphs //

J. Math. S
i.�2004.�Vol. 119, � 6.�P. 719�738.

2. Leighton W., Nehari Z. On the os
illation of solutions of self-adjoint linear di�erential

equations of the fourth order // Trans. Amer. Math. So
.�1958.�Vol. 89.�P. 325�377.

3. Pokorny Yu. V., Penkin O. M. Sturm theorems for equations on graphs // Dokl. Math.�

1990.�Vol. 40, � 3.�P. 640�642.
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EFFECT OF THE BOUNDARY CONDITIONS

ON THE HYDRODYNAMIC STABILITY

A. B. Morgulis

(Russia, SFedU, Rostov-on-Don; Vladikavkaz, SMI VSC RAS)

The 
ontent of the present 
ommuni
ation relies on the resear
h done in


ollaboration with Dr. Konstantin Ilin, University of York, UK. We address the

in�uen
e of boundary 
onditions on the stability of the so-
alled Taylor�Couet-

te (TC) �ows. These are the �ows of a vis
ous in
ompressible �uid 
on�ned within

a gap between two 
oaxial 
ylinders and possessing the rotational-translational

invarian
e. In the 
lassi
al setting, the 
ylinders are rigid, impermeable and

rotating uniformly. The boundary 
ondition ex
ludes the �uid slippage alongside

the boundary. Su
h intera
ting makes the �uid rotating. The 
lassi
al 
ase is now

studied very thoroughly.

The TC �ows are 
ompatible with mass �ux through the gap. This 
ase is mu
h

less studied, though quite a few authors addressed it. They employed the no-slip


onditions and pres
ribed 
onstant normal velo
ities at the 
ylinders. There is a


ommon seeing of this boundary 
ondition as a rough model of rigid porous wall. It

turned out that the mass �ux is 
apable of in�uen
ing the stability of a TC �ow to

a great extent (see arti
les [1�3℄, and referen
es therein). However, the diversity of

physi
al situations and the needs of 
omputer modelling suggest the diversity of the

boundary 
onditions. So we'll be 
onsidering the other kinds of boundary 
onditions

on the permeable boundaries, whi
h also make sense in the 
ontext of porous walls. At

that, the problem with the normal velo
ity spe
i�ed everywhere will be the referen
e

point.

Given the invarian
e of the TC �ows, the stability analysis �nally leads to several

eigenvalue problems for ODE. Altering the boundary 
onditions 
auses a �nite-

dimensional perturbation of the operator asso
iated with the referen
e eigenvalue

problem. We'll see that su
h a perturbation 
an 
hange the stability drasti
ally, even

if it is 1-dimensional and altering the boundary 
onditions does not 
hange the basi


�ow.

Referen
es

1. Ilin K., Morgulis A. Instability of a two-dimensional vis
ous �ow in an annulus with perme-

able walls to two-dimensional perturbations // Phys. Fluids.�2016.�Vol. 27.�P. 044107.

2. Ilin K., Morgulis A. Invis
id instability of an in
ompressible �ow between rotating porous


ylinders to three-dimensional perturbations // Eur. J. Me
h. B/Fluids.�2017.�Vol. 61.�

P. 46�60.

3. Ilin K., Morgulis A. On the stability of the Couette�Taylor �ow between rotating porous


ylinders with radial �ow // Eur. J. Me
h. B/Fluids.�2020.�Vol. 80.�P. 174�186.
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ÏÎÑÒÀÍÎÂÊÀ È �ÅØÅÍÈÅ ÍÀ×ÀËÜÍÎ-Ê�ÀÅÂÎÉ ÇÀÄÀ×È,

ÌÎÄÅËÈ�ÓÞÙÅÉ ÝÔÔÅÊÒÈÂÍÛÉ ÑÏÎÑÎÁ ÇÀÁÎ�À ÂÎÄÛ

ÈÇ ÕÎËÎÄÍÎ�Î ÑËÎß ÑÒ�ÀÒÈÔÈÖÈ�ÎÂÀÍÍÎ�Î ÂÎÄÎÅÌÀ

È. Ä. Ìóçàåâ

(�îññèÿ, Âëàäèêàâêàç; �ÔÈ ÂÍÖ �ÀÍ, Âëàäèêàâêàçñêèé �èëèàë ÔÓ),

Ê. Ñ. Õàðåáîâ

(�îññèÿ, Âëàäèêàâêàç; �ÔÈ ÂÍÖ �ÀÍ),

Í. È. Ìóçàåâ

(�îññèÿ, Âëàäèêàâêàç; �ÔÈ ÂÍÖ �ÀÍ)

Ïîñòàâëåíà è ðåøåíà êîíòàêòíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, ìîäåëèðóþùàÿ

îäèí ý��åêòèâíûé ñïîñîá çàáîðà âîäû èç ãëóáèííîãî õîëîäíîãî ñëîÿ ñëîèñòî

ñòðàòè�èöèðîâàííîãî âîäîåìà ñ òåìïåðàòóðíîé (ïëîòíîñòíîé) ñòðàòè�èêàöèåé.

Àêòóàëüíîñòü ïîäîáíûõ çàäà÷ îáóñëîâëåíà òåì, ÷òî äëÿ îõëàæäåíèÿ âûñîêî-

òåìïåðàòóðíûõ òåïëîâûäåëÿþùèõ ýëåìåíòîâ ðàçëè÷íûõ ïðîìûøëåííûõ ïðåä-

ïðèÿòèé, â òîì ÷èñëå òåïëîâûõ è àòîìíûõ ýëåêòðîñòàíöèé, â ðÿäå ñëó÷àåâ äëÿ

ïðåäîòâðàùåíèÿ àâàðèéíîé ñèòóàöèè ÿâëÿåòñÿ íåîáõîäèìûì ïîäàâàòü îõëàæäà-

þùóþ âîäó ê óïîìÿíóòûì ýëåìåíòàì èç ãëóáèííûõ õîëîäíûõ ñëîåâ âîäîåìà.

Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò Oxyz, ÷àñòü ïðîñòðàíñòâà, îãðàíè÷åí-
íàÿ óñëîâèÿìè −L 6 x 6 L, −B 6 y 6 B, −H2 6 z 6 H1 çàíÿòà äâóõñëîéíûì

ïëîòíîñòíî-ñòðàòè�èöèðîâàííûì âîäîåìîì, ãäå ïðèíÿòû ñëåäóþùèå îáîçíà÷å-

íèÿ: 2L � äëèíà, 2B � øèðèíà, H1 � ãëóáèíà âåðõíåãî ñëîÿ, H2 � ãëóáèíà

íèæíåãî ñëîÿ, ρ1 � ïëîòíîñòü âåðõíåãî ñëîÿ, ρ2 � ïëîòíîñòü íèæíåãî ñëîÿ âîäû

â âîäîåìå. Âîäà èç ñëîåâ çàáèðàåòñÿ äâóìÿ òðóáàìè, êàê ýòî ïîêàçàíî íà ðèñ. 1.

�èñ. 1. �àñ÷åòíàÿ ñõåìà íà÷àëüíî-êðàåâîé çàäà÷è.
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Íèæíÿÿ òðóáà ïðåäíàçíà÷åíà äëÿ çàáîðà âîäû èç íèæíåãî õîëîäíîãî ñëîÿ. Âåðõ-

íÿÿ âñïîìîãàòåëüíàÿ òðóáà ïðåäíàçíà÷åíà äëÿ óïðàâëåíèÿ âîäîçàáîðíûì ïðî-

öåññîì ÷åðåç íèæíþþ îñíîâíóþ òðóáó ñ òåì ðàñ÷åòîì, ÷òîáû âîäà èç âåðõíåãî

òåïëîãî ñëîÿ íå çàñàñûâàëàñü â íèæíþþ òðóáó, è òåì ñàìûì, äëÿ çàáîðà âîäû

èñêëþ÷èòåëüíî èç íèæíåãî ñëîÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü âûøå èçëîæåííîãî ñïîñîáà âîäîçàáîðà â äâóìåðíîé

ïîñòàíîâêå â âåðòèêàëüíîé ïëîñêîñòè ñîñòàâëåíà íà áàçå ëèíåéíîé òåîðèè ïî-

âåðõíîñòíûõ è âíóòðåííèõ ãðàâèòàöèîííûõ âîëí. Îíà èìååò ñëåäóþùèé âèä:

∆φ1(x, z, t) = − q1
2a1ǫ

f1(x, z), 0 6 z 6 H1, (1)

∆φ2(x, z, t) = − q2
2a2ǫ

f2(x, z), 0 6 z 6 H2, (2)

φ1 = φ2 =
∂φ1
∂t

=
∂φ2
∂t

, t = 0, (3)

∂φ1
∂x

∣∣∣∣
x=0

= 0,
∂φ1
∂x

∣∣∣∣
x=L

= − q1
2H1

,
∂φ2
∂x

∣∣∣∣
x=0

= 0,
∂φ2
∂x

∣∣∣∣
x=L

= − q2
2H2

, (4)

(
∂2φ1
∂t2

+ g
∂φ1
∂t

)∣∣∣∣
z=H1

= 0,
∂φ2
∂z

∣∣∣∣
z=−H2

= 0, (5)

η(x, t) =
ρ1

(ρ2 − ρ1)g

∂φ1
∂t

∣∣∣∣
z=0

− ρ2
(ρ2 − ρ1)g

∂φ2
∂t

∣∣∣∣
z=0

, (6)

ãäå ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ: φ1 è φ2 � ïîòåíöèàëû ñêîðîñòåé â âåðõ-

íåì è íèæíåì ñëîÿõ ñîîòâåòñòâåííî; (x, z) � ïðîñòðàíñòâåííûå êîîðäèíàòû; t �
âðåìÿ; q1 è q2 � ðàñõîäû çàáèðàåìûõ âîä ÷åðåç âåðõíþþ è íèæíþþ òðóáû ñî-

îòâåòñòâåííî; η(x, t) � óðàâíåíèå âîëíîâîé ïîâåðõíîñòè (ëèíèè) ðàçäåëà ñëîåâ

âîäû; 2a1 è 2a2 � øèðèíû âîäîçàáîðíûõ îòâåðñòèé òðóá; ǫ � âñïîìîãàòåëü-

íàÿ ìàëàÿ âåëè÷èíà. Î÷åâèäíî, ÷òî ïðîöåññ çàòåêàíèÿ âîäû â òðóáîïðîâîäíûå

îòâåðñòèÿ â ïîñòàâëåííîé çàäà÷å ñìîäåëèðîâàí â âèäå òî÷å÷íûõ ñòîêîâ, íåïðå-

ðûâíî ðàñïðåäåëåííûõ â ïðÿìîóãîëüíèêàõ, ïðèìûêàþùèõ ê îòâåðñòèÿì.

Â ðåçóëüòàòå ðåøåíèÿ ïîñòàâëåííîé êîíòàêòíîé íà÷àëüíî-êðàåâîé çàäà÷è

ïîëó÷åíà ñîâîêóïíîñòü ðàñ÷åòíûõ �îðìóë äëÿ âû÷èñëåíèÿ çàêîíà êîëåáàíèÿ

ïîâåðõíîñòè ðàçäåëà ñëîåâ âîäû. Ïóòåì âàðèàöèè ðàñõîäà q1 ÷åðåç âåðõíåå âî-
äîçàáîðíîå îòâåðñòèå ìîæíî ïîäîáðàòü òàêîå åãî ÷èñëîâîå çíà÷åíèå, ïðè êîòî-

ðîì ïîâåðõíîñòü ðàçäåëà ñëîåâ ïðàêòè÷åñêè îñòàåòñÿ â ïåðâîíà÷àëüíîì ãîðè-

çîíòàëüíîì ïîëîæåíèè. Òåì ñàìûì äîñòèãàåòñÿ öåëü ïîñòàâëåííîé è ðåøåííîé

ïðîáëåìû: îáåñïå÷åíèå çàáîðà âîäû èñêëþ÷èòåëüíî èç íèæíåãî ñëîÿ.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

Î ÊÎÍÅ×ÍÛÕ ÎÄÍÎ�ÎÄÍÛÕ ÌÅÒ�È×ÅÑÊÈÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ

Þ. �. Íèêîíîðîâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Ýòîò äîêëàä îñíîâàí íà íåäàâíèõ ðàáîòàõ [1�3℄, íàïèñàííûõ â ñîàâòîðñòâå

ñ Â. Í. Áåðåñòîâñêèì. Â ñòàòüå [1℄ áûëè ââåäåíû è èçó÷åíû âàæíûå ïîäêëàññû

êëàññà êîíå÷íûõ îäíîðîäíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ. Ïîäîáíûå êëàññû èçó-

÷àëèñü ðàíåå äëÿ ðèìàíîâûõ ìíîãîîáðàçèé, ñì. êíèãó [4℄ è ñïèñîê ëèòåðàòóðû

â íåé. Ïðèâåäåì íåêîòîðûå îïðåäåëåíèÿ.

Êîíå÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâî (M,d) íàçûâàåòñÿ îäíîðîäíûì, åñëè äëÿ
ëþáûõ òî÷åê x, y ∈ M ñóùåñòâóåò èçîìåòðèÿ f ïðîñòðàíñòâà (M,d) íà ñåáÿ

òàêàÿ, ÷òî f(x) = y.
Êîíå÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâî (M,d) íàçûâàåòñÿ îáîáùåííûì íîð-

ìàëüíûì îäíîðîäíûì, åñëè äëÿ ëþáûõ òî÷åê x, y ∈ M ñóùåñòâóåò èçîìåò-

ðèÿ f (íàçûâàåìàÿ δ-ñäâèãîì â òî÷êå x) ïðîñòðàíñòâà (M,d) íà ñåáÿ òàêàÿ, ÷òî
f(x) = y è d(x, f(x)) > d(z, f(z)) äëÿ ëþáûõ z ∈M .

Êîíå÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâî (M,d) íàçûâàåòñÿ îäíîðîäíûì ïî Êëè�-

�îðäó � Âîëü�ó (êðàòêî ÊÂ-îäíîðîäíûì), åñëè äëÿ ëþáûõ òî÷åê x, y ∈ M
ñóùåñòâóåò èçîìåòðèÿ f ïðîñòðàíñòâà (M,d) íà ñåáÿ òàêàÿ, ÷òî f(x) = y è

d(x, f(x)) = d(z, f(z)) äëÿ ëþáûõ z ∈M .

Ïóñòü FCWHS, FGNHS, FNHS, FHS îáîçíà÷àþò ñîîòâåòñòâåííî êëàññû êî-

íå÷íûõ ÊÂ-îäíîðîäíûõ ïðîñòðàíñòâ, êîíå÷íûõ îáîáùåííûõ íîðìàëüíûõ îäíî-

ðîäíûõ ïðîñòðàíñòâ, êîíå÷íûõ íîðìàëüíûõ îäíîðîäíûõ ïðîñòðàíñòâ è êîíå÷-

íûõ îäíîðîäíûõ ïðîñòðàíñòâ. Â ðàáîòå [1℄ äîêàçàíî, ÷òî

FCWHS ⊂ FGNHS = FNHS ⊂ FHS,

ïðè ýòîì óêàçàííûå âêëþ÷åíèÿ ñòðîãèå. Ïîä÷åðêíåì, ÷òî ñâîéñòâà íîðìàëüíîé

îäíîðîäíîñòè è îáîáùåííîé íîðìàëüíîé îäíîðîäíîñòè äëÿ êîíå÷íûõ ìåòðè÷å-

ñêèõ ïðîñòðàíñòâ ðàâíîñèëüíû (õîòÿ ýòî íå òàê, ñêàæåì, â ñëó÷àå ðèìàíîâûõ

ìíîãîîáðàçèé [4℄), ÷òî ïîçâîëÿåò íå ïðèâîäèòü çäåñü îïðåäåëåíèå íîðìàëüíî-

ãî îäíîðîäíîãî ïðîñòðàíñòâà (ñì. [1℄). Îòìåòèì òîëüêî, ÷òî ïðîâåðêà óñëîâèÿ

îáîáùåííîé íîðìàëüíîé îäíîðîäíîñòè çíà÷èòåëüíî ïðîùå, ÷åì ïðîâåðêà óñëî-

âèÿ íîðìàëüíîé îäíîðîäíîñòè. Â ðàáîòå [1℄ ïîñòðîåíû ðàçëè÷íûå ïðèìåðû ñîîò-

âåòñòâóþùèõ ïðîñòðàíñòâ. Êðîìå òîãî, â [1℄ äàíî îïèñàíèå èçó÷àåìûõ êëàññîâ

íà ÿçûêå òåîðèè ãðà�îâ, ñ ïîìîùüþ êîòîðîãî ñòðîÿòñÿ ïðèìåðû êîíå÷íûõ ìåò-

ðè÷åñêèõ ïðîñòðàíñòâ ñ íåîáû÷íûìè ñâîéñòâàìè.

×àñòíûìè ñëó÷àÿìè êîíå÷íûõ îäíîðîäíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ ÿâëÿ-

þòñÿ âåðøèííûå ìíîæåñòâà êîìïàêòíûõ âûïóêëûõ (â òîì ÷èñëå ïðàâèëüíûõ è

ïîëóïðàâèëüíûõ) ìíîãîãðàííèêîâ â åâêëèäîâûõ ïðîñòðàíñòâàõ ñ òðàíçèòèâíîé

íà ìíîæåñòâå âåðøèí ãðóïïîé èçîìåòðèé.
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Áóäåì ãîâîðèòü, ÷òî n-ìåðíûé ìíîãîãðàííèê P â R
n
îäíîðîäåí (èëè âåð-

øèííî-òðàíçèòèâåí) åñëè åãî ãðóïïà èçîìåòðèé äåéñòâóåò òðàíçèòèâíî íà ìíî-

æåñòâå åãî âåðøèí.

Îäíîìåðíûé ìíîãîãðàííèê � ýòî çàìêíóòûé îòðåçîê, îãðàíè÷åííûé äâóìÿ

êîíå÷íûìè òî÷êàìè. Îí ÿâëÿåòñÿ ïðàâèëüíûì ïî îïðåäåëåíèþ. Äâóìåðíûìè

ïðàâèëüíûìè ìíîãîãðàííèêàìè ÿâëÿþòñÿ ïðàâèëüíûå ìíîãîóãîëüíèêè íà åâ-

êëèäîâîé ïëîñêîñòè. Âûïóêëûé n-ìåðíûé ìíîãîãðàííèê ïðè n > 3 íàçûâàåòñÿ
ïðàâèëüíûì, åñëè îí îäíîðîäåí è âñå åãî ãèïåðãðàíè ÿâëÿþòñÿ ïðàâèëüíûìè

êîíãðóýíòíûìè äðóã äðóãó ìíîãîãðàííèêàìè. Õîðîøî èçâåñòíî, ÷òî ñóùåñòâóåò

âñåãî ïÿòü ïðàâèëüíûõ òðåõìåðíûõ ìíîãîãðàííèêîâ (ïëàòîíîâûõ òåë): òåòðà-

ýäð, êóá, îêòàýäð, äîäåêàýäð è èêîñàýäð.

Íàïîìíèì òåïåðü îïðåäåëåíèå áîëåå øèðîêîãî êëàññà ïîëóïðàâèëüíûõ âû-

ïóêëûõ ìíîãîãðàííèêîâ. Ïðè n = 1 è n = 2 ïîëóïðàâèëüíûå ìíîãîãðàííèêè

îïðåäåëÿþòñÿ êàê ïðàâèëüíûå. Âûïóêëûé n-ìåðíûé ìíîãîãðàííèê ïðè n > 3
íàçûâàåòñÿ ïîëóïðàâèëüíûì, åñëè îí îäíîðîäåí è âñå åãî ãèïåðãðàíè ÿâëÿþòñÿ

ïðàâèëüíûìè ìíîãîãðàííèêàìè. Â òðåõìåðíîì ïðîñòðàíñòâå (ïîìèìî ïëàòîíî-

âûõ òåë) ñóùåñòâóþò ñëåäóþùèå ïîëóïðàâèëüíûå ìíîãîãðàííèêè: 13 àðõèìå-

äîâûõ òåë è äâå áåñêîíå÷íûå ñåðèè ïðÿìûõ ïðèçì è àíòèïðèçì. Ïî êëàññè�è-

êàöèè ïîëóïðàâèëüíûõ ìíîãîãðàííèêîâ â R
n
, n > 4, ïîìèìî ïðàâèëüíûõ ìíî-

ãîãðàííèêîâ, ñóùåñòâóåò òðè ïîëóïðàâèëüíûõ ìíîãîãðàííèêà â R
4
è ïî îäíîìó

ïîëóïðàâèëüíîìó ìíîãîãðàííèêó â R
n
ïðè n = 5, 6, 7, 8 (èõ íàçûâàþò ìíîãî-

ãðàííèêàìè �îññåòà ïî èìåíè èõ ïåðâîîòêðûâàòåëÿ [5℄).

Â ðàáîòàõ [1�3℄ êëàññè�èöèðîâàíû âñå (îáîáùåííûå) íîðìàëüíûå îäíîðîä-

íûå è îäíîðîäíûå ïî Êëè��îðäó � Âîëü�ó ìåòðè÷åñêèå ïðîñòðàíñòâà, ÿâëÿþ-

ùèåñÿ ìíîæåñòâàìè âåðøèí ïðàâèëüíûõ èëè ïîëóïðàâèëüíûõ ìíîãîãðàííèêîâ

â åâêëèäîâûõ ïðîñòðàíñòâàõ (ñ èíäóöèðîâàííîé ìåòðèêîé). Èçëîæåíèþ ýòîé

êëàññè�èêàöèè ïîñâÿùåíà îñíîâíàÿ ÷àñòü äîêëàäà.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÎÁÎÁÙÅÍÍÛÅ Ý�ÌÈÒÎÂÛ ÑÒ�ÓÊÒÓ�Û

ÍÀ Ò�ÅÕÌÅ�ÍÛÕ �ÀÇ�ÅØÈÌÛÕ ��ÓÏÏÀÕ ËÈ

1

Â. Â. Áàëàùåíêî (Áåëàðóñü, Ìèíñê; Á�Ó),

Â. Í. Êóíèöà (Áåëàðóñü, Ìèíñê; Á�Ó)

f -ñòðóêòóðû íà ãëàäêèõ ìíîãîîáðàçèÿõ, êîòîðûå ââåë Êåíòàðî ßíî, çàäà-

þòñÿ ñîîòíîøåíèåì f3 + f = 0 è ïðåäñòàâëÿþò ñîáîé îáîáùåíèå ïî÷òè êîì-

ïëåêñíûõ è ïî÷òè êîíòàêòíûõ ñòðóêòóð. f -ñòðóêòóðà íàçûâàåòñÿ ìåòðè÷åñêîé

îòíîñèòåëüíî ðèìàíîâîé ìåòðèêè g, åñëè g(f(X), Y )+g(X, f(Y )) = 0 äëÿ ëþáûõ
ãëàäêèõ âåêòîðíûõ ïîëåé X, Y íà ãëàäêîì ìíîãîîáðàçèèM . Äàííûå ñòðóêòóðû

ÿâëÿþòñÿ âàæíåéøèì îáúåêòîì îáîáùåííîé ýðìèòîâîé ãåîìåòðèè [1℄.

Îñíîâíûå ïðåäñòàâëåííûå â äàííîé ðàáîòå êëàññû f -ñòðóêòóð � ýòî ïðè-

áëèæåííî êåëåðîâà, îáîáùåííî ïðèáëèæåííî êåëåðîâà è ýðìèòîâà f -ñòðóêòóðû.
Ïðèáëèæåííî êåëåðîâà f -ñòðóêòóðà èëè NKf -ñòðóêòóðà çàäàåòñÿ ñîîòíîøåíè-
åì ∇fX(f)(fX) = 0 (çäåñü è äàëåå ∇ � ñâÿçíîñòü Ëåâè-×èâèòà ìåòðèêè g).
Îáîáùåííî ïðèáëèæåííî êåëåðîâà f -ñòðóêòóðà èëè GNKf -ñòðóêòóðà îïðåäå-
ëÿåòñÿ ñîîòíîøåíèåì f(∇fX(f)(fX)) = 0. Ýðìèòîâà f -ñòðóêòóðà èëèHf -ñòðóê-
òóðà èíèöèèðîâàíà ââåäåííûì Â. Ô. Êèðè÷åíêî êîìïîçèöèîííûì òåíçîðîì T [1℄

è çàäàåòñÿ ñîîòíîøåíèåì (ñì. [2, 3℄)

T (X,Y ) =
1

4
f
(
∇fX(f)(fY )−∇f2X(f)(f

2Y )
)
= 0.

Â ðàáîòå [4℄ ðàññìîòðåíû ñòðóêòóðû ðàçíûõ òèïîâ íà ðàçðåøèìûõ 3-õ è 4-õ

ìåðíûõ àëãåáðàõ Ëè è ñîîòâåòñòâóþùèå èì ëåâîèíâàðèàíòíûå ñòðóêòóðû íà

ãðóïïàõ Ëè. Öåëü äàííîé ðàáîòû � ïîñòðîåíèå ëåâîèíâàðèàíòíûõ ìåòðè÷åñêèõ

f -ñòðóêòóð íà ñåðèè 3-õ ìåðíûõ ðàçðåøèìûõ ãðóïï Ëè, ðåàëèçóþùèõ óïîìÿ-

íóòûå âûøå êëàññû ìåòðè÷åñêèõ f -ñòðóêòóð. Ïðè ýòîì íà êàæäîé èç ðàññìîò-

ðåííûõ íèæå àëãåáð Ëè ìåòðè÷åñêàÿ f -ñòðóêòóðà çàäàâàëàñü ñîîòíîøåíèÿìè

f(e1) = 0, f(e2) = −e3, f(e3) = e2. Ñëåäóåò îòìåòèòü, ÷òî ðàçìåðíîñòü 3 ÿâ-

ëÿåòñÿ ìèíèìàëüíîé äëÿ ñîäåðæàòåëüíîñòè äàííîé çàäà÷è, à âñå ïîñòðîåííûå

f -ñòðóêòóðû ÿâëÿþòñÿ ïî÷òè êîíòàêòíûìè ìåòðè÷åñêèìè ñòðóêòóðàìè.

Ñíà÷àëà áûëî ðàññìîòðåíî ñëåäóþùåå îäíîïàðàìåòðè÷åñêîå ïîïàðíî íåèçî-

ìîð�íîå ñåìåéñòâî àëãåáð Ëè τ ′(λ,3): [e1, e2] = λe2 − e3; [e1, e3] = e2 + λe3, ãäå
λ � ïàðàìåòð, ïðè λ = 0 � ýòî àëãåáðà Ëè ãðóïïû Ëè äâèæåíèé íà äâóìåð-

íîì åâêëèäîâîì ïðîñòðàíñòâå. Äîêàçàíî, ÷òî íà ñîîòâåòñòâóþùåé ãðóïïå Ëè

1

�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ãîñóäàðñòâåííîé ïðîãðàììû íàó÷íûõ èññëå-

äîâàíèé �åïóáëèêè Áåëàðóñü íà 2021�2025 ãîäû ¾Êîíâåðãåíöèÿ-2025¿, ïîäïðîãðàììà ¾Ìà-

òåìàòè÷åñêèå ìîäåëè è ìåòîäû¿, çàäàíèå ¾Ñòðóêòóðû, ñâÿçàííûå ñ àëãåáðàè÷åñêèìè, ëè-

íåéíûìè è êîíå÷íî ïîðîæäåííûìè ãðóïïàìè, êîíå÷íîìåðíûìè àëãåáðàìè, òîïîëîãè÷åñêèìè

ïðîñòðàíñòâàìè è îäíîðîäíûìè ìíîãîîáðàçèÿìè¿, ÍÈ� ¾Ñòðóêòóðû íà ëèíåéíûõ àëãåáðàè-

÷åñêèõ ãðóïïàõ, îáîáùåííûõ ãëàâíûõ G-ðàññëîåíèÿõ, îäíîðîäíûõ ìíîãîîáðàçèÿõ è ãðóïïàõ

Ëè¿, � ãîñ. ðåãèñòðàöèè 20211882.
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ïîñòðîåííàÿ f -ñòðóêòóðà ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé f -ñòðóêòóðîé ïðè

ïàðàìåòðå λ = −1 è ýðìèòîâîé f -ñòðóêòóðîé äëÿ ëþáûõ ïàðàìåòðîâ λ.
Äàëåå áûëî ðàññìîòðåíî îäíîïàðàìåòðè÷åñêîå ïîïàðíî íåèçîìîð�íîå ñåìåé-

ñòâî àëãåáð Ëè τ(λ,3): [e1, e2] = e2; [e1, e3] = λe3, ãäå λ � ïàðàìåòð. Ïðè ïàðà-

ìåòðå λ = −1 ýòî àëãåáðà Ëè ãðóïïû Ëè äâèæåíèé â äâóìåðíîì ïðîñòðàíñòâå

Ìèíêîâñêîãî; ïðè ïàðàìåòðå λ = 1 ÿâëÿåòñÿ àëãåáðîé Ëè ðàçðåøèìîé ãðóï-

ïû, êîòîðàÿ äåéñòâóåò ïðîñòî è òðàíçèòèâíî íà âåùåñòâåííîì ãèïåðáîëè÷åñêîì

ïðîñòðàíñòâå; ïðè λ = 0 τ(0,3) = R× aff(R), ãäå aff(R): [e1, e2] = e2. Äîêàçàíî,
÷òî íà ñîîòâåòñòâóþùåé ãðóïïå Ëè ïîñòðîåííàÿ f -ñòðóêòóðà ÿâëÿåòñÿ ïðèáëè-
æåííî êåëåðîâîé f -ñòðóêòóðîé ïðè λ = 1 è ýðìèòîâîé f -ñòðóêòóðîé äëÿ ëþáûõ
ïàðàìåòðîâ λ.

Ñëåäóþùåé ðàññìîòðåííîé àëãåáðîé Ëè ñòàëà òðåõìåðíàÿ àëãåáðà Ëè �åé-

çåíáåðãà: [e1, e2] = e3. Íà ñîîòâåòñòâóþùåé åé ãðóïïå Ëè f -ñòðóêòóðà ÿâëÿåòñÿ
îáîáùåííî ïðèáëèæåííî êåëåðîâîé è ýðìèòîâîé f -ñòðóêòóðîé.

Ïîñëåäíÿÿ ðàññìîòðåííàÿ àëãåáðà Ëè çàäàåòñÿ ñîîòíîøåíèÿìè: [e1, e2] = e2;
[e1, e3] = e2+e3. Íà ñîîòâåòñòâóþùåé åé ãðóïïå Ëè ïðåäñòàâëåííàÿ f -ñòðóêòóðà
íè ê îäíîìó èç îòìå÷åííûõ âûøå êëàññîâ îáîáùåííîé ýðìèòîâîé ãåîìåòðèè íå

ïðèíàäëåæèò.

Ëèòåðàòóðà
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ÓÑËÎÂÈß ÑÀÌÎÑÎÏ�ßÆÅÍÍÎÑÒÈ È ÄÈÑÊ�ÅÒÍÎÑÒÈ

ÑÏÅÊÒ�À ÁËÎ×ÍÛÕ ßÊÎÁÈÅÂÛÕ ÌÀÒ�ÈÖ

1

Â. Ñ. Áóäûêà

(�îññèÿ, Ìîñêâà, �ÓÄÍ; Äîíåöê, �ÎÓ ÂÏÎ ¾ÄÎÍÀÓÈ�Ñ¿)

Îñíîâíûì îáúåêòîì äîêëàäà ÿâëÿåòñÿ áëî÷íàÿ ÿêîáèåâà ìàòðèöà

J =




A0 B0 Om Om Om . . .
B∗

0 A1 B1 Om Om . . .
Om B∗

1 A2 B2 Om . . .
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.


 ,

ãäå An = A ∗
n , Bn ∈ C

m×m
, detBn 6= 0, n ∈ N0 := N∪{0}, Om � íóëåâàÿ ìàòðèöà,

è C
m×m

� ìíîæåñòâî âñåõ m×m-ìàòðèö ñ ýëåìåíòàìè èç C. Ñ ìàòðèöåé J àññî-

öèèðóþò ìèíèìàëüíûé ÿêîáèåâ îïåðàòîð â l2(N;Cm). Îïåðàòîð J ñèììåòðè÷åí,

íî íå îáÿçàòåëüíî ñàìîñîïðÿæåí.

Çàäà÷à âû÷èñëåíèÿ èíäåêñîâ äå�åêòà ÿêîáèåâûõ ìàòðèö ÿâëÿåòñÿ ïåðâîé

ãëàâíîé ïðîáëåìîé, åñòåñòâåííûì îáðàçîì âîçíèêàþùåé â ñïåêòðàëüíîé òåîðèè

òàêèõ ìàòðèö.

Â äàííîé ðàáîòå ïîëó÷åíû íîâûå óñëîâèÿ ñàìîñîïðÿæåííîñòè è äèñêðåòíî-

ñòè ñïåêòðà áëî÷íûõ ÿêîáèåâûõ ìàòðèö (ñ ìàòðè÷íûìè ýëåìåíòàìè). Íåêîòîðûå

èç íèõ ïîêðûâàþò ðÿä ïðåäûäóùèõ ðåçóëüòàòîâ â ñêàëÿðíîì ñëó÷àå (m = 1).
Äîêëàä áàçèðóåòñÿ íà ðàáîòàõ [1�2℄.
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�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâà-

íèÿ �Ô â ðàìêàõ ðåàëèçàöèè ãîñóäàðñòâåííîãî çàäàíèÿ â ñîîòâåòñòâèè ñ Ñîãëàøåíèåì � 075-

03-2020-223/3 (FSSF-2020-0018).
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MUKAI�FOURIER TRANSFORMS AS SOLUTIONS TO FIELD EQUATIONS

IN DERIVED CATEGORIES: SPECTRUM AS HIGGS-OSCILLATIONS

IN THE SPACE-TIME V

F. Bulnes

(Mexi
o, Chal
o; IINAMEI, TESCHA)

Let be H a Hopf algebra of H-states. Let M a 
omplex Riemannian manifold

with spin stru
ture to the 
orresponding H-states. The deformations are 
onsigned

in a surfa
e Σ,1 inM, through the extended Penrose transform (holomorphi
 version)

whose kernel set has as elements, the �elds h, with Isom dh = 0.
We 
onsider the established in the introdu
tion relative to the de
omposing in

graded ve
tor spa
e SpecC[g]G. These are 
omponents of H∗(SL(2)), in a 
ategory
VecC [1℄. Then we 
an to 
onsider the 
omplex group:

G(C) = Hom(HHH,C), (1)

for the Hopf algebra H, and all global fun
tors on T∨
BunG, are lifted from the basis

as:

H0
(
T∨

BunG,O
) ∼= C[HHH].2 (2)

Then solutions for Ω1
[H℄, 
omes given by the 
o-
y
les (deformation or spe
t-

rum) H

H

H

∨ = Spe
HSymT(OPLG
(D)). Then the general solution to the �eld

equation Isom dh = 0, 
omes given by the hyper
ohomology Hq(BunG,D
S) =

H
q
G[[z]](GGG, (∧•[Σ0] ⊗ Vcritical; ∂), where GGG := G((z))/G[[Σ0]], is a thi
k �ag

manifold [2℄.

Conje
ture (F. Bulnes). In the Hamilton densities spa
e, taking a Hit
hin base,

the H-states determine 
urvature by os
illations in the spa
e-time to a mi
ros
opi


deformation in H .

⊳ Proof sket
h [1, 3, 4℄. ⊲

The general integral to the spe
trum H
∨
, is the extended Hit
hin base [2, 3℄

H = H0
(
ωC
)
⊕H0

(
ω⊗2
C

)
⊕ . . .⊕H0

(
ω⊗n
C

)
, (3)

In the 
ase of a spinor representation the 
orrespondingH-states 
an be viewed as

spinor waves whi
h 
an be 
onsigned in os
illations in the spa
e-time to a mi
ros
opi


deformation measured [3, 4℄ in H .

Remark 1. The twisted 
ategory is the 
ategory of D-modules M , on BunG,

admitting �nite global presentations as the parti
les os
illations (Higgs parti
les) [5℄,

whi
h we 
an de�ne as sheaves of modules over the twisted version in the spa
e-time

1

The Riemann surfa
es have a 
anoni
al se
tions 1 in spin ve
tor bundle produ
t ofK1/2
⊗K−1/2

.

2

We have 
onsidered as integrals spa
e the 
ohomology spa
es H•(HHH,Ω•), inside the 
uasi-


oherent 
ategory given by MKJ (HHH∨, Y ), whi
h 
arry us to the rami�
ation problem.
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(after to apply the Mukai�Fourier transform), that is to say, resulted of the transition

from K1/2
, until M , passing for K−1/2

, de�ned as the appli
ation:

(
D ⊗K1/2

)⊕p →
(
D ⊗K−1/2

)⊕q → M . (4)

Here K1/2
is the line bundle of the 
riti
al level (spin bundle) used to emphasize

the fa
t that the ĝ-modules whi
h are at 
riti
al level. Likewise, we 
an 
hange to the


ategory of proje
tive D-modules with the same 
urvature of K1/2
, this proje
tive

D-modules 
ategory is 
alled SpinD-modules 
ategory.

Corollary (F. Bulnes). The 
urvature given by the 
onje
ture is a 
urvature

energy.

⊳ [3, 5℄. ⊲
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Î ÔÓÍÊÖÈßÕ Ñ ÍÓËÅÂÛÌÈ ØÀ�ÎÂÛÌÈ Ñ�ÅÄÍÈÌÈ

Ñ ÇÀÄÀÍÍÛÌÈ ÇÍÀ×ÅÍÈßÌÈ Â ÔÈÊÑÈ�ÎÂÀÍÍÛÕ ÒÎ×ÊÀÕ

Â. Â. Âîë÷êîâ (Äîíåöê; ÄîíÍÓ),

Âèò. Â. Âîë÷êîâ (Äîíåöê; ÄîíÍÓ)

Ïóñòü Vr(R
n), n > 2, � ìíîæåñòâî �óíêöèé f ∈ Lloc(R

n) ñ íóëåâûìè èíòåãðà-
ëàìè ïî âñåì øàðàì èç R

n
ðàäèóñà r. Ýòîò êëàññ �óíêöèé, à òàêæå ðàçëè÷íûå

åãî àíàëîãè àêòèâíî èçó÷àëèñü â òå÷åíèå ïîñëåäíèõ ïÿòèäåñÿòè ëåò â ðàáîòàõ

Ô. Éîíà, Ä. Äåëüñàðòà, Ä. Ñìèòà, Ë. Çàëüöìàíà, Ê. À. Áåðåíñòåéíà è äðóãèõ

àâòîðîâ (ñì. [1�3℄). Â äàííîé ðàáîòå èçó÷àþòñÿ èíòåðïîëÿöèîííûå çàäà÷è äëÿ

êëàññà Vr(R
n) è íåêîòîðûõ åãî îáîáùåíèé. Â ñëó÷àå, êîãäà ìíîæåñòâî óçëîâ

èíòåðïîëÿöèè ÿâëÿåòñÿ êîíå÷íûì, ïîëó÷åíà òåîðåìà î ñóùåñòâîâàíèè ðåøåíèÿ

èíòåðïîëÿöèîííîé çàäà÷è ïðè îáùèõ ïðåäïîëîæåíèÿõ. Îñíîâíûì ðåçóëüòàòîì

ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü q ∈ N. Òîãäà äëÿ ëþáîãî íàáîðà ïîïàðíî ðàçëè÷íûõ

òî÷åê a1, . . . , aq â R
n
è ëþáîãî íàáîðà êîíñòàíò bk ∈ C (k = 1, . . . , q) ñóùåñòâóåò

âåùåñòâåííî àíàëèòè÷åñêàÿ �óíêöèÿ G ∈ Vr(Rn), óäîâëåòâîðÿþùàÿ óñëîâèÿì

G(ak) = bk, k = 1, . . . , q. (1)

Èç äîêàçàòåëüñòâà òåîðåìû 1 âèäíî, ÷òî àíàëîãè÷íûé ðåçóëüòàò èìååò ìå-

ñòî íå òîëüêî äëÿ êëàññà Vr(R
n), à è äëÿ êëàññîâ ðåøåíèé óðàâíåíèé ñâåðòêè

f ∗ T = 0, ãäå T � ðàäèàëüíîå ðàñïðåäåëåíèå â R
n
ñ êîìïàêòíûì íîñèòåëåì è

íåïóñòûì ìíîæåñòâîì íóëåé åãî ñ�åðè÷åñêîãî ïðåîáðàçîâàíèÿ. Äàííûå óðàâíå-

íèÿ ñâåðòêè âêëþ÷àþò, íàïðèìåð, êëàññû ðåøåíèé ýëëèïòè÷åñêèõ äè��åðåí-

öèàëüíûõ óðàâíåíèé âèäà

P (∆) = 0,

ãäå ∆ � îïåðàòîð Ëàïëàñà, P � àëãåáðàè÷åñêèé ìíîãî÷ëåí, îòëè÷íûé îò òîæ-

äåñòâåííîé êîíñòàíòû.

Èç òåîðåìû 1 ïîëó÷àåì ñëåäóþùåå ñëåäñòâèå, êîòîðîå, â ÷àñòíîñòè, ïîêà-

çûâàåò, ÷òî ðåøåíèå èíòåðïîëÿöèîííîé çàäà÷è (1) äëÿ êëàññà Vr(R
n) íå åäèí-

ñòâåííî.

Ñëåäñòâèå 1. Ïóñòü q ∈ N. Òîãäà äëÿ ëþáîãî íàáîðà ïîïàðíî ðàçëè÷íûõ

òî÷åê a1, . . . , aq â R
n
ñóùåñòâóåò íåíóëåâàÿ âåùåñòâåííî àíàëèòè÷åñêàÿ �óíêöèÿ

f ∈ Vr(Rn), óäîâëåòâîðÿþùàÿ óñëîâèÿì

f(ak) = 0 ïðè âñåõ k.

Îòìåòèì òàêæå, ÷òî â òåîðåìå 1 ñóùåñòâåííî, ÷òî â îïðåäåëåíèè êëàñ-

ñà Vr(R
n) ðàññìàòðèâàåòñÿ èíòåãðèðîâàíèå ïî øàðàì, êîòîðîå ïðèâîäèò ê èíâà-

ðèàíòíîñòè ðàññìàòðèâàåìîãî êëàññà îòíîñèòåëüíî ãðóïïû âðàùåíèé. Ìîæíî
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ïîêàçàòü, ÷òî àíàëîã òåîðåìû 1 äëÿ êëàññà �óíêöèé, îïðåäåëÿåìîãî íàëè÷è-

åì íóëåâûõ èíòåãðàëîâ ïî âñåì ñäâèãàì �èêñèðîâàííîãî ïàðàëëåëåïèïåäà â R
n
,

ÿâëÿåòñÿ íåâåðíûì. Äåéñòâèòåëüíî, âñÿêàÿ òàêàÿ íåïðåðûâíàÿ �óíêöèÿ óäîâëå-

òâîðÿåò íåêîòîðîìó ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ, ñâÿçûâàþùåìó çíà÷å-

íèÿ �óíêöèè â âåðøèíàõ ýòîãî ïàðàëëåëåïèïåäà (ñì. [1, ÷àñòü 4, ãë. 2℄). Ïîýòîìó,

åñëè âçÿòü â êà÷åñòâå óçëîâ èíòåðïîëÿöèè âåðøèíû äàííîãî ïàðàëëåëåïèïåäà,

òî ÷èñëà bk â óñëîâèè (1) íå ìîãóò áûòü çàäàíû ïðîèçâîëüíî.
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ÀÏÏ�ÎÊÑÈÌÀÒÈÂÍÛÅ ÑÂÎÉÑÒÂÀ Ñ�ÅÄÍÈÕ ÂÀËËÅ ÏÓÑÑÅÍÀ

×ÀÑÒÈ×ÍÛÕ ÑÓÌÌ ÑÏÅÖÈÀËÜÍÎ�Î �ßÄÀ

ÏÎ ÏÎËÈÍÎÌÀÌ ËÀ�Å��À

�. Ì. �àäæèìèðçàåâ

(�îññèÿ, Ìàõà÷êàëà; ÄÔÈÖ �ÀÍ)

Ïóñòü α > −1, r ∈ N, f � íåïðåðûâíàÿ �óíêöèÿ, çàäàííàÿ íà ïîëóîñè [0,∞)
è òàêàÿ, ÷òî â òî÷êå x = 0 ñóùåñòâóþò ïðîèçâîäíûå f (ν)(0), ν = 0, . . . , r − 1.
Òîãäà ìû ìîæåì ðàññìîòðåòü ïîëèíîì Òåéëîðà

Pr−1(f) =

r−1∑

i=0

f (i)(0)

i!
xi

è �óíêöèþ

fr(x) =
f(x)− Pr−1(f)

xr
, x > 0. (1)

Ïðåäïîëîæèì, ÷òî äëÿ �óíêöèè fr ñóùåñòâóþò êîý��èöèåíòû Ôóðüå � Ëàãåð-

ðà

f̂α,rk =
1

hαk

∞∫

0

fr(t)t
αe−tLαk (t) dt,

ãäå hαk = Γ(k+α+1)
k! , Lαk (t) � ïîëèíîì Ëàãåððà ñòåïåíè k. Òîãäà ìû ìîæåì ñîïî-

ñòàâèòü �óíêöèè fr åå ðÿä Ôóðüå � Ëàãåððà:

fr(x) ∼
∞∑

k=0

f̂α,rk Lαk (x). (2)

Åñëè ðÿä (2) ñõîäèòñÿ ê fr, òî ñ ó÷åòîì ðàâåíñòâà (1) ìû ìîæåì çàïèñàòü

f(x) = Pr−1(f) + xr
∞∑

k=0

f̂α,rk Lαk (x). (3)

Ñëåäóÿ [1℄, ìû áóäåì íàçûâàòü ðÿä (3) ñïåöèàëüíûì ðÿäîì ïî ïîëèíîìàì Ëà-

ãåððà. ×åðåç Sαn+r(x) îáîçíà÷èì ÷àñòè÷íóþ ñóììó ýòîãî ðÿäà:

Sαn+r(x) = Sαn+r(f, x) = Pr−1(f) + xr
n∑

k=0

f̂α,rk Lαk (x).

Îòìåòèì, ÷òî åñëè f = qn+r ïðåäñòàâëÿåò ñîáîé àëãåáðàè÷åñêèé ïîëèíîì ñòåïå-

íè íå áîëåå n+ r, òî Sαn+r(qn+r, x) ≡ qn+r(x) ïðè α > −1. Â ðàáîòå [1℄, èñïîëüçóÿ

ýòî ñâîéñòâî è íåðàâåíñòâî Ëåáåãà

e−
x
2 x−

r
2
+ 1

4

∣∣f(x)− Sαn+r(x)
∣∣ 6 Ern+r(f)(1 + λα,rn (x)),
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áûëè èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà ñóìì Sαn+r. Çäåñü âåëè÷èíà

Ern+r(f) îïðåäåëÿåòñÿ ðàâåíñòâîì

Ern+r(f) = inf
pn+r

sup
x>0

|pn+r(x)− f(x)| e−x
2 x−

r
2
+ 1

4 ,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì àëãåáðàè÷åñêèì ïîëèíîìàì pn+r ñòåïåíè n+r,

äëÿ êîòîðûõ f (ν)(0) = p
(ν)
n+r(0), ν = 0, . . . , r− 1. Äëÿ �óíêöèè Ëåáåãà λα,rn (x) ïðè

r − 1
2 < α < r + 1

2 áûëè ïîëó÷åíû îöåíêè:

λα,rn (x) 6 c(α, r)





ln(n+ 1) + nα−r, x ∈
[
0, 3

θn

]
;

ln(n+ 1) +
(
n
x

)α−r
2 , x ∈

[
3
θn
, θn2
]
;

ln(n+ 1) +
(

x

θ
1/3
n +|x−θn|

)1/4
, x ∈

[
θn
2 ,

3θn
2

]
;

n−
r
2
+ 5

4x
r
2
+ 1

4 e−
x
4 , x ∈

[
3θn
2 ,∞

)
,

ãäå θn = 4n+ 2α+ 2.
Â íàñòîÿùåé ðàáîòå ìû ðàññìîòðèì ñðåäíèå Âàëëå Ïóññåíà ÷àñòè÷íûõ ñóìì

Sαk+r(x), n 6 k 6 n+m:

Vn+m+r(f, x) =
1

m+ 1

n+m∑

k=n

Sαk+r(x)

è èçó÷èì èõ àïïðîêñèìàòèâíûå ñâîéñòâà. Ñ ýòîé öåëüþ ââåäåì îáîçíà÷åíèå

Λα,rn,m(x) = x
r
2
+ 1

4

∞∫

0

tα−
r
2
− 1

4 e−
x+t
2

1

m+ 1

∣∣∣∣∣

n+m∑

k=n

Kα
k (x, t)

∣∣∣∣∣ dt.

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü r ∈ N, r − 1
2 < α 6 r, 0 < a 6 b, an 6 m 6 bn, x ∈ [0,∞).

Òîãäà èìååò ìåñòî îöåíêà

Λα,rn,m(x) 6 c(a, b, α, r).

Èç ýòîé òåîðåìû è íåðàâåíñòâà Ëåáåãà

e−
x
2 x−

r
2
+ 1

4

∣∣f(x)− Vn+m+r(f, x)
∣∣ 6 Ern+r(f)

(
1 + Λα,rn,m(x)

)

âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 1. Ïóñòü f � íåïðåðûâíàÿ �óíêöèÿ, çàäàííàÿ íà ïîëóîñè [0,∞)
è òàêàÿ, ÷òî â òî÷êå x = 0 ñóùåñòâóþò ïðîèçâîäíûå f (ν)(0), ν = 0, . . . , r−1, r ∈ N,

r − 1
2 < α 6 r, 0 < a 6 b, an 6 m 6 bn, x ∈ [0,∞). Òîãäà ñïðàâåäëèâà îöåíêà

e−
x
2 x−

r
2
+ 1

4

∣∣f(x)− Vn+m+r(f, x)
∣∣ 6 c(a, b, α, r)Ern+r(f).
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ÎÖÅÍÊÀ ÁÀ��ÌÀÍÀ ÄËß ÍÅÊÎÌÏÀÊÒÍÛÕ ÊÎÍÅ×ÍÛÕ

ÊÂÀÍÒÎÂÛÕ ��ÀÔÎÂ Ñ ÑÓÌÌÈ�ÓÅÌÛÌÈ ÏÎÒÅÍÖÈÀËÀÌÈ

ß. È. �ðàíîâñêèé

(Äîíåöê; �Ó ¾ÈÏÌÌ¿)

�àññìîòðèì ãðà� G , ñîñòîÿùèé èç p1 > 0 áåñêîíå÷íûõ ðåáåð è p2 > 0 êî-

íå÷íûõ ðåáåð, p1 + p2 := p. Êàæäîå ðåáðî áóäåì àññîöèèðîâàòü ñ êîíå÷íûì èëè

áåñêîíå÷íûì èíòåðâàëîì (0, aj), j ∈ {1, . . . , p}.
Íà êàæäîì áåñêîíå÷íîì ðåáðå lj , j ∈ {1, . . . , p1}, îïðåäåëèì ìèíèìàëüíûé

îïåðàòîð Ajfj = −f ′′j +Qjfj, Qj = Q∗
j ∈ L1(lj ;C

m×m),

dom(Aj) =




fj ∈ L2(lj ;C

m) :

fj, f
′
j ∈ ACloc(lj ;C

m),

Ajfj ∈ L2(lj ;C
m),

fj(0) = f ′j(0) = 0




.

Íà êàæäîì êîíå÷íîì ðåáðå ej , j ∈ {p1 + 1, . . . , p}, îïðåäåëèì ìèíèìàëüíûé

îïåðàòîð Ajfj = −f ′′j +Qjfj, Qj = Q∗
j ∈ L1(ej ;C

m×m),

dom(Aj) :=




fj ∈ L2(ej ;C

m) :

fj, f
′
j ∈ AC

lo


(ej ;C
m),

Ajfj ∈ L2(ej ;C
m),

fj(0) = fj(aj) = f ′j(0) = f ′j(aj) = 0




.

Ýòî ïîçâîëÿåò ââåñòè ìèíèìàëüíûé îïåðàòîð A
min

íà ãðà�å G :

Amin :=

p⊕

j=1

Aj , dom(Amin) :=

p⊕

j=1

dom(Aj).

�àññìîòðèì ðàñøèðåíèå Hα := Hα,Q ìèíèìàëüíîãî îïåðàòîðà A
min

, çà-

äàâàåìîå ãðàíè÷íûìè óñëîâèÿìè òèïà äåëüòà-âçàèìîäåéñòâèé âî âñåõ âåðøè-

íàõ v ∈ V : 


f íåïðåðûâíà â v,∑
e∈Ev

f ′e(v) = α(v)f(v), (1)

ãäå α : V → C
m×m, α( · ) = α( · )∗ � ìàòðè÷íàÿ �óíêöèÿ. Ïðè α = 0 óñëîâèå (1) �

õîðîøî èçâåñòíîå óñëîâèå Êèðõãî�à.

Ïðè äîïîëíèòåëüíîì óñëîâèè xeQe ∈ L1(e;Cm×m), e ∈ E , ïîëó÷åíî ñëåäóþ-

ùåå îáîáùåíèå îöåíêè Áàðãìàíà äëÿ ÷èñëà îòðèöàòåëüíûõ êâàäðàòîâ îïåðàòî-

ðà Hα = H
∗
α:

κ−(Hα) 6
∑

e∈E

[∫

e

xe tr(Qe,−(x)) dx

]
+m |V |,

ãäå Qe,− := −QeEQe(−∞, 0) > 0, à [b] îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà b ∈ R.

Äîêëàä áàçèðóåòñÿ íà ðàáîòàõ [1�2℄.
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ON THE DOMINATION PROBLEM

FOR LEBESGUE, KB, AND LEVI OPERATORS

E. Y. Emelyanov

(Turkey, Ankara, METU; Russia, Novosibirsk, IM SB RAS)

The talk presents some results of joint work [1℄ with Safak Alpay (Middle

East Te
hni
al University, Ankara, Turkey) and Svetlana Gorokhova (Southern

Mathemati
al Institute, Vladikavkaz, Russia). Below all ve
tor latti
es are supposed

to be real and Ar
himedean, operators linear, and topologies Hausdor�. The following

de�nition is an adopted version of De�nition 1.1 of [1℄.

Definition 1. Let T be an operator from a ve
tor latti
e X to a ve
tor latti
e Y.
(a) Assuming Y = (Y, τ) be a topologi
al ve
tor latti
e, T is 
alled Lebesgue

(σ-Lebesgue) if Txα
τ−→ 0 for every net (sequen
e) xα su
h that xα ↓ 0; T is quasi

Lebesgue (quasi σ-Lebesgue) if Txα is τ -Cau
hy for every net (sequen
e) xα in X+

satisfying xα ↑6 x ∈ X. T is 
alled oτ -bounded (oτ -
ompa
t) if T [0, x] is a τ -bounded
(τ -totally bounded) subset of Y for ea
h x ∈ X+.

(b) Assuming X = (X, ς) be a lo
ally solid latti
e, T is 
alled Levi (σ-Levi) if,
for every ς-bounded in
reasing net (sequen
e) xα in X+, there exists (not ne
essarily

unique) x ∈ X su
h that Txα
o−→ Tx. T is 
alled quasi Levi (quasi σ-Levi) if T takes

ς-bounded in
reasing nets/sequen
es in X+ to o-Cau
hy ones.
(c) Assuming X = (X, ς) and Y = (Y, τ) be both lo
ally solid latti
es, T is 
alled

KB (σ-KB) if, for every ς-bounded in
reasing net (sequen
e) xα in X+, there exists

(not ne
essarily unique) x ∈ X su
h that Txα
τ−→ Tx. T is 
alled quasi KB (quasi

σ-KB) if T takes ς-bounded in
reasing nets/sequen
es in X+ to τ -Cau
hy ones.
It was shown in Proposition 1.2 of [1℄ that an operator T is quasi KB i� T is

quasi σ-KB. The following is Theorem 2.1 of [1℄.

Theorem 1. Let X be a ve
tor latti
e and (Y, τ) be a lo
ally 
onvex Lebesgue

latti
e whi
h is either Dedekind 
omplete or τ -
omplete. Then the spa
e Lroτc(X,Y )
of regular oτ -
ompa
t operators is a band of the latti
e Lr(X,Y ) of all regular

operators from X to Y .

It was shown in Propositions 2.1 and 2.2 of [1℄ that: ea
h regular operator T
from a ve
tor latti
e X to a lo
ally solid latti
e (Y, τ) is oτ -bounded; and a weakly

ontinuous regular operator T from a Lebesgue (σ-Lebesgue) latti
e (X, ς) to a lo
ally
solid latti
e (Y, τ) is Lebesgue (σ-Lebesgue). The following is Theorem 2.2 of [1℄.

Theorem 2. Ea
h regular Lebesgue operator from a ve
tor latti
e X to a lo
ally

solid latti
e (Y, τ) is quasi Lebesgue.

It was observed in Propositions 2.7, 2.5 and in Remarks 2.2, 2.3 of [1℄ that:

(1) any 
ontinuous operator T from a lo
ally solid latti
e (X, ς) to a topologi
al

ve
tor spa
e (Y, τ) is oτ -bounded; (2) any regular operator from a laterally σ-
om-
plete ve
tor latti
e X to a σ-Lebesgue latti
e (Y, τ) is σ�Lebesgue; (3) any positive
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operator from a lo
ally solid latti
e (X, ς) to a laterally σ-
omplete lo
ally solid

latti
e (Y, τ) is quasi Lebesgue; (4) any 
ontinuous positive operator from a laterally

σ-
omplete lo
ally solid latti
e (X, ς) to a lo
ally solid latti
e (Y, τ) is quasi Lebesgue;
and (5) any 
ontinuous operator from a laterally σ-
omplete Fatou latti
e (X, ς) to
a lo
ally solid latti
e (Y, τ) is Lebesgue. It was proved in Lemma 2.1 of [1℄ that a

regular operator T from a ve
tor latti
e X to a lo
ally solid latti
e (Y, τ) is Lebesgue
(σ-Lebesgue) i� T is oτ -
ontinuous (σoτ -
ontinuous).

Next we dis
uss the domination properties of positive operators. Let T and S
be positive operators between ve
tor latti
es X and Y satisfying 0 6 S 6 T . When

does the assumption that T is Lebesgue, oτ -
ontinuous, oτ -bounded, oτ -
ompa
t,
KB, or Levi imply that S has the same property?

It has trivially positive answer for Lebesgue; σ-Lebesgue; and oτ -bounded ope-

rators from a ve
tor latti
e to a lo
ally solid latti
e. Also, for oτ -
ompa
t operators
from a ve
tor latti
e X to a lo
ally 
onvex Lebesgue latti
e (Y, τ) whi
h is either

Dedekind 
omplete or τ -
omplete due to Theorem 5.10 of [2℄. ForKB (σ-KB) latti
e
homomorphisms between lo
ally solid latti
es by the following proposition whi
h is

Corollary 2.3 of [1℄.

Proposition 1. Let T be a KB (σ-KB) latti
e homomorphism between lo
ally

solid latti
es (X, ς) and (Y, τ). Then ea
h S satisfying 0 6 S 6 T is also a KB
(σ-KB) latti
e homomorphism.

For quasiKB operators between lo
ally solid latti
es by the theorem below whi
h

is Theorem 2.6 of [1℄.

Theorem 3. Let T be a positive quasiKB operator between lo
ally solid latti
es

(X, ς) and (Y, τ). Then ea
h operator S : X → Y with 0 6 S 6 T is also quasi KB.

For quasi Levi operators from a lo
ally solid latti
e to a ve
tor latti
e by the

theorem below whi
h is Theorem 2.7 of [1℄.

Theorem 4. Let T be a positive quasi Levi operator from a lo
ally solid lat-

ti
e (X, ς) to a ve
tor latti
e Y . Then ea
h operator S : X → Y with 0 6 S 6 T is

also quasi Levi.

It is well known that the modulus |T | of an order bounded disjointness preserving
operator T between ve
tor latti
es X and Y exists and satis�es |T ||x| = |T |x|| = |Tx|
for all x ∈ X, and there exist latti
e homomorphisms R1, R2 : X → Y with

T = R1 −R2. It was proved in Theorem 2.5 of [1℄ that for any order bounded

disjointness preserving KB (σ-KB) operator T between lo
ally solid latti
es (X, ς)
and (Y, τ) every operator S satisfying |S| 6 |T | is also KB (σ-KB). Sin
e 0 6 S 6 T
with a latti
e homomorphism T implies that S is also a latti
e homomorphism it

follows that for ea
h KB (σ-KB) latti
e homomorphism T between lo
ally solid

latti
es (X, ς) and (Y, τ) every operator S satisfying 0 6 S 6 T is also a KB
(σ-KB) latti
e homomorphism.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÎÁ ÎÏÅ�ÀÒÎ�ÀÕ ÎÁ�ÀÒÍÎ�Î ÑÄÂÈ�À

Â ÏÎËÈÖÈËÈÍÄ�È×ÅÑÊÈÕ ÎÁËÀÑÒßÕ

Ï. À. Èâàíîâ

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïóñòü Ω � ïîëèöèëèíäðè÷åñêàÿ îáëàñòü â C
N
: Ω = Ω1 × · · · × ΩN , ãäå Ωj ,

j ∈ PN , � îáëàñòè â C. Ñèìâîë A(Ω) îáîçíà÷àåò ïðîñòðàíñòâî âñåõ �óíêöèé,

àíàëèòè÷åñêèõ â Ω, ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ Ω. Â äî-

êëàäå èäåò ðå÷ü î ìíîãîìåðíîé âåðñèè îïåðàòîðà îáðàòíîãî ñäâèãà â A(Ω). Ïóñòü
äëÿ N ∈ N ñèìâîë PN îáîçíà÷àåò ìíîæåñòâî {1, 2, · · · , N}. Äëÿ t = (tj)

N
j=1,

z = (zj)
N
j=1 ∈ C

N
, j ∈ PN , ÷åðåç tj,z îáîçíà÷èì òî÷êó â C

N
, ïîëó÷åííóþ èç t

çàìåíîé j-é êîîðäèíàòû íà zj , ò. å. (tj,z)k := zj , åñëè k = j è (tj,z)k = tj , åñëè
k 6= j. ×àñòíûå îïåðàòîðû îáðàòíîãî ñäâèãà îïðåäåëèì òàê. Ïóñòü �óíêöèÿ f

ãîëîìîð�íà â îáëàñòè Ω. Äëÿ j ∈ PN , z, t ∈ Ω ïîëîæèì Dj,z(f)(t) :=
f(t)−f(tj,z )

tj−zj ,

åñëè tj 6= zj .
Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà H ÷åðåç L (H) îáîçíà÷èì ïðîñòðàí-

ñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â H. ßñíî, ÷òî Dj,z ∈ L (A(Ω)),
j ∈ PN , z ∈ Ω.

Îïåðàòîðû Dj,z, j ∈ PN , ïîïàðíî ïåðåñòàíîâî÷íû è åñòåñòâåííî äëÿ α ∈ N
N
0 ,

z ∈ Ω ââåñòè îïåðàòîðû Dα
z , äåéñòâóþùèå â A(Ω), ñëåäóþùèì îáðàçîì:

Dα
z := Dα1

1,zD
α2
2,z · · ·D

αN
N,z. Ñëåäóÿ Ç. Áèíäåðìàíó [1℄, ñ îïåðàòîðàìè Dα

0 , α ∈ N
N
0

(N0 := N∪{0}), êàê è â ñëó÷àå N = 1, ìîæíî ñâÿçàòü èõ ñäâèãè Tz, z ∈ C
N
. Îíè

îïðåäåëÿþòñÿ òàêèì îáðàçîì, ÷òîáû äëÿ ìíîãî÷ëåíîâ f âûïîëíÿëîñü ðàâåíñòâî
Tz(f) =

∑
α∈NN

0
zαDα

0 (f), åñëè Ω ñîäåðæèò 0.

Äëÿ z ∈ Ω, j ∈ PN , f ∈ A(Ω) ïîëîæèì Tj,z(f)(t) :=
tjf(t)−zjf(tj,z)

tj−zj , åñ-

ëè tj 6= zj , è Tz = T1,zT2,z · · ·TN,z. Âñå îïåðàòîðû Tj,z ëèíåéíû è íåïðåðûâ-

íû â A(Ω). Ïðèâåäåì îïèñàíèå êîììóòàíòà KΩ(D0) ñèñòåìû {Dj,0 : j ∈ PN}
â àëãåáðå L (A(Ω)), ò. å ìíîæåñòâà âñåõ îïåðàòîðîâ B ∈ L (A(Ω)) òàêèõ, ÷òî
BDj,0 = Dj,0B â A(Ω) äëÿ ëþáîãî j ∈ PN . ßñíî, ÷òî KΩ(D0) ñîâïàäàåò ñ ìíîæå-
ñòâîì âñåõ B ∈ L (A(Ω)), ïåðåñòàíîâî÷íûõ ñ êàæäûì îïåðàòîðîì Dα

0 , α ∈ N
N
0 .

Ïóñòü KΩ(T )� ìíîæåñòâî âñåõ îïåðàòîðîâ B ∈ L (A(Ω)) òàêèõ, ÷òî BTz = TzB
íà A(Ω) äëÿ ëþáîãî z ∈ Ω.

Äàëåå A(Ω)′ îáîçíà÷àåò òîïîëîãè÷åñêîå ñîïðÿæåííîå ê A(Ω).

Òåîðåìà 1. Ïóñòü Ω = Ω1×· · ·×ΩN , ãäå Ωj , j ∈ PN , � îäíîñâÿçíûå îáëàñòè

â C, ñîäåðæàùèå 0. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

(i) B ∈ KΩ(D0).
(ii) B ∈ KΩ(T ).
(iii) Ñóùåñòâóåò �óíêöèîíàë ϕ ∈ A(Ω)′ òàêîé, ÷òî B(f)(z) = ϕ(Tz(f)), z ∈ Ω,

f ∈ A(Ω).
Ïóñòü C[z] � ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ ïåðåìåííûõ zj ∈ C, j ∈ PN .

Äëÿ P (z) =
∑

α cαz
α ∈ C[z] ïîëîæèì P (D0) :=

∑
α cαD

α
0 . Ïóñòü C[D0] :=
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{P (D0) : P ∈ C[z]}. ßñíî, ÷òî C[D0] ⊂ KΩ(D0). Íèæå èñïîëüçóåòñÿ òîïî-

ëîãèÿ ïîòî÷å÷íîé ñõîäèìîñòè â KΩ(D0). Îíà çàäàåòñÿ ìíîæåñòâîì ïðåäíîðì

pK,∆(B) := maxf∈∆ maxz∈K |B(f)(z)|, ãäå K ïðîáåãàåò ñåìåéñòâî âñåõ êîìïàêò-

íûõ ïîäìíîæåñòâ Ω, à ∆ � ñåìåéñòâî âñåõ êîíå÷íûõ ïîäìíîæåñòâ A(Ω).

Ñëåäñòâèå 1. Ìíîæåñòâî C[D0] ïëîòíî â KΩ(D0), íàäåëåííîì òîïîëîãèåé

ïîòî÷å÷íîé ñõîäèìîñòè.

Ñëåäñòâèå 2. Äëÿ ëþáîãî íåíóëåâîãî �óíêöèîíàëà ϕ ∈ A(Ω)′ îïåðàòîð
Bϕ : A(Ω) → A(Ω), h 7→ ϕ(Tz(h)), z ∈ Ω, ñþðúåêòèâåí. Ïðè N = 1 îí èìååò

ëèíåéíûé íåïðåðûâíûé ïðàâûé îáðàòíûé.

Ñèìâîëîì CyclΩ(D0) îáîçíà÷èì ìíîæåñòâî âñåõ öèêëè÷åñêèõ âåêòîðîâ ñè-

ñòåìû D0 = {Dj,z : j ∈ PN}, ò. å. �óíêöèé f ∈ A(Ω) òàêèõ, ÷òî ñèñòåìà

{Dα
0 (f) : α ∈ N

N
0 } ïîëíà â A(Ω).

Òåîðåìà 2. Ïóñòü Ω = Ω1×· · ·×ΩN , ãäå Ωj , j ∈ PN , � îäíîñâÿçíûå îáëàñòè

â C, ñîäåðæàùèå 0. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

(i) f ∈ CyclΩ(D0).
(ii) f ∈ A(Ω) è f îòëè÷íà îò ðàöèîíàëüíîé �óíêöèè.

Ïðè äîêàçàòåëüñòâå ýòîãî ðåçóëüòàòà èñïîëüçóþòñÿ ìíîãîìåðíûå �îðìóëû

Ñîõîöêîãî.

Ñëåäñòâèå 3. Äëÿ öåëîé â C
N
�óíêöèè f ñëåäóþùèå óòâåðæäåíèÿ ðàâíî-

ñèëüíû:

(i) f ∈ CyclCN (D0).
(ii) f îòëè÷íà îò ìíîãî÷ëåíà.

Îòìåòèì, ÷òî òåîðåìû 1 è 2 ðàíåå áûëè äîêàçàíû äëÿ N = 1. Äëÿ N > 1
îíè îïóáëèêîâàíû â [2℄ (ñì. çäåñü îáçîð ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè).

Ëèòåðàòóðà
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Î ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂÀÕ Ï�ÎÑÒ�ÀÍÑÒÂÀ ÖÅËÛÕ ÔÓÍÊÖÈÉ,

ÈÍÂÀ�ÈÀÍÒÍÛÕ ÎÒÍÎÑÈÒÅËÜÍÎ ÎÏÅ�ÀÒÎ�À

ÎÁÎÁÙÅÍÍÎ�Î ÎÁ�ÀÒÍÎ�Î ÑÄÂÈ�À

Î. À. Èâàíîâà

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïóñòü H(C) � ïðîñòðàíñòâî âñåõ öåëûõ â C �óíêöèé ñ òîïîëîãèåé êîìïàêò-

íîé ñõîäèìîñòè. Ôóíêöèÿ g0 ∈ H(C) òàêàÿ, ÷òî g0(0) = 1, çàäàåò îïåðàòîð

îáîáùåííîãî îáðàòíîãî ñäâèãà (îäíîìåðíîå âîçìóùåíèå îïåðàòîðà îáðàòíîãî

ñäâèãà) D0,g0(f)(t) :=
f(t)−g0(t)f(0)

t , ëèíåéíûé è íåïðåðûâíûé â H(C). Â äîêëà-

äå èäåò ðå÷ü î ñîáñòâåííûõ çàìêíóòûõ èíâàðèàíòíûõ ïîäïðîñòðàíñòâàõ D0,g0

âH(C). Åñëè ìíîæåñòâî Z(g0) íóëåé g0 íåïóñòî, òî nλ îáîçíà÷àåò êðàòíîñòü íóëÿ
λ ∈ Z(g0). Êðàòíûì ìíîãîîáðàçèåì â C íàçûâàåòñÿ êîíå÷íàÿ èëè áåñêîíå÷íàÿ

ïîñëåäîâàòåëüíîñòü W ïàð (µ,mµ), ãäå Z(W ) := {µ} � äèñêðåòíîå ïîäìíîæå-

ñòâî C è mµ ∈ N. Äëÿ íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W = {(µ,mµ)} â C

ââåäåì ìíîæåñòâî

S(W ) :=
{
f ∈ H(C)

∣∣ f (j)(µ) = 0, 0 6 j 6 mµ − 1 äëÿ ëþáîãî µ
}
.

Äëÿ êðàòíûõ ìíîãîîáðàçèé W = {(µ,mµ)} è V = {(λ, nλ)} â C áóäåì ïèñàòü

W ≺ V , åñëè Z(W ) ⊂ Z(V ) èmµ 6 nµ äëÿ ëþáîãî µ ∈ Z(W ). Íèæå ñèìâîë D(g0)
îáîçíà÷àåò ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p òàêèõ, ÷òî p(0) = 1 è �óíêöèÿ g0/p
ãîëîìîð�íà â C. Ïóñòü C[z] � êîëüöî âñåõ ìíîãî÷ëåíîâ íàä ïîëåì C, C[z]n �

ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ ñòåïåíè íå âûøå n (n > 0) íàä ïîëåì C.

Òåîðåìà. (I) Ïðåäïîëîæèì, ÷òî g0 íå èìååò íóëåé â C.

(i) Äëÿ ëþáîãî öåëîãî n > 0 ìíîæåñòâî g0C[z]n ÿâëÿåòñÿ ñîáñòâåííûì çàìêíó-

òûì D0,g0-èíâàðèàíòíûì ïîäïðîñòðàíñòâîì H(C).
(ii) Äëÿ ëþáîãî ñîáñòâåííîãî çàìêíóòîãî D0,g0-èíâàðèàíòíîãî ïîäïðîñòðàí-

ñòâà S ïðîñòðàíñòâà H(C) ñóùåñòâóåò öåëîå n > 0 òàêîå, ÷òî S = g0C[z]n(S).
(II) Ïðåäïîëîæèì, ÷òî g0 èìååò íóëè â C.

(iii) Äëÿ ëþáîãî íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W ≺ W (g0) â C ìíîæå-

ñòâî S(W ) ÿâëÿåòñÿ ñîáñòâåííûì çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîäïðîñòðàí-

ñòâîì H(C).
(iv) Äëÿ ëþáûõ ìíîãî÷ëåíà p ∈ D(g0), öåëîãî n > 0 òàêîãî, ÷òî n > deg(p)− 1,
ìíîæåñòâî

g0
p C[z]n ÿâëÿåòñÿ ñîáñòâåííûì çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîä-

ïðîñòðàíñòâîì H(C).
(v) Äëÿ ëþáîãî ñîáñòâåííîãî çàìêíóòîãî D0,g0-èíâàðèàíòíîãî ïîäïðîñòðàí-

ñòâà S ïðîñòðàíñòâà H(C) ëèáî ñóùåñòâóåò íåïóñòîå êðàòíîå ìíîãîîáðàçèå

W ≺ W (g0), äëÿ êîòîðîãî S = S(W ), ëèáî íàéäóòñÿ ìíîãî÷ëåí p ∈ D(g0),
öåëîå n > 0 òàêîå, ÷òî n > deg(p)− 1, äëÿ êîòîðûõ S = g0

p C[z]n.

Ñëåäñòâèå. Îïåðàòîð D0,g0 ÿâëÿåòñÿ â H(C) îäíîêëåòî÷íûì òîãäà è òîëüêî

òîãäà, êîãäà �óíêöèÿ g0 íå èìååò íóëåé â C.
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Ñ ïîìîùüþ ïðèâåäåííîé òåîðåìû îïèñûâàþòñÿ ñîáñòâåííûå çàìêíóòûå èäå-

àëû â àëãåáðå âñåõ öåëûõ �óíêöèé ýêñïîíåíöèàëüíîãî òèïà, óìíîæåíèåì â êî-

òîðîé ÿâëÿåòñÿ îáîáùåííîå ïðîèçâåäåíèå Äþàìåëÿ.

Ïðèâåäåííûå ðåçóëüòàòû ñîäåðæàòñÿ â [1, 2℄.
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ïðîèçâåäåíèå Äþàìåëÿ // Âëàäèêàâê. ìàò. æóðí.�2020.�Ò. 22, � 3.�Ñ. 72�84.
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Î Ê�ÈÒÅ�ÈßÕ ÍÅÏ�Å�ÛÂÍÎÑÒÈ ÊËÀÑÑÈ×ÅÑÊÈÕ ÎÏÅ�ÀÒÎ�ÎÂ

ÍÀ ÂÅÑÎÂÛÕ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ ÁÅ��ÌÀÍÀ, ÁËÎÕÀ È ÔÎÊÀ

Þ. Â. Êîðàáëèíà

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

�àññìàòðèâàåòñÿ çàäà÷à î íåïðåðûâíîñòè êëàññè÷åñêèõ îïåðàòîðîâ, äåéñòâó-

þùèõ â âåñîâûõ êâàçèáàíàõîâûõ ïðîñòðàíñòâàõ ãîëîìîð�íûõ �óíêöèé. Îò-

ïðàâíûå ðåçóëüòàòû äëÿ íàñòîÿùåãî èññëåäîâàíèÿ ñîäåðæàòñÿ â ðàáîòå Í. Çîð-

áîñêà [1℄, ãäå äëÿ ñëó÷àÿ áàíàõîâûõ ïðîñòðàíñòâ áûë óñòàíîâëåí àáñòðàêòíûé

êðèòåðèé è ïîëó÷åíà �îðìóëà âû÷èñëåíèÿ íîðìû ïðîèçâîëüíîãî ëèíåéíîãî îïå-

ðàòîðà, à òàêæå ðàçðàáîòàíû ïðèëîæåíèÿ ê êîíêðåòíûì ïðîñòðàíñòâàì è îïå-

ðàòîðàì.

Îñíîâíîé öåëüþ ðàáîòû, êîòîðîé ïîñâÿùåí äîêëàä, ÿâëÿåòñÿ �îðìóëèðîâêà

êðèòåðèåâ íåïðåðûâíîñòè ïðîèçâîëüíîãî ëèíåéíîãî îïåðàòîðà â òåðìèíàõ äåëü-

òà � �óíêöèé è èõ êîíêðåòíûõ ðåàëèçàöèé â ïðîñòðàíñòâàõ Áåðãìàíà, Áëîõà

è Ôîêà.

Ïóñòü G � îáëàñòü êîìïëåêñíîé ïëîñêîñòè C; H(G) � ïðîñòðàíñòâî âñåõ

�óíêöèé, ãîëîìîð�íûõ â G, ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàê-

òàõ èç G; v � âåñ íà G, ò. å. íåïðåðûâíàÿ ïîëîæèòåëüíàÿ íà G �óíêöèÿ. Ïî-

ðîæäåííîå ýòèì âåñîì áàíàõîâî ïðîñòðàíñòâî çàäàåòñÿ ñëåäóþùèì îáðàçîì:

Hv(G) =

{
f ∈ H(G), ‖f‖v = sup

z∈G

|f(z)|
v(z)

<∞
}
.

Âñþäó äàëåå X � êâàçèáàíàõîâî ïðîñòðàíñòâî ñ êâàçèíîðìîé ‖ · ‖, íåïðåðûâíî
âëîæåííîå âH(G). X∗

� ñîïðÿæåííîå ñX ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ

�óíêöèîíàëîâ íà X ñ ñîïðÿæåííîé íîðìîé ‖·‖∗, à δz � äåëüòà-�óíêöèÿ Äèðàêà

äëÿ �èêñèðîâàííîé òî÷êè z ∈ G, ò. å. δz : f 7→ f(z), f ∈ H(G).
Â ðàáîòå ñ�îðìóëèðîâàíà òåîðåìà, êîòîðàÿ ÿâëÿåòñÿ îáîáùåíèåì àáñòðàêò-

íîãî êðèòåðèÿ [1, òåîðåìà 2.1℄.

Òåîðåìà 1. Ïóñòü v � ïðîèçâîëüíûé âåñ íà G. Ëèíåéíûé îïåðàòîð

T : X 7→ Hv(G) êîððåêòíî îïðåäåëåí è îãðàíè÷åí òîãäà è òîëüêî òîãäà, êîãäà

âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

a) δz(T ) ∈ X∗
, ∀ z ∈ G;

á) sup
z∈G

‖δz(T )‖∗
v(z) <∞.

Íà îñíîâàíèè ýòîãî ðåçóëüòàòà ïîëó÷åí êðèòåðèé íåïðåðûâíîñòè îïåðàòîðà

Âîëüòåððà íà ïðîñòðàíñòâå Áåðãìàíà.

Ñëåäñòâèå 1. Ïóñòü v � ðàäèàëüíàÿ âåñîâàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ

óñëîâèþ

0 < lim inf
r→1−

(1− r) v′(r)
v(r)

6 lim sup
r→1−

(1− r) v′(r)
v(r)

<∞, (1)
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g � �èêñèðîâàííàÿ �óíêöèÿ èç H(D). Îïåðàòîð Âîëüòåððà Tg : Apα → Hv(D)
íåïðåðûâåí òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî ñëåäóþùåå óñëîâèå:

sup
z∈D

(1− |z|)1−
α+2
p |g′(z)|

v(z)
<∞.

Äàëåå óñòàíîâëåí êðèòåðèé íåïðåðûâíîñòè îïåðàòîðà Âîëüòåððà íà ïðî-

ñòðàíñòâå Áëîõà.

Ñëåäñòâèå 2. Ïóñòü v(r) =
(

1
1−r
)β

lnp
(

1
1−r
)
, X ⊂ H(D) � áàíàõîâî ïðî-

ñòðàíñòâî, âëîæåííîå â H(D), g � �èêñèðîâàííàÿ �óíêöèÿ èç H(D). Îïåðàòîð
Âîëüòåððà Vg : X → Bv(D) íåïðåðûâåí òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî

ñëåäóþùåå óñëîâèå:

sup
z∈D

(1− |z|)β |g′(z)| ‖δz‖∗
lnp 1

1−|z|
<∞.

Íàêîíåö, ïîêàçàíî, ÷òî ðåçóëüòàòû, ïîëó÷åííûå â äàííîì íàïðàâëåíèè, ïðèìå-

íèìû ê ðàíåå íå èññëåäîâàâøèìñÿ ïðîñòðàíñòâàì Ôîêà F pψ, ãäå ψ(z) =
ap
q |z|q �

ðàäèàëüíûé âåñ. Ïðè ýòîì ψ : [0,∞) → [0,∞) � âîçðàñòàþùàÿ �óíêöèÿ êëàñ-

ñà C2
íà [0,∞) ñ ïîëîæèòåëüíûì ëàïëàñèàíîì ∆ψ â C, äëÿ êîòîðîé ñóùåñòâóåò

�óíêöèÿ τ òàêàÿ, ÷òî
a) lim

r→∞
τ(r) = lim

r→∞
τ ′(r) = 0;

á) ëèáî ïðè íåêîòîðîì C > 0 �óíêöèÿ τ(r) rC âîçðàñòàåò, ëèáî

lim
r→∞

τ ′(r) ln 1
τ(r) = 0,

è âûïîëíÿåòñÿ óñëîâèå (∆ψ(z))−1/2 ≃ τ(|z|), |z| > 1.

Ñëåäñòâèå 3. Îïåðàòîð Âîëüòåððà Tg : X → Fψ∞ îãðàíè÷åí òîãäà è òîëüêî

òîãäà, êîãäà

sup
z∈C

|g(z)| ‖δz‖∗
(1 + ψ′(|z|)) eψ(z) <∞.

Ëèòåðàòóðà

1. Zorboska N. Intrinsi
 operators from holomorphi
 fun
tion spa
es to growth spa
es // Integr.

Equ. Oper. Theory.�2017.�Vol. 87, � 4.�P. 581�600.

2. Abanin A. V., Pham Trong Tien. Di�erentiation and integration operators on weighted spa
es

of holomorphi
 fun
tions // Math. Na
hr.�2017.�Vol. 290, � 8�9.�P. 1144�1162.
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UNIFORM CONVERGENCE OF FOURIER SERIES IN A SOBOLEV

ORTHOGONAL SYSTEM OF POLYNOMIALS ASSOCIATED

WITH JACOBI POLYNOMIALS

M. G. Magomed-Kasumov

(Russia, Vladikavkaz; SMI VSC RAS)

Let W r
Lp
ρ
=W r

Lp
ρ
[−1, 1] be a Sobolev spa
e, 
onsisting of r− 1-times 
ontinuously

di�erentiable on [−1, 1] fun
tions f su
h that f (r−1)
is absolutely 
ontinuous

and f (r) ∈ Lpρ[−1, 1], where Lpρ = Lpρ[−1, 1] � weighted Lebesgue spa
e and

ρ(x) = ρ(α, β;x) is Ja
obi weight. For p = 2 in the spa
e W r
Lp
ρ
one 
an introdu
e

the Sobolev-type inner produ
t:

〈f, g〉 =
r−1∑

k=0

f (k)(−1)g(k)(−1) +

1∫

−1

f (r)(x)g(r)(x)ρ(x) dx. (1)

Consider the system of fun
tions P
α,β
r =

{
Pα,βr,k

}
:

Pα,βr,k (x) =
(x+ 1)k

k!
, k = 0, 1, . . . , r − 1,

Pα,βr,k (x) =
1

(r − 1)!

x∫

−1

(x− t)r−1P̂ α,β
k−r(t) dt, k = r, r + 1, . . . , (2)

where

{
P̂ α,β
n

}∞
n=0

� orthonormal system of Ja
obi polynomials. It 
an be shown

that the system (2) is orthonormal with respe
t to (1) [1℄. System P
α,β
r is 
alled

a system of polynomials, orthogonal in Sobolev sense and asso
iated with Ja
obi

polynomials Pα,βn .

Theorem 1. Let α, β > −1, A,B ∈ R, p > 1. For any f ∈W r
Lp
ρ(A,B)

[−1, 1], r > 1,

Fourier series in system P
α,β
r 
onverges to f(x) in the norm of W r

Lp
ρ(A,B)

[−1, 1] if and

only if

∣∣∣∣
A+ 1

p
− α+ 1

2

∣∣∣∣ < min

{
1

4
,
α+ 1

2

}
,

∣∣∣∣
B + 1

p
− β + 1

2

∣∣∣∣ < min

{
1

4
,
β + 1

2

}
.

Theorem 2. If f ∈ W r
L1
ρ(α,β)

, r > 1, −1 < α, β 6 0, then Fourier series of f in

system P
α,β
r 
onverges uniformly on [−1, 1] to f .

