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±1¬ + ¬ _�68143�6 ) ¬ 1h°�ªR1hgU6 + ®�®º^�1<;=_�3�146 +�+ 14m81�m;®�ªRc454683�_�1-°�¬®^�3�1<;=_�3�¬ + ;=_�°�¬
°d°46a;=1-°4146 ^�3�1<;=_�3�¬ + ;=_�°41 �\685468m!¬ ;=: )�) ®�3�:46 )�d e	; ¯�°�¬$­ 3�¬�_�1 ) % : + ¯ (
b ®�7 l � � © � ]2:�¯�:'4 ¯�® + n+* ®R;8; ªR6 ­ 1-°�¬ +�d :<; ªR1-°-®�]-9À^�3�®�¯�14_�143 d e °46 (
;=1-°4146®^�3�1<;=_�3�¬ + ;=_�°41 �\685468m!¬º; ^�683�6 ) 6 +�+�d@) ^�1-¯�¬�±1¬�_�6!ªR6 ) ;=: )�) ®�3�:46 (
) 1<;=_�® ­ 14^�:<;!¯�¬�68_W°�ªR1hgU6 + ®�6 °�^�3�1<;=_�3�¬ + ;=_�°41®;=: )�) ®�3�:46 )�d e % : + ¯ b ®�7
l � � V � �o¬�m81 ) 6 ­ ( ]¤¬4;=: ) 1-°�¬<n �

� ����&%
��	�0��1%�'�>)"�����0��(@? j43�¬4;8; ) 14_�3�6 + ;=^�6;¯�_�3014^�683�¬�_�143�¬�& + 683�m;®�® ` 6 (
_ d 3�6=e�&!ªR6;¯�_�3�1 +�+ 147 ;!®R;=_�6 )�d °Ã3�¬ ) ¯�¬�e ) 11­ 6!ª�®/-�¬�545�¬�3-­�¬|®Ñ14^�®R;;¬ + ¬
;=_�3�:�¯�_�:�3�¬2;=:'9�6a;=_�°46 +�+ 14m819®¤­�®R;!¯�3�68_ + 14m81\;=^�6;¯�_�3�1-°2;!®R;=_�6 )�d ­�ª�] ¯�°-® +�(
_�68_ +�d eG®P;!® + m0ªR68_�1 +�+�d e�;=1<;=_�1h] + ®�7 l c � � � R�¬�4�^�:1ª�¬�_�1-°�n �
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5��hv��a�hu/|=va��u/�h�t}h}hu/�tu��/�t~hs=u/|h}hu/�tuÏ�h|hu/qts=|�pr}hqts=�=p
V
�hu/{r��p&��pr�"wy�t�tu�qtxa���/}hu/z2�hur�

|=va��~8u/�/u/z@�*��xh}hxh�h�tz<�h���t|h}@��ur��qt�t}@x@�\pr|h~76�u=����u/|=�W|�pr�t|�pr{/u/s/p&��x����ts=u,��pr|98axa�
���*��xh�,pr�hxhx�: �<;Ê�4�,pr~a���"��pr�"wyxhzhq�v'���hu/qts=|hu/�t}hxhx�}�p,��p&���/}hu/�tu2u/{>=<�t~hs/p���~aprs=�t�tur�
|hxhx�pr|98ax����*��u/�/�,8��a�hu/|=va��u/�h�t}h}h�,8��h|hu/qts=|�pr}hqts=�h���h�t|h�t��~8u/s=u/|h�-zU��u,��}huW��pr~a�
s=u/|hxh�tu/�=prs=�A�*��xh}hqts=�/�t}h}h���Uu/{/|�pr�tu=�'�/q�vh~hxhz@�hur��u,��xhs=�*���/}h�-z���xh}h�tzh}h�-z@u/�h�t|�p&�
s=u/|

V → U
�<�����

U
pr|98ax����*��u/�/uW�a�hu/|=va��u/�h�t}h}hu/���h|hu/qts=|�pr}hqts=�/uh¥����hu/q*���*��qts=�/xhx

���ts=u,� �hu/qts=|hu/�t}hxav>pr|98ax����*��xh�,pr�hxhx>{/�Y��|�prqt�yxh|h�t}?:  @;�}�p�q*�h�a��prz �h|hu/xh�t�/ur���r�
}hu/�tu'�a�hu/|=va��u/�h�t}h}hu/�tu �h|hu/qts=|�pr}hqts=�=p

V
��}h�fu/{,vh�,prs=�*���/}hu0x����t�"wy�t�tu0qtxa���/}a�a�

�*��xh}hxh�a�=¥���|hxBAts=u=�Y�4�@u/s&��xh�hxh�Au/s�~8u/}hqts=|a�a~h�hxhx���ur��qt�t}�p1CD6�u=����u/|=��pa���h|h�*�h�
��pr�*pr�,�Rp&v�~8u/}hqts=|a�a~h�hxavUpr|98ax����*��xh�,pr�hxhxUs=|h�t{r�=�ts���u/{/wy�,�>q*�h�a��pr�${/ur���t��u,��}hu/z
xhs=�t|�pr�hxhx���p&�A�Ï�Wq*�h�a��pr�Ï�/�t~hs=u/|h}h�,8�|h�t�y�ts=u/~ � q,�Y¥��h|hx����t|'o�pr~ap&v��������h|hxh�/�*�
���t}h}h�-z2��: E@; §¦¥F5Apr}h}h�-z\���ts=u,�2~8u/qt�/�t}h}h����u/{/|�pr�tu=� qt�rvh�,pr}\qyxh�t�/�tqts=}hu/z'88pr|�pr~a�
s=�t|hxh�,pr�hxh�tz@���t~8q*���t|�p7: GH;�pr|98ax����*��u/�/u/qts=xÏ��pr~hs=u/|a�Ê|h�t�y�ts=u/~@�h�t|h�t�-|�pr�/}hu=���t|h}a�a�
�,p/��~h}a�as=u/qts=�y�hu/|=va��~8u/�/u/�tu�xa���,p&��pa�a�huy~8u/s=u/|hu=�����/�t~hs=u/|h}�p&v@|h�t�y�ts=~apy��pr~hs=u/|hxa�
�*�=�ts=q�v<¥

IKJMLKNPORQTS�OVUHJXWYQ[ZP\ �a�hu/|=va��u/�h�t}h}hu/���/�t~hs=u/|h}hu/�Ï�h|hu/qts=|�pr}hqts=�/uh���/�t~hs=u/|h}�p&vU|h�*�
�y�ts=~apa��pr|98ax����*��xh�,pr�hxav<¥

X T�� ��F�
yF+�"H�F

X T±X T ©f­�¬ +�+ 147Ã3�¬�5414_�6>3�¬4;8; ) ¬�_�3�®�°�¬�@�_4;&] ®R;!¯�ª�@ ` ®�_�6!ªRc + 1 °46;¯�_�143 (
+�d 6@^�3�1<;=_�3�¬ + ;=_�°�¬ + ¬$­�^�1�ªR6 ) °46<9�6a;=_�°46 +�+�d e ` ®R;=6!ª � �211­ )�+ 1hgU6a;=_�°41 W°46;¯�_�143 + 14m81U^�3�1<;=_�3�¬ + ;=_�°�¬

V
+ ¬�± d °�¬�68_4;&] & ��('�'�:4 9�¯�14mN­�¬

W +W ⊆W,

rW ⊆W (∀ r > 0).

gA; ª�® ¯�ª�® +
K

:;­ 1-°�ªR68_�°4143<]�68_

K ∩ (−K) = {0},
_�1'1 +>+ ¬�± d °�¬�68_4;&] &%� �'#8���:4 � V�1-°4143<]�_h9 ` _�1 K �'������DE= �[]1^
(') 9R6a; ª�®

K −K = V. (1)
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��¬$­�¬ +�+�d 7 ¯�1 + :<;
V+
°
V

14^�3�6 ­ 6!ª�]�68_ #%�'���	2�=�� 7	���'�'��� ����&%

�����'�����������
��
��	������
����

(V, V+)
®�ª�® ¯�3�¬�_�¯�1 [�© � � �23�® &8_�1 ) ^�143<]�­ 1-¯

6
°
V
±1¬$­�¬ (

68_4;&]-j
x 6 y, y − x ∈ V+.

[�© �
(V, V+)

_	¬�¯�gU6 14541-± + ¬ ` ¬�68_4;&] (V,6)
®�ª�®º^�3�1<;=_�1

V
9$6a; ª�®º^�143<] (

­ 1-¯
6

+ 6G° d ± d °�¬�68_ ­�°4:<; )�d ; ªR6 +�+ 1<;=_�687 � � ªR6 ) 6 + _
e ∈ V

+ ¬�± d °�¬�68_4;&]
�'���	2�=�&%����� ) �0=�('�'('����) °�; ªR: ` ¬�649 ¯�14mN­�¬r­�ª�] °<;&]�¯�14m81 x ∈ V

+ ¬�7�­ 68_4;&]
n ∈ N

_	¬�¯�14649 ` _�1 x 6 ne
� gA; ª�®

V
145�ª�¬$­�¬�68_À^�143<]�­�¯�1-°4147�6 ­�® + ® b 687-9 _�1

¯�1 + :<;
V+

^�143�1hg ­�¬�@A9 ®�7 �
��ª�] °<;&]�¯�®�eD°46;¯�_�143�1-°

x
9
y
°
(V,6)

)�+ 1hgU6a;=_�°41 l °41-± ) 1hg + 1R9�^�:<;=_�14649
6a; ª�®

x 66 y
n

[x, y] := {z : x 6 z 6 y}
+ ¬�± d °�¬�68_4;&] �'���	2�=�&%�����-4 ('�'
����/���0���:4 � ©$6;¯�_�143 + 146U^�11­ ^�3�1<;=_�3�¬ + ;=_�°41

I°
V
+ ¬�± d °�¬�68_4;&] �'���	2�=�&%�����-4 (�= � �0���:4 946a; ª�®

[a, b] ⊆ I
­�ª�] °<;=6=e

a, b ∈ I
�

gA; ª�®
I
^�143<]�­�¯�1-° d 7r®�­ 61¬	ªt°

V
9�_�1 % ¬�¯�_�143 ( ^�3�1<;=_�3�¬ + ;=_�°41

V/I
:�^�143<] (

­ 1 ` 6 +�+ 1'^�1'^�3�¬�°-®�ªR:

[0] 6 [f ],
¯�14mN­�¬ ∃ q ∈ I

;
0 6 f + q.

X T��YT �2:<;=_�c
xn ∈ V

®
u ∈ V+

� V�1-°4143<]�_h9 ` _�1 ^�1<; ªR6 ­ 1-°�¬�_�6!ªRc + 1<;=_�c

(xn)n u
� �	�����'�:46�����'�
�:�'��=�('
�� 2 ¯

x ∈ V
l 14541-± + ¬ ` ¬�68_4;&] xn (u)→ x

n/9�6a; ª�®

xn − x ∈ [−εnu, εnu]
­�ª�] + 6;¯�14_�143�147Ã^�1<; ªR6 ­ 1-°�¬�_�6!ªRc + 1<;=_�®

εn
°46<9�6a;=_�°46 +�+�d e ` ®R;=6!ª�9A_	¬�¯�147-9

` _�1 εn ↓ 0
� �211­ )�+ 1hgU6a;=_�°41

A ⊆ V
+ ¬�± d °�¬�68_4;&] �	�����'�:46�����'�"?��04 &%�'#��



�-4 °
V
9	¯�14mN­�¬@1 + 1W;=11­ 683<g ®�_�°<;=6$^�3�6 ­ 6!ª d

u
( 3�¬�° + 1 ) 683 + 1W;&e<11­R]59 ®�e�;&]

^�1<; ªR6 ­ 1-°�¬�_�6!ªRc + 1<;=_�687D°
A
­�ª�] °<;=6;°41-± ) 1hg +�d e

u ∈ V+
�

��� �������������"!"������]21 + :<;
K
° °46;¯�_�143 + 1 ) ^�3�1<;=_�3�¬ + ;=_�°46

V
+ ¬�± d °�¬ (

68_4;&] � �'�'(;46�0=������-4 9�6a; ª�®

(∀x, y ∈ V )
[
[(∀n ∈ N) x− ny ∈ K] ⇒ [y ∈ −K]

]
. (2)

T ` 6;°-®�­ + 1R9 ` _�1À:<; ªR1-°-®�6 (2) °'14^�3�6 ­ 6!ªR6 + ®�® «f) 1hg + 1 ±1¬ ) 6 + ®�_�c + ¬

(∀x ∈ V+, y ∈ V )
[
[(∀n ∈ N) x− ny ∈ K] ⇒ [y ∈ −K]

]
,

¬ _	¬�¯�gU6�_�1R9 ` _�1G°<;&]�¯�146�^�11­ ^�3�1<;=_�3�¬ + ;=_�°41G¬�3<e�® ) 6 ­ 1-°�¬ [�© � ]�°�ª�]�68_4;&]
¬�3<e�® ) 6 ­ 1-° d@)�� c ªR6 ­ :468_P14_ ) 68_�®�_�cR9 ` _�1R9"6a; ª�® V + ¬$­ 6!ªR6 + 1o¯�¬�¯�147 ( ª�®�541



� ��� � � �������������
�
	��
� ����� �
��� ������� � ����� � � ������� ��� 	�� ��� ��	���� « �
°46;¯�_�143 + 147�_�14^�1�ªR14m;®�687

τ
9�° ¯�14_�143�147 ¯�1 + :<;

K ⊆ V
±1¬ ) ¯ + :�_h9�_�1

K
i ¬�3 (

e�® ) 6 ­ 1-°41 l ;=3 ��� ��9	ªR6 )�) ¬ ©�� 
��Ën � gA; ª�®'gU6
τ
e�¬h:<;P­ 143 % 1-°�¬�91¬ ¯�1 + :<;

K ⊆ V® ) 6868_
τ
( ° + :�_�3�6 +�+ @A@	_�1 ` ¯�:49 _�1 K ¬�3<e�® ) 6 ­ 1-°41À_�14mN­�¬ ® _�1�ªRc-¯�10_�14mN­�¬�9

¯�14mN­�¬
K τ

( ±1¬ ) ¯ + :�_�1 l ;=3 ��� ��9	ªR6 )�) ¬ ©�� ���Ën � -�143�1�4�1 ®�±;°46a;=_ + 1\; ªR6 ­ :'@A9�686
;!°4147R;=_�°41 �

	>Q�F�
���O
� F+�"H�F X T � ��

��� ��� � 
���������� ���
	 	
V+

�! #" �
V
����

�
��� 	 �

����� � � ��� ���$� �%� �'& �(� �)� ��
��$� �*� �'& �(�
+,� �'& �(�

inf
n>1

1

n
y = 0 (∀ y ∈ V+).

X T.--T j2; + 1R9 ` _�1 ) 1hg + 1�14^�3�6 ­ 6!ª�]�_�cr¬�3<e�® ) 6 ­ 1-°41<;=_�cD¯�1 + :<;;¬
V+

9Y^�1 (
_�3�68541-°�¬�°R9 ` _�145 d :<; ªR1-°-®�]

x ∈ V+
9
y ∈ V

®
0 6 x+ ny

­�ª�]r°<;=6=e
n ∈ N°�ªR6;¯�ª�®

0 6 y
� �A_�1 + ¬�5�ª�@L­ 6 + ®�6 ) 14_�®�°-®�3�:468_ ; ªR6 ­ :'@A9�686f14^�3�6 ­ 6!ªR6 + ®�649

+ ¬�°46=] +�+ 146 °-°46 ­ 6 +�+�d@) �21�ª ;=6 + 1 ) ®�R-1 )�% 143-­ 1 ) ^�1 + ]�_�®�6 ) � �'�'(;46�0=����
��� ) �'���	2�=�&%����� ) �0=�('�'('�'� � « 9�14^�3�6 ­ 6!ªR6 + ®�6 ©�� 
 � �

��� �������������"!"�0/ ��� ªR6 ) 6 + _
x ∈ V+

[�© �
(V, V+)

+ ¬�±81-°46 ) � �'�'(;46� �
=������-4 9�6a; ª�® ­�ª�] °<;&]�¯�14m81

y ∈ V
_	¬�¯�14m81R9 ` _�1 x + ny ∈ V+

^�3�® °<;=6=e
n ∈ N

9�° d ^�1�ª + ]�68_4;&]
y ∈ V+

�
T�_ ) 68_�® ) 9 ` _�1 x = 0

°<;=68mN­�¬ ]�°�ª�]�68_4;&]d¬�3<e�® ) 6 ­ 1-° d@)�� j2; + 1R9 ` _�1
¯�1 + :<;

V+
¬�3<e�® ) 6 ­ 1-° _�14mN­�¬|®iª�®54�c�_�14mN­�¬�9L¯�14mN­�¬|°<;=6 68m81 &!ªR6 ) 6 + _ d

¬�3<e�® ) 6 ­ 1-° d\� �$1�ªR686\_�14m81R9R6a; ª�®
0 6 z 6 x

®
x
¬�3<e�® ) 6 ­ 1-°R9�_�1 ®

z
_�1hgU6

¬�3<e�® ) 6 ­ 1-° � © ` ¬4;=_ + 1<;=_�®-946a; ª�® [�© � V
® ) 6868_�¬�3<e�® ) 6 ­ 1-°4:f^�143<]�­�¯�1-°4:'@

6 ­�® + ® b :49�_�1 °<;=6 &!ªR6 ) 6 + _ d ¯�1 + :<;;¬
V+

54:;­ :�_ ¬�3<e�® ) 6 ­ 1-° d@) ® �
��� �������������"!"�21 ��]21 + :<;

K
° °46;¯�_�143 + 1 ) ^�3�1<;=_�3�¬ + ;=_�°46

V
+ ¬�± d °�¬ (

68_4;&] �'� 7@

( � �'�'(;46�0=������-4 9�6a; ª�®

(∀x, y ∈ V )
[
[(∀n ∈ Z) x− ny ∈ K] ⇒ [y = 0]

]
.

©º^�3�1-®�±;°41�ªRc + 1 ) [�© �
(V, V+)

14541-± + ¬ ` ® ) ` 683�6;±

NV :=
{
x ∈ V | (∃y ∈ V ) (∀n ∈ N) [−y 6 nx 6 y]

}
(3)

)�+ 1hgU6a;=_�°41�°<;=6=e C��0��&%� ����7@�'��46�0��� �*3:����46���'

���
V
� ]21 + :<;

V+
^�1 ` _�® ¬�3 (

e�® ) 6 ­ 1-°�_�14mN­�¬ ® _�1�ªRc-¯�1�_�14mN­�¬�9�¯�14mN­�¬
NV = {0} � j2; + 1R9 ` _�1 °<;&]�¯�1469¬�3 (e�® ) 6 ­ 1-°41 [�© �Ñ]�°�ª�]�68_4;&]'^�1 ` _�® ¬�3<e�® ) 6 ­ 1-° d@)�� T�543�¬�_ + 146 + 6;°4683 + 1\:<gU6

°N; ªR: ` ¬�649 ¯�14mN­�¬ dim(V ) = 2
� c ªR6 ­ :'@A9 ®�6 ­�°�¬ :�_�°4683<g ­ 6 + ®�]®e<143�1�4�1

®�±;°46a;=_ +�d\�
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	>Q�F�
���O
� F+�"H�F �YT�� ���
	 	
K

��� ����� � � �
� � � ��� 	�� ��� ��	���� �
V
�
�
�,���

����� � � ��� ��� � �'& �(� � � ��
��$� � � �'& �(�
+$� �'& �(� ��� �
��	 ��� � ��� ����� ��� �#��� 
��������
� � � �'& � +  #" �

V
�
�
�,��� ����� � � ��� ��� � � �'& �(� �)� ��
��$� �*� �'& �(�
+,� �'& �(�

⋂

n>1

[
− 1

n
x,

1

n
x

]
= {0} (x ∈ V+).

	>Q�F�
���O
� F+�"H�F --T�" 	 ������� �
����� ���
	 	 �
�
�,���!����� � � ��� ��� �'& � � ���
	 	 �
����

�
��� 	 � �
�
�,��� ����� � � ��� ���$� ��

cA_�1-®�_\14_ ) 68_�®�_�cR9 ` _�1¤®�±Ï14^�3�6 ­ 6!ªR6 + ®�7 « ® © ;=3�¬�±8: ° d _�6;¯�¬�68_h9 ` _�1f^�6 (

3�6a;=6 ` 6 + ®�6 + 68^�:<;=_�14m81À;=6 ) 687R;=_�°�¬ ¬�3<e�® ) 6 ­ 1-° d e l ;=1414_�°468_4;=_�°46 +�+ 1R9�^�1 ` _�®
¬�3<e�® ) 6 ­ 1-° d eRn ¯�1 + :<;=1-°®54:;­ 68_h¬�3<e�® ) 6 ­ 1-° d@) l ;=1414_�°468_4;=_�°46 +�+ 1R9�^�1 ` _�®
¬�3<e�® ) 6 ­ 1-° d@) n«¯�1 + :<;=1 )��

X T ��T�gA; ª�®
A
i ^�143<]�­�¯�1-° d 7D®�­ 61¬	ª ° [�© �

(V, V+)
_	¬�¯�147-9 ` _�1 [�© �

(V/A, V+ + A)
^�1 ` _�®�¬�3<e�® ) 6 ­ 1-°41R9W_�1 A

3�¬�° + 1 ) 683 + 1d±1¬ ) ¯ + :�_ l ;=3 �
` ¬4;=_�c l £<nW:�_�°4683<g ­ 6 + ®�] ©�+ ®�gU6hn � ]214mN­�¬ gU6

A = {0} 9-14543�¬�_ + 146'_�1hgU6°4683 + 1f;=14m0ª�¬4; + 1 l�� n ®�±@:�_�°4683<g ­ 6 + ®�] ©�� R�¬�¯�® ) 14543�¬�±81 ) 9
V
i ^�1 ` _�®D¬�3 (

e�® ) 6 ­ 1-°414°@_�1 ) ®f_�1�ªRc-¯�1@_�1 ) ; ªR: ` ¬�6491¯�14mN­�¬Ï;!® + m0ªR68_�1 + {0} 3�¬�° + 1 ) 683 + 1±1¬ ) ¯ + :�_ � ©$14145�9�6$gU64°414^�3�1<;�145�¬�3<e�® ) 6 ­ 1-°41<;=_�®
V/A

°f^�3�6 ­ ^�1�ªR1hgU6 + ®�®
3�¬�° + 1 ) 683 + 147 ±1¬ ) ¯ + :�_�1<;=_�®|®�­ 61¬	ª�¬

A
°46a;=c ) ¬ + 68_�3�®�°-®�¬	ªR6 +Ñl 1 + ® ) 6868_

:�_�°4683-­�®�_�6!ªRc +�d 7'14_�°468_h9�5�ª�¬�m811­�¬�3<]�_�68143�6 ) 64©$6;¯�; ªR683�¬ � ���¦9�¯�14mN­�¬
(V, V+)]�°�ª�]�68_4;&] °46;¯�_�143 + 147'3�6<4�68_�¯�147 n � X¤¬�^�1 )�+ ® ) 9 ` _�1�[�© � V

i ����&%

�������02
�/������

&8� 9h6a; ª�® °<;&]�¯�146 + 68^�:<;=_�146L¯�1 + 6 ` + 146$^�11­ )�+ 1hgU6a;=_�°419° V ® ) 6868_\;=: (^�3�6 ) : )�� -�143�1�4�1D®�±;°46a;=_ + 1R9 ` _�1G°<;&]�¯�¬�]P^�1 ` _�®t¬�3<e�® ) 6 ­ 1-°�¬ °46;¯�_�143 + ¬�]
3�6<4�68_�¯�¬�]�°�ª�]�68_4;&] ¬�3<e�® ) 6 ­ 1-°4147 �

��� �������������"!"�
	 � �2:<;=_�c
V = (V, V+)

i [�© � � ` ¬4;8; ) 14_�3�® ) ¯�¬ (
_�68m8143�®5@

CArch(V )
9f145
�-6;¯�_	¬ ) ®S¯�14_�143�147D]�°�ª�]5@�_4;&]	^�¬�3 d 〈U, φ〉 9fmN­ 6

U = (U,U+)
i ¬�3<e�® ) 6 ­ 1-°41o[�© �'9 ¬

φ : V → U
i ^�1�ªR1hg ®�_�6!ªRc +�d 7

ª�® + 687 +�d 7 % : + ¯ b ®�1 + ¬	ª l _ � 6 � j
φ(V+) ⊆ U+)

® ) 143 % ®�± )�d 〈U1, φ1〉 →
〈U2, φ2〉

i ^�1�ªR1hg ®�_�6!ªRc +�d 6 ª�® + 687 +�d 6À14^�683�¬�_�143 d
q12 : U1 → U2

9�­�ª�]
¯�14_�143 d e

q12◦φ1 = φ2
� © _�1 ) ; ªR: ` ¬�649$¯�14mN­�¬

CArch(V )
® ) 6868_ + ¬ ` ¬	ªRc +�d 7

145
�-6;¯�_ 〈U0, φ0〉
9 + ¬�±81-°46 )

U0
� �'�'(;46�0=�(@?����'(���)

V
�

��¬ ) 68_�® ) 9 ` _�1 ° 14^�3�6 ­ 6!ªR6 + ®�]�e «�� ��®R;=^�1�ªRc-±81-°�¬ + ª�®54�c % ¬�¯�_h9
` _�1 V i &%�:4 4 #%
���

(������025#%�'���	2�=�� 7	���'���02 9 ��#%�'��� 9-6a; ª�® )�d ±1¬ ) 6 + ® )
:<; ªR1-°-®�6 l-« n °�14^�3�6 ­ 6!ªR6 + ®�®h¯�ª�® + ¬ + ¬

W ⊆ nW
­�ª�]h°<;=6=e

n ∈ N
9 ®

^�1�ªR1hg ®�_�6!ªRc +�d 6f14^�683�¬�_�143 d ° 14^�3�6 ­ 6!ªR6 + ®�®P� + ¬0m83�:�^�^�1-° d 6\m81 ) 1 ) 143 (
% ®�± )�d\�
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�YT�(0Q)$YH�G2F�
�H$1<C��"H$� .���	

�YT±X T�c ªR6 ­ :'@A9 ¬�]P_�68143�6 ) ¬']�°�ª�]�68_4;&]>m0ª�¬�° +�d@) 3�6;±8:1ªRc�_	¬�_�1 ) + ¬4;=_�1h] (
9�687>;=_	¬�_�c-® l ;=3 � 9�_	¬�¯�gU649 � © �Ën �

V�F�ORQ�F�G2CDX T " 	 ��� ���) #" � � � ����� ��������	���� � ���
	�� + 	 � �
���
� 	�� ��� � �
�
� ������� ��� �'& � ����� � � ������� � �
+������ � � ����������������


��1-¯�¬�±1¬�_�6!ªRc<;=_�°41�_�68143�6 )�d 54:;­ 68_ ­�¬ + 1 + ®�gU6 �
�YT��YT�cA^�683�°�¬@3�¬4;8; ) 14_�3�® ) 3<]�­'^�1 + ]�_�®�7�14_ + 1<;&]59 ®�e�;&]¤¯�3�¬4; 4 ®�3�6 +�+ 1 (

) : ) 68_�11­ :#�21�ª ;=6 + ¬ i R-1 )�% 143-­�¬ ¬�3<e�® ) 6!ª�®�±1¬ b ®�® [�© � � « � � ��ª�] [�© �
(V, V+)

9�14541-± + ¬ ` ® )

DV :=
{
x ∈ V | (∃ ξ ∈ V+) (∀ ε > 0) x+ εξ ∈ V+

}
,

®Ñ^�:<;=_�c
IV

i ^�683�6a;=6 ` 6 + ®�6t°<;=6=eº3�¬�° + 1 ) 683 + 1�±1¬ ) ¯ + :�_ d ei®�­ 61¬	ªR1-° °
(V, V+)

� X26 ) 6 ­�ªR6 +�+ 1 ^�3�1-°4683<]�68_4;&]-9 ` _�1 DV ∩ (−DV ) = NV
9ymN­ 6

NV±1¬$­�¬ + 1 % 143 ) :1ªR147 l 
<n/9
NV

i ^�143<]�­�¯�1-° d 7 ®�­ 61¬	ª °
(V, V+)

9
DV

i ¯�ª�® + 9
¬W_	¬�¯�gU649 ` _�1 V+ ⊆ DV

� ` ¬4;8; ) 14_�3�® ) ^�11­ )�+ 1hgU6a;=_�°�¬
V++NV = [V+]NV®

DV + NV = [DV ]NV

% ¬�¯�_�143 ( ^�3�1<;=_�3�¬ + ;=_�°�¬
V/NV

� �21<;!¯�1�ªRc-¯�:
V+

9
DV

®
NV

i ¯�ª�® + c�]-94_�1
V++NV

®
DV +NV

54:;­ :�_¤¯�ª�® + c�] ) ® °
V/NV

�
�23�®'&8_�1 ) 9�°'145�9�6 ) ; ªR: ` ¬�649 DV

+ 62]�°�ª�]�68_4;&]G¯�1 + :<;=1 )�� j2; + 1R9 ` _�1

(DV +NV ) ∩ −(DV +NV ) =

= (DV +NV ) ∩ (−DV +NV ) = DV ∩ (−DV ) = NV .

� + ¬ ` ®�_h9 DV + NV
i ¯�1 + :<; °

V/NV
®-9�; ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

V+ + NV ⊆
DV +NV

_�1hgU6 ¯�1 + :<; �
�YT.--T�c % 143 ) :1ª�®�3�:46 ) 3<]�­ &!ªR6 ) 6 + _	¬�3 +�d ef;!°4147R;=_�°9°W; ªR6 ­ :'@A9 ®�e ­�°4:<e

:�_�°4683<g ­ 6 + ®�]�e � T�_4; d ª�¬�6 ) ` ®�_	¬�_�6!ª�]q¯ 3�¬�5414_�6 � © ��±1¬ ®�e>^�3�1<;=_ d@) ®r­ 1 (
¯�¬�±1¬�_�6!ªRc<;=_�°�¬ ) ® �

.0E2��F<Q�� 
yF+�"H�F�X T � 	 	�� �
(V, V+) �

 #" � 
	� �'& �(�
l £<n

NV �
�
� ������� ���$��� ��� ��� 
 �) #" �

(V,DV );l�� n
NV ⊆ IV ;l Æan � 	�
��

V
� � ����� �
� ������� ����	�� �����������
	 + � �

NV/A = IV/A
��

� ��	 � �

� �'& � �
� ������� ��� �'& � ��� ��� 
 �
A ⊆ V ;l ¤Rn�� 	�
��

(V, V+) �
� ����� � � � ��� ����
 �������
+�� �

(V/NV , DV +NV )
� ��� �

� ����� � � � ��� ����
 ��������

.0E2��F<Q�� 
yF+�"H�F �YT � 	 	�� �

(V, V+) �
 #" � 
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l £<n �
	 	�� �
A ⊆ V �

�
� ������� ���$������� ��� 
�+ � �'& �(�
V/A

�
�
�,���)����� � � ���
� ��� � ⇒ A

��� ���
� � � � �
� �����#���
	����
l�� n

V
�
�
�,��� ����� � � ��� ��� � ⇔ NV = {0} ⇔ IV = {0} �l Æan�� 	�
��

(V, V+)
� � ����� �
� ������� ����	�� �����������
	 +�� �

(V/NV , DV +NV )����� � � ��� ��� ���
l ¤Rn � 	�
��

(V/NV , DV +NV )
����� � � ��� ��� � +,� �

(V/NV , V++NV )
�
�
�,���

����� � � ��� ��� �
(
� � ��	�� �
� 	�����+

(V/NV , V++NV ) �
	�� ��� �
�
�,��� ����� � � ��� ���$� � +

� �'& �(�
(V, V+)

� � 
 � �(� ��� �
� ������� ��� �'� �����������
���
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�YT ��T�c ªR6 ­ :'@A9 ®�7 ^�3�® ) 683 ^�1-¯�¬�± d °�¬�68_h9 ` _�1 ­�ª�]o¬�3<e�® ) 6 ­ 1-°41<;=_�® ¯�1 (
+ :<;;¬

DV + NV
°
V/NV

+ ¬	ª�® ` ®�6 ^�143<]�­�¯�1-°4147�6 ­�® + ® b�d °
(V, V+)

+ 6
145h]�±1¬�_�6!ªRc + 1 �

�À��!"?����������2:<;=_�c
V = P(R)

i ^�3�1<;=_�3�¬ + ;=_�°41 °<;=6=eD°46<9�6a;=_�°46 +�+�d e
)�+ 14m81 ` ªR6 + 1-° + ¬

R
9�:�^�143<]�­ 1 ` 6 +�+ 146�¯�1 + :<;=1 )

V+ :=
{
p ∈ V | (∀ t ∈ R) p(t) > 0

}
∪ {p |p(t) ≡ 0}.

©
(V, V+)

+ 68_À^�143<]�­�¯�1-° d e 6 ­�® + ® b 9
DV := {p ∈ V | (∀ t ∈ R)p(t) > 0} ®

NV = {0} � �2:<;=_�c x ≡ 1
9
y = −t2 9�_�14mN­�¬

x− ny ∈ V+ (∀n ∈ N),

+ 1
y 6∈ −V+

� � + ¬ ` ®�_h9 (V, V+) + 6\]�°�ª�]�68_4;&]o¬�3<e�® ) 6 ­ 1-° d@) ^�3�® _�1 ) 9 ` _�1
NV = {0} � © ) 6a;=_�6W;@_�6 ) [�© � (V/NV , DV +NV ) = (V,DV )

9<1 ` 6;°-®�­ + 1R9
¬�3<e�® ) 6 ­ 1-°41 �
T�_ ) 68_�® ) 9 ` _�1 6a; ª�® °-±=]�_�c

V = P [0, 1]
;À_�6 ) gU60^�143<]�­�¯�1 ) 9-_�1

V;=_	¬ + 68_ + 61¬�3<e�® ) 6 ­ 1-° d@) 9 + 1P^�1 ` _�®|¬�3<e�® ) 6 ­ 1-° d@) 9�[�© � ;'^�143<]�­�¯�1-°4147
6 ­�® + ® b 687r®>3�¬�° + 1 ) 683 + 1 ±1¬ ) ¯ + :�_ d@) ^�143<]�­�¯�1-° d@) ®�­ 61¬	ªR1 )

NV = {0} �]23�1 ) 6U_�14m81R9�e<143�1�4�1D®�±;°46a;=_ + 1R9 ` _�1 &8_�1 [�© � 145�ª�¬$­�¬�68_ = ��&%�:4 �'�0?�('�'( �
� �'�'�-4 �0��� )���
����:4�� (��0� � 9�e<14_a]D® + 62]�°�ª�]�68_4;&]G°46;¯�_�143 + 147�3�6<4�68_�¯�147 �

�YT��YT��2683�687�­ 6 ) ¯N3�¬4;8; ) 14_�3�6 + ®5@ ¯�ª�¬4;8;!® ` 6a;!¯�14m81�^�3�® ) 683�¬�9Y^�3�® + ¬$­ (
ªR6=g ¬�9�68m81 Z � X¤¬�¯�¬�] ) 6 l ;=3 � 9 � 
�9y; � �<
 ¬ �Ën/9 °W¯�14_�143�1 ) ¯�1 + :<;

DV + NV°
V/NV

+ 6W]�°�ª�]�68_4;&] ­�¬�gU62^�1 ` _�®r¬�3<e�® ) 6 ­ 1-° d@)��
�À��!"?����*/ �
�2:<;=_�c

V =
{
a =

(
a1k, a

2
k

)
k

∣∣ (a1k, a2k
)
∈
(
R2,6lex

) 9
a1k 6= 0­�ª�]q¯�1 + 6 ` + 14m81 ` ®R; ª�¬ k} � R-14mN­�¬ V i °46;¯�_�143 + ¬�] 3�6<4�68_�¯�¬0^�1 14_ + 1�4�6 (

+ ®5@U¯>^�14_�1 ` 6 ` +�d@) 14^�683�¬ b ®�] ) ®>^�143<]�­�¯�: � T�541-± + ¬ ` ® )

A =
{
a ∈ V

∣∣ a1k = 0
­�ª�]G°<;=6=e

k, a2k 6= 0
­�ª�]G¯�1 + 6 ` + 14m81 ` ®R; ª�¬ k}

®
B := {a ∈ V | a1k = 0

­�ª�] °<;=6=e
k}.
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� ����� �
��� ������� � ����� � � ������� ��� 	�� ��� ��	���� «B7
j2; + 1R9 ` _�1 A ⊆ B

9
A 6= B

®
A ⊆ NV

� �$1�ªR686�_�14m81R9
B = IV

®
A = NV

�
T�_ ) 68_�® ) 9 ` _�1

NV =
{
a ∈ V | (∀ k) a1k = 0

®
a2k 6= 0

­�ª�] ¯�1 + 6 ` + 14m81 ` ®R; ª�¬ k},
DV =

{
a ∈ V | (∀ k) a1k > 0

®
a2k < 0

­�ª�] ¯�1 + 6 ` + 14m81 ` ®R; ª�¬ k}.
X26a; ªR1hg + 1\^�1-¯�¬�±1¬�_�cR9 ` _�1 °46;¯�_�143 + ¬�]À3�6<4�68_�¯�¬ (V/NV , DV +NV )

+ 6@]�° (
ª�]�68_4;&] ¬�3<e�® ) 6 ­ 1-°4147D®-9�± + ¬ ` ®�_h9 + 6\54:;­ 68_U^�1 ` _�®r¬�3<e�® ) 6 ­ 1-°4147 �

�YT��-T © ;!°�]�±;® ;�^�3�® ) 683�1 ){« 9�°41-± + ®�¯�¬�68_b°414^�3�1<;�j °4683 + 1dª�®-9 ` _�1
(V,DV )

i ¬�3<e�® ) 6 ­ 1-°41R9R6a; ª�®q[�© �
(V, V+)

^�1 ` _�®W¬�3<e�® ) 6 ­ 1-°41 � ] ; ` ¬ (
;=_�c�@�9�14_�°468_ + ¬ &8_�14_ °414^�3�1<; i :�_�°4683-­�®�_�6!ªRc +�d 7 �

.0E2��F<Q�� 
yF+�"H�F*--T � 	 	�� �� #" �
(V, V+) �

�
�
�,���*����� � � ��� ��� �

 � �'& �(�
 #" �

(V,DV ) �
	�� ��� ����� � � ��� ���$� ��


C
��14^�:<;=_�® ) 9 ` _�1�¯�1 + :<; DV

+ 61¬�3<e�® ) 6 ­ 1-° � R-14mN­�¬ + ¬�7�­ :�_4;&]
x, y ∈ V

9
x ∈ DV

_	¬�¯�®�649 ` _�1

(∀ r > 0) rx+ y ∈ DV ,
+ 1

y 6∈ DV .

�21<;!¯�1�ªRc-¯�:
x ∈ DV

9�_�10;=:'9�6a;=_�°4:468_
v ∈ V+

(∀α > 0) x+ αv ∈ V+.

` ¬4;8; ) 14_�3�® ) ¯�1 + :<;
K =

¾,Î�£�Á
(x, v, y) ∩ V+.

