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1. Associative spaces

Put I := (0,00) and let 9M(I) be the collection of all Lebesgue measurable functions

on I, MH(I) :={f e M(I) : f >0}

Suppose X C (1) is a function space with a norm || - ||x, X* — the dual

(conjugate) space of all linear bounded functionals on X.

The classical problem of functional analysis is the representation of elements of X™ in

a concrete (e.g.integral) form. If X** — the second dual space, then X C X**. If
X = X (isometric isomorphism), the space X is called reflexive. For a Banach
space criterion of reflexivity is sequential compactness of a unit ball of X.

Let X C M(I) be a function space with a norm || - || x. Put
Dx := {geim(l) : /|fg| < oo for all fe X}.
I

For any g € © x we define functionals

f]|fg|

ozfex |Ifllx

|f1 fg‘

d J o=
and Jx(9) ozfex IIfllx

Ix(g) =

and associative spaces
X! .= {g e mI) : ||g\|Xé =Jx(g) < oo},

X, = {g e M) : llgllx;, = Jx(g) < o},
which will be called strong and weak, respectively.

(1)
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A space X is said to be ideal if |f| <|g| a.e. on I and g € X implies f € X and
IFIl < |lgll- 1t is known for ideal spaces with Fatou’s property
0< fut f=IIfallx TIIflIx
that X and X are complete and there is associated reflexivity
(X2)s = X,

as well X, = X* if the norm of X is absolutely continuous (AC-norm). Thus,
X** = X only if X and X have AC-norms.

[BS] C. Bennett and R. Sharpley. Interpolation of operators, AP, 1988.

A standard problem for an ideal space (X, || - ||x) is characterization of its strong
associative (or the Kothe dual) space (see [BS], Ch. 1, §2).

Observe that Jx(g) = Jx(g) for any ideal space X (see [BS], Ch. 1, Lemma 2.8), in

such a case X, = X},. For a non-ideal space X, the functionals Jx(g) and Jx(g)
might be different.

Thus, there is a natural problem of characterization of double associative spaces:
[Xeles [Xslos ulss [Xile
and when X is equal to any of them, i.e. when X is correspondingly reflexive.

Since X is ideal, therefore, [X.]; = [X.].,, and there are only three remaining.

If X is an ideal space with Fatou's property, then all double associative spaces
coincide with X. Therefore, a particular interesting problem is for non-ideal spaces.
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2. Sobolev spaces
The symbol ¥, (I) stands for the corresponding set of weight functions (weights):
VoI —{Ueme(I)ZUZO»HUHLl(I) #0}.

Let vo,v1 € MF(I), v1 <ocoae onl, ;- € LE (I), vo,v1 € ¥(I). Then

War) = {ue Wl,mm : Hullw;u) <oo}, where

HUHWl(I) = |lvoulle(r) + [lvrDulle (1)
Also we need IjV ( ) (I) C Wy (I), where
p (1) ::{f € AC(I) : supp f is compact in [0, c0),

v ey + llenf llzocry < 0o}

and I/?/Z}([) is the closure in W, (I) of the subspace Iil;pl([)
For X = V?/pl (I) characterization of X, is given in:

[Oin1] R. Oinarov, On weighted norm inequalities with three weights, J. London Math. Soc.
(2), 48:1 (1993), 103-116.

o
Let X = {W, (1), W, (1)}

lgfllary < Cpg (lvofllry + lo1f lley), fe X
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Cp1 =JIx(9)
[Oin2] R. Oinarov, Boundedness of integral operators from weighted Sobolev space to
weighted Lebesgue space, Complex Var. Elliptic Equ., 56:10-11 (2011), 1021-1038.
[Oin3] Oinarov, R. Boundedness of integral operators in weighted Sobolev spaces. Izv. Math.
78 (2014), no. 4, 836-853.
In [PSU1] Prokhorov D.V., Stepanov V.D., Ushakova E.P., On associate spaces of weighted
Sobolev space on the real line. Math. Nachr. 290 (2017), no. 5-6, 890-912.
and
[PSU2] Prokhorov D.V., Stepanov V.D., Ushakova E.P., Characterization of the function
spaces associated with weighted Sobolev spaces of the first order on the real line, Russian
Math. Survey, 2019, 74 Ne 6, 1075—1115.