Referen
es

1. Sharapudinov I. I. Sobolev-orthogonal systems of fun
tions asso
iated with an orthogonal

system // Izv. Math.�2018.�Vol. 82, � 1. �P. 212�244.
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ÈÍÂÀ�ÈÀÍÒÍÛÅ ÏÎÄÏ�ÎÑÒ�ÀÍÑÒÂÀ ÎÏÅ�ÀÒÎ�À ÎÁÎÁÙÅÍÍÎ�Î

ÎÁ�ÀÒÍÎ�Î ÑÄÂÈ�À È �ÀÖÈÎÍÀËÜÍÛÅ ÔÓÍÊÖÈÈ

Ñ. Í. Ìåëèõîâ

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Ïóñòü Ω � îäíîñâÿçíàÿ îáëàñòü â C, ñîäåðæàùàÿ òî÷êó 0; H(Ω) � ïðîñòðàí-

ñòâî âñåõ ãîëîìîð�íûõ â Ω �óíêöèé ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà

êîìïàêòàõ Ω. Ôóíêöèÿ g0 ∈ H(Ω) òàêàÿ, ÷òî g0(0) = 1, çàäàåò îïåðàòîð îáîá-

ùåííîãî îáðàòíîãî ñäâèãà D0,g0(f)(t) :=
f(t)−g0(t)f(0)

t , ëèíåéíûé è íåïðåðûâíûé

â H(Ω).
Â äîêëàäå èäåò ðå÷ü î ñîáñòâåííûõ çàìêíóòûõ D0,g0-èíâàðèàíòíûõ ïîäïðî-

ñòðàíñòâàõ H(Ω) â ñëó÷àå Ω 6= C. Ïóñòü C[z]n, n > 0, � ïðîñòðàíñòâî âñåõ

ìíîãî÷ëåíîâ íàä ïîëåì C ñòåïåíè íå âûøå n; C[z]−∞ := {0}. Êðàòíûì ìíîãî-

îáðàçèåì â Ω íàçûâàåòñÿ êîíå÷íàÿ èëè áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü W ïàð

(λk,mk), ãäå {λk} � äèñêðåòíîå ïîäìíîæåñòâî Ω è mk ∈ N äëÿ ëþáîãî k. Äëÿ
íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W = {(λk,mk)} â Ω ââåäåì ìíîæåñòâî

S(W ) :=
{
f ∈ H(Ω)

∣∣ f (j)(λk) = 0, 0 6 j 6 mk − 1 äëÿ ëþáîãî k
}
;

S(W ) � ñîáñòâåííîå çàìêíóòîå ïîäïðîñòðàíñòâî H(Ω).
Ââåäåì äðîáè qλ,k(t) := 1

(t−λ)k , λ ∈ C, k ∈ N. Åñëè Ω 6= C è Υ � êîíå÷íîå

êðàòíîå ìíîãîîáðàçèå â C\Ω, ò. å. Υ = {(λ, nλ) | λ ∈ Λ}, ãäå nλ ∈ N, Λ � êîíå÷íîå

ïîäìíîæåñòâî C\Ω, òî ïîëîæèì

C
−
Υ(z) := span

{
qλ,k

∣∣ λ ∈ Λ, 1 6 k 6 nλ
}
.

Ïðè ýòîì spanU îáîçíà÷àåò ëèíåéíóþ îáîëî÷êó ïîäìíîæåñòâà U ëèíåéíîãî

ïðîñòðàíñòâà. Åñëè Υ ïóñòî, òî ïîëàãàåì C
−
Υ(z) := {0}.

Íèæå ñèìâîë D(g0) îáîçíà÷àåò ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p òàêèõ, ÷òî

p(0) = 1, �óíêöèÿ g0/p ãîëîìîð�íà â Ω è p íå èìååò êîðíåé â C\Ω. Åñëè g0 ≡ 1,
òî D(g0) = {g0}.

Ïóñòü W (g0) � íóëåâîå ìíîãîîáðàçèå g0, ò. å. ìíîæåñòâî âñåõ ïàð (µ, n(µ)),
µ ∈ Z(g0), ãäå Z(g0) � ìíîæåñòâî âñåõ íóëåé g0 â Ω, à n(µ) � êðàòíîñòü íóëÿ

µ ∈ Z(g0). Äëÿ íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W = {(λk,mk)} â Ω áóäåì

ïèñàòü W ≺W (g0), åñëè {λk} ⊂ Z(g0) è mk 6 n(λk) äëÿ ëþáîãî k.

Òåîðåìà 1 [1℄. Ïóñòü Ω � îäíîñâÿçíàÿ îáëàñòü â C, ñîäåðæàùàÿ òî÷êó 0,
Ω 6= C è �óíêöèÿ g0 íå èìååò íóëåé â Ω.

(i) Äëÿ ëþáîãî n ∈ N∪{−∞, 0}, êîíå÷íîãî èëè ïóñòîãî ìíîæåñòâà Λ ⊂ C\Ω,
êðàòíîãî ìíîãîîáðàçèÿ Υ = {(λ, nλ) | λ ∈ Λ} â C\Ω ìíîæåñòâî g0(C[z]n+C

−
Υ(z))

ÿâëÿåòñÿ çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîäïðîñòðàíñòâîì H(Ω). Ïðè ýòîì

îíî ÿâëÿåòñÿ ñîáñòâåííûì òîãäà è òîëüêî òîãäà, êîãäà n 6= −∞ èëè Λ íåïó-

ñòî.
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(ii) Äëÿ ëþáîãî ñîáñòâåííîãî çàìêíóòîãî D0,g0-èíâàðèàíòíîãî ïîäïðîñòðàí-

ñòâà S ïðîñòðàíñòâà H(Ω) ñóùåñòâóþò n ∈ N ∪ {−∞, 0}, êîíå÷íîå èëè ïóñòîå

êðàòíîå ìíîãîîáðàçèå Υ â C\Ω òàêèå, ÷òî n 6= −∞ èëè Υ íåïóñòî è âûïîëíÿåòñÿ

ðàâåíñòâî

S = g0
(
C[z]n + C

−
Υ(z)

)
.

Òåîðåìà 2 [1℄. Ïóñòü Ω � îäíîñâÿçíàÿ îáëàñòü â C, ñîäåðæàùàÿ òî÷êó 0,
Ω 6= C è �óíêöèÿ g0 èìååò íóëè â Ω.

(i) Äëÿ ëþáîãî íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W ≺ W (g0) â Ω ìíîæå-

ñòâî S(W ) ÿâëÿåòñÿ ñîáñòâåííûì çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîäïðîñòðàí-

ñòâîì H(Ω).
(ii) Äëÿ ëþáîãî ìíîãî÷ëåíà p∈D(g0), ëþáîãî n∈N0 òàêîãî, ÷òî n>deg(p)−1,

èëè n = −∞, êîíå÷íîãî èëè ïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ Υ = {(λ, nλ) |λ ∈ Λ}
â C\Ω ìíîæåñòâî

g0
p C[z]n + g0C

−
Υ(z) ÿâëÿåòñÿ çàìêíóòûì D0,g0-èíâàðèàíòíûì

ïîäïðîñòðàíñòâîì H(Ω). Ïðè ýòîì îíî ñîáñòâåííîå òîãäà è òîëüêî òîãäà, êîãäà

n 6= −∞ èëè Υ íåïóñòî.

(iii) Äëÿ ëþáîãî ñîáñòâåííîãî çàìêíóòîãî D0,g0-èíâàðèàíòíîãî ïîäïðîñòðàí-

ñòâà S ïðîñòðàíñòâà H(Ω) èìååò ìåñòî îäíà èç ñëåäóþùèõ ñèòóàöèé:
(a) ñóùåñòâóåò íåïóñòîå êðàòíîå ìíîãîîáðàçèå W â Ω òàêîå, ÷òî W ≺W (g0)

è S = S(W );
(b) íàéäóòñÿ ìíîãî÷ëåí p ∈ D(g0), n ∈ N0, äëÿ êîòîðûõ n > deg(p) − 1 è

S = g0
p C[z]n;

(
) íàéäåòñÿ êîíå÷íîå ìíîãîîáðàçèå Υ â C\Ω, äëÿ êîòîðîãî S = g0C
−
Υ(S)(z);

(d) ñóùåñòâóþò ìíîãî÷ëåí p ∈ D(g0), öåëîå íåîòðèöàòåëüíîå n, äëÿ

êîòîðûõ n > deg(p) − 1, è êîíå÷íîå ìíîãîîáðàçèå Υ â C\Ω òàêèå, ÷òî

S = g0
p C[z]n + g0C

−
Υ(z).
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Î ÑÂßÇÈ ÏÎËÈÍÎÌÎÂ ÁÅ�ÍØÒÅÉÍÀ È ÊÀÍÒÎ�ÎÂÈ×À

Â Ï�ÈÌÅ�Å f(x) = |2x− 1|

È. Â. Îêîðî÷êîâ (�îññèÿ, Ìîñêâà; ÌÏ�Ó),

È. Â. Òèõîíîâ (�îññèÿ, Ìîñêâà; Ì�Ó),

Â. Á. Øåðñòþêîâ (�îññèÿ, Ìîñêâà; ÍÈßÓ ÌÈÔÈ)

Äëÿ �óíêöèè f ∈ C[0, 1] ïîëèíîìû Áåðíøòåéíà ââîäÿò �îðìóëîé

Bn(f, x) =

n∑

k=0

f

(
k

n

)
Ckn x

k(1− x)n−k, n ∈ N,

ãäå Ckn � îáû÷íûå áèíîìèàëüíûå êîý��èöèåíòû. Îñíîâíûå ñâåäåíèÿ î ïîëèíî-

ìàõ Áåðíøòåéíà ñì. â [1�3℄.

Íàðÿäó ñ ïîëèíîìàìè Áåðíøòåéíà ïðåäñòàâëÿþò èíòåðåñ òàêæå ïîëèíîìû

Êàíòîðîâè÷à

Kn(f, x) = (n+ 1)
n∑

k=0

(k+1)/(n+1)∫

k/(n+1)

f(u) du · Ckn xk(1− x)n−k, n ∈ N ∪ {0},

îïðåäåëÿåìûå ïî ñõîæåé ñõåìå íå òîëüêî äëÿ íåïðåðûâíûõ, íî è äëÿ èíòåãðèðóå-

ìûõ �óíêöèé. Ïåðâè÷íàÿ èí�îðìàöèÿ î ïîëèíîìàõ Êàíòîðîâè÷à ïðåäñòàâëåíà

â òåõ æå ðóêîâîäñòâàõ [1�3℄. Îòìåòèì, âïðî÷åì, ÷òî ïîëèíîìû Êàíòîðîâè÷à ðàñ-

ñìàòðèâàþòñÿ çíà÷èòåëüíî ðåæå, à íåêîòîðûå êîìáèíàòîðíûå è àëãåáðàè÷åñêèå

�àêòû, ê íèì îòíîñÿùèåñÿ, ïî÷òè íèêîãäà íå îáñóæàþòñÿ.

Ïîÿñíèì ñèòóàöèþ íà ïðèìåðå ïîðîæäàþùåé �óíêöèè f(x) = |2x− 1|. Óêà-
çàííûé ïðîñòîé ñèììåòðè÷íûé ìîäóëü, âçÿòûé íà ñòàíäàðòíîì îòðåçêå [0, 1],
èãðàåò îñîáóþ ðîëü â òåîðèè àïïðîêñèìàöèè. Êàê èçâåñòíî (ñì. [4, 5℄), ïîëè-

íîìû Áåðíøòåéíà â äàííîì ñëó÷àå îáëàäàþò ñëåäóþùèì ñâîéñòâîì ïîïàðíîãî

ñêëåèâàíèÿ:

B2m+1(f, x) = B2m(f, x), m ∈ N.

Ýòî ïîçâîëÿåò èçó÷àòü ïîëèíîìû Bn(f, x) òîëüêî ñ ÷åòíûìè íîìåðàìè n = 2m
èëè ñ íå÷åòíûìè íîìåðàìè n = 2m + 1. Ñâÿçü òàêèõ ïîëèíîìîâ ñ ñîîòâåòñòâó-
þùèìè ïîëèíîìàìè Êàíòîðîâè÷à âûðàæàåòñÿ ñëåäóþùèì îáðàçîì.

Òåîðåìà 1. Äëÿ �óíêöèè f(x) = |2x−1|, âçÿòîé íà îòðåçêå [0, 1], ïîëèíîìû
Áåðíøòåéíà è Êàíòîðîâè÷à ñâÿçàíû ñîîòíîøåíèÿìè

K2m(f, x) =
2m

2m+ 1
B2m+1(f, x) +

1

2(2m+ 1)
Cm2m (x(1− x))m,

K2m+1(f, x) =
2m+ 1

2m+ 2
B2m+1(f, x).

Ïðåäñòàâëåííûå �îðìóëû äåéñòâóþò ïðè âñåõ m ∈ N ∪ {0}. Ïðè m ∈ N ïîëè-

íîìû B2m+1(f, x) â íèõ ìîæíî çàìåíèòü íà B2m(f, x).
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Ïðè m = 0 èç òåîðåìû 1 èìååì K0(f, x) = K1(f, x) ≡ 1
2 , ÷òî ñîîòâåòñòâóåò

è èñõîäíîìó îïðåäåëåíèþ. Óêàæåì åùå ïðàâèëî:

K2m(f, x) =
1

2

(
2m− 1

2m+ 1
B2m−1(f, x) +B2m+1(f, x)

)
,

ïðèãîäíîå ïðè âñåõ m ∈ N.

Ïåðå÷èñëåííûå �îðìóëû â ïðèìåðå f(x) = |2x − 1| ïîçâîëÿþò ïåðåíîñèòü

íà ïîëèíîìû Êàíòîðîâè÷à ìíîãèå ðåçóëüòàòû, èçâåñòíûå ðàíåå äëÿ ïîëèíîìîâ

Áåðíøòåéíà. Òàê, íàïðèìåð, ó÷èòûâàÿ ëåãêî âû÷èñëÿåìûå çíà÷åíèÿ (ñì. [4, 5℄),

B2m+1(f, 1/2) = 2−2mCm2m , m ∈ N ∪ {0},

çàêëþ÷àåì, ÷òî

K2m(f, 1/2) =
4m+ 1

4m+ 2
2−2mCm2m , K2m+1(f, 1/2) = 2−2m−2 Cm+1

2m+2

ïðè âñåõ âîçìîæíûõ m ∈ N ∪ {0}. Âàæíîñòü òàêèõ îòâåòîâ îáúÿñíÿåòñÿ òåì,

÷òî âåëè÷èíû Kn(f, 1/2) ñîîòâåòñòâóþò ìàêñèìàëüíûì óêëîíåíèÿì íà [0, 1] ïî-
ëèíîìîâ Êàíòîðîâè÷à Kn(f, x) îò ïîðîæäàþùåé èõ �óíêöèè f(x) = |2x− 1|.

Íà îñíîâå ïðåäëîæåííîãî ïîäõîäà âîçìîæíû ñóùåñòâåííûå ïðîäâèæåíèÿ

â èññëåäîâàíèÿõ ðàñïðåäåëåíèÿ íóëåé è ñõîäèìîñòè ïîëèíîìîâ Êàíòîðîâè÷à íà

êîìïëåêñíîé ïëîñêîñòè. Íå èñêëþ÷åíî, ÷òî ìåòîä (õîòÿ áû ÷àñòè÷íî) óäàñòñÿ

ðàñïðîñòðàíèòü íà ðàöèîíàëüíûå ìîäóëè âèäà f(x) = |qx − p|. Ýòî îòêðûâàåò
øèðîêèå ïåðñïåêòèâû ïî ïðèìåíåíèþ ïðåæíèõ íàðàáîòîê [6℄.
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Î ÍÅÊÎÒÎ�ÛÕ ÑÏÅÖÈÀËÜÍÛÕ ÎÖÅÍÊÀÕ, ÑÂßÇÀÍÍÛÕ

Ñ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ ÏÎËÈÍÎÌÎÂ ÁÅ�ÍØÒÅÉÍÀ

ÍÀ ÑÈÌÌÅÒ�È×ÍÎÌ ÎÒ�ÅÇÊÅ

Ì. À. Ïåòðîñîâà

(�îññèÿ, Ìîñêâà; ÌÏ�Ó)

Êëàññè÷åñêèå ïîëèíîìû Áåðíøòåéíà èãðàþò çàìåòíóþ ðîëü â òåîðèè àï-

ïðîêñèìàöèè è ïîäðîáíî èçó÷åíû íà ñòàíäàðòíîì îòðåçêå [0, 1] (ñì. [1�3℄).
Â íåäàâíèõ ðàáîòàõ [4�6℄ ðàññìàòðèâàëèñü ðàçëè÷íûå âîïðîñû, ñâÿçàííûå ñ ïî-

ëèíîìàìè Áåðíøòåéíà íà ñèììåòðè÷íîì îòðåçêå [−1, 1]. Ýòîò ñëó÷àé çíà÷èì

ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ.

Íàïîìíèì, ÷òî äëÿ �óíêöèè f ∈ C[−1, 1] ïîëèíîìû Áåðíøòåéíà îïðåäåëÿþò

�îðìóëîé

Bn(f, x) =
1

2n

n∑

k=0

f

(
2k

n
− 1

)
Ckn (1 + x)k (1− x)n−k, n ∈ N,

ãäå Ckn � îáû÷íûå áèíîìèàëüíûå êîý��èöèåíòû. Ïîñêîëüêó ïîëèíîì Bn(f, x)
èìååò ñòåïåíü íå âûøå n, òî

Bn(f, x) =

n∑

m=0

an,m(f)x
m, n ∈ N.

Â ðàìêàõ ñïåöèàëüíîãî íàïðàâëåíèÿ [7�9℄ âîçíèêëà çàäà÷à î âîçìîæíîé ñêîðî-

ñòè ðîñòà âåëè÷èíû

Sn(f) ≡
n∑

m=0

|an,m(f)| , n ∈ N,

ò. å. ñóììû ìîäóëåé êîý��èöèåíòîâ ïîëèíîìîâ Áåðíøòåéíà ïðè ÿâíîé àëãåá-

ðàè÷åñêîé çàïèñè íà ñèììåòðè÷íîì îòðåçêå [−1, 1].
Ñîãëàñíî îáùåìó ðåçóëüòàòó �óëüå [8℄ ñïðàâåäëèâà îöåíêà

Sn(f) 6 2n ‖f‖, ‖f‖ ≡ max
−16x61

|f(x)|, n ∈ N.

Êàê ïîêàçàíî â ðàáîòå [4℄, äëÿ �óíêöèè f(x) = |x| íà [−1, 1] âåëè÷èíà Sn(f) ïðè

n→ ∞ ðàñòåò ñ ñóùåñòâåííî ìåíüøåé ñêîðîñòüþ

(
√
2 )n

n3/2 . Îêàçûâàåòñÿ, îöåíêà �ó-

ëüå ñèëüíî çàâûøåíà, ïðè÷åì íå òîëüêî â äàííîì ïðèìåðå, íî è äëÿ ïðîèçâîëü-

íîé �óíêöèè f ∈ C[−1, 1]. Òî÷íåå, ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò (ñì. [5℄).

Òåîðåìà 1. Äëÿ �óíêöèè f ∈ C[−1, 1] è âåëè÷èíû Sn(f) âåðíà îöåíêà

Sn(f) 6 2

(
3

2

)n
‖f‖, n ∈ N.
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Ïðè äîêàçàòåëüñòâå òåîðåìû 1 ñóùåñòâåííî èñïîëüçóþòñÿ íàðàáîòêè [6℄.

Íåäàâíî Â. Á. Øåðñòþêîâ ñîîáùèë íàì, ÷òî áîëåå òîíêèé àíàëèç ïîçâîëÿåò

óáðàòü ìíîæèòåëü 2 â îöåíêå èç òåîðåìû 1 è, êðîìå òîãî, îòäåëüíî äîêàçàòü

óñèëåííîå íåðàâåíñòâî

Sn(f) 6 K n
3
2

(√
2
)n ‖f‖, n ∈ N,

ñ íåêîòîðîé àáñîëþòíîé êîíñòàíòîé K > 0. Óêàçàííûé âûøå ïðèìåð ïðîñòî-

ãî ñèììåòðè÷íîãî ìîäóëÿ ïîäòâåðæäàåò òî÷íîñòü îñíîâàíèÿ

√
2 â ýêñïîíåíöè-

àëüíîé ÷àñòè ìàæîðàíòû äëÿ âåëè÷èíû Sn(f). Òåì ñàìûì, ïîñëåäíÿÿ îöåíêà

äåéñòâèòåëüíî áëèçêà ê îêîí÷àòåëüíîé.

Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü Â. Á. Øåðñòþêîâó çà áîëüøóþ ïîìîùü ïðè ðà-

áîòå íàä òåìîé.
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ÎÁ ÎÁ�ÀÇÅ ÎÒÎÁ�ÀÆÅÍÈß ÁÎ�ÅËß ÍÀ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ

ÓËÜÒ�ÀÄÈÔÔÅ�ÅÍÖÈ�ÓÅÌÛÕ ÔÓÍÊÖÈÉ ÍÎ�ÌÀËÜÍÎ�Î ÒÈÏÀ

Ä. À. Ïîëÿêîâà

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Ïóñòü ω � íåêîòîðàÿ âåñîâàÿ �óíêöèÿ; ϕ∗
ω � ñîïðÿæåííàÿ ïî Þíãó ê �óíê-

öèè ϕω(x) = ω(ex). Äëÿ áåñêîíå÷íî äè��åðåíöèðóåìîé â R �óíêöèè f , ïîñëå-
äîâàòåëüíîñòè d = (dj)

∞
j=0 êîìïëåêñíûõ ÷èñåë è ïîëîæèòåëüíûõ ÷èñåë s è l

ïîëîæèì

|f |ω,s,l := sup
j∈N0

sup
|x|6l

|f (j)(x)|
exp sϕ∗

ω(j/s)
; |̃d|ω,s := sup

j∈N0

|dj |
exp sϕ∗

ω(j/s)
.

Ââåäåì âåñîâûå ïðîñòðàíñòâà

E
p
(ω)(R) :=

{
f ∈ C∞(R) : ∀ l ∈ (0,∞), ∀ s ∈ (0, p) |f |ω,s,l <∞

}
,

E
p
{ω}(R) :=

{
f ∈ C∞(R) : ∀ l ∈ (0,∞) ∃ s ∈ (p,∞) : |f |ω,s,l <∞

}
,

êîòîðûå íàçûâàþòñÿ ñîîòâåòñòâåííî ïðîñòðàíñòâàìè Áåðëèíãà è �óìüå óëüòðà-

äè��åðåíöèðóåìûõ �óíêöèé (ÓÄÔ) íîðìàëüíîãî òèïà p ∈ (0,∞). Íà äàííûõ
ïðîñòðàíñòâàõ îïðåäåëåíî îòîáðàæåíèå Áîðåëÿ ρ : f ∈ C∞(R) 7→

(
f (j)(0)

)∞
j=0

,

êîòîðîå åñòåñòâåííûì îáðàçîì äåéñòâóåò èç E
p
(ω)(R) è E

p
{ω}(R) â âåñîâûå ïðî-

ñòðàíñòâà ïîñëåäîâàòåëüíîñòåé

Λp(ω) =
{
d = (dj)

∞
j=0 ⊂ C : ∀ s ∈ (0, p) |̃d|ω,s <∞

}
,

Λp{ω} =
{
d = (dj)

∞
j=0 ⊂ C | ∃ s ∈ (p,∞) : |̃d|ω,s <∞

}
.

Â [1℄ áûëî óñòàíîâëåíî, ÷òî íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñþðúåêòèâ-

íîñòè îòîáðàæåíèÿ ρ ÿâëÿåòñÿ ìåäëåííîå èçìåíåíèå âåñà ω.
Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà îòîáðàæåíèå ρ íå

ñþðúåêòèâíî, è ðåøàåì çàäà÷ó î òîì, ïðè êàêèõ óñëîâèÿõ îáðàçû ρ
(
E
p
(ω)(R)

)

è ρ
(
E
p
{ω}(R)

)
ñîäåðæàò â ñåáå ïðîñòðàíñòâà Λq(σ) èëè, ñîîòâåòñòâåííî, Λ

q
{σ}, ãäå

σ � íåêîòîðàÿ äðóãàÿ âåñîâàÿ �óíêöèÿ, q ∈ (0,∞). Äàííàÿ çàäà÷à ïðåäñòàâëÿåò
ñîáîé îäèí èç âàðèàíòîâ êëàññè÷åñêîé ïðîáëåìû ìîìåíòîâ [2℄.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

Òåîðåìà 1. Ïóñòü ω, σ � âåñîâûå �óíêöèè; p, q ∈ (0,∞); pω 6 qσ. Ñëåäóþ-
ùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

(1) ρ
(
E
p
(ω)(R)

)
⊃ Λq(σ);

(2) ρ
(
E
p
{ω}(R)

)
⊃ Λq{σ};
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(3) lim sup
y→∞

2

πσ(y)

∞∫

0

ω(yt)

t2 + 1
dt 6

q

p
.

Çàìåòèì, ÷òî ðàíåå àíàëîãè÷íûå ðåçóëüòàòû áûëè ïîëó÷åíû â [3℄ äëÿ ïðî-

ñòðàíñòâ E ∞
(ω)(R) è E 0

{ω}(R) ìàêñèìàëüíîãî è ìèíèìàëüíîãî òèïîâ.
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ÎÁ ÝÊÑÒ�ÅÌÀËÜÍÎÑÒÈ P -�À�ÌÎÍÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ Â R2 1

À. Ñ. �îìàíîâ

(�îññèÿ, Íîâîñèáèðñê; ÈÌ ÑÎ �ÀÍ)

Ïðè 1 < p <∞ �óíêöèÿ u íàçûâàåòñÿ p-ãàðìîíè÷åñêîé â îäíîñâÿçíîé îãðà-

íè÷åííîé îáëàñòè G ⊂ R2, åñëè u ∈ W 1
p, loc(G) è ÿâëÿåòñÿ ñëàáûì ðåøåíèåì

p-óðàâíåíèÿ Ëàïëàñà, ò. å.

∫∫

G

|∇u|p−2∇u∇ϕdxdy = 0

äëÿ âñÿêîé �óíêöèè ϕ ∈ C∞
0 (G).

Ïðè 1 < p <∞ p-ãàðìîíè÷åñêàÿ �óíêöèÿ u ∈ C1,α
loc (G), α > 1/3 (ñì. [1℄).

Ìíîæåñòâî êðèòè÷åñêèõ òî÷åê îòëè÷íîé îò ïîñòîÿííîé p-ãàðìîíè÷åñêîé
�óíêöèè

Z =
{
(x, y) ∈ G | ∇u(x, y) = 0

}

ÿâëÿåòñÿ äèñêðåòíûì, ïðè ýòîì u ∈ C∞(G \ Z) [2℄.
Äëÿ p-ãàðìîíè÷åñêîé �óíêöèè u ñóùåñòâóåò ñîïðÿæåííàÿ åé p ′

-ãàðìîíè÷å-

ñêàÿ �óíêöèÿ v (1/p + 1/p ′ = 1). Ñîïðÿæåííûå �óíêöèè ñâÿçàíû ñèñòåìîé

óðàâíåíèé 



∂v

∂y
= |∇u|p−2 ∂u

∂x
,

∂v

∂x
= −|∇u|p−2 ∂u

∂y
,

êîòîðàÿ ïðè p = 2 ïðåâðàùàåòñÿ â ñèñòåìó Êîøè � �èìàíà.

�àññìîòðèì äâà íåïåðåñåêàþùèõñÿ êîìïàêòà K0,K1 ⊂ G. Êëàññ äîïóñòè-
ìûõ �óíêöèé äëÿ ïàðû íåïåðåñåêàþùèõñÿ êîìïàêòîâ K0,K1 ⊂ G îïðåäåëèì

óñëîâèåì

D(K0,K1, G) =
{
u ∈ L1

p(G) ∩ C(G ∪K0 ∪K1)
∣∣ u|K0 = 0, u|K1 = 1

}
,

à ïðè 1 < p <∞ ñîîòâåòñòâóþùóþ p-åìêîñòü îïðåäåëèì ðàâåíñòâîì

capp(K0,K1, G) = inf
u∈D(K0,K1,G)

∫∫

G

|∇u|p dxdy.

1

�àáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÌ ÑÎ �ÀÍ, ïðîåêò � 0314-2019-

0007.
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Â ñèëó âûïóêëîñòè ìíîæåñòâà äîïóñòèìûõ �óíêöèé è ðàâíîìåðíîé âûïóê-

ëîñòè ïîñòðàíñòâà Ëåáåãà Lp ïðè p > 1 ñóùåñòâóåò åäèíñòâåííàÿ ýêñòðåìàëüíàÿ

�óíêöèÿ u0 ∈ D(K0,K1, G) òàêàÿ, ÷òî

capp(K0,K1, G) =

∫∫

G

|∇u0|p dxdy.

Êàê ðåøåíèå âàðèàöèîííîé çàäà÷è äëÿ p-èíòåãðàëà Äèðèõëå ýêñòðåìàëüíàÿ

�óíêöèÿ îêàçûâàåòñÿ p-ãàðìîíè÷åñêîé.
Ôóíêöèþ w áóäåì íàçûâàòü P-ýêñòðåìàëüíîé â îáëàñòè D ⊂ R2, åñëè îíà

ïðåäñòàâèìà â âèäå w = au+b, ãäå a, b ∈ R, à �óíêöèÿ u ÿâëÿåòñÿ ýêñòðåìàëüíîé
äëÿ p-åìêîñòè íåêîòîðîé ïàðû ìíîæåñòâ K0,K1 ⊂ D. Î÷åâèäíî, ÷òî �óíêöèÿ w
ÿâëÿåòñÿ p-ãàðìîíè÷åñêîé è ìèíèìèçèðóåò p-èíòåãðàë Äèðèõëå íà êëàññå äîïó-
ñòèìûõ �óíêöèé, ðàâíûõ b íà ìíîæåñòâå K0 è ðàâíûõ a+ b íà ìíîæåñòâå K1.

Íàñ èíòåðåñóåò ìåñòî P-ýêñòðåìàëüíûõ �óíêöèé â êëàññå âñåõ p-ãàðìîíè-
÷åñêèõ �óíêöèé. Êîíå÷íî, ïðîèçâîëüíàÿ p-ãàðìîíè÷åñêàÿ �óíêöèÿ ìîæåò è íå
áûòü P-ýêñòðåìàëüíîé âî âñåé îáëàñòè îïðåäåëåíèÿ, íî óäàåòñÿ ïîëó÷èòü ëî-

êàëüíûé ðåçóëüòàò.

Òåîðåìà. Åñëè �óíêöèÿ u ÿâëÿåòñÿ p-ãàðìîíè÷åñêîé â îáëàñòè G, à v �

ñîïðÿæåííàÿ p′-ãàðìîíè÷åñêàÿ �óíêöèÿ, òî äëÿ âñÿêîé òî÷êè x ∈ G \ Z ñóùå-

ñòâóåò îêðåñòíîñòü Ω, â êîòîðîé �óíêöèÿ ũ = u|Ω ÿâëÿåòñÿ P-ýêñòðåìàëüíîé,

à �óíêöèÿ ṽ = v|Ω ÿâëÿåòñÿ P ′
-ýêñòðåìàëüíîé.
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STRUCTURE OF ESSENTIAL SPECTRA AND DISCRETE SPECTRUM

OF FOUR-ELECTRON SYSTEMS IN THE IMPURITY HUBBARD MODEL.

TRIPLET STATE

S. M. Tashpulatov (Uzbekistan, Tashkent; INP AS RUz),

R. T. Parmanova (Uzbekistan, Tashkent; INP AS RUz)

We 
onsider four-ele
tron systems in the impurity Hubbard model and investi-

gated the stru
ture of essential spe
tra and dis
rete spe
trum of the system in the

�rst triplet state of the system. The Hamiltonian of 
onsidering system has the form

H = A
∑

m,γ

a+m,γam,γ +B
∑

m,τ,γ

a+m,γam+τ,γ + U
∑

m

a+m,↑am,↑a
+
m,↓am,↓ +

+(A0−A)
∑

γ

a+0,γa0,γ+ (B0−B)
∑

τ,γ

(a+0,γaτ,γ+ a+τ,γa0,γ) + (U0−U)a+0,↑a0,↑a
+
0,↓a0,↓.

Here A (A0) is the ele
tron energy at a regular (impurity) latti
e site; B > 0 (B0 > 0)
is the transfer integral between (between ele
tron and impurities) neighboring sites,

the summation over τ ranges the nearest neighbors, U (U0) is the parameter of the

on-site Coulomb intera
tion of two ele
trons in the regular (impurity) sites, γ is the
spin index, and a+m,γ and am,γ are the respe
tive ele
tron 
reation and annihilation

operators at a site m ∈ Zν .
The four ele
tron systems have a quintet state, three type triplet states, and

two type singlet states [1, 2℄. The Hamiltonian H a
ts in the antisymmetri
 Fo
k

spa
e Has. Let ϕ0 be the va
uum ve
tor in the spa
e Has. The �rst triplet

state 
orresponds to the free motion of four ele
trons over the latti
e and its

intera
tions with the basi
 fun
tions t1n,k,p,q∈Zν = a+n,↑a
+
k,↑a

+
p,↑a

+
q,↓ϕ0. The sub-

spa
e H t
1 , 
orresponding to the �rst triplet state is the set of all ve
tors of the

form ψt1 =
∑

n,k,p,q∈Zν f(n, k, p, q)t1n,k,p,q∈Zν , f ∈ las2 , where l
as
2 is the subspa
e of

antisymmetri
 fun
tions in the spa
e l2((Z
ν)4).

Theorem 1. The subspa
e H t
1 is invariant under the operator H, and the re-

stri
tion Ht
1 of operator H to the subspa
e H t

1 is a bounded self-adjoint operator.

It generates a bounded self-adjoint operator H
t
1 a
ting in the spa
e las2 ((Zν)4).

Let F : l2((Z
ν)4) → L2((T

ν)4) ≡ H̃ t
1 be the Fourier transform, where T ν is the

ν-dimensional torus. We set H̃t
1 = FH

t
1F

−1. In the quasimomentum representation,

the operator H
t
1 a
ts in the Hilbert spa
e Las2 ((T ν)4), where Las2 ((T ν)4) is the

subspa
e of antisymmetri
 fun
tions in L2((T
ν)4).
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Theorem 2. The Fourier transform of operator H
t
1 is an bounded self-adjoint

operator H̃t
1 = FH

t
1F

−1
a
ting in the spa
e H̃ t

1 a

ording to the formula

H̃t
1ψ

t
1 =

{
4A+ 2B

ν∑

i=1

[cos λi + cosµi + cos γi + cos θi]

}
f(λ, µ, γ, θ)+

+ε1



∫

T ν

f(s, µ, γ, θ)ds+

∫

T ν

f(λ, t, γ, θ)dt+

∫

T ν

f(λ, µ, l, θ)dl+

∫

T ν

f(λ, µ, γ, k)dk


+

+2ε2

∫

T ν

ν∑

i=1

[cos λi+cos si]f(s, µ, γ, θ)ds+2ε2

∫

T ν

ν∑

i=1

[cosµi+cos ti]f(λ, t, γ, θ)dt+

+2ε2

∫

T ν

ν∑

i=1

[cos γi+cos li]f(λ, µ, l, θ)dl+2ε2

∫

T ν

ν∑

i=1

[cos θi+cos ki]f(λ, µ, γ, k)dk+

+U

∫

T ν

[
f(s, µ, γ, λ+ θ − s) + f(λ, s, γ, µ + θ − s) + f(λ, µ, s, γ + θ − s)

]
ds+

+ ε3

∫

T ν

∫

T ν

[
f(s, µ, γ, l) dsdl + f(λ, t, γ, l) dtdl + f(λ, µ, r, l) drdl

]
.

(1)

Theorem 3. Let ν = 1, and ε2 = −B, and ε1 < −2B (respe
tively, ε2 = −B,
and ε1 > 2B). Then the essential spe
trum of the operator Ht

1 is 
onsists of the

union of N1 segments, where 4 6 N1 6 8 :

σess
(
Ht

1

)
= [4A− 8B, 4A+ 8B] ∪ [3A− 6B + z, 3A − 6B + z]∪

∪ [2A− 4B + 2z, 2A+ 4B + 2z] ∪ [A− 2B + 3z,A + 2B + 3z]∪
∪ [2A− 4B + z3, 2A+ 4B + z3] ∪ [2A− 4B + z4, 2A+ 4B + z4]∪

∪ [A− 2B + z + z3, A+ 2B + z + z3] ∪ [A− 2B + z + z4, A+ 2B + z + z4]

and dis
rete spe
trum of the operator Ht
1 is 
onsists of a N2 eigenvalues, where

1 6 N2 6 3 :
σdisc

(
Ht

1

)
=
{
4z, 2z + z3, 2z + z4

}
,

where z = A+ ε1, and z3, and z4 are the additional eigenvalues of operator H
t
1.

Theorem 4. Let ν = 1, and ε2 > 0, and −2(ε22+2Bε2)
B < ε1 <

2(ε22+2Bε2)
B , then

the essential spe
trum of the operator Ht
1 is 
onsists of the union of the N1 segment,

where 10 6 N1 6 16 :

σess
(
Ht

1

)
= [4A− 8B, 4A+ 8B] ∪ [3A− 6B + z1, 3A− 6B + z1]∪

∪ [3A− 6B + z2, 3A − 6B + z2] ∪ [2A− 4B + 2z1, 2A+ 4B + 2z1]∪
∪ [2A− 4B + 2z2, 2A+ 4B + 2z2] ∪ [2A− 4B + z1 + z2, 2A + 4B + z1 + z2]∪

∪ [A− 2B + 3z1, A+ 2B + 3z1] ∪ [A− 2B + 3z2, A+ 2B + 3z2]∪
∪ [A− 2B + 2z1+z2, A+ 2B +2z1+z2] ∪ [A− 2B +z1+2z2, A+ 2B +z1+2z2]∪

∪ [2A− 4B + z3, 2A + 4B + z3] ∪ [A− 2B + z1 + z3, A+ 2B + z1 + z3]∪
∪ [A− 2B + z2 + z3, A+ 2B + z2 + z3] ∪ [2A− 4B + z4, 2A+ 4B + z4]∪

∪ [A− 2B + z1 + z4, A+ 2B + z1 + z4] ∪ [A− 2B + z2 + z4, A+ 2B + z2 + z4]
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and dis
rete spe
trum of the operator Ht
1 is 
onsists of N2 eigenvalues, where

5 6 N2 6 11 :

σdisc
(
Hq

2

)
=
{
4z1, 4z2, 3z1 + z2, z1 + 3z2, 2z1 + 2z2, 2z1 + z3, z1 + z2 + z3,

2z2 + z3, 2z1 + z4, z1 + z2 + z4, 2z2 + z4
}
.

Theorem 5. If −2B < ε2 < 0, then the essential spe
trum of the operator H̃t
1

is 
onsists of a N1 segments, where 1 6 N1 6 3 :

σess
(
H̃t

1

)
=[4A−8B, 4A+8B]∪[2A−4B+z3, 2A+4B+z3]∪[2A−4B+z4, 2A+4B+z4]

and dis
rete spe
trum of the operator H̃t
1 is empty set.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå
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(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ON AN INTEGRAL CRITERION FOR PLURISUBHARMONIC FUNCTIONS

Sh. Sh. Shopulatov

(Uzbekistan, Tashkent; IM AS RUz)

Subharmoni
 fun
tions play an important role in the 
lassi
al potential theory.

They de�ned by harmoni
 majorants (see [1, 2℄), by the Lapla
e di�erential operators

(see [1℄), by mean value inequalities (see [3℄) and by the generalised Lapla
e operators

(see [2, 4�9℄), so on. One of the most popular is averaging over the spheres or balls

of a summable fun
tion. The pluripotential theory is based on plurisubharmoni


fun
tions. They de�ned by the subharmoni
ity on 
omplex lines in C
n
.

The idea of de�ning subharmoni
 fun
tions with the mean value inequalities over

the spheres or balls led us to give an integral 
riterion for plurisubharmoni
 fun
tions.

We 
onsider in C
n
the following 
lass of ellipsoids

E(r1, . . . , rn) =

{ |z1|2
r21

+ · · ·+ |zn|2
r2n

6 1

}
,

where rj > 0 for any 1 6 j 6 n. Taking r1 = R and rj = r for all 2 6 j 6 n
in E(r1, . . . , rn) let us denote E(R, r) := E(R, r, . . . , r), where R an r are positive
numbers. For integrable fun
tion u on D we 
onsider the following mean value over

E(r1, . . . , rn)

Mu

(
z0, T,E(r1, . . . , rn)

)
=

1

V (r1, . . . , rn)

∫

z0+T◦E(r1,...,rn)

u(ξ) dV (ξ),

where

V (r1, . . . , rn) =

∫

E(r1,...,rn)

dV (ξ) =
πnr21 · · · r2n

n!

is the volume of E(r1, . . . , rn).
The �rst main result of the work states as follows

Theorem 1. Let D ⊂ C
n
be a domain and u be an upper semi-
ontinuous

fun
tion on D. Then the following properties are equivalent:

a) u is psh on D;
b) for any z0 ∈ D and any unitary matrix T with z0 +T ◦E(r1, . . . , rn) ⊂ D the

following inequality holds

u
(
z0
)
6Mu

(
z0, T,E(r1, . . . , rn)

)
;


) for any z0 ∈ D and any unitary matrix T there exists r0 > 0 small enough

su
h that for any tuple (r1, . . . , rn) withmax{r1, . . . , rn} 6 r0 the following inequality
holds

u
(
z0
)
6Mu

(
z0, T,E(r1, . . . , rn)

)
;
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d) for any z0 ∈ D and any unitary matrix T there exists r0 > 0 small enough

su
h that for any (R, r) with max{R, r} 6 r0 the following inequality holds

u
(
z0
)
6Mu

(
z0, T,E(R, r)

)
;

e) for any z0 ∈ D and any unitary matrix T with z0 + T ◦ E(R, r) ⊂ D the

following inequality holds

u
(
z0
)
6Mu

(
z0, T,E(R, r)

)
.

The next main result of the work is an analogue of Blas
hke�Privalov theorem

for psh fun
tions. For this purpose we de�ne the following

DTu
(
z0
)
= lim

R→0
lim
r→0

Mu

(
z0, T,E(R, r)

)
− u
(
z0
)

R2

and let Du(z0) = infT DTu(z
0) where the in�mum taken all over the unitary

matri
es.

Theorem 2. Let u be an upper semi-
ontinuous fun
tion in a domain D ⊂ C
n

with u(z) 6≡ −∞. Then u is psh if and only if

Du(z) > 0 for all z ∈ D \ u−∞,

where u−∞ := {z ∈ D : u(z) = −∞}.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

Î Ñ�ÅÄÍÅÊÂÀÄ�ÀÒÈ×ÅÑÊÈÕ Ï�ÈÁËÈÆÅÍÈßÕ

2π-ÏÅ�ÈÎÄÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ Â Ï�ÎÑÒ�ÀÍÑÒÂÅ L2

�. À. Þñóïîâ

(Òàäæèêèñòàí, Õîðîã; Õî�Ó)

Îáîçíà÷èì ÷åðåç N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë; Z+ = N ∪ {0}; R+ �

ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ ÷èñåë âåùåñòâåííîé îñè; L2 � ïðîñòðàíñòâî

èçìåðèìûõ è ñóììèðóåìûõ ñ êâàäðàòîì ïî Ëåáåãó âåùåñòâåííûõ 2π-ïåðèîäè-
÷åñêèõ �óíêöèé f, èìåþùèõ êîíå÷íóþ íîðìó

‖f‖ def
= ‖f‖L2 :=

(
1

π

2π∫

0

|f(x)|2 dx
) 1

2

.

Ïóñòü T2n−1 � ñîâîêóïíîñòü âñåâîçìîæíûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

ïîðÿäêà 6 n − 1. Õîðîøî èçâåñòíî, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ L2,

èìåþùåé ðàçëîæåíèå â ðÿä Ôóðüå, âåëè÷èíà En−1(f)2 åå íàèëó÷øåãî ïîëèíî-
ìèàëüíîãî ïðèáëèæåíèÿ ýëåìåíòàìè Tn−1 ∈ T2n−1 ðàâíà

En−1(f)2 = inf
Tn−1(x)∈T2n−1

∥∥f − Tn−1

∥∥ =
∥∥f − Sn−1(f)

∥∥ =

{ ∞∑

k=n

ρ2k(f)

} 1
2

,

ãäå Sn−1(f, x) � ÷àñòíàÿ ñóììà ïîðÿäêà n − 1 ðÿäà Ôóðüå �óíêöèè f ,
ρ2k(f) = a2k(f) + b2k(f), k ∈ N, ak(f) è bk(f) � êîñèíóñ- è ñèíóñ-êîý��èöèåíòû

Ôóðüå �óíêöèè f . Ñèìâîëîì L
(r)
2 (r ∈ N, L

(0)
2 ≡ L2) îáîçíà÷èì ìíîæåñòâî

�óíêöèé f ∈ L2, ó êîòîðûõ ïðîèçâîäíûå (r − 1)-ãî ïîðÿäêà f (r−1)
àáñîëþòíî

íåïðåðûâíû, à ïðîèçâîäíûå r-ãî ïîðÿäêà f (r) ∈ L2. Îáîçíà÷èì íîðìó ðàçíîñòè

m-ãî ïîðÿäêà �óíêöèè f ∈ L2 ñ øàãîì h ñèìâîëîì

∆m
h (f) :=

∥∥∆m
h f(·)

∥∥ =





1

π

2π∫

0

∣∣∣∣∣

m∑

k=0

(−1)m−k
(
m

k

)
f(x+ kh)

∣∣∣∣∣

2

dx





1
2

è ðàâåíñòâîì

ωm(f ; t)
def
= sup

{
∆m
h (f) : |h| 6 t

}
(1)

îïðåäåëèì ìîäóëü íåïðåðûâíîñòè m-ãî ïîðÿäêà �óíêöèè f ∈ L2.
Â ðàáîòå ïîëó÷åíû òî÷íûå êîíñòàíòû â íåðàâåíñòâàõ Äæåêñîíà � Ñòå÷-

êèíà è äëÿ �óíêöèé f ∈ L
(r)
2 , ó êîòîðûõ ïîñëåäîâàòåëüíûå ïðîèçâîäíûå f (s)

(s = 0, 1, . . . , r) ïðèíàäëåæàò ïðîñòðàíñòâó L2, íàéäåíî çíà÷åíèå âåëè÷èíû íàè-

ëó÷øèõ ñîâìåñòíûõ ïðèáëèæåíèé En−1

(
f (s)

)
íà êëàññå L

(r)
2 .
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Íàïîìíèì, ÷òî ïîä íåðàâåíñòâàìè òèïà Äæåêñîíà � Ñòå÷êèíà â ëþáîì íîð-

ìèðîâàííîì ïðîñòðàíñòâå X ïîíèìàþò ñîîòíîøåíèÿ âèäà

En−1(f)X 6 χn−rωm
(
f (r),

τ

n

)
X

, r ∈ Z+, τ > 0,

â êîòîðûõ ïîãðåøíîñòü ïðèáëèæåíèÿ èíäèâèäóàëüíîé �óíêöèè f îöåíèâàåòñÿ

÷åðåç çàäàííóþ õàðàêòåðèñòèêó ãëàäêîñòè ωm ñàìîé ïðèáëèæàåìîé �óíêöèè f
èëè íåêîòîðîé åå ïðîèçâîäíîé f (r) ∈ X. Çäåñü âîçíèêàåò çàäà÷à îòûñêàíèÿ òî÷-
íûõ êîíñòàíò â íåðàâåíñòâå Äæåêñîíà � Ñòå÷êèíà ìåæäó âåëè÷èíàìè íàèëó÷-

øèõ ïðèáëèæåíèé è óñðåäíåííûì çíà÷åíèåì ìîäóëÿ íåïðåðûâíîñòè (1).

Ââåäåì ñëåäóþùóþ ýêñòðåìàëüíóþ õàðàêòåðèñòèêó (äàëåå ñîîòíîøåíèå 0/0
ïîëàãàåì ðàâíûì íóëþ):

χm,n,r,p,s(ϕ, h) = sup
f∈L(r)

2 ,
f 6=const

2mnr−sEn−1

(
f (r−s)

)
2(

h∫
0

ωpm
(
f (r), t

)
2
ϕ(t) dt

) 1
p

, (2)

ãäå m,n ∈ N, r ∈ Z+, p ∈ R+, 0 6 s 6 r, 0 < h 6 3π/(4n), ϕ(t) > 0 � âåñîâàÿ

�óíêöèÿ. Âåëè÷èíà (2) ïðè r = s, â òîì ÷èñëå äðîáíûõ r, áûëà èññëåäîâàíà â
ðàáîòàõ Ì. Ø. Øàáîçîâà è �. À. Þñóïîâà [1℄, à ïðè r = s, p = 2 åùå ðàíüøå

À. À. Ëèãóíîì [2℄ è ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ m, p è êîíêðåòíûõ

âåñîâûõ �óíêöèÿõ ϕ(t) äðóãèìè ìàòåìàòèêàìè (ïîäðîáíàÿ ëèòåðàòóðà ñ êîì-

ìåíòàðèÿìè ñì. â [1�5℄).

Ïîñêîëüêó äëÿ f ∈ L
(r)
2 åå ïîñëåäîâàòåëüíûå ïðîèçâîäíûå f (s) ∈ L2

(s = 0, 1, . . . , r), òî ïðåäñòàâëÿåò èíòåðåñ èçó÷åíèå ïîâåäåíèÿ âåëè÷èíû íàèëó÷-

øèõ ïðèáëèæåíèé En−1(f
(s)) (s = 0, 1, . . . , r) íà óêàçàííîì êëàññå L

(r)
2 . Ïðèâî-

äèì ðåøåíèå ýòîé çàäà÷è, êîãäà ñòðóêòóðíûå õàðàêòåðèñòèêè �óíêöèè f ∈ L
(r)
2

õàðàêòåðèçóþòñÿ óñðåäíåííûìè ñ âåñîì ϕ(t) çíà÷åíèÿìè ìîäóëåé íåïðåðûâíî-

ñòè ωm(f
(r), t)2. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü m,n ∈ N, 0 < p 6 2, 0 < h 6 3π/(4n), r ∈ R+,

s = 0, 1, . . . , r; ϕ(t) � âåñîâàÿ �óíêöèÿ íà îòðåçêå [0, h], óäîâëåòâîðÿþùàÿ óñëî-

âèþ

(sp− 1)ϕ(t) − tϕ′(t) > 0.

Òîãäà èìååò ìåñòî ðàâåíñòâî

sup
f∈L(r)

2

2mnsEn−1

(
f (r−s)

)
2(

h∫
0

ωpm
(
f (r), t

)
2
ϕ(t) dt

) 1
p

=

( h∫

0

(
sin

nt

2

)mp
ϕ(t) dt

)− 1
p

. (3)

Ïóñòü Ψ(t) (t > 0) � ïðîèçâîëüíàÿ íåóáûâàþùàÿ âûïóêëàÿ âíèç �óíêöèÿ

òàêàÿ, ÷òî Ψ(0) = 0. ×åðåç W
(r)
p,h(ωm, ϕ) îáîçíà÷èì êëàññ �óíêöèé f ∈ L

(r)
2 , äëÿ

êîòîðûõ ïðè âñåõ m,n ∈ N, r ∈ R+, 0 < p 6 2, 0 < h 6 π/n âûïîëíÿåòñÿ óñëîâèå

h∫

0

ωpm
(
f (r), t

)
2
ϕ(t) dt 6 Ψ(h).
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Òåïåðü çàìåòèì, ÷òî èç ðàâåíñòâà (3) äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ L
(r)
2

(r ∈ Z+) ïðè ëþáîì s = 0, 1, . . . , r âûòåêàåò íåðàâåíñòâî

En−1

(
f (s)

)
2
6

1

2mnr−s

(
h∫
0

ωpm
(
f (r), t

)
2
ϕ(t) dt

) 1
p

(
h∫
0

(
sin nt

2

)mp
ϕ(t) dt

) 1
p

.

Òðåáóåòñÿ íàéòè òî÷íîå çíà÷åíèå âåëè÷èíû

sup
{
En−1

(
f (s)

)
2
: f ∈W

(r)
p,h

(
ωm, ϕ

)}
.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïðè ëþáûõ m,n ∈ N, r ∈ R+, 0 < p 6 2, 0 < h 6 π/n è

s = 0, 1, . . . , r èìååò ìåñòî ðàâåíñòâî

sup
{
En−1

(
f (s)

)
2
: f ∈W (r)

p,h

(
ωm, ϕ

)}
= 2−mn−r+s

( h∫

0

(
sin

nt

2

)mp
ϕ(t) dt

)− 1
p

Ψ(h).
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Ñåêöèÿ II

Äè��åðåíöèàëüíûå

è èíòåãðàëüíûå óðàâíåíèÿ



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÇÀÄÀ×À ÎÏÒÈÌÀËÜÍÎ�Î ÓÏ�ÀÂËÅÍÈß

ÄËß ÝÂÎËÞÖÈÎÍÍÛÕ Ó�ÀÂÍÅÍÈÉ, ÎÏÈÑÛÂÀÞÙÈÕ

ÏÎËÇÓÙÅÅ ÒÅ×ÅÍÈÅ ÂßÇÊÎÓÏ�Ó�ÎÉ ÆÈÄÊÎÑÒÈ

Ì. À. Àðòåìîâ (�îññèÿ, Âîðîíåæ; Â�Ó),

Å. Ñ. Áàðàíîâñêèé (�îññèÿ, Âîðîíåæ; Â�Ó)

�àññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ëèíåéíîé èíòåãðî-

äè��åðåíöèàëüíîé ñèñòåìû, îïèñûâàþùåé ïîëçóùåå òå÷åíèå íåñæèìàåìîé

âÿçêîóïðóãîé ñðåäû ñ ¾ïàìÿòüþ¿ â îãðàíè÷åííîé îáëàñòè Ω ⊂ R3
ñ ãðàíèöåé ∂Ω

íà ïðîìåæóòêå âðåìåíè [0, T ]:

∂v

∂t
− µ∆v −

t∫

0

h(s, t)∆v( · , s) ds +∇π = f , divv = 0 â QT , (1)

v = 0 ∂Ω× (0, T ), (2)

v( · , 0) = 0 â Ω, (3)

f ∈ F, (4)

Jξ(v, f) = ξ
∥∥v− ṽ

∥∥2
L2(QT )

+ (1− ξ)
∥∥f
∥∥2
L2(QT )

→ min, (5)

ãäå QT := Ω× (0, T ), v : QT → R
3
� âåêòîð-�óíêöèÿ ñêîðîñòè, π : QT → R �

�óíêöèÿ äàâëåíèÿ, µ > 0 � êîý��èöèåíò âÿçêîñòè, h : [0, T ]× [0, T ] → [0,∞) �
ÿäðî âÿçêîóïðóãîñòè, f : QT → R

3
� âíåøíÿÿ ñèëà (óïðàâëÿþùàÿ �óíêöèÿ),

F � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé, Jξ � öåëåâîé �óíêöèîíàë, ξ � ÷èñ-

ëîâîé ïàðàìåòð, ξ ∈ (0, 1), ṽ : Ω → R
3
� çàäàííàÿ âåêòîð-�óíêöèÿ (æåëàåìîå

ïîëå ñêîðîñòåé), îïåðàòîðû ∇, ∆ è div îáîçíà÷àþò ñîîòâåòñòâåííî ãðàäèåíò,

ëàïëàñèàí è äèâåðãåíöèþ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì x1, x2, x3.
Â âûðîæäåííîì ñëó÷àå h(s, t) ≡ 0 ïðèõîäèì ê ëèíåàðèçîâàííûì ýâîëþöè-

îííûì óðàâíåíèÿì Íàâüå � Ñòîêñà. Åñëè ïîëîæèòü h(s, t) ≡ b exp(a(s− t)), òî
ñèñòåìà (1) ñâîäèòñÿ ê ëèíåàðèçîâàííûì óðàâíåíèÿì äâèæåíèÿ âÿçêîóïðóãîé

æèäêîñòè òèïà Äæå��ðèñà � Îëäðîéäà [1, 2℄. Àïïðîêñèìàòèâíàÿ óïðàâëÿå-

ìîñòü ñîîòâåòñòâóþùèõ óðàâíåíèé óñòàíîâëåíà â [3℄.

Â äàííîé ðàáîòå ìû íå áóäåì îãðàíè÷èâàòüñÿ êîíêðåòíûì âûáîðîì ÿäðà âÿç-

êîóïðóãîñòè � ðàññìîòðèì îáùóþ ñèòóàöèþ, ïðåäïîëàãàÿ ëèøü, ÷òî �óíêöèÿ h
íåïðåðûâíà. Îñíîâíàÿ öåëü � óñòàíîâèòü îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è

îïòèìèçàöèè (1)�(5) â êëàññå ñëàáûõ ðåøåíèé.

Óñëîâèìñÿ èñïîëüçîâàòü ñòàíäàðòíûå îáîçíà÷åíèÿ äëÿ ïðîñòðàíñòâà Ëåáåãà

L
2(Ω) è ïðîñòðàíñòâà Ñîáîëåâà W

1
2(Ω) �óíêöèé, çàäàííûõ íà îáëàñòè Ω è ñî

çíà÷åíèÿìè â R
3
. Ââåäåì òàêæå ñëåäóþùèå ïðîñòðàíñòâà: Y := {w ∈ C

∞(Ω) :
supp w ⊂ Ω è divw ≡ 0}, H � çàìûêàíèå Y â L

2(Ω), V � çàìûêàíèå Y

â W
1
2(Ω).
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Ïðåäïîëîæèì, ÷òî âûïîëíåíû ÷åòûðå óñëîâèÿ:

(i) ãðàíèöà îáëàñòè Ω ÿâëÿåòñÿ ëîêàëüíî-ëèïøèöåâîé;

(ii) �óíêöèÿ h : [0, T ]× [0, T ] → [0,∞) íåïðåðûâíà;
(iii) âûïîëíåíî âêëþ÷åíèå ṽ ∈ L

2(0, T ;H);
(iv) ìíîæåñòâî F âûïóêëî è çàìêíóòî â L

2(0, T ;L2(Ω)).

Îïðåäåëåíèå 1. Äîïóñòèìîé ïàðîé äëÿ ñèñòåìû (1)�(5) áóäåì íàçûâàòü

ïàðó âåêòîð-�óíêöèé (f ,v) òàêóþ, ÷òî

f ∈ F, v ∈ L
2(0, T ;V) ∩C([0, T ];H), v( · , 0) = 0

è äëÿ ëþáîé âåêòîð-�óíêöèè w ∈ V âûïîëíåíî ñëåäóþùåå ðàâåíñòâî:

d

dt
(v,w)L2(Ω)+µ

(
∇v,∇w

)
L2(Ω)

+

( t∫

0

h(s, t)∇v( · , s) ds,∇w

)

L2(Ω)

= (f ,w)L2(Ω),

ãäå îïåðàòîð d/dt îáîçíà÷àåò îáîáùåííóþ ïðîèçâîäíóþ ïî t.
Ìíîæåñòâî âñåõ äîïóñòèìûõ ïàð îáîçíà÷èì ÷åðåç M(F).
Äëÿ ëþáîãî óïðàâëåíèÿ f ∈ F ñóùåñòâóåò åäèíñòâåííàÿ ïàðà (f ,v), ïðè-

íàäëåæàùàÿ ìíîæåñòâó M(F). Ýòî ïîçâîëÿåò êîððåêòíî îïðåäåëèòü îïåðàòîð

óïðàâëåíèÿ K.

Îïðåäåëåíèå 2. Îïåðàòîðîì óïðàâëåíèÿ áóäåì íàçûâàòü îòîáðàæåíèå

K : F ⊂ L
2(0, T ;L2(Ω)) → L

2(0, T ;H), K(f) := v,

ãäå f ∈ F è v � âòîðàÿ êîìïîíåíòà ïàðû (f ,v) ∈ M(F).

Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî âåêòîð-�óíêöèÿ f∗ ∈ F ÿâëÿåòñÿ îï-

òèìàëüíûì óïðàâëåíèåì â ñèñòåìå (1)�(5), åñëè

ξ
∥∥K(f∗)− ṽ

∥∥2
L2(0,T ;H)

+ (1− ξ)
∥∥f∗
∥∥2
L2(0,T ;L2(Ω))

=

= inf
{
ξ
∥∥K(f)− ṽ

∥∥2
L2(0,T ;H)

+ (1− ξ)
∥∥f
∥∥2
L2(0,T ;L2(Ω))

: f ∈ F

}
.

Îñíîâíîé ðåçóëüòàò ðàáîòû ñ�îðìóëèðîâàí â ñëåäóþùåé òåîðåìå.

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ (i)�(iv). Òîãäà â ñèñòåìå (1)�(5) ñóùå-

ñòâóåò åäèíñòâåííîå îïòèìàëüíîå óïðàâëåíèå. Ïðè ýòîì âåêòîð-�óíêöèÿ f∗ ∈ F

ÿâëÿåòñÿ îïòèìàëüíûì óïðàâëåíèåì òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî âà-

ðèàöèîííîå íåðàâåíñòâî

ξ
(
K(f∗)− ṽ,K(f)−K(f∗)

)
L2(0,T ;H)

> (1− ξ)(f∗, f∗ − f)L2(0,T ;L2(Ω)) ∀ f ∈ F.

Äîêàçàòåëüñòâî ýòîé òåîðåìû îñíîâàíî íà ïîñòðîåíèè ïðèáëèæåííûõ ðåøå-

íèé ïî ìåòîäó Ôàýäî � �àëåðêèíà, âûâîäå ýíåðãåòè÷åñêèõ îöåíîê, èçó÷åíèè

ñâîéñòâ îïåðàòîðà óïðàâëåíèÿ è ïðèìåíåíèè ëåììû î ñóùåñòâîâàíèè è åäèí-

ñòâåííîñòè ìåòðè÷åñêîé ïðîåêöèè òî÷êè íà âûïóêëîå çàìêíóòîå ìíîæåñòâî â âå-

ùåñòâåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå.
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ÑÈÑÒÅÌÀ ÍÅÎÄÍÎ�ÎÄÍÛÕ ÈÍÒÅ��ÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ

ÒÈÏÀ ÑÂÅ�ÒÊÈ ÑÎ ÑÒÅÏÅÍÍÎÉ ÍÅËÈÍÅÉÍÎÑÒÜÞ

1

Ñ. Í. Àñõàáîâ

(�îññèÿ, �ðîçíûé; ×�ÏÓ, ×�Ó)

Èçó÷àåòñÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè, âîç-

íèêàþùèõ ïðè îïèñàíèè ïðîöåññîâ èí�èëüòðàöèè æèäêîñòè, ðàñïðîñòðàíåíèÿ

óäàðíûõ âîëí â òðóáàõ, îñòûâàíèÿ òåë ïðè ëó÷åèñïóñêàíèè è äðóãèõ (ïîäðîá-

íåå, ñì. [1, 2℄). Ïîëó÷åíû äâóñòîðîííèå àïðèîðíûå îöåíêè ðåøåíèÿ, íà îñíîâå

êîòîðûõ ïîñòðîåíî ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî è ìåòîäîì âåñîâûõ ìåòðèê

äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü äàííîé ñèñòåìû â ýòîì ïðîñòðàíñòâå. Ïî-

êàçàíî, ÷òî ðåøåíèå ìîæíî íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé è

óñòàíîâëåíà îöåíêà ñêîðîñòè èõ ñõîäèìîñòè. Óñòàíîâëåíî, ÷òî ðåøåíèå ÿâëÿåòñÿ

åäèíñòâåííûì è âî âñåì êëàññå íåïðåðûâíûõ íåîòðèöàòåëüíûõ �óíêöèé.

Èòàê, îñíîâíûì îáúåêòîì èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ ñèñòåìà

uαi (x) =
n∑

j=1

x∫

0

kij(x− t)uj(t) dt+ fi(x), α > 1, x > 0, i = 1, n, (1)

â êîòîðîé ÿäðà è íåîäíîðîäíîñòè óäîâëåòâîðÿþò íà [0,∞) óñëîâèÿì:

kij ∈ C[0,∞), kij(x) íå óáûâàþò è kij(0) = pij > 0, (2)

fi ∈ C[0,∞), fi(x) íå óáûâàþò è fi(0) = 0. (3)

�åøåíèÿ ñèñòåìû (1) ðàçûñêèâàþòñÿ â êîíóñå

Q0,n =
{
u : u =

{
ui
}n
i=1
, ui ∈ C[0,∞), ui(0) = 0 è ui(x) > 0 ïðè x > 0

}
.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (2) è (3). Åñëè u ∈ Q0,n ÿâëÿåòñÿ ðå-

øåíèåì ñèñòåìû (1), òî äëÿ ëþáûõ x ∈ [0,∞) è i = 1, n ñïðàâåäëèâû îöåíêè:

Ln(x) ≡
[
(α− 1)np

α

] 1
α−1

x
1

α−1 6 ui(x) 6

6

[
n

x∫

0

n∑

i,j=1

kij(t) dt+

( n∑

i=1

fi(x)

)α−1
α

] 1
α−1

≡ Rn(x), ãäå p = min
16i,j6n

pij.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâà-

íèÿ �Ô â ðàìêàõ ðåàëèçàöèè ãîñóäàðñòâåííîãî çàäàíèÿ â ñîîòâåòñòâèè ñ Ñîãëàøåíèåì � 075�

03�2021�071 îò 29.12.2020.
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Ïðèìåð 1. Åñëè kij(x) = C > 0 è fi(x) = 0, òî u(x) = {ui(x)}ni=1, ãäå

ui(x) = Fn(x) ≡
[
C
α− 1

α
n

] 1
α−1

x
1

α−1 ,

ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (1), ò. å. îöåíêà ñíèçó èç ëåììû 1 íåóëó÷øàåìà.

Ââåäåì ñëåäóþùèé êëàññ �óíêöèé:

Pb,n =
{
u : u =

{
ui
}n
i=1
, ui(x) ∈ C[0, b] è Ln(x) 6 ui(x) 6 Rn(x), ∀ i = 1, n

}
,

ãäå b > 0 � ïðîèçâîëüíîå ÷èñëî, è ïðåäïîëîæèì, ÷òî âûïîëíåíû åùå óñëîâèÿ:

∃ ηij ∈ (0, b) : max
16i6n

n∑

j=1

kij(ηij) < αpn, sup
0<x6b

1

x

( n∑

i=1

fi(x)

)α−1
α

<∞. (4)

Îïðåäåëèì â êëàññå Pb,n ðàññòîÿíèå ̺b, ïîëîæèâ

̺b(u, v) = max
16i6n

sup
0<x6b

|ui(x)− vi(x)|
x

1
α−1 eβx

,

ãäå u = {ui}ni=1, v = {vi}ni=1, à ÷èñëî β îïðåäåëåíî ðàâåíñòâîì

β = max
16i,j6n

βij , ãäå βij =
1

p
sup

ηij6x6b

kij(x)− p

x
.

Çàïèøåì ñèñòåìó (1) â îïåðàòîðíîì âèäå: u = Tu, ãäå T = {Ti}ni=1,

(Tiu)(x) =

(
n∑

j=1

x∫

0

kij(x− t)uj(t) dt+ fi(x)

) 1
α

, α > 1, x > 0, i = 1, n.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (2)�(4). Òîãäà ñèñòåìà (1) èìååò â

êîíóñå Q0,n (è â Pb,n ïðè ëþáîì b > 0) åäèíñòâåííîå ðåøåíèå u∗. Ýòî ðåøåíèå

ìîæåò áûòü íàéäåíî â Pb,n ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïî �îðìóëå

un = Tun−1, n ∈ N, ïðè÷åì ñïðàâåäëèâà îöåíêà ñêîðîñòè èõ ñõîäèìîñòè

ρb(un, u
∗) 6

µn

1− µ
ρb(Tu0, u0), ãäå µ = (α pn)−1 max

16i6n

[
n∑

j=1

kij(ηij)

]
< 1,

à u0 ∈ Pb,n åñòü ïðîèçâîëüíàÿ �óíêöèÿ (íà÷àëüíîå ïðèáëèæåíèå).

Â çàêëþ÷åíèå îòìåòèì, ÷òî â [3℄ áûëà ðàññìîòðåíà ñèñòåìà îäíîðîäíûõ óðàâ-

íåíèé âèäà (1), à â [4℄ áûëè èçó÷åíû ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé òèïà

ñâåðòêè ñ ìîíîòîííîé (íå îáÿçàòåëüíî ñòåïåííîé) íåëèíåéíîñòüþ.
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÍÅËÈÍÅÉÍÎÉ ÀÂÒÎÌÀÒÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ

ÓÏ�ÀÂËÅÍÈß Ñ ÇÀÏÀÇÄÛÂÀÞÙÅÉ ÎÁ�ÀÒÍÎÉ ÑÂßÇÜÞ

À. À. Àõìàòîâ (Óçáåêèñòàí, Íàâîè; Íàâ�ÏÈ),

Ä. Õ. Õóñàíîâ (Óçáåêèñòàí, Íàâîè; Íàâ�ÏÈ),

Æ. È. Áóðàíîâ (Óçáåêèñòàí, Òàøêåíò; Òàø�ÒÓ)

Êëàññè÷åñêèé ìåòîä ïîñòðîåíèÿ ïåðåäàòî÷íîé �óíêöèè øèðîêî èñïîëüçóåò-

ñÿ ïðè ðåøåíèè çàäà÷è óñòîé÷èâîñòè ëèíåéíûõ ñòàöèîíàðíûõ ñèñòåì. Ý��åê-

òèâíûå êðèòåðèè óñòîé÷èâîñòè ëèíåéíûõ ñòàöèîíàðíûõ ñèñòåì ñ ïîñòîÿííûì

çàïàçäûâàíèåì ïîëó÷åíû â [1℄. Çàìåòèì, ÷òî ïðèìåíåíèå ëèíåéíûõ êðèòåðèåâ

î÷åíü ñëîæíî èç-çà òðàíñöåíäåíòíîñòè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Â ñòà-

òüå [2℄ ñ ïîìîùüþ ìåòîäà �óíêöèîíàëîâ Ëÿïóíîâà è òåîðèè ïðåäåëüíûõ óðàâ-

íåíèé ðåøåíà çàäà÷à îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé íåàâòîíîìíûõ

ñèñòåì �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé.

Ìåòîä �óíêöèé Ëÿïóíîâà èñïîëüçóåòñÿ â çàäà÷àõ îá óñòîé÷èâîñòè �óíêöè-

îíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé [3℄. Â ðàáîòàõ [4, 5℄ ïîëó÷åíî ðàçâèòèå

ìåòîäà �óíêöèé Ëÿïóíîâà äëÿ íåàâòîíîìíûõ ñèñòåì �óíêöèîíàëüíî-äè��å-

ðåíöèàëüíûõ óðàâíåíèé ñ èñïîëüçîâàíèåì ìåòîäà ñðàâíåíèÿ è òåîðèè ïðåäåëü-

íûõ óðàâíåíèé.

Â íàñòîÿùåì òåçèñå íà îñíîâå ðåçóëüòàòîâ [4, 5℄ ðåøàåòñÿ çàäà÷à îá àñèìïòî-

òè÷åñêîé óñòîé÷èâîñòè íåëèíåéíîé ñèñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ ñ çà-

ïàçäûâàíèåì â ñòðóêòóðå îáðàòíîé ñâÿçè.

�àññìîòðèì çàäà÷ó îá óñòîé÷èâîñòè íåëèíåéíîé ñèñòåìû àâòîìàòè÷åñêîãî

óïðàâëåíèÿ (ñì. ðèñ. 1) ñ çàïàçäûâàíèåì â ñòðóêòóðå îáðàòíîé ñâÿçè. Äèíàìèêà

ýòîé ñèñòåìû îïèñûâàåòñÿ ñëåäóþùèìè óðàâíåíèÿìè:

ẍ(t) + 2µẋ(t) +mx(t) = Aζ(t), (1)

ÿ(t) + 2λẏ(t) + ky(t) = αx(t) + βu(t), (2)

ζ(t) = σz(t), (3)

z(t) = γy(t) + εδy3(t), (4)

u(t) = Bζ(t− h(t)), (5)

ãäå ïîâåäåíèå óïðàâëÿåìîãî îáúåêòà îïèñûâàåòñÿ óðàâíåíèåì (1); óðàâíåíèå

÷óâñòâèòåëüíîãî ýëåìåíòà èìååò âèä (2); äèíàìèêà äâèãàòåëÿ îïèñûâàåòñÿ óðàâ-

íåíèåì (3); (4) � óðàâíåíèå óñèëèòåëÿ, à (5) � óðàâíåíèå äîïîëíèòåëüíîé îá-

ðàòíîé ñâÿçè. Çäåñü âåëè÷èíû λ è µ � êîý��èöèåíòû ïðîïîðöèîíàëüíîñòè äèñ-

ñèïàòèâíûõ ñèë; k è m � êîý��èöèåíòû ïðîïîðöèîíàëüíîñòè ïîòåíöèàëüíûõ

ñèë.
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�èñ. 1. Ñòðóêòóðíàÿ ñõåìà ñèñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ.

�åøàÿ çàäà÷ó, íàõîäèì ñëåäóþùåå óñëîâèå ìàêñèìàëüíîãî çíà÷åíèÿ çàïàç-

äûâàíèÿ â öåïè îáðàòíîé ñâÿçè, ïðè êîòîðîì ñîõðàíÿåòñÿ ñâîéñòâî ðàâíîìåðíîé

àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (1)�(5):

h0 6
1

2|Bβγσ|λ1
(
− |εδBβσ|δ21 +

+ max
(
k1 − |α| −Bβγσ, |α| +Bβγσ + 2λ21 − k2

) )
.

(6)
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Ñåð. Ôóíäàì. ïðîáëåìû ìàò. è ìåõ.�Óëüÿíîâñê, 1996.�Âûï. 1 (2).�Ñ. 5�10.

5. Ïåðåãóäîâà Î. À. �àçâèòèå ìåòîäà �óíêöèé Ëÿïóíîâà â çàäà÷å óñòîé÷èâîñòè �óíê-

öèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé // Äè�. óðàâíåíèÿ.�2008.�Ò. 44, � 12.�
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Ç. À. Àõìàòîâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ, ÑÊÖÌÈ ÂÍÖ �ÀÍ),

Æ. Ä. Òîòèåâà

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ, ÑÊÖÌÈ ÂÍÖ �ÀÍ)

Êàê èçâåñòíî, ó÷åò ïàìÿòè ñðåäû ïðè ðàñïðîñòðàíåíèè â íåé óïðóãèõ, àêó-

ñòè÷åñêèõ è ýëåêòðîìàãíèòíûõ âîëí äàåò áîëåå òî÷íîå îïèñàíèå ïðîöåññîâ, ïðî-

èñõîäÿùèõ â ýòèõ ñðåäàõ. Äàííîå èññëåäîâàíèå ñòàâèò öåëüþ ðåøèòü äâå çàäà÷è.

Ïåðâàÿ çàäà÷à ñâÿçàíà ñ îïðåäåëåíèåì �óíêöèè (ÿäðà èíòåãðàëüíîãî îïåðà-

òîðà), îïèñûâàþùåé ÿâëåíèå ïàìÿòè ñðåäû. Âòîðàÿ çàäà÷à � ñ îïðåäåëåíèåì

õàðàêòåðèñòèêè ñðåäû ñ ó÷åòîì âëèÿíèÿ �óíêöèè ïàìÿòè. Èññëåäîâàíèå áàçè-

ðóåòñÿ íà ðàáîòàõ [1, 2℄.

Äëÿ (x, z, t) ∈ R
3
, z > 0 ðàññìîòðèì ïðÿìóþ çàäà÷ó îïðåäåëåíèÿ �óíêöèè

u(x, z, t) èç èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ

utt − uxx − uzz − q(x, z)u =

t∫

0

k(τ)u(x, z, t − τ) dτ, z > 0, (x, t) ∈ R
2, (1)

u
∣∣
t<0

= 0,
∂u

∂z

∣∣∣∣
z=+0

= δ′(x)δ′(t), (2)

ãäå δ′(·) � ïðîèçâîäíàÿ äåëüòà-�óíêöèè Äèðàêà; q(x, z) � êîý��èöèåíò, õà-

ðàêòåðèçóþùèé ñâîéñòâà ñðåäû, â êîòîðîé ðàñïðîñòðàíÿåòñÿ âîëíîâîé ïðîöåññ;

k(t) � ÿäðî, îïèñûâàþùåå ïàìÿòü ñðåäû.

Ââåäåì �îðìàëüíî ïàðàìåòð ìàëîñòè ε:
{
u(x, z, t) = u0(x, z, t) + εu1(x, z, t) +O(ε2),

q(x, z) = q0(z) + εxq1(z) +O(ε2),
(3)

q0(z) ≡ q0 ≡ const ïðåäïîëàãàåòñÿ çàäàííîé âåëè÷èíîé.

Âòîðîå ðàâåíñòâî îçíà÷àåò ñëàáóþ çàâèñèìîñòü îò ïåðåìåííîé x.
Ïîäñòàâëÿÿ (3) â (1) è (2), ïîëó÷èì äâå çàäà÷è.

1. Çàäà÷à îïðåäåëåíèÿ u0(x, z, t) è k(t).

(u0)tt − (u0)xx − (u0)zz − q0 · u0 =
t∫

0

k(τ)u0(x, z, t− τ) dτ, z > 0, (x, t) ∈ R, (4)

u0
∣∣
t<0

= 0,
∂u0
∂z

∣∣∣∣
z=0

= δ′(x)δ′(t). (5)
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Îáðàòíàÿ çàäà÷à 1. Íàéòè u0(x, z, t) è k(t), âõîäÿùèå â (4)�(5), åñëè îò-

íîñèòåëüíî ïðåîáðàçîâàíèÿ Ôóðüå Fx[u0](ν, z, t) äëÿ íåêîòîðîãî çíà÷åíèÿ ïàðà-
ìåòðà ν èçâåñòíî

Fx[u0](ν, z, t)
∣∣
z=0

= −iνδ(t) + f0(ν, t)θ(t), t ∈ R. (6)

Òåîðåìà 1. Ïóñòü T > 0 �èêñèðîâàíî è âûïîëíåíû ñëåäóþùèå óñëî-

âèÿ: f0(ν, 0) = 0, (f0)
′
z(ν, 0) = − q0−ν2

2 , f(ν, t) ∈ C2[0, T ] äëÿ íåêîòî-

ðîãî çíà÷åíèÿ ïàðàìåòðà ν. Òîãäà îáðàòíàÿ çàäà÷à (1)�(2), (6) â îáëàñòè

GT = {(z, t) : 0 6 z 6 t 6 T − z} èìååò åäèíñòâåííîå ðåøåíèå k(t) ∈ C[0, T ].

2. Çàäà÷à îïðåäåëåíèÿ q1(z), u1(z, t) ïðè èçâåñòíûõ u0 è k(t).

(u1)tt = (u1)zz + xq1(z)u0(x, z, t) + q0u1(x, z, t) −
t∫

0

k(τ)u1(x, z, t− τ) dτ, (7)

u1
∣∣
t<0

= 0,
∂u1
∂z

∣∣∣∣
z=0

= 0, z > 0, (x, t) ∈ R. (8)

Îáðàòíàÿ çàäà÷à 2. Íàéòè u1(x, z, t) è q1(z), âõîäÿùèå â (7)�(8), åñëè îò-
íîñèòåëüíî ïðåîáðàçîâàíèÿ Ôóðüå Fx[u1](ν, z, t) äëÿ íåêîòîðîãî çíà÷åíèÿ ïàðà-
ìåòðà ν èçâåñòíî

Fx[u1](ν, z, t)
∣∣
z=0

= f1(ν, t), t > 0. (9)

Òåîðåìà 2. Ïóñòü u0(x, z, t) è k(t) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è (4)�(6). Òî-

ãäà â îáëàñòè GT ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è (7)�(9)

q1(z) ∈ C[0, T/2].

Çàäà÷è (4)�(6), (7)�(9) ñâîäÿòñÿ ê ýêâèâàëåíòíûì çàìêíóòûì íåëèíåéíûì

ñèñòåìàì èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà. Äàëåå ïðîâîäèò-

ñÿ äèñêðåòèçàöèÿ ïðîñòðàíñòâà GT , è ñîîòâåòñòâóþùèå èíòåãðàëû çàìåíÿþòñÿ

êâàäðàòóðíûìè �îðìóëàìè. �àñ÷åò íåèçâåñòíûõ �óíêöèé ïðîâîäèòñÿ ïî ðåêóð-

ðåíòíûì �îðìóëàì. Óñòîé÷èâîñòü ïðîâåðÿëàñü çàøóìëåíèåì äàííûõ îáðàòíîé

çàäà÷è. �åçóëüòàòû ðåøåíèÿ ýòèõ îáðàòíûõ çàäà÷è ïîçâîëÿþò ó÷èòûâàòü ïî-

ñëåäåéñòâèå ñðåäû ïðè àíàëèçå åå õàðàêòåðèñòèê.

Ëèòåðàòóðà
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Â ðàáîòå èññëåäîâàíà îáðàòíàÿ çàäà÷à ïî îïðåäåëåíèþ ïîðÿäêà äðîáíîé ïðî-

èçâîäíîé â ñìûñëå �åðàñèìîâà � Êàïóòî â âîëíîâîì óðàâíåíèè ñ ïðîèçâîëüíûì

ïîëîæèòåëüíûì ñàìîñîïðÿæåííûì îïåðàòîðîì A.
Ïóñòü A � ïðîèçâîëüíûé ïîëîæèòåëüíûé ñàìîñîïðÿæåííûé îïåðàòîð â ñå-

ïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Ïðåäïîëîæèì, ÷òî A èìååò ïîëíóþ

â H ñèñòåìó îðòîíîðìèðîâàííûõ ñîáñòâåííûõ �óíêöèé {vk} è ñ÷åòíîå ìíîæå-

ñòâî íåîòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé λk.
Äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå �åðàñèìîâà � Êàïóòî ïîðÿäêà β,

k − 1 < β 6 k, k ∈ N, îò �óíêöèè h, çàäàííîé íà [0,∞), îïðåäåëÿåòñÿ ïî �îð-

ìóëå (ñì. íàïðèìåð, [1, ñ. 14; 2℄)

Dβ
t h(t) =

1

Γ(k − β)

t∫

0

h(k)(τ) dτ

(t− τ)β+1−k , t > 0,

ïðè óñëîâèè, ÷òî ïðàâàÿ ÷àñòü ðàâåíñòâà ñóùåñòâóåò. Çäåñü Γ(t) � ãàììà �óíê-

öèÿ Ýéëåðà.

Ïóñòü β ∈ (1, 2) � çàäàííîå ÷èñëî è îáîçíà÷èì ÷åðåç C((a, b);H) ìíîæåñòâî
íåïðåðûâíûõ �óíêöèé u(t) îò t ∈ (a, b) ñî çíà÷åíèåì â H. �àññìîòðèì çàäà÷ó

Êîøè:

Dβ
t u(t) +Au(t) = f, 0 < t 6 T, (1)

u(0) = ϕ, u′(0) = ψ, (2)

ãäå f , ϕ è ψ � çàäàííûå âåêòîðà èç H.

Îïðåäåëåíèå 1. Ôóíêöèþ u(t) ñî ñâîéñòâàìè u(t), u′(t) ∈ C([0, T ];H),

Dβ
t u(t), Au(t) ∈ C((0, T ];H) è óäîâëåòâîðÿþùóþ óñëîâèÿì (1)�(2) áóäåì íàçû-

âàòü ðåøåíèåì çàäà÷è Êîøè (1)�(2).

Îáîçíà÷èì ÷åðåç Eρ,µ(t) �óíêöèþ Ìèòòàã-Ëå��ëåðà, à ÷åðåç hk � êîý�-

�èöèåíòû Ôóðüå ýëåìåíòà h ∈ H ïî ñèñòåìå ñîáñòâåííûõ �óíêöèé {vk}:
hk = (h, vk).

Ïóñòü τ � ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî. Ââåäåì ñòåïåíü îïåðàòî-

ðà Aτ , äåéñòâóþùèé â H ïî ïðàâèëó Aτg =
∑∞

k=1 λ
τ
kgkvk. Î÷åâèäíî, îáëàñòü

îïðåäåëåíèÿ äàííîãî îïåðàòîðà èìååò âèä

D(Aτ ) =

{
g ∈ H :

∞∑

k=1

λ2τk |gk|2 <∞
}
.
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Òåîðåìà 1. Ïóñòü ψ, f ∈ H è ϕ ∈ D
(
A

1
β
)
. Òîãäà ðåøåíèå çàäà÷è Êîøè

åäèíñòâåííî è èìååò âèä

u(t) =
∞∑

k=1

[
ϕkEβ,1

(
− λkt

β
)
+ ψktEβ,2

(
− λkt

β
)
+ fkt

βEβ,β+1

(
− λkt

β
)]
vk, (3)

ãäå ðÿä ñõîäèòñÿ â H ïðè t > 0.

Ïóñòü òåïåðü β ∈ (1, 2) � íåèçâåñòíûé ïàðàìåòð. Îñíîâíîé öåëüþ äàííîé ðà-

áîòû ÿâëÿåòñÿ èññëåäîâàíèå îáðàòíîé çàäà÷è ïî îïðåäåëåíèþ ýòîãî ïàðàìåòðà.

Åñòåñòâåííî, äëÿ îïðåäåëåíèÿ β íåîáõîäèìî çàäàâàòü äîïîëíèòåëüíîå óñëîâèå.

Â íàñòîÿùåé ðàáîòå â êà÷åñòâå äîïîëíèòåëüíîãî âîçüìåì óñëîâèå â âèäå

U(β; t0) ≡ (u(t0), vk0) = d0, t0 > T0, (4)

ãäå d0 � çàäàííîå ÷èñëî, T0 � ïîëîæèòåëüíîå ÷èñëî, êîòîðîå îïðåäåëåíî íèæå,

è k0 > 1 � ïðîèçâîëüíîå öåëîå òàêîå, ÷òî f2k0 + ϕ2
k0

+ ψ2
k0

6= 0 (î÷åâèäíî, òàêèå
÷èñëà ñóùåñòâóþò, òàê êàê f , ϕ è ψ íå ÿâëÿþòñÿ îäíîâðåìåííî íóëÿìè).

Ïðè ðåøåíèå îáðàòíîé çàäà÷è áóäåì ñ÷èòàòü, ÷òî 1 < β1 6 β 6 β2 < 2, ãäå
β1 è β2 � ïðîèçâîëüíûå çàäàííûå ÷èñëà èç ñîîòâåòñòâóþùèõ èíòåðâàëîâ.

