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����	� �� �� ���������� !� "� " �.��/ 01.�2�� 34�.�
��15678/8.79 �4�/�79 ����8� ��: 14��./.�:
8/6�/467;7 <74:��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

#$%&'() *� +� =>?@ABC?DE FGHIGJG?ADABC?
CK )?LG@ABMG ND?D@O PDAAB@GJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	�

,��	�� -� .� ����4�614.Q/ 074R1�Q ��: �.6/;4��7�
6�<� �7S� .� 764/��/ �.6/;4�47��.�: � � � � � � � � � � � � � � � � � � � � � � T�

,��	� /� 0� 1�2��	� 3� �� �7�1�U.7 &7<4:V/..7/
<47&64�.&6�7 ��: &6�.��46.7;7 ;��UW/467�7;7 R7�1�:
.�� �7���U.79 C�#��;/W479 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �	

�����	� �� 4� 5����	�� -� �� �/�7674Q/ ���&&Q
&<�4��/7W4��.Q5 01.�2�9 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%

����	� 6� 6� X1.�2�7.��U.7/ �&8�&�/.�/
� �/�674.Q5 4/S/6��5 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �T

7�8	9�� :� �� ;�<�	� 0� �� ����4�614.Q/ 074R1�Q
��: &�.;1�:4.Q5 �.6/;4��7� & �Q&7�79 ��;/W4��8/&�79
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�	��	� �� >� �/�7674Q/ �&</�6Q 6/74�� 7�.7R/4.Q5
R7�/�/9 ���.67�79 R/5�.��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

!'���( )))
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����	�� 4� >� " 4/S/.�� �44�2�7.��U.Q5 14��./.�9 � � � � � � � ��

-	��?��� -� �� ���������� !� "� 7���	�� -� ��
" ./�7674Q5 7&7W/..7&6:5 <4/<7����.�:
R�6/R�6�8/&�7;7 �.����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � %	



������ �

�����������	�
 �����






� 	
��
 ��
���� ���
�
�������
�
�� ���
��� 	�����

��� ����


�� �
��
����� �������

	
 �
 �
����� �
 �
 ����������

�� 764/��/ [a, b] ∈ R 4�&&R�64���/6&: �4�/��: ����8�

Lu ≡ (p(x)u′′)′′ − (q(x)u′)′ = f(x), (1)

u(a) = 0, β(a)u′′(a)− ϑ(a)u′(a) = 0, (2)

β2(b)u
′′(b) + β1(b)u

′(b)− β0(b)u(b) = 0,

D3u(b) + β0(b)u
′(b)− δ0(b)u(b) = 0.

(3)

-�/&U 8/4/� D3u 7W7�.�8/.� 64/6U: �����<47���7�.�: (p(x)u′′)′ −
q(x)u′ � <4/�<7��;�Y6&: �Q<7�./..QR� &�/�1Y[�/ 1&�7��:�

• p(x) ∈ C2[a, b]$ infx∈[a,b] p(x) > 0$ q(x) ∈ C1[a, b]$ q(x) � 0 .� [a, b]
� f(x) ∈ C[a, b]\

• �7.&6�.6Q β(a), ϑ(a) ./764�2�6/�U.Q � β(a) + ϑ(a) �= 0\
• β1(b)$ β2(b) � δ0(b) &647;7 <7�7V�6/�U.Q � [β0(b)]2−β1(b)δ0(b)<0�
��&&R�64���/R�: ����8� :��:/6&: 8�&6.QR &�18�/R W7�// 7W[/9

�4�/�79 ����8� ��: 14��./.�: ]�^ & �4�/�QR� 1&�7��:R� ����

β2(a)u
′′(a)− β1(a)u

′(a)− β0(a)u(a) = 0,

β2(b)u
′′(b) + β1(b)u

′(b)− β0(b)u(b) = 0,

β3(a)D
3u(a) + β0(a)u

′(a) + δ0(a)u(a) = 0,

β3(b)D
3u(b) + β0(b)u

′(b)− δ0(b)u(b) = 0,

(4)

�7674�: �7�.���/6 <4� ��18/.�� �4�/�79 ����8� .� ;/7R/64�8/&�7R
;4�0/$ 7<�&Q��Y[/9 R��Q/ �/074R�2�� <�7&�79 &6/4V./�79 &�&6/#
RQ _�`� � &�18�/$ �7;�� �./S.:: &��� f(x) &7&4/�7678/.� ��SU .�
7�.7R �� &6/4V./9 &�&6/RQ$ ����8� .� ;4�0/ &�7��6&: � ����8/ �R/.#
.7 ��: a67;7 &6/4V.:$ � 4/��2�: 7&6��U.79 8�&6� &�&6/RQ �Q4�V�#
/6&: 1&�7��:R� ]�^� Z4� a67R$ /&�� 7��. �7./2 &6/4V.: &�&6/RQ
.� �76747R &7&4/�7678/.� �./S.:: &���$ ���4/<�/.$ � �41;79 �7./2
V/&6�7 &78�/./. & �7.2�R� /[/ ./&�7�U��5 &6/4V./9 &�&6/RQ$ 67
��� �� 1&�7��9 ]�^$ &776�/6&6�1Y[�/ ���4/<�/..7R1 �7.21 <4�7W4/#
6�Y6 ��� ]	^$ � 1&�7��:$ &776�/6&6�1Y[�/ �41;7R1 �7.21 &6/4V.:
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 �������
�� �� ��

]1��1 &�&6/RQ^ <4�7W4/6�Y6 ��� ]T^� !�R� <7 &/W/ 1&�7��: ]T^ � a67
1&�7��: 7W[/;7 ����$ .7 RQ .�����Q��/R �7<7�.�6/�U.Q/ 1&�7��:
.� �7a00�2�/.6Q$ �7674Q/ 6��V/ �Q:��:Y6&: <4� &�/�/.�� ����8�
.� ;4�0/ � ����8/ .� 764/��/ ]W7�// <7�47W.7 &R� _	`^�
��R� ��18�/6&: �7<47& 7 <7�7V�6/�U.7&6� 01.�2�� 34�.� �4�#

/�79 ����8� ]�^b]T^� 
1�/6 ��.7 ./7W57��R7/ � �7&6�678.7/ 1&�7��/
<7�7V�6/�U.7&6� 01.�2�� 34�.�� "6R/6�R$ 867 �7&6�678.Q/ 1&�7#
��: <7�7V�6/�U.7&6� 01.�2�� 34�.� ����8� ]�^$ ]�^ ]�$ &�/�7��#
6/�U.7$ ����8� ]�^b]T^^ ��Y6&:$ .�<4�R/4$ � 4�W76/ _T`$ 7�.��7 7��#
�Q��/6&:$ 867 ����8� ]�^$ ]�^ 1�7��/6�74:/6 �R 67�U�7 <4� β0(b) � 0�
� 67 V/ �4/R:$ ��� <7����.7 � 4�W76/ _	`$ 4/�1�2�: ����8� .� ;4�0/
� ]�^$ ]�^ <4��7��6 ��� � &�18�Y β0(b) � 0$ 6�� � � &�18�Y β0(b) > 0$
6�� 867 �7<47& 7���Q��/6&: &7�/4V�6/�U.QR�
!.�8��� .�R� W1�16 1&6�.7��/.Q ./�7674Q/ ca�/R/.6�4.Q/d

&�79&6�� 4/S/.�9 14��./.�: ]�^$ �7674QR� RQ W1�/R � ���U./9S/R
./7�.7�4�6.7 <7�U�7��6U&:� � 7&.7�/ 7W7&.7��.�: &�79&6� 4/S/.�9
�/V�6 �7�R7V.7&6U <4��/�/.�: ��00/4/.2���U.7;7 14��./.�: n#;7
<74:��� � 0��674��7��..79 074R/ X47W/.�1&� � Z79� _�`�

hn(x)
d

dx
hn−1(x)

d

dx
. . .

d

dx
[h0(x)u] = 0, (5)

;�/ hi(x) � �7&6�678.7 ;�����/ ]��: 67;7$ 867WQ ��00/4/.2�47��#
.�/ � ]�^ WQ�7 ���&&�8/&��R^ &647;7 <7�7V�6/�U.Q/ 01.�2���

X74R� ]�^ <7��7�:/6 <4�R/.:6U <4� �&&�/�7��.�� �.��7�Q5
&�79&6� 4/S/.�9 6/5.��1 6/74/RQ �7��: ]�� 67;7$ 867 u′(x) R/.:/6
�.�� k 4�� &�/�1/6$ 867 u(x) R/.:/6 �.�� ./ W7�// k+1 4�� � ./ W7�//
7�.7;7 4��� .� ��V�7R �� k+1 <47R/V16�7� �.��7<7&67:.&6�� <47#
���7�.79^$ ��Y[/9 ./4��/.&6�7 S(u) � S(u′) + 1$ ;�/ S(u) � 8�&�7
</4/R/. �.��� 01.�2�� u(x) ]678.7/ 7<4/�/�/.�/ W1�/6 ��.7 .�V/^�
Z7&�/�7��6/�U.7/ �&<7�U�7��.�/ � a67R ./4��/.&6�/ � ��8/&6�/ u(x)
��V�79 �� �����<47���7�.Q5

D0u = h0(x)u, Dj+1u = hj+1(x)
d

dx
Dju, (6)

<7��7�:/6 <4�57��6U ��: 7</4�674� L ���� ]�^ � ./4��/.&6�1 S(u) �
S(Dnu) + n�
��8./R & .�<7R�.�.�: ./�7674Q5 7<4/�/�/.�9 � 4/�1�U6�67��
�.6/4��� (a1, a2) ⊂ [a, b] .��Q��/6&: ��������	�� 
��	���
���

��
��� 01.�2��$ /&�� .� a67R �.6/4���/ 01.�2�: &754�.:/6 �.��
� ./ 67V�/&6�/..� .1�Y�
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37�74:6$ 867 01.�2�: u(x) ∈ C[a, b] �R//6 k </4/R/. �.��� � <�#
S16 S(u) = k$ /&�� [a, b] R7V/6 WQ6U 4��W�6 .� k + 1 <47R/V167�
�.��7<7&67:.&6�� 01.�2�� 6��$ 867 .� &7&/�.�5 <47R/V16��5 u(x)
�R//6 4��.Q9 �.���

'&�� u(x) �R//6 �7./8.7/ 8�&�7 .1�/9$ 67 678��R� �7�R7V.7;7
4��W�/.�: :��:Y6&: 6/ .1��$ � 7�4/&6.7&6� �7674Q5 01.�2�: R/.:/6
�.��� '&�� V/ 01.�2�: �R//6 .1��$ ��<7�.:Y[�/ &<�7SU ./�7674Q9
<47R/V167�$ 67 4��W�/.�: R7V.7 �QW�4�6U 4��.QR� &<7&7W�R�$ .7
8�&�7 </4/R/. �.��� 76 a67;7 ./ ����&�6� ��: u(x)$ �.��7<7&67:..79
.� �&/R [a, b]$ <7��;�/6&: S(u) = 0\ ��: u(x) ≡ 0 7WQ8.7 &8�6�/6&:
S(u) = −1 ]a67 &776.7S/.�/ <7��7�:/6 4�&<47&64�.�6U ./4��/.&6�7
S(u) � S(u′) + 1 � .� &�18�9 u′ ≡ 0$ 6� /� u ≡ const^� ��: 6/5 V/
u(x)$ ��: �7674Q5 ./ &1[/&6�1/6 4��W�/.�: [a, b] .� �7./8.7/ 8�&�7
<47R/V16�7� �.��7<7&67:.&6��$ &8�6�/6&: S(u) = +∞�

*/4/� S(x1, x2, . . . , xm) W1�/R 7W7�.�8�6U 8�&�7 </4/R/. �.��� �
.�W74/ ./.1�/�Q5 8�&/� x1, x2, . . . , xm� X74R��U.7 S(·) 7<4/�/�:/6&:
074R1��R�

S(x1, x2, . . . , xm) = S(x1, x2) + S(x2, x3) + . . .+ S(xm−1, xm)

�

S(x, y) =

{
1, /&�� xy < 0,

0, /&�� xy > 0.

"8/���.7$ 867 S(x,−y) = S(−x, y)�
Z1&6U u ∈ C[a, b] � �R//6 �7./8.7/ 8�&�7 .1�/9 .� [a, b]� */4/�

σu(x ± 0) 7W7�.�8�R �.�� u(x) &<4��� ]&�/��^ 76 678�� x ]� 074#
R1��5$ ;�/ a67 ./7W57��R7$ RQ W1�/R 767V�/&6��:6U �.�� ± & 8�&#
�7R ±1^� �&<7�U�7��.�/ σu(x ± 0) <7��7�:/6 .�R � &�18�:5$ �7;��
u(x ± 0) = 0$ <4�<�&Q��6U a67R1 .1�Y �<7�./ 7<4/�/�/..Q9 �.���
'&�� V/ u(x) �= 0$ 67$ 78/���.7$ σu(x+ 0) = σu(x− 0) = signu(x)�
��V/ RQ ./7�.7�4�6.7 W1�/R &&Q��6U&: .� &�/�1Y[�/ 4/�1�U#

6�6Q  � �� 
747�&��5�

-	

� � ]7W7W[/..�: 6/74/R� �7��: _�`^� ����� u(x) ∈ C1[a, b]
� u′(x) ����� �
����
� ����
 ������  
!��

S(u) � S(u′)+ 1−S
(
σu(a+0),−σu′(a+0)

)−S
(
σu(b− 0), σu′(b− 0)

)
.



�
 ������ �� 	�
 �������
�� �� ��

-	

� @ ]7W7W[/..7/ <4����7 �/��46� _�`^� ����� L " ���#
�����������
� �$��%���� ���� (5)
 u(x) ∈ Cn[a, b] � Dnu(x) �����
�
����
� ����
 ������  
!��

S(u) � S(Dnu) + n−
−S

(
σu(a+ 0),−σD1u(a+ 0), . . . , (−1)nσDnu(a+ 0)

)−
−S

(
σu(b− 0), σD1u(b− 0), . . . , σDnu(b− 0)

)
.

�	��	
� � _�$ ;�� �`� &�'�
� ��(���� 
��
�
��
!
 ��������' (1)

��
�����
�')*�� ���
��'� S(σD2u(a + 0),−σD1u(a + 0)) = 1

S(σD2u(b − 0), σD1u(b − 0)) = 1
 ��+
 ,
��
'��

 ��+
 ���
!
 �
#
�
�
��
� ��� -�
�
 ���� q(x) �≡ 0 ��� ϑ(a) + ϑ(b) > 0
 �
 ��(����
���
!
 �
�������� (�+$���� ��� ,
��
'��
) �
!�� � �
���
 �
!��

�
!�� D3u < 0 (> 0 ��� = 0)�

�	��	
� @ _�$ ;�� �`� ������' ������ ��' ��������' (1) � ���
#
��'��

u(a) = 0, β(a)u′′(a)− ϑ(a)u′(a) = 0,

u(b) = 0, β(b)u′(b) + ϑ(b)u′(b) = 0


��
�����
 �����(���� ��� -�
�
 �� ���
��� f(x) � 0
 f(x) �≡ 0
������� u(x) > 0 ������ [a, b]�

�/</4U RQ R7V/R ./<7&4/�&6�/..7 </4/96� � 4�&&R764/.�Y
&�79&6� 4/S/.�9 14��./.�: ]�^�

Z4/�&6���R 14��./.�/ ]�^ � 0��674��7��..7R ���/ ]�^�

Lu ≡ d

dx

1

h(x)

d

dx
p(x)h2(x)

d

dx

1

h(x)

du

dx
= 0, x ∈ [a, b]. (7)

-�/&U h(x) ∈ C3[a, b] :��:/6&: 4/S/.�/R ����8� �7S�

(p(x)h′)′ − q(x)h = 0, h(a) = 1, h′(a) = 0

� 1�7��/6�74:/6 ./4��/.&6��R infx∈[a,b] h(x) > 0$ h′(x) � 0 .� [a, b]�
�7�R7V.7&6U 0��674���2�� ]�^$ 7W7&.7�Q��/6&: ���/&6.QR 4/�1�U#
6�67R Z79� _�`$ � <4�.���/V.7&6U 01.�2�� h(x) <47&64�.&6�1
C3[a, b] &�/�1/6 �� ���Y8/.�9 p ∈ C2[a, b]$ q ∈ C1[a, b]� � .�S/R
&�18�/

D0u = u, D1u =
1

h(x)

d

dx
D0u,

D2u = p(x)h2(x)
d

dx
D1u, D3u =

1

h(x)

d

dx
D2u.



� ����� ������� ����� �����
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-	

� A� ����� u(x) " ��(���� ��������' (7)
 ��
�����
�')#
*�� ���
��) S(σu(a+0),−σD1u(a+0), σD2u(a+0)) = 2�  
!�� ����$
�����)*�� �

��
(���'.

S(D3u) � 0, S(D2u) � 1, S(D1u) � 1, S(u) � 1.

� �/4��/.&6�7 S(D3u) � 0 &�/�1/6 �� 78/���.7;7 67V�/&6��
D3u = const� ��: �7����6/�U&6�� ./4��/.&6�� S(D2u) � 1 �&<7�U�1#
/R �7����..7/ ./4��/.&6�7 � 6/74/R1 �7��:� S(D2u)�S(D3u)+1�1�
�/</4U$ �&<7�U�1: �7����..7/ ��: D2u(x) ./4��/.&6�7$ 7W7W[/..1Y
6/74/R1 �7��: � 1&�7��: �/RRQ$ R7V.7 �7����6U ./4��/.&6�7 ��:
D1u(x)�

S(D1u) � S(D2u) + 1− S
(
σD1u(a+ 0),−σD2u(a+ 0)

)
� 1.

 .��7;�8.7 �7���Q��/6&: ./4��/.&6�7 ��: u(x)� �

-	

� B� ����� u(x) " ��(���� ��������' (7)
 ��
�����
�')#
*�� ���
��'� u(a) = u′′(a) = 0�  
!�� S(u) � 1�

� '&�� <4/�<7�7V�6U$ 867 S(u) � 2$ 67 �� 4��/.&6�� u(a) = 0
&�/�1/6 S(D1u) � 2� �7;�� �� 6/74/RQ �7��: <7�18�/6&: S(D2u) � 1$
867$ & 18/67R u′′(a) = D2u(a) = 0$ ��/8/6 S(D2u) > 1� �7;�� ��
6/74/RQ �7��: &�/�1/6 0 � S(D3u) � 1� �

-	

� C� ����� u(x) " ��(���� ��������' (7) ���
�
 ��

S(σu(a + 0),−σD1u(a + 0), σD2u(a + 0)) = 2 � S(D1u) = 1�  
!��
�$,
��'���' ��������
 S(σD2u(a+ 0),−σD3u(a+ 0)) = 0�

�Z4/�<7�7V�R <476��.7/� Z1&6U S(σD2u(a+0),−σD3u(a+0))=1�
�7;��$ �&<7�U�1: 7W7W[/..7/ <4����7 �/��46�$ <7�18�R

1 = S(D1u) � S(D3u) + 2−
−S

(
σD1u(a+ 0),−σD2u(a+ 0), σD3u(a+ 0)

)
= 0.

Z7�18/..7/ <476��74/8�/ �7���Q��/6 �/RR1� �

��	�����	 �� ����� u(x) " / ��(���� ��������' (7)
 ��
���#
��
�')*�� ���
��'� S(σu(a + 0),−σD1u(a + 0), σD2u(a + 0)) = 2 �
S(D1u) = 1�  
!�� �$,
��'���' ��������


S
(
σD1u(a+ 0),−σD2u(a+ 0), σD3u(a+ 0)

)
= 1.



�	 ������ �� 	�
 �������
�� �� ��

��	�����	 @� ����� u(x) " ��(���� ��������' (7)
 ��
�����
#
�')*�� ���
��'� u(a) = u′′(a) = 0 � S(D1u) = 1�  
!��

S
(
σu(a+ 0),−σD1u(a+ 0), σD2u(a+ 0),−σD3u(a+ 0)

)
= 2.

� �� u(a) = 0 &�/�1/6 S(σu(a + 0),−σD1u(a + 0)) = 1� '&��
6/</4U S(−σD1u(a+ 0), σD2u(a+ 0) = 1$ 67 S(σu(a+ 0),−σD1u(a+
0), σD2u(a+0)) = 2 � 64/W1/R7/ 16�/4V�/.�/ &�/�1/6 �� &�/�&6��: ��
��&&R764�R &�18�9 S(−σD1u(a+0), σD2u(a+0)=0� �� S(D1u)=1

&�/�1/6 &1[/&6�7��.�/ .1�: ξ ∈ (a, b) 01.�2��D1u� ��� ��� ξ � 678#
�� �7���U.7;7 a�&64/R1R� 01.�2�� u(x)$ 67 S(σD1u(ξ−0), σD2u(ξ−
0)) = 1� Z7a67R1 � 01.�2�� u(x) .� [a, ξ] <4�R/.�R� 6/74/R� �$
&7;��&.7 �767479 S(−σD1u(a + 0),−σD3u(a + 0)) = 1$ �$ �.�8�6$
S(σD2u(a+ 0),−σD3u(a+ 0)) = 1� �

-	

� D� ����� u(x) " ��(���� ��������' (1)
 ��
�����
�')#
*�� ���
��'� u(a) = u′(a) = u′′(a) = 0 � D3u(a) > 0�  
!�� S(u) = 0

u(b) > 0
 Du(b) > 0
 D2u(b) > 0�

� ,/;�7 ���/6U$ 867 01.�2�:

w(x) =

x∫
a

h(ζ)

ζ∫
a

1

p(ξ)h2(ξ)

ξ∫
a

h(η) dη dξ dζ (8)

:��:/6&: 4/S/.�/R ��00/4/.2���U.7;7 14��./.�: � �R//6 � 678�/ a
6479.79 .1�U� �&<7�U�1: &�79&6�� 01.�2�� p(x) � h(x)$ ./ &�7V.7
1W/��6U&: � &<4��/����7&6� &�/�1Y[�5 &776.7S/.�9�

Dw(x) =

x∫
a

1

p(ξ)h2(ξ)

ξ∫
a

h(η) dη dξ > 0, D2w(x) =

x∫
a

h(η) dη > 0,

D3w(x) =
1

h(x)

d

dx
p(x)h2(x)

d

dx

1

h(x)

dw

dx
≡ 1.

�� 1&�7��9 �/RRQ &�/�1/6$ 867 01.�2�: u(x) .� [a, b] <47<742�7#
.��U.� 01.�2�� w(x)$ <4�8/R �.�� �7a00�2�/.6� <47<742�7.��U#
.7&6� &7�<���/6 &7 �.��7R &�R79 01.�2�� u(x)� ,/RR� �7����.�� �

-	

� E� ����� u(x) " ��(���� ��������' (1)
 ��
�����
�')#
*�� ���
��'� u(a) = u′(a) = u′′(a) = 0�  
!�� ��' ��%�
!
 x ∈ (a, b]
+���� �$,
��'���' ��������
 S(u(x), σD3u(a+ 0)) = 0�



� ����� ������� ����� �����
����
� �����
� ������ �T

� Z1&6U 01.�2�: w(x) 7<4/�/�:/R�: 074R1�79 ]�^� �7;��$ � &��1
1&�7��9 �/RRQ$ u(x) = Cw(x)$ ;�/ C � �7.&6�.6�� ��� ��� w(x) > 0
.� (a, b] � D3w(a) = 1$ 67 �.�� 01.�2�� u(x) � // 64/6U/9 �����#
<47���7�.79 D3u(x) .� �&/R <7�1�.6/4���/ (a, b] &7�<���Y6 &7 �.�#
�7R C� �

-	

� F� ������' ������ (1)0(3) -����������� �����)*�� ���#
�
���
����
� �����
� ������.

d

dx
D3u = f(x), x ∈ [a, b], (1′)

u(a) = 0, β(a)D2u(a)− δ(a)D1u(a) = 0, (2′)

β̃2(b)D
2u(b) + β̃1(b)D

1(b)− β̃0(b)D
0u(b) = 0,

D3uk(b) + β̃0(b)D
1u(b)− δ̃0(b)D

0u(b) = 0,
(3′)

!�� �
-��������$ β(a)
 ϑ(a) �� %�
 ��
 � � (2)
 � β̃2(b)
 β̃1(b)
 δ̃0(b)

,
�
%������$ � �$,
����
 ����������

[
β̃0(b)

]2 − β̃1(b)δ̃0(b) < 0�

� ��: �7����6/�U&6�� �/RRQ �7&<7�U�1/R&: �7�R7V.7&6UY 0��#
674���2�� ��00/4/.2���U.7;7 14��./.�: ]�^ � �4�/�Q5 1&�7#
��9 ]	^$ ]T^� ��7��R 7W7�.�8/.�:

β̃2(b) =
1

h(b)
, β̃1(b) = h(b)β1(b) + p(b)h′(b), β̃0(b) = h(b)β0(b).

�7;��$ & 18/67R &�79&6� p(x) � h(x)$ �7a00�2�/.6Q �4�/�Q5 1&�7#
��9 (2′)$ (3′) 0��674��7��..79 ����8� .�&�/�1Y6 &�79&6�� �7a00�#
2�/.67� �&57�.79 �4�/�79 ����8� ]�^b]T^� �

� 4�W76/ _�` <7����.7$ 867 �4�/��: ����8� ]�^b]T^ 7�.7�.�8.7 4��#
4/S�R� ��: �YW79 <4��79 8�&6� f(x) ∈ C[a, b] � :��:/6&: &�R7&7#
<4:V/..79� !�/�7��6/�U.7$ 01.�2�: 34�.� G(x, s) ����8� ]�^b]T^
&1[/&6�1/6 � 1�7��/6�74:/6 .� [a, b] × [a, b] &�79&6�1 &�RR/64�8.7#
&6� G(x, s) = G(s, x)� 
7�// 67;7$ 7W[�/ &�79&6�� 01.�2�9 34�.�
��00/4/.2���U.Q5 7</4�6747� .� 764/��/ <4�R/.�6/�U.7 � .�S/#
R1 &�18�Y <7��7�:Y6 &074R1��47��6U &�/�1Y[�/ 16�/4V�/.�:�

-	

� G _�$ ;�� T`� 1�����' ����� ������ (1)0(3) 
+������ ���#
��)*��� ��
�������.