all associated spaces X/ & X/, for X = {W, (I), W, (I), W, (I)} are characterized.
We suppose that there is ¢ € I such that
HUfl||Lp’(o,c)||U0HL1’(O,C) = val|‘Lp’(c,oc)||U0HL1’(c,oo) = €% (2)
o

Then W, (I) = W, (I) and by Oinarov-Otelbaev construction there are strictly
increasing AC-functions a(t) and b(¢) such that

lim a(t) = lim b(t) = 0, lim a(t) = lim b(t) = oo,

t—0 t—0 t—oo

t—o0

a(t) <t<b(t), t>0,
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t , b(t) ,
/ vfp:/ v P, >0, (3)
a(t) t
b(t) N /P b(t) 1/p
(/ ’Ul_p> </ vg) =1, t>0. 4)
a(t) a(t)

Vi(t) = /A LU A= 0.00)

and

Let

and a™'(t) is the reverse function to a(t). Put

Gae)i= ([T 0V )| o 40 o g ) "

’

, 1/p’
vy P (%) dt) .

Go(g) = (/Ooo (/ta_l(t) |g(1:)|dx>p
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Theorem 2.1. Let 1 < p < 00, vo,v1 € ¥,(I) and (2) holds.
(1) Then for g € L.(I), if X = W(I) or X = W(I),

JIx(9) = llgllx; = Go(g)-
(2) If X = W(I), then

Ix(g9) = llgllx;, = Gi(g) + Ga(g), (5)
(3) Also, JWJ (9) < o0, iff Go(g) < oo and JW; (9) = G1(g9) + Ga(g).
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3. Sobolev, Cesaro and Copson spaces
(1) Letl<p<oo, f=a+1> p—l, and W, 5(I) — Sobolev space with weights

o

wo(2) = e, vi(e) =’ (6)

2Q)fl<p<oo,y=0c+1< i, then W, ., () Sobolev space with weights
vo(z) = 0pz°, wvi(z) =2, @)
Observe that condition (2) for these spaces is satisfied. Therefore,
W;,B([) = Wpl,ﬁ(I% WPIW(I) = Wplw(I)~
Let p € (1,00), B8 > %. We define Cesaro type spaces as spaces
Cesp(I) == {1 € MD) : llces, o) < o0}

of functions with finite norm

1

| fllces, 1y == (/0 (90%/0 \f|) dm)p
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Along with Cesy s(I), we consider non—ideal spaces of Cesaro type

Gesy 5 (1) = { £ € Lioc([0,00)) : | fllces, 1) < 00}

oo 1 x p %
e, i= ([ |2 [ 1] o)

Furthermore, for v < 1/p we set a Copson type function space

Coppy(I) = {g € M) : llgllcop, , 1) < o0},

&5 1 oo P %
I9llcon, o= ([~ (o [ lol) a2

LL.((0, 00]) := {f € M(I) : /m If] < ocfor all , ¢ € 1}

t
and, by analogy with Cesaro spaces, we define a non—ideal space of Copson type of
the form

with the norm

where

Put

Goppry (1) = {9 € Lioe((0,00]) : 1gllopy (1) < 0}

11 o P \7
gl 6omy 1) = (/ L / g d:c) .

where
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Observe that Gesp g(I) and Gopp,s(I) are incomplete normed spaces.
Example. For ¢ € (0,1/p) we put

sin
fe (33) = rlte’

Then || fe Gopp,~ (1) < OO, but ||f6||Copp,w(I) =00, i.e. fe € Gopp(I)\ Copp~(I).
Theorem 3.1.
oo 81 p/ %
9l s~ ([ (& lollomteon)” d2)” = lallo, o
1
-1 P’ »’
190l Copy oy, ~ ( [ @ Mgl o) dx) — lgllo,,
I

and X = [X.]} for X € {Cesp,s(I),Copp~(I)}.