T�541-± + ¬ ` ¬�] ` 683�6;± cl(C) i ±1¬ )�d ¯�¬ + ®�6r° 6;°-¯�ª�®�­ 1-°4147�_�14^�1�ªR14m;®�®�^�11­ (
)�+ 1hgU6a;=_�°�¬

C ⊆ ¾,Î�£�Á
(x, v, y)

° ¾,Î�£�Á
(x, v, y)

9 ® ) 686 ) 9 ` _�1 x ∈ Æ@¢
(K)

®
rx + y ∈ Æ@¢

(K)
­�ª�]�°<;=6=e

r > 0
®-9�; ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

y ∈ Æ@¢
(K) ⊆ DV

9
` _�1 + 6;°41-± ) 1hg + 1 � �21�ªR: ` 6 +�+ 146�^�3�14_�®�°4143�6 ` ®�6�^�1-¯�¬�± d °�¬�68_h9 ` _�1 DV

i
¬�3<e�® ) 6 ­ 1-°41 �

B
��¬�&!ªR6 ) 6 + _	¬�3 +�d@) ­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°41 ) ; ªR6 ­ :'@A9�68m81�;!°4147R;=_�°�¬214_4; d ª�¬ (

6 ) ` ®�_	¬�_�6!ª�] ¯ � © � �
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�
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�����

��� � �'& � + ��

� ��	 ��� �'& �  #" �
(V, V+)

+2 #" �
(V/NV , DV + NV )

������� � � ��� ��� � � �'& �(� � � ��
��$� � � �'& �(�
+�� �'& �(�  #" �
(V/NV , V+ +NV )

�
�
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�YT��YT�-�14_a] ^�683�°�¬�]0^�1�ªR1-°-® + ¬f; ªR6 ­�;=_�°-®�] « :<gU6 ­�¬�68_ ¬�3<e�® ) 6 ­�®�±1¬ b ®5@

^�3�1-®�±;°41�ªRc + 14m81 ^�1 ` _�®|¬�3<e�® ) 6 ­ 1-°�¬ ^�3�1<;=_�3�¬ + ;=_�°�¬ (V, V+)
l ­ 1<;=_	¬�_�1 ` + 1

ª�®54�c�±1¬ ) 6 + ®�_�c
V+

+ ¬f^�683�6a;=6 ` 6 + ®�69°<;=6=e ¬�3<e�® ) 6 ­ 1-° d e ¯�1 + :<;=1-°R94;=11­ 683 (
g ¬�9 ®�e

V+
n/9�_�68143�6 ) ¬ «f+ 6 + ¬	ª�¬�m!¬�68_ °414145�9�6 + ®�¯�¬�¯�®�eP14m83�¬ + ® ` 6 + ®�7 + ¬
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¯�1 + :<;
V+
®P^�1-¯�3 d °�¬�68_U_	¬�¯�gU6\_	¬�¯�®�6�[�© �'9�¯�¬�¯

V
®�±f^�3�® ) 683�¬ © 9�° ¯�1 (

_�143�1 )
V/N

°<;=626<9�6¤® ) 6868_'546a;!¯�1 + 6 ` + 1 ) ¬	ª d 6 &!ªR6 ) 6 + _ d\�
C � �����������-�����R�R����� �-�R������?�� ��� �2:<;=_�c

V = (V, V+)
i [�© � �

T�541-± + ¬ ` ® ) ` 683�6;± N0 = {0} 9

N1 = NV = {x ∈ V |[x]N0 = x
546a;!¯�1 + 6 ` + 1 ) ¬	ª ° V/N0 = V },

Nn+1 = {x ∈ V |[x]Nn

546a;!¯�1 + 6 ` + 1 ) ¬	ªr° V/Nn},
®-9�­�ª�]�^�3�1-®�±;°41�ªRc + 14m81�143-­�® + ¬	ª�¬

α > 0

Nα = Nα(V ) = {x ∈ V |[x]⋃
β<αNβ

546a;!¯�1 + 6 ` + 1 ) ¬	ªr° V/⋃
β<α Nβ

}.
X268^�1<;=3�6 ­�;=_�°46 +�+ 1 ®�±\14^�3�6 ­ 6!ªR6 + ®�]

Nα
° d _�6;¯�¬�68_h9 ` _�1

Nα1 ⊆ Nα2 (∀α1 6 α2).

©$1-±8c ) 6 ) ^�683�° d 7>143-­�® + ¬	ª�9�;!¯�¬�gU6 ) 9
λV

_	¬�¯�147-9 ` _�1 NλV +1 = NλV

� R-1 (
mN­�¬

(V/NλV
, [V+]NλV

)
+ 6 ® ) 6868_>546a;!¯�1 + 6 ` + 1 ) ¬	ª d e &!ªR6 ) 6 + _�1-°r®-9�; ªR6 (

­ 1-°�¬�_�6!ªRc + 1R9�54:;­ 68_'^�1 ` _�®r¬�3<e�® ) 6 ­ 1-° d@)�� cA14m0ª�¬4; + 1'; ªR6 ­�;=_�°-®5@ « 9�[�© �

(V/NλV
, [DV/NλV

]NλV
) = (V/NλV

, DV/NλV
)

54:;­ 68_d¬�3<e�® ) 6 ­ 1-° d@)�� T�541-± + ¬ ` ® ) ` 683�6;± pV i % ¬�¯�_�143 ( 14_�14543�¬�gU6 + ®�6
V → V/NλV

9Ï_�14mN­�¬
pV

54:;­ 68_ ^�1�ªR1hg ®�_�6!ªRc +�d@) ª�® + 687 +�d@) 14^�683�¬�_�1 (
3�1 )�� ��ª�]r°<;&]�¯�147D­ 3�:�m8147P^�¬�3 d 〈U, φ〉 9RmN­ 6 U = (U,U+)

i ¬�3<e�® ) 6 ­ 1-°41
[�© �i®

φ : V → U
i ^�1�ªR1hg ®�_�6!ªRc +�d 7 ª�® + 687 +�d 7'14^�683�¬�_�143-9$® ) 686 ) 9 ` _�1

φ(x) ∈ NU
^�3�®�°<;=6=e

x ∈ Nα
98mN­ 6

α
i ^�3�1-®�±;°41�ªRc +�d 72143-­�® + ¬	ª � �21<;!¯�1�ªRc (

¯�: °<;&]�¯�146 ¬�3<e�® ) 6 ­ 1-°41 [�© �D]�°�ª�]�68_4;&] ^�1 ` _�®r¬�3<e�® ) 6 ­ 1-° d@) 9 NU = {0}®-9 ± + ¬ ` ®�_h9 NλV
⊆ ker(φ)

� �21 &8_�1 ) :·14_�14543�¬�gU6 + ®�6
φ̃ : V/NλV

→ U¯�143�3�6;¯�_ + 1 14^�3�6 ­ 6!ªR6 + 1 ^�3�¬�°-®�ªR1 )
φ̃([x]NλV

) = φ(x)
® :;­ 1-°�ªR68_�°4143<]�68_

φ̃ ◦ pV = φ
� ]23�1 ) 62_�14m81R9�6a; ª�®

[x]NλV
∈ DV/NλV

9�_�1

n[x]NλV
+ [ξ]NλV

∈ [V+]NλV
(∀n ∈ N)

­�ª�] + 6;¯�14_�143�14m81
[ξ]NλV

∈ [V+]NλV

� �23�® ) 6 + ]�]
φ
9�^�1�ªR: ` ¬�6 )

nφ(x) + φ(ξ) ∈ U+ (∀n ∈ N),

®-9 ^�1<;!¯�1�ªRc-¯�:
(U,U+)

i ¬�3<e�® ) 6 ­ 1-°41R9�14_4; @L­�¬0; ªR6 ­ :468_h9 ` _�1 φ(x) ∈ U+
�

� + ¬ ` ®�_h9
φ̃([x]NλV

) = φ(x) ∈ U+
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�
	��
� ����� �
��� ������� � ����� � � ������� ��� 	�� ��� ��	���� ©�«
®
φ̃
i ^�1�ªR1hg ®�_�6!ªRc +�d 7 ª�® + 687 +�d 7'14^�683�¬�_�143 � ��ª�]U^�3�1-°4683�¯�®U6 ­�® + ;=_�°46 +�(

+ 1<;=_�®º_	¬�¯�14m81
φ̃
9L°41-±8c ) 6 ) ^�3�1-®�±;°41�ªRc +�d 7·^�1�ªR1hg ®�_�6!ªRc +�d 7eª�® + 687 +�d 7

14^�683�¬�_�143
ψ : V/NλV

→ U
:;­ 1-°�ªR68_�°4143<]5@A9 ®�7

ψ ◦ pV = φ
� R-14mN­�¬

ψ
(
[y]NλV

)
= ψ(pV (y)) = φ(y) = φ̃(pV (y)) = φ̃

(
[y]NλV

)
(∀ y ∈ V ).

� + ¬ ` ®�_h9 ψ = φ̃
� R�¬�¯�® ) 14543�¬�±81 ) 9 〈

(V/NλV
, DV/NλV

), pV

〉 iD+ ¬ ` ¬	ªRc +�d 7
145
�-6;¯�_ ¯�¬�_�68m8143�®�®

CArch(V )
®-9<; ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

(V/NλV
, DV/NλV

)
i ®R; (

¯�1 ) ¬�] ¬�3<e�® ) 6 ­�®�±1¬ b ®�]D[�© �
(V, V+)

�
Bc ªR6 ­ :'@A9 ®�7 °414^�3�1<; °41-± + ®�¯�¬�68_@6a;=_�6a;=_�°46 +�+�d@) 14543�¬�±81 ) °W;!°�]�±;®U; ­ 1 (

¯�¬�±1¬�_�6!ªRc<;=_�°41 ) _�68143�6 )�d «4� ��ª�] °<;&]�¯�14m81dª�® 143-­�® + ¬	ª�¬
α

+ ¬�7�­ 68_4;&]
[�© �

(V, V+)
_	¬�¯�14649 ` _�1 α

54:;­ 68_Ã^�683�° d@) 143-­�® + ¬	ªR1 ) ;=1·;!°4147R;=_�°41 )
Nα+1(V ) = Nα(V ) �
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;&]�;!¯�°41-±8cr±1¬�±8143 ) 6=g ­ :q­�°4: ) ]�;=141<; +�d@) ® ^�3�1 + ® b ¬�6 )�d@) ®®^�143�®R;=_ d@) ®
b ®�ª�® + ­ 3�¬ ) ®-9�°43�¬�9 ¬�@A9 ® ) ®R;&] ;�:�m0ªR1-° d@) ® ;!¯�143�1<;=_a] ) ®

Ω1
®
Ω2

9�^�3�® (
` 6 ) 3�¬4;&e<11­�g ®�­�¯�1<;=_�®P3�¬�°46 +

2πQ
� R-14_ b ®�ª�® + ­ 3-9 ` 683�6;±¤¯�14_�143 d 7 g ®�­ (

¯�1<;=_�c ������=�('
�� 2
(
���$����=�('
�� 2

)
+ ¬�±81-°46 ) ���'��=��:4

(
��� �'��=��:4

)
� gA; ª�® °�e<11­

ªR6=g ®�_ ° + :�_�3�®W° d e<11­�¬�9 _�1>_�6 ` 6 + ®�60;&e<11­R]59�686a;&] l ® + ¬ ` 6'm81-°4143<]-9Y;=_�1-¯ n/9
°'^�3�14_�®�° + 1 ) ; ªR: ` ¬�6 i 3�¬4;&e<11­R]59�686a;&] l ® + ¬ ` 62m81-°4143<]-9�®R;=_�1 ` + ®�¯ n �
[�3�¬�° + 6 + ®�]G­�°-®�gU6 + ®�]�g ®�­�¯�1<;=_�® i :�3�¬�° + 6 + ®�]oX¤¬�°4c46 i cA_�1-¯�;;¬ i

±1¬�^�®54�6 ) °P546;±83�¬�± ) 683 + 147 % 143 ) 6 ° b ®�ª�® + ­ 3�® ` 6a;!¯�®�eW¯�14143-­�® + ¬�_	¬�e r
9

θ
9
z
j

ut + uur +
vuθ
r

+ wuz −
v2

r
= −pr + ν

(
∆u− u

r2
− 2

r2
vθ

)
,

l-« n

vt + uvr +
vvθ
r

+ wuz +
uv

r
= −pθ

r
+ ν

(
∆v − v

r2
+

2

r2
uθ

)
,

l © n
� W�qtq*���*��u/�=pr}hxav<�/qtu/qts/pr�r�hvh�"wyxh�Y�/~a��p&�&UA¥&�2u/|h�*�&��xhq,p��-��pr}h}a�a�À�a�a{r��xh~apr�hxh�A�r�/�Y�

�hur��}ava��xhqt�A��|�p/��~ap@8��h|hu/�t~hs=}hu/z@��prqts=x��tu/q*�&��pr|hqts=�/�t}h}hu/�tu$�,p&��pr}hxav@��qt���t|h��}�pt�a�h}hu/z
���*vhs=�*���/}hu/qts=x<���,p&��pr}hxh�c,��/¥ � E+*/¢a¥  /£a� GC'	�$¥
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wt + uwr +
vwθ
r

+ wwz = −pz + ν∆w,

∆ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
,

l 
<n

1

r
(ru)r +

1

r
vθ + wz = 0,

l ��n
mN­ 6

u
9
v
9
w
i 3�¬$­�®�¬	ªRc + ¬�]-9�¬�±;® ) :�_	¬	ªRc + ¬�] ®>1<;=6;°�¬�] ;!¯�143�1<;=_�®-9�;=1414_�°468_ (

;=_�°46 +�+ 1R9
p
i ­�¬�°�ªR6 + ®�649

ν = Re−1 9 Re = Q/ν0
i ` ®R; ªR1q`�687 + 1�ªRc	­�;;¬

l
ν0

i ¯�® + 6 ) ¬�_�® ` 6a;!¯�¬�]i°�]�±;¯�1<;=_�c�n � �$6;±83�¬�± ) 683 + ¬�] % 143 ) ¬�m83�¬ + ® ` +�d e
:<; ªR1-°-®�7 + ¬Um83�¬ + ® ` +�d e b ®�ª�® + ­ 3�¬�e�^�3�® ) 68_ °-®�­

u
∣∣
r=1

= β, u
∣∣
r=a

=
β

a
,

v
∣∣
r=1

= γ1, v
∣∣
r=a

=
γ2
a
, w

∣∣
r=1,a

= 0,

l �4n

a = r2/r1
9
r1 < r2

i 3�¬�± ) 683 +�d 6�3�¬$­�®�:<; d b ®�ª�® + ­ 3�1-°R9
γ1,2 =

Ω1,2r
2
1,2/Q

9 ®
β = ±1

i :�¯�¬�±1¬�_�6!ªRc + ¬�^�3�¬�°�ªR6 + ®�]�^�14_�1-¯�¬�j ± + ¬�¯ �
+
�

;=1414_�°468_4;=_�°4:468_ ®R;=_�1 ` + ®�¯�:49 � − ��i ;=_�1-¯�: � �21<;=_	¬�°-® ) 6<9�62:<; ªR1-°-®�6�^�683�® (
11­�® ` + 1<;=_�®�^�1�ª�]>;!¯�143�1<;=_�®G°	­ 1�ªRc'1<;!® b ®�ª�® + ­ 3�1-°Rj

(u, v, w)(·, z) = (u, v, w)(·, z + L);

a∫

1

2π∫

0

w(·, z) r dr dθ = 0.

l ¬ n

Q + _�68m83�¬	ªRc + 146A:<; ªR1-°-®�6«° l ¬ n-3�¬�° + 1<;!®�ªRc + 1�_�3�68541-°�¬ + ®5@ + :1ªR6;°414m81�3�¬4;&e<1 (
­�¬'g ®�­�¯�1<;=_�® ` 683�6;±�ª�@�54146�;=6 ` 6 + ®�6�±1¬�±8143�¬ � R�¬�¯�146�_�3�68541-°�¬ + ®�6 + 6�: ) ¬ (
ª�]�68_�145�9 + 1<;=_�® 3�¬4;8;=:<g ­ 6 + ®�7 °-°-®�­ : °41-± ) 1hg + 1<;=_�®0^�683�6=e<11­�¬¤°';!®R;=_�6 ) :
14_4; ` 68_	¬�9�3�¬�° + 1 ) 683 + 1�­�°-®�m!¬�@A9�:'@W;&]�^�¬�3�¬	ª�ªR6!ªRc + 1U1<;!® b ®�ª�® + ­ 3�1-° �

�YT�"ÀJ���O�����O F>E�F<I�F+�"H�F

` ¬4;8; ) 14_�3�® ) °414^�3�1<;�1P;=_	¬ b ®�1 + ¬�3 + 1 ) 3�6<4�6 + ®�®t±1¬$­�¬ ` ® l-« n �Yl �4n/9-145 (
ª�¬$­�¬�@A9�6 ) _�3�¬ + ; ª�] b ®�1 +�+ 147 ® °43�¬�9 ¬�_�6!ªRc + 147U;!® )�) 68_�3�®�] ) ® � R�¬�¯�146@3�6 (
4�6 + ®�6 ) 1hgU68_'5 d _�c + ¬�7�­ 6 + 1U]�° + 1Rj

u =
β

r
, v = V (r) =

rβ Re+1(γ2 − γ1)

aβRe+2 − 1
+
aβRe+2γ1 − γ2
r(aβ Re+2 − 1)

,

Re =
1

ν
, p = P (r) =

νβ − 1

2r2
+

∫
V 2dr

r
.

l¦
 n
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cA6 ) 687R;=_�°41 l¦
 n��2^�3�®

ν → +0
® ) 6868_À^�14_�1 ` 6 ` +�d 7�^�3�6 ­ 6!ª

u =
β

r
, v = V0(r) =

γin
r
, w = 0,

l  <n
mN­ 6

γin
i ¬�±;® ) :�_	¬	ªRc + ¬�]U;!¯�143�1<;=_�cR9�;=1-± ­�¬�°�¬�6 ) ¬�]�°43�¬�9�6 + ®�6 ) °�e<11­�¬@_	¬�¯-9

` _�1 γin = γ1
°2; ªR: ` ¬�6L®R;=_�1 ` + ®�¯�¬�9 γin = γ2

°\; ªR: ` ¬�6�;=_�1-¯�¬ � �23�6 ­ 6!ªRc + 146
^�1�ªR6 l  <n2^�3�6 ­�;=_	¬�°�ª�]�68_P;=1454147 3�6<4�6 + ®�6À:�3�¬�° + 6 + ®�7 �A7�ªR683�¬ ®�­ 61¬	ªRc + 147
lË+ 6;°�]�±;¯�147 n�g ®�­�¯�1<;=_�®-9�¯�14_�143 d 6 % 143 ) ¬	ªRc + 1P;=1-°4^�¬$­�¬�@�_P; l-« n �Yl ��n2^�3�®
ν = 0

9	®'14^�®R; d °�¬�68_W^�ªR1<;!¯�146�546;±;°-®�e�3�6;°4146��A_�6 ` 6 + ®�649�¯�14_�143�14649�1 ` 6;°-®�­ + 1R9
:;­ 1-°�ªR68_�°4143<]�68_�°<;=6 ) m83�¬ + ® ` +�d@) :<; ªR1-°-®�] )�+ ¬ °�e<11­ 649 + 1 ª�®54�cUm83�¬ + ® ` (
+ 1 ) : :<; ªR1-°-®5@b­�ª�] + 143 ) ¬	ªRc + 147>;!¯�143�1<;=_�® + ¬ ° d e<11­ 6 � R�¬�¯�® ) 14543�¬�±81 ) 9
;&e<11­�® ) 1<;=_�c _�6 ` 6 + ®�7 l¦
 n ¯ l  <n�^�3�®

ν → +0
+ 683�¬�° + 1 ) 683 + ¬�9 ¬ 14_�¯�ªR1 (

+ 6 + ®�]Ñ;=1<;=3�6 ­ 14_�1 ` 6 +�d °45�ª�®�±;®e° d e<11­�¬�9ymN­ 6 14543�¬�±8:468_4;&]·^�14m83�¬ + ® ` +�d 7
; ªR147 � [ ` 68_À^�1<; ªR6 ­ + 68m81U^�3�®�°411­�®�_ ¯�3�¬�° + 1 ) 683 + 1 ) :0^�3�®�5�ª�®�gU6 + ®5@

V (r) =
γin
r

+
β(γ2 − γ1)e

−η

a
1+β
2

[
1−βν

(
η+

η2

2

)
+O

(
ν2
)]
, ν → 0,

l 7 n

mN­ 6
η = Reβ

(
1 − ra−

1+β
2

) 9
β = ±1

� ` ¬�° + 1 ) 683 + 1<;=_�c0^�3�®�5�ª�®�gU6 + ®�] l 7 n
^�3�®>541�ªRc�4 ®�e

Re
°-®�­ + ¬ ®�±23�®R; � «4�

1 1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

7

8

9

10

r

V

(a) =1, a=4, =10, =0β γ γ
1 2

1 1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

7

8

9

r

V

(b) =−1, a=4, =0, =10β γ γ
1 2

R=1 R=5 R=25

R=1R=5R=25

�
	 U���
�� ��|hu/��xa��xW�a����u/�/u/z2qt~8u/|hu/qts=x2�h|hx
a = 4

x
Re = R = 1, 5, 25

¥
��Ý=§ C®xhqts=u/�h}hxh~<��� ð�§ C®qts=u/~<¥1��|a�8��~hx2qtu/u/s=�/�ts=qts=�r�a�"s��h|hxh{r��xa�A�t}hxh����*=§¦¥

��� ~apr�,pr}h}h�-���/�-|�p&�A�t}hxav�}h�t�h|hxh�tu,��}h���h|hx
βRe 6= −2 � s=�,� }h�����t}h�t�/�<u/}hxfu/�h|h�*����*�hvh�"s��h|hu,��ur�h�A�t}hxh�Ïs=|�pr}hq*�hvh�hxhu/}h}hur�Ê�/|�prwAprs=�*���/}hu\qtx��R���ts=|hxh�h}hu/�tuW|h�t�y�t}hxavU�h|hx

β = −1
��s=u/�h~a�

Re = 2
�4xf�h|hu,��ur�h�A�t}h}hu/�Ïs/pr~hx���u/{/|�pr�tu=�>qt�,���tzhqts=�/u�u/~apr�t�-�=pr�ts=q�v

����p&��~hx��Y¥
� �"�h�t|�prs=u/|

rot
pr}h}a�&��xh|a�=�ts@�hur������¢=§¦¥
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� 	 	�� �'��� ��� � 	�� ��� �'��� ����� �
� 	 � � � � � � �'� � ����� � 	���� © �
©L®�e�3�cf^�1�ª�] l¦
 n °<; @L­ :U^�¬�3�¬	ª�ªR6!ªR6 + 1<;!® b ®�ª�® + ­ 3�1-°R9-®068m81f^�3�146;¯ b ®�]

+ ¬ &8_�:P1<;=c014^�3�6 ­ 6!ª�]�68_ ;!¯�¬	ª�]�3
Ω(r) = r−1(rV (r))r

� ©L®�e�3�cR9R1 ` 6;°-®�­ + 1R9
;=1<;=3�6 ­ 14_�1 ` 6 + °À^�14m83�¬ + ® ` + 1 ) ; ªR14649�^�3�® ` 6 )

Ω(r) =
(γ2 − γ1)e

−η

νa1+β

[
1 + βν

(
2− η2

2

)
+O(ν2)

]
, ν → 0.

l-«3ª n

--T�� ;�F<K"E�Q�C'������C2��1<C+
yC4I�C S J�E�ORL"I"H$��O J�E�H

Q\;8; ªR6 ­ :46 ) :<;=_�147 ` ®�°41<;=_�cÏ_�6 ` 6 + ®�7 l¦
 nY^�1 ª�® + 687 + 1 ) :W^�3�®�5�ª�®�gU6 + ®5@ �V &8_�147 b 6!ªRc�@·^�683�68^�®54�6 ) ;!®R;=_�6 ) : l-« n �Yl �4n °¤°-®�­ 6@:�3�¬�° + 6 + ®�] °41-± ) :'9�6 (
+ ®�7-9�^�1�ª�¬�m!¬�]

(u, v, w, p) = (βr−1 + ũ, V (r) + ṽ, w̃, P (r) + p̃)
9�mN­ 6�°41-± ) : (

9�6 + ®�]
(ũ, ṽ, w̃, p̃)

® ) 6<@�_ °-®�­

(ũ, ṽ, w̃, p̃)(r, θ, z, t) = (û, v̂, ŵ, p̂)(r) exp (i(ct+ kz + nθ)) ,
l-«�« n

mN­ 6
k = 2πm/L

9
m,n ∈ Z

9
c ∈ C

� R�¬�¯�® ) 14543�¬�±81 ) 9y1<; + 1-° + 146>_�6 ` 6 (
+ ®�6 l¦
 n�°41-± ) :'9 ¬�68_4;&] + ¬	ªR1hgU6 + ®�6 ) ;=^�®�3�¬	ªRc +�d eq°41�ª + 9-5468m8:'9 ®�eo°	­ 1�ªRc
1<;!® b ®�ª�® + ­ 3�1-° � T�_�543�1<;!®�° ` ªR6 +�d 9 + 6!ª�® + 687 +�d 6�^�19°41-± ) :'9�6 + ®�] ) 9h^�1�ªR: (
` ® ) ª�® + 687 + :'@Ã;!®R;=_�6 ) : i ª�® + 61¬�3�®�±1¬ b ®5@Ã;!®R;=_�6 )�dÑl-« n �Yl �4n + ¬�1<; + 1-° + 1 )
3�6=g ® ) 6 l¦
 n � ©L°-®�­ :�°43�¬�9 ¬�_�6!ªRc + 147�®U_�3�¬ + ; ª�] b ®�1 +�+ 147 ® + °�¬�3�®�¬ + _ + 1<;=_�®
±1¬$­�¬ ` ®-9 ) 1hg + 1\14m83�¬ + ® ` ®�_�c<;&]U3�¬4;8; ) 14_�3�6 + ®�6 ) 3�6<4�6 + ®�7 ª�® + 61¬�3�®�±81-°�¬ +�(
+ 147 ;!®R;=_�6 )�d 9�^�3�6 ­�;=_	¬�°-® )�d e °q°-®�­ 6 l-«�« n � R�¬�¯�® ) 14543�¬�±81 ) 9�­ 6!ªR1N;!°41 (
­�®�_4;&] ¯G±1¬$­�¬ ` 6 + ¬';=145<;=_�°46 +�+�d 6 ± + ¬ ` 6 + ®�]

Dλû− r−2βû− 2V r−1v̂ = −p̂r + ν
(
Lû− r−2(û+ 2inv̂)

)
,

l-«�© n

Dλv̂ + βr−2v̂ + Ωû = −inr−1p̂+ ν
(
Lv̂ − r−2(v̂ − 2inû)

)
,

l-« 
<n

Dλŵ = ikp̂+ νLŵ; (rû)r + inv̂ + ikŵ = 0;
l-« ��n

û(1) = 0, û(a) = 0, v̂(1) = 0, v̂(a) = 0, ŵ(1) = 0, ŵ(a) = 0;

λ = ic, Dλ = λ+
inV + β∂r

r
; L = r−1∂rr∂r−

(
(n/r)2+k2

)
.

l-« �4n



©!¬ � 
������ � 
�� 
 +�� � � & 	 
���	 � 
 � 

gA; ª�® ­�ª�]|°<;=6=e

n
9
k
°<;=6�;=145<;=_�°46 +�+�d 6 ± + ¬ ` 6 + ®�] λ ªR6=g ¬�_o° 14_�¯�3 d _�147ªR6;°4147À^�1�ªR:�^�ªR1<;!¯�1<;=_�®-9<_�1 °<;=69°41-± ) :'9�6 + ®�] l-«�« n ±1¬�_�:<e�¬�@�_h9�® ) 1hg + 1�m81 (

°4143�®�_�c>145P:<;=_�147 ` ®�°41<;=_�® _�6 ` 6 + ®�] l-« �4n/9-6a; ª�®NgU6 ® ) 6868_4;&]®;=145<;=_�°46 +�+ 146
± + ¬ ` 6 + ®�6 °>^�3�¬�°4147 ^�1�ªR:�^�ªR1<;!¯�1<;=_�®-9Y_�1 ;=1414_�°468_4;=_�°4:'@A9�686 °41-± ) :'9�6 + ®�6
°41-±83�¬4;=_	¬�68_h9�® ) 1hg + 1 m81-°4143�®�_�cÀ1 + 68:<;=_�147 ` ®�°41<;=_�® � � �23�1<;=_�3�¬ + ;=_�°410^�¬ (
3�¬ ) 68_�3�1-°

Re
9
a
9
γ1,2

3�¬�± ­ 6!ª�]�68_4;&] + ¬U:<;=_�147 ` ®�°4:'@\® + 68:<;=_�147 ` ®�°4:'@ 145 (
ª�¬4;=_�® + 6;¯�14_�143 d@) �h^�11­ )�+ 14m81414543�¬�±;®�6 )�� ¯�3�®�_�® ` 6a;!¯�®�eq± + ¬ ` 6 + ®�7 ^�¬�3�¬ (
) 68_�3�1-°R9	¯�¬�g ­ 147U_�1 ` ¯�6 ¯�14_�143�14m81W;=1414_�°468_4;=_�°4:468_W14543�¬�9�6 + ®�6L° + :1ªRc Reλ­�ª�]P;=145<;=_�°46 +�+ 14m81 ± + ¬ ` 6 + ®�] λ 11­ + 147G®�±¤±1¬$­�¬ ` l-«�© n �Yl-« �4n �

��T�0PF+����14K"H"L�;"Q�F�
yF��

� £!¢ ¢ ½=»a9�È�¿�½8Ì ¥ Á��9®�T�Î�¥ ½��4½�¢ � « ��®R;8; ªR6 ­ 1-°�¬	ª�®f:<;=_�147 ` ®�°41<;=_�cW;=_�1-¯�1-°9°�±1¬ (
±8143�¬�e + 68541�ªRc�4�147 4 ®�3�® +�d

a . 1.25
14_ + 1<;!®�_�6!ªRc + 1Ã^�ªR1<;!¯�®�ed°41-± ) : (

9�6 + ®�7-9 ^�3�6 ­ ^�1�ª�¬�m!¬�]-9 ` _�1D° d e<11­ + 68^�11­�°-®�gU6 + 9�® ` ®R; ªR6 +�+ 1 145 + ¬�3�:<g ® (
ª�®-9 ` _�1'_	¬�¯�1462_�6 ` 6 + ®�6 + 68:<;=_�147 ` ®�°41R9�6a; ª�® °�e<11­G°43�¬�9 ¬�68_4;&] ­ 1<;=_	¬�_�1 ` + 1
5 d ;=_�3�1|®·3�¬4;&e<11­·g ®�­�¯�1<;=_�® + 6 ; ª�®54 ¯�1 ) °46!ª�®�¯ � © ` ¬4;=_ + 1<;=_�®-9$5 d ªR1
14_ ) 6 ` 6 + 1R9 ` _�1G°-°46 ­ 6 + ®�6 ) ¬	ªR14m8103�¬$­�®�¬	ªRc + 14m810^�14_�1-¯�¬0;=^�1<;=145 + 1 ­ 6a;=_	¬ (
5-®�ª�®�±;®�3�1-°�¬�_�c � X¤¬�®�541�ªR686Ï^�11­ 3�145 + 1¤° � « ��5 d ª03�¬4;8; ) 14_�3�6 + ^�3�6 ­ 6!ª :�±;¯�1 (
m81 ±1¬�±8143�¬�9<_�1 ` + 6864­�°�¬�3�¬�±!ª�® ` +�d e0^�3�6 ­ 6!ª�¬�9�¯�14_�143 d 6�°U^�3�® + ]�_�147 + ¬ ) ®
+ 143 ) ®�3�1-°-¯�6 ° d m0ª�]�­R]�_P_	¬�¯-j

γ1 = 0
9
a − 1 ∼ √

ν
9
γin = γ2 ∼ Re

®�ª�®
γin = γ2 ∼ Re2

9
Re → ∞ � © + ¬4;=_�1h]59�6 ) ;=14145�9�6 + ®�® )�d 3�¬�±;°-®�°�¬�6 ) 3�6 (

±8:1ªRc�_	¬�_ d � « �¦9�° ` ¬4;=_ + 1<;=_�®-9�°-¯�ª�@ ` ¬�6 ) ° 3�¬4;8; ) 14_�3�6 + ®�6 ^�3�1-®�±;°41�ªRc +�d 6
_�6 ` 6 + ®�]o°-®�­�¬ l¦
 n/9�®R;8; ªR6 ­ :46 ) _�3�6=e ) 683 +�d 6 ) 11­ d ® :<;=_�3�¬ + ]�6 ) 14m83�¬ + ® (
` 6 + ®�6�:�±;¯�14m81¤±1¬�±8143�¬ � ©B¬�g + :'@Ñ3�1�ªRcf^�3�® &8_�1 ) ®�m83�¬�68_f^�3�6 ­ 6!ª

Re → ∞ 9
mN­ 649�°'14_1ª�® ` ®�®>14_ � « �¦9�1<;=_	¬	ªRc +�d 62^�¬�3�¬ ) 68_�3 d % ®�¯�;!®�3�1-°�¬ +�d\�
X26;°�]�±;¯�®�7 l

ν → +0
n-^�3�6 ­ 6!ª0;!®R;=_�6 )�l-«�© n �Yl-« �4n�® l-« n �Yl �4n i ;!® + m8:1ª�]�3 (

+�d 7-9�_	¬�¯ ¯�¬�¯ + ¬ ) ¬	ª d 7U^�¬�3�¬ ) 68_�3�: )�+ 1hg ¬�@�_4;&]U;=_	¬�354 ®�6�^�3�1-®�±;°411­ +�d 6 �
c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9�°f^�3�6 ­ 6!ªR6B­ 1�ª�g +�d 5 d _�cf14_�543�1�4�6 +�d ¯�¬�¯�®�6 ( _�1�®�±@m83�¬ (
+ ® ` +�d e':<; ªR1-°-®�7 l-« �4n � T�5�9 ®�6Ï3�6;±8:1ªRc�_	¬�_ d � © � ���R^�11­�;!¯�¬�± d °�¬�@�_h9 ` _�1�14_ (
543�1<;!®�_�c�; ªR6 ­ :468_�m83�¬ + ® ` + 146�:<; ªR1-°-®�6B­�ª�]0_	¬ + m86 +�b ®�¬	ªRc + 147 ;!¯�143�1<;=_�® + ¬
° d e<11­ 6 � R�¬�¯�® ) 14543�¬�±81 ) 9-°f^�3�6 ­ 6!ªR6�® ) 686 ) :�3�¬�° + 6 + ®�6 �A7�ªR683�¬�®�; ªR6 ­ : (
@A9 ®�6$m83�¬ + ® ` +�d 6$:<; ªR1-°-®�]-j + ¬9°�e<11­ 6 ±1¬$­�¬�68_4;&]f^�1�ª +�d 7 °46;¯�_�143U;!¯�143�1<;=_�®
l ¯�¬�¯ ® ° l �4n,n/9�¬ + ¬ ° d e<11­ 6 i ª�®54�c + 143 ) ¬	ªRc + ¬�]';!¯�143�1<;=_�c � R�¬�¯�® ) 14543�¬ (
±81 ) 9 ���0�02	?�&8�02 ;=^�6;¯�_�3�¬	ªRc + ¬�]o±1¬$­�¬ ` ¬À;=1<;=_�1-®�_ ®�±�:�3�¬�° + 6 + ®�7 l-«�© n �Yl-« ��n/9

� � ~apr�,pr}h}h�-zAqt�hu/qtu/{"xhqtq*���*��u/�=pr}hxavA�=qts=u/zh�hxh�/u/qts=x4CP���ts=u,����xh}h�,pr|hxh�,pr�hxhx"CPu/{/u/q*�
}hu/�=pr}2�h|hx����"{/u=�

ν > 0
�hq,�Y¥P: �, @;Ê¥
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mN­ 6\; ªR6 ­ :468_'^�1�ªR1hg ®�_�c

ν = 0
9�®�m83�¬ + ® ` +�d e�:<; ªR1-°-®�7

û(r+) = 0, û(r−) = 0, v̂(r+) = 0, ŵ(r+) = 0,
l-«3¬ n

mN­ 6
r+

9
r−

i 3�¬$­�®�:<; d °�e<11­�¬ ®�° d e<11­�¬�9";=1414_�°468_4;=_�°46 +�+ 1 � �21<;=_	¬�°�ªR6 +�(
+ ¬�] ±1¬$­�¬ ` ¬'^�3�6 ­�;=_	¬�°�ª�]�68_À;=1454147Gª�® + 61¬�3�®�±1¬ b ®5@D:�3�¬�° + 6 + ®�7 �A7�ªR683�¬ + ¬
+ 6;°�]�±;¯�1 ) _�6 ` 6 + ®�® l  <n �
[9¯�¬�±1¬ +�+ ¬�] ª�® + 61¬�3�®�±1¬ b ®�] 3�¬4;8; ) ¬�_�3�®�°�¬	ª�¬4;=c °�;=_	¬�_�c46 � �'� °D¯�1 + _�6;¯ (

;=_�6�541�ªR686N145�9�687Ñ_�68143�®�® *4° ` ¬4;=_ + 1<;=_�®-9@5 d ªR1Ã14_ ) 6 ` 6 + 1R9 ` _�1º;=^�6;¯�_�3
+ 6;°�]�±;¯�147q±1¬$­�¬ ` ® l ^�3�®

n2 + k2 6= 0
n��À;=1-°4^�¬$­�¬�68_�; )�+ 1hgU6a;=_�°41 )º+ :1ªR687

b 6!ªR147 % : + ¯ b ®�®-9�^�3�6 ­�;=_	¬�°�ªR6 +�+ 147�® + _�68m83�¬	ªR1 ) ��¬�^�ª�¬4;;¬	*a14541-± + ¬ ` ® ) &8_�1
)�+ 1hgU6a;=_�°41 ` 683�6;± Λ(n, k, γ, a) 9�mN­ 6 γ = nγin

�
V�F�ORQ�F�G2C�X T � 	 	�� �

Λ(n, k, γ, a)∩ {λ : Reλ > 0} 6= ∅

 � �'& �(�

γ 6= 0



C
T�m83�¬ + ® ` ® ) ;&] ; ªR: ` ¬�6 ) ®R;=_�1 ` + ®�¯�¬ � R-14mN­�¬ Λ(n, k, γ, a) i )�+ 1hgU6 (
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κn,k,Γ,a(λ)=−K−1
k,n,a(1)

a∫

1

r−iγe−λ(r
2−1)/2K ′

k,n,a(r) r
2dr, γ=nγ1.

l-«�
 n

r2Krr + rKr −
(
n2 + r2k2

)
K = 0;

K(a) = 1; Kr(a) = 0.

l-«  <n
�21�ªR1hg ®�°

γ = 0
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a∫

1

e−λ(r
2−1)/2(−rKr) r dr, K = Kk,n,a.
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∀ r ∈ (1, a) (i) Kr(r) < 0; (ii) (rKr(r))r > 0.
©º;!®�ªR:D±1¬$­�¬ ` ®G]21�4 ® l-«  <n/9

a∫

s

(
k2r + n2/r

)
K2dr = −K(s)Kr(s)−

a∫

s

K2
rr dr,

∀ s : 1 6 s < a.
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n = k = 0
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c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

K(s)Kr(s) 6= 0
^�3�®

s ∈ [1, a)
� R�¬�¯�® ) 14543�¬�±81 ) 9

K(r) > 0, ∀ r ∈ (1, a).