1) ������' G(x, s) ������ �
 ��
��� ,�
���
��$�� ,
 x �
 ���#
����
!
 ,
�'��� ��,���$��� ,
 �
�
��,�
��� ,�������$� �,�
�� �




�� ������ �� 	�
 �������
�� �� ��

!�����$ �� ��%�
� �� ����!
�����
�
 �� �
�
�$� ���!
����) x = s
���+������' ������� [a, b]× [a, b]2

2) ,�� ��%�
� ������
����
� s
 '��')*���' ���������� �
�#
�
� 
������ [a, b]
 ������' G(x, s) ,
 x ��
�����
�'�� 
��
�
��
��
��������) (1) �� ,
������������ [a, s) � (s, b]2

3) ,�� ��%�
� ������
����
� s
 '��')*���' ���������� �
��
�

������ [a, b]
 ������' G(x, s) ,
 x ��
�����
�'�� ���
��'� (2)
 (3)2

4) ������' G(x, s) �� ���!
���� x = s ��
�����
�'�� ���
��'�

��,���$��
��� ������ �
 ��
��� ,�
���
��$�� ∂G(x,s)
∂x 
 ∂2G(x,s)

∂x2 �
���
��) ������ ������� �����,�
���
��
� ,
 x

D3G(s+ 0, s)−D3G(s− 0, s) = 1;

5) ������' G(x, s) ���
��'�� 1)04) 
,�����'���' 
��
�����
�
6) ���������' ������ G(x, a) ����� �
%��������
 ���)
 � ,��#

������' ������ G(x, b) '��'���' ��(����� 
��
�
��
!
 ������#
��' (1) �� [a, b]
 ��
�����
�'�� �����$� ���
��'� (2)
 ,���
�� ��
���
��� (3) � ��
��
�
��
�� ���
��)

D3u(b) + β0(b)D
1u(b)− δ0(b)u(b) = −1. (9)

�	��	
� A� ���� β0(b) � 0
 �
 ������' ����� ������ (1)0(3)
���
!
 ,
�
%������� �� x, s ∈ (a, b]× (a, b]�

� ��: �7����6/�U&6�� 6/74/RQ RQ <7�U�1/R&: �/RR79 � � 6/7#
4/R79 ����0�6� � 3�.6R�5/4� � �4/9.� _T$ �`$ &7;��&.7 �767479
��: <7�7V�6/�U.7&6� 01.�2�� 34�.� ����8� (1′)b(3′) �7&6�678.7$
867WQ �&/ ./.1�/�Q/ R�.74Q �6747;7 <74:��� R�64�2 �� �7a00�2�#
/.67� �4�/�Q5 1&�7��9(

0 0 1
β(a) ϑ(a) 0

)
,

(
0 1 β̃1(b) −β0(b)
1 0 β̃0(b) −δ0(b)

)
�R/�� 7��.��7�Q/ �.����
�&<7�U�1: &�79&6�� �7a00�2�/.67� �4�/�Q5 1&�7��9 ����#

8� (1′)b(3′)$ �/;�7 <7&8�6�6U$ 867 �&/ ./.1�/�Q/ R�.74Q 7W7�5 R�6#
4�2 764�2�6/�U.Q� �/74/R� �7����.�� �

Z7&�7�U�1 <4� β0(b) � 0 �7<47& 7 �.��/ 01.�2�� 34�.� ����#
8� ]�^b]T^ 4/S�/6&: 7�.7�.�8.7 6/74/R79 T$ 67 �7 �&/5 ���U./9S�5
4�&&R764/.�:5$ ./ 7;7��4���: a67;7$ RQ W1�/R &8�6�6U �Q<7�./..QR
./4��/.&6�7 β0(b) > 0�



� ����� ������� ����� �����
����
� �����
� ������ ��

'&�� β0(b) > 0$ 67$ ��� W1�/6 <7����.7 .�V/$ 01.�2�: 34�#
.� G(x, s) ����8� ]�^b]T^ R7V/6 <4�.�R�6U 764�2�6/�U.Q/ �.�8/#
.�: .� (x, s) ∈ (a, b]× (a, b]� ��S� ���U./9S�: ����8� �Q:&.�6U <4�
����5 <7�7V�6/�U.Q5 β0(b) 01.�2�: 34�.� �&/V/ &754�.:/6 �.��
.� [a, b]× [a, b]�

�	��	
� B� 1�����' ����� G(x, s) ������ (1)0(3) ���
!
 ,
�
#
%������� �� ���!
���� x = s ,�� x ∈ (a, b]× (a, b]�

� Z1&6U s0 � <47���7�U.�: 678�� <7�1�.6/4���� (a, b]� Z7��V/R$
867 G(s0, s0) > 0� "W7�.�8�R 8/4/� gs0(x) &4/��1 G(x, s0) 01.�2��
34�.�� �R.7V�R 7W/ 8�&6� 67V�/&6�� Lgs0(x) = 0$ x ∈ [a, s)∪(s, b]$ .�
01.�2�Y gs0(x) � <47�.6/;4�41/R� �7;��$ �&<7�U�1: &�79&6�� gs0(x)
]�/RR� %^$ &�79&6�� �7a00�2�/.67� �4�/�Q5 1&�7��9 ]T^$ <7�18�/R

0 =

b∫
a

Lgs0 · gs0 dx =

s0∫
a

Lgs0 · gs0 dx+

b∫
s0

Lgs0 · gs0 dx =

=

b∫
a

p(g′′s0)
2 + q(g′s0)

2 dx+ δ0(b)[gs0(b)]
2 − 2β0(b)gs0(b)g

′
s0(b)+

+ β1(b)[g
′
s0(b)]

2 + p(a)g′′s0(a)g
′
s0(a)− gs0(s0) �

�
b∫

a

p(g′′s0)
2 + q(g′s0)

2 dx− gs0(s0).

��� ��� gs0(x) �≡ 0$ �.6/;4�� �/��8�.� &647;7 <7�7V�6/�U.�:$
<7a67R1 &<4��/����7 ./4��/.&6�7 g(s0) = G(s0, s0) > 0� �

-	

� �H� ����� G(x, s) " ������' ����� ������ (1)0(3)�  
!��
��' �)+
!
 s ∈ (a, b] ������ gs(·) = G(·, s) �� ����� �� (a, b] �����$�
������

� Z4/�<7�7V�R <476��.7/� Z1&6U x0 ∈ (a, b] � �4�6.Q9 .1�U
01.�2�� gs(x)� �� 6/74/RQ � &�/�1/6 x0 �= s� '&�� x0 < s$ 67 .�
764/��/ [a, x0] 01.�2�: gs(x) :��:/6&: 4/S/.�/R 7�.747�.7;7 14��#
./.�: ]�^$ 1�7��/6�74:/6 � 678�/ a 1&�7��:R ]	^$ � � 678�/ x0 �
1&�7��:R gs(x0) = g′s(x0) = 0� !7;��&.7 6/74/R/ 	$ 6���: ����8�
./�Q47V�/.�$ <7a67R1 gs(x) ≡ 0 .� [a, x0]� �7;��$ � &��1 6/74/RQ
/��.&6�/..7&6� �7S�$ gs(x) ≡ 0 .� [a, s]$ 867 <476��74/8�6 16�/4#
V�/.�Y 6/74/RQ ��



�� ������ �� 	�
 �������
�� �� ��

'&�� V/ s < x0 < b$ 67 01.�2�: gs(x) :��:/6&: 4/S/.�/R 7�.7#
47�.7;7 14��./.�: ]�^ .� 764/��/ [x0, b] � 1�7��/6�74:/6 � 678�/ x0
1&�7��:R gs(x0) = g′s(x0) = 0$ � � 678�/ b � 1&�7��:R ]T^$ 6� /� :��:#
/6&: 4/S/.�/R ./�Q47V�/..79 7�.747�.79 ����8� .� [x0, b]� ���U#
./9S�/ 4�&&1V�/.�: ��16 ��� � � <4/�Q�1[/R &�18�/�

"&6�/6&: 4�&&R764/6U &�18�9 x0=b� -�/&U �� gs(b)=g′s(b)=0 � ]T^
&�/�1/6 g′′s (b) = D3gs(b) = 0$ &�/�7��6/�U.7$ gs(x) :��:/6&: .� [s, b]
4/S/.�/R ����8� �7S� ��: 14��./.�: ]�^ & .1�/�QR� ��..QR� �
678�/ b$ � �.�8�6$ gs(x) ≡ 0 .� [s, b]$ 867 <476��74/8�6 6/74/R/ �� �

��	�����	� 3�' �)+
!
 x ∈ (a, b] ������ gx(s) = G(x, s) �� �����
�� (a, b] �����$� ������

��&&R764�R 01.�2�Y 34�.� G(x, s) ����8� ]�^b]T^ � 7W7�.�8�R
8/4/� N R.7V/&6�7 �&/5 �.164/..�5 678/� ����4�6� [a, b] × [a, b] �
�7674Q5 01.�2�: G(x, s) 4��.� .1�Y� ��& �.6/4/&1/6 &�18�9$ �7#
;�� N �= ∅� �7$ 867 6���: &�61�2�: �7�R7V.�$ W1�/6 <7����.7 .�V/�
�� �/RRQ �
 � ./<4/4Q�.7&6� 01.�2�� 34�.� &�/�1/6$ 867 R.7V/#
&6�7 N ./ �R//6 ��7��47��..Q5 678/� � � �YW79 7�4/&6.7&6� <47#
���7�U.79 678�� �� N 01.�2�: G(x, s) R/.:/6 �.��� �.7V/&6�7 N$
� &��1 6/74/RQ �$ &�RR/64�8.7 76.7&�6/�U.7 ���;7.��� x = s� ���
&�/�1/6 �� 6/74/RQ T$ N R7V/6 WQ6U <4/�&6���/.7 � ���/ 7We/��#
./.�: ��15 ./</4/&/��Y[�5&: R.7V/&6� N+ � N−$ 4�&<7�7V/..Q5$
&776�/6&6�/..7$ � 64/1;7�U.���5 a < x < s < b � a < s < x < b�
"8/���.7$ 867 R.7V/&6�� N+ � N− &�RR/64�8.Q 76.7&�6/�U.7 <4:#
R79 x = s�

-	

� ��� ���� N �= ∅
 �
 �)+�' ,�'��' s = s0
 s0 ∈ (a, b)

,��������� N+ �� +
��� ��� � 
��
� �
����

� ��&&R764�R &4/��1 gs(·) = G(·, s) <4� ./�76747R s ∈ (a, b)� ���
��� 01.�2�: gs(x) 1�7��/6�74:/6 1&�7��:R ]	^$ 67 ��W7 S(σgs(a +
0),−σD1gs(a + 0), σD2gs(a + 0)) = 2$ ��W7 ]/&�� ϑ(a) = 0^ gs(a) =
g′′s (a) = 0$ �$ ��� &�/�1/6 �� �/RRQ T ]��� �/RRQ �$ /&�� ϑ(a) = 0^$
S(gs) � 1� �/</4U 16�/4V�/.�/ �/RRQ &�/�1/6 �� �/RRQ �
� �

��	�����	 �� ����� N �= ∅ � (x0, s0) ∈ N+�  
!�� ������ ����#
��� ����� gs0(x) = G(x, s0) ���
!
 
����������� ,�� x ∈ (a, x0) �
���
!
 ,
�
%������� ,�� x ∈ (x0, s0]�

� �� �/RRQ �
 &�/�1/6$ 867 01.�2�: gs0(x) R/.:/6 �.�� � 678#
�/ x0� �� �/RRQ �� &�/�1/6$ 867 �41;�5 .1�/9 .� (a, s0] 01.�2�:
gs0(x) ./ �R//6$ � �� 6/74/RQ � &�/�1/6$ 867 gs0(s0) > 0� �



� ����� ������� ����� �����
����
� �����
� ������ ��

��� 1V/ 76R/8��7&U �QS/$ R.7V/&6�7 N+ ./ �R//6 ��7��47��.#
.Q5 678/�� Z7a67R1 �/RR� �� � // &�/�&6��/ � <7��7�:Y6 ����Y8�6U$
867 R.7V/&6�7 N+ ����/6&: �1&78.7#./<4/4Q�.79 01.�2�/9 x+(s) &
7W��&6UY 7<4/�/�/.�: <4�.���/V�[/9 �.6/4���1(a, b)� f67 ����Y#
8/.�/ �7<1&��/6 1678./.�/�

��	�����	 @� 1�����' x+(s) '��'���' ��,���$��
� � �� 
+�����

,��������' ���� �������� ������ [a, b]
 
���� �� �
��
� �
�
�
!

'��'���' �
��� s = b�

� �� �/RRQ �
 &�/�1/6$ 867 R.7V/&6�7 N+ ./ �R//6 ��7��47��.#
.Q5 678/�$ <7a67R1 ��: �7����6/�U&6�� 6/74/RQ �7&6�678.7 <7��#
��6U$ 867 �4���: N+ ./ �R//6 �.164� [a, b] × [a, b] �7.2/�Q5 678/��
Z4/�<7�7V�R$ 867 (x0, s0) ∈ (a, b)×(a, b) �7.2/��: 678�� �4��79 N+�
�7;�� .�9�/6&: 678�� (x0, s0) ;4�0��� 01.�2�� x+(s) 6���:$ 867 ��#
W7 <4� ��V�7R s ∈ (s0, s0 + ε)$ ��W7 <4� ��V�7R s ∈ (s0 − ε, s0)$
/&�� 8�&�7 ε �7&6�678.7 R��7$ 01.�2�: gs(·) = G(·, s) &754�.:/6
�.�� .� �.6/4���/ (x0 − ε, x0 + ε)� Z4� a67R$ � &��1 &�/�&6��: �$
01.�2�: gs0(x) = G(x, s0) R/.:/6 �.�� .� 67R V/ �.6/4���/$ 867
<476��74/8�6 ./<4/4Q�.7&6� <7 &7�7�1<.7&6� </4/R/..Q5 01.�2��
34�.� G(x, s)� �

��	�����	 A� ���� N �= ∅
 �
 �)+�' ,�'��' x = x0
 x0 ∈ (a, b)

,��������� N+ �� +
��� ��� � 
��
� �
����

� Z4/�<7�7V�R$ 867 <4:R�: x = x0$ x0 ∈ (a, b)$ </4/&/��/6 N+

W7�// 8/R � 7�.79 678�/� Z1&6U (x0, s1) � (x0, s2) ]a < s1 < s2 � b^ �
678�� </4/&/8/.�: <4:R79 x = x0 & N+� ��&&R764�R 01.�2�Y x+(s)�
��� &�/�1/6 �� &�/�&6��: 	$ 01.�2�: x+(s) 7<4/�/�/.�$ ./<4/4Q�.��
�� �/RRQ � &�/�1/6$ 867 <4:R�: x = x0 </4/&/��/6 N+ ./ W7�//$ 8/R
� 64/5 678��5$ &�/�7��6/�U.7$ x+(s) ./ <7&67:..� .� 764/��/ [s1, s2]�
Z7a67R1 .�9�/6&: 678�� ξ ∈ [s1, s2] ./�Q47V�/..7;7 �7���U.7;7 a�&#
64/R1R� 01.�2�� x+(s)� �� &�/�&6��: � &�/�1/6$ 867 &4/��� gx+(ξ)(s)
01.�2�� 34�.� �R//6 �4�6.Q9 .1�U � 678�/ ξ$ 867 <476��74/8�6
&�/�&6��Y �/RRQ ��� �
��� ��� R.7V/&6�� N+ � N− &�RR/64�8.Q 76.7&�6/�U.7 ���;7#

.���$ 67 &<4��/����Q &�/�1Y[�/ 16�/4V�/.�:�

��	�����	 B� ����� N �= ∅ � (x0, s0) ∈ N−�  
!�� ������ ����#
��� ����� gx0(s) = G(x0, s) ���
!
 
����������� ,�� s ∈ (a, s0) �
���
!
 ,
�
%������� ,�� s ∈ (s0, x0]�



�� ������ �� 	�
 �������
�� �� ��

��	�����	 C� ���� N �= ∅
 �
 �)+�' ,�'��' x = x0 ,�� x0 ∈
(a, b) � �)+�' ,�'��' s = s0 ,�� s0 ∈ (a, b)
 ,�������)� ��%�
� ��
��
%���� N+ � N− �� +
��� ��� � 
��
� �
����

�� <47�/�/..Q5 4�&&1V�/.�9 &�/�1/6$ 867 /&�� N �= ∅$ 67 R.7#
V/&6�7 N+ <4/�&6���:/6 &7W79 ;4�0�� ./<4/4Q�.79 01.�2�� x+(s)$
����R.77�.7�.�8.7 767W4�V�Y[/9 �.6/4��� (s+, b)$ a < s+ < b$ .�
�.6/4��� (a, x+)$ a < x+ < b� Z4� a67R �7.2�R� �4��79 N+ :��:#
Y6&: 678�� (a, s+) � (x+, b)$ �/V�[�/$ &776�/6&6�/..7$ .� &6747.�5
����4�6� [a, b]× [a, b]$ <4�RQ��Y[�5 � �/4S�./ x = a$ s = b� ��� ���
01.�2�: G(x, s) ./<4/4Q�.� .� ����4�6/ [a, b] × [a, b]$ 67 � 678��5
(a, s+) � (x+, b) 7.� 4��.� .1�Y� !�/�7��6/�U.7$ &<4��/����� &�/�1#
Y[�:

-	

� �@� ����� N �= ∅�  
!�� ,��������' ������ �������
����� gb(x) = G(x, b) ���
!
 
����������� ,�� x ∈ (a, x+) � ���
!

,
�
%������� ,�� x ∈ (x+, b]�

"67W4�V�: R.7V/&6�7 N+ &�RR/64�8.7 76.7&�6/�U.7 ���;7.���
x = s$ <7�18�R$ 867 �7.2�R� �4��79 N− :��:Y6&: 678�� (x−, a) �
(b, s−)$ �/V�[�/$ &776�/6&6�/..7$ .� &6747.�5 ����4�6� [a, b]× [a, b]$
<4�RQ��Y[�5 � �/4S�./ s = a$ x = b$ <4�8/R x+ = s− � s+ = x−�

�	��	
� C� 4� ��*������� ���� �������$� �������� s1 � s2
�� ,
����������� (a, b]
 ��
+$ ��' ������� ����� G(x, s) ����#
�� (1)0(3) 
��
�������
 �$,
��'���� ���������

∂G

∂x
(a, s1) =

∂2G

∂x2
(a, s1) = 0,

∂G

∂x
(a, s2) =

∂2G

∂x2
(a, s2) = 0.

� Z4/�<7�7V�R <476��.7/� �7;��$ � &��1 &�RR/64�8.7&6� 01.�#
2�� 34�.� G(x, s)$ <4� ./�7674Q5 a < x1 < x2 � b 7�.7�4/R/..7
W1�16 �Q<7�.:6U&: 4��/.&6��

G(xi, a) =
∂G

∂s
(xi, a) =

∂2G

∂s2
(xi, a) = 0, i = 1, 2. (10)

'&�� 7W7�.�8�6U 8/4/� lj(·)$ j = 1, 4$ 01.�2�7.��Q$ 7<4/�/�:Y#
[�/ �4�/�Q/ 1&�7��: ]	^$ ]T^ ]� 67R V/ <74:��/$ � �76747R 7.� ��16
� ]	^$ ]T^^$ � 8/4/� φj(x) � 01.��R/.6��U.1Y &�&6/R1 4/S/.�9 14��#
./.�: ]�^ 6��1Y$ 867 lj(φi) = δij $ ;�/ δij � &�R�7� �47./�/4�$ 67
01.�2�Y G(x, s) R7V.7 <4/�&6���6U � ���/ _�`

Gk(x, s) =

{
−φ3(x)v3(s)− φ4(x)v4(s), a � x � s � b,

φ1(x)v1(s) + φ2(x)v2(s), a � s � x � b,



� ����� ������� ����� �����
����
� �����
� ������ �%

;�/

vj(s) = (−1)j
[φ1, . . . , φj−1, φj+1, . . . , φ4](s)

[φ1, . . . , φ4](s)
, j = 1, 4,

� [φ1, . . . , φm](s) � �47.&���. 01.�2�9 φj(s), j = 1,m� � 679 V/ 4�#
W76/ _�` 1&6�.7��/.� ����&�R7&6U <7�/�/.�: &�&6/RQ 01.�2�9 vj(s)
� 7�4/&6.7&6� �7.2� a 76 <74:��7� �/�1[�5 <47���7�.Q5 �4�/�Q5
1&�7��9 ]T^� � 8�&6.7&6�$ <7����.7$ 867$ <4� ε → 0 �R/Y6 R/&67
4��/.&6��

v1(a+ ε) =
ε3

3!
+ o(ε3),

v2(a+ ε) =

{
ε+ o(ε) <4� β(a) �= 0,

ε2

2! + o(ε2) <4� β(a) = 0.

��&&R764�R <7�/�/.�/ &4/�7� gs(x) � 7�4/&6.7&6:5 678/� xi$
i = 1, 2$ <4� s→ a+ 0�

ga+ε(xi) = φ1(xi)v1(a+ ε) + φ2(xi)v2(a+ ε) =

= φ1(xi)
ε3

3!
+ φ2(xi)

ε2

2!
+ o(ε3) = φ2(xi)O(ε

2).
(11)

�� ]�
^ &�/�1/6$ 867 φ2(xi) = 0$ � 6�� ��� φ2(a) = 0 � �YW7/ 4/S/.�/
7�.747�.7;7 14��./.�: ]�^ R/.:/6 �.�� ./ W7�// 64/5 4��$ 67 01.�#
2�: φ2(x) R/.:/6 �.�� � 7W7�5 678��5 x1 � x2� �7 67;��$ ����1 ]��^$
<4� �7&6�678.7 R��Q5 ε > 0 &4/��� ga+ε(x) W1�/6 R/.:6U �.�� � ��15
./</4/&/��Y[�5&: 7�4/&6.7&6:5 678/� x1 � x2$ 6� /� W1�/6 �R/6U ���
.1�:$ 867 <476��74/8�6 &�/�&6��Y � �/RRQ ��� �/74/R� �7����.�� �

-	

� �A� ����� G(x, s) " ������' ����� G(x, s) ������
(1)0(3)� ���� � �����
� ���
��� (2) �
-�������� ϑ(a) �= 0 � N �= ∅


�
 ∂2

∂x2G(a, s) > 0 ,�� s ∈ (a, s+)
 ∂2

∂x2G(a, s) < 0 ,�� s ∈ (s+, b] �
∂2

∂x2G(a, s) = 0 ,�� s = s+�

� Z1&6U s ∈ (a, s+]� �7;�� 01.�2�: gs(·) = G(·, s) ./ </4/&/#
��/6 R.7V/&6�7 N+ �$ � &��1 6/74/RQ �$ <7�7V�6/�U.� .� (a, s]�
��� ��� gs(x) 1�7��/6�74:/6 1&�7��:R ]	^ � ϑ(a) �= 0$ 67 S(σgs(a +
0),−σD1gs(a+0), σD2gs(a+0)) = 2� Z7a67R1 �� &�/�&6��: � �/RRQ ��
<7�18�/R ./4��/.&6�7 ∂2

∂x2G(a, s) � 0�  .��7;�8.7 ��: s ∈ (s+, b]$ �

&��1 &�/�&6��: � �/RRQ ��$ ∂2

∂x2G(a, s) � 0� Z4� a67R �� 6/74/RQ �
&�/�1/6$ 867 �7 �&/5 a6�5 ./4��/.&6��5 4��/.&6�7 �Q<7�.:/6&: ./ W7#
�// 8/R ��: 7�.7;7 �.�8/.�: s ∈ (a, b]� �� ./<4/4Q�.7&6� 01.�2��



	
 ������ �� 	�
 �������
�� �� ��

34�.� <7 &7�7�1<.7&6� </4/R/..Q5 .� [a, b]× [a, b] &�/�1/6$ 867 6��7/
�.�8/.�/ s &1[/&6�1/6 � R7V/6 WQ6U 4��.QR ��SU s+� �

 .��7;�8.7 �7���Q��/6&: &�/�1Y[�: �/RR��

-	

� �B� ����� G(x, s) " ������' ����� G(x, s) ������
(1)0(3)� ���� � �����
� ���
��� (2) �
-�������� ϑ(a) = 0 � N �= ∅

�
 ∂

∂xG(a, s) > 0 ,�� s ∈ (a, s+)
 ∂
∂xG(a, s) < 0 ,�� s ∈ (s+, b] �

∂
∂xG(a, s) = 0 ,�� s = s+�

!�/�&6��/ � �/RRQ �� 16�/4V��/6$ 867 �YW�: <4:R�: s = s0
<4� s0 ∈ (a, b] </4/&/��/6 ��V�7/ �� R.7V/&6� N+ � N− ./ W7�//
8/R � 7�.79 678�/� "���Q��/6&:$ 867 <4� s0 ∈ (a, b] <4:RQ/ s = s0
</4/&/��Y6 �&/ R.7V/&6�7 N ./ W7�// 8/R � 7�.79 678�/�

-	

� �C� ����� N �= ∅�  
!�� s+ > s− � x+ < x−�
� Z4/�<7�7V�R$ 867 s+ � s−� -�0��&�41/R <47���7�U.7/ s ∈

[s+, s−] �$ ��� 7WQ8.7$ 7W7�.�8�R 8/4/� gs(x) &4/��1 01.�2�� 34�.��
�7;�� gs(b) � 0$ <4�8/R$ � &��1 �/RRQ �T � &�RR/64�8.7&6� 01.�#
2�� 34�.�$ 4��/.&6�7 gs(b) = 0 �R//6 R/&67 ��SU <4� s = s−� ���
&�/�1/6 �� &�/�&6��9 � � 	 �/RRQ �$ ��: �&/5 s � s+ W1�/6 �Q<7�#
.:6U&: 4��/.&6�7 S(gs(a+0), D1gs(a+0), D2gs(a+0), D3gs(a+0)) = 2�
Z4�R/.:: � gs(x) .� [a, s] 7W7W[/..7/ <4����7 �/��46� ]�/RR� 	^$
<7�18�R

S(gs) � 3−
S
(
σgs(a+ 0),−σD1gs(a+ 0), σD2gs(a+ 0),−σD3gs(a+ 0)

)−
−S

(
σgs(s), σD

1gs(s), σD
2gs(s), σD

3gs(s− 0)
)
=

= 1− S
(
σgs(s), σD

1gs(s), σD
2gs(s), σD

3gs(s− 0)
)
.