Äëÿ òîãî, ÷òîáû óðàâíåíèå (4) îòíîñèòåëüíî β èìåëî ðåøåíèå, î÷åâèäíî, ÷òî
÷èñëî d0 íå ìîæåò çàäàâàòüñÿ ïðîèçâîëüíûì îáðàçîì. Íåîáõîäèìûì óñëîâèåì

ðàçðåøèìîñòè óðàâíåíèÿ (4) ÿâëÿåòñÿ âûïîëíåíèå ñëåäóþùåãî âêëþ÷åíèÿ:

d0 ∈
[

min
β∈[β1,β2]

U(β; t0), max
β∈[β1,β2]

U(β; t0)
]
. (5)

Çàäà÷ó (1)�(2) âìåñòå ñ äîïîëíèòåëüíûì óñëîâèåì (4) áóäåì íàçûâàòü îá-

ðàòíîé çàäà÷åé.

Îïðåäåëåíèå 2. Åñëè u(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(2), óäîâëåòâî-

ðÿþùåå óñëîâèå (4), òî ïàðó {u(x, t), β}, β ∈ [β1, β2], áóäåì íàçûâàòü ðåøåíèåì

îáðàòíîé çàäà÷è.

Ëåììà 1. Ïóñòü

ψ, f ∈ H; ϕ ∈ D
(
A

1
β1

)
(6)

è

‖ψ‖ +
∥∥ϕ−A−1f

∥∥ 6= 0. (7)

Òîãäà íàéäåòñÿ ÷èñëî T0 = T0(k0) òàêîå, ÷òî ïðè t0 > T0 �óíêöèÿ U(β; t0)
ÿâëÿåòñÿ ñòðîãî ìîíîòîííîé ïî β ∈ [β1, β2].

Èç ýòîé ëåììû î÷åâèäíûì îáðàçîì âûòåêàåò ñëåäóþùèé îñíîâíîé ðåçóëüòàò

äàííîé ðàáîòû.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (6) è (7). Òîãäà ïðè t0 > T0 ðåøåíèå
îáðàòíîé çàäà÷è ñóùåñòâóåò è îíî åäèíñòâåííî.

Ëèòåðàòóðà

1. Ïñõó À. Â. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà.�Ì.: Íàóêà, 2005.

2. Íîâîæåíîâà Î. Áèîãðà�èÿ è íàó÷íûå òðóäû Àëåêñåÿ Íèêè�îðîâè÷à �åðàñèìîâà. Î ëè-

íåéíûõ îïåðàòîðîâ, óïðóãî-âÿçêîñòè, ýëå�òåðîçå è äðîáíûõ ïðîèçâîäíûõ.�Ì.: Ïåðî,

2018.
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Î ÑÈËÜÍÛÕ �ÅØÅÍÈßÕ Ó�ÀÂÍÅÍÈÉ ÍÀÂÜÅ � ÑÒÎÊÑÀ � ÔÎÉ�ÒÀ

Ñ ÍÅÎÄÍÎ�ÎÄÍÛÌ Ê�ÀÅÂÛÌ ÓÑËÎÂÈÅÌ ÄÈ�ÈÕËÅ

Å. Ñ. Áàðàíîâñêèé

(�îññèÿ, Âîðîíåæ; Â�Ó)

�àññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèé Íàâüå � Ñòîêñà �

Ôîéãòà, ìîäåëèðóþùèõ íåóñòàíîâèâøååñÿ òå÷åíèå íåñæèìàåìîé âÿçêîóïðóãîé

æèäêîñòè:

P
∂u

∂t
+ P

[
3∑

i=1

ui
∂u

∂xi

]
− νP∆u− αP

∂(∆u)

∂t
= Pf â Ω× (0, T ), (1)

∇u = 0 â Ω× (0, T ), (2)

u = ϕ íà ∂Ω× (0, T ), (3)

u
∣∣
t=0

= u0 â Ω, (4)

ãäå Ω � îãðàíè÷åííàÿ òðåõìåðíàÿ îáëàñòü ñ ãðàíèöåé ∂Ω ∈ C 2
; (0, T ) � çàäàí-

íûé ïðîìåæóòîê âðåìåíè; u � ñêîðîñòü òå÷åíèÿ æèäêîñòè; f � ïîëå âíåøíèõ

ñèë; P � ïðîåêòîð Ëåðý; α è ν � ìàòåðèàëüíûå êîíñòàíòû, α > 0 è ν > 0. Cèì-
âîëû ∇ è ∆ îáîçíà÷àþò ãðàäèåíò è ëàïëàñèàí ïî ïðîñòðàíñòâåííûì ïåðåìåí-

íûì x1, x2, x3.
Ïðåäïîëîæèì, ÷òî

∫

∂Ω

ϕn dS = 0, u0

∣∣
∂Ω

= ϕ(0), (5)

ãäå n = n(x) � âíåøíÿÿ íîðìàëü ê ïîâåðõíîñòè ∂Ω â òî÷êå x.

Ââåäåì ñëåäóþùèå ïðîñòðàíñòâà:

H2
σ(Ω)

def
=
{
v ∈ H2(Ω): ∇v = 0 â Ω

}
,

Ḣ
3/2

(∂Ω)
def
=

{
ω ∈ H3/2(∂Ω) :

∫

∂Ω

ωn dS = 0

}
.

Îïðåäåëåíèå. Ñèëüíûì ðåøåíèåì çàäà÷è (1)�(4) áóäåì íàçûâàòü âåêòîð-

�óíêöèþ u ∈ C1([0, T ];H2
σ(Ω)) òàêóþ, ÷òî γ0u = ϕ, u(0) = u0 è

Pu′ + P

[
3∑

i=1

ui
∂u

∂xi

]
− νP∆u− αP∆u′ = Pf , t ∈ (0, T ),

ãäå γ0 � îïåðàòîð ñëåäà íà ∂Ω è u′
� ïðîèçâîäíàÿ âåêòîð-�óíêöèè u ïî t.
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Îñíîâíîé ðåçóëüòàò ðàáîòû ñ�îðìóëèðîâàí â ñëåäóþùåé òåîðåìå.

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ (5) è èìåþò ìåñòî ñëåäó-

þùèå âêëþ÷åíèÿ:

f ∈ C
(
[0, T ];L2(Ω)

)
, ϕ ∈ C1

(
[0, T ]; Ḣ

3/2
(∂Ω)

)
, u0 ∈ H2

σ(Ω).

Òîãäà ñóùåñòâóåò ε0 > 0 òàêîå, ÷òî åñëè

‖f‖
C([0,T ];L2(Ω)) + ‖ϕ‖

C
1([0,T ];H3/2(∂Ω)) + ‖u0‖H2

σ(Ω) 6 ε0,

òî íà÷àëüíî-êðàåâàÿ çàäà÷à (1)�(4) èìååò åäèíñòâåííîå ñèëüíîå ðåøåíèå u

â íåêîòîðîé îòêðûòîé îêðåñòíîñòè U òî÷êè 0 â ïðîñòðàíñòâå C1([0, T ];H2
σ(Ω)).

Çàìå÷àíèå. Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ñòàòüè [1℄, â êîòîðîé

óñòàíîâëåíà ãëîáàëüíàÿ ðàçðåøèìîñòü (â êëàññå ñèëüíûõ ðåøåíèé) óðàâíåíèé

Íàâüå � Ñòîêñà � Ôîéãòà â îãðàíè÷åííîé îáëàñòè ïðè êðàåâîì óñëîâèè ïðèëè-

ïàíèÿ u|∂Ω = 0.

Ëèòåðàòóðà

1. Baranovskii E. S. Strong solutions of the in
ompressible Navier�Stokes�Voigt model //

Mathemati
s.�2020.�Vol. 8.�Arti
le ID 181. DOI: 10.3390/math8020181.
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AN INVERSE PROBLEM FOR THE HEAT EQUATION ASSOCIATED

WITH THE JACOBI OPERATOR

1

B. Bekbolat

(Kazakhstan, Almaty, KazNU; Kaskelen, SDU; Belgium, Ghent, Ghent University)

N. Tokmagambetov

(Kazakhstan, Almaty, KazNU, IMMM; Belgium, Ghent, Ghent University)

In this work we 
onsider an inverse problem for the Heat equation asso
iated

with the Ja
obi operator

∆α,β = A−1
α,β(t)

d

dt

(
Aα,β(t)

d

dt

)
, t ∈ (0,+∞), (1)

where Aα,β(t) = 22ρ(sinh(t))2α+1(cosh(t))2β+1
, ρ = α + β + 1, with α > −1/2 and

β ∈ R. We 
an rewrite the expression (1) in the form

∆α,β =
d2

dt2
+ g(t)

d

dt
,

where g(t) = (2α + 1) coth(t) + (2β + 1) tanh(t). The singular points for ∆α,β are 0
and +∞. limt→+∞ g(t) = 2α+2β+2 = 2ρ. The spe
tral de
omposition of the Ja
obi
operator was 
onsidered by M. Flensted-Jensen in 1972 [1℄.
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ÌÅÒÎÄ ÑÓÌÌÀ�ÍÎÉ ÀÏÏ�ÎÊÑÈÌÀÖÈÈ

ÄËß �ÅØÅÍÈß ÇÀÄÀ×È ÄÈ�ÈÕËÅ ÄËß ÌÍÎ�ÎÌÅ�ÍÎ�Î

Ó�ÀÂÍÅÍÈß ÑÎÁÎËÅÂÑÊÎ�Î ÒÈÏÀ

1

Ì. Õ. Áåøòîêîâ

(�îññèÿ, Íàëü÷èê; ÈÏÌÀ ÊÁÍÖ �ÀÍ)

1. Ïîñòàíîâêà çàäà÷è. Â çàìêíóòîé îáëàñòè QT = G × [0 6 t 6 1],
îñíîâàíèåì êîòîðîé ÿâëÿåòñÿ p-ìåðíûé êâàäðàò G = {x = (x1, x2, . . . , xp) :
0 6 xα 6 1, α = 1, 2, . . . , p} ñ ãðàíèöåé Γ, G = G ∪ Γ, ðàññìîòðèì çàäà÷ó Äè-

ðèõëå äëÿ ìíîãîìåðíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ Ñîáîëåâñêîãî òèïà ñ

ïåðåìåííûìè êîý��èöèåíòàìè

∂u

∂t
= Lu+ µ

∂

∂t
Lu+ f(x, t), (x, t) ∈ QT , (1)

u
∣∣
Γ
= 0, 0 6 t 6 T, (2)

u(x, 0) = u0(x), x ∈ G, (3)

ãäå

Lu =

p∑

α=1

Lαu, Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
− qα(x, t)u(x, t),

0 < c0 6 kα(x, t), qα(x, t) 6 c1, kα(x, t) ∈ C3,1
(
QT
)
,

qα(x, t), f(x, t) ∈ C2,1
(
QT
)
, c0, c1, c2, µ = const > 0, α = 1, 2, . . . , p.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî êîý��èöèåíòû óðàâíåíèÿ (1) óäîâëå-

òâîðÿþò íåîáõîäèìûì ïî õîäó èçëîæåíèÿ óñëîâèÿì, îáåñïå÷èâàþùèì íóæíóþ

ãëàäêîñòü ðåøåíèÿ u(x, t) â öèëèíäðå QT .

Ïðåîáðàçóåì óðàâíåíèå (1). Òîãäà, óìíîæàÿ îáå ÷àñòè (1) íà

1
µ e

1
µ
t
è èíòå-

ãðèðóÿ ïîëó÷åííîå âûðàæåíèå ïî τ îò 0 äî t, ïîëó÷èì çàäà÷ó

Lu+
1

µ2

t∫

0

e−
1
µ
(t−τ)u(x, t) dτ − 1

µ
u+ f̃(x, t) = 0, (4)

ãäå

f̃(x, t) =
1

µ

t∫

0

e
− 1

µ
(t−τ)

f(x, τ) dτ − e
− 1

µ
t
(
Lu0(x)−

1

µ
u0(x)

)
.

1

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëü-

íûõ èññëåäîâàíèé è �îñóäàðñòâåííîãî �îíäà åñòåñòâåííûõ íàóê Êèòàÿ â ðàìêàõ íàó÷íîãî

ïðîåêòà � 20-51-53007.
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Â òîé æå îáëàñòè âìåñòî óðàâíåíèÿ (4) ðàññìîòðèì ñëåäóþùåå óðàâíåíèå ñ

ìàëûì ïàðàìåòðîì ε:

εuεt = Luε +
1

µ2

t∫

0

e−
1
µ
(t−τ)uε dτ − 1

µ
uε + f̃(x, t), (x, t) ∈ QT , (5)

ãäå ε = const > 0.
Òàê êàê ïðè t = 0 íà÷àëüíûå óñëîâèÿ äëÿ óðàâíåíèÿ (4) è (5) ñîâïàäàþò, òî â

îêðåñòíîñòè t = 0 ó ïðîèçâîäíîé uεt íå âîçíèêàåò îñîáåííîñòè òèïà ïîãðàíè÷íîãî
ñëîÿ [1℄.

2. Ëîêàëüíî-îäíîìåðíàÿ ñõåìà. Íà îòðåçêå [0, T ] ââåäåì ðàâíîìåðíóþ

ñåòêó ωτ = {tj = jτ, j = 0, 1, . . . , j0} ñ øàãîì τ = T/j0. Êàæäûé èíòåðâàë

(tj , tj+1) ðàçîáüåì íà p ÷àñòåé òî÷êàìè tj+α
p
= tj+τ

α
p , α = 1, 2, . . . , p, è îáîçíà÷èì

÷åðåç ∆α =
(
tj+α−1

p
, tj+α

p

]
.

Ïðîñòðàíñòâåííóþ ñåòêó âûáåðåì ðàâíîìåðíîé ïî êàæäîìó íàïðàâëåíèþ

Oxα ñ øàãîì hα = 1/Nα, α = 1, 2, . . . , p :

ωh =

p∏

α=1

ωhα , ωhα =
{
x(iα)α = iαhα : iα = 1, . . . , Nα − 1, α = 1, 2, . . . , p

}
.

Íà êàæäîì ïîëóèíòåðâàëå ∆α, α = 1, 2, . . . , p, áóäåì ïîñëåäîâàòåëüíî ðåøàòü

öåïî÷êó p-îäíîìåðíûõ äâóõñëîéíûõ íåÿâíûõ ðàçíîñòíûõ óðàâíåíèé:

ε
yj+

α
p − yj+

α−1
p

τ
= Λαy

j+α
p +

+
1

pµ2

j∑

j ′=0

e
− 1

µ
(tj−tj′ )y

(
x, t

j ′+α
p
)
τ − 1

pµ
y
(
x, t

j+α
p
)
+ ϕ

j+α
p

α ,

(6)

y
j+α

p

∣∣∣
γh,α

= 0, y(x, 0) = u0(x), (7)

ãäå

Λαy
j+α

p =
(
aαy

j+α
p

x̄α

)
xα

− dαy
(
x, tj+

α
p
)
, aα = kα

(
x(−0.5α), t̄

)
,

x(−0.5α) = (x1, . . . , xα−1, xα − 0.5hα, xα+1, . . . , xp), dα = qα(x, t̄ ), t̄ = tj+
1
2 ,

γh,α � ìíîæåñòâî ãðàíè÷íûõ ïî íàïðàâëåíèþ xα óçëîâ.

Òåîðåìà. Ïóñòü çàäà÷à (5), (2), (3) èìååò åäèíñòâåííîå íåïðåðûâíîå â QT
ðåøåíèå u(x, t) ïðè âñåõ ε è ñóùåñòâóþò íåïðåðûâíûå â QT ïðîèçâîäíûå

∂2u

∂t2
,

∂4u

∂x2α∂x
2
β

,
∂3u

∂x2α∂t
,
∂2f

∂x2α
, α = 1, 2, . . . , p, α 6= β.

Òîãäà ëîêàëüíî-îäíîìåðíàÿ ñõåìà (6), (7) ñõîäèòñÿ ê ðåøåíèþ äè��åðåíöèàëü-

íîé çàäà÷è (1)�(3) ñî ñêîðîñòüþ O
(
|h|2 + τ

ε + ε
)
, τ = o(ε), äëÿ âñåõ µ > 1/2, òàê

÷òî ∥∥yj+1 − uj+1
∥∥
1
6M

(
|h|2 + τ

ε
+ ε
)
,
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ãäå ε � ìàëûé ïàðàìåòð, |h|2 = h21 + h22 + . . . + h2p,

∥∥zj+1
∥∥
1
=

(
ε
∥∥zj+1

∥∥2
L2(ωh)

+

j∑

j ′=0

τ

p∑

α=1

(∥∥∥z
j ′+α

p
x̄α

∥∥∥
2

L2(ωh)
+
∥∥∥zj

′+α
p

∥∥∥
2

L2(ωh)

))1
2

.
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ËÎÊÀËÜÍÎ-ÎÄÍÎÌÅ�ÍÀß �ÀÇÍÎÑÒÍÀß ÑÕÅÌÀ ÄËß �ÅØÅÍÈß

ÏÅ�ÂÎÉ ÍÀ×ÀËÜÍÎ-Ê�ÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÍÀ��ÓÆÅÍÍÎ�Î

ÌÍÎ�ÎÌÅ�ÍÎ�Î Ó�ÀÂÍÅÍÈß ÏÀ�ÀÁÎËÈ×ÅÑÊÎ�Î ÒÈÏÀ

1

Ç. Â. Áåøòîêîâà

(�îññèÿ, Íàëü÷èê; ÈÏÌÀ ÊÁÍÖ �ÀÍ)

1. Ïîñòàíîâêà çàäà÷è. Â öèëèíäðå QT = G × [0, T ], îñíîâàíèåì êîòîðîãî

ÿâëÿåòñÿ p -ìåðíûé ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä G = {x = (x1, x2, . . . , xp) :
0 6 xα 6 lα, α = 1, 2, . . . , p} ñ ãðàíèöåé Γ, G = G ∪ Γ, ðàññìàòðèâàåòñÿ çàäà÷à

∂u

∂t
= Lu+ f(x, t), (x, t) ∈ QT , (1)

u
∣∣
Γ
= 0, 0 6 t 6 T, (2)

u(x, 0) = u0(x), x ∈ G, (3)

ãäå

Lu =

p∑

α=1

Lαu, Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
+ rα(x, t)

∂u

∂xα

(
x0, t

)
− qα(x, t)u,

0 < c0 6 kα(x, t) 6 c1, |kxα(x, t)|, |rα(x, t)|, |rxα(x, t)|, |qα(x, t)| 6 c2,

kα(x, t) ∈ C3,1(QT ), rα(x, t), qα(x, t) ∈ C2,1(QT ), α = 1, 2, . . . , p,

ãäå Cm,n � êëàññ �óíêöèé, íåïðåðûâíûõ âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèç-

âîäíûìè ïîðÿäêà m ïî x è n ïî t, x0 = (x1, x2, . . . , xα−1, x
0
α, xα+1, . . . , xp), x

0
α �

�èêñèðîâàííàÿ òî÷êà èíòåðâàëà (0, lα), QT = G × (0 < t 6 T ], c0, c1, c2 �

ïîëîæèòåëüíûå ïîñòîÿííûå.

2. Ëîêàëüíî-îäíîìåðíàÿ ñõåìà. Ïðîñòðàíñòâåííóþ ñåòêó âûáåðåì ðàâ-

íîìåðíîé ïî êàæäîìó íàïðàâëåíèþ Oxα ñ øàãîì hα = lα/Nα, α = 1, 2, . . . , p :

ωh =

p∏

α=1

ωhα , ωhα =
{
x(iα)α = iαhα : iα = 1, . . . , Nα − 1, α = 1, 2, . . . , p

}
.

Íà îòðåçêå [0, T ] ââåäåì ðàâíîìåðíóþ ñåòêó

ωτ =
{
tj = jτ, j = 0, 1, . . . , j0

}

ñ øàãîì τ = T/j0.

1

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëü-

íûõ èññëåäîâàíèé è �îñóäàðñòâåííîãî �îíäà åñòåñòâåííûõ íàóê Êèòàÿ â ðàìêàõ íàó÷íîãî

ïðîåêòà � 20-51-53007.
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Êàæäûé èç îòðåçêîâ [tj , tj+1] ðàçîáüåì íà p ÷àñòåé, ââåäÿ òî÷êè

tj+α
p
= tj + τ αp , α = 1, 2, . . . , p − 1, è îáîçíà÷èì ÷åðåç ∆α =

(
tj+α−1

p
, tj+α

p

]
ïî-

ëóèíòåðâàë, ãäå α = 1, 2, . . . , p.
Òîãäà íà êàæäîì ïîëóèíòåðâàëå ∆α, α = 1, 2, . . . , p, áóäåì ïîñëåäîâàòåëüíî

ðåøàòü öåïî÷êó p îäíîìåðíûõ ðàçíîñòíûõ óðàâíåíèé:

y
j+α

p − y
j+α−1

p

τ
= Λαy

j+α
p + ϕ

j+α
p

α , α = 1, 2, . . . , p, (4)

{
yj+

α
p = 0, xα = 0,

y
j+α

p = 0, xα = lα,
(5)

y(x, 0) = u0(x), (6)

Λαy
j+α

p =
(
aαy

j+α
p

x̄α

)
xα

+ bα

(
y
j+α

p

x̊α, i0α

x
i0α+1
α − x0α
hα

+ y
j+α

p

x̊α, i0α+1

x0α − x
i0α
α

hα

)
− dαy

j+α
p .

Îòìåòèì, ÷òî èñïîëüçóåìîå íàìè âûðàæåíèå

y
j+α

p

x̊α, i0α

x
i0α+1
α − x0α
hα

+ y
j+α

p

x̊α,i0α+1

x0α − x
i0α
α

hα

äëÿ àïïðîêñèìàöèè ux(x
0, t) , áûëî ðàíåå ââåäåíî â ðàáîòàõ [1, 2℄ äëÿ àïïðîêñè-

ìàöèè íàãðóæåííîé ÷àñòè â îäíîìåðíîé ñëó÷àå, à â [3℄ � â ìíîãîìåðíîì ñëó÷àå

äëÿ àïïðîêñèìàöèè u(x0, t).

Òåîðåìà. Ïóñòü çàäà÷à (1)�(3) èìååò åäèíñòâåííîå íåïðåðûâíîå â QT ðåøå-

íèå u(x, t) è ñóùåñòâóþò íåïðåðûâíûå â QT ïðîèçâîäíûå

∂2u

∂t2
,

∂4u

∂x2α∂x
2
β

,
∂3u

∂x2α∂t
,
∂2f

∂x2α
, α = 1, 2, . . . , p, α 6= β.

Òîãäà ëîêàëüíî-îäíîìåðíàÿ ñõåìà (4)�(6) ñõîäèòñÿ ê ðåøåíèþ äè��åðåíöèàëü-

íîé çàäà÷è (1)�(3) ñî ñêîðîñòüþ O(|h|2+τ) (èìååò âòîðîé ïîðÿäîê òî÷íîñòè ïî h
è ïåðâûé ïîðÿäîê òî÷íîñòè ïî τ), òàê ÷òî

∥∥yj+1 − uj+1
∥∥
1
6M

(
|h|2 + τ

)
,

ãäå

∥∥zj+1
∥∥
1
=

(
∥∥zj+1

∥∥2
L2(ωh)

+

j∑

j ′=0

τ

p∑

α=1

∥∥∥z
j ′+α

p

x̄α

∥∥∥
2

L2(ωh)

) 1
2

, |h|2 = h21 + h22 + . . .+ h2p.
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4. Ñàìàðñêèé À. À. Òåîðèÿ ðàçíîñòíûõ ñõåì.�Ì.: Íàóêà, 1977.�656 ñ.

77



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÑÏÅÊÒ�Û ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ ÎÏÅ�ÀÒÎ�ÎÂ

ÍÀ ��ÀÔÀÕ Ñ ÌÀËÛÌÈ �ÅÁ�ÀÌÈ

1

Ä. È. Áîðèñîâ

(�îññèÿ, Ó�à; ÈÌÂÖ ÓÔÈÖ �ÀÍ)

�àññìàòðèâàåòñÿ ïðîèçâîëüíûé ìåòðè÷åñêèé ãðà�, ê êîòîðîìó ïðèêëåèâàåò-

ñÿ ïðîèçâîëüíûé ãðà� ñ ìàëûìè ðåáðàìè. Äëèíû ìàëûõ ðåáåð ïðîïîðöèîíàëü-

íû ìàëîìó ïîëîæèòåëüíîìó ïàðàìåòðó ε. Íà òàêîì ãðà�å ðàññìàòðèâàåòñÿ ñà-

ìîñîïðÿæåííûé äè��åðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà. Ñîîòâåòñòâóþ-

ùåå äè��åðåíöèàëüíîå âûðàæåíèå èìååò îáùèé âèä ñ ïðîèçâîëüíûìè ïåðåìåí-

íûìè êîý��èöèåíòàìè è îáùèìè ìàòðè÷íûìè êðàåâûìè óñëîâèÿìè â âåðøè-

íàõ. Âñå êîý��èöèåíòû òàêæå ìîãóò çàâèñåòü îò ïàðàìåòðà ε, ïðè÷åì êîý��è-

öèåíòû â êðàåâûõ óñëîâèÿõ è êîý��èöèåíòû äè��åðåíöèàëüíîãî âûðàæåíèÿ

íà ðåáðàõ êîíå÷íîé äëèíû � ãîëîìîð�íû ïî ε, à êîý��èöèåíòû äè��åðåíöè-

àëüíîãî âûðàæåíèÿ íà ìàëûõ ðåáðàõ � ìåðîìî�ðíû ïî ε.
Ìû îïðåäåëÿåì ñïåöèàëüíûé îïåðàòîð íà îïðåäåëåííîì ãðà�å, ïîëó÷åííîì

ðàñòÿæåíèåì óïîìÿíóòûõ âûøå ìàëûõ ðåáåð äî êîíå÷íîãî ðàçìåðà è ïðåäïîëà-

ãàåì, ÷òî òàêîé îïåðàòîð íå èìååò âëîæåííûõ ñîáñòâåííûõ çíà÷åíèé íà êðàþ ñó-

ùåñòâåííîãî ñïåêòðà. Èçâåñòíî, ÷òî ïðè òàêîì îïåðàòîðå ðåçîëüâåíòà èñõîäíîãî

âîçìóùåííîãî îïåðàòîðà ãîëîìîð�íà ïî ïàðàìåòðó ε â îïðåäåëåííîì ñìûñëå è

ñõîäèòñÿ ê ðåçîëüâåíòå íåêîòîðîãî ïðåäåëüíîãî îïåðàòîðà. Îñíîâíîé ðåçóëüòàò

íàñòîÿùåé ðàáîòû ñîñòîèò â ñëåäóþùåì. Ïîêàçàíà ñõîäèìîñòü ñïåêòðà âîçìó-

ùåííîãî îïåðàòîðà ê ñïåêòðó ïðåäåëüíîãî, ïîëó÷åíû îöåíêè ñêîðîñòè ñõîäèìî-

ñòè. Òàêæå ïîêàçàíà ñõîäèìîñòü ñîîòâåòñòâóþùèõ ñïåêòðàëüíûõ ïðîåêòîðîâ.

Äîêàçàíî, ÷òî ñîáñòâåííûå çíà÷åíèÿ âîçìóùåííîãî îïåðàòîðà, ñõîäÿùèåñÿ ê

ïðåäåëüíûì äèñêðåòíûì ñîáñòâåííûì çíà÷åíèÿì, ãîëîìîð�íû ïî ε. Àíàëîãè÷-
íîå ñâîéñòâî äîêàçàíî è äëÿ ñîîòâåòñòâóþùèõ ñîáñòâåííûõ �óíêöèé. Ïðåäëî-

æåí àëãîðèòì, ÿâëÿþùèéñÿ àäàïòàöèåé ìåòîäà ñîãëàñîâàíèÿ àñèìïòîòè÷åñêèõ

ðàçëîæåíèé, êîòîðûé ïîçâîëÿåò ðåêóððåíòíî îïðåäåëÿòü âñå êîý��èöèåíòû â

ðÿäàõ Òåéëîðà äëÿ äàííûõ ãîëîìîð�íûõ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ

�óíêöèé.

1

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà �îññèéñêîãî íàó÷íîãî �îíäà, ïðîåêò �20-11-

19995.
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Î ÄÈÑÊ�ÅÒÍÛÕ Ê�ÀÅÂÛÕ ÇÀÄÀ×ÀÕ Â ×ÅÒÂÅ�ÒÈ ÏËÎÑÊÎÑÒÈ

Â. Á. Âàñèëüåâ (�îññèÿ, Áåëãîðîä; ÍÈÓ ¾Áåë�Ó¿),

À. À. Õîäûðåâà (�îññèÿ, Áåëãîðîä; ÍÈÓ ¾Áåë�Ó¿)

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ äèñêðåòíûå ïñåâäîäè��åðåíöèàëüíûå óðàâ-

íåíèÿ â äèñêðåòíîì óãëå íà ïëîñêîñòè. Èñïîëüçóÿ ìåòîäû, ðàçâèòûå â [1℄, îïè-

ñûâàåòñÿ êàðòèíà ðàçðåøèìîñòè äèñêðåòíîãî ïñåâäîäè��åðåíöèàëüíîãî óðàâ-

íåíèÿ è äàåòñÿ ñðàâíåíèå ìåæäó äèñêðåòíûìè è íåïðåðûâíûìè ðåøåíèÿìè â

íåêîòîðûõ ìîäåëüíûõ ñèòóàöèÿõ.

Ïóñòü Z
2
� öåëî÷èñëåííàÿ ðåøåòêà íà ïëîñêîñòè. Îáîçíà÷èì K = {x ∈ R

2 :
x = (x1, x2), x1 > 0, x2 > 0} ïåðâûé êâàäðàíò íà ïëîñêîñòè, Kd = hZ2 ∩ K,

h > 0, ~ = h−1
, T = [−π, π]. Ââîäèì ïðîñòðàíñòâî �óíêöèé Hs(Kd) äèñêðåòíîãî

àðãóìåíòà ud(x̃), x̃ = (x̃1, x̃2) ∈ hZ2, êîòîðîå ïðåäñòàâëÿåò ñîáîé äèñêðåòíûé

àíàëîã ïðîñòðàíñòâà Hs(K) [1℄.
Åñëè Ad(ξ) � èçìåðèìàÿ ïåðèîäè÷åñêàÿ �óíêöèÿ â R

2
ñ îñíîâíûì êóáîì

ïåðèîäîâ ~T
2
, ìû íàçûâàåì åå ñèìâîëîì.

Îïðåäåëåíèå 1. Äèñêðåòíûì ïñåâäîäè��åðåíöèàëüíûì îïåðàòîðîì Ad ñ
ñèìâîëîì Ad(ξ) â äèñêðåòíîì êâàäðàíòå Kd íàçûâàåòñÿ îïåðàòîð ñëåäóþùåãî

âèäà:

(Adud)(x̃) =
∑

ỹ∈hZ2

~
2

∫

~T2

Ad(ξ) e
i(x̃−ỹ)ξ ũd(ξ) dξ, x̃ ∈ Kd.

�îâîðÿò, ÷òî îïåðàòîð Ad � ýëëèïòè÷åñêèé, åñëè

ess inf
ξ∈~T2

|Ad(ξ)| > 0.

Ïîëîæèì

ζ = ~
2
(
(e−ihξ1 − 1)2 + (e−ihξ2 − 1)2

)
.

Ìû ðàáîòàåì ñ êëàññîì ñèìâîëîâ, óäîâëåòâîðÿþùèõ óñëîâèþ

c1
(
1 + |ζ2|

)α
2 6 |Ad(ξ)| 6 c2

(
1 + |ζ2|

)α
2

ñ ïîñòîÿííûìè c1, c2, íå çàâèñÿùèìè îò h, è íàçûâàåì ÷èñëî α ∈ R ïîðÿäêîì

ïñåâäîäè��åðåíöèàëüíîãî îïåðàòîðà Ad. Èññëåäóåòñÿ ðàçðåøèìîñòü ìîäåëüíî-
ãî äèñêðåòíîãî ïñåâäîäè��åðåíöèàëüíîãî óðàâíåíèÿ

(Adud)(x̃) = vd(x̃), x̃ ∈ Kd. (1)

Îòìåòèì, ÷òî â ñëó÷àå ìíîãîìåðíîãî äèñêðåòíîãî ïîëóïðîñòðàíñòâà âîïðîñû

ðàçðåøèìîñòè óðàâíåíèÿ (1) è ñðàâíåíèÿ äèñêðåòíûõ è íåïðåðûâíûõ ðåøåíèé

ðàññìîòðåíû â [2, 3℄.
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Íàì ïîíàäîáèòñÿ íåêîòîðûå îáëàñòè êîìïëåêñíîãî ïðîñòðàíñòâà C
2. Îá-

ëàñòü âèäà Th(K) = ~T
2 + iK ìû íàçîâåì òðóá÷àòîé îáëàñòüþ íàä êâàä-

ðàíòîì K, è áóäåì ðàññìàòðèâàòü àíàëèòè÷åñêèå �óíêöèè f(x + iτ) â

Th(K) = ~T
2 + iK, ñ÷èòàÿ èõ âåùåñòâåííî-ïåðèîäè÷åñêèìè, îïðåäåëåííûìè äëÿ

ïî÷òè âñåõ çíà÷åíèé x.

Îïðåäåëåíèå 2. Ïåðèîäè÷åñêîé âîëíîâîé �àêòîðèçàöèåé ýëëèïòè÷åñêîãî

ñèìâîëà Ad(ξ) íàçûâàåòñÿ åãî ïðåäñòàâëåíèå â âèäå

Ad(ξ) = Ad, 6=(ξ)Ad,=(ξ),

ãäå ñîìíîæèòåëè Ad, 6=(ξ), Ad,=(ξ) äîïóñêàþò àíàëèòè÷åñêîå ïðîäîëæåíèå â òðóá-
÷àòûå îáëàñòè Th(K), Th(−K) ñîîòâåòñòâåííî è óäîâëåòâîðÿþò îöåíêàì

c1
(
1 +

∣∣ζ̂2
∣∣)æ

2 6
∣∣Ad, 6=(ξ + iτ)

∣∣ 6 c′1
(
1 +

∣∣ζ̂2
∣∣)æ

2 ,

c2
(
1 +

∣∣ζ̂2
∣∣)α−æ

2 6
∣∣Ad,=(ξ − iτ)

∣∣ 6 c′2
(
1 +

∣∣ζ̂2
∣∣)α−æ

2 ,

ñ ïîñòîÿííûìè c1, c
′
1, c2, c

′
2, íå çàâèñÿùèìè îò h, ãäå

ζ̂2 ≡ ~
2
(
(e−ih(ξ1+iτ1)−1)2+(e−ih(ξ2+iτ2)−1)2

)
, ξ = (ξ1, ξ2) ∈ ~T

2, τ−(τ1, τ2) ∈ K.

×èñëî æ ∈ R íàçûâàåòñÿ èíäåêñîì ïåðèîäè÷åñêîé âîëíîâîé �àêòîðèçàöèè.

Óòâåðæäåíèå. Ïðè íàëè÷èè ïåðèîäè÷åñêîé âîëíîâîé �àêòîðèçàöèè ñèì-

âîëà ñ èíäåêñîì æ òàêèì, ÷òî |æ−s| < 1/2, óðàâíåíèå (1) îäíîçíà÷íî ðàçðåøèìî
â ïðîñòðàíñòâå Hs(Kd) ïðè ëþáîé ïðàâîé ÷àñòè vd ∈ Hs−α(Kd).

Â ñëó÷àå æ − s = n + δ, n ∈ N, |δ| < 1/2, èìååò ìåñòî íååäèíñòâåííîñòü

ðåøåíèÿ, îäíàêî ìîæíî âûïèñàòü �îðìóëó äëÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (1).

Äëÿ âûäåëåíèÿ åäèíñòâåííîãî ðåøåíèÿ ïðèõîäèòñÿ çàäàâàòü äîïîëíèòåëüíûå

óñëîâèÿ, êîòîðûå ïðèâîäÿò ê ñîîòâåòñòâóþùåé äèñêðåòíîé êðàåâîé çàäà÷å.

Ëèòåðàòóðà

1. Âàñèëüåâ Â. Á. Ìóëüòèïëèêàòîðû èíòåãðàëîâ Ôóðüå, ïñåâäîäè��åðåíöèàëüíûå óðàâ-

íåíèÿ, âîëíîâàÿ �àêòîðèçàöèÿ, êðàåâûå çàäà÷è.�Ì.: Ó�ÑÑ, 2010.�135 ñ.

2. Âàñèëüåâ Â. Á. Îïåðàòîðû è óðàâíåíèÿ: äèñêðåòíîå è íåïðåðûâíîå // Èòîãè íàóêè è

òåõí. Ñåð. Ñîâðåì. ìàò. è åå ïðèë. Òåìàò. îáç.�2019.�Ò. 160.�Ñ. 18�27.

3. Âàñèëüåâ Â. Á., Òàðàñîâà Î. À.Î äèñêðåòíûõ êðàåâûõ çàäà÷àõ è èõ àïïðîêñèìàöèîííûõ

ñâîéñòâàõ // Èòîãè íàóêè è òåõí. Ñåð. Ñîâðåì. ìàò. è åå ïðèë. Òåìàò. îáç.�2020.�

Ò. 174.�Ñ. 12�19.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå
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(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

Î ßÄ�Å ËÎÊÀËÜÍÎ�Î Ï�ÅÎÁ�ÀÇÎÂÀÍÈß ÏÎÌÏÅÉÞ

Í. Ï. Âîë÷êîâà (Äîíåöê; ÄîíÍÒÓ),

Âèò. Â. Âîë÷êîâ (Äîíåöê; ÄîíÍÓ),

Í. À. Èùåíêî (Äîíåöê; ÄîíÍÓ)

Ïóñòü K � êîìïàêòíîå ìíîæåñòâî ïîëîæèòåëüíîé ëåáåãîâîé ìåðû â åâêëè-

äîâîì ïðîñòðàíñòâå R
n
, n > 2, M(n) � ãðóïïà äâèæåíèé R

n
. Êëàññè÷åñêîå ïðå-

îáðàçîâàíèå Ïîìïåéþ, ñâÿçàííîå ñ êîìïàêòîì K, îïðåäåëÿåòñÿ ðàâåíñòâîì

PK(f)(g) =

∫

gK

f(x) dx, f ∈ C(Rn), g ∈ M(n).

Âî ìíîãèõ ðàáîòàõ èçó÷àëèñü âîïðîñû, ñâÿçàííûå ñ èíúåêòèâíîñòüþ è îáðàùå-

íèåì ïðåîáðàçîâàíèÿ PK , à òàêæå ðàçëè÷íûå åãî àíàëîãè (ñì. [1�3℄).

Â äàííîé ðàáîòå èçó÷àåòñÿ ëîêàëüíîå ïðåîáðàçîâàíèå Ïîìïåéþ, àññîöèè-

ðîâàííîå ñ åäèíè÷íûì øàðîì íà åâêëèäîâîì ïðîñòðàíñòâå R
n
ñî ñ�åðè÷åñêîé

ìåòðèêîé. Íàéäåíî òî÷íîå óñëîâèå, ïðè êîòîðîì �óíêöèè èç ÿäðà óêàçàííîãî

ïðåîáðàçîâàíèÿ ïðèíàäëåæàò ÿäðó ñîîòâåòñòâóþùåãî ãëîáàëüíîãî ïðåîáðàçîâà-

íèÿ Ïîìïåéþ íà ïðîñòðàíñòâå Ìåáèóñà R
n
.

Ìåáèóñîâî ïðåîáðàçîâàíèå, äåéñòâóþùåå â R
n
, åñòü ñóïåðïîçèöèÿ êîíå÷íîãî

÷èñëà îòðàæåíèé (îòíîñèòåëüíî ñ�åð è ïëîñêîñòåé). Ìíîæåñòâî âñåõ ìåáèóñî-

âûõ ïðåîáðàçîâàíèé R
n
îáðàçóåò ãðóïïó ïî óìíîæåíèþ, êîòîðàÿ íàçûâàåòñÿ

îáùåé ìåáèóñîâîé ãðóïïîé è îáîçíà÷àåòñÿ GM
(
R
n)
. Äëÿ ëþáîãî a ∈ R

n
îïðå-

äåëèì ìåáèóñîâî ïðåîáðàçîâàíèå Ta ∈ GM
(
R
n)

ïî �îðìóëå

Ta(x) = a−
(
1 + |a|2

)(
x∗ + a

)∗
, x∗ =

x

|x|2 .

Ïóñòü P � ìíîæåñòâî â GM
(
R
n)
, ñîñòîÿùåå èç âñåõ îòîáðàæåíèé Ta, èíâåð-

ñèè x → x∗ è îðòîãîíàëüíûõ ïðåîáðàçîâàíèé τ ∈ O(n). Îáîçíà÷èì ÷åðåç G
ïîäãðóïïó â GM

(
R
n)
, ïîðîæäåííóþ ìíîæåñòâîì P ⊂ GM

(
R
n)
.

Òåîðåìà 1. Ïóñòü �óíêöèÿ f íåïðåðûâíà íà R
n
,

f(x) = o

(
1

|x|n−1

)
ïðè x→ ∞ (1)

è ∫

g(B)

f(x) dx = 0 äëÿ ëþáîãî g ∈ G : g(B) ⊂ R
n. (2)

Òîãäà ∫

g(B)

f(x) dx = 0 äëÿ âñåõ g ∈ G. (3)

81



Òåîðåìà 2. Ñóùåñòâóåò �óíêöèÿ f ∈ C(Rn) ñî ñëåäóþùèìè ñâîéñòâàìè:

1) �óíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ (2);
2) ïðè x→ ∞

f(x) = O

(
1

|x|n−1

)
;

3) äëÿ íåêîòîðîãî g ∈ G èíòåãðàë â (3) ðàñõîäèòñÿ.

Îòìåòèì, ÷òî óòâåðæäåíèå òåîðåìû 2 ïîêàçûâàåò, ÷òî óñëîâèå (1) â òåîðåìå 1

áëèçêî ê îêîí÷àòåëüíîìó.

Ëèòåðàòóðà
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âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÎÁ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ Ê�ÀÅÂÎÉ ÇÀÄÀ×Å ÏÅ�ÈÎÄÈ×ÅÑÊÎ�Î

ÒÈÏÀ ÄËß Ò�ÅÕÌÅ�ÍÎ�Î Ó�ÀÂÍÅÍÈß ×ÀÏËÛ�ÈÍÀ

Â ÍÅÎ��ÀÍÈ×ÅÍÍÎÉ Ï�ÈÇÌÀÒÈ×ÅÑÊÎÉ ÎÁËÀÑÒÈ

Ñ. Ç. Äæàìàëîâ (Óçáåêèàí, Òàøêåíò; ÈÌ ÀÍ �Óç),

�. �. Àøóðîâ (Óçáåêèàí, Òàøêåíò; ÈÌ ÀÍ �Óç),

Õ. Ø. Òóðàêóëîâ (Óçáåêèñòàí, Òàøêåíò; ÈÌ ÀÍ �Óç)

Êàê èçâåñòíî, â ðàáîòå À. Â. Áèöàäçå ïîêàçàíî, ÷òî çàäà÷à Äèðèõëå äëÿ óðàâ-

íåíèÿ ñìåøàííîãî òèïà íåêîððåêòíà [1℄. Åñòåñòâåííî âîçíèêàåò âîïðîñ: íåëüçÿ

ëè çàìåíèòü óñëîâèÿ çàäà÷è Äèðèõëå äðóãèìè óñëîâèÿìè, îõâàòûâàþùèìè âñþ

ãðàíèöó, êîòîðûå îáåñïå÷èâàþò êîððåêòíîñòü çàäà÷è? Âïåðâûå òàêèå êðàåâûå

çàäà÷è (íåëîêàëüíûå êðàåâûå çàäà÷è) äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà áûëè

ïðåäëîæåíû è èçó÷åíû â ðàáîòå Ô. È. Ôðàíêëÿ ïðè ðåøåíèè ãàçîäèíàìè÷åñêîé

çàäà÷è îá îáòåêàíèè ïðî�èëåé ïîòîêîì äîçâóêîâîé ñêîðîñòè ñî ñâåðõçâóêîâîé

çîíîé, îêàí÷èâàþùåéñÿ ïðÿìûì ñêà÷êîì óïëîòíåíèÿ [2℄. Áëèçêèå ïî ïîñòàíîâ-

êå çàäà÷è äëÿ óðàâíåíèÿ ×àïëûãèíà áûëè èññëåäîâàíû â îãðàíè÷åííûõ îáëà-

ñòÿõ â ðàáîòàõ [3�7℄. Â äàííîé ðàáîòå ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ ðàáîò [6, 7℄

èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü îáîáùåííîãî ðåøåíèÿ îäíîé íåëîêàëüíîé

êðàåâîé çàäà÷è ïåðèîäè÷åñêîãî òèïà äëÿ òðåõìåðíîãî óðàâíåíèÿ ×àïëûãèíà â

ïðèçìàòè÷åñêîé íåîãðàíè÷åííîé îáëàñòè.

Â îáëàñòè

Q = (−α, β)×(0, T )×R = Q1×R =
{
(x, t, z);x ∈ (−α, β), 0 < t < T < +∞, z ∈ R

}

ðàññìîòðèì óðàâíåíèå ×àïëûãèíà

Lu = K(x)utt −∆u+ a(x, t)ut + c(x, t)u = f(x, t, z), (1)

ãäå xK(x) > 0 ïðè x 6= 0, −α < x < β, ∆u = uxx+uzz � îïåðàòîð Ëàïëàñà. Ïóñòü

âñå êîý��èöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî ãëàäêèå �óíêöèè â îáëàñòè Q.

Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à ïåðèîäè÷åñêîãî òèïà. Íàéòè îáîáùåí-

íîå ðåøåíèå u(x, t, z) óðàâíåíèÿ (1) èç ïðîñòðàíñòâà W 2,3
2 (Q), óäîâëåòâîðÿþùåå

ñëåäóþùèì êðàåâûì óñëîâèÿì:

γDp
t u
∣∣
t=0

= Dp
t u
∣∣
t=T

, (2)

Dp
xu
∣∣
x=−α = Dp

xu
∣∣
x=β

(3)

ïðè p = 0, 1, ãäå Dp
yu = ∂pu

∂yp D
0
yu = u, γ �íåêîòîðîå ïîñòîÿííîå ÷èñëî, îòëè÷íîå

îò íóëÿ, âåëè÷èíà êîòîðîãî áóäåò óòî÷íåíà íèæå.

Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(3) áóäåì íàçûâàòü

�óíêöèþ u(x, t, z) ∈ W 2,3
2 (Q), óäîâëåòâîðÿþùóþ ïî÷òè âñþäó óðàâíåíèþ (1)

ñ óñëîâèÿìè (2)�(3).
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Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ äëÿ êîý��èöèåíòîâ óðàâíå-

íèÿ (1) : 2a(x, t)+µK(x) > δ1 > 0, µc(x, t)− ct(x, t) > δ2 > 0 äëÿ âñåõ (x, t) ∈ Q1,

ãäå µ = 2
T ln |γ| > 0 ïðè |γ| > 1, a(x, 0) = a(x, T ), c(x, 0) = c(x, T ). Òîãäà äëÿ

ëþáîé �óíêöèè f ∈W 1,3
2 (Q) òàêîé, ÷òî γ f(x, 0, z) = f(x, T, z), ñóùåñòâóåò åäèí-

ñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è (1)�(3) èç ïðîñòðàíñòâà W 2,3
2 (Q) è äëÿ íåå

ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

1) ‖u‖2
W 1,3

2 (Q)
6 c1‖f‖2W 0,3

2 (Q)
,

2) ‖u‖2
W 2,3

2 (Q)
6 c2‖f‖2W 1,3

2 (Q)
,

ãäå ci � ïîëîæèòåëüíûå, âîîáùå ãîâîðÿ, ðàçíûå ïîñòîÿííûå ÷èñëà, îòëè÷íûå îò

íóëÿ.

Çäåñü ÷åðåç W l,s
2 (Q) îáîçíà÷åíî ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé

∥∥u
∥∥2
W l,s

2 (Q)
= (2π)−

1
2

+∞∫

−∞

(
1 + |λ|2

)s ∥∥û(x, t, λ)
∥∥2
W l

2(Q1)
dλ, (A)

ãäå W l
2(Q1) � ïðîñòðàíñòâî Ñîáîëåâà, s, l � ëþáûå êîíå÷íûå ïîëîæèòåëüíûå

öåëûå ÷èñëà, à íîðìà â ïðîñòðàíñòâå ÑîáîëåâàW l
2(Q1) îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì:

∥∥ϑ
∥∥2
W l

2(Q1)
=
∑

|α|6l

∫

Q1

∣∣Dαϑ
∣∣2 dxdt,

α � ýòî ìóëüòèèíäåêñ, Dα
åñòü îáîáùeííàÿ ïðîèçâîäíàÿ ïî ïåðåìåííûì x è t,

à ÷åðåç

û(x, t, λ) = (2π)−
1
2

+∞∫

−∞

u(x, t, z)e−iλz dz

îáîçíà÷åíî ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííûì z �óíêöèè u(x, t, z).

Çàìå÷àíèå.�åçóëüòàò ñïðàâåäëèâ äëÿ ìíîãîìåðíîãî óðàâíåíèÿ ×àïëûãèíà.
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Î ÍÅÊÎÒÎ�ÛÕ ÂÛ×ÈÑËÈÒÅËÜÍÛÕ ÀÑÏÅÊÒÀÕ �ÅØÅÍÈß

ÎÁ�ÀÒÍÛÕ ÇÀÄÀ× ÄËß ÍÅÎÄÍÎ�ÎÄÍÛÕ ÒÅË

1

Â. Â. Äóäàðåâ

(�îññèÿ, Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ; �îñòîâ-íà-Äîíó, ÞÔÓ),

�. Ì. Ìíóõèí

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Àêóñòè÷åñêèé ìåòîä ïîçâîëÿåò ïðîâîäèòü îöåíêó ïåðåìåííûõ ñâîéñòâ îáúåê-

òîâ, èçãîòîâëåííûõ èç �óíêöèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ. Ñâîéñòâà òà-

êèõ ìàòåðèàëîâ îáû÷íî èçìåíÿþòñÿ ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì. Â ðàáî-

òå íà îñíîâå îáùåé ïîñòàíîâêè äëÿ íåîäíîðîäíîãî èçîòðîïíîãî òåëà ðàññìîòðå-

íû çàäà÷è îá óñòàíîâèâøèõñÿ ïðîäîëüíî-ðàäèàëüíûõ è êðóòèëüíûõ êîëåáàíèÿõ

ïîëîãî öèëèíäðà, à òàêæå î ïðîäîëüíûõ è èçãèáíûõ êîëåáàíèÿõ ñòåðæíÿ.

Â çàäà÷àõ äëÿ öèëèíäðà ïàðàìåòðû Ëàìå è ïëîòíîñòü ÿâëÿþòñÿ ïåðåìåííû-

ìè ïî ðàäèàëüíîé êîîðäèíàòå. �åøåíèå ïðÿìîé çàäà÷è î ïðîäîëüíî-ðàäèàëüíûõ

êîëåáàíèÿõ ðåàëèçîâàíî ñ ïîìîùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ, à òàêæå ñ

èñïîëüçîâàíèåì ÌÊÝ. Èçó÷åíà ÷óâñòâèòåëüíîñòü àìïëèòóäíî-÷àñòîòíûõ õàðàê-

òåðèñòèê (À×Õ) ê èçìåíåíèþ ïàðàìåòðîâ Ëàìå è ïëîòíîñòè. �àññìîòðåíà îáðàò-

íàÿ êîý��èöèåíòíàÿ çàäà÷à îá îïðåäåëåíèè çàêîíîâ èçìåíåíèÿ ñâîéñòâ öèëèí-

äðà ïî äàííûì îá À×Õ, çàäàííûõ íà âíåøíåé ãðàíèöå â ðàçëè÷íûõ ÷àñòîòíûõ

äèàïàçîíàõ. �åøåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà (ÈÓÔ) 1-ãî

ðîäà ñ ãëàäêèìè ÿäðàìè îòíîñèòåëüíî íåèçâåñòíûõ �óíêöèé ïîïðàâîê ðåàëèçî-

âàíî ìåòîäîì ðåãóëÿðèçàöèè Òèõîíîâà ñ èñïîëüçîâàíèåì òðåõýòàïíîãî èòåðàöè-

îííîãî ïðîöåññà. Ïðîâåäåí àíàëèç ÿäåð ÈÓÔ 1-ãî ðîäà, ïðåäñòàâëåíû ïðèìåðû

ðåêîíñòðóêöèè ìîíîòîííûõ çàêîíîâ.

Àíàëîãè÷íî èññëåäîâàíû çàäà÷è î ïðîäîëüíûõ è èçãèáíûõ êîëåáàíèÿõ

ñòåðæíÿ. Åãî ñâîéñòâà õàðàêòåðèçóþòñÿ ìîäóëåì Þíãà è ïëîòíîñòüþ, èçìåíÿþ-

ùèìèñÿ âäîëü ïðîäîëüíîé êîîðäèíàòû. Ïîñòàíîâêè ïðÿìûõ çàäà÷ ïðåäñòàâëåíû

êàíîíè÷åñêèìè ñèñòåìàìè äè��åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ïå-

ðåìåííûìè êîý��èöèåíòàìè, ðåøåíèå êîòîðûõ ðåàëèçîâàíî ÷èñëåííî. Îáðàò-

íàÿ êîý��èöèåíòíàÿ çàäà÷à î âîññòàíîâëåíèè çàêîíîâ èçìåíåíèÿ ìîäóëÿ Þíãà

è ïëîòíîñòè ñâåäåíà ê ðåøåíèþ ñèñòåìû äâóõ ÈÓÔ 1-ãî ðîäà. Ïðîâåäåíà ñåðèÿ

âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ðåêîíñòðóêöèè �óíêöèé ðàçëè÷íîãî âèäà.

Äëÿ âñåõ ðàññìîòðåííûõ çàäà÷ äàíû ðåêîìåíäàöèè ïî îñóùåñòâëåíèþ íàèáîëåå

òî÷íîé ïðîöåäóðû ðåêîíñòðóêöèè.

1

�àáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà �îññèéñêîé Ôåäåðàöèè, ñîãëàøå-

íèå � 075-15-2019-1928.
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A MULTI-DIMENSIONAL DIFFUSION COEFFICIENT DETERMINATION

PROBLEM FOR THE TIME-FRACTIONAL EQUATION

D. K. Durdiev (Uzbekistan, Bukhara; Bukhara Bran
h IM AS RUz),

A. A. Rahmonov (Uzbekistan, Bukhara; BukhSU)

In this paper, we 
onsider a multi-dimensional inverse problem for a fra
tional

di�usion equation. The inverse problem is redu
ed to the equivalent integral equation.

For solving this equation the S
hauder prin
iple is applied. The lo
al existen
e and

uniqueness results are obtained.

Consider the n > 2 � dimensional fra
tional di�usion equation de�ned by

(
C
D
α
t u
)
(x, t)−∆u+ q(x)u = f(x, t) in R

n
T , (1)

where (CDα
t u)(x, t), 0 < α < 1, is the Gerasimov�Caputo fra
tional derivative, de-

�ned by

(
C
D
α
t u
)
(x, t) =

1

Γ(1− α)

t∫

0

uτ (x, τ)

(t− τ)α
dτ,

∆ � Lapla
ian respe
t to the variable x = (x1, x2, . . . , xn), R
n
T = {(x, t) : x ∈ R

n
,

0 < t 6 T} and f(x, t) is given fun
tion.
It is natural from the physi
al point of view to 
onsider a usual Cau
hy problem,

with the initial 
ondition

u(x, 0) = Φ(x) on R
n, (2)

where Φ(x) is given.
Our main problem is formulated as follows:

Inverse problem. Find the fun
tion q(x), x ∈ R
n
, in (1), if the solution to

Cau
hy problem (1), (2) satis�es

T∫

0

u(x, t)χ(t) dt = g(x), x ∈ R
n, (3)

where χ(t), g(x) are given.

In the present paper, we establish su�
ient 
ondition under whi
h the solution of

the inverse problem (1)�(3) exists and is unique. For the 
ase α = 1, 
losely related
results were obtained in [1℄.

By C l(RnT ) be spa
e of bounded 
ontinuous fun
tions f(x, t) on R
n
T whi
h for

all t ∈ (0, T ], satis�es H�older 
ontinuity 
ondition with respe
t to spa
e variables

x ∈ R
n
, and C2,l(RnT ) = {f ∈ C(RnT ) |∆f, (CDα

t f)(x, t) ∈ C(RnT )}.
Let us introdu
e the set

Bd(0) :=
{
q(x) ∈ C l(Rn) : |q(x)|l 6 d

}
,
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where d = const > 0. In all the subsequent arguments, we assume that the fun
tions
appearing in the input data of problem (1)�(3) satisfy the following 
onditions:

g(x) ∈ C l+2(Rn), g(x) > g0 > 0, g1 := |g|l+2; (A)

Φ(x) ∈ C l+2(Rn), |Φ|l+2
6 ϕ0, x ∈ R

n, χ(t) ∈ C[0, T ], χ0 := max
t∈[0,T ]

|χ(t)|; (B)

F (x) =

T∫

0

f(x, t)χ(t) dt, F0 := sup
x∈Rn

|F (x)|. (C)

Let us 
onsider the inverse problem (1)�(3) and obtain an operator equation for

the 
oe�
ient q(x). Thus, let q(x) be an arbitrary fun
tion from C l(Rn). Let us
multiply Equation (1) by χ(t) and integrate over the 
losed interval [0, T ]. Taking
into a

ount 
onditions (2), (3) and assumptions (A)�(C), we obtain the next relation

q(x) = q0(x) +
1

g(x)

T∫

0

χ(t) dt

∫

Rn

Z(x− ξ, t)Φ(ξ)q(ξ) dξ +

+
1

g(x)

T∫

0

χ(t) dt

t∫

0

dτ

∫

Rn

Y (x− ξ, t− τ)q(ξ)
(
C
D
α
t u
)
(ξ, τ) dξ,

(4)

where

q0(x) :=
1

g(x)

[
F (x) + ∆g(x) −

T∫

0

χ(t)v̄0(x, t) dt

]
,

v̄0(x, t) :=

∫

Rn

Z(x−ξ, t)
[
∆Φ(ξ)+f(ξ, 0)

]
dξ+

t∫

0

dτ

∫

Rn

Y (x−ξ, t−τ)
(
C
D
α
t f
)
(ξ, τ) dξ.

Let us introdu
e the nonlinear operator A : C l(Rn) → C l(Rn), l ∈ (0, 1) by the

formula

A (q) = q0(x) +
1

g(x)

T∫

0

χ(t) dt

∫

Rn

Z(x− ξ, t)Φ(ξ)q(ξ) dξ+

+
1

g(x)

T∫

0

χ(t) dt

t∫

0

dτ

∫

Rn

Y (x− ξ, t− τ)q(ξ)
(
C
D
α
t u
)
(ξ, τ) dξ.

(5)

In view of 
onditions (A)�(C), the operator A a
ts from C l(Rn) to C l(Rn), and
relation (5) 
an be rewritten as

q = A (q). (6)

Lemma 1. Assume that 
onditions (A)�(C) hold. Then, for all q(x) ∈ C l(Rn),
the following estimate holds:

A (q) 6 d0, (7)
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where

d0 :=
1

g0

[
F0 + g1 + χ0M0T + q0χ0T

(
ϕ0 + C(α)M0T

α
)]
. (8)

Lemma 2. Suppose that 
onditions (A)�(C) hold. Then the operator A is


ontinuous on the set Bd for all d > 0.

Lemma 3. Let 
onditions (A)�(C) hold. Let d > 0 be arbitrary. Then the ope-

rator A is a 
ompletely 
ontinuous operator on the set Bd.

Theorem 1. Let 
onditions (A)�(C) and inequality (7) hold. Then there exists

a solution q(x) of the inverse problem (1)�(3), with q(x) satisfying the estimate

q(x) 6 d0,

where d0 is from (8).

Theorem 2. Let 
onditions (A)�(C) hold. Let M0 is given 
onstant. Suppose

that

M∗ < g0,

where M∗ := Tχ0ϕ0 + C1(α)q0M0T
α+1 + C0(α)M1T

α
. Then the inverse prob-

lem (1)�(3) 
annot have more than one solution.

Referen
es

1. Kamynin V. L. The inverse problem of determining the lower-order 
oe�
ient in paraboli


equations with integral observation // Math. Notes.�2013.�Vol. 94, � 2.�P. 205�213.
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A 2D DIFFUSION COEFFICIENT DETERMINATION PROBLEM

FOR THE TIME-FRACTIONAL EQUATION

D. K. Durdiev (Uzbekistan, Bukhara; Bukhara Bran
h IM AS RUz),

A. A. Rahmonov (Uzbekistan, Bukhara; BukhSU),

Z. R. Bozorov (Uzbekistan, Bukhara; Bukhara Bran
h IM AS RUz)

In this paper, we 
onsider two dimensional inverse problem for a fra
tional

di�usion equation. The inverse problem is redu
ed to the equivalent integral equation.

For solving this equation the 
ontra
ted mapping prin
iple is applied. The lo
al

existen
e and global uniqueness results are proven. Also the stability estimate is

obtained.

Consider the following time-fra
tional di�usion equation:

(
C
D
α
t u
)
(x̄, t)−∆x̄u+q(x, t)u(x̄, t) = f(x̄, t), x̄ = (x, y), (x̄, t) ∈ R

2×{t > 0} (1)

at 
ondition

u
∣∣
t=0

= ϕ(x̄), x̄ ∈ R
2, (2)

where

CDα
t , 0 < α < 1, is a regularized fra
tional derivative (the Gerasimov�Caputo

derivative), that is

(
C
D
α
t u
)
(x̄, t) =

1

Γ(1− α)

t∫

0

uτ (x̄, τ) dτ

(t− τ)α
,

and f(x̄, t), ϕ(x̄) are given smooth fun
tions.

Inverse problem. Find the fun
tion q(x, t), x ∈ R, t > 0 in (1), if the solution
to Cau
hy problem (1), (2) satis�es

u
∣∣
y=0

= g(x, t), x ∈ R, t > 0, (3)

where g(x, t) is given.

We 
all a fun
tion u(x̄, t) a 
lassi
al solution to Cau
hy problem (1) and (2),

if [1℄:

(i) u(x̄, t) is twi
e 
ontinuously di�erentiable in x̄ for ea
h t > 0;
(ii) for ea
h x̄ ∈ R

2
the Caputo derivative

CDα
t u(x̄, t) is 
ontinuous in t on [0, T ];

(iii) u(x̄, t) satis�es (1) and (2).
By ΠT := {(x̄, t) : x̄ ∈ R

2, 0 < t 6 T} we denote a strip with the thi
kness T ,
where T > 0 is any �xed number.

Let Cα,m(ΠT ) be the 
lass of the m times 
ontinuously di�erentiable, bounded

with all derivatives of order up tom with respe
t to x̄ ∈ R
2
variable and its fra
tional

derivative

CDα
t is 
ontinuous in t on [0, T ] fun
tions.
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Everywhere in this paper we will denote by H l(Rn) lo
ally H�older 
ontinuo-

us fun
tions with exponent l ∈ (0, 1). The norms in H l(Rn) are determined

in [2, pp. 15�20℄.

By C(H l(Rn), [0, T ]) we denote the 
lass of 
ontinuous with respe
t to t variable
on the segment [0, T ] with values in H l(Rn) fun
tions. For a �xed t, the norm of the

fun
tion φ(x, t) in H l(Rn) will be denoted by |φ|l(t). The norm of a fun
tion φ(x, t)
in C(H l(Rn), [0, T ]) is de�ned by the equality

‖φ‖l := max
t∈[0,T ]

∣∣|φ|l(t)
∣∣.

Theorem 1. If f(x̄, t) ∈ C(Hα+2(R2), [0, T ]), ϕ(x̄) ∈ Hα+2(R2), g(x, t) ∈
C1(Hα(R), [0, T ]), ‖g(x, t)‖α > g0 > 0, g(0, 0) = ϕ(0, 0), then there exists a number

T ∗ ∈ (0, T ), su
h that there exists a unique solution q(x, t) ∈ C(Hα(R), [0, T ∗]) of
the inverse problem (1)�(3).

Let T be a positive �xed number. Consider the set Ω(γ0) (γ0 > 0 is some �xed
number) of the given fun
tions (f, ϕ, g) for whi
h all 
onditions from Theorem 1 are

ful�lled and so that max{‖f‖α+2, ‖ϕ‖α+2, ‖g‖α} 6 γ0. By Q(γ1) we denote the 
lass
of fun
tions q(x, t) ∈ C

(
Hα(R), [0, T ]

)
, satisfying the inequality ‖q‖α 6 γ1 with some

�xed positive number γ0.

Theorem 2. Let (f, ϕ, g) ∈ Ω(γ0), (f̃ , ϕ̃, g̃) ∈ Ω(γ0) and (q, q̃) ∈ Q(γ1). Then for
the solution of the inverse problem (1)�(3) the following stability estimate is valid:

∥∥q − q̃
∥∥α 6 c

(∥∥f − f̃
∥∥α+2

+
∥∥ϕ− ϕ̃

∥∥α+2
+
∥∥g − g̃

∥∥α
)
,

where the 
onstant c depends only on T , α, γ0, γ1.

From Theorem 2 readily follows the following uniqueness theorem for any T > 0.

Theorem 3. Let the fun
tions q, f , ϕ, g and q̃, f̃ , ϕ̃, g̃ have the same meaning as
in Theorem 2. Moreover, if f = f̃ , ϕ = ϕ̃, g = g̃ for (x, t) ∈ ΠT , then q(x, t) = q̃(x, t),
(x, t) ∈ ΠT .
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ÇÀÄÀ×À ÎÏ�ÅÄÅËÅÍÈß ÏÀÌßÒÈ Â ÑÈÑÒÅÌÅ

ÈÍÒÅ��Î-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ ÌÀÊÑÂÅËËÀ

Ä. Ê. Äóðäèåâ (Óçáåêèñòàí, Áóõàðà, Áóõàðñêèé �èëèàë ÈÌ ÀÍ �Óç),

Õ. Õ. Òóðäèåâ (Óçáåêèñòàí, Áóõàðà; Áóõ�Ó)

�àñïðîñòðàíåíèå ðàçëè÷íûõ âîëí îïèñûâàåòñÿ ãèïåðáîëè÷åñêèìè ñèñòåìàìè

óðàâíåíèé ïåðâîãî ïîðÿäêà. Ïðèìåðîì ìîæåò ñëóæèòü ÿâëåíèå ðàñïðîñòðàíå-

íèÿ ýëåêòðîìàãíèòíûõ âîëí â ñðåäàõ ñ äèñïåðñèåé. Îêàçûâàåòñÿ, ÷òî â òàêèõ

ñðåäàõ íàðóøàåòñÿ îäíîçíà÷íàÿ çàâèñèìîñòü D è B (èíäóêöèè ýëåêòðè÷åñêîãî

è ìàãíèòíîãî ïîëåé, ñîîòâåòñòâåííî) îò çíà÷åíèé E è H (íàïðÿæåííîñòè ñîîò-

âåòñòâóþùèõ ïîëåé) â òîò æå ìîìåíò âðåìåíè [1, 2℄:

D(x, t) = ε̂E +

t∫

0

ϕ(t− τ)E(x, τ) dτ, B(x, t) = µ̂H +

t∫

0

ψ(t− τ)H(x, τ) dτ, (1)

çäåñü E = (E1, E2, E3), H = (H1,H2,H3), D = (D1,D2,D3), B = (B1, B2, B3),
x = (x1, x2, x3), ϕ(t) = diag(ϕ1, ϕ2, ϕ3), ψ(t) = diag(ψ1, ψ2, ψ3) � äèàãîíàëüíûå

ìàòðèöû, ïðåäñòàâëÿþùèå ïàìÿòü.

Çàïèøåì åå â âèäå ñèììåòðè÷åñêîé ãèïåðáîëè÷åñêîé ñèñòåìû [2℄:

(
I6

∂

∂t
+Λ0

∂

∂z
+

2∑

j=1

C̃j
∂

∂xj
+ C̃

)
V =

=

t∫

0

K̂(z, t− τ)V (x1, x2, z, τ) dτ + F̂ (x1, x2, z, t).

(2)

Â ïðÿìîé çàäà÷å ïðè çàäàííûõ ìàòðèöàõ K̂, Ĉ1, Ĉ2, Ĉ
è âåêòîð-�óíêöèè F̂ òðåáóåòñÿ îïðåäåëèòü â îáëàñòè D ={
(x1, x2, z, t) : 0 < z < L, t > 0, (x1, x2) ∈ R

2
}

âåêòîð �óíêöèþ V (z, t), óäî-

âëåòâîðÿþùóþ óðàâíåíèþ (2) ïðè ñëåäóþùèõ íà÷àëüíûõ è ãðàíè÷íûõ

óñëîâèÿõ [3, 4℄:

Vi(x1, x2, z, t)
∣∣
t=0

= φi(x1, x2, z), i = 1, 6, (3)

Vi(x1, x2, z, t)
∣∣
z=0

= gi(x1, x2, t), i = 1, 2;

Vi(x1, x2, z, t)
∣∣
z=L

= gi(x1, x2, t), i = 3, 4.
(4)

Îáðàòíóþ çàäà÷ó ïîñòàâèì ñëåäóþùåì îáðàçîì: íàéòè �óíêöèè ϕi(t),
ψi(t), t > 0, i = 1, 2, 3, âõîäÿùèå â ìàòðèöó K̃, åñëè îòíîñèòåëüíî ðåøåíèÿ

çàäà÷è (2)�(4) èçâåñòíû äîïîëíèòåëüíûå óñëîâèÿ x = (x1, x2),

Vi(x, z, t)
∣∣
z=L

= hi(x, t), i = 1, 2;

Vi(x, z, t)
∣∣
z=0

= hi(x, t), i = 3, 6.
(5)
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Ââåäåì â ðàññìîòðåíèå âåêòîð-�óíêöèþ w(z, t) = ∂
∂t Ṽ (z, t). Ïðè ýòîì ïîëó-

÷èì

∂wi
∂t

+ γi
∂wi
∂z

= −
6∑

j=1

bij(z)wj(z, t) +

6∑

j=1

aij(z, t)φ̃j(z)+

+

t∫

0

6∑

j=1

aij(z, τ)wj(z, t− τ) dτ +
∂

∂t
Fi(z, t), i = 1, 4,

(6)

∂wi
∂t

=−
6∑

j=1

[
bij(z)wj(z, t)+aij(z, t)φ̃j(z)

]
+

t∫

0

6∑

j=1

aij(z, τ)wj(z, t−τ)dτ, i=5, 6, (7)

wi(z, t)
∣∣
t=0

= Φi(z), i = 1, 6, (8)

wi(z, t)
∣∣
z=0

=
d

dt
g̃i(t), i = 1, 2; wi(z, t)

∣∣
z=L

=
d

dt
g̃i(t), i = 3, 4. (9)

wi(0, t) =
d

dt
h̃i(t), i = 3, 6; wi(L, t) =

d

dt
h̃i(t), i = 1, 2. (10)

Ïóñòü âûïîëíåíû óñëîâèÿ [5℄

φ̃i(ν) = g̃i(0), Fi(ν, 0)− γi

[
∂

∂z
φ̃i(z)

]

z=ν

−
6∑

j=1

bij(ν)φ̃i(ν) =

[
d

dt
g̃i(t)

]

t=0

, (11)

d

dt
g̃i(0) = Fi(ν, 0) − γi

∂

∂z
φ̃i(z)

∣∣∣∣
z=ν

−
6∑

j=1

bij(ν)φ̃i(ν),

d

dt
h̃l(t)

∣∣∣∣
t=0

= −
6∑

j=1

blj(0)φ̃l(0).

(12)

ãäå ν := 0, i = 1, 2, L, i = 3, 4, l = 5, 6.

Òåîðåìà 1. Ïóñòü φ̃(z) ∈ C2[0, L], g̃(t) ∈ C2[0,∞), h̃(t) ∈ C2(0,∞),
F (z, t) ∈ C2(Π) è âûïîëíåíû óñëîâèå detQ

(
νi; φ̃

)
6= 0, óñëîâèÿ ñîãëàñîâà-

íèÿ (11), (12). Òîãäà äëÿ ëþáîãî L > 0 íà îòðåçêå
[
0, L

]
ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå îáðàòíîé çàäà÷è (6)�(9), (10) èç êëàññà Ψ(t) ∈ C1[0, L], è êàæäàÿ êîì-

ïîíåíòà ϕi ∈ C1[0, L] îïðåäåëÿåòñÿ çàäàíèåì hi(t) äëÿ t ∈ [0, L], i = 1, 2, 3, à
ψi ∈ C1[0, L] − hi(t) äëÿ t ∈ [0, L], i = 4, 5, 6.
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ÎÁ�ÀÒÍÀß ÇÀÄÀ×À ÎÁ ÎÏ�ÅÄÅËÅÍÈÈ ÍÅÈÇÂÅÑÒÍÎ�Î

ÊÎÝÔÔÈÖÈÅÍÒÀ Â Ó�ÀÂÍÅÍÈÈ ÊÎËÅÁÀÍÈß ÁÀËÊÈ

Ó. Ä. Äóðäèåâ

(Óçáåêèñòàí, Áóõàðà; Áóõ�Ó)

�àññìîòðèì áàëêó äëèíîé l, îïèðàþùóþñÿ íà êîíöû. Ïîä äåéñòâèåì âíåøíåé
ñèëû G(x, t) âûíóæäåííûå èçãèáíûå ïîïåðå÷íûå êîëåáàíèÿ áàëêè îïèñûâàþòñÿ
óðàâíåíèåì ÷åòâåðòîãî ïîðÿäêà [1℄

ρSutt + EJuxxxx +Q(t)u = G(x, t),

ãäå ρ � ïëîòíîñòü áàëêè, S � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ áàëêè, E � ìîäóëü

óïðóãîñòè ìàòåðèàëà áàëêè, J � ìîìåíò èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ îòíîñè-

òåëüíî ãîðèçîíòàëüíîé îñè, è ïî âñåé äëèíå ïîääåðæèâàåòñÿ óïðóãèì îñíîâàíè-

åì ñ êîý��èöèåíòîì æåñòêîñòè Q(t).
�àçäåëèâ íà ρS çàïèøåì ýòî óðàâíåíèå â ñëåäóþùèì â âèäå:

utt + a2uxxxx + q(t)u = f(x, t), (1)

ãäå a2 = EJ/ρS, q(t) = Q(t)/ρS è f(x, t) = G(x, t)/ρS. Óðàâíåíèå (1) ðàññìîòðèì
â ïðÿìîóãîëüíîé îáëàñòè

D =
{
(x, t) : 0 < x < l, 0 < t < T

}
,

ãäå l � äëèíà áàëêè, T � âðåìåííîé èíòåðâàë, ñ íà÷àëüíûìè

u
∣∣
t=0

= ϕ(x), ut
∣∣
t=0

= ψ(x), x ∈ [0, l] (2)

è ãðàíè÷íûìè óñëîâèÿìè

u(0, t) = uxx(0, t) = u(l, t) = uxx(l, t) = 0, 0 6 t 6 T. (3)

Â ïðÿìîé çàäà÷å òðåáóåòñÿ îïðåäåëèòü u(x, t) ∈ C4,2(D), óäîâëåòâîðÿþùóþ
ðàâåíñòâàì (1)�(3), ïðè çàäàííûõ ÷èñëàõ a, l, T è äîñòàòî÷íî ãëàäêèõ �óíêöèÿõ

q(t), f(x, t), ϕ(x), ψ(x).

Îáðàòíàÿ çàäà÷à. Íàéòè êîý��èöèåíò q(t), åñëè îòíîñèòåëüíî ðåøåíèÿ

ïðÿìîé çàäà÷è (1)�(3) èçâåñòíà äîïîëíèòåëüíàÿ èí�îðìàöèÿ

g(t) =

l∫

0

u(x, t)h(x) dx,

ãäå çàäàííàÿ �óíêöèÿ h(x) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

h(x) ∈ C4(0, l), h(0) = h(l) = h′′(0) = h′′(l) = 0.
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Ñîñòàâèì îïåðàòîðíûå óðàâíåíèÿ

u = Au, (4)

ãäå

(Au)(x, t) = Ψ(x, t)−
t∫

0

l∫

0

l∫

0

u(y, s)G1(x, ξ, y, t, s) dξdsdy−

−
t∫

0

l∫

0

u(y, s)G2(x, y, t, s) dyds −
t∫

0

l∫

0

l∫

0

u(ξ, s)u(y, s)G3(x, ξ, y, t, s) dydξds,

Ψ(x, t) =

√
2

l

∞∑

n=1

(
ϕn cosωnt+

ψn
ωn

sinωnt
)
sinµnx+

+
2

l

∞∑

n=1

1

ωn

t∫

0

l∫

0

f(x, s) sinωn(t− s) sinµnx dxds,

G1(x, ξ, y, t, s) =
2

l

∞∑

n=1

1

ωng(s)
f(ξ, s)h(s)h(4)(y) sinωn(t− s) sinµn(y) sin µnx,

G2(x, y, t, s) =
2

l

∞∑

n=1

g′′(s)
ωng(s)

h(4)(y) sinωn(t− s) sinµn(y) sin µnx,

G3(x, ξ, y, t, s) =
2a2

l

∞∑

n=1

1

ωng(s)
h(4)(ξ)h(4)(y) sinωn(t− s) sinµn(y) sin µnx,

d � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî è Sd(0) = {u : ‖u‖ 6 d}.
Äëÿ äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ îïåðàòîðíîãî óðàâíåíèÿ (4),

âîñïîëüçóåìñÿ ïðèíöèïîì Øàóäåðà [2℄.

Òåîðåìà 1. Äëÿ âñåõ u ∈ Sd(0), |g(t)| > g0 > 0 ïðè

T <
g0

2C0d(g0 +Ha2l)

îïåðàòîðíîå óðàâíåíèå (4) èìååò åäèíñòâåííîå ðåøåíèå â C4,2(D), ãäå

C0 = l2/3aπ, H = max
0<x<l

‖h(x)‖.
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ILL-POSED PROBLEMS OF EQUATIONS OF MATHEMATICAL PHYSICS

D. A. Juraev (Uzbekistan, Qarshi, HMAS RUz; India, Jaipur, Anand-ICE),

P. Agarwal (India, Jaipur, Anand-ICE)

In this paper, we are talking about the Cau
hy problem for matrix fa
torizations

of the Helmholtz equation in bounded and unbounded domains. In the future, we

will 
onstru
t a regularized solution to the Cau
hy problem for matrix fa
torizations

of the Helmholtz equation in multidimensional bounded and unbounded domains.

It is known that the Cau
hy problem for ellipti
 equations is unstable for

relatively small 
hanges in the data, i. e., in
orre
t (example Hadamard, see, for

instan
e [1, p. 39℄). In unstable problems, the image of the operator is not 
losed;

therefore the solvability 
ondition 
an not be written in terms of 
ontinuous linear

fun
tionals. So, in the Cau
hy problem for ellipti
 equations with data on part of

the boundary of the domain; the solution is usually unique. The problem is solvable

for every dense set of data, but this set is not 
losed. Consequently, the theory

of solvability of su
h problems is mu
h more di�
ult and deeper than theory of

solvability of Fredholm equations. The �rst results in this dire
tion appeared only in

the mid-1980 in the works of L. A. Aizenberg, A. M. Kytmanov, and N. N. Tarkha-

nov [2℄.

Su
h problems naturally arise in mathemati
al physi
s and in various �elds

of natural s
ien
e (for example, in ele
tro-geologi
al exploration, in 
ardiology, in

ele
trodynami
s, et
.). In general, the theory of ill-posed problems for ellipti
 systems

of equations has been su�
iently formed thanks to the works of A. N. Tikhonov,

V. K. Ivanov, M. M. Lavrent'ev, N. N. Tarkhanov of many other famous ma-

themati
ians. Among them, the most important for appli
ations are the so-
alled


onditionally well-posed problems, 
hara
terized by stability in the presen
e of

additional information about the nature of the problem data. One of the most

e�e
tive ways to study su
h problems is to 
onstru
t regularizing operators. For

example, this 
an be the Carleman-type formulas (as in 
omplex analysis) or iterative

pro
esses (the Kozlov�Maz'ya�Fomin algorithm, et
.).

The 
onstru
tion of the Carleman matrix for ellipti
 systems was 
arried out by

Sh. Yarmukhamedov, N. N. Tarkhanov, A. A. Shlapunov, I. E. Niyozov, D. A. Juraev

and others. The system 
onsidered in this paper was introdu
ed by N. N. Tarkhanov.

For this system, he studied 
orre
t boundary value problems and found an analogue

of the Cau
hy integral formula in a bounded domain.

In many well-posed problems for systems of equations of ellipti
 type of the

�rst order with 
onstant 
oe�
ients that fa
torize the Helmholtz operator, it is

not possible to 
al
ulate the values of the ve
tor fun
tion on the entire boundary.

Therefore, the problem of re
onstru
ting the solution of systems of equations of

�rst order ellipti
 type with 
onstant 
oe�
ients, fa
torizing the Helmholtz operator

(see, for instan
e [3�11℄) is one of the topi
al problems in the theory of di�erential

equations.
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âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÎÁ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ ÇÀÄÀ×Å

ÄËß Ó�ÀÂÍÅÍÈß ÑÌÅØÀÍÍÎ�Î ÒÈÏÀ Â ÎÁËÀÑÒÈ,

ÝËËÈÏÒÈ×ÅÑÊÀß ×ÀÑÒÜ ÊÎÒÎ�ÎÉ � ×ÅÒÂÅ�ÒÜ ÏËÎÑÊÎÑÒÈ

�. Ò. Çóííóíîâ

(Óçáåêèñòàí, Òàøêåíò; ÈÌ ÀÍ �Óç)

�àññìîòðèì óðàâíåíèå

sign y |y|m uxx + uyy − λ2 |y|mu = 0 (1)

â íåîãðàíè÷åííîé ñìåøàííîé îáëàñòè Ω = Ω1 ∪ l1 ∪ Ω2, ãäå

Ω1 =
{
(x, y) : x > 0, y > 0

}
,

l1 =
{
(x, y) : x > 0, y = 0v}, l2 =

{
(x, y) : y > 0, x = 0

}
,

à Ω2 � îáëàñòü íèæíåé ïîëóïëîñêîñòè, îãðàíè÷åííàÿ ïîëóïðÿìîé l1 è Γ:
x− [2/(m + 2)](−y)(m+2)/2 = 0 � õàðàêòåðèñòèêîé óðàâíåíèÿ (1), âûõîäÿùåé èç

òî÷êè O(0, 0). Çäåñü m,λ ∈ R, ïðè÷åì m = const > 0, à λ = λ1 ïðè y > 0, λ = λ2
ïðè y < 0.

Çàäà÷à TD∞. Íàéòè �óíêöèþ u(x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:
1) u(x, y) ∈ C(Ω1∪Ω2∪l2∪Γ)∩C1(Ω)∩C2(Ω1∪Ω2), ïðè÷åì uy(x, 0) ïðè x→ 0

ìîæåò èìåòü îñîáåííîñòü ïîðÿäêà ìåíüøå 1 − 2β, à äëÿ äîñòàòî÷íî áîëüøèõ x
ñïðàâåäëèâî íåðàâåíñòâî |uy(x, 0)| 6M1|x|2β−1−ε;

2) u(x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ω1 è Ω2;

3) ïðè äîñòàòî÷íî áîëüøèõ r0 óäîâëåòâîðÿåò óñëîâèÿì

|u(x, y)| < M1

rε0
, |ymux(x, y)| <

M2

r0
, |uy(x, y)| <

M3

r0
è ñëåäóþùèì êðàåâûì óñëîâèÿì:

u(0, y) = ϕ(y), ∀ y ∈ l2,

A1,λ2
0x

{
Dβ

0xx
2β−1u[θ0(x)]

}
= a(x)u(x, 0) + b(x), ∀x ∈ l1,

ãäå ϕ(y), a(x), b(x) � çàäàííûå �óíêöèè, ïðè÷åì ϕ(y) ∈ C[0,+∞) è ïðè

äîñòàòî÷íî áîëüøèõ y óäîâëåòâîðÿåò íåðàâåíñòâó |ϕ(y)| 6 M4y
−1−m/2−ε,

a(x), b(x) ∈ C1( l1 ) ∩C2(l1) è b(x) äëÿ äîñòàòî÷íî áîëüøèõ x óäîâëåòâîðÿåò

íåðàâåíñòâó |b(x)| < M5x
−1−δ

. Çäåñü r20 = x2 + [2/m + 2]2ym+2
, Mi = const > 0

(i = 1, 5 ), δ > 0, à ε � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî, β = m/(2m+4).
Î÷åâèäíî, ÷òî θ0(x0) ÿâëÿåòñÿ òî÷êîé ïåðåñå÷åíèÿ õàðàêòåðèñòèêè Γ óðàâíå-

íèÿ (1) ñ ëèíèåé x + 2
m+2(−y)

m+2
2 = x0, ãäå x0 ∈ (0,+∞); Da

sx[f(x)] � îïåðà-

òîð äðîáíîãî â ñìûñëå �èìàíà � Ëèóâèëëÿ èíòåãðî-äè��åðåíöèðîâàíèÿ [1℄,

à A1,λ
sx [f(x)] � îïåðàòîð èç [2℄.