R-68^�683�c l ¥ ¥Ên�; ªR6 ­ :468_ + 68^�1<;=3�6 ­�;=_�°46 +�+ 1�®�± :�3�¬�° + 6 + ®�] l-«  <n � � ¬	ªR68649�^�1
­ 1-¯�¬�±1¬ +�+ 1 ) :49

K(r)
;=_�3�14m81 ) 1 + 14_�1 +�+ ¬ + ¬

(1, a)
9�®-9�¯�¬�¯o°-®�­ + 1 ®�± l-«  <n/9
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γin = 0
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γin, k, a
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9
γout = γ2

� ©�; ªR: ` ¬�6';=_�1-¯�¬ l
γin = γ2

9
γout = γ1

nW;=:'9�6a;=_�°46 +�+�d e 14_1ª�® (
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145 + ¬�3�:<gU6 + 1 �
]23�®�_�® ` 6a;!¯�®�6W^�1-°4683<e + 1<;=_�® °f^�3�1<;=_�3�¬ + ;=_�°46�^�¬�3�¬ ) 68_�3�1-° γ1, k, a ^�3�®¯�¬�g ­ 1 )

n = 1, . . . , 20
®R;8; ªR6 ­ 1-°�¬	ª�®R;=c ` ®R; ªR6 +�+ 1D° ­�®�¬�^�¬�±81 + 6�¬�3�m8: ) 6 +�(

_�1-°
0 < k 6 30

9
1.25 6 a 6 10
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;=1454147 m83�¬ % ®�¯�® % : + ¯ b ®�7

γ1 = Γn(k, a)
�

]¤¬�g ­ 147�_�1 ` ¯�6r¯�3�®�_�® ` 6a;!¯�147Ã^�1-°4683<e + 1<;=_�®
γ1 = Γn(k, a)

;=1414_�°468_ (
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λ = icn, cn ∈ R\0 9_ � 6 � ® ) 6868_ ) 6a;=_�1 &%�:����C���
�����1%���02 ����#8��
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( l

cn = 0
n + 6�5 d ª�® 145 + ¬�3�:<gU6 +�d\�

` ¬4; ` 68_ Γ∗(k, a) = minn Γn(k, a)
^�1-¯�¬�±1¬	ª�9 ` _�1

min
k

min
n

Γn(k, a) = min
k

Γ∗(k, a) = Γ∗(0, a) > 0, ∀ a > 1.
l-«B7 n

T�_4; @L­�¬4°-®�­ + 1R9 ` _�1W^�3�® γ1 > Γ∗(0, a) > 0
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k = 0
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��¬ ) 68_�® ) 9 ` _�1 546;±;°-®�e�3�6;°4146 °43�¬�9�6 + ®�6 g ®�­�¯�1<;=_�®�546;±�3�¬$­�®�¬	ªRc + 14m81
^�14_�1-¯�¬ l ^�1�ªR6 l  <n�Æ

β = 0
nf:<;=_�147 ` ®�°41 � R-6 ) + 6 ) 6 + 68649 ®�±P;!¯�¬�±1¬ +�+ 14m81
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γ1 = Γ∗(k, a) = minn Γn(k, a) � n = 1, . . . , 20

�
a = 1.25, 1.5, 2, 4, 8

¥���}hxh�*��F�|�prqt�h|h�*���*���t}hxh�$�h�*���,8��hxhqt�*�
n = n∗(k, a)

�
��xh}hx���xh�txh|a�a�"wyxR8

Γn(k, a)
¥[6�u/�h~ap/�Àqt~ap,�h~ap

n∗

qtu/u/s=�/�ts=qts=�r�a�"s��h�t|h�tqt�t�h�t}hxav
~h|hxhs=xh�h�tqt~hxR8W�hu/�/�t|98a}hu/qts=�tz

Γ = Γn(k, a)
�������y�t}�p,�h�t}hxav

n
qtu/u/s=�/�ts=qts=�r�a�"s

�h|h�*���*���/}h��� �t}�p,�h�t}hxh�,�
n∗

��s=u/�h~8��qt~ap,�h~apa¥
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ν → +0
9
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;=_�683 + ®�¯�¬À;2_�1 ` + 1<;=_�c�@d­ 1 ª�@�54147>;=_�68^�6 + ®

ν
� T�_4; @L­�¬ ° ` ¬4;=_ + 1<;=_�® ; ªR6 (

­ :468_h9 ` _�1 °<;=6 ;!¯�¬�±1¬ +�+ 146o°�¯�1 +�b 6 ^�3�6 ­ d ­ :'9�68m81®3�¬�± ­ 6!ª�¬®1 + 6;°�]�±;¯�147
+ 68:<;=_�147 ` ®�°41<;=_�® 1<;=_	¬�68_4;&]|° ;!®�ªR649�6a; ª�®

Re � 1
®
Re 6� |γin − γout|

*
® ) 6 +�+ 1R9-1<;=6a;!® )�) 68_�3�® ` +�d 6 ) 11­ d °<;=68mN­�¬ :<;=_�147 ` ®�° d 9�°)4 ®�3�1-¯�1 ) ­�®�¬ (
^�¬�±81 + 6

k, a, γin
+ 68:<;=_�147 ` ®�°41<;=_�c °<;=68mN­�¬ ¯�1�ªR685�¬�_�6!ªRc + ¬�]D®P^�ªR1<;!¯�¬�]r¬�±;® (
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°41<;=_�®�_�3�6=e ) 683 + ¬�9 ¬P^�3�®®11­ + 1 + ¬�^�3�¬�°�ªR6 +�+ 1 ) °43�¬�9�6 + ®�® b ®�ª�® + ­ 3�1-° i
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°43�¬�9�6 + ®�] 14541-®�e b ®�ª�® + ­ 3�1-° l ; )�� ;8; d ª�¯�® °'3�¬�5414_	¬�e �  �
«3ª �Ën �

� ¬	ªR686$14m83�¬ + ® ` ® ) ;&]�145<;=:<g ­ 6 + ®�6 ) ^�ªR1<;!¯�147 + 68:<;=_�147 ` ®�°41<;=_�® l k = 0
n

°W; ªR: ` ¬�6 ®R;=_�1 ` + ®�¯�¬ � ©�; ªR: ` ¬�6A;=_�1-¯�¬�9a3�6;±8:1ªRc�_	¬�_ d 91¯�¬�¯f:<gU6Am81-°4143�®�ªR1<;=cR9
¯�¬ ` 6a;=_�°46 +�+ 1 ¬ + ¬	ªR14m;® ` +�d\�
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; ªR6;°�¬�9$¬�^�683�°4147 i ;=^�3�¬�°�¬ � ©L®�­ + 1R9 ` _�1214546Am83�:�^�^ d 1 ` 6 + c2;!®�ªRc + 1�3�¬�± + 6 (
;=6 +�d ^�1

∆γ
� c ªR6 ­ :'@A9 ®�6L­�¬	ªR686Ï:�_�°4683<g ­ 6 + ®�]À14_ + 1<;&]�_4;&] ª�®54�c¤¯ ªR6;°4147

` ¬4;=_�®U3�®R; � 
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^�¬�3�¬ ) 68_�3�1-°R9�mN­ 6

∆γ 6� Re
� �21<; ªR6 ­ + 686214m83�¬ + ® ` 6 + ®�6¤° ­�¬	ªRc + 68754�6 ) + 6

14m81-°�¬�3�®�°�¬�68_4;&] �
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(γ1,Re)
°<;=6 (

mN­�¬�°-¯�ª�@ ` ¬�68_f^�1�ªR1<;=: 0 < γ1 < Γ0
∗(a) = Γ∗(0, a)

� ]¤¬�¯0:<gU6�14_ ) 6 ` ¬	ªR1<;=cR9
± + ¬ ` 6 + ®�] Γ∗(k, a)

14^�3�6 ­ 6!ª�]5@�_4;&] + 6;°�]�±;¯�147e±1¬$­�¬ ` 687h® + 6q±1¬�°-®R;&]�_ 14_
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γ1 = γ1
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:�5 d °�¬�@�_ �
V�143�®�±81 + _	¬	ªRc +�d 6 ^�3<] )�d 6499ªR6=g ¬�9 ®�6 ° d 4�6
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) ¬	ªR147 b ®�3�¯�:1ª�] b ®�® l
γin < γ∗in

ny:<;=_�147 ` ®�°U^�3�® ª�@�541 ) 3�¬4;&e<11­ 6 � �23�® ­ 1 (



 �	�� �'��� ��� � 	�� ��� �
� 	 	�� �'��� ��� � 	�� ��� �'��� ����� �
� 	 � � � � � � �'� � ����� � 	���� 
4

;=_	¬�_�1 ` + 1W541�ªRc�4�147 b ®�3�¯�:1ª�] b ®�® l γin > γ∗in

n�:�°46!ª�® ` 6 + ®�6�3�¬4;&e<11­�¬4°<;=68mN­�¬
°�ªR6 ` 68_ + 68:<;=_�147 ` ®�°41<;=_�cR9Y^�3�® ` 6 ) °41�ª + 1-°4146 ` ®R; ªR1 + 68:<;=_�147 ` ®�°4147 ) 11­ d
;=:'9�6a;=_�°46 +�+ 1 ±1¬�°-®R;!®�_P14_

γin
� © ) 6a;=_�6 ;À_�6 ) 9 ) 1hg + 1 ;=_	¬�5-®�ª�®�±;®�3�1-°�¬�_�c

°43�¬�9 ¬�_�6!ªRc + 1 ( ;!® )�) 68_�3�® ` +�d 7f^�14_�1-¯-9$±1¬ % ®�¯�;!®�3�1-°�¬�°@3�¬4;&e<11­ ®�:�°46!ª�® ` ®�°
b ®�3�¯�:1ª�] b ®5@ �

�-T�%PORQ�ORE�K"H�F)��O5�����

` ®R; ��©\+ ¬�°411­�®�_ + ¬ )�d ; ªRcU1�;=:'9�6a;=_�°41-°�¬ + ®�®À^�3�6 ­ 6!ªR1-°
k−1Γ∗(k, a)

®
k−1n∗(k, a)

^�3�®
k → ∞ ;�^�3�6 ­ 6!ªRc +�d@) ®t± + ¬ ` 6 + ®�] ) ®-9 + 6 ±1¬�°-®R;&]59 ® ) ®

14_
a
� ©|­�¬ +�+ 1 ) 3�¬�± ­ 6!ªR6 )�d 14541<; + 1-° d °�¬�6 ) ;!¯�¬�±1¬ +�+ 14649414m83�¬ + ® ` ®�°�¬�]R;=cR9

¯�¬�¯ ® 3�¬ + 68649�; ªR: ` ¬�6 ) ®R;=_�1 ` + ®�¯�¬ � ©Ã; ªR: ` ¬�6W;=_�1-¯�¬�® ) 6<@�_ ) 6a;=_�1 ¬ + ¬	ªR1 (
m;® ` +�d 6\^�3�6 ­ 6!ªRc +�d 623�¬�°46 + ;=_�°�¬�9 + 1À; ±1¬ ) 6 + 147 k + ¬

ak
�

�2:<;=_�c®^�3�® + 6;¯�14_�143 d e
k > 0

®
n ∈ N
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(r, θ, z)
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rotv
9�^�3�1 (
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(
σ +

inγ

r2
+
β

r
∂r

) ( rHr

n2+k2r2

)
r
− H

r

r
= 0, H(r) = ru(r);

l ©!ª n

r ∈ (1, a), H(1) = 0, H(a) = 0, Hr(1) = 0,
l ©�« n
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n = αk, γ = γ̃k, σ = −iγ̃αk2 + σ̃k,
l ©�© n

mN­ 6
γ̃ > 0

9
σ̃ ∈ C

9
α > 0

+ 6 ±1¬�°-®R;&]�_f14_
k
� X¤¬4;4® + _�683�6a;=:468_ ¬4;!® ) ^�_�14_�®�¯�¬
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(1 −

r2)H(r) = 0
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r ∈ (1, a)
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` ¬�± ­ :�° &8_�14_À; ªR147-9�^�3�®�­ 6 ) ¯ ±1¬$­�¬ ` 6
(
σ̃ − 2iγ̃α ξ + ∂ξ

)(
Hξξ(ξ)− µ2H(ξ)

)
= 0, ξ = k(r− 1) ∈ (0,∞);

l © 
<n
H(0) = 0, Hξ(0) = 0, H(∞) = 0; µ2 = 1 + α2.

l © ��n
�2:<;=_�c

Re σ̃ > 0
� X¤¬�7�­ 6 ) 3�6<4�6 + ®�6U:�3�¬�° + 6 + ®�] l © 
<n/9�:;­ 1-°�ªR68_�°4143<]5@A9�686

«=(*) :G®N
 (*) :>m83�¬ + ® ` +�d@) :<; ªR1-°-®�] ) ®�± l © ��n/9�® ^�11­�;=_	¬�°-® ) °41 ©h( 6 � © 3�6 (
±8:1ªRc�_	¬�_�62^�1�ªR: ` ® ) :�3�¬�° + 6 + ®�6W14_ + 1<;!®�_�6!ªRc + 1

σ̃
j

∞∫

0

e−σ̃s+iγ̃αs
2

e−µsds = 0, Re σ̃ > 0.
l © �4n

R-68^�683�c 3�¬�±;°4683 + 6 ) ¯�1 + _�:�3 ® + _�68m83�®�3�1-°�¬ + ®�]-9 ^�1�ª�¬�m!¬�]
s = reiπ/4

9
r ∈ (0,∞)

9-® ±1¬�_�6 ) :<;=_�3�6 ) ® )
Re σ̃ → +0

®-94^�1<; ªR6@^�11­Re<11­R]59�68m8123�¬4;=_a] (
gU6 + ®�]�^�683�6 ) 6 +�+ 147 ® + _�68m83�®�3�1-°�¬ + ®�]-9�^�1�ªR: ` ® ) :�3�¬�° + 6 + ®�6

∞∫

0

exp
(
− γ∗ζ

2 − eiπ/4(ic∗ +
√
2 )ζ
)
dζ = 0,

l ©!¬ n

mN­ 6

γ̃ =
γ∗µ

2

2α
, σ̃ =

iµc∗√
2
, c∗ ∈ R, µ =

√
1 + α2, α > 0.
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σ̃ = ic∗
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γ∗ > 0
®
c∗ > 0
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min
α
γ̃cr(α) = γ∗ ≈ 2.4671, σ̃ = ic∗ ≈ 7.4331i.
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Γ∗(a, k) = 2.4671k
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γi
9�­�ª�]r¯�14_�143 d e |τi(x) − τi(x0)| < ε

+ ¬ (
±81-°46 )

ε
( 1-¯�3�6a;=_ + 1<;=_�c�@ _�1 ` ¯�® x0 ∈ γi ∪ ai

�
T�541-± + ¬ ` ® ) ` 683�6;± Cn[Γ] ^�3�1<;=_�3�¬ + ;=_�°41 % : + ¯ b ®�7 ® ) 6<@A9 ®�e + ¬¤¯�¬�g (­ 1 ) 3�68543�6\m83�¬ % ¬U3�¬�° + 1 ) 683 + 1 + 68^�3�683 d ° +�d 6\^�3�1-®�±;°411­ +�d 69­ 1

n
( m81'^�1 (

3<]�­�¯�¬ °-¯�ª�@ ` ®�_�6!ªRc + 1 �
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 7
X¤¬ ) ®Ã54:;­ 68_ 3�¬4;8; ) ¬�_�3�®�°�¬�_�c<;&] ¯�3�¬�6;°�¬�] ±1¬$­�¬ ` ¬o­�ª�]�­�® %\% 683�6 +�b ® (

¬	ªRc + 14m81 :�3�¬�° + 6 + ®�] ` 68_�°4683�_�14m81�^�143<]�­�¯�¬ + ¬�m83�¬ % 649�±1¬�^�®R; d °�¬�6 ) 14m81
° °-®�­ 6

Lu = F (x), x ∈ Γ, (1)
­ 14^�1�ª + 6 +�+ 14m81Um83�¬ + ® ` +�d@) ®>:<; ªR1-°-®�] ) ®

u(ai) = 0, β(ai)u
′′(ai)− ϑ(ai)u

′(ai) = 0, ai ∈ ∂Γ. (2)

�23�® &8_�1 ) 9\^�11­^­�® %\% 683�6 +�b ®�¬	ªRc +�d@) :�3�¬�° + 6 + ®�6 ) l-« n + ¬ºm83�¬ % 6 )�d
^�11­ 3�¬�±8: ) 6;°�¬�6 ) 9�; ªR6 ­ :�] � « �¦9 + ¬�54143'145 d ¯ + 1-°46 +�+�d e¤­�® %\% 683�6 +�b ®�¬	ªRc +�d e
:�3�¬�° + 6 + ®�7 + ¬ 3�68543�¬�ePm83�¬ % ¬D® + ¬�54143 :<; ªR1-°-®�7 ;=14m0ª�¬4;=1-°�¬ + ®�]r°41G° + :�_ (
3�6 +�+ 687 °468354 ® + 64j

• + ¬>3�68543�¬�eNm83�¬ % ¬�:�3�¬�° + 6 + ®�6'^�143�1hg ­�¬�68_4;&] ;=1-°41-¯�:�^ + 1<;=_�c�@S­�® %W(
% 683�6 +�b ®�¬	ªRc +�d e0:�3�¬�° + 6 + ®�7

(pi(x)u
′′
i )

′′ − (qi(x)u
′
i)

′
= fi(x), x ∈ γi ⊂ Γ,

; ¯�1 & %\% ® b ®�6 + _	¬ ) ®-9�14^�3�6 ­ 6!ª�]�6 )�d@) ® % : + ¯ b ®�] ) ®
p(x) ∈ C2[Γ]

9
infx∈

⋃
i γi

p(x) > 0
9
q(x) ∈ C1[Γ]

9
q(x) > 0

+ ¬
Γ
9
f(x) ∈ C[Γ]

*

• °41 ° + :�_�3�6 +�+ 687G°468354 ® + 6 b :�3�¬�° + 6 + ®�6�±1¬$­�¬�68_4;&] :<; ªR1-°-®�] ) ® + 68^�3�6 (
3 d ° + 1<;=_�®

ui(b) = uj(b), i, j ∈ I(b),
:<; ªR1-°-®�] ) ® m0ª�¬$­�¯�14m81';=14m0ª�¬4;=1-°�¬ + ®�]

u′i(b) = αjiu
′
j(b) + αkiu

′
k(b), (3)

mN­ 6
k
9
j
i�% ®�¯�;!®�3�1-°�¬ +�+�d 6 l 5�¬�±;®R; +�d 6hn�® + ­ 6;¯�; d ®�±

I(b)
9
i ∈ I(b)\{k, j} 9®>:<; ªR1-°-®�] ) ® + ¬À;=_	¬�354 ®�62^�3�1-®�±;°411­ +�d 6

∑

i∈I(b)\{k,j}

pi(b)αjiu
′′
i (b) + pj(b)u

′′
j (b) = 0,

∑

i∈I(b)\{k,j}

pi(b)αkiu
′′
i (b) + pk(b)u

′′
k(b) = 0,

∑

i∈I(b)

D3ui(b) = f(b).

(4)

�23�® &8_�1 ) ^�1�ª�¬�m!¬�6 ) 9 ` _�1 °<;=6f^�3�1-®�±;°411­ +�d 6f; ` ®�_	¬�@�_4;&]o° + ¬�^�3�¬�°�ªR6 (
+ ®�® ¯ ° + :�_�3�6 +�+ 687h°468354 ® + 6

b
m83�¬ % ¬�9 ¬q° l ��n ` 683�6;± D3u

14541-± + ¬ ` 6 + ¬
_�3�68_�c�] ¯�°�¬�±;®�^�3�1-®�±;°411­ + ¬�]

(p(x)u′′)′ − q(x)u′
9
f(b)

i ±1¬$­�¬ +�+ 146 ` ®R; ªR1 �
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�� 

R�¬�¯�® ) 14543�¬�±81 ) 9�ªR6;°�¬�] ` ¬4;=_�c Lu :�3�¬�° + 6 + ®�] l-« n i &8_�1 ªR6;° d 6 ` ¬4;=_�®

:�3�¬�° + 6 + ®�7 + ¬f3�68543�¬�e ° ) 6a;=_�6W;�:<; ªR1-°-®�] ) ® + 68^�3�683 d ° + 1<;=_�®-9<:<; ªR1-°-®�] ) ®
­�ª�]f^�683�° d e¤®�°4_�143 d e\^�3�1-®�±;°411­ +�d eY9;¬@_	¬�¯�gU6 ªR6;° d@) ® ` ¬4;=_a] ) ®f:<; ªR1-°-®�7
;W_�3�68_�c-® ) ®P^�3�1-®�±;°411­ +�d@) ®-9�¬U^�3�¬�°�¬�] ` ¬4;=_�c

F (x) =

{
f(x),

6a; ª�®
x ∈ Γ \ b;

f(x),
6a; ª�®

x = b.

`�6<4�6 + ®�6 ) ­�® %\% 683�6 +�b ®�¬	ªRc + 14m81�:�3�¬�° + 6 + ®�] l-« n�54:;­ 6 ) + ¬�± d °�¬�_�c
°<;&]�¯�:'@ % : + ¯ b ®5@

u(x) ∈ C4[Γ]
9�:;­ 1-°�ªR68_�°4143<]5@A9�:'@ + ¬q¯�¬�g ­ 1 ) 3�685 (

3�6·m83�¬ % ¬ ;=1414_�°468_4;=_�°4:'@A9�6 ) :D145 d ¯ + 1-°46 +�+ 1 ) :d­�® %\% 683�6 +�b ®�¬	ªRc + 1 ) :
:�3�¬�° + 6 + ®5@�94¬�°41h° + :�_�3�6 +�+ 687d°468354 ® + 6 i :<; ªR1-°-®�] ) + 68^�3�683 d ° + 1<;=_�®
® l 
<n/9 l ��n �

�23�®®_	¬�¯�1 ) ^�11­Re<11­ 6 ) 1hg + 1N; ` ®�_	¬�_�cR9 ` _�1 % : + ¯ b ®�]�V-3�® + ¬
G(x, s)¯�3�¬�6;°4147 ±1¬$­�¬ ` ® l-« n/9 l © nÏ^�3�®q¯�¬�g ­ 1 )Ã% ®�¯�;!®�3�1-°�¬ +�+ 1 )

s ∈ Γ
]�°�ª�]�68_4;&]

3�6<4�6 + ®�6 ) :�3�¬�° + 6 + ®�] l-« nA;�^�3�¬�°4147 ` ¬4;=_�c�@ ;=1<;=3�6 ­ 14_�1 ` 6 +�+ 147 °U_�1 ` ¯�6 s
Lu = δ(x− s), x ∈ Γ.

�211­ ® + _�68m83�¬	ªR1 )�% : + ¯ b ®�®
u(x) ∈ C[Γ]

^�1'm83�¬ % :
Γ
^�1 + ® ) ¬�6 ) ;=: )"(

) :D® + _�68m83�¬	ªR1-°U^�1 °<;=6 ) 3�68543�¬ ) m83�¬ % ¬ 9�_ � 6 �

∫

Γ

u(x) dx =
∑

γi⊂Γ

∫

γi

ui(x) dx =
∑

γi⊂Γ

di∫

0

u(x(τi)) dτi(x).

�23�®h®R;8; ªR6 ­ 1-°�¬ + ®�®�¯�3�¬�6;°4147 ±1¬$­�¬ ` ® l-« n/9 l © n )�d 54:;­ 6 ) ^�3�6 ­ ^�1�ª�¬ (
m!¬�_�cR9 ` _�1 ° d ^�1�ª + 6 +�d ; ªR6 ­ :'@A9 ®�6\:<; ªR1-°-®�]-j

• p ∈ C2[Γ]
9
inf
x∈Γ

p(x) > 0
9
q ∈ C1[Γ]

9
q > 0

+ ¬
Γ
9
f ∈ C[Γ]

*

• ϑ(ai), β(ai) > 0
9
α(ai)+β(ai) 6= 0

­�ª�] ¯�¬�g ­ 147 °468354 ® +�d
ai ∈ ∂Γ

*

• ­�ª�] ¯�¬�g ­ 14m81o® + ­ 6;¯�;;¬ i ∈ I(b) \ {j, k} °N:<; ªR1-°-®�]�e l 
<n\e<14_a] 5 d
11­ + ¬ ®�±¤¯�1 + ;=_	¬ + _

αji, αki
14_1ª�® ` + ¬U14_ + :1ª�] *

• ­�ª�] + 6;¯�14_�143�14m81 ® + ­ 6;¯�;;¬ i ∈ I(b)\{j, k} 11­ + 1-°43�6 ) 6 +�+ 1 ° d ^�1�ª + 6 +�d+ 683�¬�°46 + ;=_�°�¬
αji 6 0

9
αki 6 0

9�^�3�® ` 6 ) e<14_a]�5 d 11­ + 1 ®�± + ®�e>;=_�3�14m8146 �
` ¬4;8; ) ¬�_�3�®�°�¬�6 ) ¬�]\±1¬$­�¬ ` ¬h°41-± + ®�¯�¬�68_Ã^�3�® ) 11­ 6!ª�®�3�1-°�¬ + ®�® ) ¬	ª d e

­ 6 % 143 ) ¬ b ®�7º^�ªR1<;!¯�147Ñ;=_�683<g + 6;°4147 ;!®R;=_�6 )�d l 546;± : ` 68_	¬ ­ 6 % 143 ) ¬ b ®�7
¯�3�: ` 6 + ®�] n/9«°<;=6 &!ªR6 ) 6 + _ d ¯�14_�143�147Ã^�3<] ) 1�ª�® + 687 +�d ®hªR6=g ¬�_ °�11­ + 147
^�ªR1<;!¯�1<;=_�® � �23�®�&8_�1 ) ^�1�ª�¬�m!¬�68_4;&]-9 ` _�1 °<;&] ;!®R;=_�6 ) ¬ ±1¬�¯�3�68^�ªR6 + ¬�° ¯�¬�g (
­ 1 ) m83�¬ + ® ` + 1 ) ¯�1 +�b 6 ®q°<;=6';=_�683<g + ® gU6a;=_�¯�1>;=1 ` ªR6 + 6 +�d °G®�e 145�9�6 )
¯�1 +�b 6 � 7 9 «3ª � � �$6;±8:<; ªR1-° + 1R9�­�¬ +�+ ¬�] ) 11­ 6!ªRc>]�°�ª�]�68_4;&]®:�^�3�1�9�6 +�+ 147-9 + 1
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��� � � «
1<; + 1-° d °�¬�68_4;&] + ¬ °�¬�3�®�¬ b ®�1 +�+�d e�;=1414543�¬�gU6 + ®�]�e � ]21 & %\% ® b ®�6 + _�1 )

q(x)° :�3�¬�° + 6 + ®�]�e + ¬ 3�68543�¬�eP: ` ®�_ d °�¬�68_4;&] 3�61¬�¯ b ®�]N;!®R;=_�6 )�dD+ ¬ 3�¬4;=_a]�gU6 (
+ ®�6 � �211­ 145 + 146"gU6A:�3�¬�° + 6 + ®�6 l ;

q(x) > 0
n�­�ª�] ) 11­ 6!ª�®f;=_�683<g + 687U;y:<; ªR1 (

°-®�] ) ® 4 ¬�3 + ®�3�¬ °0:�±!ª�¬�er®o° ^�3�6 ­ ^�1�ªR1hgU6 + ®�®-9 ` _�1>;!®R;=_�6 ) ¬03�¬4;=_a] + :�_	¬
�$°	­ 1�ªRc � ;!°4146872^�ªR1<;!¯�1<;=_�® ±1¬Ï;!°4145411­ +�d 6 ¯�1 +�b�d ;=_�683<g + 687¤®¤±1¬�¯�3�68^�ªR6 + ¬�9
3�¬4;8; ) ¬�_�3�®�°�¬	ªR1<;=c�° ) 1 + 14m83�¬ % ®�® � « ��®�3�¬�5414_	¬�e � 
�9 ¬ � � �2_�1 ¯�¬4;;¬�68_4;&] + ¬ (
4 ®�e�^�3�6 ­ ^�1�ªR1hgU6 + ®�7>14_ + 1<;!®�_�6!ªRc + 1 ¯�1 & %\% ® b ®�6 + _�1-°R9�_�1À^�683�°�¬�]P;=683�®�]
^�3�6 ­ ^�1�ªR1hgU6 + ®�7�14^�3�6 ­ 6!ª�]�68_4;&] % ®�±;® ` 6a;!¯�® ) ; )�d ; ªR1 ) ±1¬$­�¬ ` ®-9�°4_�143�¬�]
_	¬�¯�gU60: ` ®�_ d °�¬�68_ % ®�±;® ` 6a;!¯�®�7 ; )�d ; ª�® + 6a;=68_ ^�3�6 ­ ^�1�ªR1hgU6 + ®�6 + 6;° d�(
3�1hg ­ 6 +�+ 1<;=_�®>;;¬ ) ®�e0:<; ªR1-°-®�7 � QUª�®54�c'^�1<; ªR6 ­ + ®�69­�°�¬�^�3�6 ­ ^�1�ªR1hgU6 + ®�]
_�3�6854:'@�_ ­ 14^�1�ª + ®�_�6!ªRc + 14m81U145
�Y]R; + 6 + ®�] �
[y; ªR1-°-®�] + 68^�3�683 d ° + 1<;=_�®D­ 6 % 143 ) ¬ b ®�7 °41 ° + :�_�3�6 +�+ 687 °468354 ® + 6 )�d

) 1hgU6 ) ±1¬$­�¬�°�¬�_�c2^�683�685-®�3�¬�] °<;=6;°41-± ) 1hg +�d 6L® + ­ 6;¯�; d
i, j ∈ I(b)

9�11­ + ¬�¯�1
;=11­ 683<g ¬�_�6!ªRc + :'@ ` ¬4;=_�c + 6a;=:�_ ª�®54�c |I(b)| − 1

®�± °<;=6=e>_	¬�¯�®�e>:<; ªR1-°-®�7-9
mN­ 6 |I(b)| i ` ®R; ªR1�3�6854683�m83�¬ % ¬N^�3�® )�d ¯�¬�@A9 ®�e ¯h°468354 ® + 6

b
� R�¬�¯�1 (

° d@) ®-9 + ¬�^�3�® ) 683-9Y]�°�ª�]5@�_4;&] :<; ªR1-°-®�] ;'^�3�1-®�±;°41�ªRc + 1 % ®�¯�;!®�3�1-°�¬ +�+�d@)
® + ­ 6;¯�;=1 )

j ∈ I(b)
® °<;=6 ) ®

i ∈ I(b)\ j � Z + ¬	ªR14m;® ` +�d 6�;=:<g ­ 6 + ®�] ) 1hg + 1­ 6!ª�¬�_�c�14_ + 1<;!®�_�6!ªRc + 1�:<; ªR1-°-®�7|­�ª�]Ã^�683�° d e�^�3�1-®�±;°411­ +�d e�®�± l 
<n/9 ¯�1 (
_�143 d 6'; % ®�±;® ` 6a;!¯�147 _�1 ` ¯�®t±83�6 + ®�] 14^�®R; d °�¬�@�_D¯�1 ) ^�ª�¬ + ¬�3 + 1<;=_�cD°<;=6=e
_�3�146;¯ ¯�¬4;;¬�_�6!ªRc +�d et°46;¯�_�143�1-°

u′i(b), i ∈ I(b)
j�6a; ª�®

θis
i :�m81�ª ) 6=g ­ :

1<;=6;° d@) ®Gª�® + ®�] ) ®
i
( m81 ®

s
( m810;=_�683<g + 687-9R^�3�® )�d ¯�¬�@A9 ®�e ¯r°468354 ® + 6

b
9

_�1

αji = − sin θki
sin θkj

, αki = − sin θij
sin θkj

,

^�3�® ` 6 ) % ®�¯�;!®�3�1-°�¬ +�+�d 6 ® + ­ 6;¯�; d
k
®
j
° d 5-®�3�¬�@�_4;&]N_	¬�¯-9 ` _�145 d 0 <

θkj < π
l ; )���� 7 9 «3ª �Ën � �21 &8_�1 ) :f^�3�6 ­ ^�1�ªR1hgU6 + ®�6Ï1\_�1 ) 9 ` _�1�­�ª�] ¯�¬�g ­ 14m81

® + ­ 6;¯�;;¬
i ∈ I(b)

e<14_a] 5 d 11­ + ¬ ®�± ¯�1 + ;=_	¬ + _
αji

9
αki

14_1ª�® ` + ¬014_ + :1ª�]
1-± + ¬ ` ¬�68_h9 ` _�1À1<;=6;° d 69ª�® + ®�®P3�¬�±!ª�® ` +�d e�;=_�683<g + 687 ;!®R;=_�6 )�d + 6 + ¬�¯�ª�¬ (
­ d °�¬�@�_4;&]q­ 3�:�m + ¬G­ 3�:�m!¬ � Q ± &8_�14m81>gU60^�3�6 ­ ^�1�ªR1hgU6 + ®�]�; ªR6 ­ :468_h9 ` _�1
:<; ªR1-°-®�]�­�ª�]'^�683�° d eU^�3�1-®�±;°411­ +�d e ) 14m8:�_25 d _�c¤±1¬ ) 6 + 6 +�d ®�e ª�® + 687 +�d�(
) ®�¯�1 ) 5-® + ¬ b ®�] ) ®®_�14m81 gU6G°-®�­�¬ _	¬�¯-9 ` _�1qª�@�54147 + ¬�^�683�6 ­h±1¬$­�¬ +�+�d 7
® + ­ 6;¯�;

i ∈ I(b)
54:;­ 68_�11­ + ® ) ®�±4­�°4:<e05�¬�±;®R; +�d e � �2_�1 ¯�¬4;;¬�68_4;&] °4_�143�14m81

5�¬�±;®R; + 14m81G® + ­ 6;¯�;;¬�9-_�1 1 + + 6 °<;=68mN­�¬ ) 1hgU68_>5 d _�cr° d 543�¬ + ^�3�1-®�±;°41�ªRc (
+ 1 � R�¬�¯�¬�]�;!®�_�:�¬ b ®�]W°41-± + ®�¯�¬�68_D° ; ªR: ` ¬�6 ¯�14mN­�¬G° ±1¬$­�¬ +�+�d e :<; ªR1-°-®�]�e
­�ª�] ^�683�° d e>^�3�1-®�±;°411­ +�d eG®�± l 
<nÏ11­ + ¬ ®�± ¯�1 + ;=_	¬ + _

αki, αji
3�¬�° + ¬ + : (

ª�@�j"6a; ª�®-9 + ¬�^�3�® ) 683-9�­�ª�] + 6;¯�14_�143�14m81r® + ­ 6;¯�;;¬
i ∈ I(b) \ {j, k} 54:;­ 68_

° d ^�1�ª + ]�_�c<;&]·3�¬�°46 + ;=_�°41
αji = 0

9$_�1�® + ­ 6;¯�; d
i
®
k
+ 6 ) 14m8:�_®5 d _�c

;P­ 6!ª�¬ +�d 11­ + 1-°43�6 ) 6 +�+ 125�¬�±;®R; +�d@) ® � Q ± &8_�14m81\; ªR6 ­ :468_h9 ` _�1¤®�± °<;=6=e °41-± (
) 1hg +�d e °�¬�3�®�¬ + _�1-°À:<; ªR1-°-®�7>m0ª�¬$­�¯�1<;=_�® ;=11­ 683<g ¬�_�6!ªRc + :'@ ` ¬4;=_�c + 6a;=:�_
ª�®54�c |I(b)| − 2

®�±�°<;=6=e�_	¬�¯�®�e>;=1414_ + 1�4�6 + ®�7-9 + ¬�^�3�® ) 683-9�¯�14mN­�¬ % ®�¯�;!® (
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3�1-°�¬ +�d ­�°�¬G¯�¬�¯�®�e (¦+ ®�54:;­ c °41-± ) 1hg +�d e 5�¬�±;®R; +�d eq® + ­ 6;¯�;;¬

j, k ∈ I(b)
9

¬
i ∈ I(b) \ {j, k} ���¬ ) 68_�® ) 9 ` _�1�° «=(*) :<; ªR1-°-®�® ®�± l ��n % ®�m8:�3�®�3�:468_

αji
l ; ® + ­ 6;¯�;=1 )

j
n/9

¬t°41 ©h(*) :<; ªR1-°-®�® % ®�m8:�3�®�3�:'@�_
αki

l ; ® + ­ 6;¯�;=1 )
k
n � �23�® &8_�1 ) ¯�¬�g (

­�¬�] ^�¬�3�¬
αji

9
αki

54683�68_4;&]o®�±U:<; ªR1-°-®�7 l 
<n � [y; ªR1-°-®�] l ��n4°41-± + ®�¯�¬�@�_ ®�±
°�¬�3�®�¬ b ®�1 +�+ 147 ^�1<;=_	¬ + 1-°-¯�®D±1¬$­�¬ ` ® l ; )�� 9 + ¬�^�3�® ) 683-9�3�¬�5414_ d � 7 9 «3ª �Ën �
[ ` ®�_ d °�¬�]+&8_�®|¯�1 )�) 6 + _	¬�3�®�® ®�3�6;±8:1ªRc�_	¬�_ d 3�¬�5414_ d �  ��¦9�^�1<; ªR6 ­ + 686

®�± + ¬�4 ®�eU^�3�6 ­ ^�1�ªR1hgU6 + ®�7�m!¬�3�¬ + _�®�3�:468_ + 6;° d 3�1hg ­ 6 +�+ 1<;=_�c�¯�3�¬�6;°4147 ±1¬ (
­�¬ ` ® l-« n/9 l © n + ¬'m83�¬ % 6

Γ
®P;=:'9�6a;=_�°41-°�¬ + ®�6 % : + ¯ b ®�®rV-3�® + ¬ �

�YT�	>Q�F�
/��C�Q"H"E�F��������ÀFPJ���F�
yF+�"H$�
H ��J�;�O G2O�&hC�E�F��������ÀFPQ�F+14S'����E<C�E �

© &8_�1 ) ^�: + ¯�_�6 )�d + ¬�^�1 )�+ ® )�+ 6;¯�14_�143 d 6\3�6;±8:1ªRc�_	¬�_ d ®P:<;=_	¬ + 1-°-® )
11­ + 1t°<;=^�1 ) 14m!¬�_�6!ªRc + 146�;!°4147R;=_�°41N3�6<4�6 + ®�7�:�3�¬�° + 6 + ®�] ` 68_�°4683�_�14m81 ^�1 (
3<]�­�¯�¬�9�¯�14_�143�146W^�1 + ¬$­ 145-®�_4;&] + ¬ ) ° ­�¬	ªRc + 68754�6 )��
c + ¬ ` ¬	ª�¬·3�¬4;8; ) 14_�3�® ) + ¬·14_�3�6;±;¯�6

[a, b] ∈ R
­�® %\% 683�6 +�b ®�¬	ªRc + 146

:�3�¬�° + 6 + ®�6
(p(x)u′′)′′ − (q(x)u′)′ = 0, (5)

°D¯�14_�143�1 )
p(x) ∈ C2[a, b]

9
infx∈[a,b] p(x) > 0

9
q(x) ∈ C1[a, b]

9
q(x) > 0+ ¬

[a, b]
�

�23�6 ­�;=_	¬�°-® ) :�3�¬�° + 6 + ®�6 l �4n ° % ¬�¯�_�143�®�±81-°�¬ +�+ 1 ) °-®�­ 6 . 3�14546 + ®�: (
;;¬ i �2147�¬�j

Lu ≡ d

dx

1

h(x)

d

dx
p(x)h2(x)

d

dx

1

h(x)

du

dx
= 0, x ∈ [a, b].