'&�� s > s+$ 67 ����1 &�/�&6��: 	 �/RRQ �
 S(gs) � 1$ � 67;��
S(σgs(s), σD

1gs(s), σD
2gs(s), σD

3gs(s − 0)) = 0� '&�� V/ s = s+$ 67
�� �/RR �T � ��$ � ��6/R �� �/RRQ �$ &�/�1/6 S(σgs(s), σD3gs(s −
0)) = 0$ � �.7�U <7�18�/R S(σgs(s), σD

1gs(s), σD
2gs(s), σD

3gs(s −
0)) = 0� f67 4��/.&6�7 �R/&6/ & <7�7V�6/�U.7&6UY 01.�2�� 34�#
.� .� ���;7.��� x = s ��Y6 ./4��/.&6�7 D3gs(s − 0) > 0� �7#
;�� �� &�79&6�� �^ �/RRQ % <7�18�/R D3gs(s + 0) > 0$ 76�1#
�� S(gs(s),−D1gs(s), D

2gs(s),−D3gs(s + 0)) = 3� ���//$ 18�6Q��:$
867 gs(x) �≡ 0 .� [s, b]$ �� 7W7W[/..7;7 <4����� �/��46� &�/�1#
/6$ 867 .� 764/��/ [s, b] �7�V.Q �Q<7�.:6U&: 4��/.&6�� S(gs) = 0
� S(σgs(b − 0), σD1gs(b − 0), σD2gs(b − 0), σD3gs(b − 0)) = 0� �7#
;�� �� gs(s) > 0 � gs(b) � 0 <7�18�/R$ 867 gs(b) = 0 �$ �.�8�6$



� ����� ������� ����� �����
����
� �����
� ������ 	�

S(σgs(b− 0), σD1gs(b− 0)) = 1 > S(σgs(b− 0), σD1gs(b− 0), σD2gs(b−
0), σD3gs(b−0))� Z7�18/..7/ <476��74/8�/ �7���Q��/6 16�/4V�/.�/
�/RRQ� �
�/�YR�41: �QS/���7V/..7/$ R7V.7 &074R1��47��6U &�/�1Y[//

16�/4V�/.�/�

�	��	
� D� 5�
%����
 N ��+
 ,���

 ��+
 �
��
�� �� ���� ��,�#
������)*���' ��,���$��$� ����$�
 ����������$� 
��
�������

���!
���� ��������
 � �
����� �� ���%�$� ��
�
��� ���������
&�'��' ,�'��'
 ,����������' ���
�#��+��� ��
�
�� ��������
 ,�#
�������� ��
%����
 N �� +
��� ��� � 
��
� �
���� ���� (x1, s1) �
(x2, s2) ��� ,�
���
���$� �
��� ��
%����� N �����
 ��
 x1 < s1
� x2 > s2
 �
 ������' G(x, s) ,
�
%������� �� ,�'�
�!
������
{x1 < x < x2, s2 < s < s1} � 
����������� �� ,�'�
�!
�������
{a < x < x1, s1 < s � b} � {x2 < x � b, a < s < s2}�

�	��	
� E� 3�' �
!
 ��
+$ ������' ����� G(x, s) ������ (1)0
(3) +$�� ���
!
 ,
�
%������� �� (a, b] × (a, b]
 ��
+�
���
 � �
#
����
��

 ��
+$ ��' �� ,�������
� ������ gb(x) = G(x, b) (���
gb(s) = G(b, s)) �$,
��'�
�� ����������
 σgb(a+ 0) > 0�

� �/7W57��R7&6U 78/���.�� �7��V/R �7&6�678.7&6U� �� 6/74/#
RQ % &�/�1/6$ 867 /&�� 01.�2�: 34�.� 4��.� .1�Y � ./�767479 678�/
R.7V/&6�� (a, b]× (a, b]$ 67 <7 7W/ &6747.Q ���;7.��� x = s .�9�16&:
678��$ � �7674Q5 G(x, s) <4�.�R�/6 764�2�6/�U.Q/ �.�8/.�:� Z4�
a67R$ /&�� 01.�2�: 34�.� 764�2�6/�U.� � ./�767479 678�/ (x0, s0)
64/1;7�U.��� a < x < s � b$ 67 �� 6/74/RQ � &�/�1/6$ 867 7.� 764�#
2�6/�U.� � �7 �&/5 678��5 (x, s)$ 1 �7674Q5 x ∈ (a, x0] � s ∈ [s0, b]�
�7 67;�� σgb(a+ 0) < 0$ 867 <476��74/8�6 1&�7��Y 6/74/RQ� �

�	��	
� F� 1�����' ����� G(x, s) ������ (1)0(3) ���
!
 ,
�
#
%������� �� (a, b] × (a, b] �
!�� � �
���
 �
!��
 �
!�� �$,
����

����������


p(b)z′′(b) + β1(b)z
′(b)− β0(b)z(b) � 0, (12)

!�� z(x) " ��(���� 
��
�
��
!
 ��������' (1)
 ��
�����
�')*��
�������$� ���
��'� z(a) = z′(a) = z′′(a) = 0
 z′′′(a) = 1

p(a) �

� ��� &�/�1/6 �� 6/74/RQ �$ <7�7V�6/�U.7&6U 01.�2�� G(x, s)
.� (a, b]× (a, b] a������/.6.� ./4��/.&6�1 σgb(a+ 0) > 0� � &��1 ]	^
�.�� σgb(a+0) 7<4/�/�:/6&: �.��7R σg′b(a+0) ���$ 867 7�.7 � 67 V/$



		 ������ �� 	�
 �������
�� �� ��

σD1gb(a+0) > 0� Z7a67R1 6/74/R� W1�/6 �7����.�$ /&�� RQ <7��V/R$
867 (

σD1gb(a+ 0) > 0
) ⇔ (

p(b)z′′(b) + β1(b)z
′(b)− β0(b)z(b) � 0

)
.

��9�/R �.�8/.�/ D1gb(a)� ��: a67;7 �7&<7�U�1/R&: &�79&6��R�
<4/�/�U.79 &4/��� gb(x)� "W7�.�8�R 8/4/� l1(·) � l2(·) ��./9.Q/
01.�2�7.��Q$ 7<4/�/�:Y[�/ �4�/�Q/ 1&�7��: ]	^ ]� 67R V/ <74:�#
�/$ 867 � � ]	^^$ � 8/4/� l3(·) � l4(·) � ��./9.Q/ 01.�2�7.��Q$ 7<4/�/#
�:Y[�/ �4�/�Q/ 1&�7��: ]T^ ]� 67R V/ <74:��/$ 867 � � ]T^^� �7;��$
� &��1 &�79&6�� � �/RRQ %$ li(gb) = −δi4 ]δij � &�R�7� �47./�/4�^�
Z1&6U 01.�2�� wk(x)$ k = 1, 4$ 7W4��1Y6 01.��R/.6��U.1Y &�&6/R1
14��./.�: ]�^$ <4�8/R

w
(j−1)
k (a) = δkj , D3wk(a) = δk4, k = 1, 4, j = 1, 2, 3.

�7;�� ��: 01.�2�� gb(x) �R//6 R/&67 <4/�&6���/.�/

gb(x) =
−1

det ‖li(wk)‖

∣∣∣∣∣∣∣∣
l1(w1) l1(w2) l1(w3) l1(w4)
l2(w1) l2(w2) l2(w3) l2(w4)
l3(w1) l3(w2) l3(w3) l3(w4)
w1(x) w2(x) w3(x) w4(x)

∣∣∣∣∣∣∣∣ .
"6�1��

D1gb(a) =
−β(a)

det ‖li(wk)‖ l3(w4) (13)

�$ �.��7;�8.7$

D2gb(a) =
−ϑ(a)

det ‖li(wk)‖ l3(w4). (14)

�6��$ <4� β(a) �= 0 �/��8�.� σD1gb(a + 0) 7<4/�/�:/6&: �/��8�.79
sign −l3(w4)

det‖li(wk)‖ � '&�� V/ β(a) = 0$ 67 ϑ(a) �= 0 � σgb(a+0) = σD1gb(a+

0) = σD2gb(a + 0)� �� /� � �YW7R &�18�/ σD1gb(a + 0) 7<4/�/�:/6&:
�/��8�.79 sign −l3(w4)

det ‖li(wk)‖ �
Z7��V/R$ 867 det ‖li(wk)‖ < 0� '&�� � 1&�7��:5 ]T^ �7a00�2�#

/.6�R β1(b)$ β0(b) � δ0(b) <4�����6U 4����8.Q/ �.�8/.�:$ 67 R7V.7
4�&&R�64���6U det ‖li(wk)‖ ��� 01.�2�Y Ψ(β1, β0, δ0) 64/5 </4/R/.#
.Q5$ ����..1Y .� R.7;77W4���� Ω =

{
(β1, β0, δ0) ∈ R3

∣∣ β1 > 0, δ0 <

0, [β0]
2 − β1δ0 < 0

}
� Z7&�7�U�1 �&/ �7a00�2�/.6Q �57�:6 � �4�/�Q/

1&�7��: ]T^ ��./9.7$ 67 01.�2�: Ψ(β1, β0, δ0) ./<4/4Q�.� .� Ω <7 &7#
�7�1<.7&6� </4/R/..Q5 �$ � &��1 ./�Q47V�/..7&6� ����8� ]�^b]T^$
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./ 7W4�[�/6&: � .1�U .� Ω� '&�� 7W7�.�8�6U 8/4/� Gb(x;β1, β0, δ0)
<4/�/�U.1Y <4� s→ b− 0 &4/��1 01.�2�� 34�.� ����8� ]�^b]T^$ �7#
;�� � ��8/&6�/ �.�8/.�9 �7.&6�.6 β1(b)$ β0(b) � δ0(b) �� 1&�7��9 ]T^
��:6� 6479�� (β1, β0, δ0) ∈ Ω � �767479 β0 � 0$ 67 � &��1 6/74/RQ T W1#
�/6 �Q<7�./.7 ./4��/.&6�7 σGb(a+0;β1, β0, δ0) > 0� �8�6Q��: &�79#
&6�� 01.�2�� w4(x) � ./4��/.&6�� β0 � 0$ β1 > 0$ �� ]�T^ ]��� ]��^^
<7�18�Y6&: ./4��/.&6��

σD1Gb(a+ 0;β1, β0, δ0) = sign
D3w4(b) + β1w

′
4(b)− β0w4(b)

−Ψ(β1, β0, δ0)
> 0,

D3w4(b) + β1w
′
4(b)− β0w4(b) > 0.

"6�1�� &�/�1/6 Ψ(β1, β0, δ0) < 0 <4� β0 � 0$ � �.�8�6$ � .� �&/R Ω�
�/</4U$ �7��4�[�:&U � �&57�.79 ����8/$ /&�� l3(w4) > 0$ 67

σD1gb(a + 0) > 0� '&�� V/ l3(w4) = 0$ 67 gb(a) = g′b(a) = g′′b (a) = 0 �
gb(b) > 0$ <7a67R1 �� �/RRQ � &�/�1/6 gb(x) > 0 ��: �&/5 x ∈ (a, b]$
6� /� σD1gb(a+ 0) > 0� Z7&�7�U�1 w4(x) ≡ z(x)$ 67 �R<����2�:(

p(b)z′′(b) + β1(b)z
′(b)− β0(b)z(b) � 0

) ⇒ (
σD1gb(a+ 0) > 0

)
�7����.��

Z1&6U 6/</4U σD1gb(a + 0) > 0� '&�� </4��: �����<47���7�.�:
D1gb(a) &647;7 W7�US/ .1�:$ 67 �� det ‖li(wk)‖ < 0 � ]�T^ &4��1 <7�1#
8�R l3(w4) > 0� '&�� V/ D1gb(a) = 0$ 67 ./4��/.&6�7 σD1gb(a+0) > 0
��/8/6 D2gb(a) � 0� '&�� ��/&U D2gb(a) > 0$ 67 �� ]��^ &�/�1/6$ ./4�#
�/.&6�7 l3(w4) > 0� �1$ � /&�� V/ � D2gb(a) = 0$ 67 �� β(a)+ϑ(a) �= 0
<7�18�R l3(w4) = 0� �/74/R� �7����.�� �

���������� � ./4��/.&6�/ ]�	^ ./ 0�;14�41/6 �7a00�2�#
/.6 δ0(b)� "�.��7 .1V.7 <7R.�6U$ 867 R/V�1 �7a00�2�/.6�R� 1&�7#
��9 ]T^ /&6U &�:�U$ �Q4�V�/R�: ./4��/.&6�7R [β0(b)]

2−β1(b)δ0(b) < 0�

-��	������
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gOG DBh CK AOBJ iCIj BJ AC J>IMGk IG@G?A IGJ>EAJ C? K>?@ABC?DE
IGHIGJG?ADABC? CK B?LG@ABMG ND?D@O EDAAB@GJ ClADB?Gm B? _��b	
`� gOG hDB?
IGJ>EAJ DJJGIA AODA AL#JHD@GJ D?m nGmGjB?m @ChHEGAG AM #JHD@GJ iBAO
>?BA DIG AOG ��������� ������� KCI D?k B?LG@ABMG ND?D@O EDAAB@G� )? CAOGI
iCImJ$ iG HIGJG?A D @C?@IGAG K>?@ABC?DE mGJ@IBHABC? CK B?LG@ABMG ND?D@O
EDAAB@GJ JBhBEDI AC AODA CK oDj>AD?BbpDODIDh IGHIGJG?ADABC? AOGCIGh KCI
AL#JHD@GJ$ JGG _		$ H� �T�` D?m _TT$ gOGCIGh 	�����` ]JGG DEJC _�$ qO� TT`^�

r ����� ��!!��" BJ D ND?D@O JHD@G CMGI AOG IGDEJ AODA BJ Gs>BHHGm
iBAO D HDIABDE CImGI � KCI iOB@O AOG ��#$"%�% x ∨ y D?m AOG ��&%�%

x ∧ y GtBJA KCI DEE MG@ACIJ x, y ∈ X $ D?m J>@O AODA AOG HCJBABMG @C?G
X+ := {x ∈ X : 0 � x} BJ @ECJGm >?mGI DmmBABC? D?m h>EABHEB@DABC? lk
?C??GuDABMG IGDE ?>hlGIJ D?m AOG CImGI BJ @C??G@AGm AC AOG ?CIh lk
AOG @C?mBABC? AODA |x| � |y| =⇒ ‖x‖ � ‖y‖$ iOGIG AOG ������!" '���"

BJ mGv?Gm lk |x| := x ∨ (−x)� r ND?D@O EDAAB@G X BJ @DEEGm ("�"����

��%#�"!" BK GMGIk ?C?#GhHAk CImGI lC>?mGm JGA B? X ODJ AOG EGDJA >HHGI
lC>?m D?m AOG uIGDAGI EGDJA lC>?m�

U ⊂ [a, b] := {x ∈ X : a � x � b} =⇒ ∃ sup(U), inf(U) ∈ X.

rEhCJA DEE @EDJJB@DE ND?D@O JHD@GJ ]Lp$ lp$ C(K)$ c$ c0^ DIG ND?D@O
EDAAB@GJ� r ���� B? D ND?D@O EDAAB@G X BJ D J>lJGA B CK AOG KCIh B :=
A⊥ := {x ∈ X : (∀ a ∈ A) |x| ∧ |a| = 0}� qEGDIEk$ B ∩ B⊥ = {0}�
r lD?m B B? X AODA JDABJvGJ X = B ⊕B⊥ BJ IGKGIIGm AC DJ D #$�)"�!���

����* iOBEG AOG DJJC@BDAGm HICLG@ABC? ]C?AC B HDIDEEGE AC B⊥^ BJ @DEEGm
D ���� #$�)"�!���� PGA P(X) JAD?m KCI AOG NCCEGD? DEuGlID CK DEE lD?m
HICLG@ABC?J B? X �
r EB?GDI hDHHB?u T KICh D ND?D@O EDAAB@G X AC D ND?D@O EDAAB@G Y

BJ @DEEGm #���!�'" BK BA JG?mJ HCJBABMG MG@ACIJ AC HCJBABMG MG@ACIJ$ B� G�$
T (X+) ⊂ Y+� )K D HCJBABMG CHGIDACI HIGJGIMGJ AOG EDAAB@G CHGIDABC?J$
BA BJ @DEEGm D ��!!��"  �%�%�$# ��%� r C?G#AC#C?G J>ILG@ABMG EDAAB@G



	� 6789:;< =� >�

OChChCIHOBJh BJ @DEEGm D ��!!��" ���%�$# ��%� r ��!!��" ���%"!$+ BJ
D EDAAB@G BJChCIHOBJh iOB@O BJ DEJC D? BJChGAIk� giC @EDJJGJ CK ND?D@O
EDAAB@GJ HEDk D JBu?Bv@D?A ICEG B? AOG ND?D@O EDAAB@G AOGCIk�

	
��
����
 �� r ND?D@O EDAAB@G X BJ JDBm AC lG D? AL#�#��" ]AM #
�#��"^ BK ‖x+ y‖ = ‖x‖+ ‖y‖ ]IGJH� ‖x∨y‖ = max{‖x‖, ‖y‖}^ iOG?GMGI
|x| ∧ |y| = 0� r? AM #JHD@G ODJ D ]JAIC?u CImGI^ ���! u � 0 BK AOG CImGI
B?AGIMDE [−u, u] := {x : −u � x � u} BJ AOG >?BA lDEE CK X �

���� #'P$K'JO Q(R&(%(JK'KOLJ ST(L&(U� =? :9@AB9:9C AL#8D:E;
A8 F:BBAE; A8GH;B9AE BG L1(Ω,Σ, μ) IG9 8GH; H;:879; 8D:E; (Ω,Σ, μ)�

��@� #'P$K'JOV#&(WXJ% Q(R&(%(JK'KOLJ ST(L&(U�=? AM #8D:E;
A8 F:BBAE; A8GH;B9AE BG : 87@F:BBAE; GI JK6L IG9 8GH; EGHD:EB M:78NG9O
8D:E; K� PG9;G<;9
 AI BQ; AM #8D:E; Q:8 : 8B9G?R G9N;9 7?AB BQ;? AB A8
F:BBAE; A8GH;B9AE BG C(K) AB8;FI�

��A� Y'P'JLVZKLJ( [LUR\(K(J(%% ST(L&(U� S;B 6 @; : EGH#
D:EB M:78NG9O BGDGFGRAE:F 8D:E;� TQ; <;EBG9 F:BBAE; C(K) A8 U;N;VA?N
EGHDF;B; AI :?N G?FC AI K A8 ;WB9;H:FFC NA8EG??;EB;N�

=CI GMGIk @DImB?DE γ$ AOGIG GtBJAJ D @D?C?B@DE hGDJ>IG C? AOG >?BA
@>lG [0, 1]γ AODA BJ AOG γAO HCiGI CK PGlGJu>GwJ hGDJ>IG C? [0, 1]�
gOG DJJC@BDAGm ND?D@O EDAAB@G CK B?AGuIDlEG K>?@ABC?J iBEE lG mG?CAGm
lk L1([0, 1]γ)� FG@DEE AODA BK γ BJ v?BAG CI @C>?ADlEG AOG? L1([0, 1]γ) BJ
EDAAB@G BJChGAIB@ AC L1([0, 1])$ iOBEG L1([0, 1]β) D?m L1([0, 1]γ) DIG ?CA
EDAAB@G BJChGAIB@ iOG?GMGI β D?m γ DIG B?v?BAG @DImB?DEJ iBAO β < γ�

��B� #'P$K'JOV]'T'&'U Q(R&(%(JK'KOLJ ST(L&(U� S;B X @;
:? AL#8D:E;� TQ;? BQ;9; ;WA8B8 : 7?AX7; I:HAFC GI E:9NA?:F8 (δγ)γ∈Γ∪{0}
YABQ Γ @;A?R : 8;B GI A?Z?AB; E:9NA?:F8 87EQ BQ:B δγ A8 ;ABQ;9 ;X7:F BG 1
G9 A8 7?EG7?B:@F; IG9 ;:EQ γ ∈ Γ :?N

X � l1(δ0)⊕
∑
γ∈Γ

⊕
δγL

1
(
[0, 1]γ

)
,

YQ;9; � N;?GB;8 F:BBAE; A8GH;B9C
 ⊕ :?N
∑⊕

N;?GB; l1#[GA?8
 :?N δY
8B:?N8 IG9 BQ; l1#[GA? GI δ EGDA;8 GI Y �

��C� Q(U'&P� ND?D@O EDAAB@GJ iGIG vIJA @C?JBmGIGm lk oD?ACIC#
MB@O B? _�T`� =CI D? GtAG?JBMG AIGDAhG?A CK ND?D@O EDAAB@GJ JGG _T$ 		$ 	T$
	�$ T
$ T�$ T	$ T�`� gOGCIGhJ ���$ ��	$ D?m ��T iGIG HICMGm B? _��$ �	$ ��`$
D?m _	%$ T�`$ IGJHG@ABMGEk� gOGCIGh ��� JGG B? _TT$ xICHCJBABC? 	�����`�
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@��� a(bJOKOLJ� r IGDE ND?D@O EDAAB@G X BJ JDBm AC lG ��)"�!�'" BK$
KCI GMGIk ND?D@O EDAAB@G Y $ GMGIk @ECJGm MG@ACI J>lEDAAB@G Y0 ⊂ Y $ D?m
GMGIk HCJBABMG EB?GDI CHGIDACI T0 : Y0 → X AOGIG GtBJAJ D HCJBABMG EB?GDI
GtAG?JBC? T : Y → X CK T0 iBAO ‖T0‖ = ‖T ‖� ys>BMDEG?AEk$ X BJ D?
B?LG@ABMG ND?D@O EDAAB@G BK$ iOG?GMGI X BJ EDAAB@G BJChGAIB@DEEk BhlGmmGm
B?AC D ND?D@O EDAAB@G Y $ AOGIG GtBJAJ D HCJBABMG @C?AID@ABMG HICLG@ABC?
KICh Y C?AC X �
gO>J$ AOG B?LG@ABMG ND?D@O EDAAB@GJ DIG AOG B?LG@ABMG ClLG@AJ B? AOG @D#

AGuCIk CK ND?D@O EDAAB@GJ iBAO AOG HCJBABMG @C?AID@ABC?J DJ hCIHOBJhJ�
rIG?mA _�$ gOGCIGh 	�	` HICMGm AODA AOG B?LG@ABMG ClLG@AJ DIG AOG JDhG BK
AOG IGu>EDI CHGIDACIJ iBAO @C?AID@ABMG hCm>E>J DIG ADjG? DJ hCIHOBJhJ�
pCIG mGADBEJ @C?@GI?B?u B?LG@ABMG ND?D@O EDAAB@GJ JGG B? PCAz _	�`$
qDIAiIBuOA _�`$ {DkmC? _�
`$ |B@jJAGDm _T�`$ D?m N>JjGJ _�`�

PCAz _	�` iDJ AOG vIJA iOC B?AICm>@Gm AOBJ @C?@GHA D?m HICMGm DhC?u
CAOGI AOB?uJ AOG KCEECiB?u AiC IGJ>EAJ� N>A AOG vIJA GtDhHEG CK B?LG@ABMG
ND?D@O EDAAB@G iDJ B?mB@DAGm lk rlIDhCMB@O _�`�

@�@� ST(L&(U ]PCAz$ _	�`^� = U;N;VA?N EGHDF;B; AM #8D:E; YABQ
7?AB A8 :? A?[;EBA<; _:?:EQ F:BBAE;�

gDjB?u B?AC D@@C>?A AOG }DjD?Cb~AC?G qChHEGAG?GJJ gOGCIGh C?G
@D? JADAG gOGCIGh 	�	 Gs>BMDEG?AEk� TQ; _:?:EQ F:BBAE; GI EG?BA?7G78
I7?EBAG? C(K) A8 A?[;EBA<;
 YQ;?;<;9 K A8 :? ;WB9;H:FFC NA8EG??;EB;N
M:78NG9O EGHD:EB BGDGFGRAE:F 8D:E;�

@�A� ST(L&(U ]PCAz$ _	�`^� `<;9C AL#8D:E; A8 :? A?[;EBA<; _:?:EQ
F:BBAE;�

gOG IGJ>EA JOCiJ AODA AOGIG BJ D? GJJG?ABDE mB�GIG?@G lGAiGG? B?LG@ABMG
ND?D@O EDAAB@GJ D?m B?LG@ABMG ND?D@O JHD@GJ$ JB?@G C(K) iBAO GtAIGhDEEk
mBJ@C??G@AGm @ChHD@A>h K BJ AOG C?Ek ]>H AC BJChGAIB@ BJChCIHOBJh^
B?LG@ABMG ClLG@A B? AOG @DAGuCIk CK ND?D@O JHD@GJ D?m EB?GDI @C?AID@ABC?J�

@�B� Q(U'&P� r ND?D@O EDAAB@G X BJ @DEEGm λ#��)"�!�'" BK ‖T ‖ �
λ‖T0‖ B? nGv?BABC? 	��� )? iODA KCEECiJ B?LG@ABMG hGD?J 1#B?LG@ABMG\ λ#
B?LG@ABMG ND?D@O EDAAB@GJ (λ > 1) DIG ?CA @C?JBmGIGm� =CI λ#B?LG@ABMG
ND?D@O EDAAB@GJ ]λ > 1^ JGG _	�$ 	�$ 	�`�

r uGChGAIB@ HICHGIAk iOB@O G?DlEGJ >J AC @ODID@AGIBzG B?LG@ABMBAk iDJ
mBJ@CMGIGm lk qDIAIBuOA _�`�

@�C� a(bJOKOLJ� ]�^ r ND?D@O EDAAB@G X ODJ AOG �#��!!��� #$�#"$!+

]CI AOG ,�$!-$�� ! #$�#"$!+^ BK$ uBMG? x1, x2, y ∈ X+ iBAO ‖x1‖ � 1$
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‖x2‖ � 1$ D?m ‖x1 + x2 + y‖ � 2$ AOGIG GtBJA y1, y2 ∈ X+ J>@O AODA
y1 + y2 = y$ ‖x1 + y1‖ � 1$ D?m ‖x2 + y2‖ � 1�
]	^ r ND?D@O EDAAB@G X ODJ AOG &��!" �$�"$ ��!"$�"�!��� #$�#"$!+ BK$

uBMG? z ∈ X+$ v?BAG @CEEG@ABC?J x1, . . . , xn ∈ X+$ y1, . . . , ym ∈ X+$
D?m JAIB@AEk HCJBABMG IGDEJ r1, . . . , rn ∈ R+$ s1, . . . , sm ∈ R+ J>@O AODA
‖xi‖ � ri$ ‖yj‖ � sj $ D?m ‖xi + yj + z‖ � ri + sj KCI DEE i := 1, . . . , n D?m
j := 1, . . . ,m$ AOGIG GtBJA u, v ∈ X+ iBAO z = u + v$ ‖xi + u‖ � ri$ D?m
‖yj + v‖ � sj KCI DEE i := 1, . . . , n D?m j := 1, . . . ,m�

@�D� ST(L&(U ]qDIAiIBuOA$ _�`^� = _:?:EQ F:BBAE; Q:8 BQ; Z?AB;
G9N;9 A?B;98;EBAG? D9GD;9BC AI :?N G?FC AI AB Q:8 BQ; J:9BY9ARQB D9GD;9BC�

@�E� ST(L&(U ]qDIAiIBuOA$ _�`^� = _:?:EQ F:BBAE; Q:8 BQ; 8DFABBA?R
D9GD;9BC AI :?N G?FC AI AB8 8;EG?N N7:F A8 A?[;EBA<;�

@�F� a(bJOKOLJ� r ND?D@O EDAAB@GX BJ JDBm AC ODMG� AOG #$�#"$!+ (P )
BK AOGIG GtBJAJ D HCJBABMG @C?AID@ABMG HICLG@ABC? B? X ′′ C?AC X _T
$ H� ��`\
AOG ."'� #$�#"$!+ BK 0 � xα ↑ D?m ‖xα‖ � 1 BhHEk AODA supα xα GtBJAJ
B? X _	$ nGv?BABC? � ]	^`\ AOG /�!�� #$�#"$!+ BK 0 � xα ↑ x BhHEBGJ ‖xα‖ ↑
‖x‖ _	$ nGv?BABC? � ]T^`� r ND?D@O EDAAB@G iBAO AOG PGMB ]=DAC>^ HICHGIAk
BJ DEJC @DEEGm �$�"$ �"%����!������ ]IGJH� %���!�������+ ��%#�"!"^ _T
`�

r nGmGjB?m @ChHEGAG ND?D@O EDAAB@G X iBAO D JGHDIDAB?u CImGI
@C?AB?>C>J m>DE ODJ HICHGIAk (P ) BK D?m C?Ek BK BA ODJ AOG PGMB D?m =DAC>
HICHGIABGJ _T	$ xICHCJBABC?J ��� D?m ���
`� qDIAiIBuOA _�$ qCICEEDIk T��`
HICMGm AODA D ND?D@O EDAAB@G BJ B?LG@ABMG BK D?m C?Ek BK BA ODJ AOG
qDIAiIBuOA HICHGIAk D?m AOG HICHGIAk (P )� {DkmC? mGhC?JAIDAGm AODA
(P ) hDk lG IGHED@Gm iBAO AOG B?AIB?JB@ �@ChHEGAG?GJJw HICHGIAk�

@�G� ST(L&(U ]{DkmC?$ _�
`^� = _:?:EQ F:BBAE; A8 A?[;EBA<; AI :?N
G?FC AI AB Q:8 BQ; J:9BY9ARQB
 \:BG7
 :?N S;<A D9GD;9BA;8�

@��H� a(bJOKOLJ�r lD?m HICLG@ABC? π B? D ND?D@O EDAAB@GX BJ @DEEGm
D?M ##$�)"�!��� BK ‖x‖ = max{‖πx‖, ‖π⊥x‖} KCI DEE x ∈ X $ iOGIG π⊥ :=
IX − π� gOG @CEEG@ABC? CK DEE M #HICLG@ABC?J KCIhJ D J>lDEuGlID M(X)
CK AOG NCCEGD? DEuGlID P(X)� gOG f #J>lDEuGlID CK AOG @G?AGI Z (X)
uG?GIDAGm lkM(X) BJ @DEEGm AOGM #�"�!"$ CK X D?m mG?CAGm lk Zm(X)�

�lJGIMG AODAM(X) BJ D? CImGI @ECJGm J>lDEuGlID CK P(X)iOG?GMGIX
ODJ AOG =DAC> D?m PGMB HICHGIABGJ� )? AOBJ GMG?A AOG IGEDABC?J B � M(X)
D?m Λ(B) � Zm(X) DIG Gs>BMDEG?A�

@���� ST(L&(U ]{DkmC?$ _�
`^� =? A?[;EBA<; _:?:EQ F:BBAE; X A8 :?
AL#8D:E; AI :?N G?FC AI BQ;9; A8 ?G M #D9G[;EBAG? A? AB GBQ;9 BQ:? a;9G
:?N AN;?BABC
 A� ;�
 M(X) = {0, IX}�



\7?EBAG?:F ];D9;8;?B:BAG?GI ^?[;EBA<; _:?:EQ S:BBAE;8 	%

@��@� Q(U'&P��BGIz _%$ gOGCIGh ���` D?m {DkmC? _�
$ gOGCIGh �N`
HICMGm AODA D? B?LG@ABMG ND?D@O EDAAB@GJ BJ IGHIGJG?ADlEG DJ AOG EDAAB@G
CK @C?AB?>C>J JG@ABC?J CK D @C?AB?>C>J l>?mEG CK ?C?AIBMBDE AL#JHD@GJ�
gOG hDB? IGJ>EA CK AOG HDHGI ]gOGCIGh ��T lGECi^ JHG@BvGJ AOBJ JG@#
ABC? IGHIGJG?ADABC? CK B?LG@ABMGJ B? AOG JHBIBA CK oDj>AD?BbpDODIDh
IGHIGJG?ADABC? gOGCIGh�

A� aO&(NK Z$U% Lc IJ^(NKO)(%

yMGIk B?LG@ABMG ND?D@O EDAAB@G BJ EDAAB@G BJChGAIB@ AC D mBIG@A J>h CK
@C?@IGAG B?LG@ABMG ND?D@O EDAAB@GJ� gC JGG AODA iG ODMG vIJA AC JA>mk D?
DHHICHIBDAG ?CABC? CK mBIG@A J>h mG@ChHCJBABC?�

PGA B := M(X) D?m mG?CAG lk Prtσ := Prtσ(B) D?m Pfin(X) AOG JGA
CK DEE @C>?ADlEG HDIABABC?J CK >?BAk B? B D?m AOG @CEEG@ABC? CK DEE v?BAG
J>lJGAJ CK X $ IGJHG@ABMGEk� nGv?G B〈X0〉 lk

B〈X0〉 :=
{
x ∈ X : x = mixξ(bξxξ), (xξ) ⊂ X0, (bξ) ∈ Prt(B)

}
,

iOGIG x = mixξ(bξxξ) hGD?J AODA πξx = πξxξ KCI DEE ξ�

A��� a(bJOKOLJ� r J>lJGA X0 ⊂ X BJ JDBm AC lG B#�"��" B? X iOG?#
GMGI B〈X0〉 BJ ?CIh mG?JG B? X �

gOG mGADBEJ @C?@GI?B?u AOG KCEECiB?u IGJ>EA JGG B? _��`�

A�@� ST(L&(U ]o>JIDGM$ _��$ 	
`^� S;B (Xα)α∈A @; : I:HAFC GI
A?[;EBA<; _:?:EQ F:BBAE;8� =887H; BQ:B BQ;9; A8 : EGHDF;B; _GGF;:?
:FR;@9: B :?N : I:HAFC (bα)α∈A A? B YABQ

∨
α∈A bα = � :?N M(Xα) �

Bα = [O, bα] IG9 :FF α ∈ A� TQ;? BQ;9; ;WA8B8 : 7?AX7; 7D BG : F:BBAE;
B#A8GH;B9C A?[;EBA<; _:?:EQ F:BBAE; X 87EQ BQ:B BQ; IGFFGYA?R QGFN.

(1) B � M(X)�

(2) \G9 :?C α ∈ A BQ;9; A8 : F:BBAE; Bα#A8GH;B9C ια : Xα → X �

(3)
(
ια(Xα)

)
α∈A

A8 : I:HAFC GI D:A9#YA8; NA8[GA?B @:?N8 A? X �

(4)
⊕

α∈A ια(Xα) A8 B#N;?8; A? X �

(5) \G9 :?C x = (xα)α∈A ∈ X Y; Q:<;

‖x‖ins = sup
θ∈Pfin(A)

inf
(πk)∈Prtσ

sup
k∈N

∑
α∈θ

‖πkxα‖.
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A�A� a(bJOKOLJ� gOG ND?D@O EDAAB@G (X, ‖ · ‖ins) mGv?Gm B?
gOGCIGh T�	 BJ @DEEGm AOG ��)"�!�'" ��% CK B?LG@ABMG ND?D@O EDAAB@GJ�
nG?CAG

∑�
α∈AXα := X D?m β � X :=

∑�
α∈AXα$ iOGIG Xα = X KCI

DEE α ∈ A�

A�B� [L&L\\'&d� ^I X A8 :? A?[;EBA<; _:?:EQ F:BBAE; :?N (πα)α∈A A8
: D:9BABAG? GI 7?ABC A? M(X)
 BQ;?

X =
∑
α∈A

�
παX =

(∑
α∈A

⊕
παX

)
∞
,

‖x‖ins = ‖x‖∞ := sup
α∈A

‖παx‖
(
x = (παx), x ∈ X

)
.

A�C� a(bJOKOLJ� PGA X lG D? B?LG@ABMG ND?D@O EDAAB@G� r HCJBABMG
GEGhG?A x ∈ X BJ JDBm AC lG B#���"��%#�����" CI B#�!�% iOG?GMGI KCI
GMGIk HDBI CK mBJLCB?A x, y ∈ X+ iBAO y + z � x AOGIG GtBJAJ D lD?m
HICLG@ABC? π ∈ B J>@O AODA πy = 0 D?m π⊥z = 0� ~Dk AODA X BJ B#�!��
%��$ BK zGIC BJ AOG C?Ek GEGhG?AJ B? X mBJLCB?A KICh DEE B#DAChJ _��`�

A�D� a(bJOKOLJ� gOG B#�"���!+ � �$��!"$ CK D J>lJGA S CK X BJ AOG
JhDEEGJA @DImB?DE γ J>@O AODA S @C?ADB?J D B#mG?JG J>lJGA CK @DImB?DEBAk γ�
PGA γ lG D? B?v?BAG @DImB?DE� ~Dk AODA X BJ (B, γ)# �%��"�"��� iOG?GMGI
X ODJ ?C B#DAChJ D?m KCI GMGIk x, y ∈ X iBAO x � y D?m x �= y AOG
B#mG?JBAk @ODID@AGI CK AOG CImGI B?AGIMDE [x, y] Gs>DEJ γ�

A�E� a(bJOKOLJ� PGA γ BJ D @DImB?DE� r @ChHEGAG NCCEGD? DEuGlID B

BJ JDBm AC lG γ#�!���" iOG?GMGI γ∧ BJ D @DImB?DE iBAOB? V(B)$ B� G�$ V(B) |=
γ∧ = |γ∧|$ JGG _��`� r? GEGhG?A b ∈ B BJ @DEEGm γ#�!���" BK AOG IGEDABMG
NCCEGD? DEuGlID [O, b] BJ γ#JADlEG� r mGv?BABC? ?CA B?MCEMB?u V(B) JGG
_	�$ nGv?BABC? �	�T�� D?m gOGCIGh �	�T��`�

A�F� �	��	
� ]o>JIDGM$ _	
`^� S;B X @; :? A?[;EBA<; _:?:EQ F:BBAE;
:?N B = M(X)� TQ;? BQ;9; ;WA8B8 : 7?AX7; D:A9 GI I:HAFA;8 (bγ)γ∈Γ∪{0}
� (Xγ)γ∈Γ∪{0}
 87EQ BQ:B BQ; IGFFGYA?R :88;9BAG?8 QGFN.

(1) Γ A8 : 8;B GI A?Z?AB; E:9NA?:F8�

(2) bγ A8 γ#8B:@F; A? B IG9 :FF γ ∈ Γ :?N � = b0 ∨
∨

γ∈Γ bγ �

(3) (Xγ)γ∈Γ∪{0} A8 : I:HAFC GI D:A9YA8; NA8[GA?B8 @:?N8 GI X �

(4) X0 A8 B0#:BGHAE
 YQAF; Xγ A8 (Bγ , γ)#QGHGR;?;G78 IG9 :FF γ ∈ Γ

YABQ B0 = [O, b0] :?N Bγ := [O, bγ]�

(5) TQ; 9;D9;8;?B:BAG? X = X0 �
∑�

γ∈ΓXγ QGFN8�
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B� e$JNKOLJ'\ Q(R&(%(JK'KOLJ Lc IJ^(NKO)(%

B��� a(bJOKOLJ� r HDBI CK KDhBEBGJ (bα)α∈A D?m (bβγ)β∈B(γ),γ∈Γ B? D
@ChHEGAG NCCEGD? DEuGlID B BJ JDBm AC lG �!$��!�+ ��$����� �"$�"� B? B BK

]�^ A BJ D JGA CK @DImB?DEJ D?m (bα)α∈A BJ HDBIiBJG mBJLCB?A\

]	^ Γ BJ D JGA CK B?v?BAG @DImB?DEJ$ GD@O GEGhG?A CK B(γ) BJ GBAOGI Gs>DE
AC 1 CI BJ >?@C>?ADlEG KCI DEE γ ∈ Γ$ AOG KDhBEk (bβγ)β∈B(γ) BJ HDBIiBJG
mBJLCB?A$ D?m � =

∨
α∈A bα ∨∨

γ∈Γ b̄γ $ iOGIG b̄γ :=
∨

β∈B(γ) bβγ\

]T^ bα BJ α#JADlEG KCI DEE α ∈ A$ bβγ BJ β#JADlEG KCI DEE β ∈ B(γ)$ γ ∈ Γ$
D?m b̄γ BJ γ#JADlEG KCI DEE γ ∈ Γ�

B�@� a(bJOKOLJ� PGA K lG D? GtAIGhDEEk mBJ@C??G@AGm @ChHD@A>h$
iOBEG X lG D? DIlBAIDIk ND?D@O JHD@G� nG?CAG lk C#(K,X) AOG JGA CK
Gs>BMDEG?@G @EDJJGJ CK ?CIh lC>?mGm @C?AB?>C>J MG@ACI#K>?@ABC?J u D@AB?u
KICh dom(u) ⊂ K AC X iBAO K \ dom(u) hGDuGI� �G@ACI#K>?@ABC?J u
D?m v DIG Gs>BMDEG?A BK AOGk @CB?@BmG C? AOG B?AGIJG@ABC? CK AOGBI mChDB?J
dom(u) D?m dom(v)�

gOG JGA C#(K,X) hDk lG ?DA>IDEEk G?mCiGm iBAO AOG JAI>@A>IG
CK D C(K)#hCm>EG� gOG @C?AB?>C>J GtAG?JBC? N(u) CK AOG HCB?A#iBJG
?CIh k �→ ‖u(k)‖ (k ∈ dom(u)) AC K mGAGIhB?GJ D mG@ChHCJDlEG ?CIh
u �→ N(u) C? C#(K,X) iBAO MDE>GJ B? C(K)� pCIGCMGI$ C#(K,X) BJ D
ND?D@O JHD@G iBAO IGJHG@A AC AOG hBtGm ?CIh mGv?Gm DJ u �→ ‖N(u)‖∞�
]nGADBEJ @D? lG KC>?m B? _��$ 	�T�T$ �����$ ����	`�^

)K X BJ D? AL#JHD@G AOG? C#(K,X) BJ D? B?LG@ABMG ND?D@O EDAAB@G
J>@O AODA M(C#(K,X)) BJ BJChCIHOB@ AC AOG NCCEGD? DEuGlID CK @ECHG?
J>lJGAJ CK K D?m Zm(C#(K,X)) � C(K)$ JGG _��`�

B�A� ST(L&(U ]o>JIDGM$ _	
`^� S;B X @; :? A?[;EBA<; _:?:EQ F:BBAE;
:?N K @; BQ; bBG?; 8D:E; GI BQ; _GGF;:? :FR;@9: M(X)� TQ;? BQ;9;
;WA8B8 : 7?AX7; 8B9AEBFC E:9NA?:F 8;9A;8 (Kα)α∈A :?N (Kβγ)β∈B(γ),γ∈Γ A?
BQ; _GGF;:? :FR;@9: GI EFGD;? 87@8;B8 GI K 87EQ BQ:B BQ; 9;D9;8;?B:BAG?
QGFN8.

X = X1 �X2,

X1 �B

(∑
α∈A

C#

(
Kα, l

1(α)
))

∞
,

X2 �B

∑
γ∈Γ

�
( ∑

β∈B(γ)

β � C#

(
Kβγ , L

1([0, 1]γ)
))

∞
.
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B�B� Q(U'&P� gOGIG GtBJAJ D �hBtGmw #���!�'" ��)"�!�'"�#$�)"�!�'"

!"���$ #$����! X ⊗ε|π| Y CK AiC B?LG@ABMG ND?D@O EDAAB@GJ X D?m Y
iOB@O BJ DEJC D? B?LG@ABMG ND?D@O EDAAB@G� pCIGCMGI$ uBMG? D? AL#JHD@GX $
C(K)⊗ε|π|X BJ EDAAB@G B#BJChGAIB@ AC C#

(
K,X)� gO>J$ gOGCIGh ��T AGEEJ

>J AODA AL#JHD@GJ D?m nGmGjB?m @ChHEGAG AM #JHD@GJ iBAO >?BA @D? lG
@C?JBmGIGm DJ �l>BEmB?u lEC@jJw KCI B?LG@ABMG ND?D@O EDAAB@GJ�

B�C� Q(U'&P� gOG IGHIGJG?ADABC? CK D? B?LG@ABMG ND?D@O EDAAB@G B?
gOGCIGh ��T BJ ?CA >?Bs>G B? uG?GIDE$ iBAOC>A DJJ>hHABC? ��� ]T^$ @K� _��$
qO� �`� gOG IGDJC? KCI AOBJ BJ AOG JC#@DEEGm ��$����� �����#���� HOG?ChG?D�
BA BJ HCJJBlEG KCI AiC B?v?BAG @DImB?DEJ κ < λ AC JDABJKk V(B) |= |κ∧| = |λ∧|�
)? AOBJ GMG?A iG JDk AODA λ ODJ lGG? �����#�"� AC κ B? V(B)$ JGG _�$ qO� �`�
}Ci$ @C?JBmGI AOG HDIAB@>EDI @DJG iOG? M(X) BJ BJChCIHOB@

AC AOG @ChHEGAG NCCEGD? DEuGlID B = Σ/μ−1(0) DJJC@BDAGm iBAO
AOG hGDJ>IG JHD@G (Ω,Σ, μ)� )? gOGCIGh ��T iG @D? IGHED@G
C#

(
Kα, l

1(α)
)
D?m C#

(
Kβγ, L

1([0, 1]γ)
)
IGJHG@ABMGEk lk L∞(

Ωα, l
1(α)

)
D?m L∞(

Ωβγ , L
1([0, 1]γ)

)
iBAO Ωα,Ωβγ ∈ Σ� PGA Ã ∈ B JAD?m KCI AOG

@CJGA CK A ∈ Σ�
B�D� ST(L&(U ]o>JIDGM$ _	
`^� S;B X @; :? ^_S� =887H; BQ:B

M(X) � B := B(Ω,Σ, μ) IG9 8GH; H;:879; 8D:E; (Ω,Σ, μ)� TQ;? BQ;9;
;WA8B BYG M #@:?N8 X1 :?N X2 GI X 
 BYG I:HAFA;8 GI H;:879:@F; 87@8;B8
(Ωα)α∈A :?N (Ωβγ)β∈B(γ),γ∈Γ 7?AX7;FC N;B;9HA?;N 7D BG : ?7FF 8;B 87EQ

BQ:B (Ω̃α)α∈A :?N (Ω̃βγ)β∈B(γ),γ∈Γ 8:BA8IC BQ; EG?NABAG?8 4.1 (1, 2) :?N
BQ; 9;D9;8;?B:BAG? QGFN8.

X = X1 �X2,

X1 �B

(∑
α∈A

L∞(
Ωα, l

1(α)
))

∞
,

X2 �B

∑
γ∈Γ

�
( ∑

β∈B(γ)

β �
(
L∞(

Ωβγ , L
1([0, 1]γ)

)))
∞
,

YQ;9; Γ :?N B(γ) :9; BQ; 8;B8 GI A?Z?AB; E:9NA?:F8�

B�E� Q(U'&P� )K B = M(X) JDABJKk AOG @C>?ADlEG @ODB? @C?mBABC?
AOG? AOG IGHIGJG?ADABC? B? gOGCIGh ��T BJ >?Bs>G� gOG NCCEGD? DEuGlID
B := Σ/μ−1(0) DJJC@BDAGm iBAO AOG hGDJ>IG DEuGlID (Ω,Σ, μ)$ μ(Ω) <∞$
JDABJvGJ AOG @C>?ADlEG @ODB? @C?mBABC?� gOGIGKCIG$ AOG IGHIGJG?ADABC? B?
gOGCIGh ��� BJ DEJC >?Bs>G$ @C?AIDIk AC AOG uG?GIDE @DJG$ JGG FGhDIj ����

B�F� Q(U'&P� gOGCIGhJ T�� D?m ��T G?DlEGJ >J AC uBMG D @ChHEGAG
BJChGAIB@ @EDJJBv@DABC? CK B?LG@ABMG ND?D@O EDAAB@GJ$ JGG _	
`�
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Q(c(&(JN(%

