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1 Introduction

Let n > 2. Throughout this talk, we always
assume that I' C R™ is an Ahlfors—David-regular
set with dimension d € (0,n — 1).

Such a set I' is also called a d-set.

For any z € R™ and r € (0,00), we write
Q(x,r) := QN B(x,r).



By this we mean that 1" is closed and there
exists a constant Cj € [1,00) such that, for any
r €I and r € (0,00),

Cylr® < HYI (z,7)) < Cor?.

Here, and thereafter, for any s € (0,n|, x € R",
and r € (0,00), H® denotes the s-dimensional
Hausdorff measure,

['(x,r):=1nNB(x,r).



et
Q:=R"\T.

Since d < n — 1, such a domain 2 is referred to
as a domain with a higher co-dimensional

boundary.



For any x € R"™, we define the distance function

O(x) :=dist(z,I') := inf |z —
() := dist(z,T') := Inf |z —y|

and the distance weight
w(z) == [6(x)]“T™ (1.1)

Obviously, if z € T', then 6(z) = 0 and
w(x) = 00.



Throughout this talk, we always use the symbol
() to denote a domain with a higher
co-dimensional boundary; i.e., the d-set I".



There exist two typical examples of such d-sets
I'.

o [he first one is the flat lower-dimensional
boundary F := R" % x {(0,0)} with
n € NN |[3,00), which is an (n — 2)-set.

e Another canonical example is the generalized

Cantor dust in R™. We can realize any
de (0,n—1).



In this talk, motivated by the work of David et
al. *! on the real-variable theory of the weighted
Sobolev space W12(Q, w), we study the
weighted Sobolev—Morrey space Wl./\/lg(ﬂ,w),
where w is as in (1.1), 1 < ¢ < p < o0, and

MP (€2, w) denotes the Morrey space in (4.2).

*1 G. David, J. Feneuil and S. Mayboroda, Elliptic the-
ory for sets with higher co-dimensional boundaries,
Mem. Amer. Math. Soc. 274 (2021), no. 1346,

vi+123 pp.



More precisely, we systematically establish a
real-variable theory for these spaces, including
completeness, embedding theorems, Riesz
potential characterizations, continuity, trace and
extension theorems, and complex interpolation.
Note that W12(Q, w) = WIMZ(Q, w). Thus,
these spaces are new when 1 < ¢ < p < oo and
p # 2 # q. Even in the special case p # 2 of
WP (Q,w) (which is precisely Wl./\/lg(Q,w)),
our results are also new.



Furthermore, applying the real-variable theory of
le\/lg(ﬂ,w), we obtain sharp weighted a priori
estimates for solutions to the Dirichlet problem
of divergence-form degenerate second-order
elliptic equations on §2 in weighted Lebesgue

SPACeES.



2 Fundmental inequality on
welghts

Lemma 2.1. Let p € (—o0,0) U (0, 222,
and w be as in (1.1).

(i) For any x € R™ and r € (0,00) satisfying

0(x) > 2r, {]i}( )[w(Z)]p dZ} ~ w(x),

uniformly over x and r.



(ii) For any x € R™ and r € (0,00) satisfying
o(x) < 2r,

{][ w(z)|P dz} p ~ pdtimn (2.1)
B(x,r)

where the positive equivalence constants are
iIndependent of x and r.



(iii) Let1 < qo < q1 < o0. Forany x € R",
r € (0,00), and f € L°(B(z,7)),

1

40

]é( )If(y)lqo dy (2.2)

< aBE) fo FONR @)

where the positive implicit constant is
independent of x, r, and f.



3 Nakamura's class

Llet 1 < q < p < oo. A weight w belongs to
B,.,(R™) if and only if *2

r s |B(x,7)| s [w(B(z,7))] 4

Is almost increasing with the constant
independent of £ € R".

*2S. Nakamura, Generalized weighted Morrey spaces
and classical operators, Math. Nachr. 289 (2016),
2235—-2262.



Roughly speaking, the class B, ,(R") is
introduced to ensure that the weighted Morrey
norm of the characteristic function 15, ,) can
be estimated efficiently for any x € R™ and

r € (0,00) (see Proposition 4.7 below). This
condition also plays an important role iIn
showing the weighted boundedness of classical
operators on weighted Morrey spaces.