��­ 6a;=c
h(x) ∈ C3[a, b]

]�°�ª�]�68_4;&]�3�6<4�6 + ®�6 ) ±1¬$­�¬ ` ®G]21�4 ®

(p(x)h′)′ − q(x)h = 0, h(a) = 1, h′(a) = 0

® :;­ 1-°�ªR68_�°4143<]�68_ + 683�¬�°46 + ;=_�°�¬ )
infx∈[a,b] h(x) > 0

9
h′(x) > 0

+ ¬
[a, b]

�
©$1-± ) 1hg + 1<;=_�c % ¬�¯�_�143�®�±1¬ b ®�®�14541<; + 1-° d °�¬�68_4;&]¤®�±;°46a;=_ +�d@) 3�6;±8:1ªRc�_	¬�_�1 )
�2147�¬ � «�© �¦91¬@^�3�® + ¬$­�ªR6=g + 1<;=_�c % : + ¯ b ®�®

h(x)
^�3�1<;=_�3�¬ + ;=_�°4:

C3[a, b]
; ªR6 (

­ :468_ ®�±¤°-¯�ª�@ ` 6 + ®�7 p ∈ C2[a, b]
9
q ∈ C1[a, b]

�
� F�G2G2C·X T � 	 	�� �

u(x) �
�
��� �
����� � 
����
��������
 � ���
� 	 ��� ���
� ���
�

(5)
+

	�� ����

����� � �����
� ��� 	 	�

�����
� �

u(a) = 0, β(a)u′′(a)− ϑ(a)u′(a) = 0. (6)

� �'& �(� ��	��������
�
u(x)

� � ����� ���
	�� �
� � � ��� �����
[a, b]

�
� � ��

��� ��� �
�'& � �
	 

� 




 �	�

�����
� �
��

��� ��� � 
����
� 	���� ��	������������ �
��� � �<

��1-¯�¬�±1¬�_�6!ªRc<;=_�°41 ; ªR6 ­ :468_t®�± °41-± ) 1hg + 1<;=_�® % ¬�¯�_�143�®�±1¬ b ®�® :�3�¬�° + 6 (

+ ®�] l �4n«®>1454145�9�6 +�+ 14m81�^�3�¬�°-®�ª�¬\��6;¯�¬�3�_	¬ � «�« � �
� F�G2G2C � � « 94m0ª �  ��¦T�� 	 	�� �

u(x) �
����
 � ���
� 	 ��� ���
� ���
�

(5)
+$	�� ����

���

��� � �����
� ��� �!� �
��� �
a
	 	�

�����
� �

(6)
+ � �!� �
��� �

b
	 	�

�����
� �

u(b) = 1
+

u′(b) = 0

 � �'& �(� ��	��������
�

u(x)
�'� ����� � 

�
��� 	 � ��� �
��� � � ���
� �

u(x) > 0� �
(a, b]



��ª�] % : + ¯ b ®�®

u(x)
9�14^�3�6 ­ 6!ªR6 +�+ 147 + ¬ + 6;¯�14_�143�1 ) 14_�3�6;±;¯�6

[x1, x1]
®

® ) 6<@A9�687 + ¬ + 6 ) ¯�1 + 6 ` + 146 ` ®R; ªR1 + :1ªR687-9 ` 683�6;± σu(x± 0)
14541-± + ¬ ` ® )

± + ¬�¯
u(x)

;=^�3�¬�°�¬ l ; ªR6;°�¬<n�14_À_�1 ` ¯�® x l ° % 143 ) :1ª�¬�eY9�mN­ 6�&8_�1 + 68145he<11­�® (
) 1R9 )�d 54:;­ 6 ) 14_�1hg ­ 6a;=_�°�ª�]�_�cr± + ¬�¯ ± ; ` ®R; ªR1 ) ±1

n � Q\;=^�1�ªRc-±81-°�¬ + ®�6
σu(x± 0)

^�1-±;°41�ª�]�68_ + ¬ ) °®; ªR: ` ¬�]�eY9 ¯�14mN­�¬ u(x ± 0) = 0
9y^�3�®�^�®R; d�(

°�¬�_�c'&8_�1 ) : + :1ª�@ °4^�1�ª + 6U14^�3�6 ­ 6!ªR6 +�+�d 7t± + ¬�¯ � gA; ª�®NgU6
u(x) 6= 0

9�_�1R9
1 ` 6;°-®�­ + 1R9 σu(x+ 0) = σu(x− 0) = signu(x)

�
� F�G2G2C --T � 	 	�� �

u(x) �
����
 � ���
� 	 ��� ���
� ���
�

(5)
+ 	�� ����

����� � ����� �

� ����� � �
��� �
a
	 	�

�����
� �

(6)
+ � � � �
��� �

b
	 	�

�����
� �

u(b) = 1, u′(b) = A. (7)
��	��������
�

u(x)
	�� ���'& � �
��

��� ��� � 
���� � � �

(a, b]
� �'& �(��� � ��
��$� � � �'& �(�
+

� �'& �(�
A 6

z′(b)
z(b)

+�& � �
z(x) �

����
 � ���
� ��� �(� � � � � 
 ����

�
	 ��� ���
� ���
�
(5)

	�� � � � 
������ � �
	 	�

�����
� � �
z(a) = z′(a) = z′′(a) = 0

+
z′′′(a) = 1

p(a)




C
` ¬4;8; ) 14_�3�® )�% : + ¯ b ®�®

w1(x) = 1,

w2(x) =

x∫

a

h(s) ds,

w3(x) = p(a)

x∫

a

h(s)

s∫

a

dξ

p(ξ)h2(ξ)
ds,

w4(x) =

x∫

a

h(s)

s∫

a

1

p(ξ)h2(ξ)

ξ∫

a

h(η) dη dξ ds.

Q ± % ¬�¯�_�143�®�±81-°�¬ +�+ 14m81$^�3�6 ­�;=_	¬�°�ªR6 + ®�]2:�3�¬�° + 6 + ®�] l �4n�ªR68m;¯�1 °-®�­ 68_�cR9 ` _�1
% : + ¯ b ®�®

wi(x)
9
i = 1, 2, 3, 4

9a14543�¬�±8:'@�_@68m81 % : + ­�¬ ) 6 + _	¬	ªRc + :'@Ã;!®R;=_�6 ) :
3�6<4�6 + ®�7 ®�:;­ 1-°�ªR68_�°4143<]5@�_ °'_�1 ` ¯�6 a + ¬ ` ¬	ªRc +�d@) :<; ªR1-°-®�] ) j

w
(j−1)
k (a) = δkj , D3wk(a) = δk4, k = 1, 2, 3, 4; j = 1, 2, 3,

mN­ 6
δkj

i ;!® ) °41�ªr]23�1 + 6;¯�683�¬ �



�4� � 	 
 � � ��� 
�� 

T ` 6;°-®�­ + 1U_	¬�¯�gU649 ` _�1 °<;=6 % : + ¯ b ®�® wk(x) ^�1�ªR1hg ®�_�6!ªRc +�dº+ ¬

(a, b]
�

T�541-± + ¬ ` ® ) ` 683�6;± l1(·) ® l2(·) ª�® + 687 +�d 6 % : + ¯ b ®�1 + ¬	ª d 9�14^�3�6 ­ 6!ª�] (@A9 ®�6 ¯�3�¬�6;° d 6À:<; ªR1-°-®�] l ¬ n l °P_�1 ) gU60^�143<]�­�¯�6hn/9�¬ ` 683�6;± l3(·) ® l4(·)ª�® + 687 +�d 6 % : + ¯ b ®�1 + ¬	ª d 9�14^�3�6 ­ 6!ª�]5@A9 ®�6�¯�3�¬�6;° d 62:<; ªR1-°-®�] l¦
 n l °0_�1 )
gU6W^�143<]�­�¯�6hn � gA; ª�®

det ‖ln(wj)‖
i e�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�®�7 14^�3�6 ­ 6!ª�®�_�6!ªRc

¯�3�¬�6;°4147D±1¬$­�¬ ` ® l �4n �Yl¦
 n/9�_ � 6 �

det ‖ln(wj)‖ =

∣∣∣∣∣∣∣∣

1 0 0 0
0 −ϑ(a) β(a) 0
1 w2(b) w3(b) w4(b)
0 w′

2(b) w′
3(b) w′

b(4)

∣∣∣∣∣∣∣∣
,

_�1 ­�ª�] % : + ¯ b ®�®
u(x)

® ) 6868_ ) 6a;=_�1'^�3�6 ­�;=_	¬�°�ªR6 + ®�6

u(x) =
1

det ‖ln(wj)‖

∣∣∣∣∣∣∣∣

l1(w1) l1(w2) l1(w3) l1(w4)
l2(w1) l2(w2) l2(w3) l2(w4)
w1(x) w2(x) w3(x) w4(x)
l4(w1) l4(w2) l4(w3) l4(w4)

∣∣∣∣∣∣∣∣
+

+
A

det ‖ln(wj)‖

∣∣∣∣∣∣∣∣

l1(w1) l1(w2) l1(w3) l1(w4)
l2(w1) l2(w2) l2(w3) l2(w4)
l3(w1) l3(w2) l3(w3) l3(w4)
w1(x) w2(x) w3(x) w4(x)

∣∣∣∣∣∣∣∣
.

]¤¬�¯ ; ªR6 ­ :468_D®�± ªR6 )�)�d « ® :<; ªR1-°-®�7 l ¬ n/9 l¦
 n@^�1�ªR1hg ®�_�6!ªRc + 1<;=_�c % : + ¯ (
b ®�®

u(x)
+ ¬

(a, b]
&;¯�°-®�°�¬	ªR6 + _ + ¬ + 683�¬�°46 + ;=_�°4:

σu(a+0) > 0
� ©Ã;!®�ªR:

(6)± + ¬�¯
σu(a + 0)

14^�3�6 ­ 6!ª�]�68_4;&]q± + ¬�¯�1 )
σu′(a + 0)

®�ª�®
σu′′(a + 0)

� © d�(
` ®R; ª�]�]>^�3�1-®�±;°411­ +�d 6 % : + ¯ b ®�®

u(x)
9R^�1�ªR: ` ® )

u′(a) =
β(a)

det ‖li(wk)‖
[Aw4(b)− w′

4(b)], (8)

®�ª�® l 6a; ª�®
β(a) = 0

n

u′′(a) =
ϑ(a)

det ‖li(wk)‖
[Aw4(b)− w′

4(b)]. (9)

gA; ª�®
Aw4(b)− w′

4(b) = 0
9�_�1 ®�± l ¬ n/9 l  <n/9 l 7 nL®>_�68143�6 )�d 6 ­�® + ;=_�°46 +�(

+ 1<;=_�®P; ªR6 ­ :468_h9 ` _�1 u(x) = w4(x)
w4(b)

> 0
+ ¬

(a, b]
�

` ¬4;8; ) 14_�3�® ) ; ªR: ` ¬�7 Aw4(b) − w′
4(b) 6= 0

� gA; ª�®
A = 0

9 _�1 ;=^�3�¬�°46 ­ (
ª�®�°41<;=_�c\:�_�°4683<g ­ 6 + ®�] ªR6 )�)�d ; ªR6 ­ :468_¤®�± ªR6 )�)�d�©�� �$1�ªR686Ï_�14m81R9-°�&8_�1 )



 �	�

�����
� �
��

��� ��� � 
����
� 	���� ��	������������ �
��� � ���
; ªR: ` ¬�6 ®�± l  <nL® l 7 n$^�1�ªR: ` ¬�6 )

σu′(a+ 0) = sign
−w′

4(b)

det ‖li(wk)‖
> 0,

` _�1 °-°-®�­ : w′
4(b) > 0

­�¬�68_ + 683�¬�°46 + ;=_�°41
det ‖ln(wj)‖ < 0

�
�2:<;=_�cÃ_�68^�683�c

A 6= 0
� �21<;!¯�1�ªRc-¯�:Ã11­ + 1 ®�± ` ®R;=6!ª β(a)

®�ª�®
ϑ(a)_�1 ` + 1 14_1ª�® ` + 1 14_ + :1ª�]-9y_�1W®�± l  <n ® l 7 nU; ªR6 ­ :468_h9 ` _�1�^�3�®

Aw4(b) −
w′

4(b) 6= 0
+ 683�¬�°46 + ;=_�°41

σu′(a + 0) > 0
&;¯�°-®�°�¬	ªR6 + _ + 1 + 683�¬�°46 + ;=_�°4:

Aw4(b)− w′
4(b) < 0

®�ª�®-9 ` _�1À_�1hgU6\;;¬ ) 14649 A <
w′

4(b)
w4(b)

= z′(b)
z(b)

�
B

� ¬	ªR686 )�d + ¬�^�1 )�+ ® )>+ 6;¯�14_�143 d 6y3�6;±8:1ªRc�_	¬�_ d 9;¯�¬4;;¬�@A9 ®�6a;&] % : + ¯ b ®�®
V-3�® + ¬ ±1¬$­�¬ ` ® l-« n/9 l © n �

��� �������������"!"� � . : + ¯ b ®�687�V-3�® + ¬ + 6;° d 3�1hg ­ 6 +�+ 147 ¯�3�¬�6;°4147 ±1¬$­�¬ (
` ® l-« n/9 l © n + ¬�±81-°46 )	% : + ¯ b ®5@

G : Γ × Γ → R
_	¬�¯�:'@�9 ` _�1�3�6<4�6 + ®�6

±1¬$­�¬ ` ® ) 1hgU68_'5 d _�c'^�3�6 ­�;=_	¬�°�ªR6 + 1 ° °-®�­ 6

u(x) =

∫

Γ

G(x, s)F (s) ds +G(x, b)F (b).

� F�G2G2C � � « �¦T�� 	 	�� � ��� �(� � �
(1)

+
(2)

�
� �$� ����� � � � ��
 � �'& �(� ���
��	���� �
���
� � �
��� � 	 	�� � 	�����	 ��� � � � 
 � �(� ��� 	�

��� 	��
� � � � 	�� �'��	����
��� �	�

1)
��	��������
�

G(x, s)
� � � 	�� � 	 � 	�� ��� � ��� ������� � ��� ��� � ���
�

x
� ������� �

� � � � �'& � �
� ��������� �
��� ��� � � ��� � �
� 	 ��� �'�
	����
� 	���� �
� ��� � � ������� �$��

� � ��� �
& ��� ������� � �����'� � � � ���*� ��� � ��	�& ��
�������� ���

γi × γj (i 6= j)
� � �����'� �

� � � ���)� ��� 	�& ��
�������� ����+ � �)� � � � � � � ��� ��& ��� � 
����
x = s

����� � ���
� ��� 	 ����
� � ���
�
γi × γi

�
2)
� �
� ���'� � � � ����� 	�� �����
� ���
� �

s
+ ����

���
� � � 	 � ���
	�� ��� ���
���*� �
��� �'�

�
��� � � � ���'& � ��� � ���
+ ��	��������
� G(·, s) ����

�
��� 	 � ����
 � ���
� � ��� �
� ����� �
�'& �
	 ��� ���
� ���
�

(1)
� �

Γ \ s �
3)

� �
�0���'� � � � ����� 	�� �����
� ���
� �
s
+ ����

���
� � � 	 � ���
	�� ��� ���
���%� �
� �

� �'� �
��� � � � ���'& ����� � ���
+
��	��������
� G(·, s) 	�� ����

����� � ���
��� ��� �
� ����� ��� �
� ��� � �$� �2	 	�

�����
� �

(2)
�

4)
��	��������
�

G(x, s)
� � ��� ��& ��� � 
��

x = s
	�� ����

����� � ���
��� 	 	�

�����
� �

�
��� ��� � � ���
� 	���� � � � 	�� � 	 � 	�� ��� � � � ������� � ��� ��� � � ∂G(x,s)
∂x

+ ∂2G(x,s)
∂x2

�
	 	�

������� 	 ��� �����*� ����� � ����� ������� � ��� �
�'���
�

x

∂3G(s+ 0, s)

∂x3
− ∂3G(s− 0, s)

∂x3
=

1

p(s)



� ¬ � 	 
 � � ��� 
�� 

� �
� � �
�
� ����������� � ����� � 
����
�'& �*�
� ��� �����(�

s ± 0
� � ��� ��� ��

� ���
� ��� � � ���

��� ����� �����
� ���
� � ���
	�� ��� ���
����� � � 
 ���
�
b
�

5)
��	��������
�

G(x, s)
	 	�

�����
� � �

1) � 4)
�'� ����� � 

�
��� 	 � ��� �
��� � � ���
�



[�_�°4683<g ­ 6 + ®�] © n ® 
<n ªR6 )�)�d ��14^�®R; d °�¬�@�_ ^�1-°46 ­ 6 + ®�6 % : + ¯ b ®�®
V-3�® + ¬'^�3�®r¯�¬�g ­ 1 )

s ∈ (ai, b)
� �2_�1 ¯�¬4;;¬�68_4;&]>;!°4147R;=_�° % : + ¯ b ®�®rV-3�® + ¬

±1¬$­�¬ ` ® l-« n �Yl ��nU^�3�®
s = b

9y_�1W­�ª�]i°468354 ® +�d
b
^�683�6 ) 6 +�+ ¬�]

s
) 1hgU68_

^�3�®�5�ª�®�g ¬�_�c<;&]b¯
b
^�1�3�¬�± +�d@) 3�68543�¬ ) 9�^�3�® )�d ¯�¬�@A9 ® ) ¯/&8_�147d°4683 (

4 ® + 649�^�1 &8_�1 ) : )�d 54:;­ 6 ) 3�¬4;8; ) ¬�_�3�®�°�¬�_�cN14_;­ 6!ªRc + 1t¯�¬�g ­ d 7 ®�±�^�3�6 (
­ 6!ªR1-°

Gi(x, b) = limγi3s→bG(x, s)
9
i ∈ I(b)

9 + ¬�± d °�¬�6 )�d e ^�3�6 ­ 6!ªRc +�d�(
) ®�;=3�6;±;¯�¬ ) ® � �21 ` _�®q­ 1<; ªR1-° + 1�^�1-°4_�143<]�] 3�¬4;8;=:<g ­ 6 + ®�] 3�¬�5414_ d � « 
�� ®
®R;=^�1�ªRc-±8:�]�_�68143�6 )�d 1À^�3�6 ­ 6!ªRc +�d e>;=3�6;±;¯�¬�e � « 9Rm0ª ��¬ �¦9 ) 1hg + 1 ­ 1-¯�¬�±1¬�_�c
; ªR6 ­ :'@A9�6862:�_�°4683<g ­ 6 + ®�6 �

V�F�ORQ�F�G2C>X T ��	��������
� � �
��� �
G(x, s)

��� �(� � �
(1)

+
(2)

	�� ����

����� � ���
���
� �

Γ×Γ
	�� �'��	�����	 	�� � � ��� �
�����
� 	����

G(x, s) = G(s, x)
+,����	 � ��� � ����� � 
�� �

��� � 	���� ����� ��� ����� � � � � 	 	 � � �'��+ � 
 � 
 Gi(x, b) ≡ Gk(x, b)
+
x ∈ Γ



� ¬	ªR686 )�d % 143 ) :1ª�®�3�:46 ) _�68143�6 ) :�1 3�6 ­ :�¯ b ®�® ­�ª�]�¯�3�¬�6;°4147 ±1¬$­�¬ (

` ® l-« n/9 l © n �
V�F�ORQ�F�G2C � � 
 �¦T ����� � �
��� ��� �(� � �

(1)
+
(2)

� � & ��� � �
Γ
	
F (x) ≡ 0

���
�
�����#����� ���
� ��� � ��� γk = [ak, b] ∈ Γ � �������
� 

� ��� � � � � � � ��	���� �(� � �

1)
��� �(� ����� � ��� � ��� γk

�

(pk(x)u
′′
k)

′′ − (qk(x)u
′
k)

′ = f(x), x ∈ γk,

uk(ak) = 0, β(ak)u
′′
k(ak)− ϑ(ak)u

′
k(ak) = 0,

pk(b)u
′′
k(b) + β1(b)u

′
k(b)− β0(b)uk(b) = 0,

D3uk(b) + β0(b)u
′
k(b)− δ0(b)uk(b) = f(b);

(10)

2)
� � � � ��	 ��� �(� � � � ��� � ���'� γi ��

�
	 ��� ���
� ���
�

(pi(x)u
′′
i )

′′ − (qi(x)u
′
i)

′ = 0, x ∈ γi, i 6= k, (11)

	 	 	�

�����
� � �
ui(b) = uk(b),

u′i(b) = µi(b)uk(b) + ρi(b)u
′
k(b)

� � �
��� �
b
� ��� �
� ����� ��� �)	 	�

�����
� �

(2)
� � �
��� �

ai



8 ��F�
yJ�E2� H�F T � 	 	�� �
G(x, s) �

��	��������
� � �
��� � � ��� � � �'� ��� �(� �
� �

(1)
+
(2)


�� �'& �(� ��

�
x, s ∈ γk

��	��������
�
G(x, s)

	 ���$� � �(� ����	 ��	��������
���
� �
��� �

Gk(x, s)
� ��� � � �'����� �(� � �

(10)

 � ��

�

s ∈ γk
�
x ∈ γi

� �
�
i 6= k



 �	�

�����
� �
��

��� ��� � 
����
� 	���� ��	������������ �
��� � � 

��	��������
�

G(x, s)
����

�
��� 	 � ����
 � ���
� � 	 ��� ���
� ���
�

(11)
� � ��� � ��� γi

+�	�� ���
��

����� � ���
��� ��� � � 
 ���
�

ai
	 	�

�����
� �

(2)
+ � ��� � � 
 ���
�

b �
	 	�

�����
� �

G(b, s) = Gk(b, s),

∂G

∂x
(b, s) = µi(b)Gk(b, s) + ρi(b)

∂Gk
∂x

(b, s).
(12)

©t­�¬ +�+ 147�3�¬�5414_�6 )�d + 6Ï;=_	¬ + 6 ) ° d ^�®R; d °�¬�_�c % 143 ) :1ª d 9h^�1 ¯�14_�143 d@)
; ` ®�_	¬�@�_4;&] ¯�1 & %\% ® b ®�6 + _ d :<; ªR1-°-®�7 l-«3ª n ® l-«�© n/9414_4; d ª�¬�] ±1¬\^�11­ 3�145 + 1 (
;=_a] ) ®r¯>3�¬�5414_�6 � 
 � � ��­ 6a;=c )�d ª�®54�cÀ14_ ) 68_�® ) 9 ` _�1 °<;=6 ¯�1 & %\% ® b ®�6 + _ d
¯�3�¬�6;° d e :<; ªR1-°-®�7 l-«3ª n ® l-«�© n °®_�1 ` ¯�6 b ±1¬�°-®R;&]�_N14_ ¯�1 & %\% ® b ®�6 + _�1-°
:�3�¬�° + 6 + ®�] l-« n � �23�® &8_�1 ) ¯�1 & %\% ® b ®�6 + _ d

β1(b)
®
δ0(b)

¯�3�¬�6;° d e�:<; ªR1 (
°-®�7 l-«3ª n-;=_�3�14m81W^�1�ªR1hg ®�_�6!ªRc +�d ® [

β0(b)
]2−β1(b)δ0(b) < 0

� �2_�19¯�¬4;;¬�68_ (
;&]¤± + ¬�¯�1-° ¯�1 & %\% ® b ®�6 + _�1-°

β0(b)
9
µi(b)

®
ρi(b)

9a_�1�1 + ® ) 14m8:�_@^�3�® + ® ) ¬�_�c
ª�@�5 d 6 °46<9�6a;=_�°46 +�+�d 6 ± + ¬ ` 6 + ®�] �

V�F�ORQ�F�G2C - � « ���¦T ����� � �
���*��� �(� � �
(10)

����

�
��� 	 � 	 ��� � 	 �'� ���,� � ���
�'�
� ��� �
��� � � ���
������������
 � � � ��

��
�� � �'� � ��� � �'�)� ��	���� f(x) ∈ C[ak, b]



V�F�ORQ�F�G2C � � « ���¦T ��	��������
� � �
��� �

Gk(x, s)
��� �(� � �

(10)
	�� ���'& � �
���



��� ��� � 
���� � � �
(ak, b]× (ak, b]

� �'& �(� � � ��
��$� � � �'& �(�
+ � �'& �(� �$���
��
��
� �
�
�
� ��� � � ��	���� �

pk(b)z
′′
k (b) + β1(b)z

′
k(b)− β0(b)zk(b) > 0, (13)

& � �
zk(x) �

����
 � ���
� ��� �(� � � � � 
 � ��

� ��� �
� ����� �
�'& � 	 ��� ���
� ���
�
(10)	 � � � � 
������ � �0	 	�

�����
� � �

zk(ak) = z′k(ak) = z′′k (ak) = 0
+
z′′′(ak) =

1
p(ak)




--T 8 ��ORL�J�E2��CNM>S��"K��"H"H 6yQ"H$��C
K"Q�C�F+��ORL 1<C+
yC4I"H

(1)
[
(2)

]¤¬�¯®:<gU6�5 d ªR1N;!¯�¬�±1¬ + 1o° d 4�649 + ¬4; ® + _�683�6a;=:468_q°414^�3�1<;01 ^�1�ªR1hg ® (
_�6!ªRc + 1<;=_�® % : + ¯ b ®�® V-3�® + ¬

G(x, s)
±1¬$­�¬ ` ® l-« n/9 l © n + ¬ Γ×Γ

� �23�®
(x, s)

9
^�3�® + ¬$­�ªR6=g ¬�9 ®�e ­�®�¬�m81 + ¬	ªRc +�d@) ¯�°�¬$­ 3�¬�_	¬ )

γk × γk
9
k ∈ I(b)

9 &8_�14_
°414^�3�1<;011­ + 1-± + ¬ ` + 1 3�6<4 ¬�68_4;&] _�68143�6 ) 147 � � �21 &8_�1 ) : °<; @L­ : + ®�gU6 )�d
54:;­ 6 ) ; ` ®�_	¬�_�cR9 ` _�1 ­�ª�]|¯�¬�g ­ 14m81P3�68543�¬

γk
9
k ∈ I(b)

9�° d ^�1�ª + 6 + 1 ;=1 (
14_�°468_4;=_�°4:'@A9�686 + 683�¬�°46 + ;=_�°41 l-« 
<n/9�® + ¬4; 54:;­ 68_q® + _�683�6a;=1-°�¬�_�c ^�1-°46 ­ 6 (
+ ®�6

G(x, s)
+ ¬'^�3<] ) 14:�m81�ªRc + ®�¯�¬�e

γi × γk
^�3�®

i 6= k
�

��¬ % ®�¯�;!®�3�:46 ) ^�3�1-®�±;°41�ªRc +�d 7 ® + ­ 6;¯�;
k ∈ I(b)

®À54:;­ 6 ) ; ` ®�_	¬�_�cR9 ` _�1
°�:<; ªR1-°-®�]�e l 
<n ® + ­ 6;¯�;

k
]�°�ª�]�68_4;&]05�¬�±;®R; +�d@)�� ©�^�3�14_�®�° + 1 ) ; ªR: ` ¬�6 )�d



�� � 	 
 � � ��� 
�� 

) 1hgU6 ) ±1¬ ) 6 + ®�_�c &8_�®f:<; ªR1-°-®�] ®�e ª�® + 687 +�d@) ® ¯�1 ) 5-® + ¬ b ®�] ) ®-9;® ) 6<@A9 ® (
) ® _�14_0gU6�°-®�­ l 
<n/9�° ¯�14_�143 d e ® + ­ 6;¯�;

k
:<gU6f54:;­ 68_05�¬�±;®R; +�d@)�� ©�; @L­ :

­�¬	ªR68649"6a; ª�® + 6�14m81-°4143�6 + 1P^�3�14_�®�° + 14649�; ` ®�_	¬�6 ) 9 ` _�1 s ∈ γk = (ak, b)
9

x ∈ γi = (ai, b)
�

� F�G2G2C �YT � 	 	�� �
G(x, s) �

��	��������
� � �
��� � ��� �(� � �
(1)

+
(2)


 � �'& �(�
��

� 
�� � �'& � s ∈ γk

	���� �����
gs(·) = G(·, s) �
� � � ����� � � Γ \ ∂Γ � ���
� �����

�
	 

��� 

C
�2:<;=_�c

s ∈ γk
� �21<;!¯�1�ªRc-¯�: ^�3�6 ­ 6!ªRc + ¬�] ;=3�6;±;¯�¬

Gk(b, s)
9
s ∈ γk

9
^�1�ªR1hg ®�_�6!ªRc + ¬ + ¬

(ak, b]×(ak, b]
9h_�1

gs(b) > 0
9$® + ¬ ) 1<;=_	¬�68_4;&] ­ 1-¯�¬�±1¬�_�c

ªR6 )�) : ­�ª�]
x ∈ ⋃i6=k γi

�
�23�6 ­ ^�1�ªR1hg ® ) ^�3�14_�®�° + 146 � �2:<;=_�c

x0 ∈ (ai, b)
i ¯�3�¬�_ +�d 7 + :1ªRc

% : + ¯ b ®�®
gs(x)

9
i 6= k

� R-14mN­�¬ + ¬214_�3�6;±;¯�6
[ai, x0]

% : + ¯ b ®�]
gs(x)

]�°�ª�]�68_ (
;&] 3�6<4�6 + ®�6 ) 11­ + 143�11­ + 14m810:�3�¬�° + 6 + ®�] l-«�« n/9 :;­ 1-°�ªR68_�°4143<]�68_ °�_�1 ` ¯�6 ai:<; ªR1-°-®�] )·l © n/9�¬�°U_�1 ` ¯�6 x0 i :<; ªR1-°-®�] )

gs(x0) = g′s(x0) = 0
� cA14m0ª�¬4; + 1

ªR6 )�) 6 © 9�_	¬�¯�¬�] ±1¬$­�¬ ` ¬ + 6;° d 3�1hg ­ 6 + ¬�9�^�1 &8_�1 ) : gs(x) ≡ 0
+ ¬

[ak, x0]
�

R-14mN­�¬ ° ;!®�ªR:�_�68143�6 )�d 6 ­�® + ;=_�°46 +�+ 1<;=_�®o]21�4 ®
gs(x) ≡ 0

+ ¬
[ai, b]

9 ` _�1
^�3�14_�®�°4143�6 ` ®�_ + 683�¬�°46 + ;=_�°4: gs(b) > 0

�
BQ ±\;!® )�) 68_�3�® ` + 1<;=_�® % : + ¯ b ®�® V-3�® + ¬À;=3�¬�±8:À^�1�ªR: ` ¬�6 )

8 ��F�
yJ�E2� H�F T�� 

� 
�� � �'& � x ∈ γk
	���� �����

gx(·) = G(x, ·) �
� � � ������ �
Γ \ ∂Γ � ���
� ����� �
	 

��� 

T�541-± + ¬ ` ® ) ` 683�6;± Nik

)�+ 1hgU6a;=_�°41o°<;=6=eW° + :�_�3�6 +�+ ®�e®_�1 ` 6;¯®^�3<] ) 1 (
:�m81�ªRc + ®�¯�¬

[ai, b] × [ak, b]
9
i 6= k

9 ° ¯�14_�143 d e % : + ¯ b ®�]
G(x, s)

3�¬�° + ¬
+ :1ª�@ � X¤¬4; ® + _�683�6a;=:468_P; ªR: ` ¬�7-9�¯�14mN­�¬ Nik 6= ∅

� R-1R9 ` _�1P_	¬�¯�¬�] ;!®�_�:�¬ (
b ®�]|°41-± ) 1hg + ¬>54:;­ 68_P^�1-¯�¬�±1¬ + 1 + ®�gU6 � Q ± ªR6 )�)�d �r® + 68^�3�683 d ° + 1<;=_�®
% : + ¯ b ®�®hV-3�® + ¬ ; ªR6 ­ :468_h9 ` _�1 )�+ 1hgU6a;=_�°41

Nik
+ 6 ® ) 6868_W®�±81�ª�®�3�1-°�¬ +�(

+�d e0_�1 ` 6;¯D®G° ª�@�5414701-¯�3�6a;=_ + 1<;=_�®�^�3�1-®�±;°41�ªRc + 147À_�1 ` ¯�®G®�± Nik
% : + ¯ (

b ®�]
G(x, s)

) 6 + ]�68_ ± + ¬�¯ �
� F�G2G2C �-T � 	�
��

Nik 6= ∅
+ � � 
�� � ���)� ��� � ��� s = s0

+
s0 ∈ (ak, b)

+
(
��
��*� ��� � ���

x = x0
+
x0 ∈ (ai, b))

�
� ��� 	 ����� ���
Nik

�
� � ��

��� ��� � � ��� �
�'�
� �
��� � 


��1-¯�¬�±1¬�_�6!ªRc<;=_�°41U; ªR6 ­ :468_ ®�±�ªR6 )�)�dw«4�
8 ��F�
yJ�E2� H�FÀX T�� 	 	�� �

Nik 6= ∅
�
(x0, s0) ∈ Nik


 � �'& �(� � � ��� � ��� γi =
(ai, b)

	���� ����� ��	���������� � �
��� �
gs0(·) = G(·, s0)

	�� ���'& � � � �
��� �
� � 
���� �
� �
�

x ∈ (ai, x0)
� 	�� ���'& � �
��

��� ��� � 
���� � � �
�

x ∈ (x0, b)



��1-¯�¬�±1¬�_�6!ªRc<;=_�°41U; ªR6 ­ :468_ ®�±�ªR6 )�) � ® ¬��
8 ��F�
yJ�E2� H�F �YT � 	 	�� �

Nik 6= ∅
�
(x0, s0) ∈ Nik


 � �'& �(� � � ��� � ���
γk = (ak, b)

	���� ����� ��	���������� � �
��� �
gx0(·) = G(x0, ·)

	�� ���'& � � � �
��� � �
� � 
���� � � �
�

s ∈ (ak, s0)
� 	�� ���'& � �
��

��� ��� � 
���� � � �
�

s ∈ (s0, b)





 �	�

�����
� �
��

��� ��� � 
����
� 	���� ��	������������ �
��� � � 7
�\6 )�) ¬ ¬ ®Ã686 ; ªR6 ­�;=_�°-®�] « ® © ^�1-±;°41�ª�]5@�_t±1¬�¯�ª�@ ` ®�_�cR9 ` _�1 )�+ 1 (

gU6a;=_�°41
Nik

) 1hgU68_>5 d _�c ±1¬$­�¬ + 1P;U^�1 ) 1�9�c�@ % : + ¯ b ®�®
X(s)

9�°-±1¬�® )�+ 1
11­ + 1-± + ¬ ` + 1Ï14_�14543�¬�g ¬�@A9�687 + 6;¯�14_�143�146�^�11­ )�+ 1hgU6a;=_�°41@3�68543�¬ γk + ¬Ï^�11­ ()�+ 1hgU6a;=_�°41�3�68543�¬

γi
l ®�ª�®f;�^�1 ) 1�9�c�@ % : + ¯ b ®�®

X−1(x)
9a14_�14543�¬�g ¬�@A9�687

+ 6;¯�14_�143�146W^�11­ )�+ 1hgU6a;=_�°41U3�68543�¬
γi

+ ¬U^�11­ )�+ 1hgU6a;=_�°41U3�68543�¬
γk
n �

c ªR6 ­ :'@A9�686 :�_�°4683<g ­ 6 + ®�6 :<;=_	¬ + ¬�°�ª�®�°�¬�68_ ;!°�]�± + 1<;=_�c )�+ 1hgU6 (
;=_�°�¬

Nik
�

8 ��F�
yJ�E2� H�F --T �	�
��� � 	���� �
Nik

� ����� 	���� ��

�
��� 	 � � �'� �
��� ��� � � ���
	��� �
����	�� + � ������� � � � � ���'��

� �*�
� � � 	�� � ����� �'� � ��� � ��	�& ��
����������
+�� �
� �#� �
��� �
� �,����� � � 
 ���
�

x = ai, s = ak



C
Q ± ªR6 )�)�d �'; ªR6 ­ :468_h9 ` _�1 )�+ 1hgU6a;=_�°41

Nik
+ 6¤® ) 6868_ ®�±81�ª�®�3�1-°�¬ +�(

+�d e�_�1 ` 6;¯-9�^�1 &8_�1 ) :t­�ª�] ­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°�¬>_�68143�6 )�d ­ 1<;=_	¬�_�1 ` + 1 ^�1-¯�¬ (
±1¬�_�cR9 ` _�1 ¯�3�®�°�¬�] Nik

+ 6�® ) 6868_ ° + :�_�3�®
[ai, b]× [ak, b]

¯�1 +�b 6;° d eÀ_�1 ` 6;¯ �
` ¬4;8; ) 14_�3�® )Ñ% : + ¯ b ®5@

X(s)
9�±1¬$­�¬�@A9�:'@S¯�3�®�°4:'@

Nik
� c ^�1 ) 1�9�c�@

) 68_�3�® ` 6a;!¯�147 % : + ¯ b ®�®
τ(s)

l ; )�� ^ �W«4� n�686 ) 1hg + 1 ^�3�6 ­�;=_	¬�°-®�_�cW°W°-® (
­ 6�;=:�^�683�^�1-±;® b ®�®

X(s(τ))
9 ±1¬$­�¬ +�+ 147 + ¬o® + _�683�°�¬	ªR6

(0, dk)
°46<9�6a;=_�°46 +�(

+ 147�^�3<] ) 147 � �23�6 ­ ^�1�ªR1hg ® ) 9 ` _�1 (x0, s0) ∈ (ai, b)× (ak, b)
i ¯�1 +�b 6;°�¬�]

_�1 ` ¯�¬r¯�3�®�°4147 Nik
9"mN­ 6

s0 = s(τ0)
9
x0 = X(s(τ0))

®
τ0 ∈ (0, dk) ∈ R

�
R-14mN­�¬ % : + ¯ b ®�]

X(s(τ))
) 1hgU68_@5 d _�c + 68^�3�683 d ° + ¬4°@_�1 ` ¯�6 τ0 ª�®�541@_�1�ªRc (¯�1 ; ªR6;°�¬�9�ª�®�5410_�1�ªRc-¯�1 ;=^�3�¬�°�¬ � �2:<;=_�cR9�­�ª�] 14^�3�6 ­ 6!ªR6 +�+ 1<;=_�®-9 % : + ¯ b ®�]

X(s(τ))
+ 68^�3�683 d ° + ¬ ; ªR6;°�¬014_

τ0
� R-14mN­�¬0^�3�®o­ 1<;=_	¬�_�1 ` + 1 ) ¬	ªR1 ) ε > 0% : + ¯ b ®�]

gs(τ)(·) = G(·, s(τ)) ;=1he�3�¬ + ]�68_ ± + ¬�¯i°
ε
( 1-¯�3�6a;=_ + 1<;=_�®º_�1 ` (

¯�®
x0

^�3�®b¯�¬�g ­ 1 )
τ ∈ (τ0, τ0 + ε)

� �23�® &8_�1 ) °�;!®�ªR:·; ªR6 ­�;=_�°-®�] «
% : + ¯ b ®�]

gs0(·) = G(·, s0)
) 6 + ]�68_h± + ¬�¯ + ¬�_�1 ) gU6 ® + _�683�°�¬	ªR649 ` _�1

^�3�14_�®�°4143�6 ` ®�_ + 68^�3�683 d ° + 1<;=_�®'^�1\;=1-°41-¯�:�^ + 1<;=_�®U^�683�6 ) 6 +�+�d e % : + ¯ b ®�®
V-3�® + ¬

G(x, s)
�
B

Q ± °<;=68m81 ° d 4�6a;!¯�¬�±1¬ +�+ 14m81�; ªR6 ­ :468_
V�F�ORQ�F�G2C �YT ��	��������
� � �
��� �2��� �(� � �

(1)
+
(2)


�� � � 	�� ���'& � �
��

���
� ��� � 
���� � � �

(ai, b]× (ak, b]
+�
�� � � � � �
��� �
� � 
���� � ���
	�� �
� ��� �
� 	������ �
�'& �

� �
��� � 	����
�
+ �'& ��� ������� ���
�'& � 	�� � ����� ��� � � ��� � ��	�& ��
����������
+#� �
� �#����� � �
� � � �
����& � � � � 
 ���
�

(ai, ak)
� �
��� ��� � � ���
�'�
� �
��� �'�

Nik
+
� �������%� � � ���

���'� 

� �*�
�����
	�� �
� � ���,� 	�� � ����� 
����
� � � � � ��	 ������� � ��� � ����+ � ����� 
�

� 
�� �
� ���!����� �'� � ��� � 	�� � 	�� � �����
� � ��� � ��	�& ��
����������
+��
� ��� 	 ����� ���
� �
����	��

Nik�
� � ��

��� ��� �
�'& � ��������
T�^�3�6 ­ 6!ª�® ) ° + :�_�3�® ^�3<] ) 14:�m81�ªRc + ®�¯�¬
[ai, b] × [ak, b]

% : + ¯ b ®5@
Gik(x, s) =

G(x,s)
G(b,s)

9
(x, s) ∈ (ai, b)×(ak, b)

� �21<;!¯�1�ªRc-¯�:2^�3�6 ­ 6!ªRc +�d 6@;=3�6;± (
¯�®

G(b, s)
^�1�ªR1hg ®�_�6!ªRc +�d ° + :�_�3�®

Γ× Γ
9�_�1 % : + ¯ b ®�]

Gik(x, s)
14^�3�6 ­ 6 (

ªR6 + ¬ ¯�143�3�6;¯�_ + 1 � Q ±U;!°4147R;=_�° % : + ¯ b ®�®tV-3�® + ¬ ®N; ªR6 ­�;=_�°-®�] _�68143�6 )�d ©



� ª � 	 
 � � ��� 
�� 

; ªR6 ­ :468_h9 ` _�1@^�3�®¤¯�¬�g ­ 1 )�% ®�¯�;!®�3�1-°�¬ +�+ 1 )

s ∈ (ak, b)
% : + ¯ b ®�]

Gik(x, s)]�°�ª�]�68_4;&]·3�6<4�6 + ®�6 ) :�3�¬�° + 6 + ®�] l-«�« n/9$:;­ 1-°�ªR68_�°4143<]�68_ :<; ªR1-°-®�] ) l © n ®
:<; ªR1-°-®�] )

Gik(b, s) = 1,

∂Gik

∂x
(b, s) = µi(b) + ρi(b)

∂Gk

∂x (b, s)

Gk(b, s)
.