�� )*+,-./012 3� )� NOPQRSLTQ QOTQMUVQW UX OUYJQZ MKSSLRQW �� [U\M� ]RKZ� ^K_\
```a���+&���bUM� �+&# $  ��c� & ('& "�

�� )*+,-./012 3� )�� )405+,6708 9� :� cUWLSLTQ UVQYKSUYW �� dKOZeUU\ UX SfQ
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Φ(z) =
1

2πi

1∫
−1

p(t)
ϕ(t)

t− z
dt, (1)

;�/ p(t) = (1− t)α(1 + t)β $ α, β = ± 1
2 $ � �/&7��: 01.�2�:�

���V/ &647:6&: ����4�614.Q/ 074R1�Q � ��: <47���7�.Q5 �.#
6/;4��7� 6�<� �7S�

Φ′(z) =
1

2πi

1∫
−1

p(t)
ϕ(t)

(t− z)2
dt, (2)

;�/ z ./ <4�.���/V�6 764/��1 �.6/;4�47��.�: [−1, 1] � ϕ(t) �7&6�#
678.7 ;�����: 01.�2�:$ <4�.���/V�[�: ���&&1 Hr(α) ]0 < α � 1$
r � 1^�
Z7� 1����..QR� ����4�614.QR� 074R1��R� <7.�R�Y6&: 074#

R1�Q$ <7�18/..Q/ <16/R ��R/.Q <�76.7&6� ϕ(t) // <4/�&6���/.�/R
8/4/� <7��.7R ,�;4�.V��
!<4��/����� 6/74/R��
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Cn(t) =
cos(2n+1

2 θ)

cos θ
2

, Sn(t) =
sin(2n+1

2 θ)

sin θ
2

,

θ = arccos t,

�
!�� �,��������$ �
����$

1

2πi

1∫
−1

√
1 + t

1− t

Cn(t)

t− z
dt =

i

2

(z −√
z2 − 1 )n√
z2 − 1

(
1 + z −

√
z2 − 1

)
, (3)

1

2πi

1∫
−1

√
1− t

1 + t

Sn(t)

t− z
dt =

i

2

(z −√
z2 − 1 )n√
z2 − 1

(
1− z +

√
z2 − 1

)
. (4)

� �.7;78�/.Q Cn(t) � Sn(t) 7467;7.��U.Q .� 764/��/ [−1, 1]$ &7#

76�/6&6�/..7$ <7 �/&�R p(t) =
√

1+t
1−t $ p(t) =

√
1−t
1+t �

Z4/�&6���R R.7;78�/. Cn(t) 8/4/� R.7;78�/.Q */WQS/�� </4�7#
;7 47��

Cn(t) =
Tn(t) + Tn+1(t)

1 + t
,

W1�/R �R/6U

1

2πi

1∫
−1

√
1 + t

1− t

Tn(t) + Tn+1(t)

(1 + t)(t− z)
dt =

1

2πi

1∫
−1

1√
1− t2

Tn(t) + Tn+1(t)

t− z
dt.

�&<7�U�1: 074R1�1 _T`

1

2πi

1∫
−1

1√
1− t2

Tn(t)

t− z
dt =

i

2

(z −√
z2 − 1 )n√
z2 − 1

,

<7�18�R

1

2πi

1∫
−1

1√
1− t2

Tn(t) + Tn+1(t)

t− z
dt =

i

2

(z −√
z2 − 1 )n√
z2 − 1

(
1+z−

√
z2 − 1

)
.
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Sn(t) =
Tn(t)− Tn+1(t)

1− t
,

<7�18�R

1

2πi

1∫
−1

√
1− t

1 + t

Sn(t)

t− z
dt =

1

2πi

1∫
−1

1√
1− t2

Tn(t)− Tn+1(t)

t− z
dt =

=
i

2

(z −√
z2 − 1 )n√
z2 − 1

(
1− z +

√
z2 − 1

)
.

Z7�
√
z2 − 1 <7�4��1R/��/6&: 0��&�47��..�: �/6�U$ 7�.7�.�8.�:

� <�7&�7&6� & 4��4/�7R ��7�U 764/��� [−1, 1] �/9&6��6/�U.79 7&� �
<4�.�R�Y[�: .� (1,+∞) �/9&6��6/�U.Q/ �.�8/.�:� �

� 4�W76/ _T` WQ�� �7����.Q 074R1�Q

1

2πi

1∫
−1

1√
1− t2

Tn(t)

t− z
dt =

i

2

(z −√
z2 − 1)n√
z2 − 1

, (5)

1

2πi

1∫
−1

√
1− t2

Un(t)

t− z
dt =

i

2

(
z −

√
z2 − 1

)n+1
, (6)

;�/ Tn(t) = cos(n arccos t) � R.7;8�/. */WQS/�� </4�7;7 47��$ �
Un(t) =

sin((n+1) arccos t)√
1−t2

� R.7;78�/. */WQS/�� �6747;7 47���

X74R1�Q ]T^b]�^ �&<7�U�1Y6&: <4� <7&647/.�� ����4�614.Q5
074R1� ��: �.6/;4��7� 6�<� �7S� ]�^b]	^�

�6��$ 4�&&R764�R �.6/;4�� ]�^ & �/&7R p(t) =
√

1+t
1−t � ��R/.�R

<�76.7&6U ϕ(t) &�/�1Y[�R �.6/4<7�:2�7..QR R.7;78�/.7R�

Ln−1(ϕ, t) =

n∑
k=1

Cn(t)

(t− xk)C′
n(xk)

ϕ(xk), (7)

;�/ xk = cos 2k−1
2n+1π ]k = 1, . . . , n^ � .1�� R.7;78�/.� Cn(t)�
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Φ1n(z) =
2

2n+ 1

n∑
k=1

(−1)k−1
√
1− x2k

z − xk
cos

2k − 1

2(2n+ 1)
πμk(z)ϕ(xk), (8)

;�/

μk(z) =
i

2

(z −√
z2 − 1)n√
z2 − 1

(
1 + z −

√
z2 − 1

)− 1

2i
Sn(xk)

(k = 1, 2, . . . , n).

�.6/4<7�:2�7..Q9 R.7;78�/. ]�^ :��:/6&: R.7;78�/.7R &6/</.�
n−1$ � � &�18�/ /&�� <�76.7&6U ϕ(t) W1�/6 R.7;78�/.7R &6/</.� m �
n− 1$ ����4�614.�: 074R1�� ]�^ ��&6 678.7/ �.�8/.�/ �.6/;4����
 .��7;�8.7 <4/�Q�1[/R1 <7&647�R �.6/4<7�:2�7..1Y ����4�#

614.1Y 074R1�1 ��: �.6/;4��� ]�^ & �/&7�79 01.�2�/9 p(t) =
√

1−t
1+t �

-�R/.�R <�76.7&6U ϕ(t) � �.6/;4��/ R.7;78�/.7R ,�;4�.V�

Ln−1(ϕ, t) =

n∑
k=1

Sn(t)

(t− x̄k)S′
n(x̄k)

ϕ(x̄k), (9)

;�/ x̄k = cos 2k
2n+1π ]k = 1, 2, . . . , n^ � .1�� R.7;78�/.� Sn(t)�

�&<7�U�1: 074R1�1 ]�^$ <7&�/ �Q8�&�/.�: &776�/6&6�1Y[�5 �7#
a00�2�/.67� <7�18�R &�/�1Y[1Y ����4�614.1Y 074R1�1 ��: �.#
6/;4����

Φ2n(z) =
2

2n+ 1

n∑
k=1

(−1)k−1
√
1− x̄2k

z − x̄k
sin

kπ

2n+ 1
μ̄k(z)ϕ(x̄k), (10)

;�/

μ̄k(z) =
i

2

(z −√
z2 − 1 )n√
z2 − 1

(
1− z +

√
z2 − 1

)
+

1

2i
Cn(x̄k)

(k = 1, 2 . . . , n).
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Φ(z) =
1

2πi

1∫
−1

1√
1− t2

ϕ(t)

t− z
dt,

Φ(z) =
1

2πi

1∫
−1

√
1− t2

ϕ(t)

t− z
dt,

<16/R ��R/.Q <�76.7&6� ϕ(t) �.6/4<7�:2�7..QR� R.7;78�/.�R� <7
1���R :��:Y[�R�&: .1�:R� R.7;78�/.7� */WQS/�� </4�7;7 � �67#
47;7 47�7� � <4�R/./.�/R 074R1� ]�^b]�^$ <7�18�R &�/�1Y[�/ ����#
4�614.Q/ 074R1�Q�

Φ3n(z) =
1

n

n∑
k=1

(−1)k
√
1− x21k

z − x1k
μ1k(z)ϕ(x1k), (11)

μ1k(z) =
i

2

(z −√
z2 − 1)n√
z2 − 1

− Un−1(x1k)

2i
,

;�/ x1k = cos
(
2k−1
2n π

)
]k = 1, 2, . . . , n^�

Φ4n(z) =
1

n+ 1

n∑
k=1

(−1)k−1(1 − x22k)

z − x2k
μ2k(z)ϕ(x2k), (12)

μ2k(z) =
i

2

(
z −

√
z2 − 1

)n+1
+
Tn+1(x2k)

2i
,

;�/ x2k = cos
(

k
n+1π

)
]k = 1, 2, . . . , n^�

��: ����4�614.Q5 074R1� ]�^$ ]�
^$ ]��^$ ]�	^ <7�18/.Q &�/�1Y#
[�/ 72/.�� <7;4/S.7&6��

|Φ(z)− Φin(z)| < M

4ρ
,

;�/ M = max
t∈[−1,1]

|ϕ(n+1)(ξ(t))|
(n+1)! $ min

t∈[−1,1]
|t− z| = ρ$ i = 1, 2, 3, 4.

��&&R764�R �.6/;4��

1

2πi

1∫
−1

√
1 + t

1− t

ϕ(t)

(t− z)2
dt,
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1

2πi

1∫
−1

√
1 + t

1− t

Cn(t)

(t− z)2
dt =

i

2

(z −√
z2 − 1 )n√
z2 − 1

n(z − 1)− n
√
z2 − 1− 1

z − 1
,

<7�18�R &�/�1Y[1Y ����4�614.1Y 074R1�1�

Φ′
1n(z) ≡

n∑
k=1

1

C′
n(xk)(z − xk)2

×

×
[
i

2

(z −√
z2 − 1 )n√
z2 − 1

τ(z) +
1

2i
Sn(xk)

]
ϕ(xk),

(13)

τ(z) =
(z − xk)(n(z − 1)− n

√
z2 − 1− 1)− (z − 1)(1 + z −√

z2 − 1 )

z − 1
,

C′
n(xk) =

2n+ 1

2

(−1)k−1√
1− x2k cos

2k−1
2(2n+1) π

,

xk = cos
2k − 1

2n+ 1
π (k = 1, 2, . . . , n).

 .��7;�8.7 ��: �.6/;4���

1

2πi

1∫
−1

√
1− t

1 + t

ϕ(t)

(t− z)2
dt,

��R/.79 /;7 <�76.7&6� R.7;78�/.7R ]%^ � <4�R/./.�/R 074R1�Q

1

2πi

1∫
−1

√
1− t

1 + t

Sn(t)

(t− z)2
dt =

i

2

(z −√
z2 − 1 )n√
z2 − 1

n
√
z2 − 1− n(z + 1)− 1

z + 1
,

<7�18�R ����4�614.1Y 074R1�1

Φ′
2n(z) ≡

n∑
k=1

1

S′
n(x̄k)(z − x̄k)2

×

×
[
i

2

(z −√
z2 − 1 )n√
z2 − 1

τ1(z)− 1

2i
Cn(x̄k)

]
ϕ(x̄k),

(14)
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τ1(z) =
(z − x̄k)(n

√
z2 − 1− n(z + 1)− 1)− (z + 1)(1− z +

√
z2 − 1 )

z − 1
,

S′
n(x̄k) =

2n+ 1

2

(−1)k−1√
1− x̄2k sin

kπ
2n+1

,

x̄k = cos
2k

2n+ 1
π (k = 1, 2, . . . , n).

��: ����4�614.Q5 074R1� ]�T^ � ]��^ <7�18/.Q &�/�1Y[�/ 72/.#
�� <7;4/S.7&6/9�

|Φ′(z)− Φ′
1n(z)| �

C1

nr

1√
z + 1

√
(z − 1)3

,

|Φ′(z)− Φ′
2n(z)| �

C2

nr

1√
z − 1

√
(z + 1)3

(r � 1, C1, C2 = const).
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3��UW/467�Q R7�1�� .�� �.�7�Y6��.QR� 67<7�7;�8/&��R� ��#
;/W4�R� :��:Y6&: ���/�7 ��1[�R� 7W7W[/.�:R� ;��UW/467�� <47#
&64�.&6��� �</4�Q/ ;��UW/467�Q R7�1�� .�� �7RR16�6��.QR� C�#
��;/W4�R� WQ�� 4�&&R764/.Q �� ��<��.&��R � 4�W76/ _�`� � .�&67:#
[// �4/R: 6/74�: ;��UW/467�Q5 R7�1�/9 .�� C�#��;/W4�R� :��:/6&:
��6��.79$ W14.7 4������Y[/9&: 7W��&6UY R�6/R�6���$ 867 .�S�7
764�V/.�/ � R7.7;4�0�8/&�79 ��6/4�614/ _	$ T`�

�7 �67479 <7�7��./ 	
 &67�/6�: � 4�W76�5 _�b�` ��18���&U W7�//
7W[�/ 67<7�7;�8/&��/ �.�7�Y6��.Q/ ��;/W4Q � R7�1�� .�� .�R��
��W�Y��/6&: <47;4/&& � ��18/.�� &641�614.Q5 &�79&6� a67;7 ���&&�
R7�1�/9 _�`� �/�U .�&67:[/9 ��R/6�� � <7�18�6U 7<�&�.�/ R7�1�U.7
&7<4:V/..7;7 <47&64�.&6�� ��: &6�.��46.7;7 ;��UW/467�7;7 R7�1�:
HA .�� 1.�6��U.79 �7���U.79 C�#��;/W479�

�� ,�	������	�2��	 ��	�	��f

-�/&U RQ <4��/�/R ./�7674Q/ <4/���4�6/�U.Q/ &�/�/.�:$ ./7W#
57��RQ/ ��: ���U./9S/;7� �/�U .�&67:[/;7 <�4�;4�0� � ��0��#
&�47��6U 6/4R�.7�7;�Y$ 7W7�.�8/.�: � ��/&6� 64/W1/RQ/ <7.:6�:�
�&/ ./7W57��RQ/ &�/�/.�: 7 C�#��;/W4�5 � W7�// 7W[�5 67<7�7;�#
8/&��5 ��;/W4�5 & �.�7�Y2�/9 R7V.7 .�96� � _�b�
`� �&/ ��;/W4Q
4�&&R�64���Y6&: .�� <7�/R �7R<�/�&.Q5 8�&/��

 �;/W4� & �.�7�Y2�/9 A .��Q��/6&: 0���12�0���3 .4,��15��

6��3$ /&�� A � a67 �7���U.7 �Q<1��7/ 67<7�7;�8/&�7/ �/�674.7/
<47&64�.&6�7$ ;�/ 67<7�7;�: ����/6&: &/R/9&6�7R <7�1.74R (pλ)λ∈Λ$
1�7��/6�74:Y[�5 &�/�1Y[�R 1&�7��:R�

D^ pλ(xy) � pλ(x)pλ(y) ��: �YWQ5 x, y ∈ A � �YW7;7 λ ∈ Λ\

l^ pλ(x) = pλ(x
�) ��: �YWQ5 x ∈ A$ λ ∈ Λ�

�5�0�
� �1������� ��	 �	�������� ������;�� 5���	������ ����� ������

��
��2�1. 	���������	�# ����
 $ � �(��"� �,�



5
�����
 �
,�'%���
� ,�
��������
 �T

'&�� �.�7�Y6��.�: Ppq#��;/W4� <7�.�$ 67 7.� .��Q��/6&: 1��

	�17��3 C���15�6��3$ /&�� &<4��/����7 4��/.&6�7

@^ pλ(xx�) = pλ(x)
2 ��: �YWQ5 x, y ∈ A$ λ ∈ Λ�

Z7�1.74RQ$ 7W����Y[// 1����..QR� &�79&6��R� .��Q��/6&: C��

��1�������0� �.7V/&6�7 �&/5 C�#<7�1.74R ��;/W4Q A 7W7�.�8�R
8/4/� S(A)� �� R.7V/&6�/ S(A) R7V.7 ��/&6� 8�&6�8.Q9 <74:�7�
p � q /&�� p(x) � q(x) ��: �YW7;7 x ∈ A� '&�� � �7���U.79 C�#��#
;/W4/ &1[/&6�1/6 /��.�2�$ 67 ��;/W4� .��Q��/6&: ��0��17��3� ��&#
&R764�R ./�7674Q/ <4�R/4Q �7���U.Q5 C�#��;/W4�

������ ���� ��V��: C�#��;/W4� :��:/6&: �7���U.79 C�#��;/#
W479�

������ ���� ��V��: ��R�.16�: �#<7���;/W4� �7���U.79 C�#��#
;/W4Q 6��V/ :��:/6&: �7���U.79 C�#��;/W479�

������ ����Z1&6UΔ� .�<4���/..7/ ��/45 R.7V/&6�7 �.�/�&7�$
{Hλ}λ∈Δ � &/R/9&6�7 ;��UW/467�Q5 <47&64�.&6� 6���5$ 867 Hλ ⊂
Hμ �

〈·, ·〉λ = 〈·, ·〉μ
∣∣
Hλ
, λ � μ,

;�/ 〈·, ·〉λ � &���:4.7/ <47���/�/.�/ � <47&64�.&6�/ Hλ, λ ∈ Δ� ��&#
&R764�R 6/</4U �7���U.7 �Q<1��7/ <47&64�.&6�7

H := lim→ Hλ =
⋃
λ

Hλ.

f67 <47&64�.&6�7 & 67<7�7;�/9 �.�1�6��.7;7 <4/�/�� .��Q��/6&:
1�	�17�8� 50176�����8� ���
����
�����

"W7�.�8�R 8/4/� L(H ) <47&64�.&6�7 ��./9.Q5 7</4�6747� T :
H → H 6���5$ 867

T = lim→ Tλ, Tλ ∈ L(Hλ),

;�/ L(Hλ) � <47&64�.&6�7 ��./9.Q5 7;4�.�8/..Q5 7</4�6747�$ �/9#
&6�1Y[�5 � Hλ$ � (Tλ)λ∈Δ � &/R/9&6�7 7</4�6747� Tλ ∈ L(Hλ)
��: �YW7;7 λ ∈ Δ� �7;�� L(H ) W1�/6 ��;/W479$ �$ �47R/ 67;7$ &
��V�QR &/R/9&6�7R (Tλ)λ∈Δ R7V.7 &�:��6U &/R/9&6�7 (Tλ)

�
λ∈Δ$ ;�/

T �
λ ∈ L(Hλ)� �7;�� 767W4�V/.�/

� : L(H ) → L(H ); T �→ T � = lim→ T �
λ



�� ����� 5� e�
 f������ g� &�

W1�/6 �.�7�Y2�/9$ ����..79 .� L(H )� '&�� ‖ · ‖λ � 7</4�674.�:
.74R�$ ����..�: .� L(Hλ)$ 67 01.�2�:

pλ(T ) := ‖Tλ‖λ; T ∈ L(H )

W1�/6 C�#<7�1.74R79 .� L(H ) ��: ��V�7;7 λ ∈ Δ$ � L(H ) � a67
�7���U.�: C�#��;/W4� 76.7&�6/�U.7 &/R/9&6�� <7�1.74R {pλ}λ∈Δ�
�R//6 R/&67 &�/�1Y[// 16�/4V�/.�/�

�	��	
� ��B _�`� ��%��' �
������' C�#��!�+�� A ��
�
����
�������
� �#,
���!�+�� L(H )
 !�� H " ���
�
�
� �
�����
� !���#
+���
�
 ,�
��������
�

Z1&6U A �7���U.�: C�#��;/W4� & ����..QR &/R/9&6�7R <7�1.74R
(pλ)λ∈Λ� Z1&6U

Iλ := {x ∈ A : pλ(x) = 0}.
X��674#<47&64�.&6�7 A/Iλ W1�/6 6��V/ �.�7�Y6��.79 ��;/W479$ �7#
6747/ 7W7�.�8�/6&: 8/4/� Apλ

�

�	��	
� ��C _�$ gOGCIGh ������`� ����� A " �
������' C�#��!�#
+���  
!�� Apλ

" C�#��!�+���

X��674#767W4�V/.�/ �� A � Apλ
7W7�.�8�/6&: 8/4/� πλ�

Z1&6U A � B �7���U.Q/ C�#��;/W4Q� ,�./9.7/ 767W4�V/.�/
ϕ : A → B .��Q��/6&: (�)�5������90
��� ��;/W4 A � B$ /&�� ��:
�YWQ5 x, y ∈ A �Q<7�.:Y6&: 4��/.&6��

ϕ(xy) = ϕ(x)ϕ(y); ϕ(x�) = ϕ(x)�.

:��;50176�����8� A���;�1�� .��Q��/6&: �7R<�/�&.7/ �/�674#
.7/ <47&64�.&6�7 V $ �76747/ 6��V/ :��:/6&: <4��QR A#R7�1�/R$
&.�WV/..7/ <7�1674���./9.79 074R79 〈·, ·〉 : V × V → A$ 1�7��/#
6�74:Y[// &�79&6��R

〈x, x〉 � 0 ��: �YW7;7 x ∈ V ; ]�^

〈x, y〉� = 〈y, x〉 ��: �YWQ5 x, y ∈ V ; ]	^

〈x, x〉 = 0 ⇔ x = 0 ��: �YW7;7 x ∈ V ; ]T^

〈x, ya〉 = 〈y, x〉a ��: �YWQ5 x, y ∈ V ; a ∈ A. ]�^
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1�/R ;7�74�6U$ 867 V � a67 50176����� A#R7�1�U$ /&�� V <7�7.$
��� 67<7�7;�8/&�7/ �/�674.7/ <47&64�.&6�7$ 76.7&�6/�U.7 67<7�7#
;��$ ������/R79 &�&6/R79 <7�1.74R�

{p}p∈S(A), ;�/ p :=
√
p〈x, x〉, x ∈ V.

��V/$ RQ W1�/R 7W7�.�8�6U <7�1.74RQ pλ � pλ 7�.�R � 6/R V/
&�R�7�7R pλ� Z1&6U V � ;��UW/467� A#R7�1�U � pλ ∈ S(A)$ 67#
;�� Npλ

= {x ∈ V : pλ(〈x, x〉) = 0} � ��R�.16Q9 A#<7�R7�1�U V �
X��674#<47&64�.&6�7 V/Npλ

7W7�.�8�/6&: 8/4/� Vpλ
�

�	��	
� ��D _�$ gOGCIGh� ��T�%`� ����� V " !���+���
� A#�
#
�����  
!�� Vpλ

" !���+���
� Apλ
#�
�����

X��674#767W4�V/.�/ �� V � Vpλ
7W7�.�8�/6&: 8/4/� πλ�

Z1&6U E � F � ;��UW/467�Q R7�1�� .�� �7���U.79 C�#��#
;/W479 A� C#��./9.7/ � A#��./9.7/ ./<4/4Q�.7/ 767W4�V/.�/
T : E → F .��Q��/6&: A�5������90
��� �� E � F � "6R/6�R$ 867
./<4/4Q�.7&6U 7</4�674� 7�.�8�/6$ 867 ��: ��V�79 <7�1.74RQ
p ∈ S(A) .�9�/6&: 6��7/ 8�&�7 Mp > 0$ 867 &<4��/����7 ./4��/.#
&6�7 pF (Tx) � MppE(x) ��: �YWQ5 x ∈ E� ��&&R764�R ./�7674Q/
<4�R/4Q ;��UW/467�Q5 R7�1�/9�

������ ���� ��V��: �7���U.�: C�#��;/W4� :��:/6&: ;��UW/467#
�QR R7�1�/R .�� &7W79� �.164/..// <47���/�/.�/ ����/6&: 074R1#
�79 〈x, y〉 = x�y�

������ ���� Z1&6U (Vn) � &8/6.�: <7&�/�7��6/�U.7&6U ;��UW/4#
67�Q5 R7�1�/9 .�� �7���U.79 C�#��;/W479 A� */4/�

⊕
n
Vn 7W7�.�8�R

R.7V/&6�7 �&/5 <7&�/�7��6/�U.7&6/9 (xn) 6���5$ 867 xi ∈ Vi � 4:�∑
n〈xn, xn〉 &57��6&: � A� �7;��

⊕
n
Vn &6�.7��6&: ;��UW/467�QR A#

R7�1�/R$ ;�/ �/9&6��/ ��;/W4Q A .�
⊕
n
Vn �

(xn)a = (xna); a ∈ A, (xn) ∈
⊕
n

Vn;

〈(xn), (yn)〉 =
∑
n

〈xn, yn〉.

� &�18�/$ �7;�� V &7�<���/6 & A$
⊕
n
Vn .��Q��/6&: &6�.��46.QR

;��UW/467�QR R7�1�/R � 7W7�.�8�/6&: 8/4/� HA�



�� ����� 5� e�
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Z1&6U V ;��UW/467� R7�1�U .�� �7���U.79 C�#��;/W479 A� �7;��
��;�17�� 
��������8� <47&64�.&6�7R V ′ .��Q��/6&: <47&64�.&6�7
A#;7R7R740��R7�$ �/9&6�1Y[�5 �� V � A� � .�&67:[/9 4���/�/ RQ
7<�S/R &641�6141 (HA)

′$ ;�/ A b 1.�6��U.�: �7���U.�: C�#��;/W4��
Z1&6U A � �7���U.�: C�#��;/W4� 76.7&�6/�U.7 &/R/9&6�� <7�1#

.74R (pλ)λ∈Λ� */4/� S 7W7�.�8�R R.7V/&6�7 �&/5 <7&�/�7��6/�U#

.7&6/9 (yn)$ yn ∈ A$ n ∈ N$ 6���5$ 867 ��: �YW7;7 �.�/�&� λ ∈ Λ
&1[/&6�1/6 �7.&6�.6� Cλ$ ��: �767479 �Q<7�.:Y6&: ./4��/.&6��

pλ

(
k∑

i=1

y�i yi

)
� Cλ; k ∈ N.

�	��	
� @��� ����� A " ���������'
 �
������' C�#��!�+�� �
������$� ��������
� ,
���
�� (pλ)λ∈Λ�  
!�� �,��������
 �����#
���
 (HA)

′ = S �

� Z7��V/R &.�8���$ 867 ��V�Q9 a�/R/.6 R.7V/&6�� S ����/6
A#;7R7R740��R �� HA � A� Z1&6U f = (fn) ∈ S � �7�UR/R <47��#
�7�U.Q9 a�/R/.6 (xn) ∈ HA� ��&&R764�R 767W4�V/.�/ f̃ : HA → A$
����..7/ 074R1�79 f̃(x) =

∑∞
i=1 f

�
i xi� Z7��V/R$ 867 4:� &67:[�9 �

<4��79 8�&6� 4��/.&6�� &57��6&: � <47&64�.&6�/ A� ��: a67;7 �7&6�#
678.7 1&6�.7��6U$ 867 ��: �YW7;7 λ ∈ Λ &57��6&: 4:� pλ

(∑∞
i=1 f

�
i xi

)
�

� &��1 67;7$ 867 4:�
∑∞

i=1 x
�
i xi &57��6&:$ ��: �YW7;7 λ ∈ Λ .�9�/6&:

n0(λ) ∈ N$ 6��7/ 867 pλ
(∑n0(λ)+k

i=n0(λ)
x�i xi

)
� ε$ �7;�� k ∈ N� �/</4U$

�&<7�U�1: ./4��/.&6�7 �7S� � ���42� _�$ xICHCJBABC? ��	�	`$ R7V/R
.�<�&�6U(

pλ

(
n0(λ)+k∑
i=n0(λ)

f�
i xi

))2

� pλ

(
n0(λ)+k∑
i=n0(λ)

f�
i fi

)
pλ

(
n0(λ)+k∑
i=n0(λ)

x�i xi

)
�

� Cλpλ

(
n0(λ)+k∑
i=n0(λ)

x�i xi

)
� Cλε.

C � A#��./9.7&6U 7</4�674� f̃ 78/���.Q� Z4�R/.:: /[/ 4�� ./4�#
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� ,�
��������
 ��

�/.&6�7 �7S� � ���42�$(
pλ

( ∞∑
i=1

f�
i xi

))2

� pλ

( ∞∑
i=1

f�
i fi

)
pλ

( ∞∑
i=1

x�i xi

)
�

� Cλpλ

( ∞∑
i=1

x�i xi

)

1&6�.������/R ./<4/4Q�.7&6U f̃ � Z1&6U 6/</4U f ∈ (HA)
′� Z7��V/R$

867 f = ξ̃ ��: ./�76747;7 ξ ∈ S � ��� ��� ��;/W4� A 1.�6��U.�$ a�/#
R/.6Q ei := (0, . . . , 1, . . . , 0, . . . ) R7�1�: HA$ ;�/ /��.�2� ��;/W4Q A