Proposition 3.1. Let w be as in (1.1). Let
1 <qg<p<oo.

o Assume

n n—d-—1
P q

> 0. (3.1)

Them there exists a positive constant C' such
that, for any x € R", r € (0,00), and k € Z,
w(B(z,r)) < C27F 4+ (B(x, 2Fr)).



e For any ball B C R",

Q|

/OO s 1ds o 1
1 [sB|* aw(sB)]s " |B|»"a[w(B)]

holds with the implicit positive constant
independent of B if and only if (3.1) holds.



4 Poincaré Inequalities and Trace

Operators

Lemma 4.1. Letn>2,de (0,n—1), and
I' C R™ be a d-set. Let

G:={(x,y) e R" xR" : [z,y|NT #D}.

Then H*"(G) = 0.



Lemma 4.2. Let B := B(x,r) C R™ be a ball
and f € W ().

(i) It holds that

f 4 10w - 1@l dydz S v f 1VH(©

(ii) For almost every z € B,

£ i - s [ 1L e




Proposition 4.3. Let f € Wli’cl(ﬂ).

(i) If x € T' satisfies

/ V(©) dE < o (4.1)

(x,r) |£Ij o €|n—1

for some r € (0,00), then the limit

T'f(z):= lim fy) dy

r—0QT B(z,r)

exists and is finite.



(i) IFVf e LL (Q,w), then Tf(x) exists for
He-almost every x € T'.
(iii) If x € T satisfies (4.1), then the Lebesgue

differentiation property

lim Tf(z) — f(y)|dy =0

r—0* B(z,r)

holds.



Proposition 4.4. Let w be as in (1.1) and
I e VVI1 1(Q w). Then, for any x € I" and
r € (0,00) such that Tf =0 on I'(x, 1),

1
f wlas g [ 9wl

B(x,r)

where the implicit positive constant is
independent of f, x, and r.



Proposition 4.5. Letp € (1,n), p* = =,
q € |1,p*|, and w be as in (1.1). Then, for any

f S VVI1 max{p, q}(Q w), x € R™, and
€ (0,00), two quantites

f 10 = fon| o)
B(x,r)

Q|

_ q 17

— z)dw(z)| dw
fB w A )| du)




are equivalent and is dominated by

. f Vi) Pdw(y)| |
B(x,r)

=D~

where the implicit positive constants are
independent of f, x, and r.



The weighted Morrey space MP(£),w) adapted
to I' is defined to be the set of all measurable
functions f on R™ such that

[ f Il a2 (92, 0) (4.2)

= suwp |Blz,r)[3 3 / )ty

reR"™,
re(0,00)

Is finite.



This space can be seen as a natural extension of
the weighted Lebesgue space LP(€2, w). In
particular, for any p € [1, c0),

MP(Q,w) = LP(Q,w) = LP(R", w).

Proposition 4.6. Let1 < qg < p < oo and w be
as in (1.1). Then

Mg(ﬂa UJ) — Llloc(Qﬁ w) — Llloc(Q)‘



Next, we discuss conditions under which
L (R™) is embedded into MP(£, w), where a
new restriction appears.

Proposition 4.7. Let1 < q <p < oo and w be
as in (1.1). Then the following assertions hold.

(i) 1B(z,r) € ME(Q,w) for any x € R" and
r € (0,00) if and only if
n n—d-—1
p q

> 0. (4.3)



. ﬁ_n—d—l
In this case, \1B<x,r)||Mg(ij) ~ TP a

where the positive equivalence constants are
independent of both x and r.

(ii) The constant function 1 € M?(§},w) if and
n—d—1
—

only if b=



Theorem 4.8. Let1 <g<p<oo,0e€(0,1),
and w be as in (1.1). Then

1z ~ 1 e (4.4)
n_n (%)
= sup v | f [My(Lo@n)®)] 7 L)
re(0,00)

holds for any f € ML(Q,w) if and only if

n n (d+1)6
P g q




Proposition 4.9. [et 1 < q < p < o0 satisfy
(3.1), » € (1,00), and w be as in (1.1). For any
sequence { fi fren in MP(Q,w),

MG (Qw)

A
R
7
5[]
Z

=

S
N~

3

MG (Q,w)



5 Noi's theorem

Let X be a ball Banach function space. Then
the vector-valued inequality

00 r T

> (M f)" S A1
j=1

7=1

X X

implies the boundedness of M on X’. The
method is to resort to sparse operators.