(14)

T ` 6;°-®�­ + 1R9 ` _�1P^�1�ªR1hg ®�_�6!ªRc + 1<;=_�c % : + ¯ b ®�®
G(x, s)

+ ¬
(ai, b) × (ak, b)&;¯�°-®�°�¬	ªR6 + _ + ¬ ^�1�ªR1hg ®�_�6!ªRc + 1<;=_�®

Gik(x, s)
� ]¤¬�¯�; ªR6 ­ :468_q®�±GªR6 )�)�d 
�9

+ 683�¬�°46 + ;=_�°41
Gik(x, s) > 0

° d ^�1�ª + 6 + 1 ­�ª�]t°<;=6=e
x ∈ γi

®
s ∈ γk

_�14mN­�¬
®º_�1�ªRc-¯�1 _�14mN­�¬�9L¯�14mN­�¬t­�ª�]eª�@�5414m81

s ∈ γk
° d ^�1�ª + 6 + 1 + 683�¬�°46 + ;=_�°41

∂Gik

∂x (b, s) <
z′i(b)
zi(b)

9�mN­ 6
z(x)

i 3�6<4�6 + ®�6�11­ + 143�11­ + 14m81P:�3�¬�° + 6 + ®�] l-«�« n/9
:;­ 1-°�ªR68_�°4143<]5@A9�686W:<; ªR1-°-®�] )

z(ai) = z′(ai) = z′′(ai) = 0, D3z(ai) = 1, i ∈ I(b).

Q ± _�68143�6 )�d ��; ªR6 ­ :468_h9 ` _�1 6a; ª�® % : + ¯ b ®�]
Gik(x, s)

14_�3�® b ¬�_�6!ªRc (
+ ¬ ° + 6;¯�14_�143�147�_�1 ` ¯�6 (x0, s0) ^�3<] ) 14:�m81�ªRc + ®�¯�¬ (ai, b)× (ak, b)

9�_�1À1 + ¬
14_�3�® b ¬�_�6!ªRc + ¬ ®D°41 °<;=6=eÀ_�1 ` ¯�¬�e (x0, s)

^�3�®
s ∈ (a, s0]

� �21 &8_�1 ) : ­ 1<;=_	¬ (
_�1 ` + 1 ®R;8; ªR6 ­ 1-°�¬�_�c'^�1-°46 ­ 6 + ®�6 % : + ¯ b ®�® ∂Gik

∂x (b, s)
^�3�®

s ∈ γk
5�ª�®�±;¯�®�e

¯
ak
�
gA; ª�® 14541-± + ¬ ` ®�_�c ` 683�6;± lj(·) 9 j = 1, 2, 3, 4

9 % : + ¯ b ®�1 + ¬	ª d 9Y14^�3�6 ­ 6 (
ª�]5@A9 ®�64¯�3�¬�6;° d 6Ï:<; ªR1-°-®�] ±1¬$­�¬ ` ® l-«3ª n + ¬23�68543�6 γk l °f_�1 ) gU6@^�143<]�­�¯�649
°D¯�14_�143�1 ) 1 + ®o®�­ :�_D° l-«3ª n,n/9�¬ ` 683�6;± φjk(x) i % : + ­�¬ ) 6 + _	¬	ªRc + :'@	;!® (
;=_�6 ) :�3�6<4�6 + ®�7·:�3�¬�° + 6 + ®�] l-«3ª nU_	¬�¯�:'@�9 ` _�1 lj(φik) = δij

9AmN­ 6
δij

i
;!® ) °41�ª ]23�1 + 6;¯�683�¬�9�_�1 % : + ¯ b ®5@

Gk(x, s)
9
x, s ∈ γk

9 ) 1hg + 1>^�3�6 ­�;=_	¬ (
°-®�_�c ° °-®�­ 6 � « 
��

Gk(x, s) =

{
−φ3k(x)v3(s)− φ4k(x)v4(s), ak 6 x 6 s 6 b,

φ1k(x)v1(s) + φ2k(x)v2(s), ak 6 s 6 x 6 b,
(15)

mN­ 6
vj(s) = (−1)j

[φ1k,...,φj−1,k ,φj+1,k,...,φ4k ](s)
[φ1k,...,φ4k](s)

9
j = 1, 2, 3, 4

9
¬
[φ1, . . . , φm](s)

i °43�1 + ;!¯�®�¬ +·% : + ¯ b ®�7
φj(s)

9
j = 1, . . . ,m

� ©�_�147
gU6>3�¬�5414_�6 � « 
��@:<;=_	¬ + 1-°�ªR6 + ¬o±1¬�°-®R;!® ) 1<;=_�c ^�1-°46 ­ 6 + ®�]Ã;!®R;=_�6 )�d % : + ¯ (
b ®�7

vj(s)
° 1-¯�3�6a;=_ + 1<;=_�®|¯�1 +�b 1-°P14_�3�6;±;¯�¬P14_P^�143<]�­�¯�1-°r°46 ­ :'9 ®�e ^�3�1 (

®�±;°411­ +�d e ¯�3�¬�6;° d e :<; ªR1-°-®�7 l-«3ª n � �23�®�°�ªR6;¯�¬�] ) 68_�3�® ` 6a;!¯�:'@ % : + ¯ (
b ®5@

τ(s)
® : ` ®�_ d °�¬�]®3�¬�°46 + ;=_�°41

limγk3s→ak τ(s) = 0
9 ) 1hg + 1 :�_�°4683 (



 �	�

�����
� �
��

��� ��� � 
����
� 	���� ��	������������ �
��� � � «
g ­�¬�_�c l ; )���� « 
��Ën/9 ` _�1'^�3�® τ → 0

® ) 6<@�_ ) 6a;=_�1À3�¬�°46 + ;=_�°�¬

v1(s(τ)) =
τ3

3!
+ o(τ3),

v2(s(τ)) =

{
τ + o(τ)

^�3�®
β(ak) 6= 0,

τ2

2! + o(τ2)
^�3�®

β(ak) = 0.

(16)

�211­�;=_	¬�°�ª�]�]�;=1414_ + 1�4�6 + ®�] l-« �4n«° l-« ��n/9�^�1�ªR: ` ® )
∂Gik

∂x
(b, ak) = lim

τ→0

[
µi(b) + ρi(b)

φ′1k(b)v1(s(τ)) + φ′2k(b)v2(s(τ))

φ1k(b)v1(s(τ)) + φ2k(b)v2(s(τ))

]
.

©L°-®�­ : l-«3¬ nA^�3�¬�°�¬�] ` ¬4;=_�cÀ^�3�® + ® ) ¬�68_À; ªR6 ­ :'@A9 ®�7 °-®�­"j
∂Gik

∂x
(b, ak) = µi(b) + ρi(b)

φ′2k
φ2k

(b), i ∈ I(b) \ k,

mN­ 6 φ′
2k

φ2k
(b) = limγk3x→b

φ′
2k(x)
φ2k(x)

�
R-68^�683�c ®�± ªR6 )�)�d 
 ; ªR6 ­ :468_h9 ` _�1 ° d ^�1�ª + 6 + ®�6 + 683�¬�°46 + ;=_�°�¬

Gik(x, s) > 0
+ ¬

(ai, b]× (ak, b]
9
i 6= k

9 &;¯�°-®�°�¬	ªR6 + _ + 1 ° d ^�1�ª + 6 + ®5@ + 683�¬ (
°46 + ;=_�°�¬

µi(b) + ρi(b)
φ′2k
φ2k

(b) 6
z′i(b)

zi(b)
, i ∈ I(b) \ k, (17)

mN­ 6
zi(x)

i 3�6<4�6 + ®�6>11­ + 143�11­ + 14m81 :�3�¬�° + 6 + ®�] l �4n/9y:;­ 1-°�ªR68_�°4143<]5@A9�686
+ ¬ ` ¬	ªRc +�d@) :<; ªR1-°-®�] )

zi(ai) = z′i(ai) = z′′i (ai) = 0
9
z′′′i (ai) =

1
p(ai)

�
�23�1-°46 ­ 6 +�+�d 6B° d ¯�ª�¬$­�¯�®U^�1-±;°41�ª�]5@�_2; % 143 ) :1ª�®�3�1-°�¬�_�cW1<; + 1-° + 147U3�6 (

±8:1ªRc�_	¬�_�­�¬ +�+ 147�3�¬�5414_ d\�
V�F�ORQ�F�G2C �-T � 

�0� �'& ���,� � � � ��	��������
� � �
��� �

G(x, s)
��� �(� � �

(1)
+

(2) � � 
 � 	�� ���'& � �
��

��� ��� � 
���� �	� � � ��� � ��	�& ��
����������'�
(ai, b] × (ak, b]

+
i ∈ I(b)

+ �
��� � ������� � � � � � 	����
� �
���
� +
�,� � � � ��� �
������� � � ���
� �$���
��
��
��
���	 �
�
� ��� � � ��	����
�

(13)
�
(17)
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©�^�683�°41 ) ; ªR: ` ¬�649�°U;!®�ªR: + 683�¬�°46 + ;=_�° ®�± l 
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√
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68_4;&] ¯�143 + 6 ) :�3�¬�° + 6 + ®�] l © n/9�¬

x2
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√
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√
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√
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√
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√
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√
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(√
a− 3

4
− 1

2

)2
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√
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+ ¬ ­ 1<;!¯�6f:�3�¬�° + 6 + ®�6

xx = x
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ut
14^�3�6 ­ 6!ªR6 + 1





­�ª�] °<;=6=e ­ 687R;=_�°-®�_�6!ªRc +�d e
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x > 0.
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x = 10lgx
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)�+ 14m81414543�¬�±;®�®
(M, g)

+ ¬�± d °�¬�68_4;&] ®�±81 ) 68_�3�®�]-9�^�683�6 ) 6<9 ¬�@A9 ¬�] °<;=6@_�1 ` (
¯�®

M
+ ¬ 11­ + 1G® _�1 gU6U3�¬4;8;=_�1h] + ®�649�_ � 6 �

ρg(x, s(x)) ≡ const
­�ª�]q°<;=6=e

x ∈ M
9�mN­ 6 ` 683�6;± ρg 14541-± + ¬ ` 6 + ¬ ° + :�_�3�6 +�+ ]�] ) 68_�3�®�¯�¬ + ¬

M
9�^�143�1hg (

­ 6 +�+ ¬�] ) 68_�3�® ` 6a;!¯�® ) _�6 + ±8143�1 )
g
� �2683�6 + 1<; d ]�ª�® %\% 143-­�¬ i ©$1�ªRc % ¬
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6a;=_�6a;=_�°46 +�+ 1t°41-± + ®�¯�¬�@�_q°W®�±8: ` 6 + ®�®�11­ + 143�11­ +�d e�3�® ) ¬ + 1-° d e + ¬�¯�3 d�(
_�®�7011­ + 143�11­ +�d e�3�® ) ¬ + 1-° d e )�+ 14m81414543�¬�±;®�7 � « �'� � �2683�6 + 1<; d ]�ª�® %\% 143 (
­�¬ i ©$1�ªRc % ¬¤®�±8: ` ¬	ª�®R;=c °�3�¬�±!ª�® ` +�d e03�¬�5414_	¬�eY9<; )�� 9 + ¬�^�3�® ) 683-9 � 
 �
«3ª � �
�$1�ªR686y^�11­ 3�145 +�d 6y145<;=:<g ­ 6 + ®�]�®�;=^�®R;!¯�®�ª�®�_�683�¬�_�:�3 d ^�1 &8_�1 ) :¤°414^�3�1<;=:
^�3�®�°46 ­ 6 +�d °'3�¬�5414_	¬�e � ��9 «�
 � �
gA; ª�® 11­ + 14^�¬�3�¬ ) 68_�3�® ` 6a;!¯�¬�]�m83�:�^�^�¬i®�±81 ) 68_�3�®�7

γ(t)
+ ¬º3�® ) ¬ + 1 (

°41 )N)�+ 14m81414543�¬�±;®�®
(M, g)

94^�143�1hg ­ 6 +�+ ¬�] ¯�®�ª�ª�® + m81-° d@) °46;¯�_�143 +�d@) ^�1 (
ªR6 )

Z
9�;=1<;=_�1-®�_�®�±�^�683�6 + 1<;=1-°�]�ª�® %\% 143-­�¬ i ©$1�ªRc % ¬�9a_�12^�1�ªR6

Z
® ) 6868_h9

1 ` 6;°-®�­ + 1R9=^�1<;=_�1h] +�+ :'@W­�ª�® + : � �A_�1�:�_�°4683<g ­ 6 + ®�6 ) 1hgU68_Ï5 d _�c ` ¬4;=_�® ` + 1
14543�¬�9�6 + 1>; ªR6 ­ :'@A9 ® ) 14543�¬�±81 ) j-6a; ª�® 3�® ) ¬ + 1-°41 )�+ 14m81414543�¬�±;®�6

(M, g)® ) 6868_>3�¬$­�®�:<; ® + �-6;¯�_�®�° + 1<;=_�®-9-14m83�¬ + ® ` 6 +�+�d 7 ; + ®�±8: + 6;¯�14_�143�147 ^�1�ªR1 (
g ®�_�6!ªRc + 147e¯�1 + ;=_	¬ + _�147 l &8_�1®:<; ªR1-°-®�6r±1¬�°46 ­ 1 ) 1W° d ^�1�ª + 6 + 1t­�ª�]e°<;=6=e
¯�1 ) ^�¬�¯�_ +�d eb®\°<;=6=eÑ11­ + 143�11­ +�d e )�+ 14m81414543�¬�±;®�7 n/9 ®

Z
i °46;¯�_�143 + 146

^�1�ªR6r] ®�ª�ª�® + m!¬N^�1<;=_�1h] +�+ 147 ­�ª�® +�d + ¬
(M, g)

9y_�1W®�±81 ) 68_�3�®�®
γ(t)

®�±
11­ + 14^�¬�3�¬ ) 68_�3�® ` 6a;!¯�147�m83�:�^�^ d ®�±81 ) 68_�3�®�7-9$^�143�1hg ­ 6 +�+ 147 °46;¯�_�143 +�d@)
^�1�ªR6 )

Z
9-]�°�ª�]5@�_4;&]®^�683�6 + 1<;;¬ ) ®|]�ª�® %\% 143-­�¬ i ©$1�ªRc % ¬>^�1o¯�3�¬�7 + 687

) 683�6�­�ª�]D­ 1<;=_	¬�_�1 ` + 1 ) ¬	ª d eD± + ¬ ` 6 + ®�7 |t| 9R; )���� 
�� �
�P68_�3�® ` 6a;!¯�146 ^�3�1<;=_�3�¬ + ;=_�°41

(M,ρ)
+ ¬�± d °�¬�68_4;&] ��=��'������=��'�-4 �'�

� ��('!-!$���/=�# ��� �:��1�!$# 9A6a; ª�®�­�ª�]�ª�@�5 d e _�1 ` 6;¯ x, y ∈ M
;=:'9�6a;=_�°4: (

68_À^�683�6 + 1<;�]�ª�® %\% 143-­�¬ i ©$1�ªRc % ¬
f
^�3�1<;=_�3�¬ + ;=_�°�¬

(M,ρ)
_	¬�¯�147-9 ` _�1

f(x) = y
�

c«°�]�± + 146U3�® ) ¬ + 1-°41 )�+ 14m81414543�¬�±;®�6
(M, g)

]�°�ª�]�68_4;&] ��=��'������=��'�-4 �'�
� ��('!-!$���/=�# � � �:��1�!$# 9Y6a; ª�® 1 + 1 11­ + 143�11­ + 10^�1G]�ª�® %\% 143-­ : i ©$1�ªRc (
% :>14_ + 1<;!®�_�6!ªRc + 1�;!°414687r° + :�_�3�6 +�+ 687 ) 68_�3�®�¯�®

ρg
� ]23�1 ) 6�_�14m81R9 1 + 1

G
(

11­ + 143�11­ + 1�^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :49�6a; ª�® °'^�3�®�°46 ­ 6 +�+ 1 ) 14^�3�6 ­ 6!ªR6 (
+ ®�®�11­ + 143�11­ + 1<;=_�® ^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :À^�683�6 + 1<;�]�ª�® %\% 143-­�¬ i
©$1�ªRc % ¬

f
) 1hg + 1 ° d 543�¬�_�c ®�± l ^�11­Yn*m83�:�^�^ d �¤®

G
®�±81 ) 68_�3�®�7

(M, g)
�

T ­ + 1<;!°�]�± +�d 6P11­ + 143�11­ +�d 6P^�1�]�ª�® %\% 143-­ : i ©$1�ªRc % :®3�® ) ¬ + 1-° d
)�+ 14m81414543�¬�±;®�] ¯�ª�¬4;8;!® % ® b ®�3�1-°�¬ +�d °03�¬�5414_�6 � �'�¦j 11­ + 1<;!°�]�± + 146\3�® ) ¬ + 1 (
°41 )�+ 14m81414543�¬�±;®�6A11­ + 143�11­ + 1�^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :2_�14mN­�¬9®�_�1�ªRc-¯�1
_�14mN­�¬�9�¯�14mN­�¬ 1 + 1�]�°�ª�]�68_4;&] ^�3<] )�d@) ) 68_�3�® ` 6a;!¯�® ) ^�3�1-®�±;°46 ­ 6 + ®�6 ) 6;° (
¯�ª�®�­ 1-°414m81W^�3�1<;=_�3�¬ + ;=_�°�¬�9 + 6 ` 68_ + 1 ) 683 +�d e'; % 683U^�1<;=_�1h] +�+ 147 ¯�3�®�°-®�± +�d
® 11­ + 1<;!°�]�± +�d e ¯�1 ) ^�¬�¯�_ +�d eÀ^�3�1<;=_ d e0m83�:�^�^ �¤®-9�; + ¬�5hgU6 +�+�d eÀ5-®�® + °�¬ (
3�®�¬ + _ +�d@) ®>3�® ) ¬ + 1-° d@) ® ) 68_�3�®�¯�¬ ) ® �
T�_ ) 68_�® ) 9 ` _�1G¯�¬�g ­�¬�] m86811­ 6;±;® ` 6a;!¯�¬�] γ + ¬011­ + 143�11­ + 1 ) ^�1G]�ª�® %W(

% 143-­ : i ©$1�ªRc % : 3�® ) ¬ + 1-°41 ) )�+ 14m81414543�¬�±;®�®
(M, g)

]�°�ª�]�68_4;&]�® +�(
_�68m83�¬	ªRc + 147\¯�3�®�°4147\°46;¯�_�143 + 14m81·^�1�ª�]U] ®�ª�ª�® + m!¬Ã^�1<;=_�1h] +�+ 147b­�ª�® +�d
+ ¬

(M, g)
9R; )���� �'� �
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�«
© + 6 ­�¬�° + 687 3�¬�5414_�6 � «�
 �N�r® + mS]\;=: ® �fgU1-±86 % Z � ©$1�ªRc % ^�1 (

ªR: ` ®�ª�®\¯�ª�¬4;8;!® % ®�¯�¬ b ®5@ + 143 ) ¬	ªRc +�d eÑ11­ + 143�11­ +�d eº3�® ) ¬ + 1-° d eÑ^�3�1 (
;=_�3�¬ + ;=_�°

G/H
; + 68_�3�®�°-®�¬	ªRc +�d@) ®G¯�®�ª�ª�® + m81-° d ®G°46;¯�_�143 +�d@) ®�^�1�ª�] ) ®

^�1<;=_�1h] +�+ 147W­�ª�® +�d 9�mN­ 6�m83�:�^�^�¬ �¤®
G
¯�1 ) ^�¬�¯�_ + ¬o® ^�3�1<;=_	¬ � ]¤¬�g ­ 146

_	¬�¯�146À^�3�1<;=_�3�¬ + ;=_�°41 ;À:<; ªR1-°-®�6 )
dim(G) > dim(H) > 0

]�°�ª�]�68_4;&]tªR1 (
¯�¬	ªRc + 1@;!® )�) 68_�3�® ` 6a;!¯�® ) 9	¬Ï68m81@: + ®�°4683R;;¬	ªRc + 146�3�® ) ¬ + 1-°41 + ¬�¯�3 d _�®�6y]�° (
ª�]�68_4;&] ª�®�541 + 6 ` 68_ + 1 ) 683 + 147 ; % 683�147'^�1<;=_�1h] +�+ 147 ¯�3�®�°-®�± +�d 9�ª�®�541�;!® )"(
) 68_�3�® ` 6a;!¯�® ) ^�3�1<;=_�3�¬ + ;=_�°41 )

SU(2n)/Sp(n)
�

�A_�1'3�6;±8:1ªRc�_	¬�_U1 ` 6 + c °�¬�gU6 + ° ¯�1 + _�6;¯�;=_�6¤®�±8: ` 6 + ®�]�145�9 ®�e03�® ) ¬ + 1 (
° d e'11­ + 143�11­ +�d e )�+ 14m81414543�¬�±;®�7À; + 68_�3�®�°-®�¬	ªRc +�d@) ®0^�1�ª�] ) ®D] ®�ª�ª�® + m!¬
^�1<;=_�1h] +�+ 147�­�ª�® +�d\� ©®541�ªR686�^�1-± ­ + 687'3�¬�5414_�6 � « �'�R_�6=e�gU64¬�°4_�143�1-°�® . ¬ (
5-®�1 �211­ 6a;=_ d &8_�14_Ï3�6;±8:1ªRc�_	¬�_Ï5 d ªf3�¬4;=^�3�1<;=_�3�¬ + 6 +2+ ¬ ¯�ª�¬4;8; + 143 ) ¬	ªRc +�d e
11­ + 143�11­ +�d e0^R;=6;°	­ 143�® ) ¬ + 1-° d eÀ^�3�1<;=_�3�¬ + ;=_�° �

� ¬	ªR68649W1<; + 1-° d °�¬�]R;=c + ¬º3�¬�5414_�6 � « 
��¦9 )�d ^�3�6 ­�;=_	¬�°-® ) + 6;¯�14_�143 d 6
;=_�3�:�¯�_�:�3 +�d 6'3�6;±8:1ªRc�_	¬�_ d ^�1r¬	ªRm868543�¬ ) �¤® _�3�¬ + ±;®�_�®�° +�d e m83�:�^�^o­�°-® (
gU6 + ®�7�145�9 ®�e�¯�1 ) ^�¬�¯�_ +�d e 11­ + 143�11­ +�d e	3�® ) ¬ + 1-° d e )�+ 14m81414543�¬�±;®�7
; + 68_�3�®�°-®�¬	ªRc +�d@) ®>^�1�ª�] ) ®r] ®�ª�ª�® + m!¬U^�1<;=_�1h] +�+ 147 ­�ª�® +�d\�

�YT�	>Q"H�G2F<Q�� ;�O5��F<L�%>H �$��H$�$&hC ;�O J�E�O'���$��ORL 
���H$���

` ¬4;8; ) 14_�3�® )Ã+ 6a;!¯�1�ªRc-¯�1'^�3�® ) 683�1-° °46;¯�_�143 +�d e>^�1�ªR687o] ®�ª�ª�® + m!¬'^�1 (
;=_�1h] +�+ 147¤­�ª�® +�d\� -�143�1�4�1�®�±;°46a;=_ + 1R9 ` _�1\m83�:�^�^�¬4ªR6;° d eU;P­�°-®�m81-°R9h_	¬�¯�gU6
¯�¬�¯ ®Um83�:�^�^�¬�^�3�¬�° d e�;P­�°-®�m81-°R91¯�1 ) ^�¬�¯�_ + 147�m83�:�^�^ d �¤®

G
9�; + ¬�5hgU6 +�+ 147

+ 6;¯�14_�143�147�5-®�® + °�¬�3�®�¬ + _ + 147�3�® ) ¬ + 1-°4147 ) 68_�3�®�¯�147
µ
9R;=1<;=_�1-®�_ ®�±f^�683�6 (

+ 1<;=1-° ]�ª�® %\% 143-­�¬ i ©$1�ªRc % ¬ � c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9�¯�®�ª�ª�® + m81-° d ^�1�ª�]-9�¯�1 (
_�143 d 62^�143�1hg ­�¬�@�_ &8_�®�m83�:�^�^ d ;P­�°-®�m81-°R9�® ) 6<@�_'^�1<;=_�1h] +�+ :'@b­�ª�® + : + ¬
(G,µ)

� j2; + 1R9 ` _�1�¯�¬�g ­ 146 ^�3<] ) 146 ) 68_�3�® ` 6a;!¯�146 ^�3�1-®�±;°46 ­ 6 + ®�6
(G,µ);qª�@�5 d@) 3�® ) ¬ + 1-° d@) )�+ 14m81414543�¬�±;®�6 ) _	¬�¯�gU6W® ) 6868_e°46;¯�_�143 + 146 ^�1�ªR6

] ®�ª�ª�® + m!¬�^�1<;=_�1h] +�+ 147¤­�ª�® +�d\� �2683�687�­ 6 ) ¯'3�¬4;8; ) 14_�3�6 + ®5@Ã541�ªR686�; ªR1hg (
+�d e ^�3�® ) 683�1-° �

�À��!"?���� ��� �2:<;=_�c
F

i ;!°�]�± + ¬�]o¯�1 ) ^�¬�¯�_ + ¬�] ^�3�1<;=_	¬�] m83�:�^�^�¬ �¤®-9
k ∈ N

� ` ¬4;8; ) 14_�3�® ) _	¬�¯ + ¬�± d °�¬�6 ) 146'^�3�1<;=_�3�¬ + ;=_�°41��\6 ­RgU683�¬ i T�5�¬ (
_ d

F k/ diag(F )
l ±1¬ ) 68_�® ) 9 ` _�1 ^�3�®

k = 2
^�1�ªR: ` ¬�68_4;&] + 68^�3�®�°411­�® ) 146

;!® )�) 68_�3�® ` 6a;!¯�146\^�3�1<;=_�3�¬ + ;=_�°41�n �
c + ¬�51­�® ) 68m81h® + °�¬�3�®�¬ + _ + 147 3�® ) ¬ + 1-°4147 ) 68_�3�®�¯�147

g
� cA_�3�:�¯�_�:�3�¬

)�+ 1hgU6a;=_�°�¬r® + °�¬�3�®�¬ + _ +�d e®3�® ) ¬ + 1-° d e ) 68_�3�®�¯ + ¬
F k/ diag(F )

]�°�ª�] (
68_4;&] ­ 1-°41�ªRc + 1�; ªR1hg + 1470^�3�®

k > 3
� c ªR6 ­ :468_�14_ ) 68_�®�_�c'_	¬�¯�gU649 ` _�1�­�ª�]

¯�¬�g ­ 147G¯�1 ) ^�¬�¯�_ + 147�m83�:�^�^ d �¤®
F
9�^�3�1<;=_�3�¬ + ;=_�°41 �\6 ­RgU683�¬ i T�5�¬�_ d

F k/ diag(F )
­�® %\% 681 ) 143 %2+ 1Um83�:�^�^�6��¤®

F k−1 �
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�\68m;¯�1 °-®�­ 68_�cR9 ` _�1 ¯�¬�g ­ d 7'&;¯�±86 ) ^�ª�]�3 F ° F k ;=1<;=_�1-®�_ ®�±\^�683�6 + 1 (
;=1-° ]�ª�® %\% 143-­�¬ i ©$1�ªRc % ¬ + ¬

(F k/ diag(F ), g)
9�¬ ¯�¬�g ­ d 7'&;¯�±86 ) ^�ª�]�3

¬	ªRm868543 d �¤®
f
°
f⊕ f⊕· · ·⊕ f = k · f ;=1<;=_�1-®�_¤®�±�°46;¯�_�143 +�d e'^�1�ªR687D] ®�ª (ª�® + m!¬>^�1<;=_�1h] +�+ 147q­�ª�® +�d ­�ª�]Wª�@�54147 ® + °�¬�3�®�¬ + _ + 147 3�® ) ¬ + 1-°4147 ) 68_ (

3�®�¯�®
g
� © ` ¬4;=_ + 1<;=_�®-9 ) 1hg + 1N3�¬4;8; ) 14_�3�68_�c

g
9�^�143�1hg ­ 6 +�+ :'@ % 143 ) 147

] ®�ª�ª�® + m!¬ ¬	ªRm868543 d �¤®
k · f � ©�_	¬�¯�1 ) ; ªR: ` ¬�6 (F k/ diag(F ), g) ]�°�ª�]�68_4;&]+ 683�¬�±!ªR1hg ® )�d@)Ñl ­�¬�gU6�ªR1-¯�¬	ªRc + 1�n �

�23�®�°46 ­ 6 +�+�d 6�^�3�® ) 683 ) 1hg + 1hªR68m;¯�1Ã1454145�9 ®�_�cR9@; )�� ^�11­ 3�145 + 1<;=_�®
° � « 
�� � ` ¬4;8; ) 14_�3�® ) _�68^�683�c ­ 3�:�m8147>_�®�^>^�3�® ) 683�1-° �

�$:;­ 6 ) m81-°4143�®�_�cR9 ` _�1�¬	ªRm868543�¬��¤® g ¯�®�ª�ª�® + m81-° d e °46;¯�_�143 +�d e�^�1�ªR687
��	���@?�('

(������ + ¬U3�® ) ¬ + 1-°41 )�)�+ 14m81414543�¬�±;®�®
(M, g)

9�6a; ª�®
g
^�143�1hg ­�¬�68_

¯�¬4;;¬�_�6!ªRc + 1462^�3�1<;=_�3�¬ + ;=_�°41 ¯
M
° ¯�¬�g ­ 147P_�1 ` ¯�6 x ∈ M

9�®�ª�®-9 ` _�1�&;¯ (
°-®�°�¬	ªR6 + _ + 1R9�;!°�]�± + ¬�]0m83�:�^�^�¬ ®�±81 ) 68_�3�®�7

G
;�¬	ªRm868543�147 �¤®

g
­ 687R;=_�°4:468_

_�3�¬ + ±;®�_�®�° + 1 + ¬
(M, g)

�
c ªR6 ­ :'@A9�686�^�3�1<;=_�146 + ¬�5�ª�@L­ 6 + ®�6 ­�¬�68_ )�+ 1hgU6a;=_�°41 ^�3�® ) 683�1-°t°46;¯ (

_�143 +�d eP^�1�ªR687q] ®�ª�ª�® + m!¬À^�1<;=_�1h] +�+ 147G­�ª�® +�dD+ ¬011­ + 143�11­ +�d e�3�® ) ¬ + 1 (
° d e )�+ 14m81414543�¬�±;®�]�e � �23�6 ­ ^�1�ªR1hg ® ) 9 ` _�1q¬	ªRm868543�¬#�¤® g

¯�®�ª�ª�® + m81-° d e
°46;¯�_�143 +�d eº^�1�ªR687 _�3�¬ + ±;®�_�®�° + ¬ + ¬�3�® ) ¬ + 1-°41 ) )�+ 14m81414543�¬�±;®�®

(M, g)®b¯�®�ª�ª�® + m81-°41�^�1�ªR6
Z

+ ¬
(M, g)

¯�1 )�) :�_�®�3�:468_Ã;
g
l ° ` ¬4;=_ + 1<;=_�®-9 Z) 1hgU68_ 5 d _�cq°-±=]�_	¬o®�± b 6 + _�3�¬t¬	ªRm868543 d �¤®

g
n/9"_�14mN­�¬

Z
® ) 6868_ ^�1<;=_�1 (

] +�+ :'@ ­�ª�® + : + ¬
(M, g)

� ��687R;=_�°-®�_�6!ªRc + 1R9�­�ª�]hª�@�5414m81
X ∈ g

® ) 686 )
X · g(Z,Z) = 2g([X,Z], Z) = 0

� �21<;!¯�1�ªRc-¯�:
g
_�3�¬ + ±;®�_�®�° + ¬ + ¬

M
9 )�d

^�1�ªR: ` ¬�6 ) g(Z,Z) = const
�

�À��!"?�����/ ��` ¬4;8; ) 14_�3�® ) + 68^�3�®�°411­�® ) 146�;!® )�) 68_�3�® ` 6a;!¯�146Ï^�3�1<;=_�3�¬ +�(
;=_�°41

M = SU(2n)/Sp(n)
9
n > 2

� Q ±;°46a;=_ + 1 l ; )�� 9 + ¬�^�3�® ) 683-9 � « �'�Ën/9
` _�1º^�11­ m83�:�^�^�¬

SU(2n − 1) · S1 ⊂ SU(2n)
­ 687R;=_�°4:468_Ã_�3�¬ + ±;®�_�®�° + 1

+ ¬
M

� c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9�¯�®�ª�ª�® + m81-°41 ^�1�ªR6
Z
9�^�143�1hg ­�¬�6 ) 146

S1 9�]�°�ª�] (
68_4;&]^¯�®�ª�ª�® + m81-° d@) °46;¯�_�143 +�d@) ^�1�ªR6 ) ^�1<;=_�1h] +�+ 147d­�ª�® +�d + ¬

M =
SU(2n)/Sp(n)

�
�À��!"?����)1 ��` ¬4;8; ) 14_�3�® ) ; % 683�:

S2n−1 9 n > 2
9�¯�¬�¯�;!® )�) 68_�3�® ` 6a;!¯�146

^�3�1<;=_�3�¬ + ;=_�°41
S2n−1 = SO(2n)/SO(2n− 1)

� Q ±;°46a;=_ + 1R9 ` _�1'^�11­ m83�:�^�^�¬
U(n) = SU(n) · S1 ⊂ SO(2n)

­ 687R;=_�°4:468_ _�3�¬ + ±;®�_�®�° + 1 + ¬
S2n−1 � R�¬ (

¯�® ) 14543�¬�±81 ) 9$¯�®�ª�ª�® + m81-°41 °46;¯�_�143 + 146Ï^�1�ªR6
Z
9�^�143�1hg ­�¬�@A9�686

S1 9�® ) 6868_
^�1<;=_�1h] +�+ :'@b­�ª�® + : + ¬

S2n−1 �
T�_ ) 68_�® ) 9 ` _�1�^�1�ª + 147 ;!°�]�± + 147 m83�:�^�^�147q®�±81 ) 68_�3�®�7 ; % 683 d

Sn−1 ;
¯�¬ + 1 + ® ` 6a;!¯�147 3�® ) ¬ + 1-°4147 ) 68_�3�®�¯�147

gcan
^�1<;=_�1h] +�+ 147o¯�3�®�°-®�± +�d

1
]�° (

ª�]�68_4;&]0m83�:�^�^�¬
SO(n)

9 + 1U;=:'9�6a;=_�°4:468_f3<]�­�^�11­ m83�:�^�^
G
m83�:�^�^ d

SO(n)
9

_	¬�¯�gU62_�3�¬ + ±;®�_�®�° + 1 ­ 687R;=_�°4:'@A9 ®�e + ¬
Sn−1 �
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c ªR6 ­ :468_Ã14_ ) 68_�®�_�cR9 ` _�1º; % 683�¬

Sn−1 ]�°�ª�]�68_4;&]
G
( 11­ + 143�11­ + 147Ñ^�1

]�ª�® %\% 143-­ : i ©$1�ªRc % : ­�ª�] + 6;¯�14_�143 d e ®�± + ®�eYj
S2n−1 = SO(2n)/SO(2n−1) = U(n)/U(n−1) SO(2n)

( 11­ + 143�11­ + ¬$^�1
]�ª�® %\% 143-­ : i ©$1�ªRc % : ®

U(n)
( 11­ + 143�11­ + ¬W^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :�*

S4n−1 = Sp(n)/Sp(n − 1) = Sp(n) · S1/Sp(n − 1) · S1 =
SU(2n)/SU(2n − 1) Sp(n)

( 11­ + 143�11­ + ¬ ^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :49
Sp(n) · S1 ( 11­ + 143�11­ + ¬f^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % : ® SU(2n)

( 11­ + 143�11­ + ¬
^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :�*

S7 = Spin(7)/G2 Spin(7)
( 11­ + 143�11­ + ¬\^�1 ]�ª�® %\% 143-­ : i ©$1�ªRc % :�*

S15 = Spin(9)/Spin(7) Spin(9)
( 11­ + 143�11­ + ¬$^�19]�ª�® %\% 143-­ : i ©$1�ªRc (

% : l ; )�� ^�11­ 3�145 + 1<;=_�®D°À3�¬�5414_�6 � ¬ �Ën �
]¤¬�¯�1-¯�¬�±1¬	ªR1<;=cR9;¯�¬�g ­ d 7 ®�± &8_�®�e�3�6;±8:1ªRc�_	¬�_�1-° ­�¬�68_W^�3�® ) 683 ¯�®�ª�ª�® +�(

m81-°�¬ °46;¯�_�143 + 14m81�^�1�ª�]f^�1<;=_�1h] +�+ 147 ­�ª�® +�d °�¬	ªRm868543�6 �¤®
g
9�;=1414_�°468_4;=_�°4: (

@A9�687>m83�:�^�^�6��¤®
G
9R; )�� ^�11­ 3�145 + 1<;=_�®G°'3�¬�5414_	¬�e � ¬ ��® � « 
�� �

--T�0PO�� �ÀFPJ�E�Q"SYK"E�SYQ$���ÀF Q�F+14S'����E<C�E �

` ¬4;8; ) 14_�3�® ) ^�3�1-®�±;°41�ªRc + :'@Ñm83�:�^�^�: �¤®
G
9�­ 687R;=_�°4:'@A9�:'@ + ¬�3�® ) ¬ (

+ 1-°41 )>)�+ 14m81414543�¬�±;®�®
(M, g)

®�±81 ) 68_�3�®�] ) ® � cA1414_�°468_4;=_�°4:'@A9�686 ­ 687R;=_�°-®�6
a ∈ G

+ ¬
x ∈ M

54:;­ 6 ) 14541-± + ¬ ` ¬�_�c ` 683�6;± a(x) � � d 14_�1hg ­ 6a;=_�°�ª�]�6 ) ¬	ª (
m868543�: �¤®

g
m83�:�^�^ d �¤®

G
;¤¬	ªRm868543�147#�¤®G°46;¯�_�143 +�d e�^�1�ªR687r] ®�ª�ª�® + m!¬

+ ¬
(M, g)