[S1] V.D. Stepanov, On Spaces Associated with Weighted Cesaro and Copson Spaces, Math.
Notes, 111:3 (2022), 470-477.
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Theorem 3.2. Let 1 < p < oo, 8 > , and W, 5(I) be Sobolev space defined above.

Then
w1 (@) = lglles, y0-

[e)e)
Corollary 3.1. If X € {W, 5(1),W, 5(I)}, then X = Ces, 5(I) and
lgllx; = Jws 1y (9) = llgllces, 4

for g € Cesy (I).
Theorem 3.3. let 1 <p<oo, f=a+1> %, X =W, (I). Then

= {g € Llloc([(), 00)) : JVOVI}(I)(Q) < oo} = Gesy (1)

and lgllxt, = T, (0) % Nolles, o) for 9 € Besyo(1).

(8)
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4. H'(R") and BMO(R") spaces
Let X C L'(R™) be the Hardy space with the norm
||UHH1(R") = ||MUHL1(R")7

where Mu maximal function of u. Also, let BMO be the space of all function with
bounded mean oscillation with the norm

1
Ifllsmo = sup —/|f—fz|.
ICR™ |I| I

Definition. a € M(R™) is an atom if there is a cube @ C R" such that suppa C Q,
|Qlllalloc <1, [z, a=0. Then by Ch. Fefferman’s theorem
(i) For any f € BMO(R™) 3! T € (H*(R™))* such that

T(a) = /Rn af V atoms a. (9)

Moreover,
HTH(Hl(]R"))* 5 HfHBMO

(i) For any T € (H'(R™))* 3f € BMO(R™) such that (9) holds for all atoms and
IfllBrmo S ”T”(Hl(R”))*-

(iiii) There exist g € H'(R") and f € BMO(R") such that

[ tarl=ca.
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Relations for associative norms of H*(R") and BMO(R™) we take from the recent
paper

Theorem 4.1. 1. (H'(R™)), = L>°(R").

2. (H'(R"), = (L (R"), || - [l2ar0)-

3. ((H ( "))w)s = {0}.

4. ((H'(R™))y)w = H'(R™).

5. (BMO(R™)); = {0},

6. (BMO(R™)),,)., = BMO(R™),

7. (BMO(R™))y)s = L= (R™).

Theorem 4.2. (BMO(R")),, C H'(R") strictly and [|ul g1 (&) S [lullBrro@n))y, -

(B
Moreover, (BMO(R™)),, = {u € H'(R") : [;, [uf| <oco V fé€ BMO(R™)}.

tProkhorov, D. V. On the associated spaces of the Hardy space. Dalnevost. Mat.

Zh. 24 (2024), no. 1, 96-106.
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5. Boundedness criterion for the Hilbert transform from
a weighted Sobolev space to a weighted Lebesgue space

An important problem in harmonic analysis is characterization of weighted norm
inequalities for the Hilbert operator.

Hf(z) = p.v. /Ooo%dt, x> 0.

The first work in this direction was an article K.I.Babenko (1948), where it was shown
the inequality

(/00|Hf(x)\pwgdx>; §C(/Oo|f(x)|pmada:>p,1 <p<oo,—l<a<p-—1
0 0

Further, this problem has been considered since the seventies of the last century, in
[HMW] R. Hunt, B. Muckenhoupt, R. Wheeden, Weighted norm inequalities for the
conjugate function and Hilbert transform, Trans. Amer. Math. Soc., 176 (1973), 227-251.

was found that the Hilbert transform is bounded in weighted Lebesgue spaces L%,

1 < p < oo, if and only if the weight w belongs to the Muckenhoupt class A,.

M.T. Lacey, E.T. Sawyer, Shen, Chun-Yen, I. Uriarte-Tuero, Two-weight inequality for
the Hilbert transform: a real variable characterization, |. Duke Math. J. 163 (2014),
no. 15, 2795-2820.

M.T. Lacey, E.T. Sawyer, Shen, Chun-Yen, |. Uriarte-Tuero, —||—, Il. Duke Math.
J. 163 (2014), no. 15, 2821-2840. The case p = ¢ = 2.
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In this part we study operation of the Hilbert transform from weighted Sobolev space
of the first order to weighted Lebesgue space on the semi—axis. Basing on the results
of the first part we obtain an analog of Babenko's inequality.