Åäèíñòâåííîñòü ðåøåíèÿ ýòîé çàäà÷è äîêàçûâàåòñÿ ñ ïîìîùüþ ìåòîäà èíòå-

ãðàëîâ ýíåðãèè. Ñóùåñòâîâàíèå ðåøåíèÿ ýòîé çàäà÷è äîêàçàíî ìåòîäîì �óíê-

öèé �ðèíà è ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé.
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ÏËÎÑÊÈÅ ÇÀÄÀ×È ÎÁ ÓÑÒÀÍÎÂÈÂØÈÕÑß ÊÎËÅÁÀÍÈßÕ

ÓÏ�Ó�ÎÉ ÈÇÎÒ�ÎÏÍÎÉ ÏÎËÎÑÛ Ï�È ÍÀËÈ×ÈÈ

ÏÎÂÅ�ÕÍÎÑÒÍÛÕ ÍÀÏ�ßÆÅÍÈÉ

Ò. È. Êàëèíèíà (�îññèÿ, Íîâî÷åðêàññê; Þ��ÏÓ (ÍÏÈ)),

À. Â. Íàñåäêèí (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Â íàñòîÿùåå âðåìÿ çàäà÷è íàíîìåõàíèêè ïðåäñòàâëÿþò áîëüøîé èíòåðåñ â

ñâÿçè ñ øèðîêèì ïðèìåíåíèåì íàíîðàçìåðíûõ ìàòåðèàëîâ è óñòðîéñòâ â ñîâðå-

ìåííûõ âûñîêîòåõíîëîãè÷åñêèõ ïðèëîæåíèÿõ. Êàê ïîêàçàëè ìíîãî÷èñëåííûå

òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ, �àêòîð ðàçìåðíîñòè ìîæåò

èçìåíÿòü ñâîéñòâà ìàòåðèàëîâ è îêàçûâàòü ñóùåñòâåííîå âëèÿíèå íà ïîâåäåíèå

òåëà â öåëîì. Â ñâÿçè ñ ýòèì àêòóàëüíûìè ÿâëÿþòñÿ äèíàìè÷åñêèå çàäà÷è äëÿ

íàíîòîíêèõ ïîëóîãðàíè÷åííûõ òåë, è â ÷àñòíîñòè, äëÿ óïðóãîé ïîëîñû (ñëîÿ)

íàíîðàçìåðíîé òîëùèíû.

Â ðàáîòå â ïðîäîëæåíèè èññëåäîâàíèé [1℄, ãäå ðàññìàòðèâàëèñü àíòèïëîñêèå

çàäà÷è î äåéñòâèè îñöèëëèðóþùåé íàãðóçêè íà ãðàíèöå óïðóãîé èçîòðîïíîé

íàíîòîíêîé ïîëîñû, èçó÷àþòñÿ àíàëîãè÷íûå ñèììåòðè÷íûå è àíòèñèììåòðè÷-

íûå ïëîñêèå çàäà÷è. Ó÷åò íàíîðàçìåðíîñòè òîëùèíû ïîëîñû îñóùåñòâëÿåòñÿ ïî

òåîðèè ïîâåðõíîñòíûõ íàïðÿæåíèé �óðòèíà � Ìóðäîõà. Ñîãëàñíî ýòîé òåîðèè,

ïðèíèìàåòñÿ, ÷òî íà òîðöàõ ñëîÿ ïîìèìî âíåøíèõ íàãðóçîê äåéñòâóþò òàêæå

ïîâåðõíîñòíûå íàïðÿæåíèÿ, êîòîðûå îïèñûâàþòñÿ ¾ïîâåðõíîñòíûì¿ çàêîíîì

�óêà. Â ðåçóëüòàòå ñâîéñòâà ìàòåðèàëà óïðóãîé ïîëîñû ñ íàíîðàçìåðíîé òîë-

ùèíîé ñòàíîâÿòñÿ îòëè÷íûìè îò ñâîéñòâ ìàòåðèàëà ïîëîñû îáû÷íîé òîëùè-

íû. Äëÿ ðåøåíèÿ èñïîëüçîâàëàñü ñòàíäàðòíàÿ òåõíèêà, âêëþ÷àþùàÿ ïðèìåíå-

íèå ïðèíöèïà ïðåäåëüíîãî ïîãëîùåíèÿ, ïðåîáðàçîâàíèÿ Ôóðüå ïî áåñêîíå÷íî

ïðîòÿæåííîé êîîðäèíàòå è òåîðèè âû÷åòîâ äëÿ íàõîæäåíèÿ îáðàòíîãî ïðåîá-

ðàçîâàíèÿ Ôóðüå. Ïðè ðàçëè÷íûõ òîëùèíàõ ïîëîñû áûëè ïîëó÷åíû ðåøåíèÿ

â âèäå ðÿäîâ ïî ñîáñòâåííûì âîëíàì è èçó÷åíû äèñïåðñèîííûå ñîîòíîøåíèÿ.

Ïðîâåäåííûé àíàëèç ïîêàçàë, ÷òî ïðè �èêñèðîâàííûõ ÷àñòîòàõ çíà÷åíèÿ íåîò-

ðèöàòåëüíûõ âåùåñòâåííûõ âîëíîâûõ ÷èñåë áîëüøå ïðè íàëè÷èè ïîâåðõíîñòíûõ

íàïðÿæåíèé, ÷åì çíà÷åíèÿ âîëíîâûõ ÷èñåë äëÿ êëàññè÷åñêîãî ñëó÷àÿ çàäà÷ áåç

ïîâåðõíîñòíûõ íàïðÿæåíèé. Îòìå÷åíî, ÷òî ïîâåðõíîñòíûå ý��åêòû îêàçûâàþò

ñóùåñòâåííîå âëèÿíèå òîëüêî ïðè óìåíüøåíèè òîëùèíû ïîëîñû äî íàíîðàçìå-

ðîâ.
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RIEMANN BOUNDARY VALUE PROBLEM ON SPIRALS

D. B. Katz

(Russia, Mos
ow; Mos
ow Polyte
h)

The Riemann boundary value problem is one of the most famous boundary value

problems. Problems of 
omplex analysis, the solution and appli
ations of whi
h is

devoted to a large number of monographs and s
ienti�
 arti
les (see, e. g., [1�3℄ and

literature referen
es in these monographs). Publi
ations devoted to new appli
ations

appear systemati
ally this problem (see [4℄, re
ent work [5℄ and others).

The 
lassi
al statement of the Riemann problem on an open 
urve is as follows.

Let Γ be a simple pie
ewise smooth Jordan ar
 in the 
omplex plane C starting

at a1 and ending at a2. We denote by Hν(Γ) the 
olle
tion of all given on Γ
fun
tions f(t) satisfying the H�older 
ondition

hν(f ; Γ) := sup

{ |f(t)− f(t′)|
|t− t′|ν : t, t′ ∈ Γ, t′ 6= t

}
<∞, 0 < ν 6 1.

Let fun
tions G(t) and g(t) of this 
lass be given on Γ, moreover, the �rst of
them does not vanish. Riemann's problem is to �nd all holomorphi
 in C \ Γ of

fun
tions Φ(z), vanishing at an in�nitely distant point and having at ea
h the inner
point Γ the limit values on the left and on the right Φ±(t), respe
tively, 
onne
ted
by the boundary 
ondition

Φ+(t) = G(t)Φ−(t) + g(t), t ∈ Γ′ := Γ \ {a1, a2}.

Usually this 
ondition is supplemented with some restri
tions on the growth of

the required fun
tion near the ends of the ar
.

A spe
ial 
ase of this problem

Φ+(t) = Φ−(t) + g(t), t ∈ Γ′,

is 
alled the jump problem.

For more information on this problem see 
lassi
 works [1�3℄, work [6℄ as well as

the works [7℄ and more re
ent [8, 9�11℄.

During the 
onferen
e we will basi
ally talk about this boundary value problem

on non-re
ti�able 
urves (whi
h is a serious problem), and, more spe
i�
ally, spirals

(in
luding ones of high torsion).

A number of latest results on this topi
 will be presented in
luding the following:

Let Γ be a non
on
entri
 spiral with torsion exponent M , 
entered torsion

exponent N and extremal exponent κ and let g ∈ HM
ν (Γ) and the Taylor polynome P

of this fun
tion in point 0 is bianalyti
. Then if

ν > 1− m

2
,
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the problem

Φ+(t)− Φ−(t) = g(t), t ∈ Γ′,

has a solution Φ0 in a 
lass of fun
tions with

Φ(z) = (2πi)−1g(1) ln |z − 1|+O(1),

assymptoti
s at 1, and

Φ0(z) = P0(z)K(z) + P1(z)L(z) +O(1),

at 0
L(z) = O(z−N ) +O(z−κ+1).
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ÎÁ�ÀÒÍÀß ÇÀÄÀ×À ÄËß ÂÎËÍÎÂÎ�Î Ó�ÀÂÍÅÍÈß

Ñ ÌËÀÄØÈÌ ×ËÅÍÎÌ È ÁÛÑÒ�Î ÎÑÖÈËËÈ�ÓÞÙÈÌÈ ÄÀÍÍÛÌÈ

1

Ý. Â. Êîðàáëèíà

(�îññèÿ, �îñòîâ-íà-Äîíó, ÈÌÌèÊÍ ÞÔÓ; Ìîñêâà, ÌÈÀÍ),

Â. Á. Ëåâåíøòàì

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Â äîêëàäå ðàññìàòðèâàåòñÿ çàâèñÿùàÿ îò áîëüøîãî ïàðàìåòðà ω çàäà÷à Êî-

øè äëÿ âîëíîâîãî óðàâíåíèÿ ñ ìëàäøèì ÷ëåíîì âèäà:





utt(x, t)− uxx(x, t) +
1

ω
a(x, t, ωt)u(x, t) = f(x, t)r(t, ωt),

u(x, t)
∣∣
t=0

= 0,

ut(x, t)
∣∣
t=0

= 0,

ãäå ìëàäøèé êîý��èöèåíò è ïðàâàÿ ÷àñòü óðàâíåíèÿ áûñòðî îñöèëëèðóþò ïî

âðåìåíè. Ïðè çàäàííûõ �óíêöèÿõ a, f è r ïîñòðîåíà àñèìïòîòèêà ðåøåíèÿ ýòîé
çàäà÷è � ñîîòâåòâóþùèé ðåçóëüòàò ñ�îðìóëèðîâàí â âèäå òåîðåìû 1. Çàòåì

ïðåäïîëàãàåòñÿ, ÷òî �óíêöèè a è r çàäàíû, à f íå èçâåñòíà. Â ýòîì ñëó÷àå

ïîñòàâëåíà è ðåøåíà îáðàòíàÿ çàäà÷à î âîññòàíîâëåíèè �óíêöèè f ïî çíà÷åíèÿì
êîý��èöèåíòîâ òðåõ÷ëåííîé àñèìïòîòèêå ðåøåíèÿ, âû÷èñëåííûì â íåêîòðîé

òî÷êå ïðîñòðàíñòâà. Ñîîòâåòñòâóþùèé ðåçóëüòàò îá îäíîçíà÷íîé ðàçðåøèìîñòè

ïîñòàâëåííîé îáðàòíîé çàäà÷è ÿëÿåòñÿ îñíîâíûì â äîêëàäå è ñ�îðìóëèðîâàí â

âèäå òåîðåìû 2.

Ïîä÷åðêíåì, ÷òî â ðàáîòå èñïîëüçóåòñÿ íåêëàññè÷åñêèé ïîäõîä [1�2℄ ê ïîñòà-

íîâêå è ðåøåíèþ îáðàòíûõ êîý��èöèåíòíûõ âûñîêî÷àñòîòíûõ çàäà÷, ëåæàùèé

íà ñòûêå äâóõ äèñöèïëèí � àñèìïòîòè÷åñêèå ìåòîäû è îáðàòíûå çàäà÷è. Â ðå-

çóëüòàòå èññëåäîâàíèå îáðàòíîé çàäà÷è ðàçáèâàåòñÿ íà äâå ÷àñòè: ïîñòðîåíèå

÷àñòè÷íîé àñèìïòîòèêè ðåøåíèÿ ïðÿìîé çàäà÷è è ïîñòàíîâêà è ðåøåíèå îáðàò-

íîé çàäà÷è.

Â çàêëþ÷åíèè îòìåòèì, ÷òî êëàññ÷èåñêàÿ òåîðèÿ îáðàòíûõ êîý��èöèåíòíûõ

çàäà÷ èçëîæåíà â áîëüøîì ÷èñëå ìîíîãðà�èé è ñòàòåé (ñì., íàïðèìåð, [3�4℄ è

áèáëèîãðà�èþ â íèõ).
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Let Ω be a bounded open set of R
n
(n > 2), and let f ∈ L1(Ω). We 
onsider

the Diri
hlet problem

−
n∑

i=1

Di ai(x, u,∇u) = f in Ω, u = 0 on ∂Ω, (1)

assuming that the 
oe�
ients ai satisfy the standard growth, 
oer
ivity, and strong
monotoni
ity 
onditions. In parti
ular, we assume that, for almost every x ∈ Ω, every
s ∈ R, and every ξ ∈ R

n
, the inequality

n∑

i=1

ai(x, s, ξ) ξi > c|ξ|p

holds with p ∈ (1, n) and c > 0.
We present our re
ent results on the summability of entropy and weak solutions

of the problem under 
onsideration. We note that a weak solution of problem (1) is

a distributional solution in

◦
W 1,1(Ω) and an entropy solution of the same problem is

de�ned by a family of integral inequalities and belongs to a fun
tion set larger than

the spa
e

◦
W 1,p(Ω). As for the pre
ise de�nitions of solutions and the des
ription of

some related results, see, for instan
e, [1℄. We only mention that the existen
e of an

entropy solution of problem (1) follows from a theorem in [2℄ and if p > 2 − 1/n,
then, by a result in [3℄, a weak solution of this problem exists. In the talk, we deal

with the 
ase where the right-hand side of the equation in problem (1) belongs to


lasses 
lose to L1
, namely, to 
lasses K su
h that L1+ε(Ω) ⊂ K ⊂ L1(Ω) for every

ε > 0.
To state some of our results, we introdu
e auxiliary numbers and fun
tions.

We set

q =
n(p− 1)

n− p
, r =

n(p− 1)

n− 1

and de�ne a sequen
e of numbers sj as follows: s1 = e, sj = esj−1
, j = 2, 3, . . . For

every j ∈ N, let lj : [0,+∞) → R be the fun
tion su
h that

lj(s) =





1, if 0 6 s 6 sj,

ln . . . ln ln︸ ︷︷ ︸
j

s, if s > sj.
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In turn, for every m ∈ N and every γ > 0, let ψm,γ : [0,+∞) → R be the fun
tion

su
h that

∀ s ∈ [0,+∞), ψm,γ(s) =

[
m∏

j=1

lj(s)

]−1[
lm+1(s)

]−γ
.

Finally, let l∞ : [0,+∞) → R be the fun
tion su
h that

l∞(s) =

{
s, if 0 6 s < s1,

(s1 − 1)j + lj(s), if j ∈ N and sj 6 s < sj+1.

The fun
tion l∞ is nonnegative, in
reasing, and 
ontinuous. Moreover, l∞(s) → +∞
as s → +∞ and, for every k ∈ N and every λ > 0, we have l∞(s)[lk(s)]

−λ → 0
as s→ +∞.

Theorem 1. Let fl∞(|f |) ∈ L1(Ω), and let u be an entropy solution of prob-

lem (1). Then, for every m ∈ N and every γ > 1,

|u|q
[
l∞(|u|)

] n
n−p ψm,γ(|u|) ∈ L1(Ω),

|δu|r
[
l∞(|δu|)

] n
n−1 ψm,γ(|δu|) ∈ L1(Ω).

In the latter in
lusion, δu is the gradient of the entropy solution u.

Theorem 2. Assume that p > 2 − 1/n, and let fl∞(|f |) ∈ L1(Ω). Then there

exists a weak solution u of problem (1) su
h that, for every m ∈ N and every γ > 1,

|u|q
[
l∞(|u|)

] n
n−p ψm,γ(|u|) ∈ L1(Ω),

|∇u|r
[
l∞(|∇u|)

] n
n−1 ψm,γ(|∇u|) ∈ L1(Ω).

We note that Theorems 1 and 2 are 
onsequen
es of the general results given in [4℄.

We also note that results similar to the above theorems hold if, instead of the

fun
tion l∞, we take, for instan
e, the fun
tion l∞ ◦ l∞ or the the fun
tions lλ∞
with λ > 0.

Referen
es

1. Kovalevsky A. A. Summability of solutions of the Diri
hlet problem for nonlinear ellipti


equations with right-hand side in logarithmi
 
lasses 
lose to L1
// Nonlinear Anal.�2020.�

Vol. 192.�P. 111692. DOI: 10.1016/j.na.2019.111692.

2. Alvino A., Bo

ardo L., Ferone V., Orsina L., Trombetti G. Existen
e results for nonlinear

ellipti
 equations with degenerate 
oer
ivity // Ann. Mat. Pura Appl. (4).�2003.�Vol. 182,

� 1.�P. 53�79.

3. Bo

ardo L., Gallou�et T. Nonlinear ellipti
 equations with right hand side measures // Comm.

Part. Di�er. Equat.�1992.�Vol. 17, � 3�4.�P. 641�655.

4. Kovalevsky A. A. Summability of solutions of the Diri
hlet problem for nonlinear ellipti


equations with right-hand side in 
lasses 
lose to L1
// Math. Notes.�2020.�Vol. 107,

� 5�6.�P. 1023�1028.

104



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ON SYMMETRIC WEDGE MODE OF AN ELASTIC SOLID

1

A. I. Nazarov (Russia, Saint Petersburg; SPbU, PDMI RAS),

S. A. Nazarov (Russia, Saint Petersburg; SPbU),

G. L. Zavorokhin (Russia, Saint Petersburg; PDMI RAS)

Along with bulk and surfa
e waves (a fair example of the latter is the Rayleigh

wave in half-spa
e), wedge waves 
omprise a fundamental type of os
illations of solids

and are intensively studied in geophysi
s, ma
hine building, 
ivil engineering et
.

First theoreti
al results on waves propagating along the edge of a wedge were

obtained by numeri
al simulations. Then these waves were studied analyti
ally at

the physi
al level of rigor by many authors, mostly for small interior angles (slender

wedge) and interior angles slightly less then π.
The �rst rigorous proof of existen
e of the wedge wave was obtained in the

pioneering paper [1℄ by variational method for interior angles less then

π
2 . Then

the idea of [1℄ was developed in [2℄ where the range of aperture angles was enlarged.

We prove the existen
e of a symmetri
 wedge mode in an elasti
 deformable

wedge for all admissible values of the Poisson ratio σ ∈ (−1, 12) and interior angles


lose to π (see Fig. 1) where ε = tan(α).

1
x

Fig. 1. The 
ross se
tion of isotropi
 homogeneous elasti
 wedge.

Theorem 1. For any σ ∈ (−1, 12), one �nds ε
0
su
h that for any 0 < ε < ε0

there exists a symmetri
 wedge wave de
aying exponentially w.r.t. the distan
e from

the edge. This wave propagates along the edge with the velo
ity cw whi
h has the

following asymptoti
s as ε→ 0:

c
2
w = c

2
R

(
1− ε2ϑ+O

(
ε

5
2

))
, (1)

where cR is the velo
ity of the Rayleigh wave whereas ϑ > 0 is an expli
it 
oe�
ient
depending on σ only.

The talk is based on the paper [3℄.

1

The study of the se
ond author was supported by the Russian S
ien
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Modern materials with a 
omplex heterogeneous stru
ture are now widely used in

military and 
ivil engineering. Moreover, due to the pe
uliarities of the te
hnologi
al

pro
ess of manufa
turing su
h materials, many of them are subje
ted to a non-

uniform preliminary stress-strain state. In this regard, a fairly large number of

Russian and foreign works are devoted to the modeling and study of inhomogeneous

materials, as well as the e�e
t of prestresses on the strength 
hara
teristi
s of

materials. It should be noted that often during manufa
ture, to improve the

me
hani
al 
hara
teristi
s and properties of stru
tures, prestress �elds are formed

in them intentionally.

In the present resear
h, a general linearized formulation of the problem

of vibrations of a prestressed elasti
 body is des
ribed, weak and variational

formulations of the problem are presented [1℄. On the basis of this model, a number

of problems on the steady-state vibrations of prestressed bodies in the plane state

are 
onsidered. The formulation of the problem of steady-state mixed planar-�exural

vibrations of an inhomogeneous thin plate under 
onditions of an initial stress state

is obtained. On the basis of this formulation, and a number of parti
ular problems for

plates of various stru
tures are investigated, in
luding fun
tionally-graded, layered,

perforated plates with holes, as well as plates with rigid in
lusions. Algorithms

for the numeri
al solution of dire
t problems using the �nite element method are


onstru
ted, the in�uen
e of various types of homogeneous and inhomogeneous

preliminary stressed state of plates on their amplitude-frequen
y 
hara
teristi
s and

resonan
e frequen
ies is investigated. The proposed model makes it possible to spe
ify

an arbitrary type of preliminary state in the plate: both in the form of analyti
al

dependen
es and numeri
ally.

A number of inverse problems on the re
overy of initial stresses in plates, whi
h

di�er in the type of known additional information about the measured displa
ement

�eld in the a
ousti
 sounding mode, are 
onsidered. Mainly, we 
onsider inverse

problems of two di�erent types, in the presen
e of additional data on the measured

displa
ement �eld: 1) in a set of points of the region at a �xed vibration frequen
y,

and 2) on a boundary part in some frequen
y range [2℄. We investigate the questions

of prestress solution uniqueness for the 1st type inverse problem. Some new methods

and algorithms based on the proje
tion, �nite-element and iterative-regularizing

s
hemes for studying two-dimensional inverse problems are proposed and dis
ussed,

1
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and the results of some 
omputational experiments are presented. The possibili-

ties of identifying the parameters of the plane prestressed state on the basis of

the measurement data of the frequen
y 
hara
teristi
s of the plate are analyzed.

Examples of numeri
al experiments on the re
onstru
tion of prestresses of various

types are presented, and the re
ommendations are proposed for the sele
tion of the

most e�e
tive loading modes and the 
hoi
e of frequen
y ranges for a
ousti
 sounding.
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Â íàñòîÿùåå âðåìÿ â ðàçëè÷íûõ îáëàñòÿõ òåõíèêè ñ âûñîêîòåìïåðàòóð-

íûì îêðóæåíèåì øèðîêî ïðèìåíÿþòñÿ �óíêöèîíàëüíî-ãðàäèåíòíûå ìàòåðèà-

ëû (FGM). Îäíàêî òåõíîëîãèÿ èçãîòîâëåíèÿ FGM ÿâëÿåòñÿ ìíîãîñòóïåí÷àòîé

è òðåáóåò äèàãíîñòèêè ðåàëüíûõ ñâîéñòâ ïîëó÷àåìîãî èçäåëèÿ. Ïðè ýòîì òåð-

ìîìåõàíè÷åñêèå õàðàêòåðèñòèêè èç-çà íåîäíîðîäíîñòè ìàòåðèàëîâ ìîãóò áûòü

îïðåäåëåíû òîëüêî íåðàçðóøàþùèìè ìåòîäàìè êîíòðîëÿ, îïèðàþùèìèñÿ íà àï-

ïàðàò êîý��èöèåíòíûõ îáðàòíûõ çàäà÷ (ÊÎÇ).

Ê íàñòîÿùåìó âðåìåíè èìååòñÿ äîñòàòî÷íîå êîëè÷åñòâî ðàáîò ïî ðàçëè÷íûì

àñïåêòàì ÊÎÇ òåïëîïðîâîäíîñòè è òåîðèè óïðóãîñòè. Ïðè ýòîì íàèáîëåå ðàñïðî-

ñòðàíåííûì ìåòîäîì ðåøåíèÿ ÊÎÇ ÿâëÿåòñÿ ïîñòðîåíèå �óíêöèîíàëà íåâÿçêè

è åãî ìèíèìèçàöèÿ êàêèì-ëèáî èç ãðàäèåíòíûõ ìåòîäîâ èëè ãåíåòè÷åñêèì àëãî-

ðèòìîì. Äëÿ íåêîòîðûõ ìàòåðèàëîâ íåîáõîäèìî ó÷èòûâàòü ñâÿçàííîñòü ïîëåé

è ðåøàòü ÊÎÇ òåðìîóïðóãîñòè. Îäíàêî îáðàòíûå çàäà÷è òåðìîóïðóãîñòè äëÿ

íåîäíîðîäíûõ òåë ñëàáî èçó÷åíû. Ýòî îáúÿñíÿåòñÿ ñëîæíîñòüþ ïîñòðîåíèÿ îïå-

ðàòîðíûõ óðàâíåíèé â ñèëó ñâÿçàííîñòè ïîëåé è íåëèíåéíîñòüþ çàäà÷è.

Â ðàáîòå ïðåäñòàâëåíû äâå ïîñòàíîâêè ÊÎÇ òåðìîóïðóãîñòè ïðè çàäàíèè

äîïîëíèòåëüíîé èí�îðìàöèè î ãðàíè÷íûõ ïîëÿõ: 1) â òðàíñ�îðìàíòàõ Ëàïëà-

ñà, ÷òî ñîîòâåòñòâóåò ñèòóàöèè, êîãäà äîïîëíèòåëüíàÿ èí�îðìàöèÿ çàäàíà íà

ïîëóáåñêîíå÷íîì èíòåðâàëå; 2) íà êîíå÷íîì âðåìåííîì èíòåðâàëå.

Ïðåäëîæåí èòåðàöèîííûé ïîäõîä ê ðåøåíèþ íåëèíåéíîé ÊÎÇ òåðìîóïðó-

ãîñòè ïðîèçâîëüíîãî êîíå÷íîãî òåëà. Äëÿ ýòîãî íà îñíîâå ñëàáîé ïîñòàíîâêè

ïðÿìîé çàäà÷è, ñîîòíîøåíèÿ âçàèìíîñòè è ìåòîäà ëèíåàðèçàöèè ïîëó÷åíû ëè-

íåàðèçîâàííûå îïåðàòîðíûå óðàâíåíèÿ â òðàíñ�îðìàíòàõ Ëàïëàñà.

Âíà÷àëå ðàññìàòðèâàëîñü ðåøåíèå ÊÎÇ òåðìîóïðóãîñòè â òðàíñ�îðìàíòàõ

Ëàïëàñà äëÿ ñòåðæíÿ è áåñêîíå÷íîãî öèëèíäðà. Ïðè ýòîì â õîäå âû÷èñëèòåëü-

íûõ ýêñïåðèìåíòîâ âîññòàíàâëèâàëàñü òîëüêî îäíà èç òåðìîìåõàíè÷åñêèõ õà-

ðàêòåðèñòèê, îñòàëüíûå ïîëàãàëèñü èçâåñòíûìè. Â êà÷åñòâå ìåòîäîâ ðåøåíèÿ

ïðÿìîé çàäà÷è èñïîëüçîâàëñÿ ìåòîä ñâåäåíèÿ ê ñèñòåìå èíòåãðàëüíûõ óðàâíå-

íèé Ôðåäãîëüìà 2-ãî ðîäà äëÿ ñòåðæíÿ è ìåòîä ïðèñòðåëêè äëÿ öèëèíäðà.

Çàòåì ðàññìàòðèâàëîñü ðåøåíèå ÊÎÇ òåðìîóïðóãîñòè íà êîíå÷íîì èíòåð-

âàëå. Ïóòåì îáðàùåíèÿ îïåðàòîðíûõ óðàâíåíèé â òðàíñ�îðìàíòàõ ïîëó÷åíû

óðàâíåíèÿ â îðèãèíàëàõ. Ïðåäñòàâëåíû îñîáåííîñòè ðåàëèçàöèè ðåøåíèé ÊÎÇ

òåðìîóïðóãîñòè äëÿ ñòåðæíÿ, ñëîÿ, êîíå÷íîãî öèëèíäðà. Â ñëó÷àå êîíå÷íîãî

öèëèíäðà ïðèìåíåí ïîýòàïíûé èòåðàöèîííûé ïðîöåññ ðåêîíñòðóêöèè äâóõ òåð-

ìîìåõàíè÷åñêèõ õàðàêòåðèñòèê.
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Äàíû ïðàêòè÷åñêèå ðåêîìåíäàöèè ïî âûáîðó íàèáîëåå èí�îðìàòèâíûõ âðå-

ìåííûõ èíòåðâàëîâ äëÿ ñúåìà äîïîëíèòåëüíîé èí�îðìàöèè. Îáñóæäåíî âëè-

ÿíèå íà òî÷íîñòü ðåêîíñòðóêöèè ìîíîòîííîñòè �óíêöèé, çàøóìëåíèÿ âõîäíîé

èí�îðìàöèè.
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ÓÏ�ÀÂËÅÍÈÅ ÊÎËÅÁÀÍÈßÌÈ ÁÀËÊÈ

Ñ ÍÅËÎÊÀËÜÍÛÌÈ Ê�ÀÅÂÛÌÈ ÓÑËÎÂÈßÌÈ

1

Ä. Á. Íóðàõìåòîâ (Êàçàõñòàí, Àëìàòû; ÈÌÌÌ),

À. À. Àíèÿðîâ(Êàçàõñòàí, Àëìàòû; ÈÌÌÌ)

Â äàííîì äîêëàäå ðàññìîòðåíà çàäà÷à óïðàâëåíèÿ ïåðâûì ñîáñòâåííûì çíà-

÷åíèåì êîëåáàíèè áàëêè Ýéëåðà � Áåðíóëëè ñ øàðíèðíûì çàêðåïëåíèåì íà

îáîèõ êîíöàõ. Ïóñòü k(x), x ∈ (0; l), � äåéñòâèòåëüíîçíà÷íàÿ ñóììèðóåìàÿ ñèì-

ìåòðè÷íàÿ �óíêöèÿ îòíîñèòåëüíî òî÷êè x = l
2 . Îáîçíà÷èì ñïåêòðàëüíûé ïàðà-

ìåòð λ = ω2ρA
EJ , ãäå ρ � ïëîòíîñòü ìàòåðèàëà, A� ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ,

EJ � èçãèáíàÿ æåñòêîñòü áàëêè, ω � ÷àñòîòíûé ïàðàìåòð. Ñïåêòðàëüíàÿ çàäà-

÷à îá èçãèáíûõ êîëåáàíèÿõ áàëêè ñ øàðíèðíûì çàêðåïëåíèåì íà îáîèõ êîíöàõ

èìååò ñëåäóþùèé âèä:

yIV (x) +
k(x)

EJ
y(x) = λ y(x), 0 < x < l, (1)

y(x)
∣∣
x=0

= 0, y′′(x)
∣∣
x=0

= 0, y(x)
∣∣
x=l

= 0, y′′(x)
∣∣
x=l

= 0. (2)

Ïóñòü (B − µ I) � îïåðàòîð â L2(0, l), ñîîòâåòñòâóþùèé çàäà÷å:

uIV (x) +
k(x)

EJ
u(x) = µu(x), 0 < x < l, (3)

u(x)
∣∣
x=0

= α

l∫

0

u(x) y1(x) dx, u′′(x)
∣∣
x=0

= 0,

u(x)
∣∣
x=l

= 0, u′′(x)
∣∣
x=l

= 0,

(4)

ãäå α � îòëè÷íîå îò íóëÿ âåùåñòâåííîå ÷èñëî. Âûáðàòü ãðàíè÷íûé ïàðà-

ìåòð α òàê, ÷òîáû ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà B íàõîäèëîñü âíå èíòåð-

âàëà (−λ2, λ2).
Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà 1. Åñëè ãðàíè÷íûé ïàðàìåòð α âûáðàòü òàê, ÷òîáû âûïîëíÿëîñü

íåðàâåíñòâî

(λ2 − λ1) 6 α y′′′1 (0), (5)

òî ñîáñòâåííûå çíà÷åíèÿ {µn}∞n=1 îïåðàòîðà B îïðåäåëÿþòñÿ ïî �îðìóëå

µn = λn ïðè n > 2 è µ1 ÿâëÿåòñÿ åäèíñòâåííûì âåùåñòâåííûì êîðíåì âíå èí-

òåðâàëà (−λ2, λ2) óðàâíåíèÿ
1 =

αy′′′1 (0)
µ− λ1

.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè �åñïóá-

ëèêè Êàçàõñòàí, ïðîåêò � AP08052239.
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Ìåòîä ðàáîòû èäåéíî áëèçîê ê ìåòîäàì ðàáîò [1, 2℄. Ñ�îðìóëèðîâàííàÿ çà-

äà÷à îòíîñèòñÿ ê êëàññó çàäà÷ óïðàâëåíèÿ ñïåêòðîì ëèíåéíîãî îïåðàòîðà è èñ-

ñëåäîâàíèè êîëåáàòåëüíûõ ñèñòåì [3℄. Ïîäîáíûå âîïðîñû âîçíèêàþò â çàäà÷àõ

àýðîóïðóãîñòè [4, ñ. 291℄ è ðåçàíàòîðîâ ÌÝÌÑ [5, ãë. 1℄.
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ÎÁ ÀÑÈÌÏÒÎÒÈÊÅ ÑÏÅÊÒ�À ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î ÎÏÅ�ÀÒÎ�À

ÂÒÎ�Î�Î ÏÎ�ßÄÊÀ Ñ ÍÅËÎÊÀËÜÍÛÌÈ Ê�ÀÅÂÛÌÈ ÓÑËÎÂÈßÌÈ

Ä. Ì. Ïîëÿêîâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Äîêëàä ïîñâÿùåí èññëåäîâàíèþ ñïåêòðàëüíûõ ñâîéñòâ äè��åðåíöèàëüíîãî

îïåðàòîðà L : D(L) ⊂ L2(0, 1) → L2(0, 1) âèäà

(Lu)(x) = −u′′(x) + q(x)u(x), x ∈ (0, 1),

ñ îáëàñòüþ îïðåäåëåíèÿ D(L) = {u ∈ W 2
2 (0, 1)}. Êðîìå òîãî, îíà çàäàåòñÿ ñëå-

äóþùèìè íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè:

u(0) = u(1), u′(0) = u′(1) +

1∫

0

p(x) u(x) dx.

Áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ p è ïîòåíöèàë q ÿâëÿþòñÿ ïðîèçâîëüíûìè

êîìïëåêñíîçíà÷íûìè �óíêöèÿìè èç êëàññà L2(0, 1).
Â [1℄ äëÿ îïåðàòîðà L ïðè q = 0 áûëà ïðåäïðèíÿòà ïîïûòêà óñòàíîâèòü

áàçèñíîñòü �èññà ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé. Áûëî äî-

êàçàíî, ÷òî ñâîéñòâî áàçèñíîñòè êîðíåâûõ �óíêöèé ìîæåò ìåíÿòüñÿ ïðè êàêîì

óãîäíî ìàëîì èçìåíåíèè ÿäðà èíòåãðàëüíîãî âîçìóùåíèÿ, à òàêæå âûïèñàíà

àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé. Äàííàÿ òåìàòèêà ïðîäîëæèëà ñâîå ðàçâè-

òèå â ñåðèè ðàáîò [2�4℄. Àâòîðû ïîëó÷èëè áëèçêèå ïî äóõó ðåçóëüòàòû, íî óæå â

ñëó÷àå íåíóëåâîãî ïîòåíöèàëà q. Îòìåòèì, ÷òî èññëåäîâàíèå ðàññìàòðèâàåìîãî
êëàññà îïåðàòîðîâ òåñíî ñâÿçàíî ñ èññëåäîâàíèåì íàãðóæåííûõ îïåðàòîðîâ, à

òàêæå îïåðàòîðîâ ñ çàìîðîæåííûì àðãóìåíòîì (ñì. [5, 6℄).

Ïåðåéäåì ê �îðìóëèðîâêå îñíîâíûõ ðåçóëüòàòîâ. Ñòàíäàðòíûì îáðàçîì ÷å-

ðåç pn è qn îáîçíà÷èì êîý��èöèåíòû Ôóðüå �óíêöèé p è q, ñîîòâåòñòâåííî:

pn =

1∫

0

p(x)e−i2πnx dx, qn =

∫ 1

0
q(x)e−i2πnx dx, n ∈ Z.

Äëÿ äîêàçàòåëüñòâà ìû áóäåì èñïîëüçîâàòü íåêîòîðûå èäåè è ðåçóëüòàòû

ñòàòüè [7℄. Ïåðâàÿ òåîðåìà ïîñâÿùåíà àñèìïòîòèêå ñîáñòâåííûõ çíà÷åíèé îïå-

ðàòîðà L.

Òåîðåìà 1. Ïðè äîñòàòî÷íî áîëüøîì ÷èñëå n äëÿ ñîáñòâåííûõ çíà÷åíèé λ̃±n
îïåðàòîðà L èìååò ìåñòî ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ îöåíêà:

∣∣∣∣λ̃
±
n − 4π2n2 − q0 −

pn+p−n
2

± 1

2

√
4(q2n+p−n)(q−2n+pn)+(p−n−pn)2

∣∣∣∣6Mγnn
−1,

ãäå (γn)n∈N � íåêîòîðàÿ ñóììèðóåìàÿ ñ êâàäðàòîì ïîñëåäîâàòåëüíîñòü.
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Â ñòàòüå [1℄ áûë ðàññìîòðåí ñëó÷àé îïåðàòîðà L ñ q = 0. Ïðèâåäåì ñîîòâåò-

ñòâóþùèé ðåçóëüòàò â ýòîé ñèòóàöèè.

Ñëåäñòâèå 1. Åñëè â îïåðàòîðå L ïîëîæèòü q = 0, òî ñîáñòâåííûå çíà÷åíèÿ
äëÿ äîñòàòî÷íî áîëüøîãî n èìåþò âèä

λ̃(1)n = 4π2n2 + O
(
n−2

)
, λ̃(2)n = 4π2n2 + pn + p−n + O

(
n−2

)
.

�åçóëüòàòû ñëåäñòâèÿ 1 óòî÷íÿþò ïîëó÷åííóþ ðàíåå àñèìïòîòèêó ñîáñòâåí-

íûõ çíà÷åíèé èç ðàáîò [1�3℄.

Â ñòàòüå [5℄ ðàññìàòðèâàëñÿ íàãðóæåííûé äè��åðåíöèàëüíûé îïåðàòîð L
ñ p(x) = cos πx. Ïðèâåäåì åùå îäíî ñëåäñòâèå òåîðåìû 1, êîòîðîå îïèñûâà-

åò àñèìïòîòè÷åñêèå îöåíêè ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L â ýòîì ÷àñòíîì

ñëó÷àå.

Ñëåäñòâèå 2. Ïóñòü q(x) = 0, p(x) = cos πx. Òîãäà äëÿ äîñòàòî÷íî áîëüøî-

ãî n ñîáñòâåííûå çíà÷åíèÿ λ̃
(1)
n è λ̃

(2)
n èìåþò âèä

λ̃(1)n = 4π2n2 + O
(
n−2

)
, λ̃(2)n = 4π2n2 − i2n

π(1 − 4n2)
+ O

(
n−2

)
.

Ñ�îðìóëèðóåì åùå îäèí ðåçóëüòàò. Îí ïîñâÿùåí âîïðîñàì áàçèñíîñòè Áà-

ðè ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé. Íàïîìíèì, ÷òî áàçèñû, êîòîðûå

ïîðîæäàþòñÿ ñèñòåìàìè ïðîåêòîðîâ, êâàäðàòè÷íî áëèçêèìè ê ïîëíûì è ìè-

íèìàëüíûì ñèñòåìàì îðòîãîíàëüíûõ ïðîåêòîðîâ íàçûâàþòñÿ áàçèñàìè Áàðè.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé îïåðàòîðà L
îáðàçóåò áàçèñ Áàðè ñî ñêîáêàìè â ïðîñòðàíñòâå L2(0, 1).
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ÎÒ ËÎÊÀËÜÍÎ ÇÀÄÀÍÍÎ�Î Ê �ËÎÁÀËÜÍÎÌÓ �ÈÌÀÍÎÂÓ

ÀÍÀËÈÒÈ×ÅÑÊÎÌÓ Ï�ÎÑÒ�ÀÍÑÒÂÓ

Â. À. Ïîïîâ

(�îññèÿ, Ìîñêâà; Ôèíàíñîâûé óíèâåðñèòåò)

Â êà÷åñòâå ¾íàèáîëåå ïîëíîãî¿ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ïðîèçâîëüíîé

ðèìàíîâîé ìåòðèêè ïðèâåäåì ñëåäóþùèå îïðåäåëåíèÿ.

Îïðåäåëåíèå 1. �èìàíîâî àíàëèòè÷åñêîå îäíîñâÿçíîå ìíîãîîáðàçèåM , íà-

çûâàåòñÿ ïñåâäîïîëíûì, åñëè îíî îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) M íåïðîäîëæàåìî;

2) íå ñóùåñòâóåò ëîêàëüíî èçîìåòðè÷åñêîãî íàêðûâàþùåãî îòîáðàæåíèÿ f :
M → N , ãäå N � îäíîñâÿçíîå ðèìàíîâî àíàëèòè÷åñêîå ìíîãîáðàçèå, à f(M) �
îòêðûòîå ïîäìíîæåñòâî â N íå ðàâíîå N .

Îïðåäåëåíèå 2. �èìàíîâî àíàëèòè÷åñêîå îðèåíòèðîâàííîå ìíîãîîáðà-

çèå M , àëãåáðà Ëè âåêòîðíûõ ïîëåé Êèëëèíãà êîòîðîãî íå èìååò öåíòðà, íàçû-

âàåòñÿ êâàçèïîëíûì, åñëè îíî îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.

1) M íåïðîäîëæàåìî;

2) M íå äîïóñêàåò ñîõðàíÿþùèõ îðèåíòàöèþ è âåêòîðíûå ïîëÿ Êèëëèíãà

ëîêàëüíûõ èçîìåòðèé.

Êâàçèïîëíîå ìíîãîîáðàçèå îáëàäàåò ìàêñèìàëüíîé ñèììåòðèåé è îäíîçíà÷-

íî îïðåäåëåíî äëÿ ðèìàíîâûõ ìíîãîîáðàçèé, àëãåáðà Ëè êîòîðûõ íå èìååò öåí-

òðà.

Òåîðåìà 1. Ïóñòü φ ëîêàëüíàÿ èçîìåòðèÿ èç êâàçèïîëíîãî ìíîãîîáðàçèÿ M

â êâàçèïîëíîå ìíîãîîáðàçèå N . Òîãäà φ ïðîäîëæàåòñÿ äî èçîìåòðèè φ :M ≈ N .

Òåîðåìà 2. Êâàçèïîëíîå ìíîãîîáðàçèå ÿâëÿåòñÿ óíèâåðñàëüíî ïðèòÿãèâà-

þùèì îáúåêòîì â ñëåäóþùåé êàòåãîðèè. Îáúåêòû � ëîêàëüíî èçîìåòðè÷íûå

ðèìàíîâû îäíîñâÿçíûå àíàëèòè÷åñêèå ìíîãîîáðàçèÿ. Ìîð�èçìû � ëîêàëüíî

èçîìåòðè÷åñêèå îòîáðàæåíèÿ f : M \ S → N , îïðåäåëííûå íà âñåì ìíîãîîáðà-

çèè M , çà èñêëþ÷åíèåì ìíîæåñòâà S íåïîäâèæíûõ òî÷åê âñåõ, ñîõðàíÿþùèõ

âåêòîðíûå ïîëÿ Êèëëèíãà è îðèåíòàöèþ, ëîêàëüíûõ èçîìòðèé M â ñåáÿ.

Ïîíÿòèå ïñåâäîïîëíîãî ìíîãîáðàçèÿ äîïóñêàåò îáîáùåíèå â ñëó÷àå ëîêàëüíî

îäíîðîäíûõ ïðîñòðàíñòâ íå òîëüêî äëÿ ðèìàíîâûõ, íî è äëÿ ïñåâäîðèìàíîâûõ

ìíîãîîáðàçèé.

Òåîðåìà 3. Ïóñòü g � àëãåáðà Ëè âñåõ èí�èíèòåçåìàëüíûõ èçîìåòðèé íà

ëîêàëüíî îäíîðîäíîì ïñåâäîðèìàíîâîì àíàëèòè÷åñêîì ìíîãîîáðàçèè M , h �

åå ñòàöèîíàðíàÿ ïîäàëãåáðà, z � öåíòð àëãåáðû g, [g, g] � êîììóòàíò àëãåáðû g.

Ïóñòü G� îäíîñâÿçíàÿ ïîäãðóïïà, ïîðîæäåííàÿ àëãåáðîé g èH � åå ïîäãðóïïà,

ïîðîæäåííàÿ ïîäàëãåáðîé h. Åñëè h ∩ (z+ [g, g]) = h ∩ [g, g], òî H çàìêíóòà â G.
Åñëè äëÿ ëþáîé ïîëóïðîñòîé ïîäàëãåáû p ⊂ g òàêîé, ÷òî p + r = g, ãäå r �

ðàäèêàë g, èìååò ìåñòî (p+ z) ∩ h = p ∩ h, òî H çàìêíóòà â G.

Óêàçàííûå ðåçóëüòàòû â ñëó÷àå ðèìàíîâûõ ïðîñòðàíñòâ îïóáëèêîâàíû â ðà-

áîòàõ [1, 2, 3℄.
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ÎÏÒÈÌÀËÜÍÎÅ ÓÏ�ÀÂËÅÍÈÅ ÄËß ÑÈÑÒÅÌ,

ÌÎÄÅËÈ�ÓÅÌÛÕ ÄÈÔÔÓÇÈÎÍÍÎ-ÂÎËÍÎÂÛÌ Ó�ÀÂÍÅÍÈÅÌ

Ñ. Ñ. Ïîñòíîâ

(�îññèÿ, Ìîñêâà; ÈÏÓ �ÀÍ)

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ñèñòåìû ñ ðàñïðåäåëåííûìè ïà-

ðàìåòðàìè, ïîâåäåíèå êîòîðûõ â îáùåì ñëó÷àå îïèñûâàåòñÿ íåîäíîðîäíûì

äè��óçèîííî-âîëíîâûì óðàâíåíèåì ñëåäóþùåãî âèäà:

r(x)C0D
α
t Q(x, t) =

∂

∂x

[
w(x)

∂Q(x, t)

∂x

]
− q(x)Q(x, t) + f(x, t) + u(x, t), (1)

ãäå Q(x, t) � ñîñòîÿíèå ñèñòåìû,

C
0D

α
t � ëåâîñòîðîííèé îïåðàòîð äðîáíî-

ãî äè��åðåíöèðîâàíèÿ Êàïóòî [1, � 2.4℄, α ∈ (1, 2), t > 0, x ∈ [0, L],
(x, t) ∈ Ω = [0, L]× [0,∞). Ôóíêöèÿ Q(x, t) ñ÷èòàåòñÿ äè��åðåíöèðóåìîé íà ïî-
ëîæèòåëüíîé ïîëóîñè ïî âðåìåíí�îé ïåðåìåííîé è äâàæäû äè��åðåíöèðóåìîé

íà îòðåçêå [0, L] ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Ôóíêöèè r(x) > 0, w(x) > 0
è q(x) áóäåì ñ÷èòàòü íåïðåðûâíûìè íà îòðåçêå [0, L]. Âîçìóùåíèå f(x, t) áó-
äåì ñ÷èòàòü ñóììèðóåìûì ïî îáåèì ïåðåìåííûì íà îáëàñòè Ω. Ïîëîæèì, ÷òî
ðàñïðåäåëåííîå óïðàâëåíèå u(x, t) ÿâëÿåòñÿ ýëåìåíòîì ïðîñòðàíñòâà Lp1,p2(Ω),
1 < p1,2 < ∞, �óíêöèé, èíòåãðèðóåìûõ ñî ñòåïåíüþ p1 ïî âðåìåíí�îé ïåðåìåí-

íîé è ñî ñòåïåíüþ p2 ïî ïðîñòðàíñòâåííîé, èëè ïðîñòðàíñòâà L∞(Ω) ñóùåñòâåííî
îãðàíè÷åííûõ (ïî îáåèì ïåðåìåííûì) �óíêöèé.

Äëÿ óðàâíåíèÿ (1) ñòàâÿòñÿ ñëåäóþùèå íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ:

∂kQ(x, 0+)

∂tk
= ϕk(x), x ∈ [0, L], k = 0, 1, (2)

[
bi
∂Q(x, t)

∂x
+ aiQ(x, t)

]

x=xi
= hi(t) + ui(t), t > 0, i = 1, 2, (3)

ãäå ai è bi � êîý��èöèåíòû, b1 6 0, b2 > 0; hi(t) � íåêîòîðûå èçâåñòíûå âïîëíå

ðåãóëÿðíûå �óíêöèè, x1 = 0, x2 = L. �ðàíè÷íûå óïðàâëåíèÿ u1,2(t) ñ÷èòàþò-
ñÿ ýëåìåíòàìè ïðîñòðàíñòâà Lp[0, T ], 1 < p 6 ∞, è ìîãóò áûòü îáúåäèíåíû â

âåêòîð-�óíêöèþ U(t) = (u1(t), u2(t)).
Áóäåì ñ÷èòàòü, ÷òî öåëüþ óïðàâëåíèÿ ÿâëÿåòñÿ ïåðåâîä ñèñòåìû (1) â íåêî-

òîðîå æåëàåìîå ñîñòîÿíèå Q∗(x) çà âðåìÿ T :

Q(x, T ) = Q∗(x), T > 0, x ∈ [0, L]. (4)

Äëÿ ñèñòåìû, çàäàííîé óðàâíåíèåì (1), ìîæíî ïîñòàâèòü çàäà÷ó îïòèìàëü-

íîãî óïðàâëåíèÿ êàê çàäà÷ó ïîèñêà óïðàâëåíèÿ ñ ìèíèìàëüíîé íîðìîé, ïåðå-

âîäÿùåãî ðàññìàòðèâàåìóþ ñèñòåìó èç íà÷àëüíîãî ñîñòîÿíèÿ (2) â æåëàåìîå
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ñîñòîÿíèå (4) çà çàäàííîå âðåìÿ, èëè êàê çàäà÷ó ïîèñêà óïðàâëåíèÿ, ïåðåâîäÿ-

ùåãî ñèñòåìó èç íà÷àëüíîãî ñîñòîÿíèÿ â æåëàåìîå çà ìèíèìàëüíîå âðåìÿ ïðè

çàäàííîì îãðàíè÷åíèè íà íîðìó óïðàâëåíèÿ. Òàêèå çàäà÷è íà îñíîâå òî÷íî-

ãî ðåøåíèÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè (2)�(3) ìîãóò

áûòü ñâåäåíû ê îáîáùåííîé áåñêîíå÷íîìåðíîé l-ïðîáëåìå ìîìåíòîâ ïî àíàëîãèè
ñ èññëåäîâàííûìè ðàíåå ñèñòåìàìè, êîòîðûå îïèñûâàþòñÿ óðàâíåíèåì äè��ó-

çèè äðîáíîãî ïîðÿäêà [2, 3℄:

T∫

0

gn(τ)W (τ) dτ = cn, n = 1, 2, . . . ,

‖W (t)‖ 6 l,

(5)

ãäå �óíêöèè gn(t) è ÷èñëà cn îïðåäåëÿþòñÿ îáùèì ðåøåíèåì óðàâíåíèÿ (1) è

óñëîâèÿìè (2)�(4), ÷èñëî l > 0 ñ÷èòàåòñÿ çàäàííûì. Èñêîìàÿ �óíêöèÿW (t) (îò-
íîñèòåëüíî êîòîðîé èùåòñÿ ðåøåíèå l-ïðîáëåìû ìîìåíòîâ) ÿâëÿåòñÿ ëèíåéíîé

êîìáèíàöèåé ãðàíè÷íûõ óïðàâëåíèé è èíòåãðàëüíîãî �óíêöèîíàëà îò ðàñïðå-

äåëåííîãî óïðàâëåíèÿ.

Êàê èçâåñòíî [4, 5℄, â îáùåì ñëó÷àå íåëüçÿ äîêàçàòü ðàçðåøèìîñòü è, òåì

áîëåå, ïîëó÷èòü àíàëèòè÷åñêîå ðåøåíèå áåñêîíå÷íîìåðíîé ïðîáëåìû ìîìåíòîâ.

Â òî æå âðåìÿ, äëÿ êîíå÷íîìåðíîé ïðîáëåìû ìîìåíòîâ, êîòîðàÿ ìîæåò áûòü

ïîëó÷åíà íà îñíîâå ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ (1), ñóùåñòâóþò ÷åòêèå

êðèòåðèè êîððåêòíîñòè è ðàçðåøèìîñòè, à òàêæå îáùåå ðåøåíèå.

Òåîðåìà 1. Ïóñòü çàäàíà êîíå÷íîìåðíàÿ l-ïðîáëåìà ìîìåíòîâ (5) è ïðè

ýòîì gn(t) ∈ Lp ′(0, T ], W (t) ∈ Lp(0, T ], 1/p + 1/p ′ = 1, à òàêæå õîòÿ áû îäíî

èç ÷èñåë cn îòëè÷íî îò íóëÿ, n = 1, . . . , N . Òîãäà ïðè ëþáîì �èêñèðîâàííîì N
ýòà ïðîáëåìà ìîìåíòîâ ÿâëÿåòñÿ êîððåêòíîé è ðàçðåøèìîé, à ïðè p > 1 èìååò

åäèíñòâåííîå ðåøåíèå.

Â ðàáîòå òàêæå ðàññìîòðåíû ïðèìåðû ñèñòåì, îïèñûâàåìûõ óðàâíåíèåì (1),

äëÿ êîòîðûõ ïîñòðîåíî è ïðîàíàëèçèðîâàíî ðåøåíèå êîíå÷íîìåðíîé l-ïðîáëåìû
ìîìåíòîâ.
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ÎÁËÀÑÒÜ ÄÈÔÔÓÇÈÎÍÍÎÉ ÍÅÓÑÒÎÉ×ÈÂÎÑÒÈ

ÄËß ÑÈÑÒÅÌ ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ Ó�ÀÂÍÅÍÈÉ

Ñ. Â. �åâèíà
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�àññìàòðèâàåòñÿ ñèñòåìà äâóõ ïàðàáîëè÷åñêèõ óðàâíåíèé

ut = ∆u+ f(u, v), vt = d∆v + g(u, v)

â m-ìåðíîé îãðàíè÷åííîé îáëàñòè Ω ⊂ Rm ïðè t > 0. Çäåñü d > 0 � êîý��èöè-

åíò äè��óçèè; f(u, v), g(u, v) � ñëàãàåìûå ðåàêöèè.

Íà ãðàíèöå îáëàñòè Ω ïðåäïîëàãàþòñÿ âûïîëíåííûìè îäíîðîäíûå êðàåâûå

óñëîâèÿ Íåéìàíà

∂u

∂n

∣∣∣∣
∂Ω

=
∂v

∂n

∣∣∣∣
∂Ω

= 0.

Çäåñü n � âíåøíÿÿ íîðìàëü ê ãðàíèöå.

Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà èìååò ïðîñòðàíñòâåííî-îäíîðîäíîå ñòàöèîíàð-

íîå ðåøåíèå (u0, v0). Áóäåì èíòåðåñîâàòüñÿ óñëîâèÿìè, ïðè êîòîðûõ èìååò ìåñòî

äè��óçèîííàÿ íåóñòîé÷èâîñòü (íåóñòîé÷èâîñòü ïî Òüþðèíãó) ýòîãî ðàâíîâåñèÿ.

Ñòàöèîíàðíîå ñîñòîÿíèå ñèñòåìû íàçûâàåòñÿ íåóñòîé÷èâûì ïî Òüþðèíãó, åñ-

ëè îíî óñòîé÷èâî â áåçäè��óçèîííîì ïðèáëèæåíèè, íî òåðÿåò óñòîé÷èâîñòü ïðè

íàëè÷èè äè��óçèè â ñèñòåìå. Åñëè èìååò ìåñòî äè��óçèîííàÿ íåóñòîé÷èâîñòü

è âûïîëíÿþòñÿ íåêîòîðûå óñëîâèÿ íåâûðîæäåííîñòè, òî ïðîèñõîäèò áè�óðêà-

öèÿ Òüþðèíãà, â ðåçóëüòàòå êîòîðîé ðîæäàþòñÿ ïðîñòðàíñòâåííî-íåîäíîðîäíûå

ñòðóêòóðû. Ïðè ýòîì ðîëü áè�óðêàöèîííîãî ïàðàìåòðà èãðàåò êîý��èöèåíò

äè��óçèè d. Êðèòè÷åñêèì íàçûâàåòñÿ òàêîå çíà÷åíèå êîý��èöèåíòà äè��ó-

çèè, ïðè êîòîðîì âñå ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùåé ëèíåàðèçîâàííîé

ñèñòåìû ëåæàò â îòêðûòîé ëåâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè, çà èñ-

êëþ÷åíèåì îäíîãî ñîáñòâåííîãî çàí÷åíèÿ, êîòîðîå ðàâíî íóëþ.

Íåîáõîäèìûå óñëîâèÿ äè��óçèîííîé íåóñòîé÷èâîñòè äëÿ ñèñòåìû äâóõ

óðàâíåíèé ðåàêöèè-äè��óçèè õîðîøî èçâåñòíû. Äîñòàòî÷íûå óñëîâèÿ, êàê ïðà-

âèëî, íàõîäÿòñÿ ÷èñëåííî. Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ àíàëèòè÷åñêîå

îïèñàíèå îáëàñòè íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé íåóñòîé÷èâîñòè Òüþðèí-

ãà â êîíå÷íîìåðíîì ïðîñòðàíñòâå ïàðàìåòðîâ ñèñòåìû.

Â ðàáîòå ïðåäëîæåí ïîäõîä, ñîñòîÿùèé â ïåðåõîäå ê íîâûì ïåðåìåííûì, êî-

òîðûé ïîçâîëÿåò óïðîñòèòü îïèñàíèå îáëàñòè íåóñòîé÷èâîñòè Òüþðèíãà, à òàê-

æå óêàçàòü äèàïàçîí âîëíîâûõ ÷èñåë, ïðè êîòîðîì èìååò ìåñòî íåóñòîé÷èâîñòü

Òüþðèíãà.

Îïèñàíèå îáëàñòè íåóñòîé÷èâîñòè Òüþðèíãà äàíî â òåðìèíàõ ñîáñòâåííûõ

çíà÷åíèé çàäà÷è Íåéìàíà äëÿ îïåðàòîðà Ëàïëàñà â ðàññìàòðèâàåìîé îáëàñòè.
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Â ÷àñòíîñòè, ðàññìàòðèâàåòñÿ îäíîìåðíûé ñëó÷àé. Â ýòîì ñëó÷àå ìîæíî ïðîñëå-

äèòü çàâèñèìîñòü ãðàíèö îáëàñòè íåóñòîé÷èâîñòè îò äëèíû îòðåçêà, êîòîðîìó

ïðèíàäëåæèò ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ.

Â êà÷åñòâå ïðèìåðà óêàçàííûé ïîäõîä ïðèìåíÿåòñÿ äëÿ êëàññè÷åñêèõ ñè-

ñòåì ðåàêöèè-äè��óçèè � ñèñòåìû Øíàêåíáåðãà [1℄, �èðåðà � Ìåéíõàðäòà [2℄

è ñèñòåìû ÔèòöÕüþ � Íàãóìî.
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�ÅØÅÍÈÅ ÎÄÍÎÉ ÎÁ�ÀÒÍÎÉ ÇÀÄÀ×È

ÄËß ÈÍÒÅ��Î-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î Ó�ÀÂÍÅÍÈß

ÌÅÒÎÄÎÌ ÌÎÌÅÍÒÎÂ

Æ. Ø. Ñà�àðîâ

(Óçáåêèñòàí, Òàøêåíò; ÈÌ ÀÍ �Óç, ÒÓÈÒ)

�àññìàòðèâàåòñÿ èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå

utt = uzz + uxx +

t∫

0

k(x, θ)u(x, z, t − θ) dθ, z ∈ (0, l), t > 0, x ∈ R, (1)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = 0, ut|t=0 = 0, (2)

uz|z=0 = δ(x)δ′(t), uz|z=l = 0. (3)

Çäåñü δ(t) � äåëüòà-�óíêöèÿ Äèðàêà. Â ïðåäïîëîæåíèè k(x, t) ∈ C(Π) èçó÷èì
çàäà÷ó îá îïðåäåëåíèè �óíêöèè k(x, t) èç óñëîâèÿ

u(x, 0, t) = f(x, t), (4)

ãäå Π = {(x, t) : x ∈ R, t > 0}. Çàäà÷à (1)�(4) îòíîñèòñÿ ê ÷èñëó ìíîãîìåðíûõ

îáðàòíûõ çàäà÷ äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé. Ñ ñîâðåìåííûì ñîñòîÿíèåì

òåîðèè îáðàòíûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé ìîæíî îçíàêîìèòüñÿ â èçâåñòíûõ

ðàáîòàõ [1�3℄. Ïðåäïîëàãàåòñÿ, ÷òî ÿäðî k(x, t) ñëàáî çàâèñèò îò ãîðèçîíòàëüíîé
ïåðåìåííîé x:

k(x, t) = k0(t) + εxk1(t) + . . . , (5)

ãäå ε � ìàëûé ïàðàìåòð.

�åøåíèå ïðÿìîé çàäà÷è (1)�(3) áóäåì èñêàòü â âèäå ðÿäà ïî ñòåïåíÿì ε, ò. å.

u(x, z, t) = u0(x, z, t) + εu1(x, z, t) + . . . (6)

Ïîäñòàâëÿÿ (6) â óðàâíåíèå (1) è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè îäèíàêîâûõ ñòå-

ïåíÿõ ε, ïîëó÷èì, â èòîãå, ðåêóððåíòíóþ ñèñòåìó ïðÿìûõ çàäà÷, èç êîòîðûõ

íàõîäÿòñÿ u0, u1 è ò. ä. Òîãäà, î÷åâèäíî, ñîãëàñíî �îðìóëå (5) �óíêöèÿ f(x, t)
áóäåò èìåòü òàêóþ æå ñòðóêòóðó:

f(x, t) = f0(x, t) + εf1(x, t) + . . . (7)

Èñïîëüçóÿ ðàçëîæåíèÿ �óíêöèè u ïî �îðìóëå (6), �óíêöèè k ïî �îðìó-

ëå (7) è ïîñòóïàÿ àíàëîãè÷íûì îáðàçîì, íàõîäèì, ÷òî îáðàòíàÿ çàäà÷à (1)�(4)

ðàñïàäàåòñÿ íà ñëåäóþùèå çàäà÷è ïîñëåäîâàòåëüíîãî îïðåäåëåíèÿ k0, k1, . . . :

untt = ∆un +

t∫

0

n∑

j=0

xjkj(t− θ)un−j(θ, x, z) dθ, (8)
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un
∣∣
t=0

= 0, unt
∣∣
t=0

= 0, (9)

unz
∣∣
z=0

= δn0δ(x)δ
′(t), unz

∣∣
z=l

= 0, (10)

t ∈ R+, x ∈ R, z ∈ (0, l).

un
∣∣
z=0

= fn(x, t), (x, t) ∈ R
2, n = 0, 1, . . . , (11)

ãäå δn0 � ñèìâîë Êðîíåêåðà.

Óìíîæàÿ îáå ÷àñòè óðàâíåíèé (8)�(11) íà xm è èíòåãðèðóÿ ïî x â ïðåäåëàõ
îò −∞ äî +∞, ïîëó÷èì

unmtt − unmzz = m(m− 1)un(m−2) +

+

t∫

0

n∑

j=0

kj(θ)
[
u(n−j)(m+j)(z, t− θ)

]
dθ, t ∈ R, z ∈ (0, l).

(12)

Â ýòîì óðàâíåíèè ÷åðåç unm îáîçíà÷åí m-é ìîìåíò �óíêöèè un:

unm(z, t) :=

∞∫

−∞

un(x, z, t)x
m dx.

Ïðè ïîëó÷åíèè óðàâíåíèÿ (12) èñïîëüçîâàí òîò �àêò, ÷òî ïðè ëþáîì êîíå÷-

íîì t, êàæäàÿ �óíêöèÿ un, n = 0, 1, 2, . . . , ïðåäñòàâëÿåò ñîáîé ñóììó íåêîòîðîé
ñèíãóëÿðíîé îáîáùåííîé �óíêöèè êîíå÷íîãî ïîðÿäêà è ðåãóëÿðíîé �óíêöèè,

ïðè÷åì íîñèòåëè �óíêöèé un îãðàíè÷åíû. Î÷åâèäíî, ÷òî âñå un,m óäîâëåòâîðÿ-

þò óñëîâèÿì

unm
∣∣
t=0

= 0, unmt
∣∣
t=0

= δn0δm0δ
′(t), unmz

∣∣
z=0

= 0, unmz
∣∣
z=l

= 0,

unn
∣∣
z=0

=

∞∫

−∞

fn(x, t)x
n dx = f̃n(t), n = 0, 1,

ãäå f̃n(t), n = 0, 1, � çàäàííûå äîñòàòî÷íî ãëàäêèå �óíêöèè.

Îñíîâíîé ðåçóëüòàò äàííîé ðàáîòû ñîñòîèò â òîì, ÷òî óäàëîñü ïîñòðîèòü

ìåòîä íàõîæäåíèÿ k0(t) è k1(t) ñ òî÷íîñòüþ äî âåëè÷èíû ïîðÿäêà O(ε2).
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SPECIAL PROPERTIES OF PLANE SOLENOIDAL FIELDS

Vladimir I. Semenov

(Russia, Kaliningrad; IKBFU)

Algebrai
 and integral identities have been obtained for a pair and a triple of plane

solenoidal �elds. We obtain su�
ient potentiality 
onditions for a plane ve
tor �eld.

The integral identities are also important for exa
t a priori estimates, 
onservation

laws (see [1�2℄).

All this is 
onne
ted with the well-known 
lassi
al Helmholtz result on the

de
omposition of the ve
tor �eld by the sum of the solenoidal and potential


omponents. More exa
tly, it is 
loser to Helmholtz�Weyl de
omposition. By the way,

this fa
t was noted by S. L. Sobolev and O. A. Ladyzhenskaya in the earliest of 50th

of the last 
entury.

For studying of integral identities a new impulse was given in the middle of 90th

by S. Ju. Dobrokhotov and A. I. Shafarevi
h [3℄.

In �nally, a new series of identities related to 
url there was obtained in [2℄.

1. Semenov V. I. Spe
ial properties of plane solenoidal �elds // Mathemati
s.�2021.�
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A GLOBAL SOLVABILITY OF A TWO-DIMENSIONAL KERNEL

DETERMINATION PROBLEM FOR A VISCOELASTICITY EQUATION

Zh. D. Totieva

(Russia, Vladikavkaz; SMI VSC RAS, NCMRC VSC RAS)

The global solvability of the two-dimensional inverse problem of determining the

kernel in the vis
oelasti
ity equation is studied. As we know, inverse problems are in

general ill-posed problems and to obtain global in time existen
e and uniqueness

of a solution 
an be 
onsidered a good result. Even for one-dimensional inverse

problems, there are existen
e theorems only for su�
iently small domains of unknown


oe�
ients; i. e., solvability is lo
al for these problems.

For (x, t) ∈ R2
, y > 0, let us 
onsider the dire
t problem of determining u(x, y, t)

from integro-di�erential equation:

∂2u

∂t2
=

∂

∂y
L

[
k,
∂u

∂y

]
(x, y, t) +

∂

∂x
L

[
k,
∂u

∂x

]
(x, y, t) (1)

with

L[k, u](x, y, t) = u(x, y, t) +

t∫

0

k(x, t− τ)u(x, y, τ),

under the following initial and boundary 
onditions:

u
∣∣
t<0

≡ 0, L

[
k,
∂u

∂y

]

y=0

= −δ
′(t)
2
. (2)

The equation (1) arises in the theory of vis
oelasti
 media with 
onstant den-

sity and Lame 
oe�
ients. The u(x, y, t) is the displa
ement fun
tion and the

fun
tion k(x, t) des
ribes the vis
ous property of the medium.

The inverse problem: to determine the kernel k(x, t), t > 0, in
luded in the in-
tegral of equation (1), if additional information about the solution of problem (1)�(2)
is known

u(x, y, t)
∣∣
y=+0

= g(x, t), t > 0. (3)

Let us 
onsider the Bana
h fun
tion spa
e As(r), s > 0, analyti
al in a neigh-

borhood of the origin su
h that

‖ψ‖s(r) := sup
|x|<r

∞∑

α=0

sα

α!

∥∥∥∥
∂α

∂xα
ψ(x)

∥∥∥∥ <∞, r > 0, s > 0.

In further study the r parameter will be 
onsidered �xed, while the s parameter
is 
onsidered as a variable parameter. In this 
ase, there is a s
ale of Bana
h spa
es
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As(r), s > 0. The following property is obvious: if ψ(x) ∈ As(r), then ψ(x) ∈ As′(r)
for all s′ ∈ (0, s), hen
e, As(r) ⊂ As′(r), if s

′ ∈ (0, s) and the following inequality

holds ∥∥∥∥
∂α

∂xα
ψ(x)

∥∥∥∥
s′
6 αα

‖ψ‖s(r)
(s− s′)α

for all α.
Sin
e parameter r is �xed, we will omit it in the future and use ‖ψ‖s, As instead

of ‖ψ‖s(r) and As(r). For T > 0 denote the 
lass of fun
tions 
ontinuous in (y, t) on
GT = {(y, t)| 0 6 y 6 t 6 T − y} with values in As0 by C(As0 ;GT ).

For (y, t) �xed, we denote the norm of w(x, y, t) in As0 by ‖w‖s0(y, t). The norm
of w in C(As0 ;GT ) is de�ned as

‖w‖C(As0 ;GT ) = sup
(y,t)∈GT

‖w‖s0(y, t).

We 
onsider (1)�(2) in a domain Dε
T = GεT ×R

m
, GεT =

{
(y, t)| 0 6 y 6 t 6 T

1+ε−y
}

for some �xed ε > 0.
Denote by Cσ(As0 ;G

ε
T ) the spa
e of fun
tions 
ontinuous in (y, t) in GεT with

values in As0 whi
h is generated by the family of weight norms

‖w‖Cσ(As;Gε
T ) = sup

(y,t)∈Gε
T

‖w‖s(y, t) e−
σt

T−t−y , σ > 0, 0 < s < s0.

The inverse problem (1)�(3) is redu
ed to equivalent Volterra system of nonlinear

integral equations problem for some fun
tions ϕj , j = 1, 7, related to u(x, y, t), k(x, t).

Theorem 1.Let (g(x, 0), gt(x, 0))∈As0 , (g(x, t), gt(x, t), gtt(x, t))∈Ct(As0 ; [0, T ]),
max{‖g‖s0(t), ‖gt‖s0(t), ‖gtt‖s0} 6 R, t ∈ [0, T ], y ∈ [0, T/2], while R > 0 is a known
real. Then for b and s su
h that b ∈ (0, T/s0), and s ∈ (0, s0) there is a unique

solution to (1)�(3) in the domain ΓεsT = Dε
T ∩ {(x, y, t)| 0 6 t < 1

1+ε b(s0 − s) − y}
for whi
h

ϕ1,2(x, y, t) ∈ C(As;P
ε
sT ),

ϕj(x, t) ∈ C
(
As0 ;

[
0,

1

1 + ε
b(s0 − s)

))
, j = 3, 4, 5, 6, 7.

Moreover,

‖ϕj − ϕ0j‖C(As;P ε
sT ) 6 R̃, j = 1, 4, 6;

‖ϕj − ϕ0j‖C(As;P ε
sT ) 6

R̃

s0 − s
, j = 2, 5, 7;

‖ϕ3 − ϕ03‖C(As;P ε
sT ) 6

R̃

(s0 − s)2
,

P εsT = GεT ∩ {(y, t)| 0 6 y 6 t < 1
1+ε b(s0 − s)− y}, where R̃ = Reσ/ε, σ > 0.

The study is based on the results previously obtained in [1, 2℄.
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ÎÁ ÀÏÏ�ÎÊÑÈÌÀÒÈÂÍÛÕ ÑÂÎÉÑÒÂÀÕ ÎÁÎÁÙÅÍÈÉ

ÑÈÍÊ-ÀÏÏ�ÎÊÑÈÌÀÖÈÉ ÍÀ ÊËÀÑÑÅ Ï�ÈÂÀËÎÂÀ � ×ÀÍÒÓ�Èß

À. Þ. Òðûíèí

(�îññèÿ, Ñàðàòîâ; Ñ�Ó)

Óñòàíîâëåíî, ÷òî �óíêöèîíàëüíûé êëàññ, ââåäåííûé â ðàáîòàõ [1, 2℄, íà êî-

òîðîì èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà ïî ìàòðèöå óçëîâ ×åáûøåâà

è òðèãîíîìåòðè÷åñêèå ðÿäû Ôóðüå ðàâíîìåðíî ñõîäÿòñÿ, òàêæå äîïóñêàåò âîç-

ìîæíîñòü ðàâíîìåðíîé àïïðîêñèìàöèè ñ ïîìîùüþ îáîáùåíèé îïåðàòîðîâ ñèíê-

àïïðîêñèìàöèé. Â ðàáîòå [1℄ ðàññìàòðèâàåòñÿ áîëåå øèðîêèé �óíêöèîíàëüíûé

êëàññ, â îïèñàíèè êîòîðîãî èñïîëüçóåòñÿ îäíîñòîðîííèé ìîäóëü íåïðåðûâíîñòè,

÷åì â ïèîíåðñêîì òðóäå [2℄, â êîòîðîì êëàññ îïèñàí êëàññè÷åñêèìè ìîäóëÿìè

íåïðåðûâíîñòè è èçìåíåíèÿ.

Ïóñòü ρλ > 0, ρλ = o
(√

λ
lnλ

)
ïðè λ → +∞, h(λ) ∈ R, è ïðè êàæäîì

íåîòðèöàòåëüíîì λ ïîòåíöèàë qλ(x) åñòü ïðîèçâîëüíûé ýëåìåíò èç øàðà Vρλ [0, π]
ðàäèóñà ρλ â ïðîñòðàíñòâå �óíêöèé ñ îãðàíè÷åííûì èçìåíåíèåì, èñ÷åçàþùèõ

â íóëå. Òîãäà äëÿ ëþáîãî qλ ∈ Vρλ [0, π] ðàññìîòðèì çàäà÷è Êîøè âèäà

y′′ + (λ− qλ(x))y = 0, y(0, λ) = 1, y′(0, λ) = h(λ), (1)

èëè, ïðè äîïîëíèòåëüíîì óñëîâèè h(λ) 6= 0, � çàäà÷è Êîøè

y′′ + (λ− qλ(x))y = 0, y(0, λ) = 0, y′(0, λ) = h(λ). (2)

Äëÿ ëþáîãî ïîòåíöèàëà qλ ∈ Vρλ [0, π], ïðè λ → +∞, íóëè ðåøåíèÿ çàäà-

÷è Êîøè (1) èëè, ïðè äîïîëíèòåëüíîì óñëîâèè h(λ) 6= 0, � çàäà÷è Êîøè (2),

ïîïàäàþùèå â [0, π] è ïåðåíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ, îáîçíà÷èì

0 6 x0,λ < x1,λ < . . . < xn(λ),λ 6 π (x−1,λ < 0, xn(λ)+1,λ > π).

Çäåñü x−1,λ < 0, xn(λ)+1,λ > π îáîçíà÷àþò íóëè ïðîäîëæåíèÿ ðåøåíèÿ çàäà÷è

Êîøè (1) èëè (2), ïîñëå äîîïðåäåëåíèÿ êàêèì-ëèáî îáðàçîì �óíêöèè qλ âíå

îòðåçêà [0, π] ñ ñîõðàíåíèåì îãðàíè÷åííîñòè âàðèàöèè. Â äàëüíåéøåì äëÿ êðàò-

êîñòè áóäåì îáîçíà÷àòü n = n(λ).
�àññìîòðèì îïåðàòîðû èíòåðïîëèðîâàíèÿ �óíêöèé âèäà

Sλ(f, x) =
n∑

k=0

y(x, λ)

y′(xk,λ, λ)(x− xk,λ)
f(xk,λ) =

n∑

k=0

sk,λ(x)f(xk,λ) (3)

è

Tλ(f, x) =

n∑

k=0

y(x, λ)

y′(xk,λ)(x− xk,λ)

[
f(xk,λ)−

f(π)− f(0)

π
xk,λ − f(0)

]
+

+
f(π)− f(0)

π
x+ f(0).

(4)
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Ïóñòü Ω � ìíîæåñòâî âñåõ äåéñòâèòåëüíîçíà÷íûõ, íåóáûâàþùèõ, âîãíóòûõ

íà [0, b − a] (0 6 a < b 6 π), èñ÷åçàþùèõ â íóëå �óíêöèé ω. Îáîçíà÷èì ÷åðåç

C(ωl, [a, b]) è C(ωr, [a, b]) ìíîæåñòâà ýëåìåíòîâ ïðîñòðàíñòâà C[a, b] òàêèõ, ÷òî
äëÿ ïðîèçâîëüíûõ x è x+ h (a 6 x < x+ h 6 b) èìåþò ìåñòî íåðàâåíñòâà

f(x+ h)− f(x) > −Kfω(h) èëè f(x+ h)− f(x) 6 Kfω(h), ω ∈ Ω,

ñîîòâåòñòâåííî. Â ýòîì ñëó÷àå �óíêöèþ ω(h) íàçûâàþò, ñîîòâåòñòâåííî, ëåâî-
èëè ïðàâîñòîðîííèì ìîäóëåì íåïðåðûâíîñòè.

Ïî àíàëîãèè ñ ïîëîæèòåëüíûì (îòðèöàòåëüíûì) èçìåíåíèåì �óíêöèè áóäåì

íàçûâàòü ïîëîæèòåëüíûì (îòðèöàòåëüíûì) ìîäóëåì èçìåíåíèÿ �óíêöèè f íà

îòðåçêå [a, b], ñîîòâåòñòâåííî, �óíêöèè íàòóðàëüíîãî àðãóìåíòà

v+(n, f) = sup
Tn

n−1∑

k=0

(
f(tk+1)− f(tk)

)
+

è v−(n, f) = inf
Tn

n−1∑

k=0

(
f(tk+1)− f(tk)

)
−,

ãäå z+ = z+|z|
2 è z− = z−|z|

2 , Tn = {a 6 t0 < t1 < t2 < . . . < tn−1 < tn 6 b}, n ∈ N.
Áóäåì ãîâîðèòü, ÷òî f ïðèíàäëåæèò êëàññó V +(v) èëè V −(v), åñëè ñóùåñòâóåò
êîíñòàíòà Mf òàêàÿ, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî íåðàâåíñòâî

v+(n, f) 6Mfv(n) èëè v−(n, f) > −Mfv(n)

ñîîòâåòñòâåííî.

Òåîðåìà 1. Ïóñòü 0 6 a < b 6 π, 0 < ε < (b − a)/2. Åñëè íåóáûâàþùàÿ

âîãíóòàÿ �óíêöèÿ íàòóðàëüíîãî àðãóìåíòà v(n) è �óíêöèÿ ω ∈ Ω òàêèå, ÷òî

lim
λ→∞

min
16m6n

(
ω

(
3π

2
√
λ

) m∑

k=1

1

k
+

n−1∑

k=m+1

v(k)

k2

)
= 0, (5)

òî äëÿ ëþáîé �óíêöèè f ∈ C(ωl[a, b]) ∩ V −(v) (f ∈ C(ωr[a, b]) ∩ V +(v)) âûïîë-
íÿåòñÿ ñîîòíîøåíèå

lim
λ→∞

∥∥f − Sλ(f, · )
∥∥
C[a+ε,b−ε] = 0,

ãäå îïåðàòîð Sλ(f, · ) îïðåäåëåí â (3).

Çàìå÷àíèå. Ïðè ýòîì íà ìíîæåñòâå [0, π] \ [a, b] ñîîòíîøåíèå

lim
λ→∞

∣∣f(x)− Sλ(f, x)
∣∣ = 0

ìîæåò âîâñå íå âûïîëíÿòüñÿ.

Äîãîâîðèìñÿ îáîçíà÷àòü C0[0, π]={f : f ∈ C[0, π], f(0)=f(π) = 0}. Ëåãêî ðå-
àëèçóåìàÿ ìîäè�èêàöèÿ îïåðàòîðà (3) âèäà (4) ïîçâîëÿåò èçáàâèòüñÿ îò ÿâëåíèÿ

�èááñà âáëèçè êîíöîâ îòðåçêà ïðè ïðèáëèæåíèè �óíêöèé f ∈ C[0, π] \ C0[0, π].

Òåîðåìà 2. Ïóñòü �óíêöèÿ f ∈ C[0, π], a = 0, b = π. Åñëè íåóáûâàþùàÿ

âîãíóòàÿ �óíêöèÿ íàòóðàëüíîãî àðãóìåíòà v(n) è �óíêöèÿ ω ∈ Ω òàêèå, ÷òî

âûïîëíÿåòñÿ ñîîòíîøåíèå (5), òî äëÿ ëþáîé �óíêöèè f ∈ C(ωl[0, π]) ∩ V −(v)
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(f ∈ C(ωr[0, π]) ∩ V +(v)) ðàâíîìåðíî íà âñåì îòðåçêå [0, π], h(λ) ∈ R è øàðàõ

Vρλ [0, π] ñïðàâåäëèâî ñîîòíîøåíèå

lim
λ→∞

∣∣Tλ(f, x)− f(x)
∣∣ = 0.

Çäåñü îïåðàòîð Tλ(f, · ) îïðåäåëåí â (4).

Ëèòåðàòóðà

1. Ïðèâàëîâ À. À. Î ðàâíîìåðíîé ñõîäèìîñòè èíòåðïîëÿöèîííûõ ïðîöåññîâ Ëàãðàíæà //

Ìàò. çàìåòêè.�1986.�T. 39, � 2.�Ñ. 228�244.

2. ×àíòóðèÿ Ç. À. Î ðàâíîìåðíîé ñõîäèìîñòè ðÿäîâ Ôóðüå // Ìàò. ñá.�1976.�Ò. 100 (142),

� 4 (8).�Ñ. 534�554.

128



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

�ÀÇ�ÓØÅÍÈÅ È �ËÎÁÀËÜÍÀß �ÀÇ�ÅØÈÌÎÑÒÜ ÇÀÄÀ×È ÊÎØÈ

ÄËß Ó�ÀÂÍÅÍÈß ÍÅËÈÍÅÉÍÛÕ ÄËÈÍÍÛÕ Ï�ÎÄÎËÜÍÛÕ ÂÎËÍ

Â ÂßÇÊÎÓÏ�Ó�ÎÌ ÑÒÅ�ÆÍÅ

Õ. �. Óìàðîâ

(�îññèÿ, �ðîçíûé; ÀÍ ×�, ×�ÏÓ)

Äëÿ íåëèíåéíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà, ìîäå-

ëèðóþùåãî ïðîäîëüíûå âîëíû â áåñêîíå÷íîì âÿçêîóïðóãîì ñòåðæíå ñ ó÷åòîì

äèñïåðñèè è äèññèïàöèè,

∂2u

∂t2
=
∂2σ(u)

∂x2
+ β2

∂4u

∂x2∂t2
+ α

∂3u

∂x2∂t
,

ãäå u = ∂w/∂x � ïðîäîëüíàÿ äå�îðìàöèÿ (w � ïðîäîëüíîå ïåðåìåùåíèå òî÷åê

ñòåðæíÿ âäîëü åãî îñè, ñîâïàäàþùåé ñ îñüþ x; ñëàãàåìîå ñ êîý��èöèåíòîì β2

ïðåäñòàâëÿåò ãëàâíîå ïðîÿâëåíèå äèñïåðñèè, ñëàãàåìîå ñ êîý��èöèåíòîì α îïè-
ñûâàåò äèññèïàöèþ), α, β � ïîëîæèòåëüíûå ïàðàìåòðû, à σ(u) � ñóììàðíîå ïî

ñå÷åíèþ íàïðÿæåíèå ñòåðæíÿ, èññëåäîâàíà ðàçðåøèìîñòü çàäà÷è Êîøè â ïðî-

ñòðàíñòâå íåïðåðûâíûõ �óíêöèé íà âñåé ÷èñëîâîé îñè.

Íàéäåí ÿâíûé âèä ðåøåíèÿ ñîîòâåòñòâóþùåãî ëèíåéíîãî óðàâíåíèÿ.

Óñòàíîâëåí âðåìåííîé îòðåçîê ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà-

÷è Êîøè äëÿ íåëèíåéíîãî óðàâíåíèÿ è ïîëó÷åíà îöåíêà íîðìû ýòîãî ëîêàëüíîãî

ðåøåíèÿ.

�àññìîòðåíû óñëîâèÿ ñóùåñòâîâàíèÿ ãëîáàëüíîãî ðåøåíèÿ è ðàçðóøåíèÿ ðå-

øåíèÿ íà êîíå÷íîì îòðåçêå.
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FORTH-ORDER DIFFERENTIAL INEQUALITIES ON A GRAPH

A. A. Urtaeva (Russia, Vladikavkaz; NOSU),

I. T. Dzanagova (Russia, Vladikavkaz; NOSU)

We 
onsider the boundary value problem on a geometri
 graph. By a di�erential

equation on a graph Lu = f , following [1, 2℄, we understand the set of di�erential

equations on the edges and the set of 
onsisten
y 
onditions at the verti
es.

The equations on the edges have the form

(
pi(x)u

′′
i

)′′ − ri(x)u = fi(x), x ∈ γi ∈ E(Γ).

At ea
h vertex a ∈ J(Γ), we impose the 
onsisten
y 
onditions of the following
types, 
hara
teristi
 for 
onne
ted beams:

u ∈ C(Γ) ∩ C4[Γ], β(a)u′′i (a)− ϑ(a)u′iν(a) = 0, a ∈ J(Γ), i ∈ I(a),

∑

i∈I(a)

(
piu

′′
i

)′
ν
(a)− r(a)u(a) = f(a), a ∈ J(Γ).

Theorem 1. Suppose equation Lu = 0 is dis
onjugate on ea
h edge γ ⊂ Γ.
Then any nontrivial solution of the di�erential inequality Lu(x) > 0, x ∈ Γ, whi
h
satis�ers boundary 
onditions u|∂Γ > 0, u′|∂Γ > 0 is positive on Γ.

Theorem 2. Assume that di�erential equation Lu = 0 is quasi dis
onjugate

on Γ. Then the following boundary value problems are equivalent:

Lu(x) > 0, x ∈ Γ, u(a) > 0, u′ν(a) > 0, a ∈ ∂Γ; (1)

Lu(x) = 0, x ∈ Γ, u(a) = u′(a) = 0, a ∈ ∂Γ. (2)

One should provide an example of a solution of the equation uVI > λu, x ∈ [0, ξ],
with the boundary 
onditions u(0) > 0, u′(0) > 0 and u(ξ) > 0, u′(ξ) > 0, where ξ
is the �rst 
onjugate point for x = 0.

Theorem 3. Let v(x) be a nontrivial solution of boundary value problem (1).