; ªR6 ­ :'@A9 ® ) 14543�¬�±81 )�� ��ª�]0^�3�1-®�±;°41�ªRc + 14m81
U ∈ g

3�¬4;8; ) ¬�_�3�® (
°�¬�6 ) 11­ + 14^�¬�3�¬ ) 68_�3�® ` 6a;!¯�:'@�m83�:�^�^�:

exp(tU) ⊂ G
®�±81 ) 68_�3�®�7

(M, g)
®

14^�3�6 ­ 6!ª�]�6 ) °46;¯�_�143 + 1462^�1�ªR6¤] ®�ª�ª�® + m!¬
Ũ

^�1À;=_	¬ + ­�¬�3�_ + 147 % 143 ) :1ªR6

Ũ(x) =
d

dt
exp(tU)(x)

∣∣∣∣
t=0

. (1)

j2; + 1R9 ` _�1014_�14543�¬�gU6 + ®�6 U → Ũ
]�°�ª�]�68_4;&]Gª�® + 687 +�d@) ®r® + �-6;¯�_�®�° +�d@) 9

+ 1
[Ũ , Ṽ ] = −[̃U, V ]

�
�2:<;=_�c

(M, g)
i ;!°�]�± + 1464¯�1 ) ^�¬�¯�_ + 146@3�® ) ¬ + 1-°41 )�+ 14m81414543�¬�±;®�649

G
i

_�3�¬ + ±;®�_�®�° + ¬�]Pm83�:�^�^�¬ ®�±81 ) 68_�3�®�7
(M, g)

� T�_�1hg ­ 6a;=_�°-® ) &!ªR6 ) 6 + _ d ¬	ª (
m868543 d �¤®

g
m83�:�^�^ d �¤®

G
; °46;¯�_�143 +�d@) ®�^�1�ª�] ) ®r] ®�ª�ª�® + m!¬ + ¬

(M, g)¯�¬�¯ :�¯�¬�±1¬ + 1D° d 4�6 � �21<;!¯�1�ªRc-¯�:>m83�:�^�^�¬
G
¯�1 ) ^�¬�¯�_ + ¬�9 )�d ® ) 686 ) 3�¬�± (

ªR1hgU6 + ®�6
g = c⊕ g1 ⊕ g2 ⊕ · · · ⊕ gk, (2)

mN­ 6
c
i b 6 + _�3-9�¬

gi
9
i = 1, . . . , k

9 i ^�3�1<;=_ d 6 ®�­ 61¬	ª d ° ¬	ªRm868543�6��¤®
g
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Z = Z0+Z1+Z2+· · ·+Zl ∈ g �

� ����� � � �
���#�
��

�
� ��
�
�����&�� �
� 	�� � �����
�'����
������ � �

(M, g)
+�& � �

1 6 l 6 k
+
Z0 ∈ c

+
Zi ∈ gi�

Zi 6= 0
��

�

1 6 i 6 l

 � �'& �(� �$���
��
��
� ��� 	�
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� �
��	���� � ��� � � ���
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« n � 
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�� � ��� i 6= j
+
1 6 i, j 6 l

+ � � ����� � � 	�� � ��� � � � �
	���� �

g(gi, gj) = 0
� � ��	 � � � �
�����'�

M

�" � ��	�� �
� 	�����+

g(Zi, gj) = 0
�

g(Zi, Zj) = 0
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�
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�
Z0 + Zi� � ��� �
�
� 	�� � �����
	�� ��
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	 � ��

� ��	 � �

i 6= j
+
1 6 i, j 6 l
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��
��
� �
�
��� � � ��	���� �

g(gi, gj) = 0
+,� � ����
�
�����& ��� � �
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�

Z = Z0+Z1+Z2+ · · ·+Zl� � ����� �
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	�� ��
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	 � �
(M, g)
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c = 0
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(M, g)

 ����

��� � �'& � + � 	�
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Z = Z0+Zi

94mN­ 6
Z0
ªR6=g ®�_�° b 6 + _�3�6

c
®
Zi
ªR6=g ®�_�°f^�3�1<;=_�1 ) ®�­ 61¬	ªR6

gi¬	ªRm868543 d �¤®
g
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Z = Z0 + Z1 ∈ g �
� ����� � � �
��� �
��

� � ��
�
�����&��

�
� 	�� � �����
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�������� �
(M, g)

+$& � �
Z0 ∈ c

+
Z1 ∈ g1

�
Z1 6= 0

+ � �
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k ��
� ��� ��� 
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� � �

Z
l �
Z1

n �
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�� � �
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�����& ���$� � �
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p > q > 1

�
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(so(2n), su(n)⊕ R)
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3�¬�±;®�_�cP;!°4146�:�°�¬�gU6 + ®�6 ¯N^�¬ ) ]�_�® ^�683�°41414_�¯�3 d °�¬�_�6!ªR687 ( ¯�ª�¬4;8;!®�¯�1-° ®t®�e
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Q ±;°46a;=_ + 1 )�+ 14m81\1454145�9�6 + ®�7 ®':�_�1 ` + 6 + ®�7 + 683�¬�°46 + ;=_�°�¬ ]21�4 ® i �$: (
+ ]�¯�1-°<;!¯�14m81 l ; )�� 9 + ¬�^�3�® ) 683-9 � «���¬ �Ën � ©·3�¬�5414_	¬�e � 
 �
«�« ��®�±!ªR1hgU6 + ^�3�® + ¬$­ (
ªR6=g ¬�9 ®�7b¬�°4_�143�: ) 68_�11­�;=3�6 ­ + ®�ee± + ¬ ` 6 + ®�7h­�ª�]Ñ^�1<;=_�3�146 + ®�] + 6;¯�14_�1 (
3 d ed¯�ª�¬4;8;=1-°Ã_	¬�¯�®�e :�_�1 ` + 6 + ®�7 � ]23�¬�_�¯�1·m81-°4143<]-9Ï;=:�_�c &8_�14m81 ) 68_�11­�¬
±1¬�¯�ª�@ ` ¬�68_4;&]e°®_�1 ) 9 ` _�1 ^�1|¯�¬�g ­ 1 ) :h¬�5<;=_�3�¬�¯�_ + 1 ) :Ã;=3�6 ­ + 6 ) :49$:;­ 1 (
°�ªR68_�°4143<]5@A9�6 ) : + ¬�54143�:®6a;=_�6a;=_�°46 +�+�d eh¬�¯�;!®�1 ) 9 ° d ^�®R; d °�¬�@�_4;&] ° ]�° (
+ 1 ) °-®�­ 62:�_�1 ` + 6 + ®�] ­�®R;!¯�3�68_ + 14m81 ®�ª�®G® + _�68m83�¬	ªRc + 14m81 + 683�¬�°46 + ;=_�° ]21 (
4 ® i �$: + ]�¯�1-°<;!¯�14m81 � [9¯�¬�±1¬ +�+ ¬�] ) 68_�11­�®�¯�¬¤°41-± + ®�¯�ª�¬�®�±9¬ + ¬	ª�®�±1¬211­ + 1 (
m81 + 683�¬�°46 + ;=_�°�¬��r®�ª + ¬ � « ��®�_�68143�6 )�d ]¤¬�3�ª�® b ¬ i �,&87�¯�® + ¬ i � ª�®�6;±8683�¬
l V$È�J Z Ä�½8¿4Ì&½8Å0n�­�ª�] ­�®R;!¯�3�68_ + 14m81U; ªR: ` ¬�] � Q ±!ªR1hg ® ) ¯�3�¬�_�¯�1�1<; + 1-° +�d 63�6;±8:1ªRc�_	¬�_ d &8_�14m81 ) 68_�11­�¬�9�; ªR6 ­ :�] � 
 9� �� �

��� �������������"!"� �����2:<;=_�cD­�¬ +�d ­�°�¬ ` ®R; ª�¬ x > 0
9
y > 0

� X¤¬�±81-°46 )
% : + ¯ b ®5@

M(x, y)
���/�0=��'(;4 &8_�®�e ` ®R;=6!ª�9�6a; ª�®D­�ª�] + 686¤° d ^�1�ª + 6 +�d ; ªR6 (

­ :'@A9 ®�6\;!°4147R;=_�°�¬ l ¬�¯�;!®�1 )�d n �
1.
c«°4147R;=_�°41U^�3�1 ) 6=gÀ:�_�1 ` + 1<;=_�®-j

min(x, y) 6M(x, y) 6 max(x, y).

2.
c«°4147R;=_�°41 + 6a; ) 6<9�6 +�+ 1<;=_�®-j

M(x, x) = x.

3.
c«°4147R;=_�°41U11­ + 143�11­ + 1<;=_�®-j

M(ax, ay) = a ·M(x, y).

4.
c«°4147R;=_�°41 ) 1 + 14_�1 +�+ 1<;=_�®-j�6a; ª�®

x1 6 x2
®
y1 6 y2

9�_�1

M(x1, y) 6M(x2, y), M(x, y1) 6M(x, y2).

Z4¯�;!®�1 ) ¬�_�® ` 6a;!¯�146 14^�3�6 ­ 6!ªR6 + ®�6N;=3�6 ­ + ®�ee®R;=^�1�ªRc-±8:468_4;&]e°41 )�+ 14m;®�e
3�¬�5414_	¬�eY9 + ¬ ` ® + ¬�] ;D]21�4 ® � T�_ ) 68_�® ) 9 ` _�1 ;!°4147R;=_�°�¬ ;!® )�) 68_�3�® ` + 1<;=_�®
;=3�6 ­ + 68m81G­�ª�] + ¬�4 ®�eN3�6;±8:1ªRc�_	¬�_�1-° + 60_�3�6854:468_4;&]-9�­ 14^�:<;!¯�¬�@�_4;&] + 6a;!® )"(
) 68_�3�® ` +�d 6f;=3�6 ­ + ®�6 �
cA3�6 ­�® )�+ 1hgU6a;=_�°�¬ ;=3�6 ­ + ®�e + ¬�®�541�ªR686 ®�±;°46a;=_ +�d@) ®N]�°�ª�]5@�_4;&] ;=3�6 ­ (

+ ®�6U¬�3�® %\) 68_�® ` 6a;!¯�14649'm8681 ) 68_�3�® ` 6a;!¯�14649 ¯�°�¬$­ 3�¬�_�® ` + 14649'^�1�ªR:�¯�°�¬$­ 3�¬ (
_�® ` + 14649�m!¬�3 ) 1 + ® ` 6a;!¯�1464j

A(x, y) =
x+ y

2
, G(x, y) =

√
x, y, Q(x, y) =

√
x2 + y2

2
,



� � � � � � ���
� �
� ��� � � ��	����
� � � 
 � �
� 	��
��� ����	 � �'& �  4


S(x, y) =

(√
x+

√
y

2

)2

, H(x, y) = A

(
1

x
,
1

y

)
=

2xy

x+ y
, x, y > 0.

X¤¬ ) ^�1 + ¬$­ 145-®�_4;&]�^�1 + ]�_�®�69­ 14^�1�ª + ®�_�6!ªRc + 14m81À;=3�6 ­ + 68m81 �
��� �������������"!"�%/ ����ª�] ;=3�6 ­ + 68m81

M(x, y)
=�� �'�:���'('
�����1%�'��� ¯ + 6 ) :

;=3�6 ­ + 686214^�3�6 ­ 6!ª�]�68_4;&]>^�1 % 143 ) :1ªR6

M∗(x, y) =
xy

M(x, y)
, x, y > 0.

l-« n
�2683�° d@) ®�± + ¬�®�541�ªR686D®�±;°46a;=_ +�d e�¯�ª�¬4;8;=1-° ;=3�6 ­ + ®�eY9 ±1¬�°-®R;&]59 ®�e�14_

^�¬�3�¬ ) 68_�3�¬�9�]�°�ª�]5@�_4;&]P;=_�68^�6 +�+�d 6f;=3�6 ­ + ®�6

M(x, y) =Mα(x, y) =

(
xα + yα

2

) 1
α

, −∞ 6 α 6 ∞, α 6= 0;

M−∞(x, y) = min(x, y), M0 =
√
xy, M∞(x, y) = max(x, y).

l © n

T + ®�14543�¬�±8:'@�_U^�¬�3�¬ ) 68_�3�® ` 6a;!¯�:'@ 4 ¯�¬	ªR:

α1 > α2 ⇒ Mα1(x, y) >Mα2(x, y), ∀x, y.
R$3�®b®R;!¯�ª�@ ` ®�_�6!ªRc +�d ei± + ¬ ` 6 + ®�] {α = −∞, 0, +∞} ^�1�ªR: ` ¬�@�_4;&]e®�±
+ 6;®R;!¯�ª�@ ` ®�_�6!ªRc +�d e�^�3�®>^�1 ) 1�9 ®�^�3�6 ­ 6!ªRc +�d e ^�683�6=e<11­ 1-° �
]�ª�¬4;8;!® ` 6a;!¯�®�6 ;=3�6 ­ + ®�6W° d 3�¬�g ¬�@�_4;&] ` 683�6;±�;=_�68^�6 +�+�d 649Ï^�3�®/&8_�1 )

;=^�3�¬�°46 ­�ª�®�° d ®�±;°46a;=_ +�d 6 + 683�¬�°46 + ;=_�°�¬

M−1(x, y) = H(x, y) 6M0(x, y) = G(x, y) 6M 1
2
(x, y) = S(x, y) 6

6M1(x, y) = A(x, y) 6M2(x, y) = Q(x, y).

��ª�]�;=_�68^�6 +�+�d ef;=3�6 ­ + ®�e\14_Ï^�1�ªR1hg ®�_�6!ªRc +�d e ` ®R;=6!ª¤­ 14^�1�ª + ®�_�6!ªRc + 146
;=3�6 ­ + 686 + ¬�e<11­�®�_4;&]�^�1 % 143 ) :1ªR6

(Mα)
∗ =M−α.

©$_�143 d@) ®�±;°46a;=_ +�d@) ¯�ª�¬4;8;=1 ) ^�¬�3�¬ ) 68_�3�® ` 6a;!¯�®�eP;=3�6 ­ + ®�e�]�°�ª�]5@�_4;&]
;=3�6 ­ + ®�6¤` ¬$­ 1

Rβ(x, y) =

(
xβ+1 − yβ+1

(β + 1)(x− y)

) 1
β

, −∞ 6 β 6 ∞, β 6= 0,−1;

R−∞(x, y) = min(x, y), R∞(x, y) = max(x, y).

l 
<n
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T ` 6;°-®�­ + 1

R−2(x, y) =M0(x, y), R1(x, y) =M1(x, y).

Q\;!¯�ª�@ ` ®�_�6!ªRc +�d 69± + ¬ ` 6 + ®�]0^�3�®�°411­R]�_�¯ ªR14m!¬�3�® %\) ® ` 6a;!¯�1 ) :';=3�6 ­ + 6 ) :

R−1(x, y) = L(x, y) =
y − x

ln y − ln x

l ��n

®U®�­ 6 + _�3�® ` 6a;!¯�1 ) :�;=3�6 ­ + 6 ) : l ¬�°4_�143 ^�3�6 ­ ^�1 ` ®�_	¬�68_º_�683 ) ® + � )�+ 14m81 (
&8_	¬�g + 1 ( ^�1-¯�¬�±1¬�_�6!ªRc + 146 � n

R0(x, y) =
1

e

(
yy

xx

) 1
y−x

.
l �4n

cA3�6 ­ + ®�6¤` ¬$­ 1'_	¬�¯�gU6214543�¬�±8:'@�_U^�¬�3�¬ ) 68_�3�® ` 6a;!¯�:'@ 4 ¯�¬	ªR:

β1 > β2 ⇒ Rβ1(x, y) > Rβ2(x, y), ∀x, y;
; ` 68_ d 3�c ) ]d®R;!¯�ª�@ ` ®�_�6!ªRc +�d@) ®d± + ¬ ` 6 + ®�] ) ® β = {−∞,−1, 0,+∞} ���14^�1�ª + ®�_�6!ªRc +�d@) ;=3�6 ­ + ® ) ° &8_�1 ) ; ªR: ` ¬�6W]�°�ª�]�68_4;&]

R∗
β(x, y) =

1

Rβ
(
1
x ,

1
y

) .

T�5f145�9�687'_�68143�®�®0;=3�6 ­ + ®�eÀ; )���� ©�« 9 ©�© � � cA3�6 ­ + ®�6
Rβ(x, y)

5 d ª�® °-°46 (
­ 6 +�d ®G®�±8: ` 6 + 1 RL®�54143�1 ) ` ¬$­ 1 ° � © 
��¦9�; )�� _	¬�¯�gU6 � 
�9 ©�« 9 ©�© � �

�2683�6 ­ % 143 ) :1ª�®�3�1-°-¯�147¤­�¬	ªRc + 68754 ®�eU3�6;±8:1ªRc�_	¬�_�1-°W^�3�® ) 6 ) ;=14m0ª�¬�4�6 (
+ ®�6'1>_�1 ) 9 ` _�1r°<;=6 ­�¬	ªR686 °<;=_�3�6 ` ¬�@A9 ®�6a;&] % : + ¯ b ®�® ]�°�ª�]5@�_4;&] + 68^�3�6 (
3 d ° +�d@) ®-9�¬�® + _�68m83�¬	ª d ^�1 + ® ) ¬�@�_4;&] °U; )�d ; ªR69` ® ) ¬ + ¬ ® ;=:'9�6a;=_�°4:'@�_h9
&8_�®·:<; ªR1-°-®�] ° % 143 ) :1ª�®�3�1-°-¯�¬�e 54:;­ 6 ) 14^�:<;!¯�¬�_�cR9�1 + ®Ã^�3�6 ­ ^�1�ª�¬�m!¬�@�_ (
;&] ° d ^�1�ª + 6 +�+�d@) ® � ©f¯�1 +�b 603�¬�5414_ d :�¯�¬�±1¬ + 1R9-14_o¯�¬�¯�®�e 14m83�¬ + ® ` 6 + ®�7
) 1hg + 1�®�±85�¬�°-®�_�c<;&] � � d _	¬�¯�gU6 + 6�54:;­ 6 ) ®R;8; ªR6 ­ 1-°�¬�_�c�°�¬�g +�d 7 °414^�3�1<;�9
¯�14mN­�¬ °W3�¬4;8; ) ¬�_�3�®�°�¬�6 )�d e + 683�¬�°46 + ;=_�°�¬�e�­ 1<;=_�®�m!¬�68_4;&]f3�¬�°46 + ;=_�°41R9;±1¬9®R; (
¯�ª�@ ` 6 + ®�6 ) 1<; + 1-° + 14m81U3�6;±8:1ªRc�_	¬�_	¬�3�¬�5414_ d\�
T ­ + ® ) ®�± 1<; + 1-° +�d e 3�6;±8:1ªRc�_	¬�_�1-° _�68143�®�®-9Ã3�¬�±;°-®�_�147¢¬�°4_�143�1 )

° � 
 �
«�« �±9 ]�°�ª�]�68_4;&] ; ªR6 ­ :'@A9�686�:�_�1 ` + 6 + ®�6 ® + _�68m83�¬	ªRc + 14m81 + 683�¬�°46 + ;=_�°�¬
]21�4 ® i �$: + ]�¯�1-°<;!¯�14m81 �
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( b∫

a

f(x)g(x) dx

)2

6

b∫

a

(M(f, g))2dx

b∫

a

(M∗(f, g))2dx 6

6

b∫

a

(f(x))2dx

b∫

a

(g(x))2dx.

l ¬ n

R�¬�¯�® ) 14543�¬�±81 ) 9 )�d ^�1�ªR: ` ¬�6 ) ^�683�6 % 143 ) :1ª�®�3�1-°�¬ +�+�d 7\;=14m0ª�¬4; + 1Ï3�¬ (
5414_	¬ ) � 
 �
«�« ��° _�683 ) ® + ¬�eÑ;=3�6 ­ + ®�eº3�6;±8:1ªRc�_	¬�_h9 ` _�1Ã;=^�3�¬�°46 ­�ª�®�°�® + _�6 (
m83�¬	ªRc +�d 7 ¬ + ¬	ªR14m =�����
���

� 7@�'� ) ` ¬4;=_�®'_�68143�6 )�d V$È�J|]¤¬�3�ª�® b ¬ i �,&87 (
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E1 = x : f(x) > g(x), E2 = x : f(x) < g(x);

pi =

∫

Ei

f(x) dx, qi =

∫

Ei

g(x) dx, i = 1, 2.

R-14mN­�¬�9�1 ` 6;°-®�­ + 1R9
∫

E1

(f(x)− g(x)) dx

∫

E2

(f(x) − g(x)) dx 6 0.

X21
∫

E1

(f(x) − g(x))dx

∫

E2

(f(x)− g(x))dx 60 ⇐⇒ (p1 − q1)(p2 − q2) 60 ⇐⇒

⇐⇒ (p1 + q2)(p2 + q1) 6 (p1 + p2)(q1 + q2) ⇐⇒

⇐⇒
b∫

a

[max(f, g)] dx

b∫

a

[min(f, g)] dx 6

b∫

a

f(x) dx

b∫

a

g(x) dx.

[ ` ®�_ d °�¬�]-9 ` _�1G­�ª�] + 6814_�3�® b ¬�_�6!ªRc +�d e % : + ¯ b ®�7�;=^�3�¬�°46 ­�ª�®�° d 3�¬�°46 +�(
;=_�°�¬

[max(f, g)]2 = max
(
f2, g2

)
, [min(f, g)]2 = min

(
f2, g2

)
,

) 1hg + 1q°N^�1<; ªR6 ­ + 6 )�+ 683�¬�°46 + ;=_�°46D±1¬ ) 6 + ®�_�c
f
9
g
+ ¬

f2 9 g2 9�14_�¯�:;­�¬q®^�1�ªR: ` ¬�6 ) ­ 1-¯�¬�± d °�¬�6 ) 146 + 683�¬�°46 + ;=_�°41 �
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a
+
b

m = min(a, b), M = max(a, b).
� �'& �(� 	 � ��� � ����
����$� � ��� � � 	����
�

m =
a+ b− |a− b|

2
, M =

a+ b+ |a− b|
2

.

��1-¯�¬�±1¬�_�6!ªRc<;=_�°41 &8_�®�e 3�¬�°46 + ;=_�°N; ªR6 ­ :468_t®�±�1 ` 6;°-®�­ +�d e ;=1414_ + 1�4�6 (
+ ®�7

m ·M = a · b, m+M = a+ b
®>_�68143�6 )�d ©L®�68_	¬ ­�ª�]G¯�143 + 687 ¯�°�¬$­ 3�¬�_ + 14m81U:�3�¬�° + 6 + ®�] �

��1-¯�¬�±1¬�_�6!ªRc<;=_�°41 + 683�¬�°46 + ;=_�°�¬

b∫

a

[max(f, g)]2dx

b∫

a

[min(f, g)]2dx 6

b∫

a

f2(x) dx

b∫

a

g2(x) dx.
l-«3ª n

©L°46 ­ 6 ) 14541-± + ¬ ` 6 + ®�64­�ª�]>14^�3�6 ­ 6!ªR6 +�+ 14m81 ® + _�68m83�¬	ª�¬

I(f) =

b∫

a

f(x) dx.

R-14mN­�¬�­�ª�]GªR6;°4147 ` ¬4;=_�® l-«3ª nA^�1�ªR: ` ¬�6 )
I
(
(min(f, g))2

)
I
(
(max(f, g))2

)
=

= I

((
f + g − |f − g|

2

)2
)
I

((
f + g + |f − g|

2

)2
)

=

=
1

16
I
(
(f + g)2 − 2(f + g) |f − g|+ (f − g)2

)
×

× I
(
(f + g)2 + 2(f + g) |f − g|+ (f − g)2

)
=

=
1

16
I
(
2f2 + 2g2 − 2(f + g) |f − g|

)
I
(
2f2 + 2g2 + 2(f + g) |f − g|

)
=

=
1

4
I
(
f2 + g2 − (f + g) |f − g|

)
I
(
f2 + g2 + 2(f + g) |f − g|

)
.

�21<; ªR6o°<;=6=eÃ^�683�6 )�+ 1hgU6 + ®�7i®Ñ;=1-¯�3�¬�9�6 + ®�7º^�1�ªR: ` ¬�6 ) 9 ` _�1�^�1<; ªR6 ­ + 686
° d 3�¬�gU6 + ®�6W3�¬�° + 1

1

4

[(
I
(
f2
))2

+
(
I
(
g2
))2 −

(
I
(
(f + g)|f − g|

))2
+ 2I

(
f2
)
I
(
g2
)]
.
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R-14mN­�¬ ­�ª�]P3�¬�± + 1<;=_�®P^�3�¬�°4147 ® ªR6;°4147 ` ¬4;=_�687o° + 683�¬�°46 + ;=_�°46 l-«3ª n�^�1�ªR: (
` ¬�6 ) _	¬�¯�146 ° d 3�¬�gU6 + ®�64j

^�3�¬�°�¬�] ` ¬4;=_�c − ªR6;°�¬�] ` ¬4;=_�c = I
(
f2
)
I
(
g2
)
−

− 1

4

[(
I
(
f2
))2

+
(
I
(
g2
))2 −

(
I
(
(f + g)|f − g|

))2
+ 2I

(
f2
)
I
(
g2
)]

=

=
1

4

[
I
(
(f + g)|f − g|

)]2 − 1

4

[
I
(
f2
)
− I
(
g2
)]2

=

=
1

4

[
I
(
(f + g)|f − g|

)
+ I
(
(f + g)(f − g)

)]
×

×
[
I
(
(f + g)|f − g|

)
− I
(
(f + g)(f − g)

)]
=

=
1

4
I
(
(f + g)((f − g) + |f − g|)

)
I
(
(f + g)((f − g)− |f − g|)

)
=

=

∫

E(f>g)

(f + g)(f − g) dx

∫

E(f6g)

(f + g)(g − f) dx =

=

∫

E(f>g)

(
f2 − g2

)
dx

∫

E(f6g)

(
g2 − f2

)
dx.

T ` 6;°-®�­ + 1R9 ` _�1 ^�1<; ªR6 ­ + 686�° d 3�¬�gU6 + ®�6 + 6814_�3�® b ¬�_�6!ªRc + 1R92^�1 &8_�1 ) :
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�23�®�°46 ­ 6 +�+ 1469­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°41�^�1-±;°41�ª�]�68_U^�1�ªR: ` ®�_�c'3<]�­ ; ªR6 ­�;=_�°-®�7 �
8 ��F�
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f(x)
+
g(x) �

� ������� � ��
������ � ��	���������� 
 � �'& �(�
	 � ��� � ����
���� � � ��� � � 	���� � ��

� ����� ������� 

� � �'� � � ��� � �'� � ��	�� �����
� ��� � � � �
	����
� l-«3ª n �

^�3�¬�°�¬�] ` ¬4;=_�c l-«3ª n − ªR6;°�¬�] ` ¬4;=_�c l-«3ª n
=

b∫

a

f2(x) dx

b∫

a

g2(x) dx −
b∫

a

[max(f, g)]2dx

b∫

a

[min(f, g)]2dx =

=

∫

E(f>g)

(
f2 − g2

)
dx

∫

E(f6g)

(
g2 − f2

)
dx.

l-«�« n
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� ��	����������
f(x)

+
g(x)

� ������� � ��
����
�'& � � � � �
��� �$���
��
��
� �
� 	 	�

�����
�

f(x) + g(x) > 0

 � �'& �(� 	 � ��� � ����
���� � 	�� �
���
� ���
�

�
� ��� � � ��	����
� � � 
 �
�

� 	��
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� ��	����������

f(x)
+
g(x)

� ������� � ��
����
�'& � � � � �
�����$���
��
��
� �
�*	 	�

�����
�

f(x) + g(x) 6 0

 � �'& �(� �
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�
��
��
�
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4 ® �

8 ��F�
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� �
� ��� �
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� ��	 � �

x ∈ (a, b)
�

��
��
f(x) > g(x)

+ ��
��
f(x) 6 g(x)
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h(x) = min(f, g), d(x) = max(f, g)−min(f, g),

λ(x) = 0, f(x) 6 g(x), λ(x) = 1, f(x) > g(x).
R-14mN­�¬';=^�3�¬�°46 ­�ª�®�° d ;=1414_ + 1�4�6 + ®�]

max(f, g) = h(x) + d(x),

f(x) = h(x) + λ(x)d(x), g(x) = h(x) + (1− λ(x))d(x).
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=

=

b∫

a

(1− λ(x)) d(x)(f(x) + g(x)) dx

b∫

a

λ(x) d(x)(f(x) + g(x)) dx,

` _�1®^�1<; ªR6P^�11­�;=_	¬ + 1-°-¯�® ± + ¬ ` 6 + ®�7e®R;=^�1�ªRc-±8:46 )�d e�°46!ª�® ` ® + ;=1-°4^�¬$­�¬�68_
;À_�1hg ­ 6a;=_�°41 )	l-«�« n/9";=^�3�¬�°46 ­�ª�®�° d@) ­�ª�] % : + ¯ b ®�7®; + 6814_�3�® b ¬�_�6!ªRc + 147
;=: )�) 147 �

� T�	>Q"H ��O
� F+�"H�FPK���F<Q�C2��F+��J�E2��C�G 
�����&hC�G2G2C *rM>S��"K��"H"L
H���F+;�O5����� $�&hC�G2G2C *rM>S��"K��"H"L

` ¬4;8; ) 14_�3�® ) ^�3�®�ªR1hgU6 + ®�6 ­ 1-¯�¬�±1¬ +�+ 14m81N:�_�1 ` + 6 + ®�]e® + _�68m83�¬	ªRc + 14m81
+ 683�¬�°46 + ;=_�°�¬d]21�4 ® i �$: + ]�¯�1-°<;!¯�14m81 l-«3ª nr­�ª�] ° d °411­�¬Ñ1 b 6 + 1-¯^­�ª�]
m!¬ )�) ¬ (*% : + ¯ b ®�7¤® + 68^�1�ª +�d e\m!¬ )�) ¬ (*% : + ¯ b ®�7 � X¤¬�^�1 )�+ ® ) 14^�3�6 ­ 6!ªR6 + ®�]
&8_�®�e % : + ¯ b ®�7-9�; ªR6 ­ :�] � © ���¦j

Γ(a) =

∞∫

0

ta−1e−tdt, Γ(a, x) =

∞∫

x

ta−1e−tdt, γ(a, x) =

x∫

0

ta−1e−tdt.

�211­�;=_	¬�°-® ) ° ^�1�ªR: ` 6 +�+ 1460:�_�1 ` + 6 + ®�6 + 683�¬�°46 + ;=_�°�¬r]21�4 ® i �$: + ] (
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f(x) = x
a+1
2 e−

x
2 , g(x) = x

a−1
2 e−

x
2 , a > 0.
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max(f, g) =

{
f(x), x > 1,

g(x), x 6 1,
min(f, g) =

{
g(x), x > 1,

f(x), x 6 1.

R-14mN­�¬U:�¯�¬�±1¬ +�+ 146 + 683�¬�°46 + ;=_�°41 l-«3ª nA^�3�® + ® ) ¬�68_À_	¬�¯�147G°-®�­"j

Γ2(a+1) 6
(
γ(a+1, 1) + Γ(a−1, 1)

)(
γ(a−1, 1) + Γ(a+1, 1)

)
6

6 Γ(a+ 2)Γ(a).
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[a, b]
9 ) 14m8:�_W® ) 68_�c + : (

ª�®-9 ;=1-°4^�¬$­�¬�@A9 ®�62;\11­ + ® ) ®�ª�® ;\14541-® ) ®G¯�1 +�b ¬ ) ® &8_�14m81'14_�3�6;±;¯�¬ � �A_�1
145<;=_�1h]�_�6!ªRc<;=_�°41 ® ) 6868_ °�¬�g + 146 ± + ¬ ` 6 + ®�6�­�ª�] + 6;¯�14_�143 d e ^�3�®�ªR1hgU6 + ®�7-9
° ¯�14_�143 d e _�3�6854:468_4;&]-9 ` _�145 d ± + ¬ ` 6 + ®�] ` ¬4;=_�® ` +�d e ;=: )�) 3<]�­�¬ . :�3�c46
% : + ¯ b ®�®

f(x)
^�1>3�¬4;8; ) ¬�_�3�®�°�¬�6 ) 147N;!®R;=_�6 ) 6À143�_�14m81 + ¬	ªRc +�d e ^�1�ª�® + 1 (

) 1-° ;=1-°4^�¬	ª�® °q¯�1 +�b ¬�e 14_�3�6;±;¯�¬
[a, b]

;=1o± + ¬ ` 6 + ®�] ) ® f(a) ® f(b) � ��¬ () 68_�® ) 9 ` _�1f145 d ` +�d 6@143�_�14m81 + ¬	ªRc +�d 6@;Ï^�1�ªR1hg ®�_�6!ªRc +�d@) + ¬
[a, b]

°46a;=1 )
^�1�ª�® + 1 )�d &8_�® ) °�¬�g +�d@) ;!°4147R;=_�°41 )�+ 6\145�ª�¬$­�¬�@�_ �
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ch­ 3�:�m8147P;=_�143�1 +�d 14_ ) 68_�® ) 9 ` _�1 °À3<]�­ 6\3�¬�5414_ ¬�°4_�143�¬ � 
 �
«�© �-5 d ª�®
°-°46 ­ 6 +�d _	¬�¯ + ¬�± d °�¬�6 )�d 6 ; ) 6<4 ¬ +�+�d 6 3<]�­ d ^�1|¯�ª�¬4;8;!® ` 6a;!¯�® ) 143�_�1 (
m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ ) 9 ` ¬4;=_�® ` +�d 6�;=: )�)�d ¯�14_�143 d e>_	¬�¯�gU6f145�ª�¬$­�¬�@�_
;!°4147R;=_�°41 ) ;=1-°4^�¬$­ 6 + ®�]o®�eo± + ¬ ` 6 + ®�7o°D¯�1 +�b ¬�eP145�ª�¬4;=_�® 143�_�14m81 + ¬	ªRc + 1 (
;=_�® ;=1 ± + ¬ ` 6 + ®�] ) ®b®R;&e<11­ + 147 % : + ¯ b ®�® � © 3�¬�5414_	¬�e � 
 �
«�© �25 d ª�®Ñ^�1 (
­ 3�145 + 1G®R;8; ªR6 ­ 1-°�¬ +�d ¬�^�^�3�1-¯�;!® ) ¬�_�®�° +�d 6';!°4147R;=_�°�¬�; ) 6<4 ¬ +�+�d e 3<]�­ 1-°
­�ª�] % : + ¯ b ®�7�®�±>3�¬�±!ª�® ` +�d e % : + ¯ b ®�1 + ¬	ªRc +�d e®^�3�1<;=_�3�¬ + ;=_�°t® ¯�ª�¬4; (
;=1-° � © ` ¬4;=_ + 1<;=_�®-9R5 d ªR1'^�1-¯�¬�±1¬ + 1R9 ` _�1 ` ¬4;=_�® ` +�d 6�;=: )�)�d ; ) 6<4 ¬ +�+�d e
3<]�­ 1-° ^�1|¯�ª�¬4;8;!® ` 6a;!¯�® ) 143�_�14m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ ) ®-9 °�14_1ª�® ` ®�6 14_
;=: )�) . :�3�c46P^�1 &8_�® ) gU6 ^�1�ª�® + 1 ) ¬ ) 9y:<;=^�6<4 + 1 ) 14m8:�_�5 d _�c ®R;=^�1�ªRc (
±81-°�¬ +�d °W±1¬$­�¬ ` ¬�eY9�°W¯�14_�143 d e®_�3�6854:468_4;&] 11­ + 1-°43�6 ) 6 +�+ 1N^�3�®�5�ª�®�g ¬�_�c
­�® %\% 683�6 +�b ®�3�:46 ) :'@ % : + ¯ b ®5@U®�686 + 6a;!¯�1�ªRc-¯�1U^�3�1-®�±;°411­ +�d e �
© + ¬4;=_�1h]59�687P;=_	¬�_�c46�&8_�®o°414^�3�1<; d 3�¬4;8; ) 14_�3�6 +�d ­�ª�]o¯�ª�¬4;8;!® ` 6a;!¯�®�e

^�1�ª�® + 1 ) 1-°-��¬�m8683�3�¬
Lαn(x)

� © ` ¬4;=_ + 1<;=_�®-9$^�1-¯�¬�±1¬ + 1R9 ` _�1®3<]�­ . :�3�c46
^�1 143�_�14m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬ i cA14541�ªR6;°�¬�]�°�ª�]�68_4;&] ` ¬4;=_ (
+�d@) ; ªR: ` ¬�6 ) ; ) 6<4 ¬ +�+�d eU3<]�­ 1-°\^�1\^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬ l ; )������ 
 ®À��n �
�A_�1R9�°0;!°41�@D1 ` 683�6 ­ cR9�^�1-±;°41�ª�]�68_ l ; )���� �4n$^�3�® ) 6 + ®�_�cD¯r®R;8; ªR6 ­ 1-°�¬ + ®5@
¬�^�^�3�1-¯�;!® ) ¬�_�®�° +�d e�;!°4147R;=_�° 3<]�­ 1-° . :�3�c460^�1 ^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬ i
cA14541�ªR6;°�¬ ) 68_�11­ d ®�^�11­Re<11­ d 9Y3�¬�±83�¬�5414_	¬ +�+�d 6 + ¬ ) ®�3�¬ + 686 � 
 �
«�© � ­�ª�]
3�6<4�6 + ®�] ¬ + ¬	ªR14m;® ` + 147¤±1¬$­�¬ ` ®�­�ª�]�; ) 6<4 ¬ +�+�d e\3<]�­ 1-°@^�19¯�ª�¬4;8;!® ` 6a;!¯�® )
143�_�14m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ )�� © � 
 °-°46 ­ 6 +�d + 6;¯�14_�143 d 7 + 1-° d 7 ;=^�6 b ® (
¬	ªRc +�d 7 3<]�­�^�1h¯�ª�¬4;8;!® ` 6a;!¯�® ) 143�_�14m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬
Lαn(x)

;
α > −1

9�¯�14_�143 d 7�°�; ªR: ` ¬�6 + ¬�_�:�3�¬	ªRc + 1
α = r

;=1-°4^�¬$­�¬�68_ ;
;=1414_�°468_4;=_�°4:'@A9 ® ) ; ) 6<4 ¬ +�+�d@) 3<]�­ 1 ) ^�1�^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

L0
n(x)

9
¬À_	¬�¯�gU6�;f3<]�­ 1 )º. :�3�c46f^�1 ^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

L−r
n (x)

9 143�_�14m81 + ¬	ªRc (
+�d@) 14_ + 1<;!®�_�6!ªRc + 1À;!¯�¬	ª�]�3 + 14m81U^�3�1-®�±;°46 ­ 6 + ®�]�_�®�^�¬DcA14541�ªR6;°�¬

〈f, g〉 =
r−1∑

ν=0

f (ν)(0)g(ν)(0) +

∞∫

0

f (r)(t)g(r)(t)e−t dt. (1)

R�¬�¯�® ) 14543�¬�±81 ) 9�°À; ªR: ` ¬�6 + ¬�_�:�3�¬	ªRc + 14m81 α = r
­�ª�]>^�1�ª�® + 1 ) 1-° ��¬�m8683 (

3�¬
Lαn(x)

°<;=6�_�3�® ^�1 + ]�_�®�] i ; ) 6<4 ¬ +�+�d 703<]�­>^�1�^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬�9
;=^�6 b ®�¬	ªRc +�d 7À3<]�­�^�1f^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬ ®03<]�­ . :�3�c46@^�1�^�1�ª�® + 1 ) ¬ )
��¬�m8683�3�¬

L−r
n (x)

9�143�_�14m81 + ¬	ªRc +�d@) 14_ + 1<;!®�_�6!ªRc + 1P;!¯�¬	ª�]�3 + 14m81�^�3�1-®�±;°46 (
­ 6 + ®�]>_�®�^�¬DcA14541�ªR6;°�¬ l-« n/9�;=1-°4^�¬$­�¬�@�_ �
Q ±!ªR1hgU6 + ®�6 ) ¬�_�683�®�¬	ª�¬ + ¬4;=_�1h]59�687 ;=_	¬�_�c-® 3�¬�±85-®�_�1 + ¬0^�¬�3�¬�m83�¬ %2d\�

© �
© ;=14543�¬ +�d·+ 6;¯�14_�143 d 6 + 68145he<11­�® )�d 6�;!°46 ­ 6 + ®�] 1U^�1�ª�® + 1 ) ¬�e ��¬�m8683 (
3�¬�9 ° � 
N^�3�®�°411­�®�_4;&] 14^�3�6 ­ 6!ªR6 + ®�6P; ) 6<4 ¬ +�+�d e 3<]�­ 1-°N^�1 ^�1�ª�® + 1 ) ¬ )
��¬�m8683�3�¬�9�° � � °-°46 ­ 6 +�d�+ 1-° d 6�;=^�6 b ®�¬	ªRc +�d 6f3<]�­ d ^�1 ^�1�ª�® + 1 ) ¬ ) ��¬ (
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 «3ª�«
m8683�3�¬

Lαn(x)
9Y143�_�14m81 + ¬	ªRc +�d@) °D¯�ª�¬4;8;!® ` 6a;!¯�1 ) ; )�d ; ªR649�° � � °-°411­R]�_4;&]

3<]�­ dD. :�3�c46\^�1À^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬
L−r
n (x)

9R143�_�14m81 + ¬	ªRc +�d@) 14_ + 1<;!® (
_�6!ªRc + 1À;!¯�¬	ª�]�3 + 14m81U^�3�1-®�±;°46 ­ 6 + ®�]�_�®�^�¬ cA14541�ªR6;°�¬ l-« n/9�° ��¬ ° d °411­�®�_4;&]
+ 683�¬�°46 + ;=_�°41f_�®�^�¬ �\685468m!¬�­�ª�] ` ¬4;=_�® ` +�d e ;=: )�) ;=^�6 b ®�¬	ªRc + 14m81f3<]�­�¬f^�1
^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬D®®; % 143 ) :1ª�®�3�1-°�¬ + ¬ _�68143�6 ) ¬�9�;=11­ 683<g ¬�9 ¬�] ^�14_�1 (
` 6 ` + :'@�1 b 6 + ¯�: ;=1414_�°468_4;=_�°4:'@A9�687 % : + ¯ b ®�®#�\685468m!¬ �

�YT�0PF<K-ORE�ORQ��ÀFPJ���F�
yF+�"H$��O�;�O5��H$��O G2C�$ � C2&4F<Q"Q�C

�23�®e®R;8; ªR6 ­ 1-°�¬ + ®�®e¬�^�^�3�1-¯�;!® ) ¬�_�®�° +�d eÃ;!°4147R;=_�° ` ¬4;=_�® ` +�d e·;=: )�)
+ 1-° d e�;=^�6 b ®�¬	ªRc +�d ef3<]�­ 1-°R91°-°46 ­ 6 +�+�d e�° + ¬4;=_�1h]59�687f3�¬�5414_�649 + ¬ ) ^�1 + ¬ (
­ 145-®�_4;&] 3<]�­ ;!°4147R;=_�°U^�1�ª�® + 1 ) 1-°���¬�m8683�3�¬

Lαn(t)
9�¯�14_�143 d 6 )�d ;=1454683�6 )

° ­�¬ +�+ 1 ) ^�¬�3�¬�m83�¬ % 6 �
�2:<;=_�c

α
i ^�3�1-®�±;°41�ªRc + 1469­ 687R;=_�°-®�_�6!ªRc + 146 ` ®R; ªR1 � R-14mN­�¬ ­�ª�]P^�1�ª�® (

+ 1 ) 1-°���¬�m8683�3�¬ ® ) 6<@�_ ) 6a;=_�1 � « 
��¦j
!$���;4 # ��� �$��=���(�9+�

Lαn(t) =
1

n!
t−αet

{
tn+αe−t

}(n)
; (2)

2����'�>) ��(�=

Lαn(t) =

n∑

ν=0

(
n+ α

n− ν

)
(−x)ν
ν!