Proposition 5.1. Let 1 < q < p < o0 satisfy
(3.1), » € (1,00), and w be as in (1.1). For any
j € NN [1,n] and any { fx jren C MEP(Q,w),

MG (Q,w)

A
R
]
="

MG (Q,w)



Proposition 5.2, Let1 < u < s < o0,
l1<qg<p<o0 Withizgandu<q,

o € (0,n) satisfy
a:(n—d—l)(%—%)—n(%—%), and w be

as in (1.1). Then

I.f(x) = /Rn z ;f(jla dy.

is bounded from MP(Q, w) to M3 (Q,w).




Proposition 5.3. Let1 < g <p < oo and w be
as in (1.1). Then M?(Q2,w) C §'(R").

We move on to the Littlewood—Paley
decomposition: Let ¢ € C>°(R") be a
nonnegative function such that

Zjez Pj = 1Rn\{0}-



Proposition 5.4. [et1 < q < p < oo satisty
(3.1) and w be as in (1.1).

(i) If f € ME(Q,w), then [ =} .cr0;(D)f in
the weak-+ topology of MP(€,w) and

1l
2

| Fllm ) ~ ||| e (D) I

jEZ

= MG (Q,w)

where the positive equivalence constants are
Independent of f.



(ii)) If f € S'(R™) satisfies

> e (D)fI7 < 00,

jEZ

N

= MG (Q,w)

then there exists a decomposition f = F + P
in S'"(R™), where F':=} .., 0;(D)f
pointwise and P 1s a polynomial on R™.



Moreover,

1 E || m2 (92,0) ™

> lei(D)fI7

jEZ

N

MG (Q,w)

where the positive equivalence constants are

independent of f.



Proposition 5.5. Let 1 < qy < pg < o0,
1 <q1 < p1 <oo with

02 (5.1)
Po D
0 (0,1),1<q<p<oo satisfy
1 1—-60 6 1 1—-60 6
- = | and — = - —, (5.2)
p Po p1 q q0 d1

and w be as in (1.1). Then

(MP(Q,w), M2 (2, w)]” = ME(Q,w). (5.3)



5.1 Weighted Sobolev—Morrey Spaces
Adapted to I

Definition 1. Let 1 < g <p < oo and w be as
in (1.1). The weighted Sobolev—Morrey space
Wlf\/lg(ﬂ,w) adapted to I' is defined to be the
set of all f € Li (), modulo constant

loc

functions, such that Vf € M?(Q,w). This
space Is equipped with the norm

L i pe .0y = IV LMz (@,00)




Lemma 5.6. Letl1 < qg <p < oo andw be as
in (1.1). Then W'MP?(Q,w) is complete.



Theorem b.7. Let 1 < g < p < o0 satisfy
(3.1), w be as in (1.1), and ¢ € C>°(R™) be a
nonnegative function such that

Zjez ©j = lrn\{o0}-

(i) If f € WIMP(Q, w), then
(—A)z f € M2(Q,w) and

1
HfHWlMg(Q,w) ™~ H(_A)QfHME(Q,w)r where
the positive equivalence constants are

Independent of f.
(ii) Conversely, if f € S'(R"™) satisfies



(—A)z f € MP(Q,w), then there exist

I e Wlf\/lg(ﬂ, w) and a polynomial P on R"
such that f = F + P in §'(R™). Moreover,
HFHv'leg(Q,w) ™~ H(—A)%f“/\/tfg(ﬁ,w), where
the positive equivalence constants are
Independent of f.

In particular, (—A)Z is an isomorphism from

WIME(Q,w) to MP(Q,w).



Corollary 5.8. Let 1l < u < s < o0,
1<q<p<oowith§—§,u<q,and

(n—d—1)(+ — %) — (1—%):1. Then

q S

WIMP(Q, w) < M(Q, w).



Lemma 5.9. Let 1 < q < p < oo satisfy

n n—d-—1

> 1 5.4
; p (5.4)

and w be as in (1.1). Fix xq € I'. Then, for any
U € le\/lg(ﬂ,w),

u’ (z) = lim u(z) dz
J—00 B(ZU(),Zj)

exists and is finite.



Lemma 5.10. Let 1 < q < p < o0 satisfy

n n—d—1
P q

<1 (5.5)

and w be as in (1.1). Then, for any
ueWMP(Q,w), z €T, and r € (0,00),

R
__ ¢ln—1
B(x,r) ‘Z g‘
_n_gn—d=1
5 Tl p ! q Hu“WlMg(Q,w)



In particular, for any u & Wl./\/lg(ﬂ, w) and
x €', Tu(x) exists and, for any x,y € I,

Tu(z) — Tu(y)

1 —

|
n n—d—1
Sle—yl T Hu”v’leg(Q,w)v

where the implicit positive constant is
Independent of u, x, and y.