If v(x) 6= 0 on J(Γ), then any solution u(x) of the inequality v(x)Lu(x) > 0, x ∈ Γ,
whi
h satis�ers the boundary 
onditions u|∂Γ = 0, v′′u′ν |∂Γ > 0 solves problem (2).
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TENSOR INVARIANTS OF DISSIPATIVE SYSTEMS

M. V. Shamolin

(Russia, Mos
ow; MSU)

We prove the integrability of 
ertain 
lasses of dynami
al systems on the tangent

bundles of �nite-dimensional manifolds. The for
e �eld 
onsidered possessed so-
alled

variable dissipation; they are generalizations of �elds studied earlier. This paper


ontinues earlier works of the author devoted to systems on the tangent bundles of

two-and three-dimensional manifolds [1, 2℄.

Con�guration spa
es of of many dynami
al systems are �nite-dimensional smooth

manifolds; naturally, their phase spa
es are tangent bundles of these manifolds.

For example, the motion of a �ve-dimensional generalized spheri
al pendulum in

a non
onservative for
e �eld is des
ribed by a dynami
al system on the tangent

bundle of the four-dimensional sphere whose metri
 is indu
ed by an additional

symmetry group. In this 
ase, dynami
al systems that des
ribe the motion of su
h a

pendulum possess variable dissipation, and a 
omplete list of �rst integrals 
onsists of

trans
endental fun
tions that 
an be expressed as �nite 
ombinations of elementary

fun
tions [3, 4℄.

In this a
tivity, we prove the integrability (in tensor invariants) of 
ertain 
lasses

of dynami
al systems on tangent bundles of smooth �nite-dimensional manifolds in

the 
ase of systems with variable dissipation, whi
h are generalizations of systems

studied earlier. Similar results for manifolds of dimensions 2 and 3 were obtained by

the author earlier [5℄.
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�ÈÄ�ÎÄÈÍÀÌÈ×ÅÑÊÈÕ Ï�ÎÖÅÑÑÎÂ Â ÌÅËÊÎÂÎÄÍÎÌ ÂÎÄÎÅÌÅ

ÍÀ ÌÍÎ�ÎÏ�ÎÖÅÑÑÎ�ÍÎÉ ÂÛ×ÈÑËÈÒÅËÜÍÎÉ ÑÈÑÒÅÌÅ

1

À. Ì. Àòàÿí

(�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ)

Öåëüþ ðàáîòû ÿâëÿåòñÿ ïðîãíîçèðîâàíèå ïðîöåññîâ ðàñïðîñòðàíåíèÿ çàãðÿç-

íåíèé â ìåëêîâîäíûõ âîäîåìàõ ñ èñïîëüçîâàíèåì äàííûõ íàòóðíûõ ýêñïåðèìåí-

òîâ íà îñíîâå ðàçðàáîòêè êîìïëåêñà âçàèìîñâÿçàííûõ ïðåöèçèîííûõ 3D-ìîäå-

ëåé ãèäðî�èçèêè.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ïåðåíîñà âåùåñòâà äàåò âîçìîæ-

íîñòü èçó÷åíèÿ äèíàìèêè è òðåíäà ÿâëåíèé, âîçíèêàþùèõ â ìåëêîâîäíûõ âî-

äîåìàõ è ðå÷íûõ ñèñòåìàõ (âîäíûõ ýêîñèñòåìàõ). Ñòàíîâèòñÿ âîçìîæíûì îñó-

ùåñòâëåíèå ïðîãíîçèðîâàíèÿ ïîñëåäñòâèé àíòðîïîãåííîãî âìåøàòåëüñòâà â âîä-

íóþ ýêîñèñòåìó [1, 2℄.

Äëÿ âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëèòåëüíûõ ñèñòåì áûë ðàçðàáîòàí ïðå-

öèçèîííûé ïðîãðàììíûé êîìïëåêñ, ïðåäíàçíà÷åííûé äëÿ ìàòåìàòè÷åñêîãî ìî-

äåëèðîâàíèÿ âîçìîæíûõ ñöåíàðèåâ ðàçâèòèÿ ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ

âåùåñòâ â ìåëêîâîäíîì âîäîåìå. Äëÿ ÷èñëåííîé ðåàëèçàöèè ýòèõ ìîäåëåé íà

ðàñ÷åòíûõ ñåòêàõ, ñîãëàñîâàííûõ ñî ñëîæíîé �îðìîé áåðåãîâîé ëèíèè, à òàê-

æå ïðè èñïîëüçîâàíèè ñîâðåìåííûõ òåõíîëîãèé äèñòàíöèîííîãî çîíäèðîâàíèÿ,

âîçíèêàåò ïîòðåáíîñòü ïðèìåíåíèÿ ñåòîê, èìåþùèõ õàðàêòåðíûå áîëüøèå øà-

ãè ïî ãîðèçîíòàëüíîìó è âåðòèêàëüíîìó íàïðàâëåíèÿì. Â ýòèõ óñëîâèÿõ ïðî-

ãíîçèðîâàíèå òðåáóåò èñïîëüçîâàíèÿ ñåòîê, ñîäåðæàùèõ îãðîìíîå ÷èñëî ÿ÷å-

åê. Âñå ýòî òðåáóåò ñîçäàíèÿ âûñîêîý��åêòèâíûõ àëãîðèòìîâ è ïðîãðàìì-

íûõ ñðåäñòâ, ïîçâîëÿþùèõ ñ äîëæíîé ðàçðåøàþùåé ñïîñîáíîñòüþ ðåøàòü äàí-

íûé êëàññ çàäà÷ ñ îäíîâðåìåííîé îáðàáîòêîé è óñâîåíèåì äàííûõ êîñìè÷åñêî-

ãî çîíäèðîâàíèÿ, îðèåíòèðîâàííûõ íà ñóïåð-ÝÂÌ. Îäíèì èç ñïîñîáîâ ðàñïà-

ðàëëåëèòü âû÷èñëåíèÿ ÿâëÿåòñÿ ïðèìåíåíèå òåõíîëîãèè MPI, êîòîðàÿ ïîçâî-

ëÿåò îáìåíèâàòüñÿ ñîîáùåíèÿìè ìåæäó ïðîöåññàìè, âûïîëíÿþùèìè îäíó çà-

äà÷ó. Ïðè ïàðàëëåëüíîé ðåàëèçàöèè áûëè ðàçðàáîòàíû ìåòîäû äåêîìïîçèöèè

ñåòî÷íûõ îáëàñòåé äëÿ ðåøåíèÿ âû÷èñëèòåëüíî-òðóäîåìêèõ çàäà÷ äè��óçèè-

êîíâåêöèè, ó÷èòûâàþùèå àðõèòåêòóðó è ïàðàìåòðû ìíîãîïðîöåññîðíîé âû÷èñ-

ëèòåëüíîé ñèñòåìû [3, 4℄, à òàêæå îñóùåñòâëåí àíàëèç ý��åêòèâíîñòè ðàçðàáî-

òàííûõ ïàðàëëåëüíûõ àëãîðèòìîâ è ïðîâåäåíû èññëåäîâàíèÿ ïîëó÷åííûõ ðå-

øåíèé âû÷èñëèòåëüíî-òðóäîåìêèõ çàäà÷ âîäíîé ýêîëîãèè. Óñêîðåíèå ðàñ÷åòîâ

áûëî îñóùåñòâëåíî ïóòåì ðàçðàáîòêè ïàðàëëåëüíûõ àëãîðèòìîâ íà îñíîâå êîì-

áèíèðîâàííîãî ïîäõîäà MPI+OpenMP ðåøåíèÿ çàäà÷ òðàíñïîðòà çàãðÿçíÿþ-

ùèõ âåùåñòâ íà ñèñòåìàõ ñ ðàñïðåäåëåííîé ïàìÿòüþ.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 19-31-51017.
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Â õîäå äàííîé ðàáîòû ðåàëèçîâàí ïðîãðàììíûé êîìïëåêñ, ïîçâîëÿþùèé

ïðîèçâîäèòü ðàñ÷åòû çàäà÷è ïåðåíîñà âåùåñòâà â ìåëêîâîäíîì âîäîåìå íà ðàç-

ëè÷íûõ ðàñ÷åòíûõ ñåòêàõ. �åàëèçîâàííûé â ïðîãðàììíîì êîìïëåêñå ïàðàëëåëü-

íûé àëãîðèòì îðèåíòèðîâàí íà ìíîãîïðîöåññîðíóþ âû÷èñëèòåëüíóþ ñèñòåìó è

ïîçâîëÿåò çíà÷èòåëüíî ñîêðàòèòü âðåìÿ ðàáîòû ïðîãðàììíîãî êîìïëåêñà ïðè

áîëüøîì îáúåìå âõîäíûõ äàííûõ. Ïðåäñòàâëåííûé êîìïëåêñ ìîæåò èñïîëüçî-

âàòüñÿ äëÿ èçó÷åíèÿ ïðîöåññîâ ïåðåíîñà â ïðèðîäíûõ è òåõíîëîãè÷åñêèõ ñèñòå-

ìàõ.

Äëÿ ðåøåíèÿ ðåàëüíûõ çàäà÷ ãèäðî�èçèêè ìåëêîâîäíûõ âîäîåìîâ ïðèìåíå-

íû òðåõñëîéíûå ðàçíîñòíûå ñõåìû, ïîñòðîåííûå íà îñíîâå ëèíåéíîé êîìáèíà-

öèè ðàçíîñòíûõ ñõåì ¾êàáàðå¿ è ¾êðåñò¿ ñ âåñîâûìè êîý��èöèåíòàìè

2
3 è

1
3 ñî-

îòâåòñòâåííî, ïîëó÷åííûå â ðåçóëüòàòå ìèíèìèçàöèè ïîðÿäêà ïîãðåøíîñòè àï-

ïðîêñèìàöèè. Äàííûå ñõåìû ïðè ðåøåíèè çàäà÷è äè��óçèè-êîíâåêöèè îáëàäà-

þò ìåíüøåé ñåòî÷íîé âÿçêîñòüþ è, êàê ñëåäñòâèå, òî÷íåå îïèñûâàþò ïîâåäåíèå

ðåøåíèÿ â ñëó÷àå áîëüøèõ ñåòî÷íûõ ÷èñåë Ïåêëå (äî 20�50) [5℄. Èñïîëüçóåìàÿ

òðåõñëîéíàÿ ðàçíîñòíàÿ ñõåìà îáëàäàåò áîëüøåé òî÷íîñòüþ, ÷åì òðàäèöèîííàÿ

ñõåìà ¾êàáàðå¿, ïðè ðåøåíèè çàäà÷, â êîòîðûõ êîíâåêöèÿ ïðåîáëàäàåò íàä äè�-

�óçèåé. Äëÿ àïïðîêñèìàöèè óðàâíåíèÿ äè��óçèè�êîíâåêöèè�ðåàêöèè ïî âðå-

ìåíè èñïîëüçîâàëàñü ñõåìû ñ âåñàìè. Àïïðîêñèìàöèÿ çàäà÷è ðàñ÷åòà ïîëÿ ñêî-

ðîñòè äâèæåíèÿ âîäíîé ñðåäû ïî ïðîñòðàíñòâåííûì ïåðåìåííûì âûïîëíÿëàñü

íà îñíîâå ìåòîäà áàëàíñà ñ ó÷åòîì êîý��èöèåíòîâ çàïîëíåííîñòè êîíòðîëü-

íûõ îáëàñòåé, èññëåäîâàíû ñòàöèîíàðíûå ðåæèìû çàäà÷è ïåðåíîñà òåïëà è ñî-

ëåé. Íà îñíîâå ðàíåå ïðîèçâåäåííîãî ìîíèòîðèíãà âîäíîé àêâàòîðèè ïîñòðîåíû

òðåõìåðíûå ìàòåìàòè÷åñêèå ìîäåëè äâèæåíèÿ âîäíîé ñðåäû, ïðåäíàçíà÷åííûå

äëÿ ïðîãíîçèðîâàíèÿ âîçìîæíûõ ñöåíàðèåâ ðàçâèòèÿ ýêîñèñòåìû Àçîâñêîãî ìî-

ðÿ äëÿ èçó÷åíèÿ ìåõàíèçìîâ âîçíèêíîâåíèÿ îáëàñòåé àíàýðîáíîãî çàðàæåíèÿ è

ïðèíÿòèÿ ñâîåâðåìåííûõ ìåð äëÿ èõ ëîêàëèçàöèè.
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Äëÿ àíàëèçà äèíàìèêè èçìåíåíèÿ ÷èñëåííîñòè òåððîðèñòîâ èñïîëüçîâàëàñü

ïðîñòàÿ ìàòåìàòè÷åñêàÿ ìîäåëü [1, 2℄

∆N

∆t
= αn+ βNn− δN = (α+ βN)n− δN, (1)

ãäå N � ÷èñëî ÷ëåíîâ òåððîðèñòè÷åñêèõ ãðóïï, ∆N � èçìåíåíèå ýòîãî ÷èñ-

ëà çà ïðîìåæóòîê âðåìåíè ∆t, n = MP � êîëè÷åñòâî ìîëîäûõ (â âîçðàñòå

ñ 15 äî 30 ëåò) ìóæ÷èí, íåäîâîëüíûõ ñîñòîÿíèåì îáùåñòâà, êîòîðîå ïðîïîðöè-

îíàëüíî îáùåé ÷èñëåííîñòè ìóæ÷èí óêàçàííîãî âîçðàñòà M è íàïðÿæåííîñòè

îáùåñòâà P , αn � ñêîðîñòü âîâëå÷åíèÿ íåäîâîëüíûõ ìîëîäûõ ëþäåé â òåððî-

ðèñòè÷åñêèå ãðóïïû çà ñ÷åò èí�îðìàöèîííîãî âîçäåéñòâèÿ, βNn � ñêîðîñòü

âîâëå÷åíèÿ ëþäåé â òåððîðèñòè÷åñêèå ãðóïïû çà ñ÷åò êîíòàêòîâ ñ ó÷àñòíèêàìè

ýòèõ ãðóïï, δN � ñêîðîñòü íåéòðàëèçàöèè ó÷àñòíèêîâ òåððîðèñòè÷åñêèõ ãðóïï

ïðàâîîõðàíèòåëüíûìè îðãàíàìè.

Â êíèãå [3, ñ. 324, ñ. 333℄ ïðèâåäåíû îöåíêè ÷èñëà òåððîðèñòîâ â Äàãåñòàíå

è ÊÁ�, êîòîðûå ïîêàçûâàþò, ÷òî ÷èñëî òåððîðèñòîâ ìîæíî, â ïåðâîì ïðèáëè-

æåíèè, ñ÷èòàòü ïðîïîðöèîíàëüíûì ÷èñëó òåðàêòîâ ñ êîý��èöèåíòîì ïðîïîð-

öèîíàëüíîñòè ïðèìåðíî ðàâíûì 1.4. Ïî Êàáàðäèíî-Áàëêàðñêîé ðåñïóáëèêå è

�åñïóáëèêå Äàãåñòàí äîñòàòî÷íî ïîäðîáíàÿ õðîíèêà òåððîðà ïðèâåäåíà íà ñàé-

òå ¾Êàâêàçñêèé óçåë¿ [4, 5℄.

Îöåíèòü èçìåíåíèå ÷èñëà ìóæ÷èí ñîîòâåòñòâóþùåãî âîçðàñòà ìîæíî ïî äàí-

íûì î ðîæäàåìîñòè, ïîäðîáíåå ñì. [1, 2℄. ×èñëåííîñòü ìîëîäûõ ìóæ÷èí ìîæíî

ñ÷èòàòü ïðèìåðíî ðàâíîé ïîëîâèíå ÷èñëåííîñòè ìîëîäåæè.

Äèíàìèêà óðîâíÿ íàïðÿæåííîñòè P â Äàãåñòàíå è Êàáàðäèíî-Áàëêàðèè îöå-

íèâàëàñü ïî íîðìèðîâàííûì èíäèêàòîðàì. Â êà÷åñòâå èíäèêàòîðîâ íàïðÿæåí-

íîñòè èñïîëüçîâàëèñü ñòàòèñòè÷åñêèå äàííûå �îññòàòà [6, 7℄: ÷èñëî ñàìîóáèéñòâ

íà 100000 ÷åëîâåê íàñåëåíèÿ è ÷èñëî óáèéñòâ è ïîêóøåíèé íà óáèéñòâà íà 100000

÷åëîâåê íàñåëåíèÿ. Äëÿ ðåñïóáëèêè Äàãåñòàí äîïîëíèòåëüíî èñïîëüçîâàëàñü

ðàçíîñòü êîý��èöèåíòîâ ðàçâîäèìîñòè è áðà÷íîñòè, à äëÿ ÊÁ� � ÷èñëî íåïðå-

äóìûøëåííûõ îòðàâëåíèé àëêîãîëåì íà 1000000 ÷åëîâåê íàñåëåíèÿ.

Ñ ïîìîùüþ ìîäåëè (1) îöåíèâàëîñü èçìåíåíèå êîý��èöèåíòà k := α + βN ,
îòðàæàþùåãî ñòåïåíü âîñïðèèì÷èâîñòè ýêñòðåìèñòñêîé èäåîëîãèè ìîëîäåæüþ,

íåäîâîëüíîé ñîñòîÿíèåì îáùåñòâà (ðèñ. 1).

Îòìåòèì, ÷òî ñêà÷êîîáðàçíûé ðîñò âîâëå÷åíèÿ ìîëîäåæè â òåððîðèñòè÷å-

ñêèå ãðóïïû â Äàãåñòàíå â 2005 ã. ñîâïàë ñ íàïàäåíèåì áîëüøîé ãðóïïû áîå-

âèêîâ íà ã. Íàëü÷èê (ÊÁ�). Ïðèíÿòèå óñèëåííûõ ìåð áåçîïàñíîñòè ïîñëå ýòîãî
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íàïàäåíèÿ îáúÿñíÿåò îòñóòñòâèå òåððîðèñòè÷åñêîé àêòèâíîñòè â ÊÁ� ñ 2006

ïî 2009 ãã., õîòÿ â Äàãåñòàíå â ýòîò ïåðèîä íàáëþäàëñÿ çàìåòíûé ðîñò òåððî-

ðèñòè÷åñêîé àêòèâíîñòè è âîâëå÷åíèÿ â íåå ìîëîäåæè. Ýòî è îäíîòèïíîå èçìå-

íåíèå êîý��èöèåíòà âîâëå÷åíèÿ ìîëîäåæè â òåððîðèñòè÷åñêèå ãðóïïû â ÊÁ�

è Äàãåñòàíå â 2010�2014 ãã. (ñì. ðèñ. 1) ïîçâîëÿåò ãîâîðèòü î ñõîäñòâå ïðè÷èí

çíà÷èòåëüíîé òåððîðèñòè÷åñêîé àêòèâíîñòè â ýòèõ ðåñïóáëèêàõ.

�èñ. 1. Êîý��èöèåíò âîñïðèèì÷èâîñòè ýêñòðåìèñòñêîé èäåîëîãèè ìîëîäåæüþ �Ä è ÊÁ�.

Òàêèì îáðàçîì, ðåçóëüòàòû ìîäåëèðîâàíèÿ îáúÿñíÿþò ïðè÷èíû ðîñòà â

2005�2011 ãã. è ïàäåíèÿ � â 2011�2014 ãã. ïðèâëåêàòåëüíîñòè èäåé ýêñòðåìèçìà

è òåððîðèçìà ñðåäè ìîëîäåæè Äàãåñòàíà è ÊÁ�.

Ê 2005 ã. âûðîñëî öåëîå ïîêîëåíèå ìîëîäûõ ëþäåé, ðîæäåííûõ ñ 1988

ïî 1993, îñíîâîé ìèðîâîççðåíèÿ êîòîðîãî âûñòóïàëà ðåëèãèÿ. Â óñëîâèÿõ ðîñòà

íåðàâåíñòâà è çàâûøåííûõ îæèäàíèé, ðàäèêàëüíûì ðåëèãèîçíûì ñòðóêòóðàì

óäàâàëîñü ïðîñòî è äîõîä÷èâî îáúÿñíÿòü ìîëîäûì ëþäÿì, ÷òî âî âñåõ èõ áåäàõ

âèíîâíû îòñòóïíèêè îò èñòèííîé âåðû è êîððóìïèðîâàííàÿ âëàñòü. Ñëåäóþùåå

ïîêîëåíèå áûëî çíà÷èòåëüíî ìåíåå ðåëèãèîçíûì è áîëåå ïðàãìàòè÷íûì.
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1

Þ. Â. Áåëîâà

(�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ)

Íà÷èíàÿ ñ 2006 ïî 2020 ãîä, ïîêàçàòåëü ñðåäíåé ñîëåíîñòè Àçîâñêîãî ìîðÿ

èçìåíèëñÿ ñ 9, 4% äî 14%, ïðè÷èíîé ÷åìó ÿâëÿåòñÿ óìåíüøåíèå ïðåñíîâîäíîãî

ñòîêà ðåê, øòîðìîâûå þãî-âîñòî÷íûå âåòðà è àäâåêöèÿ â Àçîâñêîå ìîðå ñîëå-

íûõ ÷åðíîìîðñêèõ âîä [1℄. �åæèì ñîëåíîñòè ÿâëÿåòñÿ âàæíûì çâåíîì â ïðî-

äóêòèâíîñòè è ïðîöåññàõ âîñïðîèçâîäñòâà ãèäðîáèîíòîâ, â òîì ÷èñëå öåííûõ è

ïðîìûñëîâûõ ðûá, ïîýòîìó åãî èçó÷åíèå íà îñíîâå ìåòîäîâ è ñðåäñòâ ìàòåìàòè-

÷åñêîãî ìîäåëèðîâàíèÿ ÿâëÿåòñÿ îäíîé èç àêòóàëüíûõ çàäà÷, èìåþùèõ âàæíîå

íàðîäíî-õîçÿéñòâåííîå çíà÷åíèå.

Äëÿ èçó÷åíèÿ âëèÿíèÿ ñîëåíîñòè íà âèäîâîå ðàçíîîáðàçèå è ãåîãðà�è÷åñêóþ

äèíàìèêó �èòîïëàíêòîíà ïðèáðåæíûõ ñèñòåì � Àçîâñêîãî ìîðÿ è Òàãàíðîã-

ñêîãî çàëèâà � ðàçðàáîòàíà ïðîñòðàíñòâåííî-òðåõìåðíàÿ ìàòåìàòè÷åñêàÿ ìî-

äåëü áèîëîãè÷åñêîé êèíåòèêè, îñíîâàííàÿ íà ñèñòåìå íåñòàöèîíàðíûõ óðàâíå-

íèé êîíâåêöèè�äè��óçèè�ðåàêöèè ïàðàáîëè÷åñêîãî òèïà ñ íåëèíåéíûìè �óíê-

öèÿìè èñòî÷íèêîâ è ìëàäøèìè ïðîèçâîäíûìè [2℄:

∂qi
∂t

+ u
∂qi
∂x

+ v
∂qi
∂y

+ w
∂qi
∂z

= div (k grad qi) +Rqi ,

ãäå U = (u, v, w) � âåêòîð ñêîðîñòè âîäíîãî ïîòîêà, [ì/ñ℄; k � êîý��èöèåíò

òóðáóëåíòíîãî îáìåíà, [ì

2
/ñ℄; Rqi � õèìèêî-áèîëîãè÷åñêèé èñòî÷íèê (ñòîê),

[ìã/(ë · ñ)℄, i = 1, . . . , 10: 1 � çåëåíàÿ âîäîðîñëü Chlorella vulgaris; 2 � ñèíåçåëå-

íàÿ âîäîðîñëü Aphanizomenon �os-aquae; 3 � äèàòîìîâàÿ âîäîðîñëü S
eletonema


ostatum; 4 � �îñ�àòû; 5 � âçâåøåííûé îðãàíè÷åñêèé �îñ�îð; 6 � ðàñòâîðåí-

íûé îðãàíè÷åñêèé �îñ�îð; 7 � íèòðàòû; 8 � íèòðèòû; 9 � àììîíèé; 10 �

ðàñòâîðåííûé íåîðãàíè÷åñêèé êðåìíèé (êðåìíèåâûå êèñëîòû).

Ôóíêöèîíàëüíàÿ çàâèñèìîñòü ñêîðîñòè ðîñòà ãèäðîáèîíòîâ îò ñîëåíîñòè

èìååò âèä:

fS(S) =

{
rs, åñëè S < Sopt,

exp
(
− a1 {(S − Sopt)/Sopt}2

)
, åñëè S > Sopt,

fS (S) = exp
(
− al {(S − Sopt)/Sopt}2

)
, l = 2, 3,

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 20-01-00421.
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ãäå rs = 1; Sopt � ñîëåíîñòü, îïòèìàëüíàÿ äëÿ êàæäîãî âèäà �èòîïëàíêòîíà;

al > 0 � êîý��èöèåíò øèðèíû èíòåðâàëà òîëåðàíòíîñòè êàæäîãî âèäà �èòî-

ïëàíêòîíà ê ñîëåíîñòè.

Äèñêðåòèçàöèÿ íåïðåðûâíîé ìîäåëè ïðîèçâîäèòñÿ íà îñíîâå ëèíåéíîé êîì-

áèíàöèè ðàçíîñòíûõ ñõåì ¾êàáàðå¿ è öåíòðàëüíîé ðàçíîñòíîé ñõåìû, ÷òî ïîçâî-

ëÿåò ïîâûñèòü òî÷íîñòü ðåøåíèÿ çàäà÷è áèîëîãè÷åñêîé êèíåòèêè ïðè áîëüøèõ

çíà÷åíèÿõ ñåòî÷íîãî ÷èñëà Ïåêëå (Pe > 2). Äëÿ ðåøåíèÿ ÑËÀÓ áîëüøîé ðàç-

ìåðíîñòè èñïîëüçîâàëñÿ ìîäè�èöèðîâàííûé ïîïåðåìåííî-òðåóãîëüíûé ìåòîä.

Íà îñíîâå ñöåíàðíîãî ïîäõîäà ïðîâåäåí ðÿä ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ìî-

äåëèðîâàíèþ äèíàìèêè îñíîâíûõ âèäîâ �èòîïëàíêòîííûõ ïîïóëÿöèé ïðè ðàç-

ëè÷íûõ óðîâíÿõ ñîëåíîñòè âîä â ïðèáðåæíûõ ñèñòåìàõ.

Ìîäåëèðîâàíèå ïðîèçâîäèëîñü â ïðÿìîóãîëüíîé îáëàñòè, õàðàêòåðíûå ðàç-

ìåðû êîòîðîé ñîîòâåòñòâóþò �èçè÷åñêèì ðàçìåðàì Àçîâñêîãî ìîðÿ, ñ èñïîëü-

çîâàíèåì ðàâíîìåðíîé ïðÿìîóãîëüíîé ñåòêè, âðåìåííîé èíòåðâàë � 30 ñóòîê.

Ïðîâåäåíà ñåðèÿ ýêñïåðèìåíòîâ äëÿ ñèíåçåëåíîé âîäîðîñëè (ðèñ. 1), â êîòîðûõ

ñîëåíîñòü íà âûõîäå èç çàëèâà ìåíÿåòñÿ îò 9% äî 13, 5%.

à) Íà÷àëüíûé óðîâåíü ñîëåíîñòè. á) Ïîâûøåí íà 10%.

â) Ïîâûøåí íà 30%. ã) Ïîâûøåí íà 50%.

�èñ. 1. �àñïðåäåëåíèå êîíöåíòðàöèé ñèíåçåëåíîé âîäîðîñëè (Aphanizomenon �os-aquae)

ïðè ðàçëè÷íûõ óðîâíÿõ ñîëåíîñòè.

×èñëåííûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî ïðè ðîñòå ñîëåíîñòè â Àçîâñêîì ìî-

ðå ñèíåçåëåíûå è çåëåíûå âîäîðîñëè ñìåùàþòñÿ ê óñòüþ ðåêè Äîí è èõ êîíöåí-

òðàöèÿ óìåíüøàåòñÿ. Ýòî âëå÷åò çà ñîáîé èçìåíåíèå êîðìîâîé áàçû è àðåàëà

îáèòàíèÿ ïðåñíîâîäíûõ ãèäðîáèîíòîâ áîëåå âûñîêèõ òðî�è÷åñêèõ óðîâíåé �

çîîïëàíêòîíà, ìîëëþñêîâ è ïðîìûñëîâûõ âèäîâ ðûá.
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Ñïóòíèêîâûå íàáëþäåíèÿ ïîçâîëÿþò ïîëó÷àòü áîëüøîå êîëè÷åñòâî èí�îð-

ìàöèè î ñîñòîÿíèè âîäíîé ñðåäû è áåðåãîâîé ëèíèè â ðåæèìå ðåàëüíîãî âðåìå-

íè. Ñ ïîìîùüþ îáðàáîòêè è àíàëèçà ñïóòíèêîâûõ èçîáðàæåíèé ìîæíî ïîëó÷èòü

äàííûå î ñîñòîÿíèè âîäíîé ñðåäû è çàãðÿçíåíèÿõ ïðèðîäíîãî è àíòðîïîãåííîãî

õàðàêòåðà (ñóäîâûõ, áèîãåííûõ, çàãðÿçíåíèÿõ ñòîêàìè), ýêñòðåìàëüíûõ ìåòåî-

ðîëîãè÷åñêèõ ÿâëåíèÿõ, âèõðåâûõ ñòðóêòóðàõ òå÷åíèé, ñãîííî-íàãîííûõ ÿâëå-

íèÿõ, íàïðàâëåíèÿõ òå÷åíèé, ðàñïðîñòðàíåíèè ÇÂ â ïðèáðåæíûõ âîäàõ. Ïîëó-

÷åííûå äàííûå ïîñëå ñïåöèàëüíîé îáðàáîòêè (�èëüòðàöèè) ìîãóò áûòü èñïîëü-

çîâàíû â êà÷åñòâå âõîäíûõ äëÿ çàäà÷ ãèäðîäèíàìèêè è ãèäðîáèîëîãèè, à òàêæå

äëÿ âåðè�èêàöèè ìàòåìàòè÷åñêèõ ìîäåëåé, îïèñûâàþùèõ èçó÷àåìûå ïðîöåñ-

ñû. Â íàñòîÿùåå âðåìÿ ìíîãèå ðîññèéñêèå è çàðóáåæíûå ó÷åíûå çàíèìàþòñÿ

ðàçðàáîòêîé ìàòåìàòè÷åñêèõ ìîäåëåé, ïîçâîëÿþùèõ îöåíèòü ïåðâè÷íóþ ïðî-

äóêòèâíîñòü âîäîåìîâ íà îñíîâå äàííûõ äèñòàíöèîííîãî çîíäèðîâàíèÿ çåìëè:

Ìàòèøîâ �. �., Áåðäíèêîâ Ñ. Â., Äåìèäîâ À. Á., Ëè Þ. Äæ. è äð. Ìíîãèå ìî-

äåëè îñíîâàíû íà îöåíêå êîíöåíòðàöèè õëîðî�èëëà â ïðèïîâåðõíîñòíîì ñëîå

âîäîåìà [1℄. Äëÿ îáðàáîòêè ñïóòíèêîâûõ ñíèìêîâ øèðîêî èñïîëüçóþòñÿ ìåòîäû

èñêóññòâåííîãî èíòåëëåêòà. Ìåòîäû ðàñïîçíàâàíèÿ èçîáðàæåíèé äëÿ Àçîâñêîãî

ìîðÿ ïîçâîëÿþò ïîëó÷èòü èí�îðìàöèþ î ãðàíèöàõ âîäîåìà, êîòîðûå äèíàìè÷å-

ñêè ìåíÿþòñÿ, â òîì ÷èñëå ïîä âîçäåéñòâèåì ìåòåîðîëîãè÷åñêèõ óñëîâèé (íàïðè-

ìåð, ýêñòðåìàëüíûé âåòðîâîé ñãîí âîäû â Òàãàíðîãñêîì çàëèâå â íîÿáðå 2019 ã.),

âåëè÷èíå, êîíöåíòðàöèè è õàðàêòåðå èõ ïåðåìåùåíèÿ ¾ïÿòåí¿ �èòîïëàíêòîíà,

õàðàêòåðå òå÷åíèé è äðóãèõ ãèäðîäèíàìè÷åñêèõ è ãèáðîáèîëîãè÷åñêèõ ïðîöåñ-

ñàõ.

Äëÿ îïðåäåëåíèÿ ãðàíèöû ðàññìàòðèâàåìîé ðàñ÷åòíîé îáëàñòè ñëîæíîé

�îðìû ðàçðàáîòàí àëãîðèòì îáðàáîòêè èçîáðàæåíèé, ðåàëèçîâàííûé â âèäå

ïðîãðàììíîãî ìîäóëÿ íà ÿçûêå ïðîãðàììèðîâàíèÿ Python â ñðåäå ðàçðàáîòêè

PyCharm, ïîñòðîåííûé íà îñíîâå êëàññè�èêàòîðà, ïðåäñòàâëÿþùåãî ñîáîé ñòà-

òèñòè÷åñêóþ ìàòåìàòè÷åñêóþ ìîäåëü, àâòîìàòè÷åñêè ïàðàìåòðèçóåìóþ íà îñ-

íîâå ìàøèííîãî îáó÷åíèÿ [2℄. Ïðîãðàììíîå ñðåäñòâî ïîçâîëÿåò âûäåëèòü êîíòóð

Àçîâñêîãî ìîðÿ ïî ñïóòíèêîâûì ñíèìêàì è ïîêðûòü ðàñ÷åòíóþ îáëàñòü íåðàâ-

íîìåðíîé ñãóùàþùåéñÿ ñåòêîé.

Îïèøåì ðàáîòó ïðîãðàììíîãî ìîäóëÿ íà ÿçûêå Python ñ ïîëüçîâàòåëüñêèì

èíòåð�åéñîì äëÿ îáðàáîòêè äàííûõ äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè. Ïðè

1

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà �îñ-

ñèéñêîé Ôåäåðàöèè â ðàìêàõ íàó÷íîãî ïðîåêòà � ÌÄ-3624.2021.1.1.
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íàæàòèè íà êíîïêó ¾Äîáàâèòü¿ íåîáõîäèìî âûáðàòü è çàãðóçèòü èçîáðàæå-

íèå èç �àéëà. Ïðè íàæàòèè íà êíîïêó ¾Âûäåëèòü¿ ïðîèñõîäèò ïðåîáðàçîâà-

íèå âõîäíîãî èçîáðàæåíèÿ â ðåæèì HSV. Ïðè ïîìîùè ñïåöèàëüíûõ ïîëçóíêîâ

íåîáõîäèìî íàñòðîèòü áèíàðíóþ ìàñêó èçîáðàæåíèÿ òàêèì îáðàçîì, ÷òîáû áåðå-

ãîâàÿ ëèíèÿ âûäåëÿëàñü íàèáîëåå òî÷íî. Äàëåå ïðîèñõîäèò íåïîñðåäñòâåííî âû-

äåëåíèå ãðàíèöû öâåòîì, �îðìèðîâàíèå è îòðèñîâêà ïîëó÷åííîãî èçîáðàæåíèÿ.

Ïðè íàæàòèè íà êíîïêó ¾Ñåòêà¿ ïðîèñõîäèò çàãðóçêà èñõîäíîãî èçîáðàæåíèÿ

èç �àéëà. Ñ èñïîëüçîâàíèåì âûäåëåííîé áåðåãîâîé ëèíèè âûïîëíÿåòñÿ ïîèñê

öåíòðà îáúåêòà. Äàëåå ïðîèñõîäèò ïîñòðîåíèå ñåòêè, �îðìèðîâàíèå è îòðèñîâ-

êà ïîëó÷åííîãî èçîáðàæåíèÿ. Ïðè íàæàòèè íà êíîïêó ¾Óäàëèòü¿ ïðîèñõîäèò

î÷èñòêà ïîëåé âûâîäà äëÿ îáðàáîòêè ïîñëåäóþùèõ èçîáðàæåíèé.

�èñ. 1. Ïîëüçîâàòåëüñêèé èíòåð�åéñ ïðîãðàììû

äëÿ îïðåäåëåíèÿ ãðàíèö Àçîâñêîãî ìîðÿ.

Ñ ïîìîùüþ àëãîðèòìîâ îáðàáîòêè èçîáðàæåíèé ïîëó÷åí êîíòóð ïðèðîäíî-

ãî îáúåêòà � Àçîâñêîãî ìîðÿ. Ïðåäëîæåííûé àëãîðèòì ïîçâîëÿåò îïåðàòèâíî

ïîëó÷àòü çíà÷åíèå äèíàìè÷åñêè èçìåíÿþùèõñÿ ãðàíèö ìîðÿ, â òîì ÷èñëå ïðè

âîçíèêíîâåíèè ÷ðåçâû÷àéíûõ ñèòóàöèé � âåòðîâûõ ñãîíàõ è øòîðìîâûõ íàãî-

íàõ.

Ëèòåðàòóðà

1. Campbell J. W., Antoine D. Comparison of algorithms for estimating o
ean primary produ
-

tion from surfa
e 
hlorophyll, temperature,and irradian
e // Global Biogeo
hem. Cy
les.�

2002.�Vol. 16, � 3.�P. 1035.

2. �îíñàëåñ �. Ñ., Âóäñþ �. Å. Öè�ðîâàÿ îáðàáîòêà èçîáðàæåíèé.�Ì.: Òåõíîñ�åðà, 2012.�

1081 ñ.

140



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÌÎÄÅËÈ�ÎÂÀÍÈÅ Ï�ÅÄÂÀ�ÈÒÅËÜÍÎ ÍÀÏ�ßÆÅÍÍÎÉ

Ê�Ó�ËÎÉ ÏËÀÑÒÈÍÛ ÒÈÌÎØÅÍÊÎ

1

È. Â. Áîãà÷åâ

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ïðåäâàðèòåëüíûå (îñòàòî÷íûå) íàïðÿæåíèÿ (ÏÍ) â òåëàõ è êîíñòðóêöèÿõ

îáðàçóþòñÿ â ðåçóëüòàòå ïðèìåíåíèÿ òåõíîëîãè÷åñêèõ ïðîèçâîäñòâåííûõ îïå-

ðàöèé (ëèòüÿ, øòàìïîâêè, ñâàðêè, ïðîêàòêè è äð.). Îíè ìîãóò âîçíèêàòü â ïðî-

öåññå íåîäíîðîäíûõ ïëàñòè÷åñêèõ äå�îðìàöèé, à òàêæå ïîä âîçäåéñòâèåì ïîëåé

âûñîêèõ òåìïåðàòóð ïîñëå îñòûâàíèÿ. Ââèäó òîãî, ÷òî ÏÍ çà÷àñòóþ äîñòèãàþò

äîñòàòî÷íî áîëüøèõ çíà÷åíèé, ýòîò �àêòîð ìîæåò îêàçûâàòü çíà÷èòåëüíîå âëè-

ÿíèå íà äå�îðìàöèîííûå õàðàêòåðèñòèêè è îáÿçàòåëüíî äîëæåí ó÷èòûâàòüñÿ

ïðè ìîäåëèðîâàíèè.

Â ñîâðåìåííîé ïðîìûøëåííîñòè è ñòðîèòåëüñòâå íåîäíîðîäíûå ïëàñòèí÷à-

òûå êîíñòðóêöèè èìåþò øèðîêîå ïðèìåíåíèå. Ïðè èçãîòîâëåíèè ìíîãèõ èç íèõ

èñïîëüçóþòñÿ êîìïîçèòíûå èëè �óíêöèîíàëüíî-ãðàäèåíòíûå ìàòåðèàëû, îòëè-

÷àþùèõñÿ ïîâûøåííîé ïîäàòëèâîñòüþ íà ñäâèã. Äëÿ êîððåêòíîãî îïèñàíèÿ èõ

ïîâåäåíèÿ ïðè äèíàìè÷åñêîì âîçäåéñòâèè íåîáõîäèìî ó÷èòûâàòü äå�îðìàöèè

ïîïåðå÷íîãî ñäâèãà è èñïîëüçîâàòü óòî÷íåííûå ìîäåëè, íàïðèìåð, ìîäåëü Òè-

ìîøåíêî. Òàêæå ïðè èñïîëüçîâàíèè ñîâðåìåííûõ íåîäíîðîäíûõ ìàòåðèàëîâ âî

ìíîãèõ ñëó÷àÿõ â òåëàõ âîçíèêàþò ïîëÿ ÏÍ, èìåþùèå åñòåñòâåííóþ èëè èñ-

êóññòâåííóþ ïðèðîäó. Òàê, â ñòðîèòåëüñòâå, ïðè ïðîèçâîäñòâå ïëèòîâûõ ïåðå-

êðûòèé èç æåëåçîáåòîíà õàðàêòåðíî èñêóññòâåííîå ââåäåíèå ÏÍ â àðìàòóðó

äëÿ ïîâûøåíèÿ �óíêöèîíàëüíûõ õàðàêòåðèñòèê ïëèò, â ÷àñòíîñòè, ïðî÷íîñòè

íà ðàñòÿæåíèå è èçãèá. Òàêæå ïðåäâàðèòåëüíî íàïðÿæåííûå ïëàñòèíû èñïîëü-

çóþòñÿ êàê ñîñòàâíûå ÷àñòè õëîïàþùèõ ìåìáðàí, �ëàíöåâ, ðåæóùèõ äèñêîâ,

ïåðåãîðîäîê è äðóãèõ êîíñòðóêöèé. Ââèäó ýòîãî ñóùåñòâåííóþ âàæíîñòü èìååò

ðàçðàáîòêà íåðàçðóøàþùèõ ìåòîäèê äèàãíîñòèêè óðîâíÿ è ðàñïðåäåëåíèÿ ÏÍ

âíóòðè èññëåäóåìûõ òåë è êîíñòðóêöèé. Îäíèì èç íàèáîëåå óäîáíûõ äëÿ ïðàê-

òè÷åñêîãî èñïîëüçîâàíèÿ, âûñîêîòî÷íûì è ý��åêòèâíûì ÿâëÿåòñÿ ìåòîä àêó-

ñòè÷åñêîãî çîíäèðîâàíèÿ, êîòîðûé ìîæåò áûòü èñïîëüçîâàí äëÿ îïðåäåëåíèÿ

íåîäíîðîäíûõ ÏÍ.

Â äàííîé ðàáîòå ïðåäñòàâëåíà ìîäåëü íåîäíîðîäíîé ïî ðàäèàëüíîé êîîð-

äèíàòå êðóãëîé ïëàñòèíû â ðàìêàõ ãèïîòåç Òèìîøåíêî, íàõîäÿùåéñÿ ïîä äåé-

ñòâèåì ïëîñêîãî ïîëÿ íåîäíîðîäíûõ ïðåäâàðèòåëüíûõ íàïðÿæåíèé. �àññìîòðåí

ñëó÷àé îñåñèììåòðè÷íûõ óñòàíîâèâøèõñÿ èçãèáíûõ êîëåáàíèé, âûçâàííûõ íîð-

ìàëüíîé íàãðóçêîé, ïðèëîæåííîé ê ïîâåðõíîñòè. Ïîñòàíîâêà çàäà÷è çàïèñàíà íà

1

�àáîòà âûïîëíåíà ïðè ïîääåðæêå âíóòðåííåãî ãðàíòà Þæíîãî �åäåðàëüíîãî óíèâåðñèòå-

òà, � Âí�ð-07/2020-04-ÈÌ (Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ �îññèéñêîé Ôåäåðà-

öèè).
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îñíîâå îáùåé ëèíåàðèçîâàííîé ìîäåëè ïðåäâàðèòåëüíî íàïðÿæåííî-äå�îðìèðî-

âàííîãî óïðóãîãî òåëà. Äëÿ ðàññìàòðèâàåìûõ ãèïîòåç Òèìîøåíêî â öèëèíäðè-

÷åñêîé ñèñòåìå êîîðäèíàò ïîëó÷åíû âûðàæåíèÿ äëÿ êîìïîíåíò íåñèììåòðè÷íî-

ãî òåíçîðà íàïðÿæåíèé Ïèîëû, à òàêæå äëÿ èçãèáàþùèõ ìîìåíòîâ è ïåðåðåçû-

âàþùåé ñèëû, â ñîñòàâ êîòîðûõ âõîäÿò �óíêöèè ïðåäâàðèòåëüíûõ íàïðÿæåíèé.

Ïîñòðîåíà ñõåìà ðåøåíèÿ ïðÿìûõ çàäà÷ ðàñ÷åòà êîëåáàíèé ïëàñòèíû, îñíîâàí-

íàÿ íà ìåòîäå �àë�åðêèíà. Ñ åå ïîìîùüþ áûë ïðîâåäåí àíàëèç âëèÿíèÿ êîìïî-

íåíò ïðåäâàðèòåëüíûõ íàïðÿæåíèé íà àìïëèòóäíî-÷àñòîòíûå õàðàêòåðèñòèêè

(À×Õ), îïðåäåëåíî, ÷òî íàèáîëüøèì îáðàçîì îíî ïðîÿâëÿåòñÿ â îêðåñòíîñòè ðå-

çîíàíñíûõ ÷àñòîò. �åçóëüòàòû èññëåäîâàíèÿ ÿâëÿþòñÿ îñíîâîé ðàçðàáàòûâàåìîé

ìåòîäèêè îïðåäåëåíèÿ �óíêöèé-êîìïîíåíò òåíçîðà ïðåäâàðèòåëüíûõ íàïðÿæå-

íèé ñ èñïîëüçîâàíèåì äîïîëíèòåëüíîé èí�îðìàöèè îá àêóñòè÷åñêîì îòêëèêå �

çíà÷åíèÿõ À×Õ, èçìåðåííûõ â çàäàííîì ÷àñòîòíîì äèàïàçîíå.
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�ÅÊÎÍÑÒ�ÓÊÖÈß ÕÀ�ÀÊÒÅ�ÈÑÒÈÊ

Ï�ÅÄÂÀ�ÈÒÅËÜÍÎ ÍÀÏ�ßÆÅÍÍÎÉ ÓÏ�Ó�ÎÉ ÏÎËÎÑÛ

1

È. Â. Áîãà÷åâ

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Â íàñòîÿùåå âðåìÿ îäíèìè èç íàèáîëåå âàæíûõ ÿâëÿþòñÿ çàäà÷è ìîäå-

ëèðîâàíèÿ îáúåêòîâ è êîíñòðóêöèé, ïðè ïðîèçâîäñòâå êîòîðûõ èñïîëüçóþò-

ñÿ ñîâðåìåííûå ìàòåðèàëû ñëîæíîé ñòðóêòóðû, â ÷àñòíîñòè, �óíêöèîíàëüíî-

ãðàäèåíòíûå ìàòåðèàëû. Â ñâÿçè ñ îñîáåííîñòÿìè ïðîöåññà ïðîèçâîäñòâà òà-

êèõ îáúåêòîâ, â êîòîðîì èñïîëüçóåòñÿ ïðîêàòêà, ñâàðêà, êîâêà, òåðìîîáðàáîòêà,

â íèõ ÷àñòî ïðèñóòñòâóåò ïîëå íåîäíîðîäíîãî ïðåäâàðèòåëüíî íàïðÿæåííîãî

ñîñòîÿíèÿ (ÏÍÑ). Òàêæå ïðè ïðîèçâîäñòâå íåêîòîðûõ îáúåêòîâ óïðàâëÿåìûå

ÏÍÑ èñêóññòâåííî çàêëàäûâàþòñÿ â òåõíîëîãè÷åñêèé ïðîöåññ ñ öåëüþ ñíèæåíèÿ

âåðîÿòíîñòè âîçíèêíîâåíèÿ ðàçðóøåíèé, à òàêæå äëÿ óëó÷øåíèÿ ìåõàíè÷åñêèõ

ñâîéñòâ êîíñòðóêöèé. Â ñâÿçè ñ ýòèì âîçíèêàåò íåîáõîäèìîñòü â ïðîâåäåíèè ýêî-

íîìè÷íîé íåðàçðóøàþùåé äèàãíîñòèêè êàê ìåõàíè÷åñêèõ ñâîéñòâ èçäåëèé, òàê

è ÏÍÑ, äëÿ êîòîðîé ìîãóò èñïîëüçîâàòüñÿ, â ÷àñòíîñòè, àêóñòè÷åñêèå ìåòîäû.

Ïîäîáíàÿ ìåòîäèêà ðåøåíèÿ îáðàòíîé çàäà÷è ðåêîíñòðóêöèè ìåõàíè÷åñêèõ õà-

ðàêòåðèñòèê (ïàðàìåòðîâ Ëàìå) è îäíîîñíîãî ÏÍÑ íåîäíîðîäíîé ïî òîëùèíå

óïðóãîé ïîëîñû ðàññìîòðåíà â äàííîé ðàáîòå. Ê âåðõíåé ãðàíè ïîëîñû ïðèëî-

æåíà ïåðèîäè÷åñêàÿ çîíäèðóþùàÿ íàãðóçêà, íèæíÿÿ ãðàíü æåñòêî çàùåìëåíà.

Îáðàòíàÿ çàäà÷à çàêëþ÷àëàñü â îïðåäåëåíèè ïàðàìåòðîâ Ëàìå (êàê �óíêöèé

ïîïåðå÷íîé êîîðäèíàòû) è ÏÍÑ ïî äàííûì î çíà÷åíèÿõ àìïëèòóäíî-÷àñòîòíûõ

õàðàêòåðèñòèê â íåêîòîðîé òî÷êå âåðõíåé ãðàíè ïîëîñû. Ïîñòàíîâêà èñõîäíîé

çàäà÷è â ïëîñêîì ñëó÷àå çàïèñàíà íà îñíîâå îáùåé ëèíåàðèçîâàííîé ïîñòàíîâêè

çàäà÷è îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ òåëà ñ ÏÍÑ. Ñ èñïîëüçîâàíèåì ïðåîáðà-

çîâàíèÿ Ôóðüå ïî ïðîäîëüíîé êîîðäèíàòå èñõîäíàÿ äâóìåðíàÿ çàäà÷à çàïèñàíà

â òðàíñ�îðìàíòàõ â êàíîíè÷åñêîì âèäå. Çàòåì èñïîëüçîâàíî �îðìàëüíîå ðàçëî-

æåíèå �óíêöèé, âõîäÿùèõ â ïîñòàíîâêó ïîëó÷åííîé çàäà÷è, ïî ñòåïåíÿì ïàðà-

ìåòðà ïðåîáðàçîâàíèÿ. Â ðåçóëüòàòå áûë âûïèñàí íàáîð êðàåâûõ çàäà÷, êîòîðûå

óäàëîñü ðàçäåëèòü, îòäåëüíî ðàññìîòðåâ òî÷å÷íîå è ðàñïðåäåëåííîå íàãðóæåíèå.

Â èòîãå áûëà ïîñòðîåíà äâóõýòàïíàÿ ñõåìà ðåøåíèÿ îáðàòíîé çàäà÷è, â ðàìêàõ

êîòîðîé íà ïåðâîì ýòàïå ñ ïîìîùüþ èòåðàöèîííîãî ïîäõîäà îïðåäåëÿþòñÿ çàêî-

íû èçìåíåíèÿ ïàðàìåòðîâ Ëàìå, à íà âòîðîì ñ ïîìîùüþ ïðîåêöèîííîãî ïîäõîäà

îïðåäåëÿåòñÿ ÏÍÑ. �åçóëüòàòû èñïîëüçîâàíèÿ ñõåìû ïðîèëëþñòðèðîâàíû íà-

áîðîì âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ, äàíû ðåêîìåíäàöèè ïî âûáîðó çîíäèðó-

þùèõ ÷àñòîò è ÷àñòîòíûõ äèàïàçîíîâ, îáåñïå÷èâàþùèõ îïòèìàëüíóþ òî÷íîñòü

ðåêîíñòðóêöèè.

1

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà �îññèéñêîãî íàó÷íîãî �îíäà, ïðîåêò �18-71-

10045.
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ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ Ê ÈÑÑËÅÄÎÂÀÍÈÞ ÇÀÄÀ×È Î �ÀÑÑËÎÅÍÈÈ

ÏÎËÎÑÛ ÎÒ ÎÑÍÎÂÀÍÈß Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÌÎÄÅËÅÉ

��ÀÄÈÅÍÒÍÎÉ ÒÅÎ�ÈÈ ÓÏ�Ó�ÎÑÒÈ

À. Î. Âàòóëüÿí

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêâêàç, ÞÌÈ ÂÍÖ �ÀÍ),

Î. Â. ßâðóÿí

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Èññëåäîâàíèå ïðÿìûõ çàäà÷ òåîðèè òðåùèí â ðàìêàõ ëèíåéíîé òåîðèè óïðó-

ãîñòè, êàê ïðàâèëî, ñâîäèòñÿ ê èññëåäîâàíèþ ñèíãóëÿðíûõ èëè ãèïåðñèíãóëÿð-

íûõ èíòåãðàëüíûõ îïåðàòîðîâ, ïîðîæäàåìûå ïðè ýòîì ñèíãóëÿðíûå ðåøåíèÿ

íå èìåþò �èçè÷åñêîãî îáîñíîâàíèÿ, à ñëóæàò ëèøü ïîäòâåðæäåíèåì íåñîîòâåò-

ñòâèÿ âûáðàííîé ìàòåìàòè÷åñêîé ìîäåëè ðåàëüíîìó ïîâåäåíèþ îáúåêòà èññëå-

äîâàíèÿ. Òàê, íàïðèìåð, â ñëó÷àå òåë, ñîäåðæàùèõ òðåùèíîîáðàçíûå äå�åê-

òû, ñèíãóëÿðíûå ðåøåíèÿ âîçíèêàþò ïðè àíàëèçå íàïðÿæåííîãî ñîñòîÿíèÿ â

îêðåñòíîñòè âåðøèí òðåùèí, è èìåííî íàïðÿæåíèÿ â âåðøèíàõ òðåùèí îïðåäå-

ëÿþò êðèòåðèè ïðî÷íîñòè è ñîîòâåòñòâóþùèå ïðàâèëà äëÿ íàõîæäåíèÿ êîý�-

�èöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé. Òàêèì îáðàçîì, ìàòåìàòè÷åñêèå ìîäåëè

ëèíåéíîé òåîðèè óïðóãîñòè íå îòâå÷àþò â ïîëíîé ìåðå íà âîïðîñ î ðåàëüíîì

íàïðÿæåííî-äå�îðìèðîâàííîì ñîñòîÿíèè îáúåêòà ñ òðåùèíîé â çîíàõ êîíöåí-

òðàöèè íàïðÿæåíèé è ïðèõîäèòñÿ îáðàùàòüñÿ ê íåêëàññè÷åñêèì òåîðèÿì äëÿ

áîëåå òî÷íîãî îïèñàíèÿ ÍÄÑ â ñîîòâåòñòâóþùèõ çîíàõ.

Ê îäíîé èç ñàìûõ ïîïóëÿðíûõ íåêëàññè÷åñêèõ òåîðèé óïðóãîñòè îòíîñèòñÿ

ãðàäèåíòíàÿ òåîðèÿ óïðóãîñòè, îñíîâíûå ìîäåëè êîòîðîé áûëè ïðåäëîæåíû â

êîíöå ïðîøëîãî âåêà �. Ä. Ìèíäëèíîì, Ý. Ñ. Àé�àíòèñîì, Ì. Â. Ëóðüå [1�3℄.

Â îñíîâå ïðåäëàãàåìûõ ìîäåëåé ëåæèò ó÷åò íå òîëüêî ëèíåéíîé çàâèñèìîñòè

ìåæäó òåíçîðàìè íàïðÿæåíèÿìè è äå�îðìàöèÿìè, íî è ó÷åò ãðàäèåíòà òåíçîðà

äå�îðìàöèè. Ïðè ýòîì âîçíèêàþò íå òîëüêî êëàññè÷åñêèå íàïðÿæåíèÿ Êîøè,

íî è ìîìåíòíûå íàïðÿæåíèÿ. �ðàäèåíòíûå ñëàãàåìûå â îïðåäåëÿþùèõ ñîîò-

íîøåíèÿõ âõîäÿò ñ ìíîæèòåëÿìè � ãðàäèåíòíûìè ïàðàìåòðàìè � îñíîâíûìè

ïàðàìåòðàìè ãðàäèåíòíîé òåîðèè óïðóãîñòè, à ïîðÿäîê ñîîòâåòñòâóþùèõ óðàâ-

íåíèé äâèæåíèÿ/ðàâíîâåñèÿ ïîâûøàåòñÿ.

Ê íàñòîÿùåìó ìîìåíòó ñòàòè÷åñêèå çàäà÷è î òðåùèíàõ ìîäû I, II, III â ðàì-

êàõ ãðàäèåíòíîé òåîðèè óïðóãîñòè èññëåäîâàíû äîñòàòî÷íî ïîäðîáíî è ïðåä-

ñòàâëåíû â ðàáîòàõ G. Exadaktylos, I. Vardoulakis è E. Aifantis [3, 4℄, F. Erdogan è

G. D. Gupta [5℄, L. Zhang, Y. Huang è J. Y. Chen [6℄, G. H. Paulino [7℄. Èññëåäîâàíû

ñòàòè÷åñêèå çàäà÷è î òðåùèíàõ ìîäû I, II, III â îäíîðîäíûõ èëè íåîäíîðîäíûõ,

�óíêöèîíàëüíî-ãðàäèåíòíûõ ñðåäàõ. Ïîëó÷åíû ãðàíè÷íûå èíòåãðàëüíûå óðàâ-

íåíèÿ îòíîñèòåëüíî ñêà÷êîâ ïîëåé ñìåùåíèé íà áåðåãàõ òðåùèíû, ðàññ÷èòàíû

êîý��èöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé ó âåðøèí òðåùèíû, îñóùåñòâëåíî

ñðàâíåíèå ñ óïðóãèì ñëó÷àåì. Äèíàìè÷åñêèå çàäà÷è èññëåäîâàíû çíà÷èòåëüíî

â ìåíüøåé ñòåïåíè.
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Â ðàáîòå èññëåäîâàíà äèíàìè÷åñêàÿ çàäà÷à î êîëåáàíèÿõ èçîòðîïíîé ïîëî-

ñû ñ ðàññëîåíèåì â ðàìêàõ ãðàäèåíòíîé òåîðèè óïðóãîñòè. �àññìîòðåíà äâóõïà-

ðàìåòðè÷åñêàÿ ãðàäèåíòíàÿ ìîäåëü Àé�àíòèñà. �ðàäèåíòíûå ïàðàìåòðû èìå-

þò ðàçìåðíîñòü äëèíû (äëèíû ðàññëîåíèÿ 2a). �åøåíèå ïðÿìîé çàäà÷è ñâåäå-

íî ê ðåøåíèþ ãðàíè÷íîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (�ÈÓ) îòíî-

ñèòåëüíî �óíêöèè ðàñêðûòèÿ òðåùèíû. Èññëåäîâàíû îñîáåííîñòè ÿäðà �ÈÓ,

ïðåäñòàâëåííûå èíòåãðàëîì ïî êîíòóðó â êîíå÷íîé ïëîñêîñòè, â ñîîòâåòñòâèè

ñ ïðèíöèïîì ïðåäåëüíîãî ïîãëîùåíèÿ. Â îòëè÷èå îò ëèíåéíîé òåîðèè óïðóãî-

ñòè, êîãäà îïåðàòîð ñîäåðæèò ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð, â ñëó÷àå

ãðàäèåíòíîé òåîðèè óïðóãîñòè ïîëó÷åííîå �ÈÓ èìååò êóáè÷åñêóþ ñèíãóëÿð-

íîñòü. Òàêèì îáðàçîì, â îòëè÷èå îò ëèíåéíîé òåîðèè óïðóãîñòè, êîãäà ãðàäè-

åíò ïåðåìåùåíèÿ â âåðøèíàõ òðåùèíû èìååò îñîáåííîñòü âèäà (x2 − a2)−1/2
,

â ãðàäèåíòíîé òåîðèè óïðóãîñòè çà ñ÷åò êóáè÷åñêîé ñèíãóëÿðíîñòè îñîáåííîñòü

èìååò âèä (x2−a2)1/2 è ñîîòâåòñòâóþùèå äå�îðìàöèè â îêðåñòíîñòÿõ íå èìåþò
îñîáåííîñòè. Òàêèì îáðàçîì, ñèíãóëÿðíîå ðåøåíèÿ êëàññè÷åñêîé òåîðèè óïðó-

ãîñòè ïåðåõîäèò â ðåãóëÿðíîå ðåøåíèå. Àíàëèç ïîëó÷åííîãî �ÈÓ ìîæåò áûòü

îñóùåñòâëåíî ñ èñïîëüçîâàíèåì ìåòîäà êîëëîêàöèé, êâàäðàòóðíûõ �îðìóë äëÿ

ñèíãóëÿðíûõ èíòåãðàëîâ, ëèáî ñ èñïîëüçîâàíèåì àïïðîêñèìèðóþùèõ ïîëèíîìîâ

×åáûøåâà ïåðâîãî è âòîðîãî ðîäîâ è ñîîòâåòñòâóþùèõ �îðìóë äëÿ âû÷èñëåíèÿ

èíòåãðàëîâ îò ñïåöèàëüíûõ �óíêöèé.

Ñîñòàâëåí âû÷èñëèòåëüíûé ìîäóëü äëÿ ðåøåíèÿ ñîîòâåòñòâóþùåé ïðÿìîé

çàäà÷è. Ïîñòðîåíû �óíêöèè ðàñêðûòèÿ òðåùèíû â çàâèñèìîñòè îò ðàçëè÷íûõ

çíà÷åíèé ãðàäèåíòíûõ ïàðàìåòðîâ, îò ðàçëè÷íûõ çíà÷åíèé âîëíîâîãî ÷èñëà.

Ïðèâåäåíî ñðàâíåíèå è âåðè�èêàöèÿ ðåçóëüòàòîâ ñ êëàññè÷åñêèì óïðóãèì ñëó-

÷àåì. Ïðîâåäåí àíàëèç ÍÄÑ â îêðåñòíîñòè âåðøèí òðåùèíû. Òàêèì îáðàçîì,

ãðàäèåíòíàÿ òåîðèÿ óïðóãîñòè ïðè èññëåäîâàíèè çàäà÷ òåîðèè òðåùèí ïîçâîëÿ-

åò ïåðåéòè îò ñèíãóëÿðíûõ ðåøåíèé ê ðåãóëÿðíûì ðåøåíèÿì, îïðåäåëèòü íîâûå

êðèòåðèè ïðî÷íîñòè, óòî÷íèòü ÍÄÑ â îêðåñòíîñòè êîíöåíòðàòîðîâ íàïðÿæåíèé.
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Î ÌÎÄÅËÈ�ÎÂÀÍÈÈ Ï�ÎÖÅÑÑÀ �ÀÑÒÂÎ�ÅÍÈß

ÓÏ�Ó�Î�Î ÊÀ�ÊÀÑÀ ÏÎ�ÈÑÒÎÉ Ñ�ÅÄÛ

Î. Â. �àëüöåâ

(�îññèÿ, Áåëãîðîä; ÍÈÓ ¾Áåë�Ó¿)

Â íàñòîÿùåå âðåìÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïîäçåìíîé ãèäðîäèíàìè-

êè óñëîâíî ìîæíî ðàçäåëèòü íà äâå ãðóïïû: à) îïèñàíèå îïèðàåòñÿ íà ñèñòåìó

óðàâíåíèé Äàðñè è äîïóùåíèå, ãäå ãîðíûå ïîðîäû è ãðóíò ñ÷èòàþòñÿ àáñîëþòíî

òâåðäûìè òåëàìè; á) îïèñàíèå ñòðîèòñÿ ñ ó÷åòîì óïðóãèõ ñâîéñòâ ãîðíûõ ïîðîä.

Ìàòåìàòè÷åñêîå æå îïèñàíèå ðàñòâîðåíèÿ ãðóíòà ïîä âîçäåéñòâèåì àêòèâíûõ

êèñëîò ïðåäëàãàåòñÿ ìíîæåñòâîì àâòîðîâ. Ïåðâàÿ ÷àñòü òàêèõ ðàáîò ðàññìàò-

ðèâàåò �èçè÷åñêèé ïðîöåññ íà ìàêðîñêîïè÷åñêîì óðîâíå. Â ìàêðîñêîïè÷åñêèõ

ìîäåëÿõ õàðàêòåðíûìè ðàçìåðàìè ðàññìàòðèâàåìîé îáëàñòè ÿâëÿþòñÿ ìåòðû

èëè äåñÿòêè ìåòðîâ. Â ñèëó ýòîãî óêàçàííûå ìîäåëè íå ðàçëè÷àþò ñòðóêòóðó

ïîð (ìèêðîñòðóêòóðó), ïîñêîëüêó â íèõ ïðèñóòñòâóåò êàê ìàòðèöà ãðóíòà, òàê

è æèäêîñòü â ïîðàõ ýòîãî ãðóíòà. Äðóãàÿ ÷àñòü ðàáîò ïîñâÿùåíà îïèñàíèþ ïðî-

öåññà êèñëîòíîé îáðàáîòêè ðàçëè÷íûõ òèïîâ ïîðîä â ìàñøòàáå ïîð è òðåùèí (íà

ìèêðîñêîïè÷åñêîì óðîâíå). Ïðè ýòîì ñàìè àâòîðû óòâåðæäàþò îá îòñóòñòâèè

îêîí÷àòåëüíîãî ñïîñîáà ñâÿçàòü èçìåíåíèÿ ñðåäû ñ èçìåíåíèÿìè ñòðóêòóðû è

èñïîëüçóþò ïîëóýìïèðè÷åñêèå ñîîòíîøåíèÿ [1, 2℄, êîòîðûå ñëóæàò äëÿ ñâÿçè ñ

ëîêàëüíîé ïîðèñòîñòüþ. Ñîâðåìåííàÿ òåîðåòè÷åñêàÿ ïîäçåìíàÿ ãèäðîäèíàìèêà,

íà÷èíàÿ ñ ðàáîòû Ë. Òàðòàðà, ïîêàçûâàåò, ÷òî ìèêðîñêîïè÷åñêîå îïèñàíèå �ëþ-

èäà â ïîðàõ ïðè óñðåäíåíèè ïåðåõîäèò â ìàêðîñêîïè÷åñêîå îïèñàíèå ñèñòåìîé

óðàâíåíèé Äàðñè. Óñïåõ ýòîé ðàáîòû ñòèìóëèðîâàë îáîñíîâàíèå çíàìåíèòûõ

ìîäåëåé Ì. Áèî, îïèñûâàþùèõ ïðîòåêàþùèå ñîâìåñòíî ïðîöåññû äå�îðìàöèè

óïðóãîé ñðåäû (ìàòðèöû ãðóíòà) è òå÷åíèÿ �ëþèäà â íåé, êàê óñðåäíåíèå êëàñ-

ñè÷åñêèõ óðàâíåíèé ìåõàíèêè ñïëîøíûõ ñðåä. Òî÷íàÿ æå ïîñòàíîâêà çàäà÷è

î âûùåëà÷èâàíèè ðåäêîçåìåëüíûõ ìåòàëëîâ â ñðåäå ñ îäíîé ïîðèñòîñòüþ äëÿ

àáñîëþòíî òâåðäîãî òåëà íà ìèêðîñêîïè÷åñêîì óðîâíå ïðèâîäèòñÿ â ðàáîòàõ

À. Ì. Ìåéðìàíîâà [3℄, ãäå ìàòåìàòè÷åñêè ñòðîãèå ðåçóëüòàòû î ñóùåñòâîâàíèè

êàêîãî-ëèáî ðåøåíèÿ îòñóòñòâóþò.

Â íàñòîÿùåì èññëåäîâàíèè ãëàâíîé èäååé ïðè îïèñàíèè ïðîöåññà ðàñòâîðå-

íèÿ ãðóíòà àêòèâíûìè êèñëîòàìè ÿâëÿåòñÿ äâóõóðîâíåâîå ìîäåëèðîâàíèå. Íà

ïåðâîì (ìèêðîñêîïè÷åñêîì) óðîâíå îïèñàíèÿ, ãäå åäèíèöåé èçìåðåíèÿ ÿâëÿþò-

ñÿ ìèêðîí èëè äåñÿòêè ìèêðîí, î÷èñòêà ïðèçàáîéíîé çîíû íå�òÿíûõ ñêâàæèí

â ïîðàõ è êàïèëëÿðàõ îïèñûâàåòñÿ òî÷íûìè óðàâíåíèÿìè êëàññè÷åñêîé ìåõà-

íèêè ñïëîøíûõ ñðåä è òåîðåòè÷åñêîé õèìèè. Âòîðîé (ìàêðîñêîïè÷åñêèé) óðî-

âåíü îïèñàíèÿ, ãäå åäèíèöàìè èçìåðåíèÿ ÿâëÿþòñÿ ìåòðû èëè äåñÿòêè ìåòðîâ,

ñîîòâåòñòâóåò ðåàëüíûì ìàñøòàáàì íå�òÿíûõ ðåçåðâóàðîâ. Ïðè ýòîì ó÷èòû-

âàþòñÿ ðåàëüíûå ñêîðîñòè æèäêîñòåé â êàïèëëÿðàõ (íåñêîëüêî ìåòðîâ â ãîä),
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êîòîðûå ïîçâîëÿþò îãðàíè÷èòüñÿ ëèíåéíûìè óðàâíåíèÿìè Ñòîêñà (âìåñòî óðàâ-

íåíèé Íàâüå � Ñòîêñà), ÷òî çíà÷èòåëüíî óïðîùàåò êàê òåîðåòè÷åñêèå, òàê è

÷èñëåííûå èññëåäîâàíèÿ.

�àññìàòðèâàåòñÿ çàäà÷à êèñëîòíîé îáðàáîòêè (âûùåëà÷èâàíèÿ) íåïåðèîäè-

÷åñêîãî óïðóãîãî êàðêàñà ãðóíòà ñ äâîéíîé ïîðèñòîñòüþ, ãäå çà ìàëûé áåçðàç-

ìåðíûé ïàðàìåòð ïðèíèìàåòñÿ âåëè÷èíà, ðàâíàÿ îòíîøåíèþ õàðàêòåðíîãî ðàç-

ìåðà ïîð è õàðàêòåðíîãî ðàçìåðà ðàññìàòðèâàåìîé �èçè÷åñêîé îáëàñòè, à æèä-

êîñòü ñ÷èòàåòñÿ ñëàáîâÿçêîé. Ïåðåìåùåíèÿ óïðóãîãî òâåðäîãî êàðêàñà ãðóíòà

îïèñûâàþòñÿ óðàâíåíèåì Ëàìå, à ðàñïðîñòðàíåíèå êèñëîòû � êîíâåêòèâíûì

óðàâíåíèåì äè��óçèè. Çàäà÷à äîïîëíåíà îáÿçàòåëüíûìè óñëîâèÿìè íà ñèëü-

íîì ðàçðûâå (èñêîìîé ñâîáîäíîé ãðàíèöå), ðàçäåëÿþùåé ïîðîâîå ïðîñòðàíñòâî

è êàðêàñ ãðóíòà, âûòåêàþùèìè èç çàêîíîâ ñîõðàíåíèÿ êëàññè÷åñêîé ìåõàíè-

êè â èõ èíòåãðàëüíîé �îðìå è çàêîíîâ òåîðåòè÷åñêîé õèìèè. Çàòåì, èñïîëüçóÿ

ñîâðåìåííûå ìåòîäû óñðåäíåíèÿ, âûâîäÿòñÿ ìàêðîñêîïè÷åñêèå àíàëîãè ýòîé ìî-

äåëè.

Íå ìåíåå âàæíîé ïî ñâîåé çíà÷èìîñòè çàäà÷åé ÿâëÿåòñÿ ðàçðàáîòêà âû÷èñ-

ëèòåëüíûõ àëãîðèòìîâ è íàó÷íî-èññëåäîâàòåëüñêîé âåðñèè ïðîãðàììíîãî îáåñ-

ïå÷åíèÿ, ïîçâîëÿþùèõ ïðîâîäèòü ÷èñëåííûå ýêñïåðèìåíòû ïî âûÿâëåíèþ çà-

âèñèìîñòåé ìåæäó ïàðàìåòðàìè óæå óñðåäíåííîé ìîäåëè. Ñàì àëãîðèòì èìååò

äâóõýòàïíóþ ñõåìó íàõîæäåíèÿ íåèçâåñòíûõ. Ýòà âûíóæäåííàÿ ìåðà îáóñëîâ-

ëåíà íåâîçìîæíîñòüþ îïðåäåëèòü ñòåïåíü ïåðåìåùåíèÿ óïðóãîé ñîñòàâëÿþùåé

ïîðèñòîé ñðåäû íà íà÷àëüíîì ýòàïå ìîäåëèðîâàíèÿ. Òàêæå äâóõñòóïåí÷àòîñòü

àëãîðèòìà äèêòóåòñÿ íåîáõîäèìîñòüþ ðåøåíèÿ âñïîìîãàòåëüíûõ çàäà÷ ïî íà-

õîæäåíèþ íåèçâåñòíûõ ìàòðèö äëÿ âûáðàííîé ñòðóêòóðû ïîðèñòîé ñðåäû íà

ìèêðîñêîïè÷åñêîì óðîâíå.

Èñïîëüçóÿ ïðîãðàììíóþ ðåàëèçàöèþ àëãîðèòìà, ÷èñëåííî ðåøàåòñÿ êàê îä-

íîìåðíàÿ, òàê è äâóõìåðíàÿ ìàêðîñêîïè÷åñêàÿ çàäà÷à. Äëÿ ýòîãî ïðîâîäèòñÿ

âðåìåííàÿ è ïðîñòðàíñòâåííàÿ äèñêðåòèçàöèè.

Â õîäå êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïîëó÷åíû çàâèñèìîñòè ñêîðîñòè ðàñ-

ïðîñòðàíåíèÿ êîíöåíòðàöèè ðåàãåíòà îò êîý��èöèåíòà óïðóãîñòè ñêåëåòà ïîðè-

ñòîé ñðåäû, çíà÷åíèÿ ïîðèñòîñòè â ðàçëè÷íûå ìîìåíòû âðåìåíè âû÷èñëåíèé ïðè

�èêñèðîâàííûõ îñòàëüíûõ êîý��èöèåíòàõ, çíà÷åíèÿ îáùåé ïîðèñòîñòè îò ðà-

äèóñà ïîð è òðåùèí. Ïðè îòñóòñòâèè êàêèõ-ëèáî âîçìóùåíèé èçìåíåíèÿ ïðî�è-

ëåé êîíöåíòðàöèè è ïîðèñòîñòè ïðîèñõîäÿò ðàâíîìåðíî. Äëÿ âûáðàííîé ñòðóê-

òóðû ïîðèñòîé ñðåäû â êà÷åñòâå ýêñïåðèìåíòà çàäàâàëèñü âîçìóùåíèÿ êîíöåí-

òðàöèè íà âõîäíîé ãðàíèöå. Èññëåäîâàíèÿ êîý��èöèåíòà óïðóãîñòè Ëàìå ïîêà-

çàëè åãî âëèÿíèå íà ïðîöåññ ðàñïðîñòðàíåíèå êîíöåíòðàöèè ðåàãåíòà.
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SIMULATION OF TWO-PHASE FLOWS

BEHIND A STREAMLINED BODY

N. F. Dimitrieva

(Ukraine, Kyiv; IHM NASU, NTUU KPI)

One of the methods to redu
e drag is to 
reate a system of 
avities on the

streamlined surfa
e �lled with vapor or air whi
h is 
alled as super
avitation [1℄.

Ventilated 
avities behind a streamlined body at a relatively low �ow velo
ity are

examined.

At a low �ow velo
ity, the e�e
t of liquid phase evaporation 
an be negle
ted.

Volume of Fluid method is used to solve. The two immis
ible media are 
onsidered

one e�e
tive �uid all over the domain. Mathemati
al modelling of the problem is

based on the equation set of in
ompressible �uid me
hani
s whi
h in
ludes equations

of 
ontinuity, Navier�Stokes, di�usion of phase volume fra
tion:

∂uj
∂xj

= 0,
∂(ρui)

∂t
+

∂

∂xj
(ρuiuj) = − ∂p

∂xi
+

∂

∂xj

(
µ
∂ui
∂xj

)
+ fσi,

∂α

∂t
+

∂

∂xj
(αuj) = 0, ρ = αρ1 + (1− α)ρ2, fσi = σκ

∂α

∂xi
,

where ui is 
omponent of the velo
ity �eld, ρ is density, ρ1 is water density, ρ2 is
air density, p is the pressure, µ is the dynami
 vis
osity 
oe�
ient, t is time, fσi
is surfa
e tension, σ is the surfa
e tension 
onstant, κ is the interfa
ial 
urvature.

The phase fra
tion α is de�ned at all mesh points in following way.

Fun
tion α = 1 if the point lo
ation is o

upied by liquid and α = 0 if there is
an air. Cells with a value of 0 < α < 1 must have a free interfa
ial surfa
e. Thus,

the Volume of Fluid method provides a simple and e
onomi
al free surfa
e dete
tion

method in the mesh.

Numeri
al modeling is 
arried out within the framework of the open-sour
e

software OpenFOAM (www.openfoam.
om) by the �nite volume method. A standard

numeri
al model interFoam is used to solve this problem 
orresponding to the above

equation set.

The 
onsidered domain has dimensions of 30× 30× 110mm. At a distan
e

of 15mm from the initial se
tion is a hemispheri
al body (
avitator) with a

diameter of 5mm. It is proposed to use the snappyHexMesh te
hnique intended for

automati
 generation of three-dimensional unstru
tured meshes with a predominan
e

of hexahedral elements. As a result, the mesh is 
onstru
ted that takes into a

ount

small-s
ale �ow elements in the interfa
ial zone and near the streamlined body [2℄.

Numeri
al experiments showed that a stable air 
avity is formed in the wake of

the body (Fig. 1).
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Fig. 1. Air 
avity visualization.

The in�uen
e of geometri
 and dynami
 parameters on the formation and

development of an air 
avity, its size, shape and stability has been investigated.

The thi
kness of the air 
avity depends on the diameter of the 
avitator and does

not depend on the diameter of the blowing hole [3℄. In
reasing the velo
ity or �ow

rate of gas has a positive e�e
t on the length and stability of the formed 
avity. Good

qualitative agreement with experimental data was obtained [4℄.
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×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÑÈÑÒÅÌÛ ¾ÕÈÙÍÈÊ�ÆÅ�ÒÂÀ¿

ÍÀ ÎÑÍÎÂÅ Ó�ÀÂÍÅÍÈÉ ÒÈÏÀ ÄÈÔÔÓÇÈß�ÀÄÂÅÊÖÈß��ÅÀÊÖÈß

1

Ï. À. Çåëåí÷óê

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñèñòåì ¾õèùíèê�æåðòâà¿ íàõîäèòñÿ â öåí-

òðå âíèìàíèÿ ìíîãèõ ó÷åíûõ íà ïðîòÿæåíèè ïî÷òè óæå ñòà ëåò. Ýòè èññëåäîâà-

íèÿ âûðîñëè ê íàñòîÿùåìó âðåìåíè â ñàìîñòîÿòåëüíóþ è äîâîëüíî îáøèðíóþ

íàó÷íóþ îáëàñòü, íàõîäÿùóþñÿ íà ñòûêå áèîëîãèè, ìàòåìàòèêè è ýêîëîãèè [1, 2℄.

Äëÿ îïèñàíèÿ ïîïóëÿöèîííîé äèíàìèêè ý��åêòèâíî èñïîëüçóþòñÿ ðàçëè÷-

íûå ìàòåìàòè÷åñêèå ìåòîäû, íàïðèìåð òåîðèÿ ìàòðèö è ãðà�îâ [3℄, ñòàòèñòè-

÷åñêèé àíàëèç [4℄ èëè ñèñòåìíûé àíàëèç [5, 6℄. Îäíàêî â ñèëó òîãî, ÷òî âçàèìî-

äåéñòâèå âèäîâ, êàê ïðàâèëî, íåëèíåéíî, êëàññè÷åñêèé ïîäõîä, îñíîâàííûé íà

äè��åðåíöèàëüíûõ óðàâíåíèÿõ, ïî-ïðåæíåìó ÿâëÿåòñÿ íàèáîëåå ðàñïðîñòðà-

íåííûì.

Ñðåäè ïðî÷åãî íàèáîëüøèé èíòåðåñ âûçûâàþò âîïðîñû, êàñàþùèåñÿ ïðî-

ñòðàíñòâåííûõ àñïåêòîâ ïîïóëÿöèîííîé äèíàìèêè è íåîäíîðîäíîñòè ñðåäû

îáèòàíèÿ [7, 8℄. Ýòè äâà �àêòîðà èãðàþò âàæíåéøóþ ðîëü â ñèñòåìàõ òèïà

¾õèùíèê� æåðòâà¿ èëè ¾õîçÿèí�ïàðàçèò¿ è äåëàþò èõ èçó÷åíèå îñîáåííî àêòó-

àëüíûì.

Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîñòðàíñòâåííî-âðåìåííîãî âçàèìîäåéñòâèÿ æåðò-

âû ñ ïëîòíîñòüþ u(x, t) è õèùíèêà ñ ïëîòíîñòüþ v(x, t) ìîæåò áûòü çàïèñàíà â
âèäå ñèñòåìû óðàâíåíèé

∂u

∂t
= − ∂

∂x

[
−k1

∂u

∂x
+ u

(
α1
∂p

∂x
− β1

∂v

∂x

)]
+ u

[
α1f(u)−

b1v

1 + cu

]
,

∂v

∂t
= − ∂

∂x

[
−k2

∂v

∂x
+ v

(
α2
∂u

∂x
− β2

∂v

∂x

)]
+ v

[
−α2 +

b2u

1 + cu

]
,

ãäå â ïåðâûõ êâàäðàòíûõ ñêîáêàõ ñòîÿò ïîòîêîâûå ñëàãàåìûå, îòâå÷àþùèå çà

äè��óçèþ (ñ êîý��èöèåíòàìè ki) è íàïðàâëåííóþ ìèãðàöèþ (ñ êîý��èöè-

åíòàìè αi, βi), à âî âòîðûõ êâàäðàòíûõ ñêîáêàõ � ÷ëåíû ðåàêöèè. Ïðè ýòîì

�óíêöèÿ f(u) îïðåäåëÿåò çàêîí ðîñòà æåðòâû, à âòîðîå ñëàãàåìîå õàðàêòåðèçó-
åò �óíêöèîíàëüíûé îòêëèê õèùíèêà.

Â ðàáîòå ïðèâîäèòñÿ àíàëèòè÷åñêîå è ÷èñëåííîå èññëåäîâàíèå äàííîé ìîäå-

ëè äëÿ îäíîìåðíîãî êîëüöåâîãî àðåàëà ñ íåðàâíîìåðíî ðàñïðåäåëåííûì ðåñóð-

ñîì æåðòâû. Âû÷èñëèòåëüíûé ýêñïåðèìåíò îñíîâàí íà ìåòîäå ïðÿìûõ è ñõåìå

ñìåùåííûõ ñåòîê. �àññìîòðåíî �îðìèðîâàíèå ñòàöèîíàðíûõ è êîëåáàòåëüíûõ

ðåøåíèé ñèñòåìû, èçó÷åí âîïðîñ óñòîé÷èâîñòè ýòèõ ðåøåíèé ïðè ìàëûõ âîçìó-

ùåíèÿõ äè��óçèîííûõ è ìèãðàöèîííûõ ïàðàìåòðîâ.

1

�àáîòà ïîääåðæàíà ãðàíòîì Ïðàâèòåëüñòâà �îññèéñêîé Ôåäåðàöèè, � 075-15-2019-1928.

150



Ëèòåðàòóðà

1. Murray J. D.Mathemati
al Biology. II: Spatial Models and Biomedi
al Appli
ations.�N. Y.:

Springer-Verlag, 2003.

2. �èçíè÷åíêî �. Þ., �óáèí À. Á. Ìàòåìàòè÷åñêèå ìåòîäû â áèîëîãèè è ýêîëîãèè. Áèî-

�èçè÷åñêàÿ äèíàìèêà ïðîäóêòèâíûõ ïðîöåññîâ â 2 ÷. ×. 2.�Ì.: Þðàéò, 2019.�185 ñ.

3. Logofet D. O. Matri
es and Graphs. Stability Problems in Mathemati
al E
ology.�Bo
a

Raton, FL: CRC Press, 1993.�308 p.

4. Matsuda H., Ogita N., Sasaki A., Sato K. Statisti
al me
hani
s of population // Progr. Theor.

Phys.�1992.�Vol. 88.�P. 1035�1049.

5. Cannas S. A., Mar
o D. E., Paez S. A. Modelling biologi
al invasions: spe
ies traits, spe
ies

intera
tions and habitat heterogeneity // Math. Bios
i.�2003.�Vol. 183.�P. 93�110.

6. Borrelli J. J., Allesina S., Amarasekare P., Arditi R., Chase I., Damuth J., Holt R. D.,

Logofet D. O. et al. Sele
tion on stability a
ross e
ologi
al s
ales // Trends E
ol. Evolution.�

2015.�Vol. 30, � 7.�P. 417�425.

7. Hassell M. P. The Spatial and Temporal Dynami
s of Host-parasitoid Intera
tions.�Oxford:

Oxford Univ. Press, 2000.�212 p.

8. Cantrell R. S., Cosner C. Spatial E
ology via Rea
tion-Di�usion Equations.�Chi
hester,

UK: John Wiley and Sons, 2003.�411 p.