; (3)

��� � 

�'� �����'(�� ����

��9:� ���0��1%�'����

(

∞∫

0

tαe−tLαn(t)L
α
m(t) dt = δnmh

α
n (α > −1), (4)

mN­ 6
δnm

i ;!® ) °41�ªr]23�1 + 6;¯�683�¬�9

hαn =

(
n+ α

n

)
Γ(α+ 1), (5)

° ` ¬4;=_ + 1<;=_�®-9�­�ª�] Ln(t) = L0
n(t)

® ) 6868_ ) 6a;=_�1À3�¬�°46 + ;=_�°41

∞∫

0

e−tLn(t)Lm(t) dt = δnm;
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!$���;4 # ��� � ��(���

�+!-!.���@2 � , � ��C #

K
α
n (t, τ) =

n∑

k=0

Lαν (t)L
α
ν (τ)

hαν
=

=
n+ 1

hαn

Lαn(t)L
α
n+1(τ)− Lαn(τ)L

α
n+1(t)

t− τ
;

(6)

�0������

&8�

t∫

0

Ln(t− τ)Lm(τ)dτ = Ln+m(t)− Ln+m+1(t). (7)

� ¬	ªR686214_ ) 68_�® ) ; ªR6 ­ :'@A9 ®�623�¬�°46 + ;=_�°�¬�j

d

dt
Lαn(t) = −Lα+1

n−1(t), (8)

dr

dtr
Lα−rk+r (t) = (−1)rLαk (t), (9)

L−r
k (t) =

(−t)r
k[r]

Lrk−r(t), (10)

mN­ 6
k[r] = k(k − 1) . . . (k − r + 1)

9

Lα+1
n (t)− Lα+1

n−1(t) = Lαn(t), (11)

(n+ α)Lα−1
n (t) = αLαn(t)− xLα+1

n−1(t); (12)
���0�������02 � �����'&8� � « ���

e−
t
2 |Lαn(t)| 6 c(α)Bαn (t), α > −1, (13)

mN­ 64± ­ 6a;=c�® ­�¬	ªR686
c, c(α), c(α, . . . , β)

i ^�1�ªR1hg ®�_�6!ªRc +�d 6 ` ®R; ª�¬�9�±1¬�°-®R;&] (
9 ®�6�ª�®54�cÀ14_U:�¯�¬�±1¬ +�+�d e0^�¬�3�¬ ) 68_�3�1-°R9

Bαn (t) =





θα, 0 6 t 6 1
θ ,

θ
α
2 − 1

4 t−
α
2 − 1

4 , 1
θ < t 6 θ

2 ,[
θ(θ

1
3 + |t− θ|)

]− 1
4

, θ
2 < t 6 3θ

2 ,

e−
t
4 , 3θ

2 < t,
mN­ 6

θ = θn = θn(α) = 4n+ 2α+ 2
�

��ª�] + 143 ) ®�3�1-°�¬ +�+�d e0^�1�ª�® + 1 ) 1-°���¬�m8683�3�¬

L̂αn(t) =
{
hαn

}− 1
2

Lαn(t) (14)
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® ) 6868_ ) 6a;=_�1À1 b 6 + ¯�¬ � « ���

e−
t
2

∣∣∣L̂αn+1(t)− L̂αn−1(t)
∣∣∣ 6

6





θ
α
2 −1, 0 6 t 6 1

θ ,

θ−
3
4 t−

α
2 + 1

4 , 1
θ < t 6 θ

2 ,

t−
α
2 θ−

3
4

[
θ(θ

1
3 + |t− θ|)

] 1
4

, θ
2 < t 6 3θ

2 ,

e−
t
4 , 3θ

2 < t.

(15)

�21<;!¯�1�ªRc-¯�:
hαn = Γ(n+α+1)

n! � nα
9�_�1 ®�± l-« 
<n«® l-« ��n$; ªR6 ­ :468_h9 ` _�1

e−
t
2 |L̂αn(t)| 6 c(α)θ

−α
2

n Bαn (t), t > 0. (16)

--T 8 G2F�(�C2�$���ÀF�Q���
 � ;�O�;�O5��H$��O G2C�G � C2&4F<Q"Q�C

c ) 6<4 ¬ +�+�d 6�3<]�­ d ^�1e¯�ª�¬4;8;!® ` 6a;!¯�® ) 143�_�14m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ )
5 d ª�®r°4^�683�° d 6¤°-°46 ­ 6 +�d °À3�¬�5414_	¬�e ¬�°4_�143�¬ � 
 �
«�© ��¯�¬�¯o¬	ªRc�_�683 + ¬�_�®�° +�d 7
3<]�­�¬ ) . :�3�c46y^�1@_�6 ) gU6y^�1�ª�® + 1 ) ¬ ) ¬�^�^�¬�3�¬�_«­�ª�]f11­ + 1-°43�6 ) 6 +�+ 14m81�^�3�® (
5�ª�®�gU6 + ®�] % : + ¯ b ®�7G® ®�e ^�3�1-®�±;°411­ +�d e � X26W]�°�ª�]5@�_4;&]G®R;!¯�ª�@ ` 6 + ®�6 ) ®
; ) 6<4 ¬ +�+�d 6U3<]�­ d ^�1�^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬ � 7 � � © + ¬4;=_�1h]59�6 ) ^�¬�3�¬�m83�¬ (
% 6 )�d + ¬�^�1 )�+ ® ) 14^�3�6 ­ 6!ªR6 + ®�6 &8_�®�eN3<]�­ 1-°R9Y; ªR6 ­ :�]N3�¬�5414_�6 � 7 � � �2:<;=_�c
−1 < α < 1

9
Lαn(x)

;=1414_�°468_4;=_�°4:'@A9 ®�6G¯�ª�¬4;8;!® ` 6a;!¯�®�6>143�_�14m81 + ¬	ªRc +�d 6
^�1�ª�® + 1 ) ¬ ��¬�m8683�3�¬�9

ρ = ρ(x) = xαe−x
9
1 6 p < ∞ 9

Lp,ρ
i ^�3�1<;=_�3�¬ +�(

;=_�°41 ®�± ) 683�® )�d e % : + ¯ b ®�7-9�14^�3�6 ­ 6!ªR6 +�+�d e + ¬'^�1�ªR:41<;!®
[0,∞)

®>_	¬�¯�®�eY9
` _�1

‖f‖Lp,ρ
=




∞∫

0

|f(x)|pρ(x) dx




1/p

<∞.

�2683�6;±
W r

Lp,ρ
(0,∞)

14541-± + ¬ ` ® ) ^�11­�¯�ª�¬4;8; % : + ¯ b ®�7
f = f(x)

®�±
Lp,ρ

9
+ 68^�3�683 d ° + 1|­�® %\% 683�6 +�b ®�3�:46 )�d e

r − 1
3�¬�±49«­�ª�]b¯�14_�143 d e

f (r−1)(x)¬�5<;=1�ª�@�_ + 1 + 68^�3�683 d ° + ¬ + ¬Ñ^�3�1-®�±;°41�ªRc + 1 ) ;=68m ) 6 + _�6
[a, b] ⊂ [0,∞)

9
¬
f (r) ∈ Lp,ρ

� R-14mN­�¬ )�dº) 1hgU6 ) 3�¬4;8; ) 14_�3�68_�c ¯�1 & %\% ® b ®�6 + _ dÑ. :�3�c46 i
��¬�m8683�3�¬ % : + ¯ b ®�®

f (r)(x)
^�1'^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

Lαn(x)
j

fαr,k =
1

hαk

∞∫

0

ρ(t)f (r)(t)Lαk (t) dt. (17)
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cA1414_�°468_4;=_�°4:'@A9 ®�7�3<]�­ . :�3�c46 i ��¬�m8683�3�¬ % : + ¯ b ®�®
f (r) ® ) 6868_ °-®�­

f (r) ∼
∞∑

k=0

fαr,kL
α
k (x). (18)

` ¬4;8; ) 14_�3�® )�% 143 ) :1ªR:DR-687�ªR143�¬

f(x) = Qr−1(f, x) +
1

(r − 1)!

x∫

0

(x− t)r−1f (r)(t) dt, (19)

mN­ 6
Qr−1(f, x) =

∑r−1
ν=0

f (r)(0)
ν! (1+x)ν

i ^�1�ª�® + 1 ) R-687�ªR143�¬�91®�° d ^�1�ª + ® )
% 143 ) ¬	ªRc + :'@º^�11­�;=_	¬ + 1-°-¯�: ° l-«B7 n ° ) 6a;=_�1

f (r)(t)
3<]�­�¬ . :�3�c46 i ��¬�m8683 (

3�¬ l-«  <n � gA; ª�® &8_	¬N14^�683�¬ b ®�]�±1¬�¯�1 +�+ ¬�9�_�1 )�d ^�3�®�­ 6 ) ¯Ã; ªR6 ­ :'@A9�6 ) :
3�¬�°46 + ;=_�°4:�j

f(x) = Qr−1(f, x) +
1

(r − 1)!

∞∑

k=0

fαr,k

x∫

0

(x− t)r−1Lαk (t) dt. (20)

©$1<;=^�1�ªRc-±8:46 ) ;&]03�¬�°46 + ;=_�°41 )Ñl 7 n/9�_�14mN­�¬

1

(r − 1)!

x∫

0

(x − t)r−1Lαk (t) dt =

=
(−1)r

(r − 1)!

x∫

0

(x− t)r−1 d
r

dtr
Lα−rk+r (t) dt =

= (−1)rLα−rk+r (x) − (−1)r
r−1∑

ν=0

xν

ν!
{Lα−rk+r (t)}

(ν)
t=0.

(21)

� ¬	ªR686
{Lα−rk+r (t)}(ν) = (−1)νLα−r+νk+r−ν (t), (22)

¬ °À;!®�ªR: l 
<n

Lα−r+νk+r−ν (0) =

(
k + α

k + r − ν

)
=

Γ(k + α+ 1)

Γ(ν − r + α+ 1)(k + r − ν)!
. (23)

cA14^�1<;=_	¬�°�ª�]�] l ©�© n«® l © 
<n/9�® ) 686 )

{Lα−rk+r (t)}
(ν)
t=0 = (−1)ν

Γ(k + α+ 1)

Γ(ν − r + α+ 1)(k + r − ν)!
. (24)
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 «3ª �
Q ± l ©�« n«® l © ��n + ¬�e<11­�® )

1

(r − 1)!

x∫

0

(x− t)r−1Lαk (t) dt =

= (−1)rLα−rk+r (x)− (−1)r
r−1∑

ν=0

Γ(k + α+ 1)(−x)ν
Γ(ν − r + α+ 1)(k + r − ν)!ν!

.

(25)

Q ± l ©!ª n«® l © �4nA^�1�ªR: ` ¬�6 )

f(x) = Eαr−1(f, x) + Jαr (f, x), (26)

mN­ 6

Eαr−1(f, x) =

=

r−1∑

ν=0

[
f (ν)(0)− (−1)r−ν

Γ(ν − r + α+ 1)

∞∑

k=0

Γ(k + α+ 1)

Γ(k + r − ν + 1)
fαr,k

]
xν

ν!
,
(27)

Jαr (f, x) = (−1)r
∞∑

k=0

fαr,kL
α−r
k+r (x). (28)

`�]�­
Jαr (f, x)

54:;­ 6 )�+ ¬�± d °�¬�_�c ��46�������'�'�-4 3<]�­ 1 ) ^�10^�1�ª�® + 1 ) ¬ ) ��¬ (
m8683�3�¬

Lαk (x)
9 &8_�® ) gU6f_�683 ) ® + 1 )·)�d 14541-± + ¬ ` ® ) ^�3�¬�°4:'@ ` ¬4;=_�cÀ3�¬�°46 +�(

;=_�°�¬ l ©!¬ n � c ) 6<4 ¬ +�+�d 7\3<]�­U;=11­ 683<g ®�_ ¯�1 & %\% ® b ®�6 + _ d
fαr,k (k = 0, 1, . . .)

r
( 7P^�3�1-®�±;°411­ + 147 % : + ¯ b ®�®

f(x)
^�1À^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

Lαk (x)
9 : )�+ 1 (

gU6 +�+�d 6 + ¬�^�1�ª�® + 1 )�d ��¬�m8683�3�¬W°-®�­�¬
Lα−rk+r (x)

� © &8_�1 ) ±1¬�¯�ª�@ ` ¬�68_4;&]
^�3�® +�b ®�^�®�¬	ªRc + 146�14_1ª�® ` ®�6P; ) 6<4 ¬ +�+ 14m81N3<]�­�¬ l ©  <nf^�1 ^�1�ª�® + 1 ) ¬ ) ��¬ (
m8683�3�¬

Lαk (x)
14_'3<]�­�¬ . :�3�c462^�1 &8_�® ) gU6\^�1�ª�® + 1 ) ¬ )��

gA; ª�® ° l ©<
 n�® l ©  <n )�d ^�1�ªR1hg ® )
α = 0

9h_�1W3�¬�°46 + ;=_�°41 l ©!¬ nY^�3�® + ® ) ¬�68_
; ªR6 ­ :'@A9 ®�7 °-®�­"j

f(x) =
r−1∑

ν=0

f (ν)(0)

ν!
xν + (−1)r

∞∑

k=0

f0
r,kL

−r
k+r(x). (29)

gA; ª�®-91¯�3�1 ) 6A_�14m81R91°41<;=^�1�ªRc-±8:46 ) ;&]W3�¬�°46 + ;=_�°41 )Nl-«3ª n/9a_�1�14_4; @L­�¬Ï^�1�ªR: ` ® )

f(x) =

r−1∑

ν=0

f (ν)(0)

ν!
xν + xr

∞∑

k=0

f0
r,k

Lrk(x)

(k + r)[r]
. (30)
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© ­�¬	ªRc + 68754�6 ) 54:;­ 68_®^�1-¯�¬�±1¬ + 1 l ; )�� ��� �R9��4n/9 ` _�1 l ©�7 n'^�3�6 ­�;=_	¬�°�ª�]�68_
;=1454147 3<]�­ . :�3�c46\^�1'^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

L−r
n (x)

9�143�_�14m81 + ¬	ªRc +�d@) 14_ (
+ 1<;!®�_�6!ªRc + 12;!¯�¬	ª�]�3 + 14m81W^�3�1-®�±;°46 ­ 6 + ®�] l-« n/9�¬ l 
 ª n�6a;=_�c + 6 ` _�1 ® + 14649	¯�¬�¯
;=^�6 b ®�¬	ªRc +�d 7>3<]�­ ^�10^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

Lαk (x)
;
α = r

9RmN­ 6
1 6 r

i
b 6!ªR146 �

�2683�687�­ 6 ) ¯ 3�¬4;8; ) 14_�3�6 + ®5@ ­ 1<;=_	¬�_�1 ` +�d e :<; ªR1-°-®�7 + ¬ % : + ¯ (
b ®5@

f(x)
9 14546a;=^�6 ` ®�°�¬�@A9 ®�e>;&e<11­�® ) 1<;=_�c0; ) 6<4 ¬ +�+�d e>3<]�­ 1-°

Jαr (f, x)
®

;=^�3�¬�°46 ­�ª�®�°41<;=_�cU3�¬�°46 + ;=_�°�¬ l ©!¬ n �
V�F�ORQ�F�G2CºX T � 	 	�� � −1 < α < 1

+
r > 1

+
A > 0

+
f ∈ W r

L2,ρ


 � �'& �(�
	 � ��
 � ������� �����

Jαr (f, x)
	 ��������� 	 ����� ���
� � � � �
��� � �
� 	���� � 
����
�

x ∈ [0, A]
� ��

� � ������� � ��
����
�'& �

x ∈ [0,∞)
� � ����� � � 	�� � ��� � � ��	���� �

(26)



C
� d	+ ¬ ` + 6 ) ;À1 b 6 + ¯�® ^�1�ª�® + 1 ) ¬

Lα−rk+r (x)
^�3�®

α > −1
9
r > 1

®
x ∈ [0, A]

� gA; ª�®
α − r > −1

9-_�1 ^�1�ªRc-±8:�]R;=c>1 b 6 + ¯�147 l-« 
<n/9 )�d ) 1hgU6 )
±1¬�^�®R;;¬�_�c

(θ = 4k + 2r − 2α+ 2)

|Lα−rk+r (x)| 6 c(α, r)e−x/2Bα−rk+r (x). (31)

gA; ª�®�gU6
α− r 6 −1

9�_�1R9�^�1�ªRc-±8:�]R;=cU3�¬�°46 + ;=_�°41 )ºl-«�© n/9�® ) 686 )

Lα−rk+r (x) =
α− r + 1

k + α
Lα−r+1
k+r (x)− x

k + α
Lα−r+2
k+r−1 (x). (32)

ct­ 3�:�m8147À;=_�143�1 +�d 9	®�±Ï14^�3�6 ­ 6!ªR6 + ®�] % : + ¯ b ®�®
Bαn (x)

l ; )�� l-« 
<n,n + 68_�3�:;­ (
+ 1':�°-®�­ 68_�cR9 ` _�1À^�3�® α > −1

9
k > 1

9
x ∈ [0, A]

1

k + α
Bα−r+1
k+r (x) 6 c(α, r)Bα−rk+r (x), (33)

x

k + α
Bα−r+2
k+r−1 (x) 6 c(α, r, A)Bα−rk+r (x). (34)

� ¬	ªR686�±1¬ ) 68_�® ) 9 ` _�1'6a; ª�®D­�ª�] x ∈ [0, A]
;=^�3�¬�°46 ­�ª�®�° d 1 b 6 + ¯�®

|Lα−r+1
k+r (x)| 6 c(α, r, A)e−

x
2Bα−r+1

k+r (x), (35)

|Lα−r+2
k+r−1 (x)| 6 c(α, r, A)e−

x
2Bα−r+2

k+r−1 (x), (36)
_�1D®�± l 
 © n �Yl 
 ¬ n ° d _�6;¯�¬�68_01 b 6 + ¯�¬ l 
 « n � X2106a; ª�®

r = 1
9 _�1

α − r + 1 =
α > −1

9
α− r+2 = α+1 > 0

9-®0^�1 &8_�1 ) :U1 b 6 + ¯�® l 
<�4n ® l 
 ¬ n ° d _�6;¯�¬�@�_
®�± l-« 
<n � R-6 ) ;;¬ )�d@) 9Y1 b 6 + ¯�¬ l 
 « nB­�ª�]

r = 1
­ 1-¯�¬�±1¬ + ¬ � �23�6 ­ ^�1�ªR1hg ® )

_�68^�683�cR9 ` _�1À1 b 6 + ¯�¬ l 
 « nL°4683 + ¬�­�ª�] 1 6 r 6 n
� R-14mN­�¬ ®�± l 
 © n �Yl 
���n$; ªR6 (

­ :468_�;=^�3�¬�°46 ­�ª�®�°41<;=_�cf1 b 6 + ¯�® l 
 « n�­�ª�]
r = n+1

� R-6 ) ;;¬ )�d@) ­ 1-¯�¬�±1¬ + ¬
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 «3ª�

;=^�3�¬�°46 ­�ª�®�°41<;=_�c@1 b 6 + ¯�® l 
 « n�­�ª�]�^�3�1-®�±;°41�ªRc + 14m81 b 6!ªR14m81

r > 1
� T b 6 + ® )

_�68^�683�c'1<;=_	¬�_�1 ` +�d 7 ` ªR6 + ; ) 6<4 ¬ +�+ 14m81'3<]�­�¬ l ©  <n/9�¯�14_�143 d 7�3�¬�°46 +

Rαn(f, x) = (−1)r
∞∑

k=n+1

fαr,kL
α−r
k+r (x). (37)

Q ) 686 )

|Rαn(f, x)| 6
∞∑

k=n+1

|fαr,k||Lα−rk+r (x)| =

=
∞∑

k=n+1

(hαk )
1/2|fαr,k|(hαk )−1/2

∣∣Lα−rk+r (x)
∣∣ 6 ηnγn(x),

(38)

mN­ 6

ηn =

(
∞∑

n+1

hαk (f
α
r,k)

2

)1/2

, γn(x) =

(
∞∑

k=n+1

(Lα−rk+r (x))
2/hαk

)1/2

.

gA; ª�®
f (r) ∈ L2,ρ

9�_�1
lim
n→∞

ηn = 0. (39)

�2_�1¤¯�¬4;;¬�68_4;&] °46!ª�® ` ® +�d γn(x)
9<_�1R9-®R;=^�1�ªRc-±8:�]U1 b 6 + ¯�: l 
 « n ®0;=1414_ + 1�4�6 (

+ ®�6

hαk = Γ(α+ 1)

(
k + α

k

)
� kα (k = 1, 2, . . .),

)�d + ¬�e<11­�® )

γn(x) 6 c(α, r, A)

(
∞∑

k=n+1

k−α(Bα−rk+r (x))
2

)1/2

. (40)

�2:<;=_�c
0 6 x 6 A

9Ï_�14mN­�¬|®�± l-« 
<n ; ªR6 ­ :468_h9 ` _�1�­�ª�]Ñ^�3�1-®�±;°41�ªRc + 14m81
­ 687R;=_�°-®�_�6!ªRc + 14m81

β
® ) 6868_ ) 6a;=_�1À1 b 6 + ¯�¬

Bβm(x) 6 c(β,A)mβ(1 +mx)−β/2−1/4 (0 6 x 6 A). (41)

�21�ª�¬�m!¬�] ± ­ 6a;=c
β = α− r

9 )�d ) 1hgU6 ) ±1¬�^�®R;;¬�_�c

Bα−rk+r 6 c(α, r, A)(k + r)α−r(1 + (k + r)x)
r−α

2 − 1
4 .
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T�_4; @L­�¬ ® ) 686 )
(0 6 x 6 A)

∞∑

k=n+1

k−α(Bα−rk+r (x))
2 6

6 c(α, r, A)

∞∑

k=n+1

(k + r)α−2r(1 + (k + r)x)r−α−1/2 =

= c(α, r, A)

∞∑

k=n+1

1

(k + r)r+1/2

(
1

k + r
+ x

)r−α−1/2

.

(42)

��¬ ) 68_�® ) 9 ` _�1À^�3�® k > n

(
1

k + r
+ x

)r−α−1/2

6





(
1

n+r + x
)r−α−1/2

, r − α > 1/2
9

(k + r)α+1/2−r , r − α < 1/2
9

^�1 &8_�1 ) :

∞∑

k=n+1

1

(k + r)r+1/2

(
1

k + r
+ x

)r−α−1/2

6

6





(
1

n+r + x
)r−α−1/2∑∞

k=n+1(k + r)−r−1/2, r − α > 1/2,
∑∞
k=n+1(k + r)−2r+α, r − α < 1/2.

(43)

cA14^�1<;=_	¬�°�ª�]�] l � ª n/9 l � © n«® l �<
<n/9 )�d + ¬�e<11­�® )

γ2n(x) 6 c(α, r, A)

{
n

1
2−r

(
1
n + x

)r−α− 1
2 , r − α > 1

2

9

n−2r+α+1, r − α < 1
2

� (44)

Q ±21 b 6 + ¯�® l �4��n�; ªR6 ­ :468_h9 ` _�1

lim
n→∞

γn(x) = 0, (45)

^�3�® ` 6 ) ;&e<11­�® ) 1<;=_�c�3�¬�° + 1 ) 683 + ¬Ï14_ + 1<;!®�_�6!ªRc + 1
x ∈ [0, A]

� cA14^�1<;=_	¬�°�ª�]�]
l 
  <n �Yl � ª n/9�^�3�®�e<11­�® ) ¯�^�683�°41 ) :0:�_�°4683<g ­ 6 + ®5@ _�68143�6 )�dn« 1U3�¬�° + 1 ) 683 (
+ 147�;&e<11­�® ) 1<;=_�® + ¬

[0, A]
; ) 6<4 ¬ +�+ 14m81>3<]�­�¬ l ©  <n � TW;=_	¬�68_4;&]q­ 1-¯�¬�±1¬�_�cR9

` _�1r® ) 6868_ ) 6a;=_�1P3�¬�°46 + ;=_�°41 l ©!¬ n � gA; ª�®
f ∈ W r

L2,ρ

9-_�1
f (r) ∈ L2,ρ

9�®-9
; ªR6 ­ 1-°�¬�_�6!ªRc + 1R9�° ) 68_�3�®�¯�6\^�3�1<;=_�3�¬ + ;=_�°�¬

L2,ρ
® ) 6868_ ) 6a;=_�1À3�¬�°46 + ;=_�°41

f (r)(x) =

∞∑

k=0

fαr,kL
α
k (x). (46)
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 «3ª�7
�2:<;=_�c

Sαr,n(f) = Sαr,n(f, x) =

n∑

k=0

fαr,kL
α
k (x)

i ` ¬4;=_�® ` + ¬�]>;=: )�) ¬'^�143<]�­�¯�¬
n
3<]�­�¬ l-«  <n � � d ® ) 686 )

∣∣∣∣∣∣

x∫

0

(x− t)r−1f (r)(t) dt−
x∫

0

(x− t)r−1Sαr,n(f, t) dt

∣∣∣∣∣∣
6

6

x∫

0

(x− t)r−1|f (r)(t)− Sαr,n(f, x)| dt 6

6 xr−1

x∫

0

|f (r)(t)− Sαr,n(f, t)| dt =

= xr−1

x∫

0

t−
α
2 et/2t

α
2 e−t/2|f (r)(t)− Sαr,n(f, t)| dt 6

6 xr−1

( x∫

0

t−αet dt

)1/2( x∫

0

tαe−t(f (r)(t)− Sαr,n(f, t))
2 dt

)1/2

6

6

(
exx2r−α−1

1− α

)1/2

‖f (r) − Sαr,n‖L2,ρ .

(47)

�21<;!¯�1�ªRc-¯�: °�;!®�ªR: l � ¬ n ‖f (r) − Sαr,n‖L2,ρ → 0 (n → ∞)
9A_�1 ®�± l � 
 n

+ ¬�e<11­�® )

x∫

0

(x− t)r−1f (r)(t) dt =

∞∑

k=0

fαr,k

x∫

0

(x − t)r−1Lαk (t) dt. (48)

cA14^�1<;=_	¬�°�ª�]�] l-«B7 n�® l �� <n/9$±1¬�¯�ª�@ ` ¬�6 ) 9 ` _�1\;=^�3�¬�°46 ­�ª�®�°41 l ©!ª n � [�546 ­�® ) ;&]
_�68^�683�c4°4±1¬�¯�1 +�+ 1<;=_�®23�¬4;8;=:<g ­ 6 + ®�7-9;¯�14_�143 d 6y^�3�®�°46!ª�®¤¯\3�¬�°46 + ;=_�°4: l ©!¬ n/9
®R;&e<11­R]h®�± l ©!ª n � Q ) 6=]e°-°-®�­ : l © �4n/9 ­�ª�] &8_�14m81t­ 1<;=_	¬�_�1 ` + 1®^�3�1-°4683�®�_�c
;&e<11­�® ) 1<;=_�cU3<]�­ 1-° °-®�­�¬

∞∑

k=0

Γ(k + α+ 1)

Γ(k + r − ν + 1)
fαr,k (0 6 ν 6 r − 1),
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% ®�m8:�3�®�3�:'@A9 ®�e l ©<
 n � X21�6a; ª�®
f ∈ W r

L2,ρ

9A_�1
f (r) ∈ L2,ρ

9«®-9$;=_	¬	ªR1
5 d _�cR9

∞∑

k=0

Γ(k + α+ 1)

Γ(k + r − ν + 1)
|fαr,k| =

=

∞∑

k=0

Γ(k + α+ 1)

Γ(k + r − ν + 1)
(hαk )

−1/2(hαk )
1/2|fαr,k| 6

6

(
∞∑

k=0

(
Γ(k + α+ 1)

Γ(k + r − ν + 1)

)2
1

hαk

)1/2( ∞∑

k=0

hαk (f
α
r,k)

2

)1/2

=

=

(
∞∑

k=0

Γ(k + α+ 1)Γ(k + 1)Γ(α+ 1)

(Γ(k + r − ν + 1))2

)1/2

‖f (r)‖L2,ρ 6

6

(
∞∑

k=0

Γ(k + α+ 1)Γ(α+ 1)

(k + 1)Γ(k + 2)

)1/2

‖f (r)‖L2,ρ 6

6 c(α)‖f (r)‖L2,ρ (−1 < α < 1).

R-6 ) ;;¬ )�d@) 3�¬�°46 + ;=_�°41 l ©!¬ n«® ° ) 6a;=_�6\; + ® ) _�68143�6 ) ¬ « ­ 1-¯�¬�±1¬ +�d\�
B

��T 8 ;�F �"H�C'�������ÀFPQ���
 � ;�O�;�O5��H$��O G2C�G � C2&4F<Q"Q�C
�2:<;=_�c

1 6 r
i�b 6!ªR14649

f(t)
i
r − 1

3�¬�±�­�® %\% 683�6 +�b ®�3�:46 ) ¬�] °À_�1 ` (
¯�6
t = 0

9

Pr−1(f) = Pr−1(f)(t) =

r−1∑

i=0

f (i)(0)

i!
ti, (49)

fr(t) =
1

tr
[f(t)− Pr−1(f)(t)]. (50)

�23�6 ­ ^�1�ªR1hg ® ) 9 ` _�14­�ª�] % : + ¯ b ®�® fr(t) 9h14^�3�6 ­ 6!ªR6 +�+ 147f3�¬�°46 + ;=_�°41 )�l � ª n
;=:'9�6a;=_�°4:'@�_ ¯�1 & %\% ® b ®�6 + _ d�. :�3�c46 i ��¬�m8683�3�¬

f̂αr,k =
1

hαk

∞∫

0

fr(τ)t
αe−tLαk (t) dt =

=
1

hαk

∞∫

0

[f(t)− Pr−1(f)(t)]t
α−re−tLαk (t) dt,

(51)
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 «�«�«
mN­ 6

hαn = Γ(n + α + 1)/n!
� R-14mN­�¬ )�dD) 1hgU6 ) 3�¬4;8; ) 14_�3�68_�c03<]�­ . :�3�c46 (

��¬�m8683�3�¬ % : + ¯ b ®�®
fr(t)

fr(t) ∼
∞∑

k=0

f̂αr,kL
α
k (t). (52)

gA; ª�®>3<]�­ l � © n$;&e<11­�®�_4;&] ¯
fr(t)

9�_�1À;2: ` 68_�1 )Ñl � ª n )�d ) 1hgU6 ) ±1¬�^�®R;;¬�_�c

f(t) = Pr−1(f)(t) + tr
∞∑

k=0

f̂αr,kL
α
k (t). (53)

�A_�1 ® 6a;=_�c �������'(��0��1%�'�>)��	2�=6�'�
�'�:��('�'�:46�04 � ��9+���%�	� � X268_�3�:;­ + 1'^�1-¯�¬ (
±1¬�_�cR9 ` _�1 6a; ª�®

α = r
9�_�1 3<]�­ l ��
<n\;=1-°4^�¬$­�¬�68_>;'3<]�­ 1 ) l 
 ª n � ©	;;¬ ) 1 )

­ 6!ªR649�°À;!®�ªR: l © n/9 l-«�
 n«® l-«3ª n«® ) 686 )

f0
r,k =

∞∫

0

f (r)(τ)e−τLk(τ)dτ =

=
1

k!

∞∫

0

(f(τ)− Pr−1(f)(τ))
(r)(e−ττk)(k)dτ =

=
(−1)r

k!

∞∫

0

(f(τ) − Pr−1(f)(τ))(e
−τ τk)(k+r)dτ =

=
(−1)r

k!

∞∫

0

(f(τ) − Pr−1(f)(τ))τ
−re−τL−r

k+r(τ)(k + r)!dτ =

=
(k + r)!

k!
(−1)r

∞∫

0

(f(τ)− Pr−1(f)(τ))

τr
e−τ

(−τ)r
(k + r)[r]

Lrk(τ)dτ =

=

∞∫

0

(f(t)− Pr−1(f)(t))e
−τLrk(τ)dτ = hrkf̂

r
r,k.

(54)

©º;!®�ªR: l ����nA3<]�­ l 
 ª nA^�3�®�14543�68_	¬�68_ °-®�­

f(t) = Pr−1(f)(t) + tr
∞∑

k=0

hrkf̂
r
r,kL

r
k(t)

(k + 1)r
= Pr−1(f)(t) + tr

∞∑

k=0

f̂rr,kL
r
k(t),

_	¬�¯ ¯�¬�¯
hrk = (k+1)r

� R�¬�¯�® ) 14543�¬�±81 ) 9$°\; ªR: ` ¬�6 α = r
3<]�­ d l 
 ª n�® l ��
<n

;=1-°4^�¬$­�¬�@�_ �
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�YT�,���
 � � SYQ$��F);�O ;�O5��H$��O G2C�G � C2&4F<Q"Q�C
L−r
k (t)

[
ORQ"E�O�&4O���C'�������ÀG ORE2��O J�H"E�F�������O J�K-C'���YQ$��O�&4O-;"Q�ORH$1���F�
yF+�"H$�

E�H$;�C 8 O�> O5��F+��C
��ª�]

ρ = ρ(x) = e−t
^�1�ªR1hg ® )

W r[0,∞) = W r
L2,ρ

9�­ 3�:�m;® ) ®Ã; ªR1 (
°�¬ ) ®-9

W r[0,∞)
^�3�6 ­�;=_	¬�°�ª�]�68_';=14541470^�3�1<;=_�3�¬ + ;=_�°41 % : + ¯ b ®�7

f = f(t)
9

±1¬$­�¬ +�+�d e¤® + 68^�3�683 d ° + 14­�® %\% 683�6 +�b ®�3�:46 )�d e + ¬W^�1�ªR:41<;!®
[0,∞) (r−1)3�¬�±49�^�3�® ` 6 ) f (r−1)(t)

¬�5<;=1�ª�@�_ + 1 + 68^�3�683 d ° + ¬ + ¬ ^�3�1-®�±;°41�ªRc + 1 ) ;=68m (
) 6 + _�6

[a, b] ⊂ [0,∞)
9�®

∞∫

0

|f (r)(t)|2e−t dt <∞. (55)

` ¬4;8; ) 14_�3�® ) ;!®R;=_�6 ) : % : + ¯ b ®�7 {ϕk(t)}∞k=0

9�° ¯�14_�143�147

ϕk(t) =
tk

k!
, 0 6 k 6 r − 1, (56)

ϕk(t) = L−r
k (t), r 6 k. (57)

V�F�ORQ�F�G2C �YT ��	����������
ϕk(t) (k = 0, 2, . . .)

+ �'� ����� � 

� ����� � ��� � � � �
	����
��� �

(56)
�
(57)

+ � � ������	�� � �
��
��
	�� �
W r[0,∞)

� � � ���
� � � � �����
� ���
	��
	���	�� � �(	 � � �
� 	���� � 
����
� 	 ��� 

� � �
�'& � � ������� � ��� � ���
�

(1)



C
Q ±\3�¬�°46 + ;=_�° l 7 nL® l-«3ª n�; ªR6 ­ :468_h9 ` _�106a; ª�® r 6 k

®
0 6 ν 6 r − 1

9
_�1 (

L−r
k (t)

)(ν)
t=0

= 0
� ]23�1 ) 62_�14m81R9 (

L−r
k (t)

)(r)
= (−1)rL0

k−r(t)
� �21 &8_�1 ) :

°À;!®�ªR: l-« n ­�ª�]
ϕk(t) = L−r

k (t)
®
ϕl(t) = L−r

l (t)
;
k, l > r

® ) 686 )

〈ϕk, ϕl〉 =
∞∫

0

L0
k−r(x)L

0
l−r(x)e

−x dxt = δkl. (58)

�A_�1 1-± + ¬ ` ¬�68_h9 ` _�1 % : + ¯ b ®�®
ϕk(t) (k = r, r + 1, . . .)