&67�6 .� i <7��2��$ 7W4��1Y6 W���&� f67 7�.�8�/6$ 867 <47���7�U.Q9
a�/R/.6 x = (x1, x2 . . . , xn, . . . ) ∈ HA /&6U <4/�/� <7&�/�7��6/�U#
.7&6� yn =

∑n
i=1 xiei <4� n → ∞� Z1&6U 6/</4U fi = f(ei)

�� Z7#
��V/R$ 867 <7&�/�7��6/�U.7&6U (fi) 7�.7�.�8.7 7<4/�/�:/6 7</4�#
674 f � �/9&6��6/�U.7$ <1&6U .�9�/6&: 6��79 7</4�674 g ∈ (HA)

′$ 867
f �= g$ fi = gi� �7;�� &1[/&6�1/6 6��79 a�/R/.6 x = (xi) ∈ HA$
λ0 ∈ Λ$ 867 pλ0(f(x) − g(x)) = r > 0� "W7�.�8�R 8/4/� xN a�/R/.6
(x1, x2, . . . , xN , 0, . . . , )$ &7�<���Y[�9 & <7&�/�7��6/�U.7&6UY (xi) .�
</4�Q5 N <7��2�:5 � & .1�/�79 <7&�/�7��6/�U.7&6UY .� 7&6��U.Q5
<7��2�:5� (&.7$ 867 xN &57��6&: � x � 67<7�7;�� <47&64�.&6�� HA

<4� N → ∞� f67 7�.�8�/6$ 867 pλ(x − xN ) → 0 ��: �YW7;7 λ ∈ Λ�
� &��1 ./<4/4Q�.7&6� 7</4�6747� f � g$ �Q�7��R$ 867 f(xN ) � g(xN )
&57�:6&: � f(x) � g(x) &776�/6&6�/..7� �/</4U R7V/R .�<�&�6U

f
(
xN

)
=

n∑
i=1

f�
i xi =

n∑
i=1

g�i xi = g
(
xN

)
;

pλ0

(
f(x)− g(x)

)
= pλ0

(
f(x)− g(x)− f

(
xN

)
+ g

(
xN

))
�

� pλ0

(
f(x)− f

(
xN

))
+ pλ0

(
g(x)− g

(
xN

)) → 0, N → ∞.

Z7�18��� <476��74/8�/� �47R/ 67;7 RQ 1&6�.7����$ 867 f(x) =∑∞
i=1 f

�
i xi� "&6��7&U <7����6U pλ

(∑∞
i=1 f

�
i fi

)
&57��6&: ��: �YW7#

;7 λ ∈ Λ� Z4/�<7�7V�R <476��.7/� f67 7�.�8�/6$ 867 .�9�/6#
&: �.�/�& λ0 ∈ Λ 6��79$ 867 <7&�/�7��6/�U.7&6U pλ0

(∑k
i=1 f

�
i fi

)
./7;4�.�8/..�$ �7;�� k → ∞� ��&&R764�R 67;�� 767W4�V/.�/ j :=
πλ0 ◦ f ◦ πλ0 � "</4�674 j :��:/6&: A#;7R7R740��R7R ;��UW/467��
R7�1�: (HA)λ0 � C

�#��;/W41 Aλ0 � !7;��&.7 _	$ <4/��7V/.�/ 	����`



�� ����� 5� e�
 f������ g� &�

4:� pλ0

(∑∞
i=1 f

�
i fi

)
&57��6&:� Z4�S�� � <476��74/8�Y� ����R 7W4�#

�7R$ ��: <47���7�U.7;7 7</4�674� f ∈ (HA)
′ &<4��/����7 4��/.&6�7

f = ξ̃$ ;�/ ξ = (f(e1)
�, . . . , f(e1)

�, . . . ) ∈ S � �
��������� ���� � 8�&6.7R &�18�/$ �7;�� &/R/9&6�7 <7�1.74R

S(A) &7&67�6 �� 7�.7;7 a�/R/.6�$ 6/74/R� 2.1 �7����.� � _	$ <4/��7#
V/.�/ 	����`�

-��	������

�� M,54,68=K G� rUZ_MQW UTQY UVQYKSUY KMxQeYKW �� ]JQY� k� rKSf���+"(��
bUM� &"��c� -(+'-"-�

��  ������� ��  �� \���]��� ^� �� C���	�20��
��1 
����	��)�7 :��
��	�
��# �����

(� D,61@ Q� 9� dLMeQYS C��JUZ_MQW� ] tUUM\LS XUY mVQYKSUY ]MxQeYKLWSW��wKJ�
eYLZxQ �OLTQYWLSh cYQWW# �++"�

 � )5.87.4 9� b��KMxQeYKW KOZ SfQLY YQVYQWQOSKSLUOW �� k� lUOZUO rKSf� `UR��
�+&���bUM� (��c� (�'(-�

"� G6.<@ )� lURKMMh C��KMxQeYKW �� rQJ� pKR_MSh� `RL� }h_Wf_� �OLT� `QY�]��
�+&���bUM� �"��c� �+&'�("�

,� T2044058 9� NOTQYWQ MLJLSW UX C��KMxQeYKW �� k� mVQYKSUY tfQUYh��<�+-->��
bUM� �+��c� �"+'�+"�

&� C.07, P� dLMeQYS rUZ_MQW UTQY lURKMMh C��KMxQeYKW���OLTQYWLSh UX i_RfKYQWS
cYQWW# ���,�

-�  ��
� �� C������0�1 	 
���	� �����
������)�7 :��
��	��# �++&�
+� H+,F.<4.5.<4.< P� tUVUMUxLRKM ]MxQeYKW uLSf NOTUM_SLUO��IMWQTLQY# ���"�

��� P,440.8 )� tUVUMUxLRKM ]MxQeYKW7 `QMQRSQZ tUVLRW��^UYSf�dUMMKOZ c_eMLWfLOx
wUJVKOh# �+-,�
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37�7R740.1Y 7�.7��&6.1Y � �41;/ E = {z : |z| < 1} 01.�2�Y
f(x) = z +

∑∞
k=2 akz

k .��Q��Y6 λ#&<�4��/7W4��.79$ −π
2 < λ < π

2 $
/&��

Re

{
eiλ

zf ′(z)
f(z)

}
> 0, z ∈ E.

���&& �&/5 λ#&<�4��/7W4��.Q5 01.�2�9 7W7�.�8�Y6 8/4/� Sλ$
S0 = S∗ :��:/6&: ���&&7R ��/��77W4��.Q5 01.�2�9� ���&& Sλ WQ�
��/�/. !<�8/�7R _�`�
!<�8/� <7�����$ 867 λ#&<�4��/7W4��.Q/ 01.�2�� 7�.7��&6.Q

� E� ����/ 01.�2�� �R/Y6 ��V.Q/ <4��7V/.�: � ;/7R/64�8/&�79
6/74�� 01.�2�9�

*/4/� S(λ, α)$ |λ| < π
2 $ 0 � α < 1$ 7W7�.�8�R ���&& λ#&<�4��/7W#

4��.Q5 01.�2�9 <74:��� α$ �7674Q/ 1�7��/6�74:Y6 1&�7��Y

Re

{
eiλ

zf ′(z)
f(z)

}
> α cosλ, z ∈ E.

Z7.:6�/ <74:��� ��: λ#&<�4��/7W4��.Q5 01.�2�9 WQ�7 ��/�/.7
,�W/479 _	`�

Z1&6U S(λ,A,B, ) ���&& 01.�2�9 ����

f(x) = z +

∞∑
k=2

akz
k,

;7�7R740.Q5 � �41;/ E � 1�7��/6�74:Y[�5 1&�7��Y

eiλ
zf ′(z)
f(z)

=
1 +Aw(z)

1 +Bw(z)
cosλ+ i sinλ, z ∈ E, (1.1)

;�/ A � B <47���7�U.Q/ 0��&�47��..Q/ 8�&��� −1 � A < B � 1$
w(z) � 01.�2�:$ ;7�7R740.�: � �41;/ E & w(0) = 0$ |w(z)| < 1$
z ∈ E�
� a679 4�W76/ W1�/6 ��.� 074R1�� <4/�&6���/.�: ��: ���&&�

S(λ,A,B) � 72/.�� 01.�2�7.��� zf ′(z)
f(z) �



�
 h������ h� 4�
 3��!
��� c� ��

@� g��
��� ��	������	��f

�	��	
� @��� 1�����' f(x) = z+
∑∞

k=2 akz
k ,�������%�� ����#

�� S(λ,A,B) �
!�� � �
���
 �
!��
 �
!�� 
�� �
%�� +$�� ,�������#
���� � ����

f(z) = z exp

{
− eiλ cosλ(B −A)

π∫
0

Φ(t)

1 +BtΦ(t)
dt

}
, (2.1)

!�� Φ(·) " ������'
 !
�
�
����' � E � |Φ(z)| � 1 ��' z ∈ E�

� �� ]���^ �R//R

eiλ
{
zf ′(z)
f(z)

− 1

}
= cosλ

{
− (B −A)w(z)

1 +Bw(z)

}
. (2.2)

�� 7<4/�/�/.�: 01.�2�� w(z) &�/�1/6$ 867 w(z) = zΦ(z)$ ;�/
Φ(z) � 01.�2�:$ 1�7��/6�74:Y[�: 1&�7��:R 6/74/RQ� �� ]	�	^ &�/#
�1/6

f ′(z)
f(z)

− 1

z
= −(B −A)eiλ cosλ

Φ(z)

1 +BzΦ(z)
. (2.3)

�� ]	�T^ �.6/;4�47��.�/R <7 z 76 0 �7 z <7�18�/R ]	��^�
��: �7����6/�U&6�� 7W4�6.7;7 16�/4V�/.�: ��R/6�R$ 867 �� ]	�T^

�Q6/��/6

eiλ
zf ′(z)
f(z)

− cosλ− i sinλ = −(B −A) cosλ
zΦ(z)

BzΦ(z)
. (2.4)

�� ]	��^ ./<7&4/�&6�/..7 �Q6/��/6 ]	��^� �
���������� ����: <�4�R/64�R A � B &776�/6&6�1Y[�/ �.�8/#

.�:$ <7�18�R �.6/;4��U.Q/ <4/�&6���/.�: ��: <7����&&7� ���&&�
S(λ,A,B)�
��<4�R/4$ /&�� A = 2α − 1$ B = 1$ 67 <7�18�R 4/�1�U6�6 !��U#

��: _�`�

��	�����	 @��� 1�����' f(z) '��'���' λ#�,�����
+����
� ,
#
�'��� α �
!�� � �
���
 �
!��
 �
!�� 
�� �
%�� +$�� ,����������� �
����

f(z) = z exp

{
− 2(1− α)e−iλ cosλ

π∫
0

Φ(t)

1 +BtΦ(t)
dt

}
.
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+����$� ������� ��

A� !��
	��	 ����<������

�/�1�U6�6Q a67;7 <1.�6� ./<7&4/�&6�/..7 �Q6/��Y6 �� &�79&6��
<7�8�./.�: ��: zf ′(z)

f(z) $ ;�/ f ∈ S(λ,A,B)� �� 7<4/�/�/.�: <7�8�./#
.�: � 4��/.&6�� ]	�T^ &�/�1/6$ 867

zf ′(z)
f(z)

− 1 � −(B −A) eiλ cosλ
z

1 +Bz
. (3.1)

�� ]T��^ <7�18�/R

�	��	
� A��� ���� f ∈ S(λ,A,B)
 �
 
+��� ���!� |z| � r

(0 < r < 1) ,�� 
�
+��%���� �������� zf ′(z)
f(z) �
���%���' � ���!� �

�����
� � �
��� a � ������
� d
 !��

a =
1−B

(
B − (B −A) cosλ eiλ

)
r2

1−B2r2
, d =

(B −A) cosλ r

1−B2r2
.

������ ��' a � d �
��$� ��' �������

f(z) = z(1−Bz), ���� B �= 0. (3.2)

� �� &�79&6� �47W.7#��./9.7;7 <4/7W4��7��.�: &�/�1/6$ 867
01.�2�:

g(z) =
(B −A) e−iλ cosλ · z

1 +Bz
(3.3)

767W4�V�/6 �41; |z| � r (0 < r < 1) .� �41;�

"W7�.�8�� zf ′(z)
f(z) − 1 8/4/� Φ$ �� ]T��^ � ]T�T^ �R//R

|Φ|2(1−B2r2) + 2ReΦ(B −A)B cosλ e−iλ r2 − (B −A)2 cos2 λ r2

��� ∣∣∣∣Φ+
B(B −A) cosλ e−iλ r2

1−B2r2

∣∣∣∣ � B(B − A) cosλ r

1−B2r2
. (3.4)

�� ]T��^ &�/�1/6 &<4��/����7&6U 6/74/RQ T��� �



�	 h������ h� 4�
 3��!
��� c� ��

����: <�4�R/64�R A � B 7<4/�/�/..Q/ �.�8/.�:$ <7�18�R 7W4�#
�Q �41;7� |z| � r <4� 767W4�V/.�� 01.�2�9 zf ′(z)

f(z) $ �7;�� f <4�.��#
�/V�6 4����8.QR <7����&&�R λ#&<�4��/7W4��.Q5 01.�2�9� ���$ .�#
<4�R/4$ <4� A = −1$ B = 1 <7�18�/R 4/�1�U6�6 (W�7.&�7;7 � �/&/#
�7�&�7;7 ��: ���&&� λ#&<�4��/7W4��.Q5 01.�2�9� Z4� A = α2−β2−α

β
� B = 1 <7�18�/R 4/�1�U6�6 !��U��:�

�	��	
� A�@� ����� f ∈ S(λ,A,B)�  
!�� �,��������$ 
�����

1− (B −A)r cosλ eiλ(1−B cosλ)r

1−B2r2
� Re

{
zf ′(z)
f(z)

}
�

�
{
zf ′(z)
f(z)

}
� 1 +

(B −A)r cosλ(1 +Br cosλ)

1−B2r2
.

(3.5)

!<4��/����7&6U 6/74/RQ &�/�1/6 ./<7&4/�&6�/..7 �� 6/74/#
RQ T��� Z4�4��.���: �/�1Y 8�&6U ]T��^ � .1�Y$ RQ .�9�/R 4���1&
��/��77W4��.7&6� ���&&7� f ∈ S(λ,A,B)�

�	��	
� A�A� ����� f ∈ S(λ,A,B)�  
!�� f(z) �,�����
+����� �
���!� |z| < r(λ,A,B)
 !�� r(λ,A,B) " �������(�� ,
�
%������$�
�
���� ��������'

1− (B −A)r cosλ− (B − (B −A) cos2 λ)r2 = 0.

-��	������

�� N5,1@= D� c�Y��WV�QTQY \ SQUYLL X_O\R�� VYUWS�hRf �� �wKWUVLW c�QWS� rKS� phW���+((��
bUM� ,�# $ ���c� ��'�+�

�� D0*@+@4 L� �OLTKMQOS α�WVLYKM X_ORSLUOW �� wKOKZ� k� rKSf���+,&��bUM� �+��
c�   +' ",�

1��/��� 1��2�3 4�/
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Z1&6U E � 4��.7R/4.7 <7�.�: �/�674.�: 4/S/6��$ x1, . . . , xN ∈E�
"67W4�V/.�/$ &7<7&6���:Y[// 8�&�7�QR 01.�2�:R �5 c�.�8/.�:d
.� 0��&�47��..7R .�W74/ �/�6747� � :��:Y[//&: ;7R7R740��R7R
4�&&R�64���/R79 ��6/;74��$ .��Q��/R 9��	<0���17�8� 0
=0
1��0�

��� � 4�W76/ _�` WQ�7 <7����.7$ 867 /&6/&6�/..QR 7W4��7R 7<4/�/#
�:/6&: <7�7V�6/�U.7 7�.747�.�: 01.�2�: 76 a�/R/.67� 4��.7R/4#
.7 <7�.79 �/�674.79 4/S/6�� E$ /&�� a6� 01.�2�: 7<4/�/�/.� .�
�7.�8/&�7R R.7V/&6�/ �7./8.7R/4.7;7 <47&64�.&6�� � ./<4/4Q�#
.� .� ./�76747R <7��7.1&/ <7&�/�./;7� � ��..79 4�W76/ <7����.7$
867 ��: 01.�2�9 ϕ &7 �.�8/.�:R� � <47���7�U.79 f #<7���;/W4/
��/��U.7;7 2/.64� �7.&641�6��.QR 7W4��7R R7V.7 7<4/�/��6U
ϕ(·, x1, . . . , xN ) ∈ E� 37R7R740��R ϕ �→ ϕ(·, x1, . . . , xN )$ .��Q��/#
RQ9 �6�6>���8� 9��	<0���17�8� 0
=0
1��0��$ &�1V�6 7W7W[/.�#
/R �.��7;�8.Q5 4/�1�U6�67� �� _�b�`� �/�U ��..79 4�W76Q � <7&647#
�6U 01.�2�7.��U.7/ �&8�&�/.�/ � 4��.7R/4.7 <7�.Q5 �/�674.Q5
4/S/6��5 � f #��;/W4�5 & /��.�2/9 ��: ./<4/4Q�.Q5 01.�2�9 &7
�.�8/.�:R� �� ��/��U.7;7 2/.64��
"W7�.�8�R 8/4/� Hom(L) � Hm(L) R.7V/&6�7 �&/5 R#�.�8.Q5 4/#

S/678.Q5 ;7R7R740��R7� � R.7V/&6�7 R#�.�8.Q5 R1�U6�<����6��#
.Q5 4/S/678.Q5 ;7R7R740��R7� .� L�

����������� �� Z1&6U E � �/�674.�: 4/S/6�� � Λ � f #��;/W4��
E .��Q��/6&: 1��8� f ���;�1�� ��; Λ$ /&�� �Q<7�.:Y6&: &�/�1Y[�/
1&�7��:�

]�^ E :��:/6&: �/�QR R7�1�/R .�� Λ 76.7&�6/�U.7 1R.7V/.�:
(π, x) �→ π·x �� Λ×E �E$ 6� /� π·(x+y) = π·x+π·y$ (π+ρ)·x = π·x+ρ·x$
π · (ρ · x) = (πρ) · x � π · (λx) = (λπ) · x = λ(π · x) ��: �&/5 π, ρ ∈ Λ$
x, y ∈ E � λ ∈ R\

]	^ π · x � 0 ��: �&/5 0 � π ∈ Λ � 0 � x ∈ E\
]T^ �� 67;7$ 867 x ⊥ y &�/�1/6 π · x ⊥ y ��: �&/5 π ∈ Λ � x, y ∈ E�
Z4��Q9 f #R7�1�U .�� Λ 7<4/�/�:/6&: �.��7;�8.7� �&:�1Y �/�#

674.1Y <7�4/S/6�1 � E$ :��:Y[1Y&: �/�QR f #R7�1�/R .�� Λ$ W1�/R
.��Q��6U <47&67 f ���;�1���



��  ��
�� i� i�

-	

� �� ����� L " f #�
����� 3�' �)+
!
 ω ∈ H(L) ��*�������
����������$� ω̃ ∈ Hm(Λ) ���
�
 ��
 ‖ω̃‖ = 1
 ω(πx) = ω̃(π)ω(x) ��'

���� π ∈ Λ � x ∈ L� ��� -�
� λ̃ω = ω̃ ��' ���� 0 < λ ∈ R � ω ∈ H(L)�
� �7����6/�U&6�7 R7V.7 .�96� � _�`� �
Z1&6U x1, . . . , xN ∈ E ./ 4��.Q .1�Y 7�.7�4/R/..7� "W7�.�8�R

&�R�7�7R Λ〈x1, . . . , xN 〉 f #<7�R7�1�U � E$ <747V�/..Q9 .�W747R x :=
(x1, . . . , xN )� Z7�7V�R <7 7<4/�/�/.�Y

Λ[x] :=
{
(ω(x1), . . . , ω(xN )) : 0 �= ω ∈ Hom(Λ〈x1, . . . , xN 〉)}.

�.7V/&6�7 C ⊂ RN .��Q��/6&: 	��0=�
	0�$ /&�� λC ⊂ C ��:
�&/5 λ � 0� X1.�2�: ϕ : C → Λ$ ����..�: .� �7.�8/&�7R R.7V/#
&6�/ C$ .��Q��/6&: ��1��0��17�� �;����;��3$ /&�� ϕ(λt) = λϕ(t)
��: �&/5 λ � 0 � t ∈ C�

Z1&6U �7.�8/&�7/ R.7V/&6�7 C ⊂ RN &7�/4V�6 K� !�R�7�7R
H (C,K,Λ) W1�/R 7W7�.�8�6U �/�674.1Y 4/S/6�1$ &7&67:[1Y �� �&/5
<7�7V�6/�U.7 7�.747�.Q5 01.�2�9 ϕ : C → Λ$ ./<4/4Q�.Q5 .� K�

����������� �� Z1&6U E � 4��.7R/4.7 <7�.�: �/�674.�: 4/#
S/6��$ x1, . . . , xN , y ∈ E$ Λ � f #<7���;/W4� � Z (E)� Z4/�<7�7#
V�R$ 867 K &7�/4V�6 Λ[x1, . . . , xN ] � ϕ ∈ H (C,K,Λ)� 
1�/R
<�&�6U y = ϕ(·, x1, . . . , xN )$ /&�� �Q<7�.:/6&: 4��/.&6�7 ω(y) =
ω̃(ϕ(ω(x1), . . . , ω(xN ))) ��: �&/5 ω ∈ Hom(Λ〈x1, . . . , xN , y〉)�
Z1&6U I 7W7�.�8�/6 67V�/&6�/..Q9 7</4�674 .� E� "<4/�/��R

01.�2�� dti ∈ H (K,Λ) (1 � i � N) <7 074R1�/ dti(t) = tiI$ ;�/
t ∈ K ⊂ RN �

����������� �� Z1&6U E$ F � �/�674.Q/ 4/S/6��$ :��:Y[�/#
&: f #R7�1�:R� .�� f #��;/W479 Λ� 
1�/R ;7�74�6U$ 867 4/S/678.Q9
;7R7R740��R h : E → F Λ���;�17�83$ /&�� �Q<7�.:/6&: 4��/.&6�7
h(πx) = π(hx) ��: �&/5 π ∈ Λ � x ∈ E�

�	��	
� �� ����� E " ����
����
 ,
���' ����
���' ��(����

Λ " ����
����
 ��������' f #,
���!�+�� � Z (E)
 x1, . . . , xN ∈ E�
 
!�� ��*������� ����������$� Λ#�
�����$� ��(��
��$� !
�
�
�#
���� x̂ : ϕ �→ ϕ(·, x1, . . . , xN ) �� H (K,Λ) � E ���
�
 ��
 x̂(dti) = xi
(1 � i � N)� i
��� �
!

 x̂(H (K,Λ)) �
�,����� � u#����
����$�
���$������ f #,
��
���' � E
 ,
�
%����$� xi (1 � i � N)
 �� ��
x̂(H (K,Λ)) = Λ〈x1, . . . , xN 〉
 !�� ���$����� +�����' ����
����
 � E

��
�������
 u = |x1|+ . . .+ |xN |�

� �7����6/�U&6�7 R7V.7 .�96� � _�$ 6/74/R� T��`� �



1�����
�����
� ���������� � ����
��$� ��(����� ��

���������� *�&6.QR� &�18�:R� &074R1��47��..79 6/74/RQ
:��:Y6&: 4/�1�U6�6Q _T$ 6/74/R� 	�T` (Λ = RN ) � _	$ 6/74/R� T��	`
(K = RN $ Λ = Z (E))�
��V/ <4��/�/.7 �7.&641�2�: 7W7W[/..7;7 01.�2�7.��U.7;7 �&#

8�&�/.�: � f #��;/W4�5�
Z1&6U E � 4��.7R/4.7 <7�.�: ��;/W4� & /��.�2/9 e$ x1, . . . , xN ∈

E ./ 4��.Q .1�Y 7�.7�4/R/..7 � x := {e, x1, . . . , xN}� !�R�7�7R
Λ〈〈x〉〉 W1�/R 7W7�.�8�6U f #<7���;/W41 � E$ :��:Y[1Y&: f #R7�1�/R
.�� Λ$ <747V�/..1Y R.7V/&6�7R x$ Λ[x]m W1�/6 7�.�8�6U ��RQ��.�/
R.7V/&6�� {(ω(x1), . . . , ω(xN )) ∈ RN : 0 �= ω ∈ Hm(Λ〈〈x〉〉)}� Z4/�#
<7�7V�R$ 867 ��R�.167/ R.7V/&6�7 K ⊂ RN &7�/4V�6 Λ[x]m� ��/#
�/R 01.�2�� dt1, . . . , dtN , I$ �/9&6�1Y[�/ <7 ���7.1 dti(t) = tiIE $
I : t �→ IE $ IE � 67V�/&6�/..Q9 7</4�674 .� E$ t = (t1, . . . , tN) ∈ RN �
"W7�.�8�R f #��;/W41 ./<4/4Q�.Q5 01.�2�9 ϕ �� K � Λ <7��.7#
R���U.7;7 47&6� 8/4/� B(K,Λ)$ 6� /� ϕ ∈ B(K,Λ) 67;�� � 67�U�7
67;��$ �7;�� &1[/&6�1/6 <7����6/�U n ∈ N � 8�&�7 M > 0 6���/$
867 |ϕ| � M(I + dt1 + . . . + dtN )n� -�R/6�R$ 867 B(K,Λ) :��:/6&:
f #R7�1�/R .�� Λ � f #��;/W479� !641�614� f #R7�1�: 7<4/�/�:/6&:
074R1�79 πf(t) := π ◦ (f(t)) ��: �&/5 t ∈ K$ π ∈ Λ � f ∈ B(K,Λ)�

����������� �� Z1&6U E � 4��.7R/4.7 <7�.�: f #��;/W4� &
R1�U6�<����6��.79 /��.�2/9 e$ x1, . . . , xN , y ∈ E$ Λ � ��R�.1#
6�: <7 .74R/ f #<7���;/W4� � Z (E)� Z4/�<7�7V�R$ 867 Λ[x]m ⊂
K � ϕ ∈ B(K,Λ)� 
1�/R <�&�6U y = ϕ(·, x1, . . . , xN )$ /&�� �Q#
<7�.:/6&: 4��/.&6�7 ω(y) = ω̃(ϕ(ω(x1), . . . , ω(xN ))) ��: �&/5 ω ∈
Hm(Λ〈〈e, x1, . . . , xN , y〉〉)�

�	��	
� @� ����� E " ����
����
 ,
���' f #��!�+�� � ������#
,��������
� �������� e
 Λ " ����
����
 ��������' f #,
���!�+��
Z (E)
 x1, . . . , xN ∈ E � x := {e, x1, . . . , xN}� ����,
�
%��
 ��

�������
� ,
���
%����
 K ⊂ RN �
���%�� Λ[x]m�  
!�� 
�
+#
��%���� h : ϕ �→ ϕ(·, x1, . . . , xN ) ����������$� Λ#�
�����$� !
#
�
�
����� �� B(K,Λ) � E ���
�
 ��
 h(I) = e � h(dti) = xi
(1 � i � N)� i
��� �
!

 h(B(K,Λ)) �
�,����� � ����
����$� ��#
�$������ f #,
��
���' � E
 ,
�
%����$� -��������� e, x1, . . . , xN 

�� �� h(B(K,Λ)) = Λ〈〈e, x1, . . . , xN 〉〉�

� �7����6/�U&6�7 &R� _�$ 6/74/R� T��`� �
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�� M<8+,@/ )� E� p_ORSLUOKM RKMR_M_W KOZ rLO\UuW\L Z_KMLSh UO TQRSUY MKSSLRQW ��
bMKZL\KT\Kq rKSf� k�����+��bUM� ��# $ ���c� (�' ��

�� ;<8=@8 E�� A@ T,F7@+� ;�� /,6 L..0_� )� p_ORSLUOKM RKMR_M_W UO aLQWq
WVKRQW �� NOZKx� rKSf� <^� `�>���++���bUM�  # $ ���c�  �(' (,�

(� I,KA.6 L�� D@/K P�� L,K6,<A 3� aKOZUJMh OUYJQZ WVKRQW��cKYLW7 dQYJKOO#
�++��

 � D06A@687+,<88 C�� RJ,S+0+0 D� wMKWWLRKM iKOKRf `VKRQW� bUM� �� p_ORSLUO
`VKRQW��iQYMLO QSR�7 `VYLOxQY'bQYMKx# �+&+��� ( V�

"� \����� �� �� �0�0������ ����*	����2��� 	��	����	� � ���
���1. ����
�
��. �� A���	����� 
�
� ;��������(��!� �"# $ (��w� &&'--�

,� \����� �� �� �0�0������ ����*	����2��� 	��	����	� � ����
���� ������
������1. ����0��. �� %	0� 
�
� ;�������� ��!� ""# $ "��w� ��- '��+ �
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!�.;1�:4.Q/ �.6/;4��Q � &776�/6&6�1Y[�/ 14��./.�: & :�47R
�7S� .�57�:6 �&/ W7�// S�47�7/ <4�R/./.�/ � 4����8.Q5 7W��&6:5