Theorem 5.1. Let 1 <p<g<oo, 8> 1/p',v<1/¢,

Wis(D) = {f € AC) : Iflws , = Ifllcr,

1

£ lzp, < oo}

Then

IH o, S llwe s (10)

x p,B
iff T
+ -4+ - —B=0. 11

vt ot 8 (11)
Proof. (10) is equivalent to

HHf”LZW S Hf/HLZB’ (12)

Put f-(s) := f(7s),7 > 0,5 > 0. Then
/ LB
Hf‘r”LZB =7 "|f HLZB,

1
”HfT”LZW =0 ¢ WHHfHLZW'
Thus,

1

_1_ -B
T 4 AYHHf”LfﬁY ST Hf,HLP
L 2B

and (11) follows.
Sufficiency follows by applying Theorem 3.3. 15/26



Now we study a more general situation. In particular, we find sufficient conditions of

the boundedness of H : 13[(}101(]) — LE,(I) for 1 < p,q < oo and some classes of

weights vo, v1,w € MT ().
We assume that weight functions vo and v; are such that

1£llp.0 S N llpwr, f € Wy (D). (13)

The requirement (13) is satisfied if and only if

1
7

1
t 5 & ! €9 ’
Ay := sup (/ vg) (min{/ vfp,/ vfp})p < 0.
s 0 t

(s,t)CI
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In such a case

i.e. the norm in the two—weighted Sobolev space W, (I) is equivalent to the norm

|P1'U1 )

HfHWZ}(I) ~ Hf/

(14)

I f'|p,oy of "one—weighted Sobolev space". In the general case, obviously, the first
space is strictly less than the second one.

Lemma 5.2. Let 1 < p < oo and weights vy and v be such that

Then

where

and

t % oo 0 ﬁ
A :zsup(/ vS) (/ vl_p) < 0.
tel \Jo ¢

Hi(z) = / " k(x,5)f'(s)ds = Lf'(z), f € Wi (D),

5 g log =, 0<s<uz,
/c(x,s):/ e log J%-, = <s< 2z,
0 log %=, s> 2z,

x x 2z x
Lg(z) = / log . Sg(s)ds + / log - ﬂrg(s)ds

+ [ og —_g(s)ds = Lig(e) + Lag(o) ~ Lago).

(15)

(16)

(17)
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Hence, based on (14), (16), (17) and due to density ﬁﬁ;([) C V%/;(I), we have

H Lf
sy 1y rgn = 522 |||| f||J:V|1q oS s |1| 7 o
’ oxrewyn e D ozpewpay 1P

and
3

o - 0o < 7
||H||W£(I)—>L?U(I) HHHWQ(IHLZJ(I) ~ ; I HLgl (D—=LE 1)

where H is extended on W, (I) by continuity.

The three theorems below give auxiliary two-sided estimates for the norms
||Lz‘||L?;’,1(1)—>L$,,(1)» 1 =1,2,3, those are of independent interest as well.

(18)
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The inequality || L1glq,w < ||gllp,o; is characterized under the condition vy € 9T,

[AP] A.M. Abylayeva, L.-E.Persson, Hardy type inequalities and compactness of a class of
integral operators with logarithmic singularities, Math. Ineq. & Appl., 21:1 (2018), 201-215.

Lemma 5.3. Let 1 <p < o0, 0 < g< oo, 1/r = (1/q—1/p)y, vi € M'. Then the
inequality

(/O“’ e (/0“” log xxyg(y)dy)quf <cC (/Ooo(gvl)p>11’ R

holds if and only if
(i) A< oo for1l < p<q< oo, where

a7 ([ 2] )

and C' = ‘|L1HL21(I)~>L§U(I) ~A;
(if) B< oo for0 < q<p< oo andp > 1, where

(U ([55) )

and C' = ‘|L1HL€1(I)~>L$U(I) ~ B.
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The following Theorem gives estimates for L.