151



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÊÎÌÏÜÞÒÅ�ÍÀß �ÎÌÎ�ÅÍÈÇÀÖÈß ÏÎ�ÈÑÒÛÕ ÍÅÎÄÍÎ�ÎÄÍÎ

ÏÎËß�ÈÇÎÂÀÍÍÛÕ ÏÜÅÇÎÝËÅÊÒ�È×ÅÑÊÈÕ ÊÎÌÏÎÇÈÒÎÂ

Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÌÅÒÎÄÀ ÝÔÔÅÊÒÈÂÍÛÕ ÌÎÄÓËÅÉ

È ÀË�Î�ÈÒÌÀ 3�0 ÏÀÊÅÒÀ ACELAN-COMPOS

Ï�È �ÀÇËÈ×ÍÛÕ ÂÈÄÀÕ ��ÀÍÈ×ÍÛÕ ÓÑËÎÂÈÉ

1

Äæ. Èîâàíå (Èòàëèÿ, Ñàëåðíî; óíèâåðñèòåò Ñàëåðíî),

À. Â. Íàñåäêèí (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ),

À. À. Íàñåäêèíà (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåíû ìåòîä ý��åêòèâíûõ ìîäóëåé è ìåòîä êî-

íå÷íûõ ýëåìåíòîâ äëÿ ãîìîãåíèçàöèè ïîðèñòûõ íåîäíîðîäíî ïîëÿðèçîâàííûõ

ïüåçîýëåêòðè÷åñêèõ êîìïîçèòîâ. Îïèñàíû òåîðåòè÷åñêèå àñïåêòû ìåòîäà ý�-

�åêòèâíûõ ìîäóëåé äëÿ íåîäíîðîäíûõ ïüåçîýëåêòðè÷åñêèõ ñðåä. Â çàäà÷àõ ãî-

ìîãåíèçàöèè áûëè ðàññìîòðåíû ÷åòûðå ñòàòè÷åñêèå ïüåçîýëåêòðè÷åñêèå çàäà÷è

äëÿ ïðåäñòàâèòåëüíîãî îáúåìà, ïîçâîëÿþùèå íàéòè ý��åêòèâíûå ìîäóëè íåîä-

íîðîäíîãî òåëà. Ýòè çàäà÷è îòëè÷àëèñü ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå çàäà-

âàëèñü íà ïîâåðõíîñòè ïðåäñòàâèòåëüíîãî îáúåìà [1℄: ëèíåéíûå ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì ìåõàíè÷åñêèå ñìåùåíèÿ è ýëåêòðè÷åñêèé ïîòåíöèàë, ëè-

íåéíûå ìåõàíè÷åñêèå ñìåùåíèÿ è ïîñòîÿííàÿ íîðìàëüíàÿ ñîñòàâëÿþùàÿ âåêòî-

ðà ýëåêòðè÷åñêîãî ñìåùåíèÿ, ïîñòîÿííûé âåêòîð ìåõàíè÷åñêîãî íàïðÿæåíèÿ è

ëèíåéíûé ýëåêòðè÷åñêèé ïîòåíöèàë, à òàêæå ïîñòîÿííûå âåêòîð ìåõàíè÷åñêî-

ãî íàïðÿæåíèÿ è íîðìàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ýëåêòðè÷åñêîãî ñìåùåíèÿ.

Äëÿ âñåõ ÷åòûðåõ òèïîâ êðàåâûõ çàäà÷ äàíî ìàòåìàòè÷åñêîå îáîñíîâàíèå ìå-

òîäà ý��åêòèâíûõ ìîäóëåé è íà îñíîâå ýíåðãåòè÷åñêèõ êðèòåðèåâ ïîëó÷åíû

ñîîòâåòñòâóþùèå óðàâíåíèÿ äëÿ ðàñ÷åòà ý��åêòèâíûõ ìîäóëåé ïüåçîýëåêòðè-

÷åñêèõ ñðåä ñ ïðîèçâîëüíîé àíèçîòðîïèåé.

Íà îñíîâå ýòèõ óðàâíåíèé áûë ðàññ÷èòàí ïîëíûé íàáîð ý��åêòèâíûõ ìîäó-

ëåé äëÿ ïîðèñòîãî ïüåçîêåðàìè÷åñêîãî êîìïîçèòà ñ øèðîêèì äèàïàçîíîì ïîðè-

ñòîñòè ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ, ðåàëèçîâàííîãî â ïàêåòå ANSYS

è â ñïåöèàëèçèðîâàííîì ïðîãðàììíîì êîìïëåêñå ACELAN-COMPOS, ïðåäíà-

çíà÷åííûì äëÿ ãîìîãåíèçàöèè ïüåçîêîìïîçèòîâ ñ ðàçëè÷íîé âíóòðåííåé ìèê-

ðîñòðóêòóðîé. Ïîðû ìîäåëèðîâàëèñü ñ èñïîëüçîâàíèåì àëãîðèòìà ¾3�0 ãðàíó-

ëû¿ â ïàêåòå ACELAN-COMPOS [2, 3℄ ñ îïöèåé îòñóòñòâèÿ ïóñòîò íà ãðàíèöå

ïðåäñòàâèòåëüíîãî îáúåìà. Äàëåå ìîäåëè ïðåäñòàâèòåëüíûõ îáúåìîâ, ñãåíåðè-

ðîâàííûå â ACELAN-COMPOS, áûëè ïåðåíåñåíû â êîíå÷íî-ýëåìåíòíûé ïàêåò

ANSYS, â êîòîðîì áûëè ðåøåíû ñîîòâåòñòâóþùèå êðàåâûå çàäà÷è ýëåêòðîóïðó-

ãîñòè, íàéäåíû íåîáõîäèìûå îñðåäíåííûå ðåøåíèÿ äëÿ êîìïîíåíò íàïðÿæåíèé

è âåêòîðà ýëåêòðè÷åñêèõ ñìåùåíèé, ÷òî è ïîçâîëèëî ðàññ÷èòàòü ý��åêòèâíûå

ìîäóëè êîìïîçèòà.

1

�àáîòà âòîðîãî è òðåòüåãî àâòîðîâ áûëè ïîääåðæàíû Ïðàâèòåëüñòâîì �Ô â ðàìêàõ êîí-

òðàêòà � 075-15-2019-1928.
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Çäåñü áûëî òàêæå ñìîäåëèðîâàíî íåîäíîðîäíîå ïîëå ïîëÿðèçàöèè âîêðóã

ïîð. ×òîáû ó÷åñòü ýòîò ý��åêò, ïðåäâàðèòåëüíî ïî ìåòîäó êîíå÷íûõ ýëåìåíòîâ

â ïàêåòå ANSYS ðåøàëàñü çàäà÷à ýëåêòðîñòàòèêè äëÿ ïîðèñòîãî äèýëåêòðè÷å-

ñêîãî ìàòåðèàëà ñ òîé æå ãåîìåòðè÷åñêîé ñòðóêòóðîé ïðåäñòàâèòåëüíîãî îáúå-

ìà. Èç ðåøåíèÿ ýòîé çàäà÷è áûëè ïîëó÷åíû ïîëÿ ýëåêòðè÷åñêîãî ñìåùåíèÿ è

íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ, è ïî íèì áûëî íàéäåíî ïðåäïîëàãàåìîå ïî-

ëå ïîëÿðèçàöèè â ïîðèñòîì ïüåçîìàòåðèàëå. Ïîñëå ýòîãî ìàòåðèàëüíûå ñâîéñòâà

êîíå÷íûõ ýëåìåíòîâ èçìåíÿëèñü ñ äèýëåêòðè÷åñêèõ íà ïüåçîýëåêòðè÷åñêèå, ïðè-

÷åì äëÿ êàæäîãî ïüåçîýëåêòðè÷åñêîãî êîíå÷íîãî ýëåìåíòà ìàòðèöû êîìïîçèòà

çàäàâàëèñü ýëåìåíòíûå ñèñòåì êîîðäèíàò, ñîîòâåòñòâóþùèå îñè êîòîðûõ áûëè

ïîâåðíóòû âäîëü âåêòîðîâ ïîëÿðèçàöèè. Â ðåçóëüòàòå áûëè ïîëó÷åíû ïðåäñòà-

âèòåëüíûå îáúåìû ñ íåîäíîðîäíî ïîëÿðèçîâàííîé ïüåçîêåðàìè÷åñêîé ìàòðèöåé.

Ïðîâåäåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî âñå ðàññìîòðåí-

íûå ÷åòûðå âàðèàíòà ãðàíè÷íûõ óñëîâèé ìîãóò áûòü èñïîëüçîâàíû â çàäà÷àõ

ãîìîãåíèçàöèè, òàê êàê äàþò äîñòàòî÷íî áëèçêèå ðåçóëüòàòû. Ó÷åò íåîäíîðîä-

íîé ïîëÿðèçàöèè âàæåí äëÿ ïðåöèçèîííîãî ìîäåëèðîâàíèÿ ïîðèñòûõ ïüåçîêîì-

ïîçèòîâ, îñîáåííî ñî ñëîæíîé ñòðóêòóðîé ïîð è ñ âûñîêîé ïîðèñòîñòüþ.

Îïèñàííàÿ òåõíèêà ìîæåò áûòü ïðèìåíåíà òàêæå äëÿ íàíîïîðèñòûõ ïüåçî-

êîìïîçèòîâ ïðè ó÷åòå ðàçìåðíûõ ý��åêòîâ ïî ìîäåëÿì ïîâåðõíîñòíûõ íàïðÿ-

æåíèé è èõ îáîáùåíèé íà ãðàíèöàõ ïîð [4, 5℄.
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Ôîðìèðîâàíèå ñòðóêòóð â áèîëîãè÷åñêèõ òêàíÿõ èãðàåò âàæíóþ ðîëü â ïðî-

öåññàõ ðàçâèòèÿ æèâûõ îðãàíèçìîâ [1, 2℄. Íà÷èíàÿ ñ êëàññè÷åñêîé ðàáîòû Àëàíà

Òüþðèíãà [3℄, ìíîãèå áèîëîãè÷åñêèå ñòðóêòóðû îïèñûâàþòñÿ ïðè ïîìîùè ìåõà-

íèçìà ðåàêöèè-äè��óçèè. Â äàííîé ìîäåëè ïîñòóëèðóåòñÿ, ÷òî íà ïîâåðõíîñòè

ýìáðèîíà íàõîäÿòñÿ äâà äè��óíäèðóþùèõ âåùåñòâà: àêòèâàòîð è èíãèáèòîð, â

ðåçóëüòàòå âçàèìîäåéñòâèÿ êîòîðûõ ïðîèñõîäèò �îðìèðîâàíèå óñòîé÷èâûõ êîí-

öåíòðàöèîííûõ ïðåä-ñòðóêòóð, îïðåäåëÿþùèõ äàëüíåéøåå ðàçâèòèå ìîð�îëî-

ãè÷åñêîé ñòðóêòóðû îðãàíèçìà. Äëÿ ïðîòåêàíèÿ ýòîãî ïðîöåññà íåîáõîäèìî, ÷òî-

áû ñêîðîñòü ðàñïðîñòðàíåíèÿ àêòèâàòîðà áûëà ñóùåñòâåííî âûøå ñêîðîñòè ðàñ-

ïðîñòðàíåíèÿ èíãèáèòîðà, íî äëÿ ìíîãèõ áèîëîãè÷åñêèõ îáúåêòîâ äî ñèõ ïîð íå

îáíàðóæåíû ðåàëüíûå âåùåñòâà, óäîâëåòâîðÿþùèå óñëîâèÿì Òüþðèíãà [4℄. Ïî-

ýòîìó äëÿ îáúÿñíåíèÿ ïðîöåññà ìîð�îãåíåçà ïðåäëàãàþòñÿ è äðóãèå ìåõàíèçìû.

Íàïðèìåð, â ìåõàíèêî-õèìè÷åñêèõ ìîäåëÿõ [5℄ �óíêöèþ èíãèáèòîðà âûïîëíÿ-

åò èñêðèâëÿþùàÿñÿ ïîâåðõíîñòü ýìáðèîíà, à â ìîäåëÿõ, ïðåäñòàâëÿþùèõ ñîáîé

êîìáèíàöèþ óðàâíåíèÿ ðåàêöèè-äè��óçèè è îáûêíîâåííîãî äè��åðåíöèàëüíî-

ãî óðàâíåíèÿ, �îðìèðîâàíèå ñòðóêòóð ïðîèñõîäèò âñëåäñòâèå ãèñòåðåçèñà [6, 7℄.

Âî ìíîãèõ ýêñïåðèìåíòàëüíûõ ñèòóàöèÿõ äëÿ íåïîñðåäñòâåííîãî íàáëþäå-

íèÿ äîñòóïíû ëèøü êîíå÷íûå ñòàöèîíàðíûå ðåæèìû, à íà÷àëüíûå äàííûå è

ïåðåõîäíûå ïðîöåññû íåèçâåñòíû. Â äàííîì ñëó÷àå èìåþùàÿñÿ â íàëè÷èè èí-

�îðìàöèÿ ÿâëÿåòñÿ íåïîëíîé, ïîýòîìó �èêñèðîâàííûì çíà÷åíèÿì ïàðàìåòðîâ

áèîëîãè÷åñêîé ìîäåëè ñîîòâåñòâóåò íåêîòîðîå ñåìåéñòâî ñòðóêòóð, à íå îäíî

êîíêðåòíîå ðåøåíèå. Ýòî ñóùåñòâåííî çàòðóäíÿåò âû÷èñëåíèå íåâÿçêè ìåæäó

ïðîãíîçîì ìàòåìàòè÷åñêîé ìîäåëè è ýêñïåðèìåíòàëüíûìè äàííûìè.

Â ðàáîòå [8℄ áûë ïðåäëîæåí ñòàòèñòè÷åñêèé ìåòîä äëÿ èäåíòè�èêàöèè ïà-

ðàìåòðîâ ñèñòåì ðåàêöèè-äè��óçèè ïî èí�îðìàöèè î òüþðèíãîâûõ ñòðóêòó-

ðàõ. Îñíîâíàÿ èäåÿ ìåòîäà çàêëþ÷àåòñÿ â ñîïîñòàâëåíèè âåêòîðó óïðàâëÿþ-

ùèõ ïàðàìåòðîâ ìîäåëè θ íåêîòîðîé ñëó÷àéíîé âåëè÷èíû y(θ), ïîä÷èíÿþùåéñÿ
ìíîãîìåðíîìó íîðìàëüíîìó ðàñïðåäåëåíèþ N(µ(θ),Σ(θ)). �àññìîòðèì òðåíè-

ðîâî÷íóþ âûáîðêó èç Nset òüþðèíãîâûõ ñòðóêòóð, ïîëó÷åííûõ äëÿ íåêîòîðîãî

íåèçâåñòíîãî âåêòîðà ïàðàìåòðîâ θ0. Ïî ýòèì äàííûì ìîæíî àïïðîêñèìèðîâàòü

ïàðàìåòðû ðàñïðåäåëåíèÿ y(θ0) ∼ N(µ(θ0),Σ(θ0)), ïðè÷åì òî÷íîñòü àïïðîêñè-

ìàöèè çàâèñèò îò îáúåìà âûáîðêè Nset. Òîãäà ñòîõàñòè÷åñêàÿ �óíêöèÿ íåâÿçêè

èìååò âèä:

f(θ) = (y(θ)− µ(θ0))Σ
−1
0 (y(θ)− µ(θ0))

t. (1)
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Òî÷å÷íàÿ îöåíêà äëÿ âåêòîðà θ0 íàõîäèòñÿ ïóòåì ìèíèìèçàöèè �óíêöèè (1).

Äàëåå ïðèìåíÿþòñÿ áàéåñîâñêèå ìåòîäû äëÿ íàõîæäåíèÿ âñåõ çíà÷åíèé ïàðà-

ìåòðîâ, ñîîòâåñòâóþùèõ äàííûì èç òðåíèðîâî÷íîé âûáîðêè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà îáúåì òðåíèðîâî÷íîé âûáîð-

êè Nset íåäîñòàòî÷åí äëÿ êîððåêòíîé àïïðîêñèìàöèè µ(θ0) è Σ(θ0). Ïðåäëîæå-
íû äâå ìîäè�èêàöèè, ïîçâîëÿþùèå êîððåêòíî îïðåäåëèòü ñëó÷àéíóþ âåëè÷è-

íó y(θ) è ïîâûñèòü òî÷íîñòü èäåíòè�èêàöèè ïàðàìåòðîâ áåç óâåëè÷åíèÿ îáú-

åìà òðåíèðîâî÷íîé âûáîðêè. Êîððåêòíîñòü ðàáîòû ìåòîäà ïðîâåðÿåòñÿ íà ðàç-

ëè÷íûõ êëàññàõ ìîäåëåé �îðìèðîâàíèÿ ñòðóêòóð: ñèñòåìàõ ðåàêöèè-äè��óçèè,

ìåõàíèêî-õèìè÷åñêèõ ìîäåëÿõ è ìîäåëÿõ, ïðåäñòàâëÿþùèõ ñîáîé êîìáèíàöèþ

óðàâíåíèÿ ðåàêöèè-äè��óçèè è îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ.

Äëÿ âñåõ ðàññìàòðèâàåìûõ ìîäåëåé ðåàëèçîâàíû ïàðàëëåëüíûå àëãîðèòìû ÷èñ-

ëåííîãî èíòåãðèðîâàíèÿ, ïîçâîëÿþùèå ïðîâîäèòü âû÷èñëåíèÿ íà ãðà�è÷åñêèõ

ïðîöåññîðàõ NVidia. Ïðîãðàììû ðåàëèçîâàíû íà ÿçûêå C++, âçàèìîäåéñòâèå ñ
âèäåîêàðòîé îñóùåñòâëÿåòñÿ ïðè ïîìîùè òåõíîëîãèè CUDA. Êîä äëÿ âñåõ ÷èñ-

ëåííûõ ýêñïåðèìåíòîâ, ïðîâåäåííûõ â ðàáîòå, äîñòóïåí â îòêðûòîì äîñòóïå íà

ïëàò�îðìå GitHub.
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ÇÀÄÀ×À Î ÒÅÍÈ ÄËß Î�ÈØÀ�ÎÂ

È ÏÑÅÂÄÎÑÔÅ�È×ÅÑÊÈÅ ÏÎÂÅ�ÕÍÎÑÒÈ Â�ÀÙÅÍÈß

À. Â. Êîñòèí

(�îññèÿ, Åëàáóãà; ÅÈ ÊÔÓ)

Çàäà÷à î òåíè ïðåäëîæåíà â 1982 ãîäó �óëìèðçîé Õóäàéáåðãàíîâûì â ñëå-

äóþùåé ïîñòàíîâêå: êàêîå ìèíèìàëüíîå ÷èñëî øàðîâ ñ öåíòðàìè íà åäèíè÷íîé

ñ�åðå åâêëèäîâà ïðîñòðàíñòâà è ðàäèóñàìè, ìåíüøèìè åäèíèöû, äîñòàòî÷íî,

÷òîáû ëþáàÿ ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç öåíòð ñ�åðû, ïåðåñåêàëàñü õîòÿ áû ñ

îäíèì èç ýòèõ øàðîâ?

Îí æå äîêàçàë, ÷òî â äâóìåðíîì ñëó÷àå äîñòàòî÷íî äâóõ øàðîâ (êðó-

ãîâ). Ïîëíîå ðåøåíèå çàäà÷è ïîëó÷åíî Þ. Á. Çåëèíñêèé, È. Þ. Âûãîâñêîé è

Ì. Â. Ñòå�àí÷óê â 2015 ãîäó. Èìè äîêàçàíî, ÷òî â n-ìåðíîì åâêëèäîâîì ïðî-

ñòðàíñòâå ïðè n > 2 òðåáóåòñÿ n+1 øàð. Þ. Á. Çåëèíñêèé ïðåäëîæèë íåñêîëüêî

îáîáùåíèé çàäà÷è î òåíè. Âñå îíè îòíîñÿòñÿ ê âîïðîñó î ïðèíàäëåæíîñòè òî÷åê

îáîáùåííî-âûïóêëîé îáîëî÷êå ñåìåéñòâ ìíîæåñòâ â åâêëèäîâîì, êîìïëåêñíîì

è ãèïåðêîìïëåêñíîì ïðîñòðàíñòâàõ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ðÿä àíàëîãè÷íûõ çàäà÷ è èõ îáîáùå-

íèé â ïðîñòðàíñòâå Ëîáà÷åâñêîãî. Îäíà èç íèõ, çàäà÷à î òåíè äëÿ îðèøàðîâ,

îêàçûâàåòñÿ íåêîòîðûì îáðàçîì ñâÿçàííîé ñ èçîìåòðè÷åñêèì âëîæåíèåì ïñåâ-

äîñ�åðè÷åñêèõ ïîâåðõíîñòåé â òðåõìåðíîå åâêëèäîâî ïðîñòðàíñòâî. À èìåííî,

â ðàáîòå äîêàçûâàåòñÿ, ÷òî êàæäàÿ ïîâåðõíîñòü âðàùåíèÿ ïîñòîÿííîé îòðèöà-

òåëüíîé êðèâèçíû, íàéäåííàÿ Ô. Ìèíäèíãîì, èçîìåòðè÷íà ÷àñòè êàñàòåëüíîãî

êîíóñà ê îðèñ�åðå. Â åâêëèäîâî ïðîñòðàíñòâî âêëàäûâàåòñÿ ÷àñòü òàêîãî êî-

íóñà, îãðàíè÷åííàÿ ëèíèåé êàñàíèÿ ýòîãî êîíóñà ñ îðèñ�åðîé. Ïðîäîëæåíèå

êîíóñà çà ëèíèþ êàñàíèÿ ñ îðèñ�åðîé âêëàäûâàåòñÿ èçîìåòðè÷åñêè â âèäå ïî-

âåðõíîñòè âðàùåíèÿ â òðåõìåðíîå ïñåâäîåâêëèäîâî ïðîñòðàíñòâî.
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âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈ�ÎÂÀÍÈÅ �ÀÁÎÒÛ ÑÎÂÅ�ØÅÍÍÎÉ

ÑÊÂÀÆÈÍÛ Â ÀÍÈÇÎÒ�ÎÏÍÎÌ ÍÅÎÄÍÎ�ÎÄÍÎÌ ��ÓÍÒÅ ÑÎ

ÑÒÅÏÅÍÍÛÌ ÇÀÊÎÍÎÌ ÈÇÌÅÍÅÍÈß Ï�ÎÂÎÄÈÌÎÑÒÈ Ï�È S = −4

Ä. �. Ëåêîìöåâ

(�îññèÿ, Îðåë; Î�Ó èì. È. Ñ. Òóðãåíåâà)

Òâåðäî óñòàíîâëåíî, ÷òî ðåàëüíûå íå�òÿíûå ïîðîäû-êîëëåêòîðû ÿâëÿþòñÿ

àíèçîòðîïíûìè [1℄ è íåîäíîðîäíûìè. Ñêâàæèíà äåáèòà q � ñîâåðøåííàÿ ýêñ-

ïëóàòàöèîííàÿ, ðàñïîëîæåíà â ãîðèçîíòàëüíîì àíèçîòðîïíîì è íåîäíîðîäíîì

ïëàñòå. Êîíòóð ñêâàæèíû � îêðóæíîñòü σC ðàäèóñà RC . Äàâëåíèÿ íà êîíòóðå
ñêâàæèíû σC è êîíòóðå ïèòàíèÿ ïîñòîÿííûå, ðàçíîñòü äàâëåíèé ðàâíà åäèíè-

öå, æèäêîñòü íåñæèìàåìàÿ è åå òå÷åíèå ñòàöèîíàðíîå. Äâóìåðíîå òå÷åíèå â

àíèçîòðîïíî-íåîäíîðîäíîì ïëàñòå ãðóíòà ïðîâîäèìîñòè P = (Pij) = H(Kij)
(H � òîëùèíà ñëîÿ, (Kij), i, j = 1, 2, � òåíçîð åãî ïðîíèöàåìîñòè) îïèñûâàåì

îáîáùåííûì ïîòåíöèàëîì ϕ è �óíêöèåé òîêà ψ. ϕ è ψ � �óíêöèè äåêàðòîâûõ

êîîðäèíàò (x, y) ïëîñêîñòè z óäîâëåòâîðÿþò âñþäó â îáëàñòè D, çà èñêëþ÷åíèåì
èçîëèðîâàííûõ îñîáûõ òî÷åê ýòèõ �óíêöèé, ñèñòåìå óðàâíåíèé [2℄

P11
∂ϕ

∂x
+ P12

∂ϕ

∂y
=
∂ψ

∂y
, P21

∂ϕ

∂x
+ P22

∂ϕ

∂y
= −∂ψ

∂x
.

Äëÿ óïðîùåíèÿ çàäà÷è îñóùåñòâèì ïåðåõîä ñ �èçè÷åñêîé ïëîñêîñòè z =
x + iy íà âñïîìîãàòåëüíóþ ïëîñêîñòü ζ = ξ + iη ñ èñïîëüçîâàíèåì ãîìåîìîð�-

íûõ (à��èííûõ) ïðåîáðàçîâàíèé (ïðÿìîãî è îáðàòíîãî) [2℄, èç êîòîðîãî ñëå-

äóåò ïðÿìîå ïðåîáðàçîâàíèå äåêàðòîâûõ êîîðäèíàò ïëîñêîñòåé z è ζ. Íà ïëîñ-
êîñòè ζ ïåðåéäåì ê ñèñòåìå êîîðäèíàò ζ ′ = ξ′ + iη′, êîòîðàÿ ñâÿçàíà ñ ïëîñêî-

ñòüþ ζ ïðåîáðàçîâàíèåì ïîâîðîòà [3℄. Íà ïëîñêîñòè ζ ′ ïðîâîäèìîñòü ÿâëÿåòñÿ

�óíêöèåé îäíîãî ïåðåìåííîãî η′. Õàðàêòåðíîé îñîáåííîñòüþ ñëîÿ ïðîâîäèìî-

ñòè P ′(ξ′) = k′0η
′s
ÿâëÿåòñÿ íàëè÷èå ñèíãóëÿðíîé ëèíèè σ0: η

′ = 0, íà êîòîðîé
P ′ = ∞, åñëè s < 0 [4℄.

Íàõîäèì �îðìóëó, îïðåäåëÿþùóþ äåáèò ñêâàæèíû [2℄:

q =
2π(C − C0)

k′0d
′4Q2(ω)

.

Çäåñü Q2(ω) =
3ω2

4 ln ω+1
ω−1− 3ω

2 ��óíêöèÿ Ëåæàíäðà âòîðîãî ðîäà âòîðîé ñòåïåíè

àðãóìåíòà ω = 1+R′2
C/2d

′2
, d′ � ðàññòîÿíèå îò öåíòðà ñêâàæèíû σC äî ñèíãóëÿð-

íîé ëèíèè σ0 [5℄, R
′
C = RC

√
1− µ2, µ = P22−P11−i(P12+P21)

P22+P11+2
√
D(Ps)

,D(Ps) � îïðåäåëèòåëü

ñèììåòðè÷íîé ÷àñòè Ps = (P +P T )/2 òåíçîðà P , P T = (Pji) � òðàíñïîíèðîâàí-

íûé òåíçîð, C = 1, C0 = 0. Äëÿ èññëåäîâàíèÿ âëèÿíèÿ àíèçîòðîïèè ãðóíòà íà

äåáèò ñêâàæèíû ââåäåì îòíîñèòåëüíûé äåáèò [3℄ ε = q/q0 − 1, ãäå q0 � äåáèò

ñêâàæèíû ðàäèóñà RC , ðàñïîëîæåííîé íà ðàññòîÿíèè d îò ñèíãóëÿðíîé ëèíèè
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y = 0 â ñëó÷àå èçîòðîïíîãî íåîäíîðîäíîãî ãðóíòà ñî ñòåïåííûì çàêîíîì èçìå-

íåíèÿ ïðîâîäèìîñòè, ïðè s = 2. �ðà�èêè çàâèñèìîñòè îòíîñèòåëüíîãî äåáèòà

ñêâàæèíû ε îò êîý��èöèåíòîâ α = k22/k11 è β = k12/k11 ïðè s = −4 ïðåäñòàâ-
ëåíû íà ðèñ. 1. �åøåíèå ïîäîáíûõ çàäà÷ [6℄ ìîæåò îêàçàòüñÿ àêòóàëüíûì ïðè

ïðîâåðêå ÷èñëåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé, îïèñûâàþùèõ áîëåå ñëîæíûå çà-

äà÷è [7℄. Àíèçîòðîïèÿ ãðóíòà ìîæåò ñèëüíî ñêàçûâàòüñÿ íà äåáèòå q (ìîæåò

åãî óâåëè÷èâàòü èëè óìåíüøàòü ïî îòíîøåíèþ ê äåáèòó â ñëó÷àå èçîòðîïíîé

íåîäíîðîäíîé ñðåäû q0).

�èñ. 1. Çàâèñèìîñòè îòíîñèòåëüíîãî äåáèòà ñêâàæèíû ε

îò êîý��èöèåíòîâ α è β ïðè s = −4.
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êîíîì ïðîíèöàåìîñòè // Ñîâðåìåííûå ïðîáëåìû �èçèêî-ìàòåìàòè÷åñêèõ íàóê.�Îðåë:
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äâóìåðíîé �èëüòðàöèè â àíèçîòðîïíîì è íåîäíîðîäíîì ïëàñòå // Âû÷èñë. ìåòîäû è
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Ï�ÈÌÅÍÅÍÈÅ ÏËÈÑ-ÒÅÕÍÎËÎ�ÈÉ ÄËß ÌÎÄÅËÈ�ÎÂÀÍÈß

�ÈÄ�ÎÔÈÇÈ×ÅÑÊÈÕ Ï�ÎÖÅÑÑÎÂ Â ÂÎÄÎÅÌÀÕ

ÑÎ ÑËÎÆÍÛÌ �ÅËÜÅÔÎÌ ÄÍÀ

1

À. Ë. Ëåîíòüåâ (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ),

Ì. È. ×óìàê (�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ)

Íåîáõîäèìîñòü ïðîãíîçèðîâàíèÿ ïðîöåññîâ ãèäðî�èçèêè ñâÿçàíà ñ ðàçðàáîò-

êîé ïîëåçíûõ èñêîïàåìûõ â àêâàòîðèÿõ è óãðîçîé áåçîïàñíîñòè ýêîëîãèè âîäî-

åìîâ, ÷òî ãîâîðèò îá àêòóàëüíîñòè ðàçðàáîòêè ìåòîäîâ è ñðåäñòâ ìîíèòîðèíãà

ãèäðîýêîëîãè÷åñêîãî ñîñòîÿíèÿ âîäîåìîâ ñ öåëüþ ïðåäîòâðàùåíèÿ êàòàñòðî�.

Ïðè ìîäåëèðîâàíèè ïðîöåññîâ ãèäðî�èçèêè â âîäîåìàõ ñî ñëîæíûì ðåëüå-

�îì äíà íàèáîëåå ïðèìåëèìûì ÿâëÿåòñÿ ìîäåëèðîâàíèå ãèäðîäèíàìèêè âîäîå-

ìà êàê åäèíîãî âîäíîãî òåëà. Ïðè òàêîì ïîäõîäå ïîâûøàåòñÿ âû÷èñëèòåëüíàÿ

ñëîæíîñòü àëãîðèòìîâ è âîçðàñòàþò âðåìåííûå çàòðàòû.

Äðóãîé ïðîáëåìîé ÿâëÿåòñÿ îòñóòñòâèå äîñòàòî÷íîãî êîëè÷åñòâà âõîäíûõ

äàííûõ. Òàê äëÿ Êàñïèéñêîãî ìîðÿ áûëà ðàçðàáîòàíà òðåõìåðíàÿ öè�ðîâàÿ

êàðòà, âêëþ÷àþùàÿ 2,5 ìëðä óçëîâûõ òî÷åê, ïðè ýòîì ñóùåñòâóþùèå áàçû äàí-

íûõ ïî ãèäðîìåòåîðîëîãè÷åñêèì õàðàêòåðèñòèêàì èìåþò áîëåå ãðóáûå èçìåðè-

òåëüíûå ñåòêè è íå ïîçâîëÿþò ïðîâîäèòü ìîäåëèðîâàíèå ñ òðåáóåìîé òî÷íîñòüþ.

Äëÿ ïîâûøåíèÿ ñêîðîñòè âû÷èñëåíèé ðàçðàáàòûâàþòñÿ ìåòîäû, ñâÿçàííûå

ñ ðàñïàðàëëåëèâàíèåì àëãîðèòìîâ ðåøåíèÿ ïîñòàâëåííûõ çàäà÷ íà ïðîãðàìì-

íîì è àïïàðàòíîì óðîâíÿõ. Ñðåäè âûñîêîñêîðîñòíîãî îáîðóäîâàíèÿ ñëåäóåò îò-

äåëüíî âûäåëèòü ñóïåðêîìïüþòåðû, ïîñòðîåííûå íà îñíîâå ÏËÈÑ, îáëàäàþùèå

âûñîêîé ñòåïåíüþ ðàñïàðàëëåëèâàíèÿ. Äëÿ óñòðàíåíèÿ ïðîáëåìû íåõâàòêè äàí-

íûõ ìîæíî èñïîëüçîâàòü ìåòîäû, îñíîâàííûå íà èíòåðïîëÿöèè èëè ïðèìåíåíèè

íåéðîííûõ ñåòåé äëÿ óñâîåíèÿ äàííûõ ñïóòíèêîâîãî çîíäèðîâàíèÿ Çåìëè (ÑÇÇ).

Ñóùåñòâóþùèå â íàñòîÿùåå âðåìÿ áàçû äàííûõ ïîïîëíÿþòñÿ íå ñòîëü àêòèâíî,

à ñïóòíèêîâûå äàííûå íå ïîçâîëÿþò ïîëó÷èòü âñå íåîáõîäèìûå äëÿ ïðîãíîçíîãî

ìîäåëèðîâàíèÿ âõîäíûå äàííûå.

Â ðàìêàõ äàííîãî èññëåäîâàíèÿ ðàçðàáîòàí àëãîðèòì ìåòîäà ðàñøèðåíèÿ áàç

âõîäíûõ äàííûõ äëÿ ïðîãíîçíîãî ìîäåëèðîâàíèÿ ãèäðî�èçè÷åñêèõ ïðîöåññîâ,

îñíîâíàÿ èäåÿ êîòîðîãî çàêëþ÷àåòñÿ â íàõîæäåíèè íåèçâåñòíûõ õàðàêòåðèñòèê

ïî ðåòðîñïåêòèâíûì äàííûì, ñîîòíåñåííûì ñ äàííûìè ÑÇÇ.

1) Ñáîð èí�îðìàöèè èç îòêðûòûõ áàç äàííûõ (ÁÄ).

2) Ïîëó÷åíèå è îáðàáîòêà íåéðîííîé ñåòüþ íå ìåíåå ÷åì äâóõ ïîñëåäîâà-

òåëüíûõ ïàêåòîâ äàííûõ ÑÇÇ.

3) Îïðåäåëåíèå ãðàäèåíòîâ õàðàêòåðèñòèê, ïîëó÷åííûõ ïðè îáðàáîòêè äàí-

íûõ íà ïðåäûäóùåì øàãå, äëÿ êàæäîé óçëîâîé òî÷êè.

1

Èññëåäîâàíèå âûïîëíåíî ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëü-

íûõ èññëåäîâàíèé, ïðîåêòà � 19-31-51017.
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4) Îòûñêàíèå íàèáîëåå ñõîæèõ ñ ïîëó÷åííûìè ðåòðîñïåêòèâíûõ äàííûõ.

5) Îïðåäåëåíèå íåäîñòàþùèõ äëÿ ïðîâåäåíèÿ ìîäåëèðîâàíèÿ õàðàêòåðèñòèê

ìåòîäîì ïåðåáîðà.

6) Ïðîãíîçíîå ìîäåëèðîâàíèå ãèäðîäèíàìè÷åñêèõ ïðîöåññîâ âîäîåìà.

7) Îïðåäåëåíèå ïîãðåøíîñòè ìîäåëèðîâàíèÿ îñíîâíûõ ðàñ÷åòíûõ �óíêöèé.

8) Åñëè ïîãðåøíîñòü ìîäåëèðîâàíèÿ íå óäîâëåòâîðÿåò çàäàííîìó äèàïàçîíó

5�15%, òî ïåðåñ÷èòûâàåì ãðàäèåíòû ïîëó÷åííûõ õàðàêòåðèñòèê ñ ó÷åòîì äàí-

íûõ, ïîñòóïèâøèõ çà âðåìÿ âûïîëíåíèÿ ïóíêòîâ 4)�7) äàííîãî àëãîðèòìà, â

ïðîòèâíîì ñëó÷àå îáíîâëÿåì ÁÄ.

Áëîê-ñõåìà ðàçðàáîòàííîãî àëãîðèòìà ïðåäñòàâëåíà íà ðèñ. 1.

�èñ. 1. Àëãîðèòì äîïîëíåíèÿ âõîäíûõ äàííûõ.

Â ðàáîòå [1℄ äîêàçàíî, ÷òî ïóíêòû 4) è 5) ðåøàþòñÿ íàèáîëåå ý��åêòèâíî

ñ èñïîëüçîâàíèåì ÏËÈÑ-òåõíîëîãèé. �åøåíèå çàäà÷è èç ïóíêòà 6) íàñòîÿùåãî

àëãîðèòìà çà çàäàííîå âðåìÿ ïðîãíîçèðîâàíèÿ îïèñûâàåòñÿ â ðàáîòå [2℄.

Ïðèìåíåíèå äàííîãî àëãîðèòìà ïîçâîëèò ïðîâîäèòü ìîäåëèðîâàíèå ïðîöåñ-

ñîâ ãèäðîäèíàìèêè è áèîëîãè÷åñêîé êèíåòèêè â óñëîâèÿõ íåäîñòàòêà âõîäíûõ

äàííûõ ñ ìèíèìàëüíûìè âðåìåííûìè çàòðàòàìè è çíà÷åíèÿìè ïîãðåøíîñòè.
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ÍÅËÈÍÅÉÍÀß ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ

Ï�ÎÄÎËÜÍÎ-ÏÎÏÅ�Å×ÍÛÕ ÊÎËÅÁÀÍÈÉ ÁÀËÊÈ

Ñ ÄÂÈÆÓÙÅÉÑß ��ÀÍÈÖÅÉ

Â. Ë. Ëèòâèíîâ (�îññèÿ, Ñàìàðà; Ñàì�ÒÓ),

Ê. Â. Ëèòâèíîâà (�îññèÿ, Ìîñêâà; Ì�Ó)

Äî íàñòîÿùåãî âðåìåíè çàäà÷è î ïðîäîëüíî-ïîïåðå÷íûõ êîëåáàíèÿõ îáúåê-

òîâ ñ äâèæóùèìèñÿ ãðàíèöàìè ðåøàëèñü â îñíîâíîì ïðè ëèíåéíîé ïîñòàíîâêå,

íå ó÷èòûâàëñÿ ýíåðãåòè÷åñêèé îáìåí ÷åðåç äâèæóùóþñÿ ãðàíèöó è âçàèìîäåé-

ñòâèå ìåæäó ïðîäîëüíûìè è ïîïåðå÷íûìè êîëåáàíèÿìè [1�7℄. Â ðåäêèõ ñëó÷àÿõ

ó÷èòûâàëîñü äåéñòâèå ñèë ñîïðîòèâëåíèÿ âíåøíåé ñðåäû [8℄. �åàëüíûå æå òåõ-

íè÷åñêèå îáúåêòû íàìíîãî ñëîæíåå, íàïðèìåð, ïðè óâåëè÷åíèè èíòåíñèâíîñòè

êîëåáàíèé áîëüøîå âëèÿíèå íà êîëåáàòåëüíûé ïðîöåññ îêàçûâàþò ãåîìåòðè÷å-

ñêèå íåëèíåéíîñòè îáúåêòà.

Â ñâÿçè ñ èíòåíñèâíûì ðàçâèòèåì ÷èñëåííûõ ìåòîäîâ ïîÿâèëàñü âîçìîæ-

íîñòü áîëåå òî÷íîãî îïèñàíèÿ ñëîæíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîäîëüíî-

ïîïåðå÷íûõ êîëåáàíèé îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè, ó÷èòûâàþùèõ

áîëüøîå ÷èñëî �àêòîðîâ, âëèÿþùèõ íà êîëåáàòåëüíûé ïðîöåññ.

Â ðàáîòå ïîñòàâëåíà íîâàÿ íåëèíåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðîäîëüíî-

ïîïåðå÷íûõ êîëåáàíèé áàëêè ñ äâèæóùåéñÿ ãðàíèöåé, â êîòîðîé ó÷òåíà ãåîìåò-

ðè÷åñêàÿ íåëèíåéíîñòü, âÿçêîóïðóãîñòü, ýíåðãåòè÷åñêèé îáìåí ÷åðåç ãðàíèöó.

Ïîëó÷åíû ãðàíè÷íûå óñëîâèÿ â ñëó÷àå íàëè÷èÿ âçàèìîäåéñòâèÿ ìåæäó ÷àñòÿ-

ìè îáúåêòà ñëåâà è ñïðàâà îò äâèæóùåéñÿ ãðàíèöû.

Ïðîèçâåäåíà ëèíåàðèçàöèÿ ïîëó÷åííîé ìîäåëè. Ïðè ýòîì ñîáëþäàåòñÿ ïðèí-

öèï îäíîðîäíîñòè: â ÷àñòíîì ñëó÷àå ìàëûõ êîëåáàíèé ïîëó÷åííûå ëèíåéíûå ìî-

äåëè ñîâïàëè ñ êëàññè÷åñêèìè, ÷òî ñâèäåòåëüñòâóåò î êîððåêòíîñòè ïîëó÷åííûõ

ðåçóëüòàòîâ. Ïîëó÷åííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëÿåò îïèñûâàòü êîëåáà-

íèÿ áîëüøîé èíòåíñèâíîñòè áàëêè ñ äâèæóùåéñÿ ãðàíèöåé.
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Í. Í. �ðà÷åâà (�îññèÿ, Çåðíîãðàä; À×ÈÈ Ô�ÁÎÓ ÂÎ Äîíñêîé �ÀÓ),

Í. Á. �óäåíêî (�îññèÿ, Çåðíîãðàä; À×ÈÈ Ô�ÁÎÓ ÂÎ Äîíñêîé �ÀÓ)

Îäíîé èç ñàìûõ àêòóàëüíûõ ïðîáëåì ñåãîäíÿ ÿâëÿåòñÿ àâàðèéíîå çàãðÿçíå-

íèå âîäîåìîâ. Äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ãèäðî�èçè÷åñêèõ ïðîöåññîâ

ïðèáðåæíûõ ñèñòåì íóæíî ðàçðàáîòàòü áîëåå òî÷íûå ìîäåëè, ïðèíèìàþùèå âî

âíèìàíèå îñîáåííîñòè ïðèáðåæíûõ ñèñòåì. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàç-

ðàáîòêà àëãîðèòìà ïàðàëëåëüíî-êîíâåéåðíûõ âû÷èñëåíèé è åãî ïðîãðàììíàÿ

ðåàëèçàöèÿ íà ìíîãîÿäåðíîì ïðîöåññîðå äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðî-

öåññà ðàñïðîñòðàíåíèÿ çàãðÿçíÿþùèõ âåùåñòâ â ìåëêîâîäíûõ âîäîåìàõ.

Îñíîâíûå ïðè÷èíû çàãðÿçíåíèÿ àêâàòîðèè ×åðíîìîðñêîãî ïîáåðåæüÿ �

íåêîíòðîëèðóåìûé ëèâíåâûé ñòîê ñ ïîâåðõíîñòè ñåëüñêîõîçÿéñòâåííûõ çåìåëü,

íåäîñòàòî÷íàÿ î÷èñòêà ëèâíåâûõ ñòîêîâ, ìàëûå ðåêè, íåñóùèå áîëüøóþ ÷àñòü

ëèâíåâîãî ñòîêà ñ ïðèëåãàþùèõ òåððèòîðèé.

Çàäà÷à òðàíñïîðòà çàãðÿçíÿþùèõ âåùåñòâ â ðàññìàòðèâàåìîì âîäîåìå ðå-

øàåòñÿ íà îñíîâå óðàâíåíèÿ Íàâüå � Ñòîêñà äâèæåíèÿ æèäêîñòè è óðàâíåíèÿ

äè��óçèè�êîíâåêöèè�ðåàêöèè. �åøåíèå óêàçàííûõ äè��åðåíöèàëüíûõ óðàâ-

íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ àëãåáðà-

è÷åñêèõ óðàâíåíèé (ÑËÀÓ) âûñîêîé ðàçìåðíîñòè [1℄.

Äëÿ ðåøåíèÿ ÑËÀÓ ìîäè�èöèðîâàííûì ïîïåðåìåííî-òðåóãîëüíûì èòåðà-

öèîííûì ìåòîäîì (ÌÏÒÌ) ïðåäëîæåí ñïîñîá äåêîìïîçèöèè äâóìåðíîé ðàñ÷åò-

íîé îáëàñòè ðàçìåðíîñòüþ Nx ×Ny, â êîòîðîì ðàñ÷åòíàÿ ñåòêà ðàçáèâàåòñÿ íà

ïðÿìîóãîëüíûå îáëàñòè, ÷èñëî êîòîðûõ ïî îñè Ox ïðèíèìàåòñÿ ðàâíûì ÷èñ-

ëó äîñòóïíûõ ÿäåð öåíòðàëüíîãî ïðîöåññîðà (Nbx) ñ ðàçáèåíèåì íà ÷àñòè ïî

îñè Oy (Nby) [2℄.
Ñ öåëüþ óïðîùåíèÿ ïðîãðàììíîé ðåàëèçàöèè �ðàãìåíòû ðàñ÷åòíîé ñåòêè

ìîäåëèðóþòñÿ â âèäå ñòðóêòóðû GridFragment2D, â ïîëÿõ êîòîðîé ñîõðàíÿþòñÿ

òàêèå äàííûå, êàê èíäåêñû �ðàãìåíòà ïî îñÿì Ox è Oy, èíäåêñ íóëåâîãî ýëå-
ìåíòà �ðàãìåíòà â ãëîáàëüíîé ñåòêå, óêàçàòåëè íà ñîñåäíèå (ïðåäøåñòâóþùèé

è ïîñëåäóþùèé) �ðàãìåíòû ïî îñÿì Ox è Oy.
Îïèñàííûé ñïîñîá äåêîìïîçèöèè ïîçâîëÿåò îðãàíèçîâàòü ïàðàëëåëüíî-

êîíâåéðíûé ïðîöåññ âû÷èñëåíèé, êîãäà íà êàæäîì ýòàïå âû÷èñëåíèé s êàæäûì
ÿäðîì ïðîöåññîðà îäíîâðåìåííî îáðàáàòûâàþòñÿ �ðàãìåíòû ðàñ÷åòíîé îáëà-

ñòè, ñìåùåííûå äðóã îòíîñèòåëüíî äðóãà ïî îñè Oy.
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Äàííûé ïðîöåññ îïèñàí â âèäå ãðà�îâîé ñòðóêòóðû, â êîòîðîé óçëàì ãðà-

�à ñîîòâåòñòâóþò �ðàãìåíòû ðàñ÷åòíîé îáëàñòè, à ðåáðàì � ïðèçíàê ñìåæ-

íîñòè �ðàãìåíòîâ. Àëãîðèòì �îðìèðîâàíèÿ ãðà�îâîé ìîäåëè ïàðàëëåëüíî-

êîíâåéåðíîãî âû÷èñëåíèÿ ïðåäñòàâëÿåò ñîáîé äâóõóðîâíåâûé èòåðàöèîííûé

ïðîöåññ çàïîëíåíèÿ äâóìåðíîãî ìàññèâà 
al
ulationGraph. Ïåðâîå èçìåðåíèå

ìàññèâà ïðåäñòàâëÿåò ñîáîé íîìåð ýòàïà âû÷èñëåíèé s = Nbx+Nby−1, âòîðîå �
èíäåêñ ÿäðà ïðîöåññîðà. Â êàæäîì ýëåìåíòå ìàññèâà ñîõðàíÿåòñÿ óêàçàòåëü íà

�ðàãìåíò ðàñ÷åòíîé îáëàñòè [3℄.

Äëÿ óìåíüøåíèÿ âðåìåíè ðåøåíèÿ ÑËÀÓ âûñîêîé ðàçìåðíîñòè ìåòîäîì

ÌÏÒÌ ðàçðàáîòàí ïàðàëëåëüíûé àëãîðèòì, âêëþ÷àþùèé â ñåáÿ ïðåäëîæåí-

íûé ñïîñîá äåêîìïîçèöèè äâóìåðíîé ðàñ÷åòíîé îáëàñòè: ðàñ÷åòíàÿ ñåòêà ðàç-

áèâàåòñÿ íà ïðÿìîóãîëüíûå îáëàñòè, ÷èñëî êîòîðûõ ïî îñè ïðèíèìàåòñÿ ðàâíûì

÷èñëó äîñòóïíûõ ÿäåð öåíòðàëüíîãî ïðîöåññîðà. Äåêîìïîçèöèÿ ðàñ÷åòíîé îá-

ëàñòè âûïîëíåíà äëÿ ÷åòûðåõúÿäåðíîãî ïðîöåññîðà. Îïèñàííûé ñïîñîá äåêîì-

ïîçèöèè ïîçâîëÿåò îðãàíèçîâàòü ïàðàëëåëüíî-êîíâåéðíûé ïðîöåññ âû÷èñëåíèé

òàêèì îáðàçîì, ÷òî íà êàæäîì ýòàïå âû÷èñëåíèé êàæäûì ÿäðîì ïðîöåññîðà îä-

íîâðåìåííî îáðàáàòûâàþòñÿ �ðàãìåíòû ðàñ÷åòíîé îáëàñòè, ñìåùåííûå äðóã îò-

íîñèòåëüíî äðóãà ïî îñè. Äàííûé ïðîöåññ ïðåäñòàâëåí â âèäå ãðà�à, â êîòîðîì

êàæäîìó óçëó ðàñ÷åòíîé ñåòêè ñîîòâåòñòâóþò �ðàãìåíòû ðàñ÷åòíîé îáëàñòè,

à ðåáðàì � ïðèçíàê ñìåæíîñòè �ðàãìåíòîâ.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÌÎÄÅËÈ�ÎÂÀÍÈß

ÊÎËËÅÊÒÎ�À ÑËÎÆÍÎ�Î ÑÎÑÒÀÂÀ

Þ.Â. Ìàðòûíîâà (�îññèÿ, Ó�à; ÎÎÎ ¾�Í-ÁàøÍÈÏÈíå�òü¿),

Ñ.Ï. Ìèõàéëîâ (�îññèÿ, Ñàíêò-Ïåòåðáóðã; ÎÎÎ ¾�ÀÇÏ�ÎÌÍÅÔÒÜ ÍÒÖ¿)

Ïðîäóêòèâíûå ïëàñòû íåîêîìñêèõ îòëîæåíèé Çàïàäíîé Ñèáèðè õàðàêòå-

ðèçóþòñÿ óõóäøåííûìè �èëüòðàöèîííî-åìêîñòíûìè ñâîéñòâàìè (ÔÅÑ) ïîðîä,

ìíîãîêîìïîíåíòíûì ñîñòàâîì è ïðèñóòñòâèåì â ïîðîâîì ïðîñòðàíñòâå ãëèíè-

ñòîãî è êàðáîíàòíîãî öåìåíòîâ, ÷òî îáóñëàâëèâàåò íåîäíîçíà÷íóþ çàâèñèìîñòü

ïðîíèöàåìîñòè îáðàçöîâ êåðíà îò èõ ïîðèñòîñòè.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà èíòåðïðåòàöèîííîé ìîäåëè îïðå-

äåëåíèÿ ÔÅÑ ïîðîä ñëîæíîãî ìèíåðàëüíîãî ñîñòàâà ïî ðåçóëüòàòàì êîìïëåêñ-

íûõ ãåî�èçè÷åñêèõ èññëåäîâàíèé (�ÈÑ). Ïîðèñòîñòü è ïðîíèöàåìîñòü ãîðíûõ

ïîðîä ñíèæàþòñÿ ïðè óâåëè÷åíèè ñîäåðæàíèÿ â ïîðîâîì ïðîñòðàíñòâå ãëèíè-

ñòîãî è êàðáîíàòíîãî öåìåíòîâ. Îñòàòî÷íàÿ âîäîíàñûùåííîñòü ãîðíûõ ïîðîä

ñíèæàåòñÿ ïðè óâåëè÷åíèè ñîäåðæàíèÿ â ïîðîâîì ïðîñòðàíñòâå êàðáîíàòíîãî

öåìåíòà è ðàñòåò ïðè óâåëè÷åíèè â ïîðîâîì ïðîñòðàíñòâå ãëèíèñòîãî öåìåíòà.

Äëÿ êîððåêòíîãî îïðåäåëåíèÿ çíà÷åíèé ÔÅÑ êîëëåêòîðà íåîáõîäèìî ïðèìåíå-

íèå òðåõìåðíûõ íåëèíåéíûõ çàâèñèìîñòåé, ó÷èòûâàþùèõ ãëèíèñòóþ è êàðáî-

íàòíóþ ñîñòàâëÿþùèå öåìåíòà.

Â ðàáîòå çàäà÷à ïðîãíîçèðîâàíèÿ âåëè÷èíû ÔÅÑ ãîðíûõ ïîðîä ðåøåíà ïó-

òåì èñïîëüçîâàíèÿ ìåòîäîâ �ÈÑ, âõîäÿùèõ â íàáîð ìåòîäîâ ñòàíäàðòíîãî êàðî-

òàæà: ìåòîä ãàììà-êàðîòàæà GK õàðàêòåðèçóåò ðàçðåç ñêâàæèíû ïî âåëè÷èíå

ãëèíèñòîñòè ãîðíûõ ïîðîä, à íàèáîëåå ÷óâñòâèòåëüíûì ê èçìåíåíèþ êàðáîíàò-

íîñòè ãîðíûõ ïîðîä ÿâëÿåòñÿ ìåòîä íåéòðîííîãî-êàðîòàæà NK.

Ó÷èòûâàÿ, ÷òî ïîêàçàíèÿ ñòàíäàðòíûõ ìåòîäîâ �ÈÑ íå ñòàíäàðòèçèðîâàíû

è ïðîâîäÿòñÿ â ðàçíûõ ñêâàæèííûõ óñëîâèÿõ, òî äëÿ ïîñòðîåíèÿ òðåõìåðíûõ

íåëèíåéíûõ çàâèñèìîñòåé, ñâÿçûâàþùèõ ïîðèñòîñòü ãîðíûõ ïîðîä è èõ ïðîíè-

öàåìîñòü ñ ñîäåðæàíèåì ãëèíèñòîãî è êàðáîíàòíîãî öåìåíòîâ, èñïîëüçîâàëèñü

íîðìèðîâàííûå çíà÷åíèÿ äàííûõ GK è NK ïî äâóì îïîðíûì ïëàñòàì � äâîé-

íûå ðàçíîñòíûå ïàðàìåòðû αGK è αNK .
Èç îáùåãî ìàññèâà äàííûõ âûáèðàþòñÿ çíà÷åíèÿ ïîðèñòîñòè è ïðîíèöàåìî-

ñòè ãîðíûõ ïîðîä, îïðåäåëåííûõ ïî êåðíó, è äâîéíûõ ðàçíîñòíûõ ïàðàìåòðîâ

αGK è αNK , îïðåäåëåííûõ ïî �ÈÑ, ñîîòâåòñòâóþùèå èíòåðâàëàì îòñóòñòâèÿ

êàðáîíàòèçàöèè αNK ≈ 0. Óðàâíåíèÿ çàâèñèìîñòåé ïîðèñòîñòè ãîðíûõ ïîðîä

è èõ ïðîíèöàåìîñòè îò äâîéíîãî ðàçíîñòíîãî ïàðàìåòðà αGK ïîäáèðàþòñÿ èç

óñëîâèÿ ïîëó÷åíèÿ ìàêñèìàëüíîãî êîý��èöèåíòà êîððåëÿöèè R2
è ìèíèìèçà-

öèè íåâÿçêè �àêòè÷åñêèõ è ðàñ÷åòíûõ çíà÷åíèé.

Äëÿ ñëó÷àÿ ïðèñóòñòâèÿ â ïîðîâîì ïðîñòðàíñòâå òîëüêî êàðáîíàòíîãî öåìåí-

òà óðàâíåíèÿ ñâÿçè ïîðèñòîñòè ãîðíûõ ïîðîä è èõ ïðîíèöàåìîñòè îò äâîéíîãî

ðàçíîñòíîãî ïàðàìåòðà αNK äîëæíû èìåòü òàêèå æå �óíêöèîíàëüíûå çàâè-

ñèìîñòè, êàê è äëÿ ñëó÷àÿ ïðèñóòñòâèÿ â ïîðîâîì ïðîñòðàíñòâå ãîðíûõ ïîðîä

166



òîëüêî ãëèíèñòîãî öåìåíòà. Äàííîå ïðåäïîëîæåíèå ïðèâîäèò ê òîìó, ÷òî â òðåõ-

ìåðíîì ïðîñòðàíñòâå çàâèñèìîñòè äëÿ ïîðèñòîñòè φ è ïðîíèöàåìîñòè K ãîðíûõ

ïîðîä ïðåäñòàâëÿþò ñîáîé ïîâåðõíîñòü ýëëèïñîèäà è èìåþò âèä:

φ =
1

aφ + exp
(
bφ

√
α2
GK
A2 +

α2
NK
B2 + cφ

) , (1)

k = exp

(
ak

(
α2
GK

A2
+
α2
NK

B2

)
+ bk

√
α2
GK

A2
+
α2
NK

B2
+ ck

)
, (2)

ãäå A � ãðàíè÷íîå çíà÷åíèå êîëëåêòîð-íåêîëëåêòîð ïî αGK , B � ãðàíè÷íîå

çíà÷åíèå êîëëåêòîð-íåêîëëåêòîð ïî αNK , aφ, bφ, cφ, ak, bk, ck � êîý��èöèåíòû,

êîòîðûå ïîäáèðàþòñÿ ïî çàâèñèìîñòè ¾êåðí-�ÈÑ¿.

Èç óðàâíåíèÿ Òèìóðà � Êîàòñà, óñòàíàâëèâàþùåãî âçàèìîñâÿçü ìåæäó

ïîðèñòîñòüþ φ, àáñîëþòíîé ïðîíèöàåìîñòüþ k è îñòàòî÷íîé âîäîíàñûùåííî-

ñòüþ s∗w, ñëåäóåò:

s∗w =
1

1 + l

√
Dφn

k

, (3)

ãäå D, n, l � êîý��èöèåíòû, êîòîðûå ïîäáèðàþòñÿ 
 ó÷åòîì äàííûõ ëàáîðàòîð-

íûõ èññëåäîâàíèé êåðíà è ýêñïëóàòàöèè ñêâàæèí.

Èç (3) ñëåäóåò, ÷òî ïðè ïðèáëèæåíèè ïðîíèöàåìîñòè ãîðíûõ ïîðîä ê íóëþ,

îñòàòî÷íàÿ âîäîíàñûùåííîñòü áóäåò ñòðåìèòüñÿ ê 1, ÷òî ñîîòâåòñòâóåò äîïóùå-

íèþ î 100% âîäîíàñûùåííîñòè â ãëèíàõ.

Â ñêâàæèíàõ, â êîòîðûõ ïðîâîäèëèñü îòáîð è èññëåäîâàíèå êåðíà, áûëè

ïðîâåäåíû ðàñ÷åòû ïîðèñòîñòè, ïðîíèöàåìîñòè è îñòàòî÷íîé âîäîíàñûùåííîñòè

ãîðíûõ ïîðîä ïî �îðìóëàì (1)�(3) ñ ïîäîáðàííûìè çíà÷åíèÿìè êîý��èöèåíòîâ

aφ, bφ, cφ, ak, bk, ck, D, n, l.
Àïðîáàöèÿ ïðåäëîæåííîé èíòåðïðåòàöèîííîé ìîäåëè ïðîâåäåíà íà îäíîì

èç ìåñòîðîæäåíèé Çàïàäíîé Ñèáèðè. Ïîëó÷åíî óäîâëåòâîðèòåëüíîå ñîâïàäåíèå

ðàñ÷åòíûõ è �àêòè÷åñêèõ ïîêàçàòåëåé ðàçðàáîòêè áåç èõ äîïîëíèòåëüíîé íà-

ñòðîéêè.

Òàêèì îáðàçîì, ïðåäñòàâëåííàÿ èíòåðïðåòàöèîííàÿ ìîäåëü ïîçâîëÿåò ñè-

ñòåìíî óâÿçàòü äàííûå ãåî�èçè÷åñêèõ èññëåäîâàíèé è ðàçðàáîòêè, ïðîâîäèòü

àäàïòàöèîííóþ êîððåêòèðîâêó ïàðàìåòðîâ ñðåäû è îãðàíè÷èòü ïðîèçâîë â îïðå-

äåëåíèè ÔÅÑ ñ ïîìîùüþ îïðåäåëåííûõ ãåî�èçè÷åñêèõ çàêîíîâ.
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ÎÁ ÎÄÍÎÉ ÎÁ�ÀÒÍÎÉ ÑÏÅÊÒ�ÀËÜÍÎÉ ÇÀÄÀ×Å

ÄËß ÊÂÀÍÒÎÂÎ�Î ��ÀÔÀ ÒÈÏÀ ¾ÄÅ�ÅÂÎ¿

Þ. Â. Ìàðòûíîâà (�îññèÿ, Ó�à; ÎÎÎ ¾�Í-ÁàøÍÈÏÈíå�òü¿),

Â. Ç. Ìóçèïîâ (�îññèÿ, Ó�à; ÎÎÎ ¾ÁÝÑÊ Èíæèíèðèíã¿)

Îäíèì èç îñíîâíûõ ïðèìåðîâ êâàíòîâîãî ãðà�à òèïà ¾äåðåâî¿ ÿâëÿåòñÿ

ýëåêòðè÷åñêàÿ ñåòü, ñîñòîÿùàÿ èç ïðîâîäîâ (ðåáåð), ñîåäèíåííûõ â òðàíñ�îð-

ìàòîðíûõ ïîäñòàíöèÿõ (âåðøèíàõ). Íà ðåáðå k = 1, P ãðà�à çàäàåòñÿ óðàâíå-

íèå ýëåêòðè÷åñêèõ êîëåáàíèé â ïðîâîäíèêå äëèíîé lk ñ ðàñïðåäåëåííûìè åìêî-
ñòüþ Ck è èíäóêòèâíîñòüþ Lk:

(Uk)xkxk(xk; t) = CkLk(Uk)tt, xk ∈ (0; lk), k = 1, P . (1)

Ïðîâîä k = 1, N çàçåìëåí ÷åðåç ñîñðåäîòî÷åííûå èíäóêöèþ L̃k è åìêîñòü C̃k,
ñîåäèíåííûå ïîñëåäîâàòåëüíî:

(Uk)xk(lk; t) + CkL̃k(Uk)tt(lk; t) +
Ck

C̃k
(Uk)(lk; t), k = 1, N. (2)

Â êàæäîé èç M = P + 1 − N âíóòðåííèõ âåðøèí çàäàþòñÿ äâà óñëîâèÿ

ñêëåéêè. Óñëîâèå íåïðåðûâíîñòè ïîòåíöèàëà ñîñòîèò â òîì, ÷òî åñëè îäíà è òà

æå âåðøèíà v èíöèäåíòíà íåñêîëüêèì ðåáðàì ej ∈ Ev, òî çíà÷åíèÿ êîìïîíåíò

�óíêöèè Uj íà ýòèõ ðåáðàõ â êîíöàõ, ñîîòâåòñòâóþùèõ âåðøèíå v, ñîâïàäàþò.
Óñëîâèå Êèðõãî�à èëè áàëàíñà òîêîâ ñîñòîèò â òîì, ÷òî ñóììà íîðìàëüíûõ

ïðîèçâîäíûõ êîìïîíåíò �óíêöèè Uk âî âíóòðåííåé âåðøèíå v ðàâíà íóëþ.
Ïîëó÷åíà ñîîòâåòñòâóþùàÿ êðàåâàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ:

a2kyk
′′(xk) + λyk(xk) = 0, xk ∈ (0; lk), k = 1, P , (3)

ñ ãðàíè÷íûìè óñëîâèÿìè

y′k(lk) + (pk1 + λpk2)yk(lk) = 0, k = 1, N, (4)

è óñëîâèÿìè âî âíóòðåííèõ âåðøèíàõ




yj(v) = yj+1(v), ej ∈ Ev, v = 1,M,∑
ej∈Ev

y′j(v) = 0. (5)

Ïîêàçàíî, ÷òî ñïåêòð êðàåâîé çàäà÷è (3)�(5) ÿâëÿåòñÿ äèñêðåòíûì

ìíîæåñòâîì ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë. Êðîìå òîãî, ñîáñòâåí-

íûå çíà÷åíèÿ λk ìîíîòîííî çàâèñÿò îò ïàðàìåòðîâ ãðàíè÷íûõ óñëîâèé

p11, . . . , pN1, p12, . . . , pN2.

Îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ êðàåâîé çàäà÷è (3)�(5) ñîñòîèò â íàõîæ-

äåíèè âåêòîðà ~p = (p11, . . . , pN1, p12, . . . , pN2) êîý��èöèåíòîâ ãðàíè÷íûõ óñëî-

âèé (4), ïðè êîòîðûõ íàïåðåä çàäàííûå ÷èñëà λ1, λ2, . . . , λ2N ÿâëÿþòñÿ ñîá-
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ñòâåííûìè çíà÷åíèÿìè êðàåâîé çàäà÷è. Îíà ñâåäåíà ê ìíîãîïàðàìåòðè÷åñêîé

îáðàòíîé ñïåêòðàëüíîé çàäà÷å äëÿ êîíå÷íîìåðíîãî îïåðàòîðà

B(λ, ~p ) = B0(λ) +

N∑

k=1

(
pk1Bk1(λ) + pk2Bk2(λ)

)
, (6)

çàäàííîãî â êîíå÷íîìåðíîì äåéñòâèòåëüíîì åâêëèäîâîì ïðîñòðàíñòâå E2N
. Ïî-

êàçàíî, ÷òî äàííàÿ çàäà÷à ýêâèâàëåíòíà ñèñòåìå 2N àëãåáðàè÷åñêèõ óðàâíåíèé

îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ ãðàíè÷íûõ óñëîâèé:

det
[
B(λj , ~p )

]
= 0, j = 1, 2N. (7)

�åøåíèå ñèñòåìû (7) â ñëó÷àå áîëüøîãî êîëè÷åñòâà ðåáåð ãðà�à äîñòàòî÷-

íî òðóäîåìêî, ïîýòîìó ïðåäëîæåí àëãîðèòì ÷èñëåííîãî ïîñòðîåíèÿ ðåøåíèé

îáðàòíîé ñïåêòðàëüíîé çàäà÷è äëÿ êðàåâîé çàäà÷è (3)�(5) â êîíå÷íîìåðíîì åâ-

êëèäîâîì ïðîñòðàíñòâå E2N
, îñíîâàííûé íà ìîíîòîííîé çàâèñèìîñòè ñîáñòâåí-

íûõ çíà÷åíèé îò ïàðàìåòðîâ ãðàíè÷íûõ óñëîâèé. Îïðåäåëèì 2N -ìåðíûé ïà-

ðàëëåëåïèïåä

[
~a,~b

]
Π
, â êîòîðîì áóäåì èñêàòü ðåøåíèÿ ìíîãîïàðàìåòðè÷åñêîé

îáðàòíîé ñïåêòðàëüíîé çàäà÷è. Îáîçíà÷èì ÷åðåç µ1(~p ), . . . , µ2N (~p ) ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà B(λ, ~p ), îïðåäåëåííîãî â (7), ïðè íåêîòîðîì çíà÷åíèè âåê-

òîðà ~p ∈
[
~a,~b

]
Π
.

Ñ�îðìèðóåì 22N ïîäîáëàñòåé

[
~a,~b

](i)
Π

òàêèõ, ÷òî

22N⋃

i=1

[
~a,~b

](i)
Π

=
[
~a,~b

]
Π
,

22N⋂

i=1

[
~a,~b

](i)
Π

= ~c,

ãäå ~c � öåíòð ïàðàëëåëåïèïåäà

[
~a,~b

]
Π
. Â ïàðàëëåëåïèïåäå

[
~a,~b

](i)
Π
, i = 1, 22N ,

ïðîâåðÿåì âûïîëíåíèå óñëîâèÿ

~λ ∈
[
~µ(~a ), ~µ

(
~b
)]
. Åñëè óñëîâèå âûïîëíÿåòñÿ, òî

ðàññìàòðèâàåìûé ïàðàëëåëåïèïåä íå ñîäåðæèò ðåøåíèé, åñëè æå óñëîâèå íå âû-

ïîëíÿåòñÿ, òî ïî âûøåîïèñàííîé ñõåìå âûïîëíÿåì åãî ðàçáèåíèå è ïåðåõîäèì

ê ñëåäóþùåìó ïàðàëëåëåïèïåäó. Ïðîäîëæèâ äàííóþ ïðîöåäóðó êîíå÷íîå ÷èñëî

ðàç, ïîëó÷èì ëîêàëèçàöèþ îáëàñòåé ñóùåñòâîâàíèÿ ðåøåíèÿ ñ ëþáîé íåîáõî-

äèìîé òî÷íîñòüþ. Ïðèìåíÿÿ èòåðàöèîííûé ìåòîä äëÿ êàæäîé ëîêàëèçîâàííîé

îáëàñòè ñóùåñòâîâàíèÿ, ìîæíî óòî÷íèòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è äî òðå-

áóåìîé òî÷íîñòè.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò âîññòàíàâëèâàòü ïàðàìåòðû ãðàíè÷íûõ

óñëîâèé, íàïðèìåð, ðàñïðåäåëåííûå èíäóêòèâíîñòü è åìêîñòü, ñîåäèíåííûå ïî-

ñëåäîâàòåëüíî, äëÿ ýëåêòðè÷åñêèõ ñåòåé íà ó÷àñòêàõ òðóäíîäîñòóïíûõ äëÿ âè-

çóàëüíîãî îñìîòðà, à òàêæå ïîäáèðàòü ïàðàìåòðû ãðàíè÷íûõ óñëîâèé äëÿ îáåñ-

ïå÷åíèÿ íóæíîãî ñïåêòðà ÷àñòîò êîëåáàíèé ïåðåìåííîãî òîêà èëè íàïðÿæåíèÿ

â ñåòè.
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Î ÊÎËÅÁÀÍÈßÕ ÍÅÎÄÍÎ�ÎÄÍÛÕ ÄÂÓÌÅ�ÍÛÕ ÎÁËÀÑÒÅÉ

1

�. Ì. Ìíóõèí

(�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ),

Â. Â. Äóäàðåâ

(�îññèÿ, �îñòîâ-íà-Äîíó, ÞÔÓ; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Ôóíêöèîíàëüíî-ãðàäèåíòíûå ìàòåðèàëû â íàñòîÿùåå âðåìÿ âñå ÷àùå èñ-

ïîëüçóþòñÿ âî ìíîãèõ òåõíîëîãèÿõ ïðîìûøëåííîñòè. Ñîçäàíèå íîâûõ ìîäå-

ëåé, ó÷èòûâàþùèõ çàâèñèìîñòü ñâîéñòâ òàêèõ ìàòåðèàëîâ îò ïðîñòðàíñòâåííûõ

êîîðäèíàò, ïîçâîëÿåò îïèñûâàòü îñîáåííîñòè èõ ïîâåäåíèÿ è äå�îðìèðîâàíèÿ.

Äëÿ íàäåæíîé ýêñïëóàòàöèè êîíñòðóêöèé îòâåòñòâåííîãî íàçíà÷åíèÿ íåîáõîäè-

ìà ðàçðàáîòêà íîâûõ è ñîâåðøåíñòâîâàíèå óæå ñóùåñòâóþùèõ ìåòîäèê íåðàç-

ðóøàþùåé äèàãíîñòèêè àêóñòè÷åñêîãî çîíäèðîâàíèÿ, çàðåêîìåíäîâàâøåãî ñåáÿ

êàê íàèáîëåå òî÷íûé è ý��åêòèâíûé ìåòîä ïðè èññëåäîâàíèè îáðàòíûõ çàäà÷.

Íà îñíîâå ìîäåëè íåîäíîðîäíîãî óïðóãîãî òåëà ñ�îðìóëèðîâàíû ïîñòàíîâ-

êè çàäà÷ îá óñòàíîâèâøèõñÿ ïëàíàðíûõ êîëåáàíèÿõ óïðóãîé Ô� ïëàñòèíû è

ïðîäîëüíî-ðàäèàëüíûõ êîëåáàíèÿõ Ô� ïîëîãî öèëèíäðà ñ ïàðàìåòðàìè Ëàìå è

ïëîòíîñòüþ, çàâèñÿùèìè îò äâóõ ïðîñòðàíñòâåííûõ êîîðäèíàò. �åøåíèå ïðÿìîé

çàäà÷è ïîñòðîåíî ÷èñëåííî ñ ïîìîùüþ ÌÊÝ â ïàêåòå FlexPDE. Ïðîâåäåí àíà-

ëèç âëèÿíèÿ çàäàííûõ äâóìåðíûõ çàêîíîâ èçìåíåíèÿ ìåõàíè÷åñêèõ ñâîéñòâ íà

àìïëèòóäíî-÷àñòîòíûå õàðàêòåðèñòèêè (À×Õ) è ïîëÿ íàïðÿæåíèé è äå�îðìà-

öèé. Íà ïåðâîì ýòàïå äëÿ êàæäîé èç ðàññìîòðåííûõ çàäà÷ èññëåäîâàíà ÷óâñòâè-

òåëüíîñòü À×Õ ê èçìåíåíèþ ïàðàìåòðîâ Ëàìå è ïëîòíîñòè. Âûÿâëåíû ðåæèìû

çîíäèðîâàíèÿ ñ íàèáîëüøèì âëèÿíèåì ìåõàíè÷åñêèõ õàðàêòåðèñòèê. Èñïîëüçóÿ

ñëàáóþ ïîñòàíîâêó èç ðàáîòû [1℄, ñ�îðìóëèðîâàíû íîâûå êîý��èöèåíòíûå îá-

ðàòíûå çàäà÷è îá èäåíòè�èêàöèè äâóìåðíûõ çàêîíîâ èçìåíåíèÿ ìåõàíè÷åñêèõ

ñâîéñòâ íà îñíîâå àíàëèçà ïðÿìûõ çàäà÷ äëÿ öèëèíäðîâ è ïëàñòèí. Â êà÷åñòâå

äîïîëíèòåëüíîé èí�îðìàöèè äëÿ äâóìåðíûõ îáðàòíûõ çàäà÷ áóäóò èñïîëüçîâà-

íû ðåæèìû çîíäèðîâàíèÿ, âûÿâëåííûå íà ïåðâîì ýòàïå, ÷òî ïîçâîëèò ïîñòðîèòü

êîìïëåêñíûå ïîäõîäû èäåíòè�èêàöèè èñêîìûõ âåëè÷èí.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈ�ÎÂÀÍÈÅ ÑÄÂÈ�ÎÂÛÕ

ÑÅÉÑÌÈ×ÅÑÊÈÕ ÊÎËÅÁÀÍÈÉ ÌÀÑÑÈÂÀ, ÑÎÑÒÎßÙÅ�Î

ÈÇ �ÅÊÓËÜÒÈÂÈ�ÎÂÀÍÍÎ�Î ÌÀÒÅ�ÈÀËÀ ÎÒËÎÆÅÍÈß

�Î�ÍÎ�ÓÄÍÎÉ Ï�ÎÌÛØËÅÍÍÎÑÒÈ (ÕÂÎÑÒÛ)

È. Ä. Ìóçàåâ
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Ê. Ñ. Õàðåáîâ

(�îññèÿ, Âëàäèêàâêàç; �ÔÈ ÂÍÖ �ÀÍ),
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Ïîñòàâëåíà è ðåøåíà êîíòàêòíàÿ êðàåâàÿ çàäà÷à, ìîäåëèðóþùàÿ ñåéñìè÷å-

ñêèå êîëåáàíèÿ ìàññèâà, ñîñòîÿùåãî èç ðåêóëüòèâèðîâàííîãî ìàòåðèàëà � îò-

ëîæåíèÿ (õâîñòû) ãîðíîðóäíîé ïðîìûøëåííîñòè. �àññìîòðåí ñëó÷àé, êîãäà ïî-

äîáíûå ìàññèâû ðàñïîëîæåíû â óùåëüÿõ ðåê âáëèçè ðå÷íîãî ïîòîêà è ñîçäàþò

ýêîëîãè÷åñêóþ óãðîçó ðå÷íîé ñèñòåìå ðåãèîíà. �åøåíà ïðîáëåìà äèíàìè÷åñêîé

óñòîé÷èâîñòè ìàññèâà ïðè óñëîâèè, ÷òî íà íåãî ïàäàåò ãàðìîíè÷åñêàÿ ñåéñìè-

÷åñêàÿ âîëíà.

Íà ðèñ. 1 ïðåäñòàâëåí ñõåìàòè÷åñêèé ÷åðòåæ ïîäîáíîãî ìàññèâà, ðàñïîëî-

æåííîãî â íåïîñðåäñòâåííîé áëèçîñòè îò ðåêè Àðäîí â ðåñïóáëèêå Ñåâåðíàÿ

Îñåòèÿ-Àëàíèÿ. Â ðåçóëüòàòå ðåêóëüòèâàöèè ìàññèâó ïðèäàíà ïðèçìàòè÷åñêàÿ

êîí�èãóðàöèÿ ñ òðàïåöåèäàëüíûì ïîïåðå÷íûì ñå÷åíèåì. Óãëû îòêîñîâ ìàññè-

âà íå ïðåâûøàþò óãëà åñòåñòâåííîãî îòêîñà ìàòåðèàëà îòëîæåíèÿ è òåì ñàìûì

îáåñïå÷åíà ñòàòè÷åñêàÿ óñòîé÷èâîñòü ìàññèâà.

�èñ. 1. �àñ÷åòíàÿ ñõåìà êîíòàêòíîé êðàåâîé çàäà÷è.
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Êðàåâàÿ çàäà÷à èìååò ñëåäóþùèé âèä:

ρ1B(x)
∂2U1

∂t2
−G1(1 + iη1)

∂

∂x

(
B(x)

∂U1

∂x

)
= 0, −H 6 x 6 0, (1)

ρ2
∂2U2

∂t2
−G2(1 + iη2)

∂2U2

∂x2
= 0, 0 6 x 6 ∞, (2)

U1 = U2, G1(1 + iη1)
∂U1

∂x
= G2(1 + iη2)

∂U2

∂x
, x = 0, (3)

∂U1(x, t)

∂x

∣∣∣∣
x=H

= 0, U2(x, t)
∣∣
x→∞ = limited, (4)

ãäå ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ: B(x) � øèðèíà ìàññèâà, U1(x, t) � ñäâè-

ãîâûå ïåðåìåùåíèÿ â òåëå âåðõíåãî ìàññèâà, U2(x, t) � ñäâèãîâûå ïåðåìåùåíèÿ

â íèæíåì ïîäïî÷âåííîì ìàññèâå ãðóíòà, G1, G2, ρ1, ρ2 � ìîäóëü ñäâèãîâ è ïëîò-

íîñòè â âåðõíåì è íèæíåì ìàññèâàõ ñîîòâåòñòâåííî, i � ìíèìàÿ åäèíèöà, t �
âðåìÿ. Â ðåçóëüòàòå ðåøåíèÿ ïîñòàâëåííîé êîíòàêòíîé êðàåâîé çàäà÷è ïîëó÷å-

íà ñîâîêóïíîñòü ðàñ÷åòíûõ �îðìóë, êîòîðûå ïîçâîëÿþò âû÷èñëèòü íàïðÿæåíèÿ

â òåëàõ ìàññèâîâ. Òåì ñàìûì ñòàíîâèòñÿ âîçìîæíûì îöåíèòü ñåéñìîäèíàìè÷å-

ñêóþ óñòîé÷èâîñòü ðàññìàòðèâàåìîãî ìàññèâà.
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REGARDING MODELING THE LATTICE PLATE OF THE EYE SCLERA

WITH ACCOUNT FOR THE RESIDUAL STRESS FIELDS

1

R. D. Nedin

(Russia, Rostov-on-Don, SFedU; Vladikavkaz, SMI VSC RAS)

This work is devoted to the development of theoreti
al foundations for modeling

and a
ousti
 monitoring of the 'lamina 
ribrosa' (the latti
e plate of the eyeball

s
lera), taking into a

ount its prestressed state. The 'lamina 
ribrosa' is a sub-

stantially heterogeneous layered stru
ture of variable thi
kness, weakened by a

large number of holes through whi
h nerve �bers pass; this stru
ture experien
es

me
hani
al stress and deformation due to 
hanges in intra
ranial and intrao
ular

pressure and, perhaps, is in a pre-stress-strain state [1, 2℄. Su
h fa
tors 
an lead

to atrophy of nerve �bers and the emergen
e of a 
ommon disease � glau
oma.

The diagnosis of glau
oma as a 
onsequen
e of ex
essive deformation of the ethmoid

plate of the s
lera is an urgent task of biome
hani
s, espe
ially in the early stages

of the disease onset, when the atrophy of nerve �bers is still reversible. For an

obje
tive assessment of the physiologi
al state of tissues and organs, reliable methods

of re
onstru
ting their properties are required. At the same time, in view of the

spe
i�
ity of the study of living tissues, an important requirement is the non-

invasiveness of the approa
hes used. This requirement is met by a
ousti
 methods,

whi
h are quite a

urate and simple in pra
ti
al implementation and make it possible

to determine the unknown 
hara
teristi
s of bodies from the measured physi
al �elds

in some parts of the obje
ts. In turn, to 
reate the foundations of a
ousti
 monitoring

of the state of the latti
e plate of the s
lera of the eye, it is ne
essary to develop and

study models of os
illations of prestressed inhomogeneous thin plates in the presen
e

of 
omplex geometry and holes and a �eld of prestresses. Note that often the modeling

of deformations of a latti
e plate is based on a model of solid 
ir
ular plates of variable

sti�ness using various boundary 
onditions, in
luding elasti
 support [3℄.

In this resear
h, we propose a model that expli
itly takes into a

ount the

geometri
 features of the latti
e plates of the eye, the inhomogeneity of material


hara
teristi
s and the presen
e of residual stress �elds; for this, a linearized model

of a prestressed inhomogeneous elasti
 body with steady vibrations in the metri
 of

the initial deformed 
on�guration is 
onsidered.

To study a prestressed latti
e plate, taking into a

ount shear deformations

and shear stresses, a model of an elasti
 inhomogeneous plate is proposed in the

framework of the Timoshenko�Mindlin deformation hypotheses. For this, on the

basis of a general linearized model, using a variational prin
iple, a formulation of the

problem of steady vibrations of a latti
e plate is 
onstru
ted, whi
h takes into a

ount

1

This work was �nan
ially supported by a grant from the Government of the Russian Federation,

Agreement � 075-15-2019-1928.
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the �eld of residual stresses formed as a result of the a
tion of the initial load 
aused

by intrao
ular pressure. The proposed model makes it possible to take into a

ount

the inhomogeneity of the material properties of the plate and to set arbitrary laws of

inhomogeneity for the 
omponents of the prestress tensor. To des
ribe the prestress

�eld, the stati
s problem of the de�e
tion of a latti
e plate 
lamped along the 
ontour

under the a
tion of a distributed load is solved separately. On the basis of the found

solution, the integral 
hara
teristi
s for the 
omponents of residual stresses, whi
h

are in
luded in the equations of steady-state os
illations, are 
al
ulated. The problem

is solved numeri
ally using the �nite element method. Various options for des
ribing

the geometry of a latti
e plate with holes are 
onsidered; several te
hniques of hole

formation are proposed, their 
omparative analysis is 
arried out from the point of

view of the in�uen
e on the deformation 
hara
teristi
s and on the formation of stress


on
entrators. The analysis of the in�uen
e of the parameters of the pre-stressed

state of the latti
e plate on its deformation and dynami
 
hara
teristi
s (�elds of

planar and bending displa
ements, angles of rotation of the normal along the axes in

the plane of the plate, resonan
e frequen
ies, amplitude-frequen
y 
hara
teristi
s) is


arried out, the analysis of in�e
tion points of the plate under various 
onditions is


arried out.
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ÌÀÑØÒÀÁÍÎ-ÇÀÂÈÑÈÌÛÅ ÌÎÄÅËÈ

ÄÅÔÎ�ÌÈ�ÎÂÀÍÈß ÑËÎÈÑÒÛÕ ÒÅË

Ñ. À. Íåñòåðîâ

(�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Â ñâÿçè ñ ðàçâèòèåì ìèêðîýëåêòðîíèêè è ìèêðî-ýëåêòðîìåõàíè÷åñêèõ ñè-

ñòåì, áîëüøîå âíèìàíèå ó÷åíûõ ïðèâëå÷åíî ê èññëåäîâàíèþ íàïðÿæåííî-äå�îð-

ìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ) ñëîèñòûõ òåë ìàëûõ ðàçìåðîâ. Â òàêèõ ñòðóê-

òóðàõ ðàçìåðû èññëåäóåìûõ ýëåìåíòîâ ìîãóò ñòàíîâèòüñÿ ñîèçìåðèìûìè ñ õà-

ðàêòåðíûìè ðàçìåðàìè ìèêðîñòðóêòóðû ìàòåðèàëà è ïîýòîìó ìîãóò âîçíèêàòü

ìàñøòàáíûå ý��åêòû. Íàèáîëåå ÷àñòî äëÿ ó÷åòà ìàñøòàáíûõ ý��åêòîâ ïðè-

ìåíÿåòñÿ ãðàäèåíòíàÿ òåîðèÿ óïðóãîñòè (�ÒÓ), êîòîðàÿ ñîäåðæèò ãðàäèåíòíûå

ïàðàìåòðû ðàçìåðíîñòè äëèíû è â êîòîðîé ïëîòíîñòü ýíåðãèè äå�îðìàöèè çà-

âèñèò íå òîëüêî îò äå�îðìàöèè, íî è îò åå ãðàäèåíòà.

�ÒÓ áûëà ñ�îðìóëèðîâàíà â 60-õ ãîäàõ ïðîøëîãî âåêà â ðàáîòàõ Òóïèíà [1℄ è

Ìèíäëèíà [2℄ è ñîäåðæàëà â îïðåäåëÿþùèõ óðàâíåíèÿõ 5 ãðàäèåíòíûõ ïàðàìåò-

ðîâ. Äëÿ ïðåîäîëåíèÿ ýòîé ïðîáëåìû â ðàáîòàõ Àé�àíòèñà [3℄ áûëà ïðåäëîæåíà

îäíîïàðàìåòðè÷åñêàÿ ãðàäèåíòíàÿ ìîäåëü. Çà ïîñëåäíèå ãîäû â ðàìêàõ ìîäåëè

Àé�àíòèñà âûïîëíåíû íåêîòîðûå àíàëèòè÷åñêèå èññëåäîâàíèÿ ïî óòî÷íåíèþ

ÍÄÑ ñëîèñòûõ òåë [4�6℄. Â äàííîé ðàáîòå â ðàìêàõ ãðàäèåíòíîé ìîäåëè Àé�àí-

òèñà èññëåäóåòñÿ ÍÄÑ ñëîèñòîãî ïðÿìîóãîëüíèêà, êàê ïðè ìåõàíè÷åñêîì, òàê è

ïðè òåïëîâîì íàãðóæåíèè.