R�6/R�6���$ R/5�.��� � 0������ � a6�R 14��./.�:R &�7�:6&: ;4�#
.�8.Q/ ����8� 6/74�� 01.�2�9$ � �7674QR � &�7Y 78/4/�U$ <4��7#
�:6&: R.7;�/ ��V.Q/ ����8� R�6/R�6�8/&�79 0����� � R/5�.���$ �
8�&6.7&6�$ 6/74�� 1<41;7&6� � ;��47#�a47��.�R����

!�.;1�:4.7/ �.6/;4��U.7/ 14��./.�/ �R//6 ��� [1]

a(t0)φ(t0) +
b(t0)

πi

∫
L

ϕ(t)

t− t0
dt+

1

πi

∫
L

k(t0, t)ϕ(t) dt = f(t0), (1)

;�/ t0 ∈ L ]L � ;�����9 �7.614$ ��R�.16Q9 ��� 4��7R�.16Q9^$ a(t0)$
b(t0)$ k(t0, t)$ f(t0) � ����..Q/ 01.�2�� ���&&� 3/�U�/4�$ ϕ(t) �
./���/&6.�: 01.�2�:�

�78.7/ 4/S/.�/ 6���5 14��./.�9 ��/6&: � 78/.U 4/���5 &�18�:5�
Z7a67R1 ��: <4�W��V/..7;7 4/S/.�: ��61��U.Q �7<47&Q �<<47�&�#
R�2�� &�.;1�:4.Q5 � 4/;1�:4.Q5 �.6/;4��7�$ 6� /� �<<47�&�R�2�:
14��./.�: ]�^ � ���U./9S/;7 4/S/.�: <7�18/..Q5 &�&6/R ��./9.Q5
��;/W4��8/&��5 14��./.�9 _	`�

!4/�� &�.;1�:4.Q5 �.6/;4��7�

S(ϕ; t0) =
1

πi

∫
L

ϕ(t)

t− t0
dt (t0 ∈ L) (2)

7&7W7 �Q�/�:Y6&: �.6/;4��Q .� 764/���5 �.6/;4�47��.�:� ".�
�&64/8�Y6&: � ����8�5 6/74�� 64/[�.$ ;��47#�a47��.�R��� _T`�

�/ .�41S�: 7W[.7&6� 4�&&R�64���Y6&: 6���/ �.6/;4��Q�

S(ϕ;x) =
1

π

1∫
−1

p(t)
ϕ(t)

t− x
dt, x ∈ (−1, 1), (3)



�� j�+�%�$ k� h�
 l����� e� ��

;�/ p(t) � �/&7��: 01.�2�: (�7W�$ p(t) = (1− t)α(1+ t)β ]α, β > −1^$
ϕ(t) ∈ Hr(α) ]r � 1$ 0 < α � 1^�

��: �.6/;4��7� ]T^ <7&647/.Q ����4�614.Q/ 074R1�Q ]&R� _	`^
�.6/4<7�:2�7..7;7 6�<�$ �R/Y[�/ ��;/W4��8/&�1Y &6/</.U 678.7#
&6� n$ .7 /&�� <�4�R/64 &�.;1�:4.7&6� :��:/6&: �74./R <4�&7/��#
./..79 01�2�� ,/V�.�4� �6747;7 47��$ 67 �7&6�;�/6&: .���Q&S�:
��;/W4��8/&��: &6/</.U 678.7&6� 2n� � 4�W76/ _�` <7&647/.Q ����4�#
614.Q/ 074R1�Q <4� �/&7�Q5 01.�2�:5 p(t) = 1√

1−t2
����

1

π

1∫
−1

1√
1− t2

ϕ(t)

t− x
dt =

1

n+ 1

n+1∑
k=1

Tn(x)Un(x) − 1

x− xk,n+1
ϕ(xk,n+1)−

− 1

n

n∑
k=1

Tn(x)Un(x)

x− xkn
ϕ(xkn),

(4)

;�/ xk,n+1 � �74/.U R.7;78�/.� Tn+1(x)$ xkn � �74/.U R.7;78�/#
.� Tn(x)$ Tn(x) = cos(n arccosx)$ �7674Q/ .��Q��Y6&: R.7;78�/.�#
R� */WQS/�� ) 47��� ��..�: 074R1�� ]�^ �R//6 ��;/W4��8/&�1Y
&6/</.U 678.7&6� 2n� �7 ��/&U ;���.7/ <4/�R1[/&6�7 ����Y8�/6&:
� 67R$ 867 /&�� x �74/.U R.7;78�/.� Tn(x) ��� Un(x)

(
Un(x) =

sin((n+1) arccosx)√
1−x2

)
$ 67 �� ]�^ <7�18�/6&: 074R1�� .���Q&S/9 ��;/W#

4��8/&�79 &6/</.� 678.7&6� ]<7 &1[/&6�1$ 074R1�� 6�<� 3�1&&�^�
 .��7;�8.7 Tn(x)Un(x) − 1 = Tn+1(x)Un−1(x)$ � 76&Y�� &�/�1#

/6$ 867 /&�� x �74/.U R.7;78�/.� Tn+1(x) ��� �74/.U R.7;78�/.�
Un−1(x)$ 67;�� 6��V/ �� ]�^ <7�18�/6&: ����4�614.�: 074R1�� 6�<�
3�1&&�$ 6� /� .���Q&S/9 ��;/W4��8/&�79 &6/</.� 678.7&6��
�&/ a67 ;7�74�6 7 67R$ 867 074R1�� ]�^ �R//6 W7�// S�47��9

&</�64 ��: �7&6�V/.�: .���Q&S/9 678.7&6� & R�.�R��U.QR 8�&�7R
1��7��

� .�&67:[/9 ��R/6�1 <4/�<7��;�/6&: <7&647/.�/ �.��7;�8.Q5
� ]�^ ����4�614.Q5 074R1� � &�18�/ p(t) =

√
1− t2$ 6� /� ��: �.#

6/;4���

S(ϕ;x) =
1

π

1∫
−1

√
1− t2

ϕ(t)

t− x
dt. (5)



����������$� �
����$ ��' ���!��'��$� ����!���
� �%

@� ,�����	��	 �����������= ���
���
�� ����
 ���	= ������
� Un(t)Un+1(t)

! 2/�UY <7&647/.�: ����4�614.79 074R1�Q <7 1���R .1�/9 <7#
��.7R� Un(t)Un+1(t) 7W7�.�8�R 8/4/� {xkn}nk=1 � {xk,n+1}n+1

k=1 .1#
�� <7��.7R7� Un(t) � Un+1(t) &776�/6&6�/..7� ���/&6.7$ 867 xkn =
cos kπ

n+1 (k = 1, 2, . . . , n)$ xk,n+1 = cos kπ
n+2 ]k = 1, 2, . . . , n + 1^� �7;��

��: �.6/4<7�:2�7..7;7 R.7;78�/.� L2n(ϕ; t) <�18�R <4/�&6���/.�/

L2n(ϕ; t) = Un(t)Un+1(t)

{
− 1

n+ 1

n∑
k=1

sin2 kπ
n+1

t− xkn
ϕ(xkn)+

+
1

n+ 2

n+1∑
k=1

sin2 kπ
n+2

t− xk,n+1
ϕ(xk,n+1)

}
.

(6)

Z7�&6���:: ]�^ � ]�^ �R/&67 ϕ(t)$ <7�18�/R <4�W��V/..1Y 07R1#
�1

1

π

1∫
−1

√
1− t2

ϕ(t)

t− x
dt =

= − 1

n+ 1

n∑
k=1

sin2 kπ
n+1

t− xkn
ϕ(xkn)

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t − xk,n+1)
dt+

+
1

n+ 2

n+1∑
k=1

sin2 kπ
n+2

t− xkn
ϕ(xk,n+1)

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t − xk,n+1)
dt.

(7)

!�/�7��6/�U.7$ <7&647/.�/ 1����..79 ����4�614.79 074R1�Q
&�7��6&: � �Q8�&�/.�Y �.6/;4��7� ����

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t − xkn)
dt,

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t − xk,n+1)
dt.

(8)



�
 j�+�%�$ k� h�
 l����� e� ��

Z4/�&6���R a6� �.6/;4��Q � ���/

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t− xk,n+1)
dt =

1

x− xk
×

×
(
1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)
dt− 1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− xk,n+1)
dt

)
,

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t− xk,n+1)
dt =

1

x− xk
×

×
(
1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)
dt− 1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− xk,n+1)
dt

)
.

�8�6Q��:$ 867 R.7;78�/.Q Tn(t) ]n = 1, 2, . . .^ 7467;7.��U.Q <7
�/&1 p(t) = 1√

1−t2
$ � R.7;78�/.Q Un(t) ]n = 0, 1, 2, . . .^ 7467;7.��U.Q

<7 �/&1 p(t) =
√
1− t2 � &<4��/����Q 074R1�Q 7W4�[/.�: _�`

1

π

1∫
−1

1√
1− t2

Tn(t)

(t− x)
dt = Un−1(x),

1

π

1∫
−1

1√
1− t2

Un(t)

(t− x)
dt = −Tn+1(t),

67 <7&�/ ./�7674Q5 �Q����7� <7�18�/R

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t− xkn)
dt = −Un(x)Tn+2(x),

1

π

1∫
−1

√
1− t2

Un(t)Un+1(t)

(t− x)(t − xk,n+1)
dt = −Un(x)Tn+2(x) − 1.

�7 Un(x)Tn+2(x) + 1 = Un+1(x)Tn+1(x)�
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1

π

1∫
−1

√
1− t2

ϕ(t)

(t− x)
dt ≈ Un(x)Tn+2(x)

n+ 1

n∑
k=1

sin2 kπ
n+1

x− xkn
ϕ(xkn)−

− Un+1(x)Tn+1(x)

n+ 2

n+1∑
k=1

sin2 kπ
n+2

x− xk,n+1
ϕ(xk,n+1).

(9)
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�47R/ a67;7$ /&�� <�4�R/64 &�.;1�:4.7&6� x = x∗ 6��79$ 867
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∗)Un−1(x
∗) = 0$ 67;�� Tn+2(x

∗)Un(x
∗) = −1 � �� ]%^ <7�18�/R

����4�614.1Y 074R1�1 3�1&&� _	$ �$ �`

1

π

1∫
−1

1√
1− t2

ϕ(t)

t− x∗
dt ≈ 1

n+ 1

n∑
k=1

sin2 kπ
n+1

xkn − x∗
ϕ(xkn),

�R/Y[1Y .���Q&S1Y ��;/W4��8/&�1Y 678.7&6U 2n�
 .��7;�8.7 /&�� x = x∗ 6��79$ 867 Tn+2(x

∗)Un(x
∗) = 0$ 67;��

Tn+1(x
∗)Un+1(x

∗) = 1 � <7�18�/6&:

1

π

1∫
−1

1√
1− t2

ϕ(t)

t− x∗
dt ≈ 1

n+ 2

n+1∑
k=1

sin2 kπ
n+2

xk,n+1 − x∗
ϕ(xk,n+1),
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"�.7R/4.Q/ ����8� ���.67�79 R/5�.��� :��:Y6&: ./76e/R�/R79
8�&6UY &7�4/R/..79 R�6/R�6�8/&�79 0������ Z4/V�/ �&/;7 <767R1$
867 W7�US�.&6�7 �� .�5 R7V.7 4/S�6U �.���6�8/&��$ � <7a67R1 7.�
&�1V�6 ./��R/.�RQR <7��;7.7R ��: <7&647/.�: R�6/R�6�8/&�7;7
�<<�4�6� ���.67�79 6/74���

"W[/<4�.:6�: <472/�14� <7&647/.�: ���.67�79 6/74�� 7&.7��#
.� .� ��R/./ �Q4�V/.�9 ���&&�8/&�79 0����� 7</4�674.QR� � �15/
01.�2�7.��U.7;7 �.����� ]6�� .��Q��/R7/ ��.7.�8/&�7/ ���.67��#
.�/^� � <4/�/�/ h→ 0 ]h � <7&67:..�: Z��.��^ ���.67�Q/ 074R1�Q
�7�V.Q </4/57��6U � ���&&�8/&��/� 
7�// 67;7$ �7�R7V.7 <7&647/#
.�/ ���.67�79 6/74�� W/� 7</4�674.Q5 �Q4�V/.�9 ]��46�.� X/9.#
R�.�^�

� 7&.7�/ a67;7 <7�57��$ �7674Q9 .��Q��/6&: R/67�7R 01.�2�7#
.��U.7;7 �.6/;4�47��.�:$ �/V�6 �.�.�/ </4�7��8/&��5 74W�6 &776#
�/6&6�1Y[/9 ���&&�8/&�79 ����8� _�`� !7�4/R/..7/ &7&67:.�/ ���.#
67�79 6/74�� <7�:$ �&6470����� � �7&R7�7;�� 641�.7 <4/�&6���6U
W/� &1[/&6�/..79 7<74Q .� R/67� 01.�2�7.��U.7;7 �.6/;4�47��.�:�
�41;�R �&</�67R$ &�:��..QR & <7&647/.�/R ���.67�79 6/74�� :�#

�:/6&: <4����U.Q9 18/6 �����7� 7W��&6/9 0��7�7;7 <47&64�.&6��$
76�/6&6�/..Q5 �� 4/;1�:4.1Y � 5�76�8/&�1Y ��.�R��1 ���&&�8/&�7#
;7 �.��7;��

�&57�: �� &����..7;7$ <4/�&6���:/6&: ��61��U.QR <4�R/./.�/
./�7674Q5 R��7���/&6.Q5$ .� .�S ��;�:�$ R�6/R�6���R R/67��R �&#
&�/�7��.�: 7�.7R/4.Q5 ����8 ���.67�79 0������ � ��8/&6�/ 7We#
/�67� �&&�/�7��.�: 4�&&R764�R 8�&6�21]Q^ � <76/.2����5 �74#
&� V1(x) = A(e−x/a − 1)2 � ��79.79 &�RR/64�8.79 :R/ V2(x) =
Aa4[(x/a)2 − 1]2$ ;�/ x ∈ R�
"4�;�.��U.QR 4/�1�U6�67R 4�W76Q W1�/6 <7�18/.�/ &</�64� 8�#

&6�2 � <7�/ V1(x) R/67�7R 0��674���2��$ <7�18/.�/ &</�64� 8�&6�#
2Q ��������&&�8/&��R ���.67��.�/R � �Q8�&�/.�/ �4�6/4�: �/�U#
.��7�� ��: &�18�: V2(x)�
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Z76/.2��� �74&� ]&R� 4�&� �^ S�47�7 �&<7�U�1/6&: ��� R7�/�U
����R7�/9&6��: ��15 ./964��U.Q5 �67R7� _	`� ��<4�R/4$ 4�����U#
.Q/ �7�/W�.�: :�/4 � ��15�67R.79 R7�/�1�/ � &�&6/R/ 2/.64� R�&&
�7�V.Q � 4�R��5 R/5�.��� �UY67.� 7<�&Q��6U&: 01.�2�/9 3�#
R��U67.� ����

H(p, x) =
p2

2μ
+A

(
e−2x/a − 2e−x/a

)
. ]�^

-�/&U x ∈ R � 76��7./.�/ 76 4��.7�/&.7;7 4�&&67:.�: R/V�1 �67#
R�R� ]�774��.�6�^$ p � �R<1�U&$ μ � <4��/�/..�: R�&&�$ a � ./��:
5�4��6/4.�: ���.��

V x -A( )

-A

x

1

���� �

"�.��7$ ��� 5747S7 ���/&6.7$ ��: <4����U.7;7 7<�&�.�: ./7W57#
��R7 4�&&R764/6U ���.67�Q9 �.��7; ]�^$ 6� /� 7</4�674 3�R��U67.�

Ĥ1(p̂, x̂) =
p̂2

2μ
+A

(
e−2x̂/a − 2e−x̂/a

)
, ]	^
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;�/ p̂$ x̂ � 7</4�674Q �R<1�U&� � �774��.�6Q &776�/6&6�/..7 ]&R�
.�V/^$ � 4/S�6U 14��./.�/ �4/��.;/4�

Ĥ1ψn = εnψn. ]T^

�/S/.�/ 14��./.�: ]T^ �7�V.7 <4�.���/V�6U 3��UW/467�1 <47#
&64�.&6�1$ 6� /� �7 �&:�7R &�18�/ ψn(∞) → 0 <4� |x| → ∞ 6��$ 867
(ψn, ψn) < +∞� "WQ8.7 <4� 4/S/.�� ]T^ <7&�/ �Q:&./.�: �&�R<67#
6�8/&�7;7 <7�/�/.�: �7�.7�79 01.�2�� � .1�/ � .� W/&�7./8.7&6�
./���/&6.Q9 R.7V�6/�U � �7�.7�79 01.�2�� �[16 � ���/ &6/</.#
.7;7 4:�� <7 x$ �7674Q9 �7�V/. c7W74��6U&:d .� ./�76747R S�;/$
6� /� WQ6U <7��.7R7R� f676 0��6$ /&�� 7. .�W�Y��/6&:$ � <7��7�:/6
�Q4���6U a./4;�Y 8�&6�2Q ��� 01.�2�Y .�614��U.7;7 8�&�� n ]6� /�
6���R 7W4��7R .�57�:6 ��&�4/6.Q9 &</�64^�

Z7�7W.QR 7W4��7R ����8� ]	^b]T^ 4/S/.� � <7�U�1Y[/R&: R�47#
�79 &���79 64��6�6/ _T`�

�Q .�9�/R ��/&U &</�64 εn �41;�R &<7&7W7R � 6�� .��Q��/RQR
����;�� 9�	���0
�<00� �/6��� a67;7 R/67�� :&.7 ���7V/.Q � _�`�
!�/�1: _�`$ ��/�/R 7</4�674Q c47V�/.�:d � c1.�867V/.�:d â1 <7
<4����1

Ĥ1 = â+1 â1 + λ1, ]�^

<4�8/R �.�8/.�/ λ1 �7�V.7 WQ6U R��&�R��U.QR �� �&/5 �7�R7V.Q5
]67;�� 4/S/.�/ W1�/6 .74R�47��..QR^� �QW/4/R

â1 =
p̂√
2μ

− i
(
β1 −

√
Ae−x̂/a

)
,

67;��

â+1 =
p̂+√
2μ

+ i
(
β1 −

√
Ae−x̂/a

)
,

��/&U p̂ = −i�d/dx � 7</4�674 �R<1�U&�$ x̂ = x � 7</4�674 �774��#
.�6Q$ i � R.�R�: /��.�2��
��� ��� 7</4�674 p̂ = p̂+ ]a4R�67�7 &7<4:V/.^ .� &7W&6�/..Q5

01.�2�:5 ��&�4/6.7;7 &</�64�$ �/;�7 <7�18�6U

â+1 â1 =
p̂2

2μ
−
√
A

(
2β1 +

�

a
√
2μ

)
e−x/a +Ae−2x/a + β2

1 . ]�^
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!4��.���: ]�^ & ]T^ � ]�^$ .�57��R{
2β1 +

�

a
√
2μ

= 2
√
A,

λ1 = −β2
1 .

"6&Y��

λ1 = −
(√

A− �

2a
√
2μ

)2

� .��R/.US�: a./4;�: 8�&6�2Q ]�7�/W�.�9^ � <76/.2���/ V1(x)�
Z47�7�V�: a61 <472/�141$ � �R/..7$ ��7�: .7�Q/ 7</4�674Q âk

<7 <4����1

â+k âk + λk = âk−1â
+
k−1 + λk−1, k � 2, ]�^

<4�8/R

âk =
p̂√
2μ

− i
(
βk −

√
Ae−x/a

)
,

â+k =
p̂+√
2μ

+ i
(
βk −

√
Ae−x/a

)
,

.�57��R$ �&<7�U�1: ]�^$ .�W74 &7W&6�/..Q5 �.�8/.�9 λk ��� 4/S/.�/
&�&6/RQ {

β2
k − β2

k+1 = λk+1 − λk,

2βk − �

a
√
2μ

= 2βk+1 +
�

a
√
2μ
.

]�^

�/S/.�/R ]�^ :��:/6&:{
βk+1 = βk − �

a
√
2μ
,

β2
k = −λk.

"6&Y�� 7�7.8�6/�U.7 .�57��R &</�64

λn = −β2
n = −

(√
A− �

2a
√
2μ

− n�

a
√
2μ

)2

=

= −A
(
1− �

a
√
2μA

(
n+

1

2

))2

.

]�^

�Q4�V/.�/ ]�^$ <7�18/..7/ .�R� R/67�7R 0��674���2��$ &7�<�#
��/6 &7 &</�647R$ <7�18/..QR � _T`�
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Z7<Q6�� �.��7;�8.QR 7W4��7R .�96� &</�64 8�&6�2Q � <76/.2�#
��/ V2(x) ]&R� 4�&� 	^$ � &7V��/.�Y$ ./ 1�/.8���&U 1&</57R� ��R ./
1���7&U <7&647�6U â1 ��: 7</4�674� 3�R��U67.�

Ĥ2(p̂, x̂) =
p̂2

2μ
+Aa4

[
(x/a)2 − 1

]2
. ]%^

x-a +a

V0

V (x)2

V = A0 a4

���� �

� .�18.79 � 18/W.79 ��6/4�614/$ � c�.6/4./6/d$ � 1&6.7R 7W[/#
.�� & �7��/;�R� RQ 6��V/ ./ 7W.�41V��� 4/S/.�: 14��./.�: �4/#
��.;/4� ��: <76/.2���� V2$ �$ &�/�7��6/�U.7$ .�57V�/.�/ &</�64�
8�&6�2Q�

��S� &7W&6�/..�: <7<Q6�� 4/S�6U a67 14��./.�/ 6��V/ <76/4#
</�� 0��&�7�

����R7$ �7�R7V.7&6U 61../��47��.�: 8�&6�2Q �� �/�79 :RQ �
<4��1Y � .�7W7476 <4� εn < V0 ]&R� 4�&� 	^ <4� �7./8.79 S�4�./
W�4U/4� <747V��/6 �.�8�6/�U.Q/ R�6/R�6�8/&��/ 641�.7&6� � 4/#
S/.�� &776�/6&6�1Y[/;7 ��00/4/.2���U.7;7 14��./.�:

ψ′′
n +

2μ

h2
(
εn −Aa4[(x/a)2 − 1]2

)
ψn = 0, (9∗)

<7&�7�U�1 ψn �7�V.� <4�.���/V�6U 3��UW/467�1 <47&64�.&6�1�
� 6��7R &�18�/ /&6U 78/���.Q9 �Q57� � ��������&&�8/&�7/ ���.#

67��.�/�
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h @� ��	��� � ���	�<���	 V2 j�������������k

� 6�� .��Q��/R79 &6�479 ���.67�79 6/74�� ]<7&61��6Q 
74� �
-7RR/40/�U��^ 147�.� a./4;�� � 7�.7R/4.7R <76/.2���/ 7<4/�/�:#
Y6&: &�/�1Y[�R <4����7R _T`�

S/h =
1

2π

∮
p dx = n+

1

2
.

-�/&U S � </4/R/..�: c�/9&6��/d$ p = p(t, E)$ x = x(t, E) � 4/S/.�/
���&&�8/&�79 ����8�$ 76�/8�Y[// ��R�.1679 ]6� /� </4�7��8/&�79^
74W�6/$ E � a./4;�:$ n � .�614��U.7/ 8�&�7� *�&�7 1/2 �7�.���/6
76 .���8�: 678/� <7�7476� ]�.�/�& ��&�7��^�

�&<7�U�1/R a67 <4����7 ]�76747/ :��:/6&: &647;�R � 4�R��5 ���#
�����&&�8/&�7;7 <4�W��V/.�:^ ��: .�57V�/.�: &</�64� 7</4�67#
4� ]%^� Z4/V�/ �&/;7$ ��<�S/R ���&&�8/&��9 �.��7; ]%^ � W/�4��#
R/4.7R ���/

ξ̇2 = 1− ε[ξ2 − 1]2, ]�
^

;�/ ξ ≡ x/a$ ε ≡ Aa4/E$ 1 < ε <∞$ ξ̇=dξ/dτ $ τ=ω∗t$ ω∗≡√
2E/μa2�

� .7�Q5 </4/R/..Q5 �/��: :R� 7<4/�/�:/6&: ./4��/.&6��R�
−√

1 + λ � ξ� � −√
1− λ$ <4���: :R� � ./4��/.&6��R� −√

1− λ �
ξ� � −√

1 + λ$ ;�/ λ ≡ 1/
√
ε$ 0 < λ < 1�

ξ(τ) ��: 7W/�5 :R R7V.7 <7�18�6U$ 4/S�: 14��./.�/ ]�
^$∫
dξ√

1− ε[ξ2 − 1]2
= ±(τ − τ0).

-�/&U τ0 � .�8��U.Q9 R7R/.6 �4/R/.�� �&<7�U�1: ��R/.1 ξ2 =
1 + λ sin θ$ R7V.7 .�96� 1����..1Y �QS/ ����4�6141 � 6/4R�.�5
a���<6�8/&��5 01.�2�9 (�7W�$ � �R/..7$

ξ(τ) = ±√
1 + λ dn

[
±4

√
1 + λ(τ − τ0)

]
, ]��^

;�/ dnz � �/�U6�#01.�2�: (�7W�$ 6� /� dnz =
√
1− κ2 J?2 z$ J? z �

&�.1& (�7W�$ κ2 = 2λ/(1 + λ) _�`�
"�.��7 ��: <7�18/.�: &</�64� .� 7&.7�/ 1����..7;7 �QS/ <4�#



�
 ������ &� m�

���� :�.Q9 ��� 64�/�674�� ./ <7.��7W�6&:� �/9&6��6/�U.7$

2πS/h =

∮
ξ̇ dξ = 2

−√
1−λ∫

−√
1+λ

√
1− ε(ξ2 − 1)2 dξ =

= λ

+π/2∫
−π/2

dθ cos2 θ/
√
1 + λ sin θ =

8λ√
1 + λ

π/2∫
0

sin2 θ cos2 θ dθ√
1− κ2 sin2 θ

.

�&<7�U�1: ��: .�57V�/.�: <7&�/�./;7 �.6/;4��� 074R1#
�1 T���]	^ �� _�`$ .�57��R

2πS/h =
πλ

2
√
1 + λ

F
(
3/2; 1/2; 3;κ2

)
= n+ 1/2. ]�	^

-�/&U F (α;β; γ; z) � ;�</4;/7R/64�8/&��: 01.�2�: _�`�

F (α;β; γ; z) = 1 +
α · β
γ · 1 z +

α(α + 1)β(β + 1)

γ(γ + 1) · 1 · 2 · z2 + . . . (12∗)

'&�� α ]��� β^ ./ 4��.Q 2/�7R1 764�2�6/�U.7R1 8�&�1$ 67
4:� (12∗) W/&�7./8/.$ &1RR� /;7 ./���/&6.��
Z7&�7�U�1 λ /&6U 01.�2�: 76 a./4;�� 8�&6�2Q$ RQ <7�18�R �/&U#

R� &�7V.1Y ./:�.1Y ����&�R7&6U a./4;�� 76 �.�/�&� n ]���.67�7;7
8�&�� n^�
��&&R764�R ��: <47&676Q <4/�/� λ→ 0 ]c.���7d �/V�[�/ 147�#

.� a./4;��^� � a67R &�18�/ WQ�7 WQ

2πS/h =
πλ

2

(
1 +

3

32
λ2
)

= n+
1

2
.

Z7a67R1 67;��

ε(λ→ 0) ∼ 1

n+ 1/2
.

-�R/6�R$ 7�.��7$ 867 λ → 0 �Q57��6 �� 4�R�� ��������&&�8/&�7;7
<4�W��V/.�:�

Z7&�7�U�1 ��������&&�8/&�7/ ���.67��.�/ 7<4����.7 ��: �Q&7#
�7�/V�[�5 147�./9$ �W���� &/<�4�64�&Q R7;16 �7�.��.16U &1[/#
&6�/..Q/ �Q8�&��6/�U.Q/ 641�.7&6�$ &�:��..Q/ & .���8�/R &/��7#
�Q5 678/�$ �$ &�/�7��6/�U.7$ � & ;7R7���.�8/&�79 &641�61479�
��&&R764�R ./&�7�U�7 <7�47W.// a676 �7<47& ��: 8�&6�2Q � <7#

6/.2���/ V2(x)�



e�,���$ ��
��� 
��
����$� �
����� �����
�
� �������� ��

h A� ��
���	��	 ����	��f /	�2������

� <�7./4&�79 4�W76/ �/�U.��7�� _�` WQ�7 �7����.7$ 867 <4� .�#
��8�� &/��7�Q5 678/� .� &/<�4�64�&/ � �5 7�4/&6.7&6:5 7W4��1/6&:
;7R7���.�8/&��: &641�614� � ��V/ R��7/ �./S.// </4�7��8/&�7/
�7��/9&6��/ W1�/6 <4��7��6U � ��.�R�8/&�7R1 5�7&1�
� a67R 4���/�/ RQ .�9�/R ��� &/<�4�64�&Q ��: ]�
^$ � ��6/R &

<7R7[UY �4�6/4�: �/�U.��7�� 1&6�.7��R �7�R7V.7&6U </4/57�� �
5�76�8/&�79 ��.�R��/ ��: �7�R1[/..79 &�&6/RQ$ 6� /� ����8�$ 7<�#
&Q��/R79 3�R��U67.��.7R�

H3(p, x) =
p2

2μ
+Aa4

[
(x/a)2 − 1

]2
+ f(x, t), ]�T^

;�/ f(x, t) 7<�&Q��/6 a./4;�Y ����R7�/9&6��: 8�&6�2Q &7 &��WQR
�./S.�R a�/�64�8/&��R ��� R�;.�6.QR <7�/R � ��<7�U.7R <4�#
W��V/.��$ .�<4�R/4$ f(x, t) = −δ · x · sinλt$ ;�/ δ R��7 � ./�76747R
&RQ&�/ ]&R� .�V/^$ λ � 8�&676� �./S./;7 <7�:�

!/<�4�64�&/ ��: ]�
^ 76�/8�/6 a./4;�: E = Aa4 ≡ V0� Z/4/57�:
� W/�4��R/4.QR �/��8�.�R$ .�57��R∫

dξ√
2ξ2 − ξ4

= ±(τ − τ0),

;�/ τ = ωt$ ω =
√
2A/μa� f676 �.6/;4�� .1V.7 �Q8�&��6U <4� 1&�7#

��� ξ ∈ [−√
2,+

√
2]$ <4� a67R &�747&6U 8�&6�2Q ξ̇ 7W4�[�/6&: � .1�U

� 64/5 678��5 ξ1,2 = ±√
2$ ξ3 = 0� Z7&�/�.:: 678�� :��:/6&: &/��7�79

]a67$ .�<4�R/4$ <47:��:/6&: � 67R$ 867 �� �7./8.7/ �4/R: <4�W��#
��6&: � a679 678�/$ .�57�:&U .� &/<�4�64�&/$ ./�7�R7V.7^�

�Q8�&�/.�/ �.6/;4��� &�7V.7&6/9 ./ �Q�Q��/6�

ξs(τ − τ0) = ±
√
2

ch(τ − τ0)
. ]��^

-�/&U <4��/�/.Q 7W/ �/6�� &/<�4�64�&Q� ��<4�R/4$ /&�� � 678�/ τ0
8�&6�2� .�57����&U � 678��5 ξ1 ��� ξ2$ 67 ��6/R 7.� � <472/&&/ a�7#
�Y2�� W1�/6 ./7;4�.�8/..7 �7�;7 <4�W��V�6U&: � &/��7�79 678�/�

�/</4U RQ R7V/R <4�&61<�6U � �Q8�&�/.�Y c[/��d R/V�1 �/6#
�:R� &/<�4�64�&Q ./�7�R1[/..79 ����8�$ <7:��:Y[/9&: �&�/�&6��/
�7��/9&6��: �./S./9 &��Q ∂f/∂x� !�/�1: _�`$ RQ �7�V.Q �Q8�&��6U



�	 ������ &� m�

�.6/;4��

Δ(τ0) =

+∞∫
−∞

�g · ��H2|ξs,ξ̇s dτ, ]��^

;�/ �/�674 �g ≡ (g1, g2)$ ;4���/.6 ��H2 ≡
(

∂H2

∂ξ ,
∂H2

∂ξ̇

)
$ <4�8/R 14��./#

.�: 3�R��U67.� �R/Y6 ���

ξ̇ =
∂H3

∂ξ̇
=
∂H2

∂ξ̇
+ δg1, ξ̈ = −∂H3

∂ξ
= −∂H2

∂ξ
+ δg2.

Z/4/9�: � W/�4��R/4.QR �/��8�.�R$ .�57��R

E =
ξ̇2

2
+ (ξ2 − 1)2 − δ∗ξ sin

(√
2λ

ω
τ

)
,

;�/ E ≡ H3/Aa
4$ δ∗ ≡ δ/Aa3 � 1 ]R��7&6U �./S./;7 �7��/9&6��:^$

<7a67R1 {
ξ̇ = ∂E

∂ξ̇
= ξ̇,

ξ̈ = −∂E=
∂ξ = −2(ξ2 − 1)2ξ + δ∗ sin(λ∗τ).

-�/&U λ∗≡√
2λ/ω� "6&Y�� &�/�1/6$ 867 g1≡0$ g2=sin(λ∗τ)� Z7a67R1

�g · ��H2|�������� �� = ξ̇s · sinλ∗τ.

��57�: �� ]��^ &�747&6U � <7�&6���:: � ]��^$ .�57��R

Δ(τ0) ∼
+∞∫

−∞

JO(τ − τ0)

JO2(τ − τ0)
sin(λ∗τ) dτ. ]��^

�.6/;4�� � <4��79 8�&6� R7V/6 WQ6U �Q8�&�/. & <7R7[UY 6/7#
4/RQ �7S� 7 �Q8/6�5� �/9&6��6/�U.7$ ��<�S/R <4��1Y 8�&6U ]��^
� ���/

im eiλ
∗τ0

+∞∫
−∞

eiλ
∗τ JOτ

JO2τ
dτ

� �QW�4�/R �7.614 �.6/;4�47��.�:$ ��� <7����.7 .� 4�&� T�
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x

ι

< <

< <

0

.
/2ιπ

π

.
y

���� �

"W7�.�8�R �&�7RQ9 �.6/;4�� &�R�7�7R �� �7;�� �Q8�&�/.�/
�Q8/6� � 678�/ z0 = iπ/2 �4�6.7&6� ��� ��/6 8�&�7 λ∗e−λ∗π/2$ �
4��W�/.�/ �7.614.7;7 �.6/;4��� .� 8�&6� <4��7��6 � �Q4�V/.�Y
�+ e−λ∗π�$ <7a67R1 RQ R7V/R .�<�&�6U

�
(
1 + e−λ∗π) = 1

2πi
· λ∗e−λ∗π/2.

"�7.8�6/�U.7 �R//R

Δ(τ0) ∼ im eiλ
∗τ0 λ∗

4πi @O(λ
∗π
2 )

=
λ∗ cos(λ∗τ0)
4π @O(λ∗π/2)

. ]��^

Z7 �/�U.��7�1$ 5�76�8/&�7/ <7�/�/.�/ �W���� &/<�4�64�&Q �7�#
.���/6$ /&�� Δ(τ0) :��:/6&: �.��7</4/R/..79 01.�2�/9 &�7/;7 �4;1#
R/.6�� "8/���.7$ �Q4�V/.�/ ]��^ 1�7��/6�74:/6 a67R1 64/W7��.�Y�

!���l
	��	

� <4/�&6���/..79 4�W76/ .7�QR� :��:Y6&: &�/�1Y[�/ 4/�1�U#
6�6Q� <7�18/.�/ &</�647� �7�/W�.�9 � <76/.2���/ �74&� R/67�7R
0��674���2�� � ��������&&�8/&��R ���.67��.�/R ��: <76/.2����
� ���/ ��79.79 &�RR/64�8.79 :RQ$ � 6��V/ �Q8�&�/.�/ �4�6/4�:
�/�U.��7�� ��: �6747;7 &�18�:�

"�.��7 ./ R/.// ��V.QR RQ &8�6�/R ��2/.6�47��.�/ 8�6�6/#
�/9 .� <7<Q6�1 4/S/.�: 14��./.�: �4/��.;/4� (9∗) � .�57V�/.�/
&</�64� 8�&6�2Q � <76/.2���/ V2(x) R/67�7R 0��674���2���
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� 18/W.7#R/67��8/&�79 ��6/4�614/ 1����.Q ��� 7&.7�.Q5 R/67#
�� 4/S/.�: �44�2�7.��U.Q5 14��./.�9� � � R/67� �7��/�/.�: 7W/�5
8�&6/9 14��./.�: � 7�.1 � 61 V/ &6/</.U\ 	 � R/67� ��/�/.�/ .7�Q5
</4/R/..Q5� f67 ��� &6�.��46.Q5 <4�/R� 4/S/.�: �44�2�7.��U.Q5
14��./.�9� Z4� &6�.��46.7R 4/S/.�� �44�2�7.��U.7;7 14��./.�:
4/�7R/.�1/6&: ��W7 .�57��6U 7W��&6U �7<1&6�RQ5 ����8$ ��W7 7W57#
��6U&: W/� .//� Z7�18/..Q/ 4/�1�U6�6Q$ ./ �57�:[�/ � "�-$ 76W4�#
&Q��Y6&: ��� <7&6747..�/ �74.� ]� <47�/4�/ ./6 ./7W57��R7&6�^�
�/�1�U6�6Q V/$ �57�:[�/ � "�-$ ./ �&/;�� ;�4�.6�47��..7 :��:#
Y6&: �74.:R� 14��./.�: � <7a67R1 .1V��Y6&: � <47�/4�/� "�.��7
<47�/4�1 ./ �&/;�� �/;�7 7&1[/&6��6U ]� a67R1 RQ /[/ �/4./R&:^�
��� <4����7$ 18�[�R&: <4/���;�Y6&: 6���/ �44�2�7.��U.Q/ 14��#
./.�:$ � 4/�1�U6�6/ �7674Q5 <7�18�Y6&: c5747S�/d �.�8/.�:$ �767#
4Q/ �/;�7 <47�/4�6U� Z78/R1#67 ��674Q 18/W.7#R/67��8/&��5 <7&7#
W�9 � 18/W.��7� 7W/4/;�Y6 18�[�5&: 76 <7�18/.�: �R� ./1�7W.Q5
��: <47�/4�� 4/�1�U6�67��

��&&R764�R ��� 14��./.�:$ �7674Q/ :��:Y6&: ���Y&64�2�/9 �Q#
S/&����..7;7�

������ �� �/S�6U 14��./.�/
√
3− x−√

x = 1, "�- : x ∈ [0; 3].

��..7/ 14��./.�: R7V.7 4/S�6U ./&�7�U��R� &<7&7W�R�� ��&#
&R764�R ��� �� .�5�

) &<7&7W� -�<�S/R ��..7/ 14��./.�/ � ���/
√
3− x = 1 +

√
x.

�7��7�: 7W/ 8�&6� � ����4�6$ <7�18�R

3− x = 1 + 2
√
x+ x,

76�1��
2
√
x = 2− 2x



�� ������� 4� m�

��� √
x = 1− x. ]�^

Z7&�/ �7��/�/.�: � ����4�6 7W/�5 8�&6/9$ <7�18�R ����4�6.7/
14��./.�/

x2 − 3x+ 1 = 0.

�74.:R� a67;7 14��./.�: :��:Y6&: 8�&��

x1 =
3−√

5

2
, x1 =

3 +
√
5

2
.

"W� a6� �.�8/.�: <4�.���/V�6 "�- 14��./.�:$ 7�.��7 16�/4#
V��6U$ 867 7.� :��:Y6&: �74.:R� �&57�.7;7 14��./.�:$ <4/V�/�4/#
R/..7$ 6�� ��� �5 .��7 <47�/4�6U� �7 a6� 4/�1�U6�6Q ./1�7W.Q ��:
<47�/4��� � � &�R7R �/�/$ <4:R7��./9.�: <47�/4�� a6�5 �.�8/.�9
x1 � x2 ��641�.�6/�U.��

Z47�/4�R$ .�<4�R/4$ �.�8/.�/ x1 = 3−√
5

2 �
Z7�&6���:: /;7 � �&57�.7/ 14��./.�/$ <7�18�R√

3− 3−√
5

2
−
√

3−√
5

2
=

√
3 +

√
5

2
−
√

3−√
5

2
=

=

√
6 + 2

√
5

4
−
√

6− 2
√
5

4
=

1

2

(√
6 + 2

√
5−

√
6− 2

√
5

)
=

=
1

2

(√(√
5 + 1

)2 −√(√
5− 1

)2)
=

1

2

(√
5 + 1−

√
5 + 1

)
= 1.

"6&Y�� &�/�1/6$ 867 x1 = 3−√
5

2 :��:/6&: �74./R ��..7;7 14��./#
.�:�

Z7&�/ �.��7;�8.79 <47�/4�� �.�8/.�: x2 = 3+
√
5

2 �/��/R �Q�7�$
867 a67 <7&6747..�9 �74/.U$ 6�� ��� 7. ./ 1�7��/6�74:/6 14��./.�Y�

��� ����R$ 6��1Y <47�/4�1 &1R//6 �Q<7�.�6U ./ ��V�Q9 18/#
.��� ". �7�V/. �7;���6U&:$ 867 <7&�/ 7&�7W7V�/.�: 76 �44�2�7#
.��U.7&6� � �.�R/.�6/�:5$ �Q4�V/.�: 6 + 2

√
5 � 6− 2

√
5 :��:Y6&:

<7�.QR� ����4�6�R� &1RRQ � 4��.7&6� 8�&/�
√
5 � 1�

Z4��/�/..7/ .�R� 4/S/.�/ :��:/6&: 8�&67 R/5�.�8/&��R� Z7#
��V/R 6/</4U$ ��� &�/��6U �Q�7� 7 �74.:5 ��..7;7 14��./.�:$ ./
�Q<7�.:: <47�/4���

� a67R &�18�/ .��7 .�96� "�- 14��./.�:� [0; 3]� Z7&�/ �7��/#
�/.�: 7W/�5 8�&6/9 14��./.�: � ����4�6$ �79�: �7 4��/.&6�� ]�^$
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18/.�� �7�V/. ��R/6�6U$ 867 /;7 �/��: 8�&6U
√
x � 0$ &�/�7��6/�U#

.7$ <4���: 8�&6U 1 − x 67V/ ./764�2�6/�U.�$ 6� /� 1 − x � 0$ 76�1��
x � 1� !�/�7��6/�U.7$ �74./R 14��./.�: W1�/6 67�U�7 67 �.�8/.�/$
�76747/ <4�.���/V�6 764/��1 [0; 1]� �� <7�18/..Q5 �QS/ 4/�1�U6�#
67� �74./R �&57�.7;7 14��./.�: W1�/6

x1 =
3−√

5

2
∈ [0; 1].

x2 = 3+
√
5

2 /∈ [0; 1]$ � <7a67R1 ./ :��:/6&: �74./R 14��./.�:�
Z4��/�/..7/ 4/S/.�/ ./ 64/W1/6 <47�/4���

��&&R764�R �67479 &<7&7W 4/S/.�:�

)) &<7&7W� ��/�/R 7W7�.�8/.�/�

√
x = t, t � 0.

��..7/ 14��./.�/ </4/<�S/6&: � ���/√
3− t2 − t = 1

��� √
3− t2 = 1 + t.

Z7&�/ �7��/�/.�: � ����4�6 7W/�5 8�&6/9 14��./.�:$ <7�18�R
����4�6.7/ 14��./.�/

t2 + t− 1 = 0,

76�1��

t1 =
−1−√

5

2
, t1 =

−1 +
√
5

2
.

��� ��� t1 < 0$ 67 t1 <7&6747..�9 �74/.U�
t2 > 0$ 6� /� :��:/6&: �74./R 14��./.�:� ��9�/R 6/</4U x�

x = t2 =

(−1 +
√
5

2

)2

=
6− 2

√
5

4
=

3−√
5

2
.

"6�/6� x = 3−√
5

2 �

������ �� �/S�6U 14��./.�/

3
√
2x− 1 + 3

√
x = −1.
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f67 14��./.�/ 67V/ 4/S�R ��1R: &<7&7W�R��

) &<7&7W� �7��/�/R 7W/ 8�&6� � �1W$ ��: 8/;7 <4�R/.�R 074R1�1
�1W� &1RRQ ��15 8�&/� � ���/ (a+b)3 = a3+b3+3ab(a+b)$ � <7�18�R

2x− 1 + x+ 3 3
√
x(2x − 1)

(
3
√
2x− 1 + 3

√
x
)
= −1.

Z7�&6���R � a67 14��./.�/ −1 �R/&67 &1RRQ 3
√
2x− 1 + 3

√
x$ <7#

�18�R
3x− 3 3

√
x(2x− 1) = 0

���
x = 3

√
x(2x− 1),

76&Y��
x3 = 2x2 − x

���
x(x2 − 2x+ 1) = 0.

�/S�: a67 14��./.�/$ <7�18�R /;7 �74.� x1 = 0 � x2 = 1�
Z47�/4�79 1W/V��/R&:$ 867 �� a6�5 �.�8/.�9 �74./R �&57�.7;7

14��./.�: :��:/6&: 67�U�7 x1 = 0$ � x2 = 1 � <7&6747..�9 �74/.U�
�7�.���/6 �7<47&� �7;�� <7:���&: <7&6747..�9 �74/.U� �/�U �7��/#
�/.�/ � �1W 7W/�5 8�&6/9 14��./.�: 4��.7&��U.7&6� ./ .�41S�/6�
� "�- ��..7;7 14��./.�: � R.7V/&6�7 �&/5 �/9&6��6/�U.Q5 8�&/�
� x1 = 0 � x2 = 1 <4�.���/V�6 "�-� � �&/#6��� 4��.7&��U.7&6U
.�41S/.�� Z4�8�.79 a67;7 :����&U <7�&6�.7��� −1 �R/&67 &1RRQ
3
√
2x− 1 + 3

√
x$ 6�� ��� 3

√
2x− 1 + 3

√
x = −1 ./ :��:/6&: 67V�/&6�/.#

.QR 4��/.&6�7R�

)) &<7&7W� "W7�.�8�R 3
√
x 8/4/� t$ 67;�� x = t3�

��..7/ 14��./.�/ </4/<�S/6&: � ���/

3
√
2t3 − 1 + t = −1,

76&Y��
3
√
2t3 − 1 = −1− t.

�7��/�/R 7W/ 8�&6� a67;7 14��./.�: � �1W �$ �Q<7�.�� 67V�/#
&6�/..Q/ <4/7W4��7��.�:$ <7�18�R t(t2 + t + 1) = 0� t2 + t + 1 �= 0$
6�� ��� D < 0$ &�/�7��6/�U.7$ t = 0�
"6&Y�� &�/�1/6$ 867 x = 0�
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.Q5 14��./.�9� "6R/6�R$ 867 )) &<7&7W$ 6� /� R/67� ��R/.Q ./���/&6#
.79 R7V.7 ��4U�47��6U� ��R/.:6U 4������Q$ �57�:[�/ � 14��./.�/$
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�8/W.Q9 <472/&&$ ��� �&:��9 <472/&& <7�.�.�:$ �R//6 64� 0��Q
]��� &6����^ � 4������/6&: <7 &5/R/� 76 �7.�4/6.7;7 &7�/4V�.�: � �
�W&64��6.7R1 RQS�/.�Y � � <4��6��/� �674�: � 64/6U: 0��Q 18/W#
.7;7 <472/&&� 4/����1Y6&: � 074R/ �/�2�9 � <4��6�8/&��5 ��.:6�9�
Z/4��: 0��� 18/W.7;7 <472/&&�$ ��� <4����7$ ./ <4/�&6���/.�� �7
// R/&67 � a67 R/&67 ��W74�674.Q5 ��.:6�9�

Z7 6���R V/ 64/R &6���:R ��/6 6/74/6�8/&�7/ 4����6�/ .�1���
� </4�79 &6���� � .�W�Y�/.�:$ .��7<�/.�:$ &�&6/R�6���2�: � ���&#
&�0���2�: 7We/�67�$ 0��67�� �7 �67479 &6���� � .� 7&.7�/ &7<7#
&6���/.�9 76�4Q6�/ � 7W7&.7��.�/ ���7.7R/4.7&6/9$ <7�18/.�/ 01.#
��R/.6��U.Q5 �Q�7�7� � 4/2/<67� ��: <4��6���� �� 64/6U/9 &6�#
��� � <4��6�8/&�7/ �&<7�U�7��.�/ �Q�7�7�$ � �7674QR <4�S�� .�
�67479 &6�����

�7./8.7$ 7<�&�..�: &5/R� � V��.� 4/����1/6&: ����/�6�8/&���
� ��V��: &6���:$ <4/�&6���:: &7W79 ��SU ./�7674Q9 18�&67� <47#
2/&&� <7�.�.�:$ � &�7Y 78/4/�U$ R7V/6 WQ6U <7�4���/�/.� .� 6���/
V/ &6����� ����R 7W4��7R$ RQ R7V/R �R/6U .�W�Y�/.�/ .� 147�./
6/74/6�8/&�7;7 R�6/4����$ </4/57� � 7W7W[�Y[�R �Q�7��R$ � ��#
6/R � � <4��7V/.�Y a6�5 �Q�7�7� � 4�R��5 6/74��� � ��V�79 ��
&6���9 R7V.7 �&/;�� .�96� a�/R/.6Q �41;�5 &6���9� �&/ a67 &7���#
/6 ���/&6.Q/ 641�.7&6� � <7�4���/�/.�� 18/W.7;7 <472/&&� .� ���Q
��.:6�9� Z4�8/R 7&7WQ/ ��641�./.�: �7�.���Y6 <4� <7�4���/�/.��
R�6/4����$ ./ 76.7&:[/;7&: � 6/74��$ .� <4��6�8/&��/ � ��W74�674#
.Q/ ��.:6�:� �4���2�7..7 �/&U R�6/4���$ ./ 76.7&:[�9&: � 6/74��
<7 ��..7R1 �14&1$ 7WQ8.7 ���Y8�/6&: � 6�� .��Q��/RQ/ <4��6�8/#
&��/ ��.:6�:� � �/9&6��6/�U.7&6� � <4��6�8/&��5 ��.:6�:5 R7;16
7����6U&: &R/S�..QR� a�/R/.6Q </4�79 � 64/6U/9 0��Q <472/&&�
<7�.�.�:� Z7&�7�U�1 � 18/W.7R <472/&&/ ��V��: 0��� &6���6 </4/�
<4/<7����6/�/R &�7� 7&7WQ/ ����8�$ 2/��$ 67 V/��6/�U.7 </4�1Y �
64/6UY 0��1 4��e/��.�6U .� c<4��6�8/&��/ ��.:6�:d � c��W74�674#
.Q/ ��.:6�:d� Z4� a67R &�/�1/6 &8�6�6U&: & 6/R$ 867 � 4/��U.79 �&#
674�� .�1�� </4��: 0���$ ��� <4����7$ ��.�R�/6 78/.U W7�US�/ </#
4�7�Q �4/R/.� ]./&�7�U�7 �/6$ �/&:6��/6�9$ &67�/6�9^� Z7 a679 <4�#
8�./ 18/W.7/ ��W74�674.7/ ��.:6�/ .� � �7/9 R/4/ ./ R7V/6 678.7
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�7&<47���7��6U &776�/6&6�1Y[�9 18�&67� � �&674�8/&�7R 4����6��
.�1��� ".7 R7V/6 � �7�V.7 WQ6U ��SU 18/W.79 R7�/�UY�

�8�6Q��: &����..7/$ RQ <4�57��R � &�/�1Y[�R &77W4�V/.�:R
� &641�614/ � &7�/4V�.�� 18/W.7;7 <472/&&� <7 �14&1 R�6/R�6�8/#
&�7;7 �.����� ].� R�6/R�6�8/&�7R 76�/�/.�� 1.��/4&�6/6�^�
�8/W.Q9 <472/&& <7�4���/�:/6&: .� ��.:6�: 64/5 6�<7��
�^ �/�2��\
	^ <4��6�8/&��/ ��.:6�:\
T^ ��W74�674.Q/ ��.:6�:�
!7�/4V�.�/ ��.:6�9 </4�7;7 6�<� 7WQ8.7 ./ �Q�Q��/6 ./:&.7#

&6/9 � 8/6�7 4/;��R/.6�41/6&: ;7&1��4&6�/..79 <47;4�RR79� ".7
<4/�&6���:/6 &7W79 ]7WQ8.7 �/�1�6��.7/^ ���7V/.�/ 7W[�5$ 6/74/#
6�8/&��5 <7�7V/.�9$ ���/&6.Q5 � .�1�/ � ��..7R1 �4/R/.�� !7�/4#
V�.�/R <4��6�8/&��5 ��.:6�9 �7�V.7 WQ6U <4�R/./.�/ 1V/ ;767#
�Q5 7W[�5 <7�7V/.�9$ 074R1�$ �Q�7�7� 6/74�� � 4����8.QR �7.#
�4/6.QR ����8�R� � &7�/4V�.�/ ��W74�674.7;7 ��.:6�: �57��6�

�^ .�W�Y�/.�/ 4:�� 8�&6.Q5 0��67�\
	^ �/6��U.7/ �&&�/�7��.�/ 6/5 7We/�67�$ 0��67�$ �7674Q/ <4��7#

�:6 � 7�.7R1 �� ;���.Q5 <7.:6�9 6/74��\
T^ �.���� ./�7674Q5 8�&6.Q5 0��67�$ .� 7&.7�/ �7674Q5 &647�6#

&: 7�.7 �� ;���.Q5 <7�7V/.�� 6/74��\
�^ 7W4�W76�� R/67���� 4/S/.�: ./�7674Q5 6�<7� ����8$ <7����.#

.Q5 .� �/�2�:5 � <4��6�8/&��5 ��.:6�:5$ ���4/<�/.�/ .��Q�7��
��R� 4��4�W76�.� &�&6/R� ����8 ��: <47�/�/.�: ��W74�674.Q5

��.:6�9 <7 R�6/R�6�8/&�7R1 �.����1 &7 &61�/.6�R� </4�7;7 � �67#
47;7 �14&7�� f6� &�&6/R� &7&67�6 �� 4��.7<��.7�Q5 ����8$ <7��7�:#
Y[�5 &61�/.6�R 1&6�.������6U &�:�U R/V�1 6/74/6�8/&��R � <4��#
6�8/&��R R�6/4���7R�

��� 7�.�R �� 01.��R/.6��U.Q5 <7.:6�9 R�6/R�6�8/&�7;7 �.�#
���� :��:/6&: <7.:6�/ <4/�/��� �� ��W74�674.Q5 ��.:6�:5 2/�/#
&77W4��.7 4/S�6U &7 &61�/.6�R� ����8� .� .�57V�/.�/ <4/�/�� <7
3/9./� Z4��/�/R <4�R/4�
��96� <4/�/� 01.�2��

lim
x→2

x− 2

x2 − 4
.

-�/&U 01.�2�: f(x) = x−2
x2−4 � � ��..7R &�18�/ R.7V/&6�7 A =

dom f = (−∞,−2) ∪ (−2, 2) ∪ (2,+∞)� "8/���.7$ 867 a = 2 � <4/#
�/�U.�: 678�� R.7V/&6�� A� ��: .�57V�/.�: <4/�/�� W1�/R �&<7�#
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�7��6U 7<4/�/�/.�/ <4/�/�� � &RQ&�/ 3/9./� �7�UR/R <47���7�U.1Y
<7&�/�7��6/�U.7&6U 678/� xn ∈ A$ �R/Y[1Y &647;�9 <4/�/� 2$ 6� /�
xn → 2$ xn �= 2 ��: �YW7;7 n�
!7&6���:/R <7&�/�7��6/�U.7&6U 8�&/� f(xn) � �[/R // <4/�/��

lim
n→∞ f(xn) = lim

n→∞
xn − 2

(xn − 2)(xn + 2)
=

= lim
n→∞

1

(xn + 2)
=

lim
n→∞ 1

lim
n→∞(xn + 2)

=
1

4
.

�6��$ �R//R� <7&�/�7��6/�U.7&6U {f(xn)} &57��6&: � 8�&�1 1/4$ � a67
�/4.7 ��: �YW79 <7&�/�7��6/�U.7&6� {xn} �� A 6��79$ 867 xn → 2$
xn �= 2 ��: �YW7;7 n ∈ N� !7;��&.7 7<4/�/�/.�Y <4/�/�� 01.�2��
<7 3/9./ ����Y8�/R$ 867

lim
x→2

x− 2

x2 − 4
=

1

4
.

���// RQ .�57��R <4/�/� a679 V/ 01.�2�� <7 �7S��
,�W74�674.Q/ ��.:6�: <47�7�:6&: � �.6/4��6��.79 074R/� ���#

�R7�/9&6��/ &61�/.6 � &61�/.6$ &61�/.6 � <4/<7����6/�U� �/:6/�U#
.7&6U <4/<7����6/�: <4� a67R &�7��6&: � ����.�Y <47W�/R.Q5 �7#
<47&7� � 57�/ ��.:6�9 � R/67��8/&��5 4/�7R/.��2�:5 ��: �Q<7�./#
.�: �7R�S./;7 ����.�: � &�R7&67:6/�U.79 4�W76Q�

��� <7����� 7<Q6 <47�/�/.�: ��.:6�9$ 6���/ ����.�: <7��7�:#
Y6 �/&6� ����7; � �1��674��$ &7���Y6 <4/�<7&Q��� ��: ;�1W7�7;7
1&�7/.�: � ��18/.�: 7&.7�.Q5 <7.:6�9 R�6/R�6�8/&�7;7 �.������
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