Lemma 5.4. Let 1 <p < oo, 1 <g<oo, 1/r=(1/q—1/p)+, vi € M, and also
there exists v > 0 such that z~Vv1(z) € M. Then the inequality

(/OOO we) (/:I gy - xg(y)dy)qu); <C (/Ooo(gvl)p)é . gemt,

is valid if and only if
1

</Ooo %(f) (/:(236 —y)g(y)dy>qclac>le <D (/Ooo(gvl)”); , gemt, (21)

and A < oo, where

t % @ A\ P
sup  sup / w? / u? : p<q,
keZ tG[ak,ak+1] ak t

A= - 1 (22)
okt - o a2\ v
Z/ w?(x) (/ wq> </ u” ) dz | , q<p,
kez’ a¥ ak @
ac (1,v2), w(z) = sz s u(y) :== vl(y) Moreover,

C= ||L2HL?31(I)~>LZ,(I) ~D+A.
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Now we estimate the norm of the operator Ls.

Lemma 5.5. The inequality

</ooo wi(=) (/;0 log (=) Z((?)dS)qdw); <c (/Om hp>]1) . hem,

is equivalent to

([ ([ om0 a) wr) <o ()
(/Ooowq(x) (/B:Obg(%) %ds)qu);gDQ (/Ooohp)’l’7 (24)

besides, C' = ||L3HLT’1(1)—>L;1U(1) ~ D1 + D>.

v

=

and

Remark 5.6. (a) Let a(z) = 3z, k(y,z) = log (y/x) . Then
k(y, ) ~ k(y, 2) + k(a(2),2), 0<az<z<a '(y) <oo.
This means that the kernel k(y,z) = log (y/x) belongs to the Oinarov class O, and

A0+A1a pSQ7
DQ%
Bo+ B1, q¢<p,
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where
1
v

o= ([ (3) o) (7).
() ([ @wrom)
By = (/Ow log? (7> wq(x)dat> ' </:O U;P'> @ o (t)dt |
’ (/: log”’ (%) ¥ (y)dy> ’ wq(t)dt>

(b) The inequalities (21) (constant D) and (23) (constant D1) are characterized in

3=

ISHESS

&

i
VS
7 N\
:\N
S

=]
N——
k]

[SU] V.D. Stepanov, E.P. Ushakova, Kernel operators with variable intervals of integration in
Lebesgue spaces and applications, Math. Inequal.& Appl., 13:3 (2010), 449-510.

We will formulate estimates from [SU] (Theorem 3.2 and Theorem 3.1) in the case
when p < q. The case q < p is also characterized, but in a discrete form, so we omit

the details.
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By applying Theorem 3.2 [SU] for the best constant D in (21), we find

D=~ Ao+ A1, p<g,

1
t q 2s , p
Ap :=sup sup (/ (z - s)q:quwq(a:)dx) / v P ,
tel 3tcs<t \Js 3
t % 2s P 0 "
A1 :==sup sup (/ x_qwq(a:)dm> / (2s —y)" v ? (y)dy .
tel Stes<t \Js 3t

Similarly, by applying Theorem 3.1 [SU] for the smallest constant D1 in (23), we
obtain

where

DIWAS‘FAL pSQ7

1
t q 3s ,
Ap :=sup sup (/ (t — a:)q:c_qwq(x)da:> (/ vl_p) ,
tel s<t<ds s 2t

t & 3s
Al :==sup sup (/ quwq(:v)dx) ’ (/ (y — 2t)P v P (y)dy)
tel s<t<3s \Js 2t

where

e

e
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The estimate

3
° = e < ]
||H||W1}(I)—>L?u(1) HHHW,}(I)—»L?U(I) ~ Z; Lillzg, )28,y

and the above Theorems imply the main result of this Section.

Theorem 5.7. Let 1 < p,q < co. Suppose that A1 < oo (see (15)), v1 € M (I) and
there exists v > 0 such that ™ Vv (z) € 9. Then

| Hl <D+A+D+ D+ Dy,

Wi(I)—L (1) ™~

where D = A (see (19)) if p < q and D = B (see (20)) if ¢ < p, and constants
A, D, D1, D> are determined in (22), (21), (23), (24), respectively. Explicit values of
the constants D, D1, Dy are given in Remark 3.6.
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