Ïðèâåäåíà ïîñòàíîâêà çàäà÷è î ðàâíîâåñèè ñëîèñòîãî ïðÿìîóãîëüíèêà, íèæ-

íÿÿ ñòîðîíà êîòîðîãî æåñòêî çàùåìëåíà, íà âåðõíåé ñòîðîíå äåéñòâóåò ðàñïðåäå-

ëåííàÿ íîðìàëüíàÿ íàãðóçêà, à áîêîâûå ñòîðîíû íàõîäÿòñÿ â óñëîâèÿõ ñêîëüçÿ-

ùåé çàäåëêè. Äëÿ ó÷åòà ìàñøòàáíûõ ý��åêòîâ ïðèìåíÿåòñÿ îäíîïàðàìåòðè÷å-

ñêàÿ ãðàäèåíòíàÿ òåîðèÿ óïðóãîñòè, çàäàþòñÿ äîïîëíèòåëüíûå ãðàíè÷íûå óñëî-

âèÿ äëÿ ìîìåíòíûõ íàïðÿæåíèé è ãðàäèåíòîâ ïåðåìåùåíèé. Âûïîëíåíî îáåçðàç-

ìåðèâàíèå ïîñòàâëåííîé çàäà÷è. Â ñëó÷àå òåïëîâîãî íàãðóæåèÿ ðåøåíèå çàäà÷è

íà÷èíàåòñÿ ñ íàõîæäåíèÿ ðàñïðåäåëåíèÿ òåìïåðàòóðû ñëîèñòîãî ïðÿìîóãîëü-

íèêà íà îñíîâå ðåøåíèÿ çàäà÷è òåïëîïðîâîäíîñòè â êëàññè÷åñêîé ïîñòàíîâêå.

Òåïëîâûå è ìåõàíè÷åñêèå ãðàíè÷íûå óñëîâèÿ íà áîêîâûõ ãðàíÿõ äîïóñêàþò

ïðèìåíåíèå ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ. �àðìîíèêè ïåðåìåùåíèé ïðåäñòàâ-

ëåíû â âèäå ñóììû ðåøåíèé íà îñíîâå êëàññè÷åñêîé ïîñòàíîâêè çàäà÷è è äîïîë-

íèòåëüíûõ ãðàäèåíòíûõ ñëàãàåìûõ. Ïîëó÷åíû êàê òî÷íûå, òàê è óïðîùåííûå

àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ íàõîæäåíèÿ ïåðåìåùåíèé ïðè ìàëîì çíà÷åíèè

ãðàäèåíòíîãî ïàðàìåòðà. Íà êîíêðåòíûõ ïðèìåðàõ ïðîâåäåíû âû÷èñëåíèÿ ãîðè-

çîíòàëüíîãî è âåðòèêàëüíîãî ðàñïðåäåëåíèÿ ïåðåìåùåíèé, ìîìåíòíûõ è ïîëíûõ

íàïðÿæåíèé ñëîèñòîãî ïðÿìîóãîëüíèêà. Ïîêàçàíî îòëè÷èå ðàñïðåäåëåíèé ïåðå-

ìåùåíèé è íàïðÿæåíèé, íàéäåííûõ íà îñíîâå ðåøåíèé çàäà÷è â êëàññè÷åñêîé

ïîñòàíîâêå è â ãðàäèåíòíîé ïîñòàíîâêå. Èññëåäîâàíû ãðàíèöû ïðèìåíèìîñòè
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àñèìïòîòè÷åñêîãî ðåøåíèÿ çàäà÷è. Âûÿñíåíî, ÷òî íàïðÿæåíèÿ Êîøè èñïûòû-

âàþò ñêà÷îê íà ãðàíèöå ñëîåâ, ÷òî îáúÿñíÿåòñÿ íåïðåðûâíîñòüþ ïåðåìåùåíèé è

èõ ïåðâûõ ïðîèçâîäíûõ. Ìîìåíòíûå íàïðÿæåíèÿ ïðè ìàëûõ çíà÷åíèÿõ ãðàäè-

åíòíîãî ïàðàìåòðà èìåþò çíà÷åíèÿ, êîòîðûå íàìíîãî ìåíüøå çíà÷åíèé ïîëíûõ

íàïðÿæåíèé. Êîìïîíåíòû òåíçîðà ìîìåíòíûõ íàïðÿæåíèé ëèáî ïðèíèìàþò ïè-

êîâûå çíà÷åíèÿ, ëèáî èñïûòûâàþò ñêà÷îê íà ãðàíèöå ñîïðÿæåíèÿ. Ïðè óâåëè÷å-

íèè áåçðàçìåðíîãî ìàñøòàáíîãî ïàðàìåòðà ñíèæàþòñÿ çíà÷åíèÿ ïåðåìåùåíèé

è ïîëíûõ íàïðÿæåíèé, îäíàêî âîçðàñòàþò ìîìåíòíûå íàïðÿæåíèÿ.
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Íå�òü è íå�òåïðîäóêòû, ÿâëÿÿñü îäíèì èç èñòî÷íèêîâ ýíåðãèè, â òî æå

âðåìÿ îòíîñÿòñÿ ê îäíèì èç âûñîêîòîêñè÷íûõ ñîåäèíåíèé, âõîäÿùèõ â ïåðå÷åíü

îáÿçàòåëüíûõ ïîêàçàòåëåé, êîíòðîëèðóåìûõ ïðè ìîíèòîðèíãå çàãðÿçíåíèÿ âîä-

íûõ ýêîñèñòåì. Íå�òÿíîå çàãðÿçíåíèå íàðóøàåò ìíîãèå åñòåñòâåííûå ïðîöåññû

è âçàèìîñâÿçè, ñóùåñòâåííî èçìåíÿåò óñëîâèÿ îáèòàíèÿ âñåõ âèäîâ æèâûõ îð-

ãàíèçìîâ è íàêàïëèâàåòñÿ â áèîìàññå [1℄.

�àçðàáîòêà ý��åêòèâíûõ ñðåäñòâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîöåñ-

ñîâ áèîäåñòðóêöèè çàãðÿçíåíèÿ íå�òÿíîãî ïðîèñõîæäåíèÿ â ïðèáðåæíûõ ñèñòå-

ìàõ ïîçâîëèò ïîëó÷àòü êà÷åñòâåííûå ïðîãíîçû ýêîëîãè÷åñêîé îáñòàíîâêè âî-

äîåìà, îñîáåííî â ñëó÷àå êàòàñòðî�è÷åñêèõ ÿâëåíèé. Ïîýòîìó, âî èçáåæàíèå

íåãàòèâíûõ ïîñëåäñòâèé àâàðèéíûõ ðàçëèâîâ íå�òè è ïðîäóêòîâ åå ïåðåðàáîò-

êè, íåîáõîäèìî êà÷åñòâåííîå è òî÷íîå ïðîãíîçèðîâàíèå ïîâåäåíèÿ íå�òÿíûõ

ïÿòåí â àêâàòîðèè ïðèáðåæíûõ ñèñòåì. �àçðàáîòàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü

òðàíñïîðòà íå�òåïðîäóêòîâ ïîçâîëÿåò äåòàëüíî èçó÷àòü äèíàìèêó ïîâåäåíèÿ

íå�òÿíîãî çàãðÿçíåíèÿ â ïðèáðåæíûõ ñèñòåìàõ, îòëè÷àåòñÿ îò èçâåñòíûõ ó÷å-

òîì îïðåäåëÿþùèõ �àêòîðîâ: íåéòðàëüíîé è íåèñïàðÿþùåéñÿ ïñåâäî�ðàêöèé

íå�òÿíîãî ïÿòíà; èñïàðåíèé ëåãêîé �ðàêöèè; ðàñòâîðåíèÿ è ðàñòåêàíèÿ íå�òÿ-

íîãî ñëèêà; îñàæäåíèÿ; äè��óçèè; àäâåêöèè è áèîðàçëîæåíèÿ, ïîâûñèòü òî÷-

íîñòü ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ íå�òåïðîäóêòîâ â ïðè-

áðåæíûõ ñèñòåìàõ. Àïïðîêñèìàöèÿ çàäà÷è äè��óçèè-êîíâåêöèè âûïîëíÿëàñü

íà îñíîâå ñõåì ïîâûøåííîãî ïîðÿäêà òî÷íîñòè ñ ó÷åòîì ÷àñòè÷íîé çàïîëíåííî-

ñòè ðàñ÷åòíûõ ÿ÷ååê ìîäåëèðóåìîé îáëàñòè [2℄. Äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ

áèîäåñòðóêöèè íå�òÿíîãî çàãðÿçíåíèÿ áûëè ââåäåíû �óíêöèîíàëüíûå çàâèñè-

ìîñòè (ìîäåëè íàáëþäåíèé) ñêîðîñòè ðîñòà íå�òåîêèñëÿþùèõ ìèêðîîðãàíèç-

ìîâ. Êàæäûé èç âîâëå÷åííûõ â äàííûé ïðîöåññ âèäîâ ìèêðîîðãàíèçìîâ âû-

çûâàåò ðàçëîæåíèå îïðåäåëåííîé ãðóïïû íå�òåóãëåâîäîðîäîâ, è äëÿ ïðîäîë-

æåíèÿ ïðîöåññà áèîäåñòðóêöèè íåîáõîäèìî îäíîâðåìåííîå èëè ïîñëåäîâàòåëü-

íîå âîçäåéñòâèå øèðîêîãî êîìïëåêñà ìèêðîîðãàíèçìîâ. Äëÿ îïèñàíèÿ äèíàìè-

êè ïîïóëÿöèè íå�òåîêèñëÿþùèõ ìèêðîîðãàíèçìîâ ñ ó÷åòîì èõ îòìèðàíèÿ èñ-

ïîëüçîâàëèñü çàâèñèìîñòè [3, 4℄. �îñò ìèêðîáíûõ ïîïóëÿöèé â åäèíèöó âðåìåíè

ðàññ÷èòûâàëñÿ ïðîïîðöèîíàëüíûì çíà÷åíèþ êîíöåíòðàöèè íå�òÿíîãî ïÿòíà è

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èñ-

ñëåäîâàíèé, ïðîåêò � 19-31-51017.
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çàâèñèò îò êîëè÷åñòâà ëèìèòèðóþùåãî ñóáñòðàòà, ñíèæåíèå çíà÷åíèé ÷èñëåí-

íîñòè ïîïóëÿöèé ïðîèñõîäèò ââèäó åñòåñòâåííîé ñìåðòíîñòè ìèêðîîðãàíèçìîâ.

Àïïðîêñèìàöèÿ çàäà÷è ïî âðåìåííîé êîîðäèíàòå âûïîëíÿëàñü íà îñíîâå ñõåì

ñ âåñàìè [5℄. Äëÿ ðåøåíèÿ âîçíèêàþùèõ ïðè äèñêðåòèçàöèè ñåòî÷íûõ óðàâíå-

íèé èñïîëüçîâàëñÿ àäàïòèâíûé ìîäè�èöèðîâàííûé ïîïåðåìåííî-òðåóãîëüíûé

ìåòîä (ÌÏÒÌ) âàðèàöèîííîãî òèïà [6℄.

Äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ áèîäåñòðóêöèè íå�òÿíûõ çàãðÿçíåíèé â ïðè-

áðåæíîé ñèñòåìå íà áàçå ìíîãîïðîöåññîðíîé âû÷èñëèòåëüíîé ñèñòåìû áûë ïî-

ñòðîåí êîìïëåêñ ïðèêëàäíûõ ïðîãðàìì, îáúåäèíÿþùèé ðàçðàáîòàííûå ìàòå-

ìàòè÷åñêèå ìîäåëè è ìåòîäû, èõ ðåàëèçóþùèå, à òàêæå áàçû ýêîëîãè÷åñêèõ

äàííûõ, ïîçâîëÿþùèé ïðîèçâîäèòü ðàñ÷åòû çàãðÿçíÿþùèõ êîíöåíòðàöèé â îá-

ëàñòÿõ ñëîæíîé �îðìû, ñ ó÷åòîì îïðåäåëÿþùèõ �àêòîðîâ, âëèÿþùèõ íà äè-

íàìèêó ðàñïðåäåëåíèÿ çàãðÿçíåíèé â âîäîåìàõ (ìåòåîóñëîâèÿ, âëèÿíèå áåðåãî-

âîé ëèíèè, ðåëüå�à äíà, ãèäðîõèìè÷åñêèõ îñîáåííîñòåé âîäîåìà); ïðîâîäèòü

èññëåäîâàíèå çàâèñèìîñòè êîíöåíòðàöèé çàãðÿçíåíèé, ñòåïåíè è ðàçìåðîâ çî-

íû ïîðàæåíèÿ âîäíîãî îáúåêòà îò èíòåíñèâíîñòè äâèæåíèÿ âîäíîãî ïîòîêà,

ãèäðî�èçè÷åñêèõ ïàðàìåòðîâ, êëèìàòè÷åñêèõ è ìåòåîðîëîãè÷åñêèõ �àêòîðîâ.

Êàëèáðîâêà è âåðè�èêàöèÿ ðàçðàáîòàííîé ìîäåëè ïðîâîäèëèñü íà îñíîâå ýêî-

ëîãè÷åñêèõ äàííûõ, ïîëó÷åííûõ â õîäå íàó÷íî-èññëåäîâàòåëüñêèõ ýêñïåäèöèé,

ïðîâîäèìûõ ó÷åíûìè ÞÔÓ, Ä�ÒÓ, Þæíîãî íàó÷íîãî öåíòðà �ÀÍ, ÀçÍÈÈ�Õ,

íà÷èíàÿ ñ 2000 ã., áàç ýêîëîãè÷åñêèõ äàííûõ, ñïóòíèêîâîãî ìîíèòîðèíãà.

Ñðàâíåíèå ðàáîòû ñîçäàííîãî ïðîãðàììíîãî êîìïëåêñà ñ ïîäîáíûìè ðàáî-

òàìè â îáëàñòè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ãèäðîáèîëîãè÷åñêèõ ïðîöåññîâ

ïîêàçàëî, ÷òî â ðåçóëüòàòå óäàëîñü ïîâûñèòü òî÷íîñòü ïðîãíîçîâ èçìåíåíèÿ êîí-

öåíòðàöèé íå�òÿíûõ çàãðÿçíåíèé è ìèêðîîðãàíèçìîâ íà 10�20%.
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ÏÎÑÒ�ÎÅÍÈÅ ÍÅËÈÍÅÉÍÛÕ �Å��ÅÑÑÈÉ

ÄËß ÈÑÑËÅÄÎÂÀÍÈß �ßÄÀ ÝÊÎÍÎÌÈ×ÅÑÊÈÕ Ï�ÎÖÅÑÑÎÂ

Þ. Â. Íèêîíîðîâà

(�îññèÿ, Âîëãîäîíñê; ÂÈÒÈ ÍÈßÓ ÌÈÔÈ)

Ïðè ðàññìîòðåíèè äèíàìèêè ýêîíîìè÷åñêîãî ïðîöåññà âîçíèêàåò èíòåðåñ âû-

ÿâèòü �óíêöèîíàëüíóþ çàâèñèìîñòü â ÿâíîì âèäå îò âëèÿþùèõ íà íåãî �àêòî-

ðîâ. Ïðè àíàëèçå ðÿäà íåâçàèìîñâÿçàííûõ ìåæäó ñîáîé ýêîíîìè÷åñêèõ ïðîöåñ-

ñîâ áûëî çàìå÷åíî, ÷òî îíè îïèñûâàþòñÿ ïàðàáîëîé âòîðîãî ïîðÿäêà â çàâèñè-

ìîñòè îò ñâîèõ �àêòîðîâ. À èìåííî, áûëî ñäåëàíî ïðåäïîëîæåíèå, ÷òî âàëîâûé

ðåãèîíàëüíûé ïðîäóêò òàêèì îáðàçîì çàâèñèò îò èíâåñòèöèé. Òî æå ïðåäïîëî-

æåíèå áûëî ñäåëàíî ïðè èññëåäîâàíèè ãðà�èêîâ ïîâåäåíèÿ öåíû áèòêîéíà è

àêöèé �èíàíñîâîé ïèðàìèäû ÌÌÌ â çàâèñèìîñòè îò âðåìåíè. Ïðèìåíåíèå ìå-

òîäà íàèìåíüøèõ êâàäðàòîâ äëÿ íåëèíåéíîé ðåãðåññèè è ïîñëåäóþùèé àíàëèç

ïîñòðîåííûõ ïàðàáîëè÷åñêèõ �óíêöèé ïîêàçàëè íàëè÷èå òàêèõ çàâèñèìîñòåé.

Âñå ðàñ÷åòû ïðîâîäèëèñü â ïðîãðàììå Åõñål, à òàêæå ïàêåòå àíàëèòè÷åñêèõ âû-

÷èñëåíèé Maple.

Çàâèñèìîñòü âàëîâîãî ðåãèîíàëüíîãî ïðîäóêòà îò èíâåñòèöèé ðàññìàòðèâà-

ëàñü íà ïðèìåðå Þæíîãî �åäåðàëüíîãî îêðóãà. Èí�îðìàöèÿ äëÿ èññëåäîâàíèÿ

áûëà âçÿòà ñ î�èöèàëüíîãî ñàéòà Ôåäåðàëüíîé ñëóæáû ãîñóäàðñòâåííîé ñòà-

òèñòèêè [1℄. Àíàëèçèðîâàëèñü äàííûå ïî ðåñïóáëèêå Àäûãåÿ, ðåñïóáëèêå Êàë-

ìûêèÿ, Êðàñíîäàðñêîìó êðàþ, Àñòðàõàíñêîé îáëàñòè, Âîëãîãðàäñêîé îáëàñòè,

�îñòîâñêîé îáëàñòè çà 2013�2017 ãã., ãîðîäó Ñåâàñòîïîëü è ðåñïóáëèêå Êðûì

çà 2014�2017 ãã. ×èñëî äàííûõ äëÿ ïîñòðîåíèÿ çàâèñèìîñòè � 30.
Â ðåçóëüòàòå ïðèìåíåíèÿ ìåòîäà íàèìåíüøèõ êâàäðàòîâ áûëà ïîëó÷åíà

�óíêöèÿ: Y = 0,00000353X2 + 5,240456671X − 60835,84474. Â íåé X � çíà-

÷åíèÿ èíâåñòèöèé, Y � çíà÷åíèå âàëîâîãî ðåãèîíàëüíîãî ïðîäóêòà. Äëÿ âû-

ÿâëåíèÿ ñòàòèñòè÷åñêîé çíà÷èìîñòè ïîëó÷åííîãî óðàâíåíèÿ áûëè ðàññ÷èòàíû

ñëåäóþùèå êîý��èöèåíòû: êîððåëÿöèè � 0,97736, äåòåðìèíàöèè � 0,95523, ýëà-
ñòè÷íîñòè � 0,80409, ñðåäíÿÿ îòíîñèòåëüíàÿ îøèáêà àïïðîêñèìàöèè � 97,77%,
F -êðèòåðèé Ôèøåðà � 288,0564 ïðè òàáëè÷íîì çíà÷åíèè 3,34 è óðîâíå çíà÷è-

ìîñòè 0,05. Ïîëó÷åííûå ðåçóëüòàòû êðèòåðèåâ ãîâîðÿò î òîì, ÷òî ïîñòðîåííàÿ

�óíêöèÿ ÿâëÿåòñÿ ñòàòèñòè÷åñêè çíà÷èìîé è ìîæåò èñïîëüçîâàòüñÿ äëÿ ñîñòàâ-

ëåíèÿ ïðîãíîçîâ. Çíà÷åíèå âûñîêîé ñðåäíåé îøèáêè àïïðîêñèìàöèè ãîâîðèò î

òîì, ÷òî â äàííîé ìîäåëè ïðèñóòñòâóþò íåó÷òåííûå �àêòîðû è òðåáóåòñÿ ñî-

âåðøåíñòâîâàíèå ìîäåëè.

Èçó÷åíèå äàííûõ ïî öåíå àêöèé ÌÌÌ ïîêàçàëî, ÷òî äàííàÿ �èíàíñîâàÿ

ïèðàìèäà íå èñ÷åçëà, à ïðîñòî ïåðåìåñòèëàñü â äðóãîå ïðàâîâîå ïîëå. Êðóïíåé-

øèé ìåæäóíàðîäíûé èí�îðìàöèîííûé ïîðòàë áèðæåâîãî ðûíêà Investing.
om

ïðåäîñòàâëÿåò èí�îðìàöèþ î åæåäíåâíîé öåíå àêöèé ÌÌÌ âïëîòü äî 2021 ã. [2℄.

Â íà÷àëå 2014 ã. áûëà çàïóùåíà ñîöèàëüíî-�èíàíñîâàÿ ñåòü MMM Global
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Republi
 of Bit
oin ñ äîõîäíîñòüþ 100% â ìåñÿö. Îêàçàíèå ïîìîùè ïðîèçâîäè-

ëèñü èñêëþ÷èòåëüíî ÷åðåç ñèñòåìó Áèòêîéí. 8 àïðåëÿ 2016 ã. Ìàâðîäè îáúÿâèë

î çàêðûòèè äàííîãî ïðîåêòà, íî îñòàëèñü íàöèîíàëüíûå ïðîåêòû (íàïðèìåð,

ÌÌÌ Þæíàÿ À�ðèêà, MMM China, MMM JAPAN, MMM Global USA) ñ äî-

õîäíîñòüþ 30% â ìåñÿö. Â äåêàáðå 2016 ã. â Íèãåðèè ñàéò ÌÌÌ çàíÿë 5-å ìåñòî

ïî ïîïóëÿðíîñòè. Â äåêàáðå 2017 ã. Ñåðãåé Ìàâðîäè îáúÿâèë î çàïóñêå ñîáñòâåí-

íîé êðèïòîâàëþòû Mavro [3℄. Ïðè ðàññìîòðåíèè äèíàìèêè öåíû àêöèé ïèðàìè-

äû âèäíî, ÷òî öåíà ðàñòåò, ïðè÷åì íåëèíåéíî. Äàííûå öåíû áûëè âçÿòû ñ ñàéòà

áèðæåâîãî ðûíêà Investing.
om [2℄. Âðåìåííîé ðÿä çàâèñèìîñòè öåíû îò âðåìå-

íè áûë ïîñòðîåí ïî 376 åæåìåñÿ÷íûì äàííûì, íà÷èíàÿ ñ ÿíâàðÿ 1990 ã. è çàêàí-

÷èâàÿ ìàðòîì 2021 ã. Ïðè ïîìîùè ìåòîäà íàèìåíüøèõ êâàäðàòîâ áûëè íàéäåíû

êîý��èöèåíòû ýòîé ïàðàáîëû. À èìåííî: Y = 25,1699+0,0028X +0, 001243X2
.

Â ýòîé �óíêöèè íåçàâèñèìîé ïåðåìåííîé X âûñòóïàåò íîìåð ïåðèîäà (ìåñÿöà),

à çàâèñèìîé ïåðåìåííîé Y � öåíà àêöèè ÌÌÌ.

Ïîñëå íàõîæäåíèÿ ïàðàìåòðîâ ðåãðåññèè ïðîâîäèëñÿ êîððåëÿöèîííûé àíà-

ëèç, êîòîðûé ïîêàçàë ñòàòèñòè÷åñêóþ çíà÷èìîñòü ïîñòðîåííîãî óðàâíåíèÿ.

À èìåííî, êîý��èöèåíò êîððåëÿöèè ñîñòàâèë 0,9417, ÷òî ñâèäåòåëüñòâóåò î òåñ-
íîé çàâèñèìîñòè ìåæäó X è Y , êîý��èöèåíò äåòåðìèíàöèè ñîñòàâèë 0,8868.
Òàêæå âûñîêîå êà÷åñòâî óðàâíåíèÿ ðåãðåññèè ïîêàçàë êîý��èöèåíò Ôèøåðà:

1461,163 ïðîòèâ òàáëè÷íîãî çíà÷åíèÿ 3,03 ïðè óðîâíå çíà÷èìîñòè 0,05.
Â ñâÿçè ñ ïðåäûäóùèì èññëåäîâàíèåì âîçíèê èíòåðåñ èññëåäîâàòü ïîâåäå-

íèå öåíû áèòêîéíà. Ïðè ðàññìîòðåíèè äèíàìèêè öåíû êðèïòîâàëþòû ìîæíî

óâèäåòü, ÷òî öåíà ðàñòåò, ïðè÷åì íåëèíåéíî. Äàííûå öåíû áûëè âçÿòû ñ ñàéòà

áèðæåâîãî ðûíêà Investing.
om [4℄. Âðåìåííîé ðÿä áûë ïîñòðîåí ïî 13 äàííûì

(ïî ãîäàì) íà÷èíàÿ ñ 2009 ã. è çàêàí÷èâàÿ 2020 ã. íà êîíåö ïåðèîäà. �àñ÷åòû

ìåòîäîì íàèìåíüøèõ êâàäðàòîâ äëÿ ïàðàáîëû ïîçâîëèëè íàéòè â ÿâíîì âèäå

êîý��èöèåíòû ýòîé �óíêöèè. À èìåííî: Y = 466,29 − 519,648X + 89,558X2
.

Â íåé â êà÷åñòâå íåçàâèñèìîé ïåðåìåííîé âûñòóïàåò íîìåð ïåðèîäà, à â êà÷å-

ñòâå çàâèñèìîé ïåðåìåííîé Y � öåíà áèòêîéíà. Êîððåëÿöèîííûé àíàëèç ïîêà-

çàë ñòàòèñòè÷åñêóþ çíà÷èìîñòü ïîñòðîåííîé íåëèíåéíîé ðåãðåññèè, ïîñêîëüêó

èíäåêñ êîððåëÿöèè ðàâåí 0,93, äåòåðìèíàöèè � 0,87, êðèòåðèé Ôèøåðà � 33,5
ïðè òàáëè÷íîì çíà÷åíèè 4,1 è óðîâíå çíà÷èìîñòè 0,05.

Ëèòåðàòóðà

1. Ôåäåðàëüíàÿ ñëóæáà ãîñóäàðñòâåííîé ñòàòèñòèêè. Îòíîøåíèå îáúåìà èíâåñòèöèé â

îñíîâíîé êàïèòàë ê âàëîâîìó ðåãèîíàëüíîìó ïðîäóêòó. Ý��åêòèâíîñòü ýêîíîìèêè

�îññèè.�URL: https://showdata.gks.ru/report/279951 (äàòà îáðàùåíèÿ: 14.03.2021).

2. Àêöèè ÌÌÌ.�URL: https://ru.investing.
om/equities/3m-
o-histori
al-data (äàòà îáðàùå-

íèÿ: 10.05.2021).

3. ÌÌÌ.�URL: https://ru.wikipedia.org/wiki/ÌÌÌ (äàòà îáðàùåíèÿ: 14.05.2021).

4. Êðèïòîâàëþòû. Áèòêîéí.�URL: https://ru.investing.
om/
rypto/bit
oin (äàòà îáðàùå-

íèÿ: 14.05.2021).
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Î ÑÎÑÒÎßÒÅËÜÍÎÑÒÈ ÎÖÅÍÎÊ

ÍÅÏÀ�ÀÌÅÒ�È×ÅÑÊÎÉ �Å��ÅÑÑÈÈ

Â. Â. Íîâèêîâ

(�îññèÿ, Ñàðàòîâ; Ñ�Ó)

Ïóñòü

{
P

(α,β)
n (x)

}∞
n=0

� ìíîãî÷ëåíû ßêîáè, îðòîíîðìèðîâàííûå íà îòðåçêå

[−1, 1] ñ âåñîì w(x) = (1−x)α(1+x)β , α, β > −1, p := min{α;β}, q := max{α;β},
è −1 < xn,n < · · · < x1,n < 1 � íóëè ìíîãî÷ëåíà P

(α,β)
n (x), ïðîíóìåðîâàííûå â

ïîðÿäêå óáûâàíèÿ. Ïóñòü, äàëåå,

{
l
(α,β)
j,n (x)

}n
j=1

� �óíäàìåíòàëüíûå ìíîãî÷ëåíû

èíòåðïîëÿöèè Ëàãðàíæà ñòåïåíè n− 1 ñ óçëàìè {xi,n}ni=1 è

λ
(n)
j =

1∫

−1

w(x)l
(α,β)
j,n (t) dt, j = 1, . . . , n,

� êîý��èöèåíòû Êîòåñà � Êðèñòî��åëÿ. �àññìîòðèì íåïàðàìåòðè÷åñóþ ðå-

ãðåññèîííóþ ìîäåëü

Yi = m(Xi) + εi, i = 1, . . . , n,

ãäå m(x) = E(Y |X = x) � íåèçâåñòíàÿ �óíêöèÿ ðåãðåññèè, ïîäëåæàùàÿ îöåíè-

âàíèþ íà îñíîâå ýìïèðè÷åñêèõ äàííûõ {(Xi, Yi)}ni=1, {εi}ni=1 � ñëó÷àéíûå îøèá-

êè. Áóäåì ñ÷èòàòü, ÷òî âåëè÷èíà X íåñëó÷àéíà, ïðè÷åì Xi = xi,n, i = 1, . . . , n,
è âîçüìåì â êà÷åñòâå îöåíêè m̂N (x) �óíêöèè ðåãðåññèè m(x) âûðàæåíèå

m̂N (x) = I
(α,β)
n,N (f, x) :=

N∑

k=0

c
(n)
k P

(α,β)
k (x), (1)

ãäå N = N(n) 6 n, à êîý��èöèåíòû îïðåäåëÿþòñÿ �îðìóëîé

c
(n)
k =

n∑

j=1

Yjλ
(n)
j P

(α,β)
k (xj,n).

Õîðîøî èçâåñòíî, ÷òî ïðè N = n âûðàæåíèå (1) ïðåäñòàâëÿåò ñîáîé ìíîãî-

÷ëåí Ëàãðàíæà, èíòåðïîëèðóþùèé äàííûå {Yi}ni=1 â óçëàõ {xi,n}ni=1. Ïîýòîìó

÷èñëà c
(n)
k ÿâëÿþòñÿ ñîîòâåòñòâóþùèìè êîý��èöèåíòàìè Ôóðüå � Ëàãðàíæà ñ

óçëàìè â íóëÿõ îðòîãîíàëüíîãî ìíîãî÷ëåíà ßêîáè. Ñ äðóãîé ñòîðîíû, íåòðóäíî

çàìåòèòü, ÷òî c
(n)
k ïðåäñòàâëÿþò ñîáîé ïðèáëèæåííûå êîý��èöèåíòû Ôóðüå �

ßêîáè, âû÷èñëåííûå ïî êâàäðàòóðíîé �îðìóëå �àóññà, â ñèëó ÷åãî âûðàæå-

íèÿ (1) â íåêîòîðûõ ðàáîòàõ íàçûâàþò äèñêðåòíûìè ñóììàìè Ôóðüå � ßêîáè.

Ïî ñâîåé êîíñòðóêöèè âûðàæåíèÿ (1) îòíîñÿòñÿ ê îöåíêàì îðòîãîíàëüíûõ ðàç-

ëîæåíèé, ñòàòèñòè÷åñêèå ñâîéñòâà êîòîðûõ (äëÿ äðóãèõ îðòîãîíàëüíûõ ñèñòåì)
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èçó÷àëèñü âî ìíîãèõ ðàáîòàõ (ñì., íàïðèìåð, [1, 2℄ è ïðèâåäåííóþ òàì ëèòåðà-

òóðó).

Â íàñòîÿùåì ñîîáùåíèè àíîíñèðóåòñÿ ðåçóëüòàò, êîòîðûé ïðåäñòàâëÿåò ñî-

áîé îãðàíè÷åíèÿ íà ïîðÿäîê ðîñòà ÷èñåëN(n) è ïîêàçàòåëè α, β, ãàðàíòèðóþùèå
ñîñòîÿòåëüíîñòü îöåíêè m̂N (x).

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ:

i) Eεi = 0, E(εiεj) = 0, i 6= j, è Eε2i < C, i = 1, . . . , n, ãäå C � íåêîòîðàÿ

ïîñòîÿííàÿ;

ii) �óíêöèÿm(x) íåïðåðûâíà íà îòðåçêå [−1, 1] è èìååò íà íåì îãðàíè÷åííóþ

âàðèàöèþ;

(iii) p > −1/2;
(iv) (N(n))2q+3 = o(n), n→ ∞.

Òîãäà ïðè N(n) → ∞ äëÿ îöåíêè (1) è äëÿ ëþáîãî îòðåçêà [a, b] ⊂ (−1, 1) èìååì

m̂N (x)
p−→ m(x), x ∈ [a, b].

Ëèòåðàòóðà

1. Õàðäëå Â. Ïðèêëàäíàÿ íåïàðàìåòðè÷åñêàÿ ðåãðåññèÿ.�M.: Ìèð, 1993.�349 ñ.

2. Grebli
ki W., Pawlak M. Nonparametri
 System Identi�
ation.�Cambridge: Cambridge

Univ. Press, 2008.�313 p.
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ÀË�Î�ÈÒÌ ×ÈÑËÅÍÍÎÉ ÎÏÒÈÌÈÇÀÖÈÈ,

ÎÑÍÎÂÀÍÍÛÉ ÍÀ ÌÅÒÎÄÅ �Îß ×ÀÑÒÈÖ

À. Ô. Îñüêèí (Áåëàðóñü, Ïîëîöê; Ï�Ó),

Ä. À. Îñüêèí (Áåëàðóñü, Ìèíñê; Á�ÝÓ)

Ìåòîä ðîÿ ÷àñòèö � îäèí èç ìåòîäîâ äèñêðåòíîé îïòèìèçàöèè, èñïîëüçóþ-

ùèé òåõíîëîãèè èñêóññòâåííîãî èíòåëëåêòà. Ìåòîä áûë ðàçðàáîòàí â ñåðåäèíå

90-õ ãîäîâ. Çíà÷èòåëüíûé âêëàä â åãî ñîçäàíèè è ðàçâèòèå âíåñëè Äæ. Êåííåäè,

�. Ýáåðõàðä [1℄ è Þ. Øè [2℄. Êíèãà Äæ. Êåííåäè è �. Ýáåðõàðäà [1℄ îïèñûâà-

åò ìíîãèå �èëîñî�ñêèå àñïåêòû ìåòîäà ðîÿ ÷àñòèö, à òàêæå òàê íàçûâàåìîãî

ðîåâîãî èíòåëëåêòà.

Ïåðâîíà÷àëüíî ìåòîä ïðåäíàçíà÷àëñÿ äëÿ èìèòàöèè ñîöèàëüíîãî ïîâåäåíèÿ.

Çàòåì áûëî çàìå÷åíî, ÷òî åãî ìîæíî ý��åêòèâíî èñïîëüçîâàòü â êà÷åñòâå èí-

ñòðóìåíòà îïòèìèçàöèè. Îäíèì èç âàæíûõ äîñòîèíñòâ ìåòîäà ÿâëÿåòñÿ òî, ÷òî

îí íå òðåáóåò çíàíèÿ òî÷íîãî ãðàäèåíòà îïòèìèçèðóåìîé �óíêöèè. Ýòî îáóñëî-

âèëî åãî øèðîêîå ïðèìåíåíèå äëÿ ðåøåíèÿ îïòèìèçàöèîííûõ çàäà÷.

Ñóùíîñòü ìåòîäà ñâîäèòñÿ ê íàõîæäåíèþ ýêñòðåìóìà öåëåâîé �óíêöèè ñ

ïîìîùüþ ðîÿ ÷àñòèö, äëÿ êàæäîé èç êîòîðûõ çàäàíû êîîðäèíàòû è ñêîðîñòü

ïåðåìåùåíèÿ â ïðîñòðàíñòâå ðåøåíèé. Íà êàæäîé èòåðàöèè ðàññ÷èòûâàåòñÿ ñêî-

ðîñòü ïåðåìåùåíèÿ i-é ÷àñòèöû, êîòîðàÿ çàâèñèò êàê îò åå òåêóùèé ñêîðîñòè,

òàê è îò ïîëîæåíèÿ è ñêîðîñòè ÷àñòèöû, íàèáîëåå áëèçêîé ê ýêñòðåìóìó, è îò

ïðåäûäóùåé ñêîðîñòè ðàññìàòðèâàåìîé ÷àñòèöû. Ò. å. êàæäàÿ ÷àñòèöà ¾çíà-

åò¿ î ¾ëó÷øåé¿ ÷àñòèöå â ðîå è ñòðåìèòñÿ ê íåé ïðèáëèçèòüñÿ. Ýòî ïîçâîëÿåò

ïîñòðîèòü èòåðàöèîííûé ïðîöåññ, êîòîðûé ñõîäèòñÿ ê ãëîáàëüíîìó ýêñòðåìóìó.

Èçâåñòíû ìíîãî÷èñëåííûå ìîäè�èêàöèè ìåòîäà ðîÿ ÷àñòèö. ×àùå âñåãî

óëó÷øåíèå õàðàêòåðèñòèê àëãîðèòìà äîñòèãàåòñÿ ïóòåì îïòèìèçàöèè óïðàâëÿ-

þùèõ ïàðàìåòðîâ. Ìû ïðåäëàãàåì äðóãîé ïîäõîä, îñíîâàííûé íà èäåå, èçëîæåí-

íîé â ñòàòüå [3℄. Ýòîò ïîäõîä ñâîäèòñÿ ê ðàçáèåíèþ èñõîäíîãî ðîÿ íà íåñêîëüêî

ïîäðîåâ è íàõîæäåíèþ ðåøåíèÿ äëÿ êàæäîãî èç ïîäðîåâ. Äàëåå ìû îòáèðàåì èç

êàæäîãî ïîäðîÿ ¾ëó÷øèå¿ ÷àñòèöû è îáúåäèíÿåì èõ â íîâûå ïîäðîè. Íà ñëåäó-

þùåé èòåðàöèè ïðîöåññ ïîèñêà ðåøåíèÿ äëÿ ýòèõ âíîâü îáðàçîâàííûõ ïîäðîåâ

ïîâòîðÿåòñÿ. �àáîòà àëãîðèòìà çàâåðøàåòñÿ ïîñëå âûïîëíåíèÿ çàäàííîãî ÷èñëà

èòåðàöèé.

Òàêèì îáðàçîì, àëãîðèòì ìîäè�èöèðîâàííîãî ìåòîäà ðîÿ ÷àñòèö áóäåò ñî-

ñòîÿòü èç ñëåäóþùèõ øàãîâ.

Øàã 1 (Èíèöèàëèçàöèÿ). �åíåðàöèÿ ðîÿ èç N ÷àñòèö, ñëó÷àéíûì îáðàçîì

ðàçáðîñàííûõ â îáëàñòè ïîèñêà.

Øàã 2. �àçáèåíèå ðîÿ íà M ïîäðîåâ.

Øàã 3. Äëÿ êàæäîãî ïîäðîÿ ïîèñê ðåøåíèÿ ñ èñïîëüçîâàíèåì êëàññè÷åñêîãî

àëãîðèòìà ìåòîäà ðîÿ ÷àñòèö.
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Øàã 4. Åñëè âûïîëíÿåòñÿ êðèòåðèé îñòàíîâà, òî ïåðåõîä ê øàãó 6, èíà÷å �

ïåðåõîä ê øàãó 4.

Øàã 4. Îòáîð èç êàæäîãî ïîäðîÿ ¾ëó÷øèõ¿ ÷àñòèö.

Øàã 5. Îáúåäèíåíèå îòîáðàííûõ ÷àñòèö â íîâûå ïîäðîè è ïåðåõîä ê øàãó 3.

Øàã 6. Âûâîä ïîëîæåíèÿ ¾ëó÷øåé¿ ÷àñòèöû â êà÷åñòâå ðåçóëüòàòà ðåøåíèÿ

îïòèìèçàöèîííîé çàäà÷è.

Øàã 7. Êîíåö.

Äëÿ òåñòèðîâàíèÿ ðàçðàáîòàííîãî àëãîðèòìà èñïîëüçîâàëèñü òðè òðåõìåð-

íûå �óíêöèè, îáû÷íî èñïîëüçóåìûå â ïîäîáíûõ ñëó÷àÿõ. Ýòî �óíêöèÿ ñ�åðû,

�óíêöèÿ �àñòðèãèíà è �óíêöèÿ Øâå�åëÿ. �åçóëüòàòû ïðîâåäåííûõ èñïûòàíèé

ïîêàçàëè õîðîøóþ ñõîäèìîñòü è ïðèåìëåìóþ òî÷íîñòü ïðåäëîæåííîãî àëãîðèò-

ìà.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈ�ÎÂÀÍÈÅ Ï�ÎÖÅÑÑÎÂ �ÀÑÑÅßÍÈß

ÏÛËÈ ÄËß ÎÖÅÍÊÈ ÝÊÎËÎ�È×ÅÑÊÎÉ ÑÈÒÓÀÖÈÈ

Â �Î�ÍÛÕ ÓÙÅËÜßÕ �ÑÎ-ÀËÀÍÈß

Î. Ñ. Ïàíàýòîâà (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

Þ. Â. Òèì÷åíêî (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

À. À. �àäèîíîâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

Å. Ñ. Êàìåíåöêèé (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Â ãîðíûõ óùåëüÿõ �ÑÎ-Àëàíèÿ âåäåòñÿ ïðîìûøëåííàÿ è õîçÿéñòâåííàÿ äå-

ÿòåëüíîñòü, ýêñïëóàòèðóþòñÿ òðàíñïîðòíûå àðòåðèè, ðàñïîëàãàþòñÿ ñàíàòîðíî-

êóðîðòíûå ó÷ðåæäåíèÿ. Â õîäå õîçÿéñòâåííîãî îñâîåíèÿ ãîðíûõ óùåëèé ïîÿâ-

ëÿþòñÿ èñòî÷íèêè çàãðÿçíÿþùèõ âåùåñòâ (ÇÂ) â âèäå îòâàëîâ ïîðîäû, àýðî-

çîëåé, ïûëè. Îïðåäåëåíèå òåêóùåãî è äîëãîâðåìåííîãî âëèÿíèÿ ÇÂ, ñîñòîÿíèÿ

êëèìàòè÷åñêèõ çîí è ïðîãíîçèðîâàíèå èçìåíåíèé ÿâëÿåòñÿ àêòóàëüíîé íàó÷íîé

çàäà÷åé.

Â ðàáîòå èñïîëüçóþòñÿ ìåòîäû òðåõìåðíîãî ìàòåìàòè÷åñêîãî ìîäåëèðîâà-

íèÿ àòìîñ�åðíûõ òå÷åíèé íàä ðàéîíàìè Óíàëüñêîãî è Ôèàãäîíñêîãî õâîñòî-

õðàíèëèù ñ ó÷åòîì òîïîãðà�èè ïîâåðõíîñòè. �åîäàííûå äèñòàíöèîííîãî çîí-

äèðîâàíèÿ Çåìëè êîñìè÷åñêîé ïðîãðàììû Spa
e Shuttle íàõîäÿòñÿ â îòêðûòîì

äîñòóïå. �åîäàííûå ïîëó÷åíû ñ èí�îðìàöèîííîãî ñåðâèñà â âèäå ãðà�è÷åñêîãî

�àéëà, êîòîðûé äåêîäèðîâàëñÿ è ïðåîáðàçîâûâàëñÿ â �îðìàò ñòåðåîëèòîãðà�èè

ñ èñïîëüçîâàíèåì ïðîãðàììíîãî îáåñïå÷åíèÿ heightmap2stl, Meshmixer. Ïîñòðî-

åíèå ñåòêè è ïðèñîåäèíåíèå ê âû÷èñëèòåëüíîé ìîäåëè âûïîëíåíî ñ èñïîëüçî-

âàíèåì èíñòðóìåíòîâ blo
kMesh è snappyHexMesh èç êîìïëåêñà ïðîãðàììíûõ

ñðåäñòâ OpenFOAM. Ñ ïîìîùüþ âû÷èñëèòåëüíîãî ïàêåòà OpenFOAM ïðîâîäè-

ëèñü ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

Äëÿ îöåíêè âðåäíîãî âîçäåéñòâèÿ õâîñòîõðàíèëèùà íà ýêîëîãèþ, íåîáõîäè-

ìî çíàòü ðàñïðåäåëåíèå ïûëåâîãî àýðîçîëÿ íà ñêëîíàõ ãîðíîãî óùåëüÿ ïî âñåé

åãî ïðîòÿæåííîñòè. Ñîçäàíèå ïîäðîáíîé ìàòåìàòè÷åñêîé ìîäåëè, òî÷íî ó÷èòû-

âàþùåé áîëüøîå ðàçíîîáðàçèå àòìîñ�åðíûõ óñëîâèé (íàïðàâëåíèå è ñèëà âåò-

ðà, òåìïåðàòóðà, âëàæíîñòü, îáëà÷íûé ïîêðîâ) â ãîðíîé àòìîñ�åðå � çàäà÷à

âåñüìà òðóäîåìêàÿ è òðåáóþùàÿ ìíîæåñòâà âõîäíûõ äàííûõ.

Äëÿ ëåòíèõ óñëîâèé, êîãäà è ïðîèñõîäèò îñíîâíîé âûíîñ ïûëè àòìîñ�åðíû-

ìè ïîòîêàìè, ìîæíî èñïîëüçîâàòü óïðîùåííóþ ìîäåëü. Â óïðîùåííóþ ìîäåëü

âêëþ÷àëèñü ìàòåìàòè÷åñêèå óðàâíåíèÿ àýðîäèíàìèêè, RAS-ìîäåëèðîâàíèå òóð-

áóëåíòíîñòè, óðàâíåíèÿ ïåðåíîñà ïûëè, ðåãèîíàëüíûå òîïîãðà�è÷åñêèå îñîáåí-

íîñòè è õàðàêòåðíûå ðîçû âåòðîâ, ïîëó÷åííûå èç äàííûõ ñïóòíèêîâûõ ãðóï-

ïèðîâîê NASA ÈÑÇ GOES, METEOSAT, EOS Terra/Aqua -AVHRR/MODIS.

Òåìïåðàòóðíûå íåîäíîðîäíîñòè, âîçíèêàþùèå ïðè íåðàâíîìåðíîì ñîëíå÷íîì

íàãðåâå ñêëîíîâ óùåëüÿ, íå ó÷èòûâàëèñü.

Ïðîãíîç ïðèáëèçèòåëüíîãî çíà÷åíèÿ êîíöåíòðàöèè ÇÂ â êàæäîé òî÷êå ñêëî-

íîâ óùåëüÿ �îðìèðóåòñÿ ïîñëå ñåðèè ðàñ÷åòîâ, êàæäûé èç êîòîðûõ ïðîâåäåí
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äëÿ îäíîãî èç øåñòíàäöàòè íàïðàâëåíèé âíåøíåãî (çàäàííîãî íà âåðõíåé ãðàíè-

öå ðàñ÷åòíîé îáëàñòè) âåòðà. Â êàæäîì èç òàêèõ ðàñ÷åòîâ âû÷èñëÿëîñü äâà ïîëÿ

êîíöåíòðàöèè ïûëåâîãî àýðîçîëÿ îò äâóõ èñòî÷íèêîâ, ðàñïîëîæåííûõ âáëèçè

Óíàëüñêîãî è Ôèàãäîíñêîãî õâîñòîõðàíèëèù. �åçóëüòàòû ðàñ÷åòîâ ÇÂ ïî âñåì

16-òè âû÷èñëèòåëüíûì ýêñïåðèìåíòàì ñêëàäûâàëèñü ïî ðàñ÷åòíûì íàïðàâëåíè-

ÿì âåòðà ñ âåñàìè, ïîëó÷åííûìè èç èìåþùåéñÿ ðîçû âåòðîâ. Ïîëó÷åííîå îñðåä-

íåííîå ïîëå êîíöåíòðàöèè ÇÂ äàëåå íîðìèðóåòñÿ íà íàáëþäàåìûå â ïîëåâûõ

óñëîâèÿõ çíà÷åíèÿ ÇÂ.

Ñðàâíåíèå ðàñ÷åòíûõ è íàáëþäàþùèõñÿ [1℄ â ïîëåâûõ èçìåðåíèÿõ çíà÷åíèé

ÇÂ ïðåäñòàâëåíî â ðàáîòå [2℄. Èìååòñÿ óäîâëåòâîðèòåëüíîå ñîâïàäåíèå òåîðåòè-

÷åñêèõ è ýêñïåðèìåíòàëüíûõ çíà÷åíèé ðàñïðåäåëåíèÿ ÇÂ ïî ñêëîíàì ãîðíîãî

óùåëüÿ. Ýòî ñâèäåòåëüñòâóåò î ïðèìåíèìîñòè óïðîùåííîé àýðîäèíàìè÷åñêîé

ìîäåëè äëÿ àíàëèçà ðàñïðåäåëåíèÿ ÇÂ, âîçíèêàþùåãî â ãîðíûõ óùåëüÿõ âñëåä-

ñòâèå äëèòåëüíîãî ìíîãîëåòíåãî âëèÿíèÿ õâîñòîõðàíèëèù íà ýêîëîãèþ ðåãèîíà.
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ÌÎÄÅËÈ�ÎÂÀÍÈÅ ÏÅ�ÅÕÎÄÍÛÕ ÎÑÖÈËËßÖÈÎÍÍÛÕ �ÅÆÈÌÎÂ

ÏÎÏÓËßÖÈÉ Ñ À��Å�È�ÎÂÀÍÍÛÌ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

À. Þ. Ïåðåâàðþõà

(�îññèÿ, Ñàíêò-Ïåòåðáóðã; ÑÏá ÔÈÖ �ÀÍ)

Àêòèâíûé èíâàçèîííûé ïðîöåññ ðàñïðîñòðàíåíèÿ ÷óæåðîäíûõ áèîëîãè÷å-

ñêèõ âèäîâ â íîâîé äëÿ íèõ áèîòè÷åñêîé ñðåäå ñîïðîâîæäàþò ÷ðåçâû÷àéíî ñòðå-

ìèòåëüíûå èçìåíåíèÿ ÷èñëåííîñòè. Ôîðìû òàêèõ ýêñòðåìàëüíûõ ïåðåõîäíûõ

ïîïóëÿöèîííûõ ïðîöåññîâ ðàçíîîáðàçíû è ñëîæíû äëÿ îïèñàíèÿ îáûêíîâåííû-

ìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè [1℄. Âèäû ïðè ïîïàäàíèè â ðàçíûå ýêî-

ñèñòåìû äåìîíñòðèðóþò íåñõîæèå ðåæèìû äèíàìèêè [2℄. Èíâàçèîííûå ÿâëåíèÿ

íåëüçÿ îïèñàòü îáîáùåííîé ïîïóëÿöèîííîé ìîäåëüþ. Êëàññè�èêàöèÿ �îðì äè-

íàìèêè ïîïóëÿöèé âèäîâ-âñåëåíöåâ ÿâëÿåòñÿ îòäåëüíîé ïðîáëåìîé. Ìîæíî âû-

äåëèòü íåñêîëüêî òèïîâ ïîïóëÿöèîííîãî ïðîöåññà ñ ïåðåõîäîì ê �àçå âçðûâîîá-

ðàçíîãî ðàçìíîæåíèÿ. Âñïûøêà ìîæåò áûòü åäèíè÷íîé ïîðîãîâîé Λ-îáðàçíîé,
ñåðèåé ïèëîîáðàçíûõ íåñâÿçíûõ ïèêîâ èëè íåãàðìîíè÷åñêèõ �ëóêòóàöèé, êàê

ó áàáî÷êè Mala
osoma disstria â ïðîâèíöèè Íüþ-Áðàóíñâèê, ãäå âîçíèê ðåæèì

ýêñòðåìàëüíûõ êîëåáàíèé ÷èñëåííîñòè àãðåññèâíîãî âèäà. �åïðîäóêòèâíàÿ àê-

òèâíîñòü âñåëåíöà ïåðåñòàåò ý��åêòèâíî êîíòðîëèðîâàòüñÿ ñðåäîé. Ïðîòèâî-

äåéñòâèå ñòàíîâèòñÿ ìèíèìàëüíûì, è åñëè ðåïðîäóêòèâíûé ïîòåíöèàë âûñîê,

çàïóñêàåòñÿ ðàçðóøèòåëüíàÿ âñïûøêà. Ó âñåõ ñîîáùåñòâ åñòü íåêîòîðûé ïðåäåë

âûäåðæèâàåìîãî äàâëåíèÿ. Ìîäåëèðîâàíèå ÿâëåíèé ïðåäóñìàòðèâàåò âàðèàíòû

çàâåðøåíèÿ äëÿ ýêñòðåìàëüíûõ ñöåíàðèåâ.

Öåëü íàøåé ðàáîòû � ìîäåëèðîâàíèå êîëåáàíèé âèäà-âñåëåíöà êàê ýêñòðå-

ìàëüíîãî ïåðåõîäíîãî ðåæèìà, ÷òî îñîáåííî ÷àñòî íàáëþäàåòñÿ ó áàáî÷åê-âðåäè-

òåëåé. Êîëåáàíèÿ ÷èñëåííîñòè ìíîãèõ âèäîâ íå çàâèñÿò îò äèíàìèêè èõ êîíêó-

ðåíòîâ [1℄. Àâòîêîëåáàòåëüíûå ðåæèìû íàáëþäàëèñü y ëàáîðàòîðíûõ ïîïóëÿöèé

è ðûá, è íàñåêîìûõ, ÷òî îòâå÷àåò ñâîéñòâàì öèêëè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ

ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì t− τ Õàò÷èíñîíà:

dN

dt
= rN(t)

(
1− N(t− τ)

K

)
. (1)

Ââåäåííîå â (1) çàïàçäûâàíèå τ ñëóæèò ìåðîé ñêîðîñòè ñàìîðåãóëÿöèè � èñ-

ïîëüçîâàíèÿ è âîññòàíîâëåíèÿ ðåñóðñîâ [2℄, íî íå ñâÿçàíî ñ âðåìåíåì æèçíè

ïîêîëåíèé. Ïðè ìàëûõ çíà÷åíèÿõ çàïàçäûâàíèÿ τ äèíàìèêà ìîäåëè îïèøåò çà-
òóõàþùèå êîëåáàíèÿ N(t) → K. Äëÿ (1) òèïè÷íà áè�óðêàöèÿ Àíäðîíîâà �

Õîï�à ñ ïîÿâëåíèåì óñòîé÷èâîãî ïðåäåëüíîãî öèêëà N∗(t, r). Íàðóøåíèå óñòîé-
÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ çàâèñèò îò âåëè÷èíû rτ . Äàëüíåéøåå óâåëè÷å-
íèå rτ > π/2 âûçûâàåò ïåðåõîä â ðåæèì ðåëàêñàöèîííûõ êîëåáàíèé. Âîçðàñ-

òàíèå àìïëèòóäû êîëåáàíèé íåãàðìîíè÷åñêîé �îðìû ïðè óâåëè÷åíèè ïðîìå-

æóòêà ìåæäó ìàêñèìóìàìè è ñòðåìÿùèåñÿ ê íóëþ ìèíèìóìû ïðèâîäÿò òàêîé
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öèêë N∗(t, r) çà ãðàíü îáîñíîâàíèÿ â ðåàëüíûõ ýêîëîãè÷åñêèõ ñèòóàöèÿõ. Äëÿ

ìîäåëèðîâàíèå êîëåáàòåëüíîé àêòèâíîñòè ïîïóëÿöèè ïðè ïðèáëèæåíèè ðåïðî-

äóêòèâíîãî r-ïîòåíöèàëà ê êðèòè÷åñêèì çíà÷åíèÿì è áåç K-ïðåäåëà íàñûùåíèÿ

êàê ðàâíîâåñíîãî N(t) → K ñîñòîÿíèÿ ïðåäïîëîæèì ñóùåñòâîâàíèå ïðåäêðèòè-

÷åñêîãî ïîðîãîâîãî óðîâíÿ H < K. Äîñòèæåíèå çíà÷åíèÿ N(t) → K îçíà÷àåò

íåïîïðàâèìóþ äåãðàäàöèþ äëÿ ñðåäû îáèòàíèÿ. Ïåðåõîä ÷åðåç ìÿãêèé ïîðîã H
èìååò çíà÷åíèå äëÿ ìåõàíèçìîâ êîíòðîëÿ ñëîæíîé âíóòðèïîïóëÿöèîííîé ñòðóê-

òóðû, ÷òî ïîêàçàíî äëÿ ñåâðþãè Êàñïèéñêîãî ìîðÿ â [3℄. Òîãäà íà äèíàìèêó

ñèñòåìû îêàçûâàåò âëèÿíèå îòêëîíåíèå (H −N(t− τ)), ïðèòîì âåëè÷èíà îòêëî-

íåíèÿ ìîæåò áûòü êàê ïîëîæèòåëüíîé, òàê è îòðèöàòåëüíîé. Ìîäè�èöèðóåì (1)

â �îðìó ñ äâóìÿ çàïàçäûâàíèÿìè è äâóìÿ ïîðîãîâûìè çíà÷åíèÿìè:

dN

dt
= r1N

(
1− N(t− τ1)

K

)
(H −N(t− τ2)) , τ1 > τ2. (2)

Ïðè ìàëîì çíà÷åíèè çàïàçäûâàíèÿ âû÷èñëåíèÿ ïîêàæóò çàòóõàþùèå îñöèë-

ëÿöèè ñ N → H. Î÷åâèäíî ïðè óâåëè÷åíèè τ èëè r1 â óðàâíåíèè âîçíèêíåò

óñòîé÷èâûé öèêë è ñòàíåò ðåëàêñàöèîííûì ñ âîçðàñòàíèåì r1. Ïðè äàëüíåéøåì
óâåëè÷åíèè çíà÷åíèÿ r1τ ïðîèçîéäåò ðåçêîå èçìåíåíèå ïîâåäåíèÿ òðàåêòîðèè,

êîòîðàÿ ïåðåñòàíåò ïðèòÿãèâàòüñÿ ê çàìêíóòîìó ïîäìíîæåñòâó �àçîâîãî ïðî-

ñòðàíñòâà. Îñöèëëèðóþùàÿ òðàåêòîðèÿ ðåøåíèÿ âìåñòî óñòàíîâëåíèÿ öèêëà ñ

óâåëè÷èâàþùåéñÿ àìïëèòóäîé áóäåò ðåçêî âûáðîøåíà çà ïðåäåëû äîïóñòèìûõ

äëÿ çíà÷åíèé ïðè N(t−τ) > K. �åøåíèå (2) ïîñëå ïåðåõîäíîãî öèêëà ñòàíîâèòñÿ

íåîãðàíè÷åííûì. Â (2) ïîëó÷åí ñöåíàðèé, êîòîðûé â âû÷èñëèòåëüíîì ýêñïåðè-

ìåíòå òðàêòóåòñÿ êàê âàðèàíò ðàçðóøåíèå ñðåäû è ïîñëåäóþùàÿ äåãðàäàöèÿ

èçîëèðîâàííîé ýêîñèñòåìû ïîñëå ñåðèè öèêëè÷åñêèõ âñïûøåê. Èíâàçèÿ çàâåð-

øàåòñÿ íåäîïóñòèìûì çíà÷åíèåì ÷èñëåííîñòè è äåãðàäàöèåé è ñðåäû, è ñàìîé

ïîïóëÿöèè � ñöåíàðèé ðåàëèçîâàííûé íà îñòðîâå Ïàñõè.

Äàííàÿ ìîäåëü ïðåîäîëåâàåò íåäîñòàòêè öèêëîâ ñ minN∗(t; τr) → 0 äâóõ

ïîïóëÿöèîííûõ óðàâíåíèé � òåòà-ëîãèñòè÷åñêîé ìîäåëè ñ çàïàçäûâàíèåì:

dN

dt
= r2N

(
1− N(t− τ1)

K

)Θ

, Θ > 1

è óðàâíåíèÿ Íèêîëñîíà, îïèñûâàþùåãî íåðåãóëÿðíûå êîëåáàíèÿ íàñåêîìûõ:

dN

dt
= r3N(t− τ)e−bN(t−τ) − δN(t− λ), τ > λ.
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ÎÁ ÎÄÍÎÌ ÑÏÅÖÈÀËÜÍÎÌ ÌÅÒÎÄÅ ÌÎÄÅËÈ�ÎÂÀÍÈß �ÅØÅÍÈÉ

ÊÂÀÇÈËÈÍÅÉÍÛÕ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ

À. Â. Ïîäîðîãà (�îññèÿ, Ìîñêâà; Ì�Ó),

È. Â. Òèõîíîâ (�îññèÿ, Ìîñêâà; Ì�Ó)

Ïîñòàâèì çàäà÷ó Êîøè äëÿ êâàçèëèíåéíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ

∂u

∂t
+
∂f(u)

∂x
= 0, u = u(x, t), (1)

ñ íà÷àëüíûì óñëîâèåì

u(x, 0) = ϕ(x). (2)

Óðàâíåíèå (1) íàçûâàþò òàêæå êâàçèëèíåéíûì çàêîíîì ñîõðàíåíèÿ, à çàäàííîå

âûðàæåíèå f = f(u) � �óíêöèåé ïîòîêà. Íåñìîòðÿ íà âíåøíþþ ïðîñòîòó, ðà-

áîòà ñ çàäà÷åé Êîøè (1), (2) ÿâëÿåòñÿ âåñüìà íåòðèâèàëüíîé èç-çà âîçìîæíîé

ïîòåðè ãëàäêîñòè ðåøåíèÿ ñ ïîñëåäóþùèì ïîÿâëåíèåì ó íåãî ñèëüíûõ ðàçðûâîâ.

Ïîýòîìó åñòåñòâåííî èçó÷àòü ïîñòàâëåííóþ çàäà÷ó Êîøè íà êëàññå îáîáùåííûõ

(ðàçðûâíûõ) ðåøåíèé. Çäåñü íàäî ó÷èòûâàòü èçâåñòíîå óñëîâèå �þãîíèî, äåé-

ñòâóþùåå íà ðàçðûâàõ, è ýíòðîïèéíîå óñëîâèå Îëåéíèê, ïîçâîëÿþùåå îòáèðàòü

åäèíñòâåííîå ¾ïðàâèëüíîå¿ ðåøåíèå [1�4℄.

Âîçìîæíîå îòñóòñòâèå ãëàäêîñòè è íàëè÷èå ñèëüíûõ ðàçðûâîâ ïðèâîäÿò

ê ñåðüåçíûì òðóäíîñòÿì ïðè ÷èñëåííîì ìîäåëèðîâàíèè îáîáùåííûõ ðåøåíèé

çàäà÷è Êîøè (1), (2) (ñì. [5�7℄).

Îäíàêî, åñëè ðàññìàòðèâàòü ñïåöèàëüíûé êëàññ êóñî÷íî ëèíåéíûõ �óíê-

öèé ïîòîêà f(u), à íà÷àëüíîå óñëîâèå ϕ(x) áðàòü èç êëàññà êóñî÷íî ïîñòîÿí-

íûõ �óíêöèé, òî, â ñîîòâåòñòâèè ñ îáùåé òåîðèåé, åäèíñòâåííîå ¾ïðàâèëüíîå¿

ðåøåíèå u(x, t) ïðè êàæäîì �èêñèðîâàííîì t > 0 áóäåò îñòàâàòüñÿ êóñî÷íî

ïîñòîÿííûì. Òàêîå ðåøåíèå óäîáíî ïðåäñòàâëÿòü â âèäå íàáîðà åãî òî÷åê ðàç-

ðûâà, ó÷èòûâàÿ çíà÷åíèÿ u−, u+ íà ëåâûõ è ïðàâûõ ¾áåðåãàõ¿ ðàçðûâîâ ñî-

îòâåòñòâåííî. Ïîñëåäóþùàÿ ýâîëþöèÿ ðàçðûâîâ, ïðîõîäÿùàÿ ñ ó÷åòîì óñëîâèé

�þãîíèî è Îëåéíèê, ïîëíîñòüþ îïðåäåëÿåò ïîâåäåíèå ðåøåíèÿ [7�9℄. Èçëîæåí-

íûé ìåòîä äâèæåíèÿ ðàçðûâîâ äîïóñêàåò ÷èñëåííóþ ðåàëèçàöèþ ïîñðåäñòâîì

êîìïàêòíîé êîìïüþòåðíîé ïðîãðàììû è îáåñïå÷èâàåò ïîñòðîåíèå ïðàêòè÷åñêè

òî÷íîãî ðåøåíèÿ çàäà÷è Êîøè (1), (2) â êëàññå êóñî÷íî ïîñòîÿííûõ �óíêöèé.

Îòìåòèì, ÷òî ïðåäñòàâëåííûé ïîäõîä ìîæíî àäàïòèðîâàòü íà ñëó÷àé íåâû-

ïóêëûõ êóñî÷íî ëèíåéíûõ �óíêöèé ïîòîêà f(u) (ñì. [9℄). Áîëåå òîãî, èñïîëüçóÿ
ñîîáðàæåíèÿ àïïðîêñèìàöèè, óäàåòñÿ íàõîäèòü ïðèáëèæåííûå ðåøåíèÿ çàäà÷è

Êîøè (1), (2) äëÿ ïðîèçâîëüíûõ êóñî÷íî ãëàäêèõ �óíêöèé ïîòîêà f(u) è êóñî÷-
íî íåïðåðûâíûõ íà÷àëüíûõ óñëîâèé ϕ(x). Èìåþòñÿ ìíîãî÷èñëåííûå ïðèìåðû,

ïîêàçûâàþùèå âîçìîæíîñòè ìåòîäà â ðàçëè÷íûõ ñèòóàöèÿõ.
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Î ÑÓÙÅÑÒÂÎÂÀÍÈÈÈ ÎÄÍÎ�Î

RR-ÌÍÎ�Î��ÀÍÍÈÊÀ ÂÒÎ�Î�Î ÒÈÏÀ

Â. È. Ñóááîòèí

(�îññèÿ, Íîâî÷åðêàññê; Þ��ÏÓ (ÍÏÈ))

Îò óñëîâèé ñèììåòðèè, íàêëàäûâàåìûõ íà íåêîòîðûå ýëåìåíòû ìíîãîãðàí-

íèêà, çàâèñèò åãî ñòðîåíèå, (ñì., íàïðèìåð, [1℄).

Â äîêëàäå ïðîäîëæåíû èññëåäîâàíèÿ àâòîðà ìíîãîãðàííèêîâ ñ óñëîâèÿìè

ñèììåòðèè ([2, 3℄). Êîíå÷íî, ãðóïïà ñèììåòðèé, äåéñòâóþùàÿ íà ýëåìåíòàõ ìíî-

ãîãðàííèêà, äàëåêî íå âñåãäà îïðåäåëÿåò åãî ñòðîåíèå. Îêàçûâàåòñÿ, ÷òî â íåêî-

òîðûõ ñëó÷àÿõ âîçìîæíî ïîëíîå ïåðå÷èñëåíèå âñåõ òèïîâ ìíîãîãðàííèêîâ ñ çà-

äàííûìè óñëîâèÿìè ñèìììåòðèè; â ýòèõ ñëó÷àÿõ óäîáíî íàçûâàòü òàêèå óñëîâèÿ

æåñòêèìè.

Íàïðèìåð, æåñòêèìè ÿâëÿþòñÿ óñëîâèÿ ïðàâèëüíîãðàííîñòè â [4℄ è óñëîâèå

íàëè÷èÿ ðîìáè÷åñêèõ âåðøèí è ïðàâèëüíûõ ãðàíåé îäíîãî òèïà â [2℄. Íàïîì-

íèì, ÷òî â RR-ìíîãîãðàííèêå âòîðîãî òèïà ñóùåñòâóþò ðîìáè÷åñêèå âåðøèíû,
à îñòàëüíûå ãðàíè � ïðàâèëüíûå íå îáÿçàòåëüíî îäíîãî âèäà.

Â íàñòîÿùåé ðàáîòå äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ñóùåñòâóåò RR-ìíîãîãðàííèê ñ 25-þ ãðàíÿìè, îäíà èç êîòîðûõ

êâàäðàòíàÿ, à îñòàëüíûå ãðàíè � ïðàâèëüíûå òðåóãîëüíûå. Îñòðûé óãîë ðîìáà

åäèíñòâåííîé ðîìáè÷åñêîé âåðøèíû ≈ 69,700◦.
Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî, â ÷àñòíîñòè, íà âûâîäå óðàâíåíèÿ äëÿ

ïëîñêîãî óãëà α, ñòîðîíû êîòîðîãî ÿâëÿþòñÿ ñòîðîíàìè äâóõ ñìåæíûõ ðîìáîâ

ðîìáè÷åñêîé âåðøèíû:

cos2
α

2
= cos2 θ + sin2 θ cos

(
2sign

(
3π

5
− α

)
×

× arccos
1 + (1− cos θ)(2 sin α

2 − 1)

sin θ
√
3 + 4 sin α

2 − 4 sin2 α2

+ arccos
1 + 4 sin α

2 − 4 sin2 α2
3 + 4 sin α

2 − 4 sin2 α2

)
,

(1)

ãäå

cos θ =
1

4
+

3

4
cos

(
arccos

sin α
2 − 1√

3 cos α2
+ arccos

tan α
2√
3

)
.

Èç ýòîãî óðàâíåíèÿ íàõîäèì α ≈ 107,827◦. Äëÿ îñòðîãî óãëà ðîìáà ðîìáè÷å-
ñêîé âåðøèíû ïîëó÷àåì çíà÷åíèå ≈ 69,700◦.
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ÎÁ�ÀÁÎÒÊÀ ÄÀÍÍÛÕ ÑÏÓÒÍÈÊÎÂÛÕ ÍÀÁËÞÄÅÍÈÉ

ÀÒÌÎÑÔÅ�ÍÎÉ ÎÏÒÈ×ÅÑÊÎÉ ÏËÎÒÍÎÑÒÈ

ÍÀÄ �Î�ÍÛÌÈ ÒÅ��ÈÒÎ�ÈßÌÈ �ÑÎ-ÀËÀÍÈß

Þ. Â. Òèì÷åíêî (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

Î. Ñ. Ïàíàýòîâà (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

À. À. �àäèîíîâ (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ),

Å. Ñ. Êàìåíåöêèé (�îññèÿ, Âëàäèêàâêàç; ÞÌÈ ÂÍÖ �ÀÍ)

Àòìîñ�åðíûé àýðîçîëü, íàðÿäó ñ îáëà÷íîñòüþ, ñíåæíûì è ðàñòèòåëüíûì

ïîêðîâîì ÿâëÿåòñÿ îäíèì èç âàæíûõ ðåãóëÿòîðîâ ðàäèàöèîííîãî áàëàíñà ñè-

ñòåìû ¾àòìîñ�åðà�ïîäñòèëàþùàÿ ïîâåðõíîñòü¿, è õàðàêòåðèçóåòñÿ àýðîçîëü-

íîé îïòè÷åñêîé òîëùèíîé (ÀÎÒ). Ñïóòíèêîâîìó ìîíèòîðèíãó ñîñòîÿíèÿ àòìî-

ñ�åðû Çåìëè ïîñâÿùåíî ìíîæåñòâî ðàáîò, íàïðèìåð [1℄. Èññëåäîâàíèÿ â ýòîì

íàïðàâëåíèè âåäóòñÿ ïðè ïîìîùè ìíîæåñòâà èñêóññòâåííûõ ñïóòíèêîâ Çåìëè,

ñîçäàííûõ äëÿ èçìåðåíèÿ ìíîæåñòâà õàðàêòåðèñòèê àòìîñ�åðû. Ïîñëå îáðàáîò-

êè ðåçóëüòàòû èçìåðåíèé äîñòóïíû äëÿ àíàëèçà è äàëüíåéøåãî èñïîëüçîâàíèÿ.

Â íàñòîÿùåé ðàáîòå èñïîëüçîâàëèñü ñïóòíèêîâûå èçìåðåíèÿ ïðîñòðàíñòâåí-

íîãî è âðåìåííîãî ðàñïðåäåëåíèÿ îïòè÷åñêèõ õàðàêòåðèñòèê àòìîñ�åðû MODIS

êîñìè÷åñêèõ àïïàðàòîâ Terra/AQUA (NASA). Ýòè äàííûå äîñòóïíû äëÿ ñêà-

÷èâàíèÿ (https://neo.s
i.gsf
.nasa.gov) â âèäå åæåäíåâíûõ èçîáðàæåíèé

Level-2. Äëÿ ïîëó÷åíèÿ çíà÷åíèé ÀÎÒ â âûáðàííîé òî÷êå ìåñòíîñòè èñïîëüçî-

âàëñÿ ïðîãðàììíûé ïðîäóêò ImageJ2/Fiji (https://imagej.net/ImageJ2). Äëÿ

îáðàáîòêè çàãðóæàëñÿ âåñü ìàññèâ ïîëó÷åííûõ ñóòî÷íûõ èçîáðàæåíèé ðàñïðå-

äåëåíèÿ ÀÎÒ ïî ïîâåðõíîñòè Çåìëè çà ïåðèîä ñ 01.01.2000 ïî 31.12.2019 ãã., ïî

ãåîãðà�è÷åñêèì êîîðäèíàòàì òî÷êè îïðåäåëÿëñÿ èññëåäóåìûé ðàéîí è ñòðîèëñÿ

âðåìåííîé ðÿä åæåäíåâíûõ çíà÷åíèé ÀÎÒ.

Åæåäíåâíûå çíà÷åíèÿ òåìïåðàòóðû íà âûñîòå 2 ìåòðà è åæåäíåâ-

íûå çíà÷åíèÿ êîëè÷åñòâà îñàäêîâ â ïðîèçâîëüíîé ãåîãðà�è÷åñêîé

ëîêàöèè ïîëó÷åíû èç ðåçóëüòàòîâ èçìåðåíèÿ ìåòåîñïóòíèêà ÍÀÑÀ

(https://power.lar
.nasa.gov/data-a

ess-viewer) çà ïåðèîä ñ 01.01.2000 ïî

31.12.2019 ãã.

�àññìàòðèâàëîñü íåñêîëüêî ãåîãðà�è÷åñêèõ ëîêàöèé, ðàñïîëîæåííûõ â ðàâ-

íèííûõ (ã. Ìîçäîê, Áåñëàí), ïðåäãîðíûõ (ã. Âëàäèêàâêàç) è ãîðíûõ (ñ. Öåé,

Ôèàãäîí) ðàéîíàõ òåððèòîðèè �ÑÎ-Àëàíèÿ. Äëÿ êàæäîé ëîêàöèè ïîëó÷åííûå

íàáîðû äàííûõ ñîñòîÿëè èç âðåìåííûõ ðÿäîâ åæåäíåâíûõ çíà÷åíèé ÀÎÒ, òåì-

ïåðàòóðû íà âûñîòå 2 ìåòðà è êîëè÷åñòâà îñàäêîâ. Ïîëó÷åííûå âðåìåííûå ðÿäû

åæåãîäíûõ çíà÷åíèé êàæäîé èç õàðàêòåðèñòèê ñòàòèñòè÷åñêè îáðàáàòûâàëèñü

ñ èñïîëüçîâàíèåì áèáëèîòåê àëãîðèòìîâ Numpy (https://numpy.org).

Öåëüþ ðàáîòû ÿâëÿåòñÿ àíàëèç è âûÿñíåíèå èçìåí÷èâîñòè ÀÎÒ â ãîðíûõ,

ïðåäãîðíûõ è ðàâíèííûõ ðàéîíàõ ãëàâíîãî Êàâêàçñêîãî õðåáòà �åñïóáëèêè Ñå-

âåðíàÿ Îñåòèÿ�Àëàíèÿ íà îñíîâå äàííûõ ñïóòíèêîâûõ èçìåðåíèé, à òàêæå âû-

ÿâëåíèå ñòàòèñòè÷åñêîé âçàèìîñâÿçè ÀÎÒ ñ òåìïåðàòóðîé âîçäóõà íà âûñîòå 2ì

è êîëè÷åñòâîì îñàäêîâ.
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Â ðàáîòå ïîêàçàíû êîý��èöèåíòû êîððåëÿöèè ñðåäíèõ ÀÎÒ è òåìïåðàòóðû

âîçäóõà íà âûñîòå 2ì, ñðåäíèõ ÀÎÒ è êîëè÷åñòâà îñàäêîâ, à òàêæå íåîñðåä-

íåííûõ ýòèõ äàííûõ äëÿ ðàçëè÷íûõ ëîêàöèé [2℄. Ïðîñòðàíñòâåííî-âðåìåííûå

âàðèàöèè ÀÎÒ íàä èññëåäîâàííûìè ðåãèîíàìè îïðåäåëÿþòñÿ íå òîëüêî àòìî-

ñ�åðíûìè àýðîçîëÿìè (ïûëü, äûì, àíòðîïîãåííûé àýðîçîëü, ãàçî-ïåïëîâûå âû-

áðîñû âóëêàíîâ), íî òàêæå ìîãóò áûòü ñâÿçàíû ñ òàêèìè ìåòåîðîëîãè÷åñêèìè

ïàðàìåòðàìè êàê òåìïåðàòóðà è êîëè÷åñòâî îñàäêîâ â äàííîé ìåñòíîñòè. Â ëåò-

íåå âðåìÿ, ñ ðîñòîì òåìïåðàòóðû, ÀÎÒ â ñðåäíåì ïîâûøàåòñÿ. Êðîìå òîãî,

èìååò çíà÷åíèå âûñîòà íàä óðîâíåì ìîðÿ èññëåäóåìîãî ðåãèîíà. Ñ óâåëè÷åíèåì

âûñîòû ìîæíî îæèäàòü óìåíüøåíèÿ ÀÎÒ.
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ÌÎÄÅËÈ�ÎÂÀÍÈÅ Ï�ÎÖÅÑÑÀ ÑÌÅØÅÍÈß ÂÎÄ

Â ÓÑÒÜÅÂÎÌ �ÀÉÎÍÅ

1

À. Å. ×èñòÿêîâ (�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ),

È. Þ. Êóçíåöîâà (�îññèÿ, �îñòîâ-íà-Äîíó; ÞÔÓ)

Â �îññèè ðàáîòû ïî ñîçäàíèþ ìàòåìàòè÷åñêèõ ìîäåëåé ñëîæíûõ ìîðñêèõ

ñèñòåì èìåþò áîëåå ÷åì ïîëóâåêîâóþ èñòîðèþ. Îäíàêî, íåñìîòðÿ íà çíà÷èòåëü-

íîå ÷èñëî ïóáëèêàöèé, ìíîãèå ý��åêòû, ñóùåñòâåííûå äëÿ ïîâûøåíèÿ òî÷íîñòè

è íàäåæíîñòè ïðîãíîçîâ îïàñíûõ ÿâëåíèé ïðèðîäíîãî è òåõíîãåííîãî õàðàêòå-

ðîâ, ñâÿçàííûå ñ ïðîñòðàíñòâåííîé íåîäíîðîäíîñòüþ ñðåäû, ãðàâèòàöèîííûì

îñåäàíèåì, òåìïåðàòóðíûì è êèñëîðîäíûì ðåæèìàìè, ñîëåíîñòüþ, íå ó÷èòûâà-

ëèñü ðàíåå ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé ãèäðîáèîëîãè÷åñêèõ ïðî-

öåññîâ. Íåïðåðûâíûå è äèñêðåòíûå ìîäåëè ãèäðî�èçèêè, èñïîëüçóåìûå âïëîòü

äî íàñòîÿùåãî âðåìåíè, ÿâëÿþòñÿ, êàê ïðàâèëî, ñèëüíî èäåàëèçèðîâàííûìè è

çà÷àñòóþ íå ó÷èòûâàþò ïðîñòðàíñòâåííóþ íåîäíîðîäíîñòü ñðåäû. Ïðè ýòîì â

ðàáîòå [1℄ ïîêàçàíî, ÷òî òî÷å÷íîå îïèñàíèå ÿâëÿåòñÿ ïðèíöèïèàëüíî íåâåðíûì

â ñèñòåìàõ, äëÿ êîòîðûõ îäíîðîäíîñòü ïðîñòðàíñòâà ñóùåñòâåííî íàðóøåíà.

Àíàëèç ñóùåñòâóþùèõ ìàòåìàòè÷åñêèõ ìîäåëåé ãèäðîáèîëîãè÷åñêèõ ïðîöåñ-

ñîâ [2, 3℄ ïîêàçàë, ÷òî ìíîãèå èç íèõ îðèåíòèðîâàíû íà èñïîëüçîâàíèå ìîäåëåé

ãèäðîäèíàìèêè, íå ó÷èòûâàþùèõ ñëîæíóþ ãåîìåòðèþ áåðåãîâîé ëèíèè è äíà,

ñãîííî-íàãîííûå ÿâëåíèÿ, òðåíèå î äíî è âåòðîâûå íàïðÿæåíèÿ, òóðáóëåíòíûé

îáìåí, ñòîêè ðåê, èñïàðåíèå è äð., ïðîÿâëÿþùèõ íåóñòîé÷èâîñòü ïðè çíà÷è-

òåëüíûõ ïåðåïàäàõ ãëóáèí, õàðàêòåðíûõ äëÿ ïðèáðåæíûõ ÷àñòåé âîäîåìîâ, â

òîì ÷èñëå ìåëêîâîäíûõ. Â ðàáîòå ïðåäëàãàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ãèäðî-

�èçèêè óñòüåâîãî ðàéîíà, ó÷èòûâàþùàÿ äâèæåíèå âîäíîé ñðåäû, ïåðåìåííóþ

ïëîòíîñòü, çàâèñÿùóþ îò ñîëåíîñòè, è ñëîæíóþ ãåîìåòðèþ ðàñ÷åòíîé îáëàñòè

ïðè íàëè÷èè ñóùåñòâåííîãî ãðàäèåíòà ïëîòíîñòè âîäíîé ñðåäû.

Â ìàòåìàòè÷åñêóþ ìîäåëü âêëþ÷åíû ñëåäóþùèå óðàâíåíèÿ:

� óðàâíåíèå äâèæåíèÿ (Íàâüå � Ñòîêñà) è óðàâíåíèå íåðàçðûâíîñòè â ñëó-

÷àå ïåðåìåííîé ïëîòíîñòè [4℄ äëÿ ìîäåëèðîâàíèÿ äâèæåíèÿ âîäíîé ñðåäû;

� òðåõìåðíîå óðàâíåíèå äè��óçèè-êîíâåêöèè [4, 5℄ äëÿ îïèñàíèÿ ïðîöåññà

òðàíñïîðòà âçâåøåííûõ ÷àñòèö:

c′t + (uc)
′

x + (vc)
′

y + ((w + ws) c)
′

z =
(
µc′x
)′
x
+
(
µc′y
)′
y
+
(
νc′z
)′
z
+ F, (1)

ãäå c � êîíöåíòðàöèÿ âçâåñè [ìã/ë]; ws � ñêîðîñòü îñàæäåíèÿ âçâåñè [ì/ñ]; F �

�óíêöèÿ èíòåíñèâíîñòè ðàñïðåäåëåíèÿ èñòî÷íèêîâ âçâåñè [ìã/ë·ñ];
1

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé,

ïðîåêò � 19-07-00623.
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� óðàâíåíèå äëÿ ðàñ÷åòà ïëîòíîñòè âîäíîé ñðåäû:

ρ = (1− V ) ρ0 + V ρv, c = V ρv, (2)

ãäå V � îáúåìíàÿ äîëÿ âçâåñè; ρ0 � ïëîòíîñòü ïðåñíîé âîäû ïðè íîðìàëüíûõ

óñëîâèÿõ; ρv � ïëîòíîñòü âçâåñè.

Äèñêðåòèçàöèÿ ìîäåëè òðàíñïîðòà âçâåñè ïîëó÷åíà íà îñíîâå ìîäè�èöèðî-

âàííîé ñõåìû ¾êàáàðå¿ [4, 5℄ ïðè ó÷åòå �óíêöèè ÷àñòè÷íîé çàïîëíåííîñòè ðàñ-

÷åòíûõ ÿ÷ååê, ÷òî ïîçâîëÿåò ïîâûñèòü òî÷íîñòü ðàñ÷åòîâ.

Äëÿ ÷èñëåííîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ðàçðàáîòàí ïðîãðàììíûé

êîìïëåêñ, êîòîðûé áûë ïðèìåíåí äëÿ ðåøåíèÿ ìîäåëüíîé çàäà÷è äâèæåíèÿ âîä

â óñòüåâîì ðàéîíå ïðè íàëè÷èè ñóùåñòâåííîãî ãðàäèåíòà ïëîòíîñòè âîäíîé ñðå-

äû çà ñ÷åò ïðèñóòñòâèÿ âçâåñè â âîäå. Âõîäíûå äàííûå: äëèíà è øèðèíà ðàñ-

÷åòíîé îáëàñòè � 50ì, ãëóáèíà � 2ì, øàãè ïî ãîðèçîíòàëüíîé è âåðòèêàëüíîé

ïðîñòðàíñòâåííûì êîîðäèíàòàì ñîñòàâèëè 0.5 è 0.1ì ñîîòâåòñòâåííî, ðàñ÷åò-

íûé èíòåðâàë � 5 ìèíóò, øàã ïî âðåìåíè � 0.25 ñ, ñêîðîñòü òå÷åíèÿ � 0.2ì/ñ,
ws = 2.042ìì/ñ, ρ0 = 1000êã/ì3

, ρv = 2700êã/ì3
, V = 1/17.

(a) êîíöåíòðàöèÿ âçâåñè â âîäå (á) ïëîòíîñòü âîäíîé ñðåäû

�èñ. 1. Äâèæåíèå âîä â óñòüåâîì ðàéîíå ïðè íàëè÷èè ñóùåñòâåííîãî

ãðàäèåíòà ïëîòíîñòè âîäíîé ñðåäû ÷åðåç 5 ìèíóò ïîñëå íà÷àëà ðàñ÷åòîâ.