Lemma b5.11. [et 1 < q < p < o0 satisfy

p € (n,00) and w be as in (1.1). Then, for any
u € WIMP(Q,w) and any Lebesgue points
x,y € Q such that B(x,4|x — y|) C €2,

S o=y % [w(@)] vl e 0,0

where the implicit positive constant is
Independent of u, x, and y.



Theorem 5.12. et 1 < g < p < o0 satisfy

p € (n,00), and let w be as in (1.1). Then, for
any u € le\/lg(Q, w), any Lebesgue point

x €(), and anyy €T,

u(z) — Tu(y)| (5.6)

. n n—d—1
1 p—l_ q

S |z —y HUHW1M§(Q,w)

1—n 1
+lz =yl rw(x)] Hu‘|W1M5(Q,w)7

where the implicit positive constant is
Independent of u, x, and y.



Lemma 5.13. [et1 < g <p < oo andw be as
in (1.1). Then, for any v € W' MP(Q, w),
Tu(x) exists for H%-almost every v € T.



Definition 2. Let 1 < g < p < 0. The space
Q?(I") is defined to be the set of all
H? measurable functions f on I' such that

[ fllqz

= sup |B(U,R)|%
vel', Re(0,00)

L e O )

Is finite

Q|



Theorem 5.14. [et1 < g < p < oo and w be
as in (1.1). Then the trace operator T' can be
extended to a linear bounded mapping

T : WIME(Q,w) — QP(L).

Theorem 5.15. [et1 < g <p < oo and w be
as in (1.1). Then the extension operator E is
bounded from QP (L") to W MPE(Q,w).
Moreover, for any g € QF(I') and H-almost
every x €I', (T o E)g(z) = g(x).



Theorem 5.16. Let 1 < gy < pg < o0,
1<q1<p1<oosat/sfy ”qd,1>()for
any i € {0, 1}, 1<q<p<oo 0 € (0,1) be
such that (5.1) and (5.2) hold, and w be as in
(1.1). Then

: : 0
VMBS (2, w), W ME (9, w)
= W' MP(Q,w).



Corollary 5.17. Let1 < gy < pg < 00,
1<q1<p1<oosat/sfy ”qd,1>()for
any i € {0, 1}, 1<q<p<oo 0 € (0,1) be
such that (5.1) and (5.2) hold, and w be as in
(1.1). Then

Qb0 (D), Qb ()] = Qu(I).



6 Applications

In this subsection, we recall the concept of
solutions and establish the reverse Holder
estimates for local solutions. Let w be as in
(1.1) and L := —div(AV-) be a divergence-form
degenerate second-order elliptic operator on (),
where A is a real-valued n X n matrix of
measurable functions on (2 satistying the
degenerate elliptic condition; 1.e., there exists a
constant (| € |1, 00) such that, for any x € ()



and £, n € R"™,

[A(z)€ - n| < Crw(z)[g] [n (6.1)

and

A(z)€ - € > C7 w(x)|€]°

Denote the matrix w™ 1A by A. Then the
matrix A satisfies the uniformly elliptic
condition; i.e., for any x € () and &,n € R",

A(z)€ - n| < Cil¢]|n] and A(2)E- € > C7HE)7



Let £/ C () be an open set. Recall that a
function u € W,.(E,w) is called a weak solution
to the divergence-form degenerate second-order
elliptic equation

Lu = —div(A(x)Vu) =0 in E (6.2)

if, for any p € C°(F),

/QA(x)Vu(a:) -Vp(x)dr = 0.



Corollary 6.1. Let € be small,

24—
q € (max{2 —¢, 1},2+¢), 0 € (0, 51),

p € (q, n_(‘fﬁrl)@], and w be as in (1.1). Then,

for any given f:= (f\1),..., f() € ME(Q, w),
there exists a unique weak solution
u € WIMP(Q,w) to the Dirichlet problem

6.3
u=>0 onl’ ( )

{Lu = —div(AVu) = divy,(f) inQ,



such that

IVull vz 0,w) S Lz @,w)- (6.4)



Congratulations on your 85th birthday, Professor
Burenkov.

JL2YA7KE8SMOEHAEAEHTLSZT
WET,