�àçðàáîòàííûé ïðîãðàììíûé êîìïëåêñ ìîæåò ïðèìåíÿòüñÿ äëÿ ðàñ÷åòà ïå-

ðåíîñà êàê äëÿ òÿæåëûõ ïðèìåñåé, òàê äëÿ ïðèìåñåé, êîòîðûå ëåã÷å âîäû òàêèõ

êàê ìèêðîïëàñòèê.
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ÎÁÎÁÙÅÍÍÎ-ÂÛÏÓÊËÛÅ ÌÍÎÆÅÑÒÂÀ

À. Ñ. Øàðè�óëëèí

(�îññèÿ, Åëàáóãà; ÅÈ ÊÔÓ)

Â ðàáîòå áóäóò èñïîëüçîâàòüñÿ îïðåäåëåíèÿ â òîì èëè èíîì ñìûñëå îáîáùåí-

íî-âûïóêëûõ ìíîæåñòâ íà ïëîñêîñòè è â ïðîñòðàíñòâå Ëîáà÷åâñêîãî. Âñå îíè

ÿâëÿþòñÿ êîïèÿìè ñîîòâåòñòâóþùèõ îïðåäåëåíèé äëÿ åâêëèäîâà ïðîñòðàíñòâà,

äàííûìè Þ. Á. Çåëèíñêèì è ðàçâèâàåìûìè ïðåäñòàâèòåëÿìè åãî íàó÷íîé øêî-

ëû. Â ÷àñòíîñòè, áóäóò ðàññìàòðèâàòüñÿ 1-ïîëóâûïóêëûå ìíîæåñòâà è ñëàáî

1-ïîëóâûïóêëûå ìíîæåñòâà.

Ìíîæåñòâî U â ïðîñòðàíñòâå Ëîáà÷åâñêîãî Hn
áóäåì íàçûâàòü 1-ïîëóâûïóê-

ëûì, åñëè äëÿ êàæäîé íå ïðèíàäëåæàùåé åìó òî÷êè M íàéäåòñÿ ëó÷ ñ íà÷àëîì

â òî÷êå M , íå ïåðåñåêàþùèéñÿ ñ ìíîæåñòâîì U . Ìíîæåñòâî U â ïðîñòðàíñòâå

Ëîáà÷åâñêîãî Hn
áóäåì íàçûâàòü ñëàáî 1-ïîëóâûïóêëûì, åñëè äëÿ êàæäîé ãðà-

íè÷íîé òî÷êè ýòîãî ìíîæåñòâà íàéäåòñÿ ëó÷ ñ íà÷àëîì â ýòîé òî÷êå, íå ïåðåñå-

êàþùèéñÿ ñ ìíîæåñòâîì U .
Íà åâêëèäîâîé ïëîñêîñòè ñëàáî 1-ïîëóâûïóêëîå, íî íå 1-ïîëóâûïóêëîå, èìå-

åò íå ìåíåå òðåõ êîìïîíåíò ñâÿçíîñòè. Ò. Ì. Îñèï÷óê äîêàçàëà, ÷òî åñëè ãðàíèöà

ìíîæåñòâà ïðèíàäëåæèò êëàññó C1
, òî òàêîå ìíîæåñòâî èìååò íå ìåíåå ÷åòûðåõ

êîìïîíåíò ñâÿçíîñòè. Ýòè ðåçóëüòàòû ïåðåíîñÿòñÿ è íà ïëîñêîñòü Ëîáà÷åâñêîãî.

Èç-çà ñïåöè�èêè ãèïåðáîëè÷åñêîé ïëîñêîñòè îòäåëüíîãî äîêàçàòåëüñòâà òðåáó-

åò �àêò, ÷òî ÷åòûðåõ îòêðûòûõ íåïåðåñåêàþùèõñÿ êðóãîâ äîñòàòî÷íî, ÷òîáû

èõ îáúåäèíåíèå áûëî ñëàáî 1-ïîëóâûïóêëûì, íî íå 1-ïîëóâûïóêëûì. Â ðàáîòå

íàõîäÿòñÿ ìåòðè÷åñêèå ñîîòíîøåíèÿ â êîí�èãóðàöèÿõ ìíîæåñòâ íà ïëîñêîñòè

Ëîáà÷åâñêîãî, îáåñïå÷èâàþùèå âûïîëíåíèå òðåáóåìûõ óñëîâèé. Òàêæå ðàññìàò-

ðèâàþòñÿ àíàëîãè÷íûå çàäà÷è â òðåõìåðíîì ïðîñòðàíñòâå Ëîáà÷åâñêîãî.
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A DISCRETE TIME SEIR MODEL FOR COVID-19 SPREAD

S. K. Shoyimardonov

(Uzbekistan, Tashkent; IM AS RUz)

To study epidemi
s at the population level, one of the most traditional

mathemati
al model is the Sus
eptible, Exposed, Infe
tious, Re
overed (SEIR)


ompartmental model. In a 
losed system whi
h does not a

ount for births or deaths,

the sum of these 
ompartments remains 
onstant in time, i. e.,

S(t) + E(t) + I(t) +R(t) = N.

In the work [1℄ given 
ontinuous time SEIR model and we 
onsider dis
rete time

version of this model [2℄:

V :





x(1) = x− βx(u+ qy),

y(1) = y − ay + βx(u+ qy),

u(1) = u− bu+ ay,

v(1) = v + bu,

(1)

where a > 0, b > 0, β > 0, q > 0 and we noti
e that x+u+y+v = 1. The parameter β
is the average number of 
onta
ts per person per time, multiplied by the probability of

disease transmission via a 
onta
t between a sus
eptible individual, and an individual


arrying the virus, q is a s
aling fa
tor. The fra
tion a is a transfer rate from the

exposed to the infe
tious stage, they fra
tion b is re
overy rate. This model has

already been used in its original form for an early assessment of the epidemi
 in

Wuhan, China.

Let S3
be three dimensional standard simplex.

Proposition 1. For the operator (1) we have V (S3) ⊂ S3
if and only if

a, b, β ∈ [0, 1] and βq 6 1. (2)

Moreover, under this 
onditions the operator V , de�ned in (1), is a QSO.

Proposition 2. If parameters satisfy (2) then operator (1) is regular.

One 
an see that the set of �xed points of the operator (1) is

Fix(V ) =
{
Λ(x) = (x, 0, 0, 1 − x) : ∀x ∈ [0, 1]

}
.

Proposition 3. The �xed point Λ(x∗) is a nonhyperboli
 for any x∗ ∈ [0, 1].

In the system (1) we take �rst three equations:

W :





1x(1) = x− βxu− βqxy,

y(1) = y(1− a) + βxu+ βqxy,

u(1) = u(1 − b) + ay,

(3)
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where x+ y + u 6 1.
Let J(Λ(α)), be the Ja
obian matrix of the operator W , at �xed point Λ(α),

α ∈ [0, 1]. Then it has the following eigenvalues:

µ1 = 1, µ2 = 1− a+ b− qαβ −
√
D

2
, µ3 = 1− a+ b− qαβ +

√
D

2
, (4)

where D = (b− a+ qαβ)2 + 4aαβ > 0.

Lemma 1. Let Λ(α) be the �xed point of the operator W and µ2, µ3 are

eigenvalues de�ned in (4). Then

|µ2| =





1, if α =
ab

β(a+ bq)
,

< 1, if α <
ab

β(a+ bq)
,

> 1, if α >
ab

β(a+ bq)
,

and

|µ3| < 1 for any α ∈ [0, 1].

Proposition 4. If β = 0 then for any initial point λ0 =
(
x0, u0, y0, v0

)
∈ S3

(ex
ept �xed point) the traje
tory has the following limit

lim
n→∞

V (n)
(
λ0
)
=
(
x0; 0; 0; 1− x0

)
.

Lemma 2. The sets

X =
{
(x, y, u) ∈ [0, 1]3 : x = 0, y + u 6 1

}
,

Y =
{
(x, y, u) ∈ [0, 1]3 : x 6 1, y = u = 0

}
,

M =
{
(x, y, u) ∈ [0, 1]3 : x+ y + u 6 1, ay − βx(u+ qy) > 0, bu− ay > 0

}

are invariant sets with respe
t to operator (3).

Lemma 3. For any initial point

(
x0, y0, u0

)
/∈ M, there exists k > 2 su
h that(

x(k), y(k), u(k)
)
∈M.

Theorem 1. Assume (2) is satis�ed. Then for any initial point λ0 =(
x0, u0, y0, v0

)
∈ S3 (ex
ept �xed point) the traje
tory has the following limit

lim
n→∞

V (n)
(
λ0
)
=
(
x̄; 0; 0; 1− x̄

)
,

where x̄ depends on parameters and initial point λ0 and x̄ < ab
β(a+bq) .
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Ôóíäàìåíòàëüíûå ïðîáëåìû

ðàçâèòèÿ ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ
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ÏÀ�ÀÁÎËÀ � ÇÍÀÊÎÌÀß È ÍÅÇÍÀÊÎÌÀß

�. Ì. �àçàðÿí

(�îññèÿ, Íàëü÷èê; �ÁÓ ÄÏÎ ¾ÖÍÏÏÌÏ�¿ Ìèíïðîñâåùåíèÿ ÊÁ�),

Å. Â. Êèøòèêîâà

(�îññèÿ, Íàëü÷èê; ÑÊ�ÈÈ)

Êâàäðàòè÷íàÿ �óíêöèÿ è åå ãðà�èê � ïàðàáîëà � äîñòàòî÷íî îñíîâàòåëüíî

èçó÷àþòñÿ â êóðñå ìàòåìàòèêè îñíîâíîé øêîëû. Íî â ïàðàáîëå åñòü åùå ìíîãî

èíòåðåñíûõ ïîçíàâàòåëüíûõ è íåîæèäàííûõ �àêòîâ. Ýòè ñâåäåíèÿ ðàçáðîñàíû

â ðàçíûõ èñòî÷íèêàõ è íå âñòðå÷àëèñü àâòîðàì â ñêîíöåíòðèðîâàííîì âèäå.

�àññìîòðèì ðÿä èç íèõ.

1. Êâàäðàò àáñöèññû âåðøèíû ïàðàáîëû, ïåðåñåêàþùåé îñü àáñöèññ, áîëüøå

ëèáî ðàâåí îðäèíàòå òî÷êè ïåðåñå÷åíèÿ ñ îñüþ îðäèíàò. Ïðè÷åì ðàâåíñòâî áóäåò

â ñëó÷àå, êîãäà ïàðàáîëà êàñàåòñÿ îñè àáñöèññ.

2. Êàñàòåëüíàÿ, ïðîâåäåííàÿ ê ëþáîé òî÷êå ïàðàáîëû, ïåðåñåêàåò îñü îðäè-

íàò â òî÷êå, îðäèíàòà êîòîðîé ðàâíà îðäèíàòå òî÷êè êàñàíèÿ, è ïåðåñåêàåò îñü

àáñöèññ â òî÷êå, ðàâíîé ïîëîâèíå àáñöèññû òî÷êè êàñàíèÿ

3. Åñëè êâàäðàòè÷íàÿ �óíêöèÿ ïðèíèìàåò õîòÿ áû îäíî îòðèöàòåëüíîå çíà-

÷åíèå, òî åå äèñêðèìèíàíò ïîëîæèòåëüíûé è, ñëåäîâàòåëüíî, ñîîòâåòñòâóþùåå

óðàâíåíèå èìååò äâà êîðíÿ.

4. Ìíîãî÷ëåí ñòåïåíè k 6 n, èìåþùèé öåëûå çíà÷åíèÿ ïðè n+ 1 ïîñëåäîâà-
òåëüíûõ öåëûõ çíà÷åíèÿõ íåçàâèñèìîé ïåðåìåííîé, ïðèíèìàåò öåëûå çíà÷åíèÿ

ïðè âñåõ öåëûõ çíà÷åíèÿõ íåçàâèñèìîé ïåðåìåííîé. ×àñòíûé ñëó÷àé � êâàäðà-

òè÷íàÿ �óíêöèÿ.

5. Îðäèíàòà òî÷êè ïåðåñå÷åíèÿ ïàðàáîëû ñ îñüþ îðäèíàò ðàâíî ïðîèçâåäå-

íèþ àáñöèññ òî÷åê ïåðåñå÷åíèÿ ïàðàáîëû ñ îñüþ àáñöèññ. �àññìîòðèì, íàïðèìåð,

ìíîæåñòâî �óíêöèé.

6. Äëÿ ïàðàáîë, ïåðåñåêàþùèõ îñè êîîðäèíàò â òðåõ ðàçëè÷íûõ òî÷êàõ, âåð-

íî ñëåäóþùåå óòâåðæäåíèå: ¾Âñå îêðóæíîñòè, îïèñàííûå îêîëî òðåóãîëüíèêîâ

ñ âåðøèíàìè â ýòèõ òî÷êàõ ïðîõîäÿò ÷åðåç òî÷êó P (0, 1)¿.
Â çàêëþ÷åíèè ðàññìàòðèâàåòñÿ çàäà÷à èññëåäîâàíèÿ òðàåêòîðèè äâèæåíèÿ

áèëëèàðäíîãî øàðà â ïîëå òÿãîòåíèÿ âíóòðè ïàðàáîëû.

Çàìåòèì, ÷òî â ðàáîòå ïàðàáîëà ðàññìàòðèâàåòñÿ êàê ãðà�èê êâàäðàòè÷íîé

�óíêöèè, êàê îíà èçó÷àåòñÿ â ïðîãðàììå ñðåäíåé øêîëû. Ò. å. íå èñïîëüçóåòñÿ

êëàññè÷åñêîå îïðåäåëåíèå ïàðàáîëû, ïîíÿòèå �îêóñà, äèðåêòðèñû è ïð., à òàêæå

ïàðàáîëà êàê êîíè÷åñêîå ñå÷åíèå.

Âûøå ïðèâåäåííûå �àêòû ìîæíî èñïîëüçîâàòü äëÿ èññëåäîâàòåëüñêèõ ðà-

áîò ñ ó÷àùèìèñÿ, äëÿ ìîäåëèðîâàíèÿ è êîíñòðóèðîâàíèÿ îëèìïèàäíûõ çàäà÷

ðàçíîãî óðîâíÿ ñëîæíîñòè.
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Â. Í. Äÿòëîâà

(�îññèÿ, Íîâîñèáèðñê, Í�Ó; Âëàäèêàâêàç, ÞÌÈ ÂÍÖ �ÀÍ)

Â ìàòåìàòè÷åñêîì îáðàçîâàíèè áîëüøàÿ ðîëü è áîëüøîå ìåñòî îòâîäÿòñÿ

èçó÷åíèþ �óíêöèé. Ïðè÷èíà òàêîãî âíèìàíèÿ î÷åâèäíà: ìíîãèå ïðèìåíåíèÿ

ìàòåìàòèêè ñâÿçàíû ñ �óíêöèÿìè. Ïîýòîìó ñóùåñòâåííî ïðèåìëåìîå îñâîåíèå

â ðàìêàõ øêîëû ïîíÿòèé îáëàñòè îïðåäåëåíèÿ è ìíîæåñòâà çíà÷åíèé, à òàêæå

îñíîâíûõ ñâîéñòâ �óíêöèé: ìîíîòîííîñòè, îãðàíè÷åííîñòè, ýêñòðåìóìîâ, ÷åò-

íîñòè, ïåðèîäè÷íîñòè. Âìåñòå â òåì â øêîëüíîì êóðñå íåäîñòàòî÷íî ìîòèâè-

ðîâàííî îòíîñÿòñÿ ê èçó÷åíèþ �óíêöèé, âî ìíîãîì îãðàíè÷èâàÿñü ïðèìåðàìè

è çàäà÷àìè íà òåìó ñàìèõ ñâîéñòâ, íå ïðèâëåêàÿ âíåøíèå ïðè÷èíû íåîáõîäè-

ìîñòè ïðèâëå÷åíèÿ �óíêöèé è èõ ñâîéñòâ. Ïðè÷èíà òîìó â êàêîé-òî ìåðå ïî-

íÿòíà � äëÿ �îðìèðîâàíèÿ ñåðüåçíîé íåîáõîäèìîñòè îáðàùåíèÿ ê �óíêöèÿì

ìîæåò ïîòðåáîâàòüñÿ ìàòåðèàë, âûõîäÿùèé äàëåêî çà ïðåäåëû øêîëüíîé ìà-

òåìàòèêè. Îäíàêî åñëè îáðàòèòüñÿ ê ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ âíóòðè

ìàòåìàòèêè, òàê ñêàçàòü, âíóòðèìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ, òî ìîæíî

íàéòè äîñòàòî÷íî ìíîãî ñèòóàöèé, îáðàáîòêà êîòîðûõ åñòåñòâåííà, à èíîãäà è

èñêëþ÷èòåëüíî âîçìîæíà íà �óíêöèîíàëüíîì ÿçûêå. Ê èñòî÷íèêó òàêèõ ìîäå-

ëåé, òî åñòü ê íàáîðó îðèãèíàëîâ äëÿ ìîäåëèðîâàíèÿ, ìîæíî îòíåñòè çàäà÷è ñ

ïàðàìåòðàìè.

Êîíå÷íî, çàäà÷è ñ ïàðàìåòðàìè íå îòíîñÿòñÿ ê æèçíåííî âàæíûì ñèòóàöèÿì

è íå âûõîäÿò çà ïðåäåëû øêîëüíîé ìàòåìàòèêè, îäíàêî ïðè èõ ðåøåíèè ïðî-

ñìàòðèâàþòñÿ âñå êîìïîíåíòû, ïðèñóùèå äåÿòåëüíîñòè â øèðîêîì ïëàíå � îïè-

ñàíèå îáñòàíîâêè, �èêñàöèÿ öåëè, îñìûñëåíèå ñèòóàöèè, �îðìèðîâàíèå ïðèçíà-

êîâ äîñòèæåíèÿ ðåçóëüòàòà, àíàëèç ñèòóàöèè è íà åãî îñíîâå âûáîð èíñòðóìåí-

òàðèÿ äëÿ äîñòèæåíèÿ öåëè è ðàçáèåíèå ñ åãî èñïîëüçîâàíèåì ïðîöåññà ðåøåíèÿ

íà èñïîëíÿåìûå øàãè, âûïîëíåíèå íàìå÷åííîãî ïëàíà è êîíñòàòàöèÿ ñîîòâåò-

ñòâèÿ ïîëó÷åííîãî ðåçóëüòàòà ïðèçíàêàì åãî äîñòèæåíèÿ.

Èíîãäà çàäà÷è ñ ïàðàìåòðàìè ñòàâÿòñÿ íåïîñðåäñòâåííî íà ÿçûêå �óíêöèé

è ñâÿçàíû ñ êàêèìè-òî èõ ñâîéñòâàìè. Îäíàêî òàêàÿ íåïîñðåäñòâåííîñòü íàáëþ-

äàåòñÿ äàëåêî íå âñåãäà. Íåðåäêî â çàäà÷àõ ðå÷ü èäåò î ñåìåéñòâàõ ìíîæåñòâ,

çàäàííûõ êàêèìè-òî èõ ñâîéñòâàìè, çàïèñàííûìè â âèäå ðàâåíñòâ (óðàâíåíèÿ-

ìè), íåðàâåíñòâ èëè òåîðåòèêî-ìíîæåñòâåííûõ êîìáèíàöèé ýòèõ ñïîñîáîâ (êàê

ïðàâèëî, ñèñòåì). Äëÿ àíàëèçà òàêèõ çàäà÷ ìîæíî ïðîâåñòè ïåðåâîä èõ óñëîâèé

ñ ÿçûêà ñîîòíîøåíèé (óðàâíåíèé, íåðàâåíñòâ, ñèñòåì è ò. ï.) íà ÿçûê �óíêöèé,

òî åñòü ïðîìîäåëèðîâàòü çàäàííûé íà ÿçûêå ñîîòíîøåíèé îðèãèíàë ïîñðåäñòâîì

�óíêöèîíàëüíûõ ñðåäñòâ, ïðîàíàëèçèðîâàòü â �óíêöèîíàëüíîé ìîäåëè ïåðåíå-

ñåííóþ èç îðèãèíàëà èí�îðìàöèþ, ïîïûòàòüñÿ ñ�îðìèðîâàòü ïóòü ðåøåíèÿ è

ëèáî âåðíóòüñÿ ê ÿçûêó îðèãèíàëà, òî åñòü ÿçûêó ñîîòíîøåíèé, ëèáî ïîëó÷èòü

ðåøåíèå íåïîñðåäñòâåííî â �óíêöèîíàëüíîé ìîäåëè.
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Ïðèâëå÷åíèå �óíêöèîíàëüíîãî ìîäåëèðîâàíèÿ ïîëåçíî ïðåæäå âñåãî ñ òîé

òî÷êè çðåíèÿ, ÷òî ïðè ýòîì ñòàíîâÿòñÿ âîñòðåáîâàííûìè ñâîéñòâà �óíêöèé, èõ

îïðåäåëåíèå è ïðèìåíåíèå, ÷òî ïîáóæäàåò îòâåòñòâåííåå îòíåñòèñü ê èçó÷åíèþ

ýòèõ ñâîéñòâ. Ìíîãî ïðèìåðîâ ïðèìåíåíèÿ �óíêöèîíàëüíîãî ìîäåëèðîâàíèÿ äà-

þò çàäà÷è, ïðåäëàãàâøèåñÿ â ðàìêàõ Å�Ý. Ê òàêèì çàäà÷àì ìîæíî ñ èçâåñòíîé

äîëåé óñëîâíîñòè îòíåñòè ïîñòàíîâêè, èññëåäóåìûå ñ èñïîëüçîâàíèåì èçîáðà-

æåíèé ìíîæåñòâ íà ïëîñêîñòè, îáëàäàþùèõ îïðåäåëåííûìè ñâîéñòâàìè. Òàêèå

ïîñòàíîâêè, êîíå÷íî, èìåþò îòíîøåíèå ê �óíêöèÿì, îäíàêî íå â ïîëíîé ìåðå

ñïîñîáñòâóþò èçó÷åíèþ ñâîéñòâ �óíêöèé. Ñóùåñòâåííåå �îðìóëèðîâêè, ïðåä-

ïîëàãàþùèå ïåðåâîä óñëîâèÿ â òåðìèíû òàêèõ ñâîéñòâ �óíêöèé, êàê ìîíîòîí-

íîñòü, îãðàíè÷åííîñòü, ÷åòíîñòü, à òàêæå ïðåäóñìàòðèâàþùèå èñïîëüçîâàíèå

îïðåäåëåíèÿ, íàïðèìåð, ìíîæåñòâà çíà÷åíèé. Ïðè ïåðå�îðìóëèðîâêàõ �îðìè-

ðóþòñÿ íàâûêè ñìûñëîâîãî ÷òåíèÿ, àíàëèçà âñåõ �ðàãìåíòîâ óñëîâèÿ ñ òî÷êè

çðåíèÿ ïðèìåíåíèÿ ñâîéñòâ, ÷åì ïîääåðæèâàåòñÿ öåëåñîîáðàçíîñòü èõ èçó÷åíèÿ.
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ÎÁ Î��ÀÍÈÇÀÖÈÈ ÊÎÍÊÓ�ÑÎÂ ÄËß ÁÓÄÓÙÈÕ Ó×ÈÒÅËÅÉ

ÌÀÒÅÌÀÒÈÊÈ È ÔÈÇÈÊÈ

Í. Í. Êîñòèíà (�îññèÿ, Åëàáóãà; ÅÈ ÊÔÓ),

�. Â. Êîñòèíà (�îññèÿ, Åëàáóãà; ÅÊÊÈ)

Â íàñòîÿùåå âðåìÿ ïðàêòè÷åñêàÿ ïîäãîòîâêà ê ïåäàãîãè÷åñêîé äåÿòåëüíîñòè

äëÿ ñòóäåíòîâ � áóäóùèõ øêîëüíûõ ó÷èòåëåé ñòàëà îñîáåííî àêòóàëüíà. Â êà÷å-

ñòâå îäíîãî èç âàæíûõ ýëåìåíòîâ òàêîé ïîäãîòîâêè ìîãóò âûñòóïàòü êîíêóðñû

ïî ñïåöèàëüíîñòè ñðåäè áàêàëàâðîâ, â ÷àñòíîñòè, íàïðàâëåíèÿ ¾ìàòåìàòèêà è

�èçèêà¿. Â Åëàáóæñêîì èíñòèòóòå Êàçàíñêîãî �åäåðàëüíîãî óíèâåðñèòåòà òà-

êèå êîíêóðñû ïî ìàòåìàòèêå è ïî �èçèêå ñòàëè òðàäèöèîííûìè. Îïèøåì ïî-

äðîáíåå îðãàíèçàöèþ è ïðîâåäåíèå òàêèõ êîíêóðñîâ. Ê çàäà÷àì êîíêóðñîâ îòíî-

ñèòñÿ ðàçâèòèå ïðî�åññèîíàëüíûõ êîìïåòåíöèé áóäóùèõ ó÷èòåëåé ìàòåìàòèêè

è �èçèêè. Íà îñíîâíîé òóð êîíêóðñà ïðèãëàøàþòñÿ êîìàíäû ïî 5�8 ÷åëîâåê,

ñîñòîÿùèå èç ñòóäåíòîâ ìàòåìàòè÷åñêèõ, �èçè÷åñêèõ èëè ïåäàãîãè÷åñêèõ íà-

ïðàâëåíèé ïîäãîòîâêè. Â êà÷åñòâå äîìàøíåãî çàäàíèÿ êîìàíäàì ïðåäëàãàåòñÿ

ïîäãîòîâèòü òåàòðàëüíóþ ìèíèàòþðó ëþáîãî æàíðà íà ìàòåìàòè÷åñêèå è �è-

çè÷åñêèå òåìû. Ýòî ìîæåò áûòü ñêàçêà, êîðîòêàÿ ïüåñà, ìèíè-îïåðåòòà, ïåñíÿ

è ò. ä. Íåðåäêî òàêèå ïðåäñòàâëåíèÿ ñîïðîâîæäàþòñÿ âèäåîðÿäîì, ïîäãîòîâëåí-

íûì êîíêóðñàíòàìè. Â îòëè÷èå îò ó÷åáíîãî ïðîöåññà, ïðîâåðêó äîìàøíåãî çà-

äàíèÿ ìû îñòàâëÿåì íà �èíàë êîíêóðñà. Ê äðóãèì èñïûòàíèÿì êîíêóðñà îòíî-

ñÿòñÿ:

� ïðîâåðêà ðåøåíèé çàäà÷,

� èñòîðè÷åñêèé êîíêóðñ,

� ðåøåíèå çàäà÷ ïî ìàòåìàòèêå è �èçèêå,

� ¾ëèíãâèñòè÷åñêèé¿ êîíêóðñ,

� âèäåîâîïðîñû.

Îïèøåì ÷óòü ïîäðîáíåå êàæäûé ýòàï ñîðåâíîâàíèé.

Ïðîâåðêà ðåøåíèé çàäà÷. Ôîðìà ïðîâåäåíèÿ ýòîãî èñïûòàíèÿ ìîæåò âà-

ðüèðîâàòüñÿ. Èíîãäà ìû ïðîâîäèì òàêîå èñïûòàíèå íà êîìïüþòåðíîì òðåíàæåðå

âèðòóàëüíîãî êëàññà, ñîçäàííîì ïðåïîäàâàòåëÿìè êà�åäðû. Â äðóãèõ ñëó÷àÿõ

êîìàíäàì ïðåäëàãàåòñÿ êîëëåêòèâíî îöåíèòü ðåøåíèÿ çàäàíèé Î�Ý èëè Å�Ý

ïî óêàçàííûì êðèòåðèÿì çà �èêñèðîâàííîå âðåìÿ.

Èñòîðè÷åñêèé êîíêóðñ. Êîìàíäàì ïîñëåäîâàòåëüíî ïðåäñòàâëÿþòñÿ

ñëàéäû ñ ïîðòðåòàìè ó÷åíûõ (ìàòåìàòèêîâ èëè �èçèêîâ) è èí�îðìàöèåé îá

èõ íàó÷íûõ áèîãðà�èÿõ. Íà ïåðâîì ñëàéäå äàåòñÿ òîëüêî ïîðòðåò ó÷åíîãî. Çà

ïðàâèëüíûé îòâåò êîìàíäà ïîëó÷àåò äåñÿòü áàëëîâ. Îòâåòû ïåðåäàþòñÿ æþðè

â ïèñüìåííîì âèäå. Ïðè íåâåðíîì îòâåòå êîìàíäà ïðîäîëæàåò ïîïûòêè ñî ñëå-

äóþùèìè ñëàéäàìè. Çà ïðàâèëüíûé îòâåò ïðè ïîêàçå âòîðîãî ñëàéäà êîìàíäà

ïîëó÷àåò âîñåìü áàëëîâ è ò. ä. äî äâóõ áàëëîâ. Íà øåñòîì ñëàéäå äàåòñÿ îòâåò.
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�åøåíèå çàäà÷ ïî ìàòåìàòèêå è �èçèêå. Íà ýòîì èñïûòàíèè êîìàí-

äû ïîëó÷àþò íàáîð èç íåñêîëüêèõ çàäà÷. Ýòî ìîãóò áûòü êà÷åñòâåííûå çàäà÷è,

çàäà÷è íà ñîîáðàçèòåëüíîñòü áåç ãðîìîçäêèõ âû÷èñëåíèé. Âðåìÿ ðåøåíèÿ îãðà-

íè÷åíî.

¾Ëèíãâèñòè÷åñêèé¿ êîíêóðñ. Îäíîìó ó÷àñòíèêó êîìàíäû äàåòñÿ ñïèñîê

èç äåñÿòè ìàòåìàòè÷åñêèõ èëè �èçè÷åñêèõ òåðìèíîâ, íà÷èíàþùèõñÿ íà êàêóþ-

òî áóêâó. Íå íàçûâàÿ îäíîêîðåííûõ ñëîâ íóæíî îïèñàòü ýòè òåðìèíû òàê, ÷òîáû

îñòàëüíûå ÷ëåíû êîìàíäû ñìîãëè èõ îòãàäàòü. Ïðåäåëüíîå âðåìÿ � äâå ìèíóòû.

Æþðè îöåíèâàåò ÷èñëî ïðàâèëüíûõ îòâåòîâ è âðåìÿ, çà êîòîðîå êîìàíäà ñìîãëà

èõ îòãàäàòü.

Âèäåîâîïðîñû. Íà âèäåî êîìàíäàì ïîêàçûâàåòñÿ îáîðóäîâàíèå, îïèñûâà-

þòñÿ óñëîâèÿ ýêñïåðèìåíòà è ïðåäëàãàåòñÿ ïðåäñêàçàòü ðåçóëüòàò è åãî îáîñíî-

âàíèå. Ïîñëå ñáîðà îòâåòîâ äåìîíñòðèðóåòñÿ ñàì ýêñïåðèìåíò ñ åãî ðåçóëüòàòà-

ìè.

Çàâåðøàåòñÿ ñîðåâíîâàíèå òåàòðàëüíûì êîíêóðñîì. Æþðè ñîñòîèò èç ÷ëå-

íîâ îðãêîìèòåòà è ïðåïîäàâàòåëåé âóçîâ, ïðåäñòàâëÿþùèõ êîìàíäû.
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(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

Ê ÂÎÏ�ÎÑÓ ÑÎÄÅ�ÆÀÍÈß Ï�Î��ÀÌÌÛ ÄÏÎ ¾ÔÓÍÊÖÈÎÍÀËÜÍÀß

È ÖÈÔ�ÎÂÀß ��ÀÌÎÒÍÎÑÒÜ ØÊÎËÜÍÈÊÀ Â ÒÂÎ�×ÅÑÊÎÌ

È Ó�ÎÂÍÅÂÎÌ ÎÑÂÎÅÍÈÈ ÑËÎÆÍÛÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ

ÎÁÚÅÊÒÎÂ, Ï�ÎÖÅÄÓ� È ßÂËÅÍÈÉ¿

È. Â. Êóçíåöîâà

(�îññèÿ, ßðîñëàâëü; ß�ÏÓ)

Îäíèì èç êëþ÷åâûõ �àêòîðîâ, ñïîñîáñòâóþùèõ àêòèâíîìó ó÷àñòèþ ñîâðå-

ìåííîãî ÷åëîâåêà â ýêîíîìè÷åñêîé, ñîöèàëüíîé, ïîëèòè÷åñêîé è äðóãèõ âè-

äàõ äåÿòåëüíîñòè, ÿâëÿåòñÿ �óíêöèîíàëüíàÿ ãðàìîòíîñòü, êîòîðàÿ îöåíèâàåòñÿ

ìåæäóíàðîäíîé ïðîãðàììîé PISA. Ñòîèò êîíñòàòèðîâàòü, ÷òî �îðìèðîâàíèþ

ïðàêòèêî-îðèåíòèðîâàííûõ çíàíèé è óìåíèé â ðîññèéñêîé øêîëå íå óäåëÿåò-

ñÿ äîëæíîãî âíèìàíèÿ. Î÷åâèäíî, ÷òî äàâíî ïîñòàâëåííàÿ ïåðåä ðîññèéñêîé

øêîëîé öåëü íàó÷èòü ó÷àùèõñÿ ñâîáîäíîìó èñïîëüçîâàíèþ ìàòåìàòèêè â ïî-

âñåäíåâíîé æèçíè íå äîñòèãàåòñÿ íà óðîâíå ñîâðåìåííûõ ìåæäóíàðîäíûõ òðå-

áîâàíèé. Îäíà èç îñíîâíûõ ïðè÷èí � íåïîäãîòîâëåííîñòü ó÷èòåëÿ ê �îðìè-

ðîâàíèþ �óíêöèîíàëüíîé è öè�ðîâîé ãðàìîòíîñòè øêîëüíèêà, à òàêæå íåâîç-

ìîæíîñòü ðåàëèçîâàòü ýòó öåëü ñ ïîìîùüþ äåéñòâóþùèõ ó÷åáíèêîâ ïî ìàòåìà-

òèêå îñíîâíîé è ñðåäíåé øêîëû, â êîòîðûõ íåäîñòàòî÷íîå êîëè÷åñòâî ïðàêòèêî-

îðèåíòèðîâàííûõ çàäà÷, à òàêæå çàäà÷, ñîäåðæàùèõ òåêñò ñëîâåñíîé èí�îðìà-

öèè, ïðåäñòàâëåííîé â ðàçëè÷íîé �îðìå (òåêñòîâîé, êîëè÷åñòâåííûõ äàííûõ,

ðèñóíêîâ è äð.), îïèñûâàþùåé òó èëè èíóþ æèçíåííóþ ñèòóàöèþ è, äëÿ ðåøå-

íèÿ êîòîðîé, íåîáõîäèìî èçâëå÷ü èí�îðìàöèþ èç ðàçíûõ ÷àñòåé òåêñòà.

Òàêèì îáðàçîì, ñòàíîâèòñÿ àêòóàëüíûì âîïðîñ î ðàçðàáîòêå ñîäåðæàíèÿ

ïðîãðàììû äîïîëíèòåëüíîãî ïðî�åññèîíàëüíîãî îáðàçîâàíèÿ ¾Ôóíêöèîíàëü-

íàÿ è öè�ðîâàÿ ãðàìîòíîñòü øêîëüíèêà â òâîð÷åñêîì è óðîâíåâîì îñâîåíèè

ñëîæíûõ ìàòåìàòè÷åñêèõ îáúåêòîâ, ïðîöåäóð è ÿâëåíèé¿.

Öåëüþ ðåàëèçàöèè äàííîé ïðîãðàììû ÿâëÿåòñÿ ñîâåðøåíñòâîâàíèå ó ñëóøà-

òåëåé � ïåäàãîãè÷åñêèõ ðàáîòíèêîâ ïðî�åññèîíàëüíûõ êîìïåòåíöèé, îðèåíòè-

ðîâàííûõ íà ðåøåíèå ïðîáëåìû �îðìèðîâàíèÿ �óíêöèîíàëüíîé (ìàòåìàòè÷å-

ñêîé) è öè�ðîâîé ãðàìîòíîñòè øêîëüíèêîâ â òâîð÷åñêîì è óðîâíåâîì îñâîåíèè

ñëîæíûõ ìàòåìàòè÷åñêèõ îáúåêòîâ, ïðîöåäóð è ÿâëåíèé íà îñíîâå èñïîëüçîâà-

íèÿ ñîâðåìåííûõ öè�ðîâûõ îáðàçîâàòåëüíûõ ïëàò�îðì.

Ñîäåðæàíèå ïðîãðàììû ïðåäñòàâëåíî ñëåäóþùèìè ìîäóëÿìè: ïñèõîëîãî-

ïåäàãîãè÷åñêèé (èíâàðèàíòíûé), ïðåäìåòíûé, ìåòîäè÷åñêèé è ñòàæèðîâî÷íûé.

Ïåðâàÿ òåìà ïðåäìåòíîãî ìîäóëÿ ¾Îñíîâíûå ïîäõîäû ê îöåíêå ìàòåìàòè÷å-

ñêîé ãðàìîòíîñòè, èñïîëüçóåìûå â èññëåäîâàíèè PISA. Ñîäåðæàòåëüíûå îáëàñòè

îöåíêè ìàòåìàòè÷åñêîé ãðàìîòíîñòè¿ ñîäåðæèò ñëåäóþùèå âîïðîñû:

• çíàíèÿ è óìåíèÿ, êîòîðûå íà ìåæäóíàðîäíîì óðîâíå ñ÷èòàþòñÿ íåîáõîäè-

ìûìè äëÿ ìàòåìàòè÷åñêè ãðàìîòíîãî ñîâðåìåííîãî ÷åëîâåêà;

• îïèñàíèå âèäîâ äåÿòåëüíîñòè, ïðèíÿòîå ðàçðàáîò÷èêàìè èññëåäîâàíèÿ

PISA, îâëàäåíèå êîòîðûìè âàæíû äëÿ ñîâðåìåííîãî ÷åëîâåêà;
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• ñîäåðæàòåëüíûå îáëàñòè ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ íåîáõîäèìûå äëÿ

îâëàäåíèÿ 15-ëåòíèìè øêîëüíèêàìè, ñîãëàñíî èññëåäîâàíèþ PISA;

• ñîäåðæàòåëüíûå ëèíèè øêîëüíîãî êóðñà ìàòåìàòèêè, îòðàæàþùèå äèàïà-
çîí ìàòåìàòè÷åñêèõ çíàíèé, íåîáõîäèìûõ 15-ëåòíèì ó÷àùèìñÿ â êà÷åñòâå îñíî-

âû äëÿ æèçíè è äëÿ äàëüíåéøåãî ðàñøèðåíèÿ èõ ìàòåìàòè÷åñêîãî êðóãîçîðà;

• êàòåãîðèè êîíòåêñòîâ, èñïîëüçóåìûå ïðè ñîñòàâëåíèè çàäàíèé äëÿ îöåíêè

�óíêöèîíàëüíîé ãðàìîòíîñòè øêîëüíèêîâ â èññëåäîâàíèè PISA.

Âî âòîðîé òåìå ïðåäìåòíîãî ìîäóëÿ áóäåò óäåëåíî âíèìàíèå âîïðîñàì �îð-

ìèðîâàíèÿ �óíêöèîíàëüíîé (ìàòåìàòè÷åñêîé) ãðàìîòíîñòè ó÷àùèõñÿ è ðàçâè-

òèå ïîçèòèâíûõ óñòàíîâîê, ìîòèâàöèè îáó÷åíèÿ è ñòðàòåãèé ïîâåäåíèÿ ó÷àùèõ-

ñÿ â ðàçëè÷íûõ ñèòóàöèÿõ ïðè îáó÷åíèè ìàòåìàòèêå.

Â òåìå ¾Ôèíàíñîâàÿ ãðàìîòíîñòü êàê ñîñòàâëÿþùàÿ �óíêöèîíàëüíîé ìà-

òåìàòè÷åñêîé) ãðàìîòíîñòè¿ íåîáõîäèìî àêöåíòèðîâàòü âíèìàíèå íà êîìïî-

íåíòû �èíàíñîâîé ãðàìîòíîñòè, òåìàòè÷åñêèå îáëàñòè ñîäåðæàíèÿ ïðàêòèêî-

îðèåíòèðîâàííûõ çàäàíèé ïî �èíàíñîâîé ãðàìîòíîñòè; âîïðîñû �îðìèðîâà-

íèÿ �èíàíñîâîé ãðàìîòíîñòè â êóðñå ìàòåìàòèêè 5�6, 7�8, 10�11 êëàññîâ; �îð-

ìû îáó÷åíèÿ ðåøåíèÿ �èíàíñîâûõ çàäà÷ íà óðîêàõ ìàòåìàòèêè; êîíòðîëüíî-

èçìåðèòåëüíûå ìàòåðèàëû ïî �èíàíñîâîé ãðàìîòíîñòè â êóðñå ìàòåìàòèêè.

Ñëåäóþùàÿ òåìà ïðîãðàììû ïîñâÿùåíà ñèìáèîçó ìàòåìàòè÷åñêîé è öè�ðîâîé

ãðàìîòíîñòè øêîëüíèêà â òâîð÷åñêîì è óðîâíåâîì îñâîåíèè ñëîæíûõ ìàòåìà-

òè÷åñêèõ îáúåêòîâ, ïðîöåäóð è ÿâëåíèé.

Â ìåòîäè÷åñêîì ìîäóëå äëÿ ñëóøàòåëåé áóäóò ïðåäñòàâëåíû ïåäàãîãè÷åñêèå

òåõíîëîãèè, èñïîëüçóåìûå äëÿ �îðìèðîâàíèÿ ìàòåìàòè÷åñêîé è öè�ðîâîé ãðà-

ìîòíîñòè ó÷àùèõñÿ; ìåòîäè÷åñêèå îñíîâû ðàçðàáîòêè ó÷åáíî-ìåòîäè÷åñêèõ ìà-

òåðèàëîâ, íàïðàâëåííûõ íà �îðìèðîâàíèå ñèìáèîçà ìàòåìàòè÷åñêîé è öè�ðî-

âîé ãðàìîòíîñòè ó÷àùèõñÿ [1, 2℄. Â ñòàæèðîâî÷íîì ìîäóëå ïðîãðàììû ïðåäëà-

ãàåòñÿ ñëóøàòåëÿì ðàçðàáîòàòü ñöåíàðèé îäíîãî áàçîâîãî çàíÿòèÿ ïî îñâîåíèþ

ñëîæíîãî çíàíèÿ ñ èíñòðóìåíòàìè äèàãíîñòèêè è êîíòðîëÿ ìàòåìàòè÷åñêîé è

öè�ðîâîé ãðàìîòíîñòè øêîëüíèêîâ.
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âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÌÅÒÎÄÈ×ÅÑÊÀß ÄÅßÒÅËÜÍÎÑÒÜ:

ÎÒ ÈÍÒÓÈÖÈÈ Ê ÎÁÎÑÍÎÂÀÍÈßÌ

È. Å. Ìàëîâà

(�îññèÿ, Áðÿíñê; Á�Ó èì. È. �. Ïåòðîâñêîãî)

Êàê îòâåòèòü íà âîïðîñ ¾Ó÷èòåëÿìè ðîæäàþòñÿ èëè ñòàíîâÿòñÿ?¿. Îïûò îð-

ãàíèçàöèè ïîäãîòîâêè ñòóäåíòîâ ïîêàçàë, ÷òî òðåáóåòñÿ îòâåò: è ðîæäàþòñÿ, è

ñòàíîâÿòñÿ. Èìåííî ñ ýòèìè äâóìÿ ñîñòàâëÿþùèìè ñâÿçàíû ìåòîäè÷åñêàÿ èí-

òóèöèÿ è îáîñíîâàíèå ìåòîäè÷åñêèõ äåéñòâèé.

Ìåòîäè÷åñêóþ äåÿòåëüíîñòü ó÷èòåëÿ ìàòåìàòèêè ìû îïðåäåëÿåì êàê äå-

ÿòåëüíîñòü ïî îðãàíèçàöèè äåÿòåëüíîñòè ó÷àùèõñÿ, íàïðàâëåííóþ íà ïîëíîöåí-

íî ðåçóëüòàòèâíîå îñâîåíèå èìè ìàòåìàòèêè.

Âûäåëèì òðè âèäà ðàáîòû ó÷èòåëÿ: ïîäãîòîâêà ê çàíÿòèÿì; âåäåíèå çàíÿòèÿ;

íàáëþäåíèå çà ðàáîòîé äðóãîãî ó÷èòåëÿ.

Ïðè ïîäáîðå ìàòåðèàëà ê óðîêó íàó÷íûå îáîñíîâàíèÿ ìåòîäè÷åñêîé äåÿ-

òåëüíîñòè çàâèñÿò îò ýòàïà óðîêà. Åñëè ýòî ýòàï èçó÷åíèÿ èëè óñâîåíèÿ íîâî-

ãî ìàòåðèàëà, òî ñîäåðæàíèå îáîñíîâûâàåòñÿ òðåáîâàíèÿ áàçîâûõ ìåòîäèê îáó-

÷åíèÿ ìàòåìàòèêå: ìåòîäèêè �îðìèðîâàíèÿ ïîíÿòèé; ìåòîäèêè �îðìèðîâàíèÿ

óìåíèé; ìåòîäèêè èçó÷åíèÿ òåîðåì. Åñëè ýòî ýòàï çàêðåïëåíèÿ èçó÷åííîãî, òî

ðåêîìåíäóåòñÿ ñîçäàâàòü êîìïëåêñû çàäàíèé, ðóêîâîäñòâóÿñü öåëÿìè çàäàíèé.

Ïðè âûáîðå ñïîñîáîâ îðãàíèçàöèè äåÿòåëüíîñòè ó÷àùèõñÿ ó÷èòûâàþò, ÷òî

îáåñïå÷åíèå óñïåøíîñòè îïðåäåëÿåòñÿ îðèåíòèðîâî÷íûìè îñíîâàìè äåÿòåëüíî-

ñòè, ÷òî îáîãàùåíèå ìåòàïðåäìåòíîãî îïûòà äîñòèãàåòñÿ ñ èñïîëüçîâàíèåì ãî-

òîâûõ èëè ñàìîñòîÿòåëüíî ðàçðàáîòàííûõ ïðèåìîâ îðãàíèçàöèè äåÿòåëüíîñòè,

÷òî ýêîíîìèÿ âðåìåíè ìîæåò îñóùåñòâëÿòüñÿ ñ ïîìîùüþ ïîäîáðàííûõ èëè ðàç-

ðàáîòàííûõ ñðåäñòâ (íàïðèìåð, ñ èñïîëüçîâàíèåì ìåòîäè÷åñêè ãðàìîòíûõ ðàç-

äàòî÷íûõ ìàòåðèàëîâ).

Ïðè êîíñòðóèðîâàíèè ìîíîëîãà èëè äèàëîãà ñ ó÷àùèìèñÿ íà ðàçëè÷íûõ ýòà-

ïàõ óðîêà èñïîëüçóþò ïðàâèëà âåäåíèÿ ó÷åáíîãî äèàëîãà, íàïðàâëåííûå íà îáåñ-

ïå÷åíèå ñàìîñòîÿòåëüíîé óñïåøíîñòè ó÷àùèõñÿ è îáîãàùåíèå èõ îïûòà. �àçðà-

áîòàíû òàêæå äèàëîãè äëÿ ðàáîòû ñ ìàòåìàòè÷åñêèìè îïðåäåëåíèÿìè, àëãîðèò-

ìàìè, òåîðåìàìè, çàäà÷àìè.

Ê ñèòóàöèÿì ïðîÿâëåíèÿ ìåòîäè÷åñêîé èíòóèöèè ïðè ïðîâåäåíèè çàíÿòèÿ

ìîæíî îòíåñòè: ó÷àùèåñÿ ïîíèìàþò (íå ïîíèìàþò) ìàòåðèàë; òåìï óðîêà óñòðà-

èâàåò (íå óñòðàèâàåò); äèñöèïëèíà íà óðîêå óñòðàèâàåò (íå óñòðàèâàåò).

Îáîñíîâàííûìè äåéñòâèÿìè ó÷èòåëÿ â ïðåäñòàâëåííûõ ñèòóàöèÿõ ÿâëÿþòñÿ:

äóáëèðîâàíèå �ðàãìåíòà óðîêà ñ ïîäêëþ÷åíèåì äðóãèõ ñïîñîáîâ êîäèðîâàíèÿ

èí�îðìàöèè, âîçìîæíî ïîäêëþ÷åíèå ó÷àùèõñÿ, êîòîðûå ïîíÿëè; äè��åðåíöè-

àöèÿ ñîäåðæàíèÿ è/èëè ñïîñîáîâ îðãàíèçàöèè äåÿòåëüíîñòè ó÷àùèõñÿ ïî äîïîë-

íèòåëüíîìó óðîâíþ (áàçîâûé óðîâåíü äîëæåí áûòü îñâîåí âñåìè); äóáëèðîâàíèå

ñòðóêòóðû óðîêà; ïðåäúÿâëåíèå òðåáîâàíèé, îáÿçàòåëüíûõ äëÿ âñåõ (íî íå áîëåå

òðåõ); îáåñïå÷åíèå óñïåøíîñòè ó÷àùèõñÿ â ðàçëè÷íûõ âèäàõ äåÿòåëüíîñòè.
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Ê ñèòóàöèÿì ïðîÿâëåíèÿ ìåòîäè÷åñêîé èíòóèöèè ïðè íàáëþäåíèè çà çàíÿòè-

åì äðóãîãî ïåäàãîãà ìîæíî îòíåñòè: àíàëèç ñîäåðæàíèÿ óðîêà; àíàëèç ïðèåìîâ

ó÷èòåëÿ; àíàëèç ïîâåäåíèÿ ó÷àùèõñÿ.

Âîçìîæíûìè àðãóìåíòàìè âûáîðà ñîäåðæàíèÿ óðîêà ÿâëÿþòñÿ: ñîîòâåò-

ñòâèå ýòàïàì áàçîâûõ ìåòîäèê; íàöåëåííîñòü íà ìîòèâàöèþ ìàòåðèàëà è/èëè

äåÿòåëüíîñòè; îáåñïå÷åíèå óñïåøíîñòè ó÷àùèõñÿ.

Àíàëèçó ïðèåìîâ ó÷èòåëÿ ïîìîãàåò âîïðîñ ¾Ïî÷åìó ó÷èòåëü. . . ?¿, àíàëèçó

ïîâåäåíèÿ ó÷àùèõñÿ ïîìîãàþò âîïðîñû ¾Ïî÷åìó ó÷àùèåñÿ. . . ?¿. Îòâåòû ïîçâî-

ëÿþò îáîñíîâàòü ïðèåìû ó÷èòåëÿ, âûÿâèòü ïðè÷èíû óñïåøíîñòè (íåóñïåøíî-

ñòè) ó÷àùèõñÿ.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÝËÅÊÒ�ÎÍÍÛÉ Ó×ÅÁÍÈÊ ÊÀÊ ÈÍÍÎÂÀÖÈÎÍÍÎÅ Ñ�ÅÄÑÒÂÎ

ÏÎÂÛØÅÍÈß ÊÀ×ÅÑÒÂÀ ÎÁÓ×ÅÍÈß

�. Þ. �ÿáûõ (�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ),

Í. Â. Ôðîëîâà (�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ),

Â. Ý. Ïèñêîâàöêîâ (�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ),

À. Þ. �åòèâûõ (�îññèÿ, �îñòîâ-íà-Äîíó; Ä�ÒÓ)

Äèñòàíöèîííîå îáó÷åíèå ïðèîáðåòàåò âñå áîëüøóþ ïîïóëÿðíîñòü â ïîñëåä-

íåå âðåìÿ. Ïåðâîíà÷àëüíî â Äîíñêîì ãîñóäàðñòâåííîì òåõíè÷åñêîì óíèâåðñèòå-

òå ïëàíèðîâàëîñü ñíàáäèòü ýëåêòðîííûìè ðåñóðñàìè ñòóäåíòîâ ñ îãðàíè÷åííû-

ìè âîçìîæíîñòÿìè çäîðîâüÿ. Èìåííî äëÿ íèõ áûëè ñîçäàíû ïåðâûå ó÷åáíèêè,

îáëåã÷àþùèå óñâîåíèå ìàòåðèàëà, äàþùèå âîçìîæíîñòü ÷àñòè÷íîãî äèñòàíöè-

îííîãî îáðàçîâàíèÿ.

Îäíàêî, â ïåðèîä ïàíäåìèè ó÷åáíûì çàâåäåíèÿì ïðèøëîñü ïî÷òè ïîëíîñòüþ

ïåðåéòè íà óäàëåííûé ðåæèì îáó÷åíèÿ. Ïîòðåáîâàëîñü ðåçêî óâåëè÷èòü êîëè÷å-

ñòâî èìåþùèõñÿ ýëåêòðîííûõ îáó÷àþùèõ ïîñîáèé. Îïèðàÿñü íà ðåêîìåíäàöèè,

ðàçðàáîòàííûå â [1, 2℄, ñîòðóäíèêè è ñòóäåíòû êà�åäðû ïðèêëàäíîé ìàòåìàòèêè

Ä�ÒÓ ïîäãîòîâèëè íåñêîëüêî íîâûõ ýëåêòðîííûõ ó÷åáíèêîâ äëÿ ñòóäåíòîâ âñåõ

íàïðàâëåíèé è ðàçëè÷íûõ �îðì îáó÷åíèÿ. Ýëåêòðîííûå ó÷åáíèêè ðàçðàáàòû-

âàëèñü íà îñíîâå îïîðíûõ êîíñïåêòîâ, ñîçäàííûõ ñîâìåñòíî ñ ïðåïîäàâàòåëÿìè

êà�åäðû ìàòåìàòèêè Ä�ÒÓ.

Ñðåäè ïîïóëÿðíûõ, àïðîáèðîâàííûõ â ïåðèîä äèñòàíöèîííîãî îáó÷åíèÿ,

ýëåêòðîííûõ ïîñîáèé îòìåòèì ó÷åáíèêè ïî ðàçäåëàì: Äè��åðåíöèàëüíîå èñ-

÷èñëåíèå, Èíòåãðàëüíîå èñ÷èñëåíèå, Îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâ-

íåíèÿ.

Â êàæäîì ðàçäåëå ó÷åáíèêà ïðèâîäèòñÿ íåîáõîäèìàÿ òåîðèÿ, à òàêæå áîëü-

øîå êîëè÷åñòâî ðàçîáðàííûõ ïðèìåðîâ.

Äëÿ ïðîâåðêè óñâîåííîãî ìàòåðèàëà ïðåäóñìîòðåí ïåðåõîä ê òðåíèðîâî÷-

íîé áàçå òåñòîâ íà ïîðòàëå Ñêè�. Èòîãîâîå òåñòèðîâàíèå îñóùåñòâëÿåòñÿ óæå â

ðåæèìå on-line.

Ïðîâåðêà ðåçóëüòàòîâ ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ ñ äàííûìè ýëåê-

òðîííûìè ïîñîáèÿìè ïîêàçàëà, ÷òî îáó÷åíèå â òàêîé �îðìå âåñüìà ý��åêòèâ-

íî.

Â íàñòîÿùèé ìîìåíò àâòîðû ðàáîòàþò íàä ñîçäàíèåì ýëåêòðîííûõ ó÷åáíè-

êîâ ïî òåîðèè âåðîÿòíîñòåé, ïî òåîðèè �óíêöèé íåñêîëüêèõ ïåðåìåííûõ, à òàê-

æå ïî ýëåìåíòàðíîé ìàòåìàòèêå. Ïîñëåäíèé ó÷åáíèê ìîæíî ðàññìàòðèâàòü êàê

ïîñîáèå ïî ïîäãîòîâêå ê Å�Ý, ëèáî êàê àäàïòèâíûé êóðñ äëÿ ñòóäåíòîâ�ïåðâî-

êóðñíèêîâ.

Àâòîðû ñ÷èòàþò, ÷òî ñëåäóåò èñïîëüçîâàòü íàêîïëåííûé îïûò äèñòàíöèîí-

íîãî îáó÷åíèÿ. Ïðåæäå âñåãî òàêîå îáó÷åíèå ðåêîìåíäóåòñÿ äëÿ ñòóäåíòîâ ñ

211



îãðàíè÷åííûìè âîçìîæíîñòÿìè çäîðîâüÿ, äëÿ âðåìåííî íåòðóäîñïîñîáíûõ ñòó-

äåíòîâ, äëÿ ñòóäåíòîâ çàî÷íîé �îðìû îáó÷åíèÿ.

Íå ñëåäóåò òàêæå çàáûâàòü î ñòóäåíòàõ, êîòîðûì áûâàåò òðóäíî äîáèðàòüñÿ

ê ìåñòó ó÷åáû. Ñðåäè òàêèõ ìîæíî óêàçàòü ìíîãèõ ó÷àùèõñÿ ìàãèñòðàòóðû.

Â íàøåì âóçå çà÷àñòóþ ñòóäåíòû�ìàãèñòðàíòû ó÷àñòâóþò â ïðîöåññå îáó÷åíèÿ,

íàõîäÿñü çà ãðàíèöåé.

Ëèòåðàòóðà

1. Ïîëàò Å. Ñ., Áóõàðêèíà Ì. Þ. Òåîðèÿ è ïðàêòèêà äèñòàíöèîííîãî îáó÷åíèÿ.�Ì.: Àêà-

äåìèÿ, 2004.

2. Âèãåðñ Ê. �àçðàáîòêà òðåáîâàíèé ê ïðîãðàììíîìó îáåñïå÷åíèþ.�Ì.: �óññêàÿ ðåäàêöèÿ,

2004.

212



Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÀË�Î�ÈÒÌÛ ÄÈÑÖÈÏËÈÍÛ

¾ÈÍÔÎ�ÌÀÒÈÊÀ È Ï�Î��ÀÌÌÈ�ÎÂÀÍÈÅ¿

Î. Ô. Óñêîâà (�îññèÿ, Âîðîíåæ; Â�Ó),

Ñ. Þ. Áîëîòîâà (�îññèÿ, Âîðîíåæ; Â�Ó),

Ä. �. Óñêîâ (�îññèÿ, Âîðîíåæ; Â�Ó)

¾Êëþ÷ ê òàéíàì êîìïüþòåðîâ â ãàðìîíè÷íîì ñî÷åòàíèè ìàòåìàòèêè, èíæå-

íåðèè è ïðîãðàììèðîâàíèÿ¿. Àâòîð ýòîãî âûñêàçûâàíèÿ (ñ êîòîðûì ìû ïîëíî-

ñòüþ ñîãëàñíû) ñîçäàòåëü ÿçûêà ïðîãðàììèðîâàíèÿ Ïàñêàëü, äèðåêòîð èíñòè-

òóòà èí�îðìàòèêè Øâåéöàðñêîé âûñøåé øêîëû â Öþðèõå Íèêëàóñ Âèðò [1℄.

Âîçðàñòàþùàÿ ðîëü èí�îðìàöèîííûõ òåõíîëîãèé âî âñåõ ñ�åðàõ ïðî�åñ-

ñèîíàëüíîé äåÿòåëüíîñòè ñïîñîáñòâóåò ïîâûøåíèþ çíà÷èìîñòè êóðñà ¾Èí�îð-

ìàòèêà è ïðîãðàììèðîâàíèå¿, èçó÷åíèå êîòîðîãî íà÷èíàåòñÿ íà ïåðâîì êóðñå

�àêóëüòåòà ïðèêëàäíîé ìàòåìàòèêè, èí�îðìàòèêè è ìåõàíèêè (ÏÌÌ) Âîðî-

íåæñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà ñî ñòðóêòóðíîãî ïðîãðàììèðîâàíèÿ íà

ÿçûêå C++.
Äëÿ ïðîâåäåíèÿ ïðàêòè÷åñêèõ çàíÿòèé è ëàáîðàòîðíûõ ðàáîò ðàçðàáîòàí

çàäà÷íèê-ïðàêòèêóì ïî ñòðóêòóðíîìó ïðîãðàììèðîâàíèþ íà ÿçûêå C++ [2℄.

Ó÷èòûâàÿ îñîáåííîñòè ñïåöèàëüíîñòåé �àêóëüòåòà ÏÌÌ äîñòàòî÷íîå êîëè-

÷åñòâî çàäàíèé çàäà÷íèêà�ïðàêòèêóìà ñîäåðæàò ìàòåìàòè÷åñêèå àëãîðèòìû.

Ïðèâåäåì íåñêîëüêî ïðèìåðîâ òàêèõ çàäàíèé äëÿ ïåðâîêóðñíèêîâ [2�4℄.

1. Ïóñòü äàíû êîîðäèíàòû òðåõ òî÷åê íà ïëîñêîñòè. Åñëè îíè ìîãóò áûòü âåð-

øèíàìè òóïîóãîëüíîãî òðåóãîëüíèêà, âû÷èñëèòå åãî ïëîùàäü. Âûâåäèòå äëèíû

ñòîðîí â ïîðÿäêå óáûâàíèÿ èõ çíà÷åíèé.

2. Âû÷èñëèòü ïðèáëèæåííîå çíà÷åíèå

∫
x2dx íà îòðåçêå [a, b], èñïîëüçóÿ �îð-

ìóëó ïðÿìîóãîëüíèêîâ, åñëè èçâåñòíî, ÷òî îòðåçîê [a, b] ðàçáèò íà n ðàâíûõ

÷àñòåé.

3. Ïóñòü äàíû êîîðäèíàòû n òî÷åê ïëîñêîñòè x1, y1, x2, y2, . . . , xn, yn
(n = 40). Íàéòè íîìåðà äâóõ òî÷åê, ðàññòîÿíèå ìåæäó êîòîðûìè ìèíèìàëü-

íîå, ñ÷èòàÿ, ÷òî òàêàÿ ïàðà òî÷åê åäèíñòâåííàÿ.

4. Íàéòè óãîë ϕ ìåæäó äâóìÿ n-ìåðíûìè âåêòîðàìè.
5. Ïóñòü äàíû äâå êâàäðàòíûå âåùåñòâåííûå ìàòðèöû. Âû÷èñëèòü èõ ïðî-

èçâåäåíèÿ.

6. Ñîñòàâèòü ïðîãðàììó äëÿ íàõîæäåíèÿ ñ çàäàííîé òî÷íîñòüþ ìåòîäîì ïî-

ëîâèííîãî äåëåíèÿ êîðíÿ óðàâíåíèÿ f(x) = 0 íà çàäàííîì èíòåðâàëå [a, b) ïðè
óñëîâèè, åñëè íà ýòîì èíòåðâàëå åñòü êîðåíü, òî îí åäèíñòâåííûé.

7. Ïðè íåêîòîðûõ çàäàííûõ x, N è E, îïðåäåëÿåìûõ ââîäîì, âû÷èñëèòå
à) ñóììó N ñëàãàåìûõ çàäàííîãî âèäà;

á) ñóììó òåõ ñëàãàåìûõ, êîòîðûå ïî àáñîëþòíîé âåëè÷èíå áîëüøå E.
Âû÷èñëåíèå âòîðîé ñóììû âûïîëíèòå äëÿ äâóõ çíà÷åíèé E, îòëè÷àþùèõñÿ

íà ïîðÿäîê, ïðè ýòîì îïðåäåëèòå êîëè÷åñòâî ñëàãàåìûõ, âêëþ÷åííûõ â ñóì-

ìó, âû÷èñëÿåìóþ äëÿ êàæäîãî çíà÷åíèÿ E. Ñðàâíèòå ðåçóëüòàòû ñî çíà÷åíèåì
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�óíêöèè, äëÿ êîòîðîé äàííàÿ ñóììà îïðåäåëÿåò ïðèáëèæåííîå çíà÷åíèå ïðè x,
ëåæàùåì â èíòåðâàëå (−R,R), âû÷èñëåííûì ñ ïîìîùüþ âñòðîåííûõ �óíêöèé

êîìïèëÿòîðà

sin(x) = x− x3

3!
+
x5

5!
− x7

7!
+ . . . , R = ∞.

Äëÿ ðåøåíèÿ ñ�îðìóëèðîâàííîé çàäà÷è íåîáõîäèìû äâå �óíêöèè.

Ïåðâàÿ �óíêöèÿ (âàðèàíò à), ñèãíàòóðà êîòîðîé èìååò âèä

�oat rsin (�oat x, int N),

âû÷èñëÿåò çíà÷åíèå ðÿäà sin(x) äëÿ çàäàííîãî âåùåñòâåííîãî çíà÷åíèÿ àðãóìåí-
òà x ñ ïîìîùüþ N ñëàãàåìûõ ðÿäà Òåéëîðà. Ýòà �óíêöèÿ èìååò äâà ïàðàìåòðà

è âîçâðàùàåò âåùåñòâåííîå çíà÷åíèå âû÷èñëåííîé ñóììû.

Âòîðàÿ (ïåðåãðóæåííàÿ) �óíêöèÿ ñ òåì æå èìåíåì

�oat rsin (�oat x, �oat e, int & 
ount)

âû÷èñëÿåò ïî òîìó æå àëãîðèòìó Òåéëîðà çíà÷åíèå ñóììû ñ çàäàííîé òî÷íî-

ñòüþ eps. Îíà (âàðèàíò á) âîçâðàùàåò â îñíîâíóþ ïðîãðàììó íå òîëüêî âû÷èñ-

ëåííîå çíà÷åíèå ñóììû, íî è êîëè÷åñòâî ñëàãàåìûõ â ýòîé ñóììå (int & 
ount).

Êîëè÷åñòâî ïàðàìåòðîâ äëÿ ýòîãî âàðèàíòà �óíêöèè rsin ðàâíî 3.
Ñîçäàòåëü ÿçûêà ïðîãðàììèðîâàíèÿ C++ Áüÿðí Ñòðàóñòðóï ñ÷èòàåò: ¾Íà-

ïèñàíèå õîðîøèõ ïðîãðàìì òðåáóåò óìà, âêóñà è òåðïåíèÿ¿ [5℄.

Ëèòåðàòóðà

1. Âèðò Í. Àëãîðèòìû è ñòðóêòóðû äàííûõ.�Ì.: Ìèð, 1989.�360 ñ.

2. Óñêîâà Î. Ô., Êàïëèåâà Í. À., �îðáåíêî Î. Ä. Èí�îðìàòèêà è ïðîãðàììèðîâàíèå: çà-

äà÷íèê-ïðàêòèêóì ïî ñòðóêòóðíîìó ïðîãðàììèðîâàíèþ íà ÿçûêå C++.�Âîðîíåæ: Èçä.
äîì Â�Ó, 2020.�279 ñ.

3. Óñêîâà Î. Ô., Áàêëàíîâ Ì. Â., Âîðîíèíà È. Å., �îðáåíêî Î. Ä., Âîùèíñêàÿ �. Ý., Îãàð-

êîâà Í. Â., Ìåëüíèêîâ Â. Ì. Ïðîãðàììèðîâàíèå íà ÿçûêå Ïàñêàëü: çàäà÷íèê.�ÑÏá:

Ïèòåð, 2002.�366 ñ.

4. Óñêîâà Î. Ô., Êàïëèåâà Í. À. Îñíîâû ïðîãðàììèðîâàíèÿ: Ó÷åá. ïîñîáèå.�Âîðîíåæ:

Èçä-âî Â�Ó, 2010.�266 ñ.

5. Ñòðàóñòðóï Á. ßçûê ïðîãðàììèðîâàíèÿ C++.�Ì.: Áèíîì, 1999.�990 ñ.
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Òåçèñû äîêëàäîâ XVI Ìåæäóíàðîäíîé íàó÷íîé êîí�åðåíöèè: Ïîðÿäêîâûé àíàëèç è ñìåæíûå

âîïðîñû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òåîðèÿ îïåðàòîðîâ è äè��åðåíöèàëüíûå óðàâíåíèÿ

(ã. Âëàäèêàâêàç, 20�25 ñåíòÿáðÿ 2021 ã.)

Ï�ÈÌÅÍÅÍÈÅ ÊÎÎ�ÄÈÍÀÒÍÎ�Î ÌÅÒÎÄÀ ÄËß �ÅØÅÍÈß ÇÀÄÀ×

ÍÀ ÍÀÕÎÆÄÅÍÈÅ �ÀÑÑÒÎßÍÈß ÎÒ ÒÎ×ÊÈ ÄÎ ÏËÎÑÊÎÑÒÈ

Ñ. Â. ×èñïèÿêîâ

(�îññèÿ, Áðÿíñê; Á�Ó èì. È. �. Ïåòðîâñêîãî, �èìíàçèÿ � 7)

�åøåíèå çàäà÷ ïî ñòåðåîìåòðèè òðåáóåò îò ó÷àùèõñÿ ñîîòâåòñòâóþùèõ çíà-

íèé òåîðèè, óìåíèé èõ ïðèìåíåíèÿ è íàâûêîâ ðåøåíèÿ çàäà÷. Ê ñîæàëåíèþ,

òàêèìè ñïîñîáíîñòÿìè îáëàäàþò äàëåêî íå âñå øêîëüíèêè. Ïðèìåíåíèå êîîð-

äèíàòíîãî ìåòîäà ìîæåò ïîìî÷ü ó÷àùèìñÿ íàó÷èòüñÿ ðåøàòü ãåîìåòðè÷åñêèå

çàäà÷è. Òàêèì îáðàçîì, àêòóàëüíûìè ÿâëÿþòñÿ âîïðîñû ìåòîäèêè ïðåïîäàâà-

íèÿ ìàòåìàòèêè è îáðàçîâàòåëüíûå òåõíîëîãèè â îáó÷åíèè ìàòåìàòèêè. Òàêè-

ìè âîïðîñàìè çàíèìàþòñÿ È. Å. Ìàëîâà, Þ. À. Åëîâèêîâà, Ì. À. Êîðïà÷åâà,

Í. À. Ìàëèííèêîâà, Ñ. Â. ×èñïèÿêîâ [1�4℄.

Êîîðäèíàòíûé ìåòîä ïîçâîëÿåò êëàññè�èöèðîâàòü îñíîâíûå çàäà÷è ñòåðåî-

ìåòðèè, ñîçäàâàòü è ïðèìåíÿòü òåõíîëîãèè èõ ðåøåíèÿ.

Îñíîâîé êîîðäèíàòíîãî ìåòîäà ÿâëÿþòñÿ ñâîéñòâà âåêòîðîâ, óñëîâèÿ èõ âçà-

èìíîãî ðàñïîëîæåíèÿ è ñâÿçü ñ ãåîìåòðè÷åñêèìè îáúåêòàìè: ïëîñêîñòü, ïðÿìàÿ,

òî÷êà.

�àññìîòðèì òåõíîëîãèþ ðåøåíèÿ çàäà÷ íà íàõîæäåíèå ðàññòîÿíèÿ îò òî÷êè

äî ïëîñêîñòè.

Äëÿ ýòîãî íåîáõîäèìî óìåíèå ñîñòàâëÿòü óðàâíåíèå ïëîñêîñòè.

�àññìîòðèì ñëåäóþùèå ñëó÷àè:

1) Åñëè ïëîñêîñòü ñîäåðæèò äâå êîîðäèíàòíûå ïðÿìûå, íàïðèìåð Ox è Oz.
Òàêàÿ êîîðäèíàòíàÿ ïëîñêîñòü îáîçíà÷àåòñÿ Oxz, åå óðàâíåíèå èìååò âèä

Ox+ y +Oz = 0. Àíàëîãè÷íî, ïëîñêîñòü Oxy èìååò óðàâíåíèå Ox+Oy + z = 0.
2) Åñëè èçâåñòíà òî÷êà ïëîñêîñòè M(x0, y0, z0) è ïðÿìàÿ PQ, ïåðïåí-

äèêóëÿðíàÿ ïëîñêîñòè. Òîãäà âåêòîð

−−→
PQ = (a, b, c) ïåðïåíäèêóëÿðåí ïëîñ-

êîñòè (íîðìàëüíûé âåêòîð ïëîñêîñòè) è óðàâíåíèå ïëîñêîñòè èìååò âèä

a(x− x0) + b(y − y0) + c(z − z0) = 0.
3) Åñëè èçâåñòíû òðè òî÷êè ïëîñêîñòè M1(x1, y1, z1), M2(x2, y2, z2),

M3(x3, y3, z3). Òîãäà îáîçíà÷èì ÷åðåç M(x, y, z) ïðîèçâîëüíóþ òî÷êó ïëîñêî-

ñòè. �àññìîòðèì ñèñòåìó òðåõ âåêòîðîâ:

−−−→
MM1 = (x1 − x, y1 − y, z1 − z),−−−−→

M2M1 = (x1 − x2, y1 − y2, z1 − z2),
−−−−→
M3M1 = (x1 − x3, y1 − y3, z1 − z3) � ýòè âåê-

òîðû êîìïëàíàðíû, ñëåäîâàòåëüíî, îïðåäåëèòåëü, ñîñòàâëåííûé èç èõ êîîðäè-

íàò, ðàâåí íóëþ: ∣∣∣∣∣∣

x1 − x y1 − y z1 − z
x1 − x2 y1 − y2 z1 − z2
x1 − x3 y1 − y3 z1 − z3

∣∣∣∣∣∣
= 0.

�àñêðûâàÿ îïðåäåëèòåëü, ïîëó÷èì óðàâíåíèå ïëîñêîñòè.
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Äëÿ íàõîæäåíèÿ ðàññòîÿíèÿ îò òî÷êèM(x0, y0, z0) äî ïëîñêîñòè γ : ax+by+
cz + d = 0 äîñòàòî÷íî ïðèìåíèòü �îðìóëó

⌈ax0 + by0 + cz0 + d⌉√
a2 + b2 + c2

.

Òàêèì îáðàçîì, ìîæíî îïðåäåëèòü ñëåäóþùóþ òåõíîëîãèþ:

1. Âû÷åðòèòü îñíîâàíèå ðàññìàòðèâàåìîé �èãóðû, ââåñòè ïðÿìîóãîëüíóþ

ñèñòåìó êîîðäèíàò Oxy è îïðåäåëèòü êîîðäèíàòû îñíîâíûõ òî÷åê.

2. Ïîñòðîèòü îñíîâíóþ �èãóðó, ââåñòè ïðîñòðàíñòâåííóþ ñèñòåìó êîîðäè-

íàò Oxyz è îïðåäåëèòü êîîðäèíàòû âñåõ òî÷åê, èç óñëîâèÿ çàäà÷è. Ïðè íåîá-

õîäèìîñòè èñïîëüçîâàòü �îðìóëó êîîðäèíàò òî÷åê, äåëÿùèõ îòðåçîê â äàííîì

îòíîøåíèè.

3. Îïðåäåëèòü óðàâíåíèå ïëîñêîñòè.

4. Èñïîëüçîâàòü �îðìóëó íàõîæäåíèÿ ðàññòîÿíèÿ.

�àññìîòðåííóþ òåõíîëîãèþ ìîæíî ïðèìåíÿòü äëÿ íàõîæäåíèÿ ðàññòîÿíèÿ

ìåæäó ñêðåùèâàþùèìèñÿ ïðÿìûìè, ñëåäóþùèì îáðàçîì.

Â îäíîé èç ïðÿìûõ âûáèðàåì òî÷êó è íàõîäèì åå êîîðäèíàòû. Ñ ïîìîùüþ

âòîðîé ïðÿìîé ñîñòàâëÿåì óðàâíåíèå ïëîñêîñòè, ñîäåðæàùåé âòîðóþ ïðÿìóþ,

ïàðàëëåëüíî ïåðâîé. Òîãäà èñêîìîå ðàññòîÿíèå � ýòî ðàññòîÿíèå îò âûáðàííîé

òî÷êè äî ïîëó÷åííîé ïëîñêîñòè.

�àññìîòðèì ïðèìåíåíèå òåõíîëîãèè äëÿ ðåøåíèÿ çàäà÷è èç áàíêà Å�Ý

(520822).

Çàäà÷à. Â êóáå ABCDA1B1C1D1 âñå ðåáðà ðàâíû 6.
à) Äîêàæèòå, ÷òî óãîë ìåæäó ïðÿìûìè AC è BC1 ðàâåí 60◦.
á) Íàéäèòå ðàññòîÿíèå ìåæäó ïðÿìûìè AC è BC1.

�åøåíèå. á)

1) Îñíîâàíèå ABCD � êâàäðàò. Ââåäåì ñèñòåìó êîîðäèíàò ñ öåíòðîì â òî÷-

êå A è îñÿìè AxAD, Ay AB. Òîãäà êîîðäèíàòû òî÷åê: A(0, 0), B(0, 6), C(6, 6),
D(6, 0).

2) Â êóáå ABCDA1B1C1D1 ââåäåì ïðîñòðàíñòâåííóþ ñèñòåìó êîîðäèíàò

ñ öåíòðîì â òî÷êå A è îñÿìè AxAD, AyAB, Az AA1. Òîãäà êîîðäèíàòû òî-

÷åê: A(0, 0, 0), B(0, 6, 0), C(6, 6, 0), D(6, 0, 0), A1(0, 0, 6), B1(0, 6, 6), C1(6, 6, 6),
D1(6, 0, 6).

3) Â ïðÿìîé AC âûáåðåì òî÷êó A(0, 0, 0).
4) Ñîñòàâèì óðàâíåíèå ïëîñêîñòè α, ñîäåðæàùåé ïðÿìóþ BC1, ïàðàëëåëüíî

ïðÿìîé AC. Ïóñòü M(x, y, z) � ïðîèçâîëüíàÿ òî÷êà ïëîñêîñòè. Òîãäà âåêòîðû−−→
BM = (x, y−6, z),

−−→
BC1 = (6, 0, 6),

−→
AC = (6, 6, 0) � êîìïëàíàðíû, ñëåäîâàòåëüíî,

∣∣∣∣∣∣

x y − 6 z
6 0 6
6 6 0

∣∣∣∣∣∣
= 0.

�àñêðûâàÿ îïðåäåëèòåëü, ïîëó÷èì

(0 + 36z + 36(y − 6))− (0 + 36x+ 0)) = −36x+ 36(y − 6) + 36z.
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Ïðèðàâíÿâ ê íóëþ è ðàçäåëèâ íà −36, ïîëó÷èì óðàâíåíèå ïëîñêîñòè:

x− y + z − 6 = 0,

⌈0− 0 + 0− 6⌉√
12 + (−1)2 + 12

=
6√
3
= 2

√
3.

Ïîäâîäÿ èòîã, ìîæíî îòìåòèòü îñíîâíûå óìåíèÿ, êîòîðûå íåîáõîäèìû ó÷à-

ùåìóñÿ, äëÿ ïðèìåíåíèÿ ìåòîäà:

� ââîäèòü ñèñòåìó êîîðäèíàò íà ïëîñêîñòè è íàõîäèòü êîîðäèíàòû òî÷åê;

� ââîäèòü ñèñòåìó êîîðäèíàò â ïðîñòðàíñòâå è íàõîäèòü êîîðäèíàòû îñíîâ-

íûõ òî÷åê;

� íàõîäèòü êîîðäèíàòû âñïîìîãàòåëüíûõ òî÷åê (ïî �îðìóëàì äåëåíèÿ îò-

ðåçêà â äàííîì îòíîøåíèè);

� îïðåäåëÿòü êîîðäèíàòû âåêòîðîâ (èñïîëüçóÿ êîîðäèíàòû òî÷åê èëè óðàâ-

íåíèé ïëîñêîñòè);

� èñïîëüçîâàòü �îðìóëó ðàññòîÿíèÿ îò òî÷êè äî ïëîñêîñòè.
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ìàòåìàòèêè è ìåõàíèêè¿

�ÔÈ ÂÍÖ �ÀÍ � �åî�èçè÷åñêèé èíñòèòóò � �èëèàë Ôåäåðàëüíîãî

ãîñóäàðñòâåííîãî áþäæåòíîãî ó÷ðåæäåíèÿ íàóêè Ôåäåðàëüíîãî íàó÷íîãî

öåíòðà ¾Âëàäèêàâêàçñêèé íàó÷íûé öåíòð �îññèéñêîé àêàäåìèè íàóê¿

Ä�ÒÓ � Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

ÄîíÍÒÓ � Äîíåöêèé íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò

ÄîíÍÓ � Äîíåöêèé íàöèîíàëüíûé óíèâåðñèòåò

ÄÔÈÖ �ÀÍ � Äàãåñòàíñêèé �åäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð

�îññèéñêîé àêàäåìèè íàóê

ÅÈ ÊÔÓ � Åëàáóæñêèé èíñòèòóò (�èëèàë) Êàçàíñêîãî �åäåðàëüíîãî

óíèâåðñèòåòà

ÅÊÊÈ � Åëàáóæñêèé êîëëåäæ êóëüòóðû è èñêóññòâ

ÈÌ ÀÍ �Óç � Èíñòèòóò ìàòåìàòèêè èìåíè Â. È. �îìàíîâñêîãî

àêàäåìèè íàóê �åñïóáëèêè Óçáåêèñòàí

ÈÌ ÑÎ �ÀÍ � Èíñòèòóò ìàòåìàòèêè èìåíè Ñ. Ë. Ñîáîëåâà

Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê

ÈÌÂÖ ÓÔÈÖ �ÀÍ � Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì

Ó�èìñêîãî �åäåðàëüíîãî èññëåäîâàòåëüñêîãî öåíòðà �ÀÍ

ÈÌÌèÊÍ ÞÔÓ � Èíñòèòóò ìàòåìàòèêè, ìåõàíèêè è êîìïüþòåðíûõ íàóê

èìåíè È. È. Âîðîâè÷à Þæíîãî �åäåðàëüíîãî óíèâåðñèòåòà
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ÈÌÌÌ � Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

ÈÏÌÀ ÊÁÍÖ �ÀÍ � Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè

Êàáàðäèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà �îññèéñêîé àêàäåìèè íàóê

ÈÏÓ �ÀÍ � Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èìåíè Â. À. Òðàïåçíèêîâà

�îññèéñêîé àêàäåìèè íàóê

ËÒÓ-óíèâåðñèòåò � Ëàïïååíðàíòñêèé òåõíîëîãè÷åñêèé óíèâåðñèòåò

Ì�Ó � Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì. Â. Ëîìîíîñîâà

ÌÈÀÍ � Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà

�îññèéñêîé àêàäåìèè íàóê

ÌÏ�Ó � Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Íàâ�ÏÈ � Íàâîéñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò

Í�Ó � Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

ÍÈÓ ¾Áåë�Ó¿ � Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé

èññëåäîâàòåëüñêèé óíèâåðñèòåò

ÍÈÖ ÑÝ è ÍÊ � Íàó÷íî-èññëåäîâàòåëüñêèé öåíòð ñóïåð-ÝÂÌ

è íåéðîêîìïüþòåðîâ

ÍÈßÓ ÌÈÔÈ � Íàöèîíàëüíûé èññëåäîâàòåëüñêèé ÿäåðíûé óíèâåðñèòåò

¾ÌÈÔÈ¿ (Ìîñêîâñêèé èíæåíåðíî-�èçè÷åñêèé èíñòèòóò)

ÍÓÓç � Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ìèðçî Óëóãáåêà

Î�Ó èì. È. Ñ. Òóðãåíåâà � Îðëîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè È. Ñ. Òóðãåíåâà

ÎÎÎ ¾ÁÝÑÊ Èíæèíèðèíã¿ � Îáùåñòâî ñ îãðàíè÷åííîé îòâåòñòâåííîñòüþ

¾ÁÝÑÊ Èíæèíèðèíã¿

ÎÎÎ ¾�ÀÇÏ�ÎÌÍÅÔÒÜ ÍÒÖ¿ � Îáùåñòâî ñ îãðàíè÷åííîé

îòâåòñòâåííîñòüþ ¾�àçïðîìíå�òü Íàó÷íî-Òåõíè÷åñêèé Öåíòð¿

ÎÎÎ ¾�Í-ÁàøÍÈÏÈíå�òü¿ � Îáùåñòâî ñ îãðàíè÷åííîé

îòâåòñòâåííîñòüþ ¾�Í-Áàøêèðñêèé íàó÷íî-èññëåäîâàòåëüñêèé

è ïðîåêòíûé èíñòèòóò íå�òè¿

Ï�Ó � Ïîëîöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

�ÍÎÌÖ ÞÔÓ � �åãèîíàëüíûé íàó÷íî-îáðàçîâàòåëüíûé ìàòåìàòè÷åñêèé

öåíòð Þæíîãî �åäåðàëüíîãî óíèâåðñèòåòà

Ñàì�ÒÓ � Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

Ñ�Ó � Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò èìåíè Í. �. ×åðíûøåâñêîãî

ÑÊ�ÈÈ � Ñåâåðî-Êàâêàçñêèé ãîñóäàðñòâåííûé èíñòèòóò èñêóññòâ

ÑÊÖÌÈ ÂÍÖ �ÀÍ � Ñåâåðî-Êàâêàçñêèé öåíòð ìàòåìàòè÷åñêèõ

èññëåäîâàíèé Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà �îññèéñêîé àêàäåìèè íàóê

ÑÊÖÌÈ ÑÎ�Ó � Ñåâåðî-Êàâêàçñêèé öåíòð ìàòåìàòè÷åñêèõ èññëåäîâàíèé

Ñåâåðî-Îñåòèíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èìåíè Ê. Ë. Õåòàãóðîâà

ÑÏá ÔÈÖ �ÀÍ � Ñàíêò-Ïåòåðáóðãñêèé Ôåäåðàëüíûé èññëåäîâàòåëüñêèé

öåíòð �îññèéñêîé àêàäåìèè íàóê

Òàø�ÒÓ � Òàøêåíòñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

ÒÓÈÒ � Òàøêåíòñêèé óíèâåðñèòåò èí�îðìàöèîííûõ òåõíîëîãèé

èìåíè Ìóõàììàäà àëü-Õîðàçìèé

Ôèíàíñîâûé óíèâåðñèòåò � Ôèíàíñîâûé óíèâåðñèòåò

ïðè Ïðàâèòåëüñòâå �îññèéñêîé Ôåäåðàöèè
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Õî�Ó � Õîðîãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì. Íàçàðøîåâà

×�ÏÓ � ×å÷åíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

×�Ó � ×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

ÞÌÈ ÂÍÖ �ÀÍ � Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � �èëèàë

Ôåäåðàëüíîãî ãîñóäàðñòâåííîãî áþäæåòíîãî ó÷ðåæäåíèÿ íàóêè

Ôåäåðàëüíîãî íàó÷íîãî öåíòðà ¾Âëàäèêàâêàçñêèé íàó÷íûé öåíòð

�îññèéñêîé àêàäåìèè íàóê¿

Þ��ÏÓ (ÍÏÈ) � Þæíî-�îññèéñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé

óíèâåðñèòåò èìåíè Ì. È. Ïëàòîâà (Íîâî÷åðêàññêèé ïîëèòåõíè÷åñêèé

èíñòèòóò)

ÞÔÓ � Þæíûé �åäåðàëüíûé óíèâåðñèòåò

ß�ÏÓ � ßðîñëàâñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èìåíè Ê. Ä. Óøèíñêîãî
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