14543�¬�±8:'@�_
°
W r[0,∞)

143�_�1 + 143 ) ®�3�1-°�¬ +�+ :'@ ;!®R;=_�6 ) :º14_ + 1<;!®�_�6!ªRc + 1Ã;!¯�¬	ª�]�3 + 14m81
^�3�1-®�±;°46 ­ 6 + ®�] l-« n � cA^�3�¬�°46 ­�ª�®�°41<;=_�c�3�¬�°46 + ;=_�°�¬ 〈ϕk, ϕl〉 = δkl

°@; ªR: ` ¬�]�eY9
¯�14mN­�¬

k, l 6 r−1
®
k 6 r−1

9
l > r

1 ` 6;°-®�­ + ¬ � Q2_	¬�¯-9�;!®R;=_�6 ) ¬ {ϕk(t)}∞k=0143�_�1 + 143 ) ®�3�1-°�¬ + ¬|°
W r[0,∞)

14_ + 1<;!®�_�6!ªRc + 1·;!¯�¬	ª�]�3 + 14m81 ^�3�1-®�±;°46 ­ 6 (
+ ®�] l-« n � TW;=_	¬�68_4;&]P:�546 ­�®�_�c<;&]r° 686�^�1�ª + 14_�6 °

W r[0,∞)
� c &8_�147 b 6!ªRc�@

^�1-¯�¬�gU6 ) 9 ` _�1 6a; ª�®t­�ª�] + 6;¯�14_�143�147 % : + ¯ b ®�®
f = f(x) ∈ W r[0,∞)

®
­�ª�] °<;=6=e

k = 0, 1, . . .
;=^�3�¬�°46 ­�ª�®�° d 3�¬�°46 + ;=_�°�¬ 〈f, ϕk〉 = 0

9�_�1
f(x) ≡ 0

�
© ;;¬ ) 1 ) ­ 6!ªR649R6a; ª�®

k 6 r − 1
9�_�1 〈f, ϕk〉 = f (k)(0)

9R^�1 &8_�1 ) :>;\: ` 68_�1 )
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 «�« 

_�14m81R9 ` _�1 〈f, ϕk〉 = 0

91­�ª�] + ¬�4�687 % : + ¯ b ®�®
f(x)

% 143 ) :1ª�¬�R-687�ªR143�¬ l-«B7 n
^�3�®�14543�68_	¬�68_ °-®�­

f(x) =
1

(r − 1)!

x∫

0

(x− t)r−1f (r)(t) dt. (59)

c�­ 3�:�m8147P;=_�143�1 +�d 9�­�ª�] °<;=6=e
k > r

® ) 686 )

0 = 〈f, ϕk〉 =
∞∫

0

e−xf (r)(x)
dr

dxr
L−r
k (x) dx =

= (−1)r
∞∫

0

L0
k−r(x)f

(r)(x)e−x dx.

T�_4; @L­�¬ ®D®�±W_�14m81R9 ` _�1'^�1�ª�® + 1 )�d ��¬�m8683�3�¬ L0
m(x)

l
m = 0, 1, . . .

nA14543�¬ (
±8:'@�_ °

L2,ρ
^�1�ª + :'@�143�_�1 + 143 ) ®�3�1-°�¬ +�+ :'@�;!®R;=_�6 ) :49�® ) 686 )

f (r)(x) = 0^�1 ` _�® °<; @L­ : + ¬ [0,∞)
� �21 &8_�1 ) : °À;!®�ªR: l � 7 n

f(x) ≡ 0
�
B

� ��?������ �"!"� ����cA1414_ + 1�4�6 + ®�6 143�_�14m81 + ¬	ªRc + 1<;=_�® l �! <n'3�¬ + 686 5 d ªR1
:<;=_	¬ + 1-°�ªR6 + 1 °'3�¬�5414_�6 � « � �

�2:<;=_�c
f(x) ∈W r[0,∞)

� R-14mN­�¬ )�dÑ) 1hgU6 ) 3�¬4;8; ) 14_�3�68_�c ¯�1 & %\% ® b ® (
6 + _ dD. :�3�c46 &8_�147 % : + ¯ b ®�®

f̂k = 〈f, ϕk〉 = f (k)(0), 0 6 k 6 r − 1, (60)

f̂k = 〈f, ϕk〉 =
∞∫

0

e−xf (r)(x)
dr

dxr
L−r
k (x) dx, k > r, (61)

®>68623<]�­ . :�3�c46

f(t) ∼
∞∑

k=0

f̂kϕk(t) =

r−1∑

k=0

f (k)(0)
tk

k!
+

∞∑

k=r

f̂kL
−r
k (t). (62)

cW­ 3�:�m8147À;=_�143�1 +�d 9-®�± l ¬�« n�® l-«�
 n�;Ï: ` 68_�1 ) (L−r
k (t)

)(r)
= (−1)rL0

k−r(t)® ) 686 )

f̂k =

∞∫

0

e−xf (r)(x)L0
k−r(x) dx = (−1)rf0

r,k−r. (63)
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Q ± l ¬�© n«® l ¬ 
<nA^�1�ªR: ` ¬�6 )

f(t) ∼
r−1∑

k=0

f (k)(0)
tk

k!
+ (−1)r

∞∑

k=0

f0
r,kL

−r
k+r(t). (64)

cA14^�1<;=_	¬�°�ª�]�] l ¬ ��n�; l ©�7 n/9 ±1¬�¯�ª�@ ` ¬�6 ) 9 ` _�1 3<]�­ . :�3�c46º^�1 ;!®R;=_�6 ) 6
{ϕk(t)}∞k=0

14_ + 1<;!®�_�6!ªRc + 1P;!¯�¬	ª�]�3 + 14m81 ^�3�1-®�±;°46 ­ 6 + ®�] l-« n2;=1-°4^�¬$­�¬�68_�;=1
; ) 6<4 ¬ +�+�d@) 3<]�­ 1 ) ^�1>^�1�ª�® + 1 ) ¬ ) ��¬�m8683�3�¬

L0
k(t)

� �A_�1>^�1-±;°41�ª�]�68_D®R; (
^�1�ªRc-±81-°�¬�_�c�^�3�® ®R;8; ªR6 ­ 1-°�¬ + ®�®W¬�^�^�3�1-¯�;!® ) ¬�_�®�° +�d e ;!°4147R;=_�°P3<]�­�¬ . : (
3�c46 l ¬�© n ) 68_�11­ d ® ^�11­Re<11­ d 9�3�¬�±83�¬�5414_	¬ +�+�d 6U3�¬ + 686 °>3�¬�5414_	¬�et¬�°4_�143�¬
� 
 �
«�© �B­�ª�]·3�6<4�6 + ®�]b¬ + ¬	ªR14m;® ` + 147 ±1¬$­�¬ ` ®�­�ª�]Ñ; ) 6<4 ¬ +�+�d eÃ3<]�­ 1-°�^�1
¯�ª�¬4;8;!® ` 6a;!¯�® ) 143�_�14m81 + ¬	ªRc +�d@) ^�1�ª�® + 1 ) ¬ ) 9�°À_�1 ) ` ®R; ªR6¤®P^�1À^�1�ª�® + 1 (
) ¬ ) ��¬�m8683�3�¬ � X¤¬�^�3�® ) 683-91°4¯�¬ ` 6a;=_�°46A; ªR6 ­�;=_�°-®�]f_�68143�6 )�d�«A) 1hgU68_@5 d _�c
; % 143 ) :1ª�®�3�1-°�¬ + ¬

V�F�ORQ�F�G2C --T � 	 	�� �
r > 1

+
A > 0

+
f ∈ W r[0,∞)


 � �'& �(� ����� ��	 �
� � �

(62)
	 ��������� 	 � ��� ���
� � � � �
��� � �
� 	���� � 
����
�

x ∈ [0, A]
� ��

�!� ������� �

� ��
����
�'& �
x ∈ [0,∞)

� � ����� � � 	�� � ��� � � ��	���� �

f(t) =

∞∑

k=0

f̂kϕk(t) =

r−1∑

k=0

f̂k
tk

k!
+

∞∑

k=r

f̂kL
−r
k (t). (65)

�-T�( ;$;"Q�ORK-J�H�G2C�E�H$�����ÀF J���ORL�J�E2��CNJ�;�F �"H�C'������� $�Q���
yO��
;�O ;�O5��H$��O G2C�G � C2&4F<Q"Q�C

�2683�6;±
L α
n (f) = L α

n (f)(t)
14541-± + ¬ ` ® ) ` ¬4;=_�® ` + :'@D;=: )�) :�;=^�6 b ®�¬	ªRc (

+ 14m81U3<]�­�¬ l ��
<nL°-®�­�¬

L
α
n (f)(t) = Pr−1(f) + tr

n−r∑

k=0

f̂αr,kL
α
k (t).

��¬ ) 68_�® ) 9 ` _�1N6a; ª�®
f(t) = qn(t)

^�3�6 ­�;=_	¬�°�ª�]�68_ ;=1454147|¬	ªRm868543�¬�® ` 6 (
;!¯�®�7>^�1�ª�® + 1 ) ;=_�68^�6 + ®

n
9�_�1À^�3�®

α > −1

L
α
n (qn)(t) ≡ qn(t),

­ 3�:�m;® ) ®P; ªR1-°�¬ ) ®-9�14^�683�¬�_�143
L α
n (f)

]�°�ª�]�68_4;&]�^�3�146;¯�_�143�1 ) + ¬U^�11­ ^�3�1 (
;=_�3�¬ + ;=_�°41

Hn 9";=1<;=_�1h]59�6 ) ®�± ¬	ªRm868543�¬�® ` 6a;!¯�®�eN^�1�ª�® + 1 ) 1-°P;=_�68^�6 + ®
n
�

�A_�1 ;!°4147R;=_�°41 ` ¬4;=_�® ` +�d eº;=: )�)
L α
n (f)(t)

®�m83�¬�68_|°�¬�g + :'@ 3�1�ªRc®^�3�®
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 «�« �
3�6<4�6 + ®�®q±1¬$­�¬ ` ® 145 1 b 6 + ¯�6U14_�¯�ªR1 + 6 + ®�]

L α
n (f)(t)

14_G®R;&e<11­ + 147 % : + ¯ (
b ®�®

f = f(t)
� �A_	¬G±1¬$­�¬ ` ¬À]�°�ª�]�68_4;&]N11­ + 147q®�±'1<; + 1-° +�d eo° + ¬4;=_�1h]59�687

3�¬�5414_�6 �
�2:<;=_�c

f(t)
i�+ 68^�3�683 d ° + ¬�] % : + ¯ b ®�]-9�±1¬$­�¬ +�+ ¬�] + ¬À^�1�ªR:41<;!®

[0,∞)®·_	¬�¯�¬�]-9 ` _�1|°�_�1 ` ¯�6 t = 0
;=:'9�6a;=_�°4:'@�_ ^�3�1-®�±;°411­ +�d 6

f (ν)(0) (ν =
0, 1, . . . , r − 1)

� ]23�1 ) 6�_�14m81R9 54:;­ 6 ) ; ` ®�_	¬�_�cR9 ` _�1 ­�ª�]o°<;=6=e k = 0, 1, . . .;=:'9�6a;=_�°4:'@�_ ¯�1 & %\% ® b ®�6 + _ d
f̂αr,k

9�14^�3�6 ­ 6!ª�]�6 )�d 623�¬�°46 + ;=_�°41 )ºl � « n � R-1 (
mN­�¬ )�d ) 1hgU6 ) 14^�3�6 ­ 6!ª�®�_�c�;=^�6 b ®�¬	ªRc +�d 7 3<]�­ l ��
<n�®�68m81 ` ¬4;=_�® ` + :'@
;=: )�) :

L α
n (f)(t)

� © + ¬4;=_�1h]59�6 ) ^�¬�3�¬�m83�¬ % 6 3�¬4;8; ) 14_�3�6 +�d + 6;¯�14_�143 d 6
°414^�3�1<; d 9�¯�14_�143 d 64¯�¬4;;¬�@�_4;&]0;&e<11­�® ) 1<;=_�®

L α
n (f)(t)

¯
f(x)

^�3�®
n→ ∞ �

©·^�683�°4:'@�1 ` 683�6 ­ cU3�¬4;8; ) 14_�3�® ) ±1¬$­�¬ ` :0145U1 b 6 + ¯�6 °46!ª�® ` ® +�d

Rαn,r(f)(t) = |f(t)− L
α
n (f)(t)|t− r

2+
1
4 e−

t
2 . (66)

©$6a;=1-°4147 )�+ 1hg ®�_�6!ªRc
t−

r
2+

1
4
9 % ®�m8:�3�®�3�:'@A9 ®�7 °�^�3�¬�°4147 ` ¬4;=_�® 3�¬ (

°46 + ;=_�°�¬ l ¬�¬ n/9W;!°�]�±1¬ + ;�_�6 ) 145<;=_�1h]�_�6!ªRc<;=_�°41 ) 9 ` _�1º3�¬�± + 1<;=_�c |f(t) −
L α
n (f)(t)| ;=_�3�6 ) ®�_4;&] ¯ + :1ª�@�° ) 6a;=_�6>;

t
;=1 ;!¯�143�1<;=_�c�@�9 + 6 ) 6 + c�4�687-9

` 6 ) t
r
2−

1
4
� T�541-± + ¬ ` ® ) ` 683�6;± qn(t) i ¬	ªRm868543�¬�® ` 6a;!¯�®�7 ^�1�ª�® + 1 ) ;=_�68^�6 (

+ ®
n
9�­�ª�] ¯�14_�143�14m81

f (ν)(0) = q(ν)n (0) (ν = 0, 1, . . . , r − 1). (67)

R-14mN­�¬

f(t)− L
α
n (f)(t) = f(t)− qn(t) + qn(t)− L

α
n (f)(t) =

= f(t)− qn(t) + L
α
n (qn − f)(t),

(68)

^�1 &8_�1 ) : °À;!®�ªR: l ¬�¬ n«® l ¬  <n

|Rn,r(f)(t)| 6 |f(t)−qn(t)|t−
r
2+

1
4 e−

t
2 +|L α

n (qn−f)(t)|t−
r
2+

1
4 e−

t
2 . (69)

c�­ 3�:�m8147P;=_�143�1 +�d 9�°À;!®�ªR: l ¬�
 n
Pr−1(qn − f) ≡ 0

9�^�1 &8_�1 ) : ® ) 686 )

L
α
n (qn − f)(t) = tr

n−r∑

k=0

(q̂n − f)r,kL
α
k (t) =

= tr
n−r∑

k=0

1

hαk

∞∫

0

(qn(τ) − f(τ))τα−re−τLαk (τ)L
α
k (t)dτ.
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e−
t
2 t−

r
2+

1
4 L

α
n (qn − f)(t) =

= e−
t
2 t

r
2+

1
4

∞∫

0

(qn(τ) − f(τ))e−τ τα−r
n−r∑

k=0

Lαk (t)L
α
k (τ)

hαk
dτ.

(70)

�21�ªR1hg ® )
Ern(f) = inf

qn
sup
t>0

|qn(t)− f(t)|e− t
2 t−

r
2+

1
4 , (71)

mN­ 6 + ®�g + ]�]Pm83�¬ + cÀ54683�68_4;&]>^�1 °<;=6 ) ¬	ªRm868543�¬�® ` 6a;!¯�® ) ^�1�ª�® + 1 ) ¬ )
qn(t);=_�68^�6 + ®

n
9 ­�ª�]h¯�14_�143 d e

f (ν)(0) = q
(ν)
n (0) (ν = 0, . . . , r − 1)

� R-14mN­�¬
®�± l¦
%ª n + ¬�e<11­�® )

e−
t
2 t−

r
2+

1
4 |L α

n (qn − f)(t)| 6 Ern(f)l
α
r,n(t), (72)

mN­ 6

lαr,n(t) = t
r
2+

1
4

∞∫

0

e−
τ+t
2 τα−

r
2−

1
4 |K α

n−r(t, τ)| dτ, (73)

¬�]�­ 3�1
K α
n−r(t, τ)

14^�3�6 ­ 6!ª�]�68_4;&]º3�¬�°46 + ;=_�°41 ) l ¬ n � Q ± l ¬�7 n/9 l¦
�« n �Yl¦
 
<n
° d °411­�® )

|Rαn,r(f)(t)| 6 Ern(f)(1 + lαr,n(t)). (74)
©	;!°�]�±;®�; + 683�¬�°46 + ;=_�°41 )	l¦
 ��n °41-± + ®�¯�¬�68_G±1¬$­�¬ ` ¬>145P1 b 6 + ¯�6 °46!ª�® ` ® +�d
lαr,n(t)

9 14^�3�6 ­ 6!ª�]�6 ) 147>3�¬�°46 + ;=_�°41 ) l¦
 
<n � c &8_�147 b 6!ªRc�@ )�d °-°46 ­ 6 ) ; ªR6 (
­ :'@A9 ®�6 14541-± + ¬ ` 6 + ®�]-j G1 = [0, 3

θn
]
9
G2 = [ 3

θn
, θn2 ]

9
G3 = [ θn2 ,

3θn
2 ]

9

G4 = [ 3θn2 ,∞]
� � d 54:;­ 6 ) 1 b 6 + ®�°�¬�_�c

lαr,n(t)
­�ª�]

t ∈ Gs (s = 1, 2, 3, 4)
�

V�F�ORQ�F�G2C ��T � 	 	�� �
1 6 r �

�
� 

����+
r − 1

2 6 α 6 r + 1
2

+
θn =

4n+ 2α+ 2

 � �'& �(� � � ��� � � � 	�� � 	�

��� 	��
� �
� �'�
� �����	�

1) �
	�
��

t ∈ G1 = [0, 3
θn
]
+�� �

lαr,n(t) 6 c(α, r)[ln(n+ 1) + nα−r]; (75)

2) �
	�
��

t ∈ G2 = [ 3
θn
, θn2 ]

+�� �

lαr,n(t) 6 c(α, r)

[
ln(n+ 1) +

(n
t

)α−r
2

]
; (76)
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3) ���


��
t ∈ G3 = [ θn2 ,

3θn
2 ]
+�� �

lαr,n(t) 6 c(α, r)


ln(n+ 1) +

(
t

θ
1
3
n + |t− θn|

) 1
4


 ; (77)

4) ���

��

t ∈ G4 = [ 3θn2 ,∞)
+�� �

lαr,n(t) 6 c(α, r)n− r
2+

5
4 e−

t
4 . (78)
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T�Ä�£�Ì(£�Î�¼�¤�¥ Á�¿%§�M � M �
æ�×/âhÞ±Ô ÙtÞ Õ�ÙtÞ±Ô ÙtÕ�Ô Û1��Ýrê/âhÙtÞ±Þ±Ù¦¡!e8×/ð�×/Ø Ù*á@×/ÞËÚ�Óh×/ê/×/Û�ÝrØ<é�×/Ø îaÛh×/ãÏÔ ÝrØ ÕRÝrÞ±Ù"Öt×/ÛhÕ�Ô èhÙtÞ±ÙtèÏÔ Û$Ú�ÓhÔ Õ
é�Ýré�ÙtÞt¥hß�Ú-Ô Õ�Õ�Óh×-%�ÛÏÚ�Ó�Ý&Ú-Ú�ÓhÙ*î@Ö,ÝrÛ@ð�Ù�×/ðaÚ¦ÝrÔ ÛhÙtèWÝrÕ-Ýyé�ÝrÞËÚ�Ô ÖtâhØ ÝrÞ-Ö,ÝrÕ�Ù�×rà�ãÏÔ 5aÙtèÏÕ�ÙtÞ±Ô ÙtÕ
Ô Û���Ýrê/âhÙtÞ±Þ±ÙÏé�×/Ø îaÛh×/ãÏÔ ÝrØ Õ,¥4Ò-ÓhÔ Õ�à�ÝrÖ*ÚyÙtÛ�ÝrðhØ ÙtÕ�âhÕ�Ú�×2ÝréhéhØ î2Ú�ÓhÙ�ãÏÙ*Ú�Óh×8èhÕ�èhÙ*á=ÙtØ ×/é�Ùtè
ð=î�ÝrâaÚ�Óh×/Þ'à ×/Þ�ãÏÔ 5aÙtè Õ�ÙtÞ±Ô ÙtÕUÚ�× Þ±ÙtÕ�Ù,ÝrÞ±Ö¦Ó�ÝréhéhÞ±×-5aÔ ã@Ý&Ú�Ô á=Ù éhÞ±×/é�ÙtÞËÚ�Ô ÙtÕ0×rà2æ�×/âhÞ±Ô ÙtÞ
Õ�ÙtÞ±Ô ÙtÕyÔ Û���Ýrê/âhÙtÞ±Þ±Ù¦¡!e8×/ð�×/Ø Ù*áÀ×/ÞËÚ�Óh×/ê/×/Û�ÝrØ-é�×/Ø îaÛh×/ãÏÔ ÝrØ Õ,¥�e8×/ãÏÙ�ÛhÙ�%®Õ�é�ÙtÖtÔ ÝrØ Õ�ÙtÞ±Ô ÙtÕyÔ Û
ÖtØ ÝrÕ�Õ�Ô Ö,ÝrØ ��Ýrê/âhÙtÞ±Þ±Ù�×/ÞËÚ�Óh×/ê/×/Û�ÝrØ-é�×/Ø îaÛh×/ãÏÔ ÝrØ Õ

Lα
n(x)

%�Ô Ú�Ó
α > −1

ÝrÞ±ÙÏÔ Û=Ú�Þ±×8èhâhÖtÙtè<¥
æ�×/ÞfÝ0Û�Ý&Ú�âhÞ�ÝrØ

α = r
Ú�ÓhÙtÕ�Ù'Õ�ÙtÞ±Ô ÙtÕ\Öt×/Ô ÛhÖtÔ èhÙq%�Ô Ú�Ó ÝréhéhÞ±×/éhÞ±Ô Ý&Ú�ÙÀãÏÔ 5aÙtèPÕ�ÙtÞ±Ô ÙtÕ\Ô Û

��Ýrê/âhÙtÞ±Þ±Ùfé�×/Ø îaÛh×/ãÏÔ ÝrØ Õ
L0
n(x)

ÝrÛhè %�Ô Ú�Ó æ�×/âhÞ±Ô ÙtÞ@Õ�ÙtÞ±Ô ÙtÕ@Ô Û ��Ýrê/âhÙtÞ±Þ±Ùfé�×/Ø îaÛh×/ãÏÔ ÝrØ Õ
L−r
n (x)

×/ÞËÚ�Óh×/ê/×/Û�ÝrØ�%�Ô Ú�ÓWÞ±ÙtÕ�é�ÙtÖ*Ú"Ú�×Ve8×/ð�×/Ø Ù*áWÔ ÛhÛhÙtÞ-éhÞ±×8èhâhÖ*Ú,¥

�/�C�x�&���	�_�>\ ��Ýrê/âhÙtÞ±Þ±ÙÀé�×/Ø îaÛh×/ãÏÔ ÝrØ Õ,�Ze8×/ð�×/Ø Ù*á ×/ÞËÚ�Óh×/ê/×/Û�ÝrØ Ô ÚÊî=��æ�×/âhÞ±Ô ÙtÞ\Õ�ÙtÞ±Ô ÙtÕ\×/Û
��Ýrê/âhÙtÞ±Þ±Ù4C e8×/ð�×/Ø Ù*á�é�×/Ø îaÛh×/ãÏÔ ÝrØ Õ,�aãÏÔ 5aÙtè@Õ�ÙtÞ±Ô ÙtÕ�×/Û���Ýrê/âhÙtÞ±Þ±Ùyé�×/Ø îaÛh×/ãÏÔ ÝrØ Õ,�aÕ�é�ÙtÖtÔ ÝrØ
Õ�ÙtÞ±Ô ÙtÕ�×/Û���Ýrê/âhÙtÞ±Þ±ÙAé�×/Ø îaÛh×/ãÏÔ ÝrØ Õ,¥
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qt�/u/zhqts=�=p/��x�s=xh��p }hu/|���xh|a�=�,��u/qts=x<¥75yu/~apr�t�-�=pr�ts=q�v<�Ï�hs=u qt�/u/zhqts=�=pN~h�=pr�txh}hu/|a�
��xh|a�=�,��u/qts=x0x0prqtx����hs=u/s=xh�h�tqt~8u/z }hu/|���xh|a�=�,��u/qts=x<� �/�/�*��Ùt}h}h�-�2qtu/u/s=�/�ts=qts=�/�t}h}hu
��|�pr{/u/s/p@8�UA¥9B�|hu/s=�t}a��xh~ap�x�6�¥>6��t|h�hxhu/���h��C�5Ï¥ �Au/�ts/pa�rvh�r�hvh�"s=q�v��/}a�as=|h�t}h}hx���x
xh}hs=�t|h�hur�hvh�hxhu/}h}h����x\qt�/u/zhqts=�=p/��x<¥ ��s=x�qt�/u/zhqts=�=pÏ��u/|����&��xh|a�a�"s=q�v\��s=�t|���xh}�p@8
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�2:<;=_�c
X

i ^�3�1<;=_�3�¬ + ;=_�°41 . 3�6<4�6 l _ � 6 � ^�1�ª + 146 ) 68_�3�®�±8:46 ) 146 ªR1 (
¯�¬	ªRc + 1G° d ^�:�¯�ªR146'^�3�1<;=_�3�¬ + ;=_�°41�n+*

(‖ · ‖p)
i + ¬�54143N^�1�ªR: + 143 ) 9�±1¬$­�¬�@ (

9 ®�7N_�14^�1�ªR14m;®5@f°
X

_	¬�¯�147-9 ` _�1 ‖x‖p 6 ‖x‖p+1
­�ª�]N^�3�1-®�±;°41�ªRc +�d e

n®
x ∈ X

®
Up = {x ∈ X : ‖x‖p 6 1} � � + 1hgU6a;=_�°41 °<;=6=e>14m83�¬ + ® ` 6 +�+�d e

^�11­ )�+ 1hgU6a;=_�° °
X

14541-± + ¬ ` ® ) ` 683�6;±
B(X)

�
�YT��23�1<;=_�3�¬ + ;=_�°41

X
+ ¬�± d °�¬�@�_ � «�
 � &8����?�('�'���;4 (��;4 (���#8��4 �-4 9-6a; ª�®

­�ª�] ª�@�5414m81 &;¯�°-® + 68^�3�683 d ° + 14m81 )�+ 1hgU6a;=_�°�¬
A ⊂ X ′ ;=:'9�6a;=_�°4:468_Ï1-¯�3�6a;=_ (

+ 1<;=_�c + :1ª�]
V
°
X

_	¬�¯�¬�]-9 ` _�1f;&e<11­�® ) 1<;=_�cR9$® + ­ : b ®�3�1-°�¬ +�+ ¬�] + ¬ A ;!®�ªRc (
+ 147 _�14^�1�ªR14m;®�687

β(X ′, X)
9-;=1-°4^�¬$­�¬�68_ ;�_�14^�1�ªR14m;®�687 3�¬�° + 1 ) 683 + 147N;&e<1 (
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V
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�P1hg + 1�^�1-¯�¬�±1¬�_�cR9 ` _�1 ¯�°�¬�±;® + 143 ) ®�3�:46 ) 1<;=_�c0^�3�1<;=_�3�¬ + ;=_�°�¬ X 3�¬�° (

+ 1<;!®�ªRc + ¬ ¯�¬�g ­ 1 ) : ®�±f; ªR6 ­ :'@A9 ®�e :<; ªR1-°-®�7-j

(∀ p) (∃ q > p) (∀ t > 0) (∃B ∈ B(X)) : Uq ⊂ B +
1

t
Up,

(∀ p0) (∃ p > p0) (∀ p1 > p) (∀ t > 0) (∃M > 0) : Up ⊂MUp1 +
1

t
Up0 ,

(∀ p0) (∃ p > p0) (∀ p1 > p) (∀ t > 0) (∃M > 0) :

‖x′‖′p 6M‖x′‖′p1 +
1

t
‖x′‖′p0 (∀x ∈ X),

mN­ 6
(‖ · ‖′p)

i + ¬�54143>;=14^�3<]�gU6 +�+�d e + 143 ) °
X
j

‖x′‖′p := {|x′(x)| : x ∈ X, ‖x‖ 6 1} .
--T��23�1<;=_�3�¬ + ;=_�°41

X
+ ¬�± d °�¬�@�_ � © ����¬4;!® ) ^�_�14_�® ` 6a;!¯�® + 143 ) ®�3�:46 )�d@) 9

6a; ª�® ° d ^�1�ª + ]�68_4;&]P; ªR6 ­ :'@A9�686\:<; ªR1-°-®�64j 	 	�� � 	�����	 ���
p0

����� ����+(�,� � ��

�
� ������� � ��
����
�'& �

p > p0
� ����� ��� 	 �

p1 > p
����� ����+ �,� � ��	 ���������
� 	�
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� �

� � 
����
� 	�� � � 
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� X + ��	����(��� � ����� 
���� ����� � �
� 	���� � 
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�
� �
� � �#� ‖ · ‖p1
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� � �#� ‖ · ‖p0
+

� 	�� ����	 ��������� 	 ��� �
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� �
� � �#� ‖ · ‖p
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X
¬4;!® ) ^�_�14_�® ` 6a;!¯�® + 143 ) ®�3�:46 ) 1'_�14mN­�¬ ®�_�1�ªRc-¯�1'_�1 (

mN­�¬�9	¯�14mN­�¬�° d ^�1�ª + ]�68_4;&] ª�@�54146B®�±@; ªR6 ­ :'@A9 ®�eU3�¬�° + 1<;!®�ªRc +�d ef:<; ªR1-°-®�7-j

(∃ p0) (∀ p > p0) (∃ p1 > p) (∀ t > 0) (∃M > 0) :

‖x‖p 6M‖x‖p0 +
1

t
‖x‖p1 (∀x ∈ X),

(∃ p0) (∀ p > p0) (∃ p1 > p) (∀ t > 0) (∃M > 0) :

U◦
p 6MU◦

p0 +
1

t
U◦
p1 (∀x ∈ X).

T�5-±8143P;!°4147R;=_�° ¯�¬�°�¬�±;® + 143 ) ®�3�:46 )�d eD®o¬4;!® ) ^�_�14_�® ` 6a;!¯�® + 143 ) ®�3�:46 (
)�d e�^�3�1<;=_�3�¬ + ;=_�°À;=11­ 683<g ®�_4;&]G° � « �R9 ©�« 9 © �'� �

�YT�� S��"K��"H�O���C'�������ÀF�;"Q�O J�E�Q�C2��J�E2��C
J4O�J���ORL�J�E2��C�GWH���ORQ�GWH"Q"S F�G2O J�E�H

X T �2:<;=_�c
A = (ap,n)p,n∈N

546a;!¯�1 + 6 ` + ¬�] ) ¬�_�3�® b ¬ lË+ ¬�± d °�¬�6 ) ¬�] ) ¬�_ (
3�® b 687r] �68_�6hnA_	¬�¯�¬�]-9 ` _�1

l ¥Ên
(∀ p, n) ap,n > 0

*



� � �'��	����
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� � � � ��	 � � � 	���� «�©�«
l ¥ ¥Ên

(∀n) (∃ p) j ap,n > 0
*

l ¥ ¥ ¥Ên
(∀ p, n) ap,n 6 ap+1,n

�
�23�1<;=_�3�¬ + ;=_�°41 ) ] �68_�649-14^�3�6 ­ 6!ª�]�6 )�d@)�) ¬�_�3�® b 687�] �68_�6

A = (ap,n)
9

+ ¬�± d °�¬�@�_ °46;¯�_�143 + 146W^�3�1<;=_�3�¬ + ;=_�°41

K(A) =

{
x = (xn) ∈ C

N : ‖x‖p :=
+∞∑

n=1

|xn|ap,n < +∞ (∀ p)
}
.

X¤¬�54143 + 143 )
(‖ · ‖p)

14^�3�6 ­ 6!ª�]�68_ + ¬
K(A)

_�14^�1�ªR14m;®5@ ^�3�1<;=_�3�¬ + ;=_�°�¬
. 3�6<4�6 �
cA^�6 b ® % ®�¯�¬À^�3�1<;=_�3�¬ + ;=_�°D] �68_�6�;=1<;=_�1-®�_ ° _�1 ) 9 ` _�10^�1<; ªR6 ­ 1-°�¬�_�6!ªRc (

+ 1<;=_�c 143�_�1-°P14543�¬�±8:468_r¬�5<;=1�ª�@�_ +�d 7 5�¬�±;®R; ° ^�3�1-®�±;°41�ªRc + 1 ) ^�3�1<;=_�3�¬ +�(
;=_�°46 ] �68_�6 � © ` ¬4;=_ + 1<;=_�®+&8_�1P1-± + ¬ ` ¬�68_h9 ` _�1P:<; ªR1-°-®�]N_�®�^�¬ + 143 ) ¬	ªRc + 1 (
;=_�® ) 1hg + 1@^�3�1-°4683<]�_�c�;=1414_�°468_4;=_�°46 +�+ 1Ï_�1�ªRc-¯�1 + ¬ &!ªR6 ) 6 + _	¬�e\5�¬�±;®R;;¬B®�ª�®
_�1�ªRc-¯�1 + ¬�&!ªR6 ) 6 + _	¬�eÀ^�1<; ªR6 ­ 1-°�¬�_�6!ªRc + 1<;=_�® ¯�14143-­�® + ¬�_ +�d e % : + ¯ b ®�1 + ¬ (
ªR1-° �
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K(A)
�

1. K(A) �
��	�� �#��� � ������� 	 ��� �
� � � � 
����
� +

2. (∀ p0) (∃ p) (∀ p1 (∀ t > 0) (∃M > 0) :
ap,n 6Map0,n + 1

t ap1,n (∀n) 
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�'& � � ��� 	�� ��� ��	����
� ������ �
K(A)

�

1. K(A) �
���
��� ���
� � � � ��	 � � � +

2. (∃ p0) (∀ p) (∃ p1) (∀ t > 0) (∃M > 0) :
(∀n) a−1

p,n 6Ma−1
p1,n + 1

t a
−1
p0,n
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+ 1<;=_�® ®�±8: ` ¬	ª�®R;=c ° � 
 ª � �
�YT!�2:<;=_�c

ϕ : R+ → R+
i °41-±83�¬4;=_	¬�@A9 ¬�] % : + ¯ b ®�]-9

ϕζ(·) = ϕd(·) ®
d = d(ζ) > 1

� Q9­ 61¬	ª
(Dϕ) := (DNϕ)

5 d ªD°-°46 ­ ½ + Z � � � V�1 + ` ¬�3�1-° d@) � « �
® � � RL®�­ _�6 + 1 ) � ©!¬ � � Q ±\^�1�ªR: ` 6 +�+�d e ° &8_�®�e>3�¬�5414_	¬�e 3�6;±8:1ªRc�_	¬�_ d ; ªR6 (
­ :468_ ¬4;!® ) ^�_�14_�® ` 6a;!¯�¬�] + 143 ) ®�3�:46 ) 1<;=_�cÀ^�3�1<;=_�3�¬ + ;=_�°À546a;!¯�1 + 6 ` + 1 ­�® %W(
% 683�6 +�b ®�3�:46 )�d e % : + ¯ b ®�7-9h14^�3�6 ­ 6!ªR6 +�+�d e + ¬4¯�1 ) ^�¬�¯�_	¬�ef;=^�6 b ®�¬	ªRc + 14m81
°-®�­�¬ �

�2:<;=_�c
Ω ⊂ R2 14m83�¬ + ® ` 6 +�+ ¬�]�145�ª�¬4;=_�cf®

Ω
i 686\±1¬ )�d ¯�¬ + ®�6 �

�23�1<;=_�3�¬ + ;=_�°41
C∞(Ω)

;=1<;=_�1-®�_i®�±�°<;=6=e 546a;!¯�1 + 6 ` + 1 ­�® %\% 683�6 +�b ®�3�: (
6 )�d e % : + ¯ b ®�7

f : Ω → R
9W:d¯�14_�143 d e\¯�1 + 6 ` +�d + 143 )�d ‖f‖p :=

max
|k|6p

sup
x∈Ω

|f (k)(x)| 9RmN­ 6
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1. k = (k1, k2) ∈ Z
2
+

9
x = (x1, x2) ∈ R

2 9
Z+ = {0, 1 . . .} 9

2. |k| = k1 + k2
9

3. f (k)(x) = ∂|k|f(x)

∂x
k1
1 ∂x

k2
2

�
gA; ª�®

ψ : R+ → R+
i + 68^�3�683 d ° + ¬�]e°41-±83�¬4;=_	¬�@A9 ¬�] % : + ¯ b ®�]e®

ψ(0) = 0
9�_�1À^�1�ªR1hg ® )

Ωψ :=
{
(x1, x2) ∈ R

2 : 0 < x1 < 1, |x2| < ψ(x)
}
.
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1. C∞(Ωψ) ∈ (DNϕ)

+�& � � � �
��� � 	���� �
ϕ
	 � 	�� ����� ��� ��	����������

ϕd(·)
�
ϕ : R+ → R+ �

�
��� ��� � � ��� ����+ � ��������	���� �
� ��� � �
���'& ��� ������� ��� ���
��	��������
� ����������+��,� �

ϕ(+0) = 0



2. (∃C,M,N > 0) : ψ−1(t) 6 CϕM (t−N ) (∀ t > 0)
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Ω ∈ Cn
i 145�ª�¬4;=_�c l _ � 6 � 14_�¯�3 d _�146À;!°�]�± + 146 )�+ 1hgU6a;=_�°41�n �

�23�1<;=_�3�¬ + ;=_�°41
A(Ω)

;=1<;=_�1-®�_G®�± °<;=6;°41-± ) 1hg +�d e % : + ¯ b ®�7-9�¬ + ¬	ª�®�_�® ` 6 (
;!¯�®�e¤° &8_�147f145�ª�¬4;=_�®-91® + ¬$­ 6!ª�]�68_4;&]f_�14^�1�ªR14m;®�687\]�­ 683 + 14m81@^�3�1<;=_�3�¬ + ;=_�°�¬
. 3�6<4�649�;=1-°4^�¬$­�¬�@A9�6870;@_�14^�1�ªR14m;®�68703�¬�° + 1 ) 683 + 1470;&e<11­�® ) 1<;=_�® + ¬�¯�1 )"(
^�¬�¯�_	¬�e ®�±

Ω
� �A_�1f^�3�1<;=_�3�¬ + ;=_�°41\54:;­ 68_�¯�°�¬�±;® + 143 ) ®�3�:46 )�d@) ®D¬4;!® ) ^�_�1 (

_�® ` 6a;!¯�® + 143 ) ®�3�:46 )�d@)�� �A_�1'; ªR6 ­ :468_ ®�±W_�14m81R9 ` _�1 A(Ω) ∈ (Ω)∩ (DN)
�

�21<; ªR6 ­ + 686�:�_�°4683<g ­ 6 + ®�62; ªR6 ­ :468_h9 + ¬�^�3�® ) 683-9�®�±4­ 1-¯�¬�±1¬ +�+�d e © � � � ��¬ (
e�¬�35@�_�147 � �'��_�68143�6 ) 1 4 ¯�¬	ª�¬�eD­�ª�]q¬ + ¬	ª�®�_�® ` 6a;!¯�®�e % : + ¯ b ®�7o®q¬ + ¬	ª�® (
_�® ` 6a;!¯�®�e % : + ¯ b ®�1 + ¬	ªR1-° �
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yF�C'� �

X TR� + 1hgU6a;=_�°41
I
+ ¬�± d °�¬�@�_ � «3ª 9�14^�3�6 ­ 6!ªR6 + ®�] «4� «4� « ® ©�7�� ©�� « * «B7 � ^�3�1 (

;=_�3�¬ + ;=_�°46 +�+�d@) ®�­ 61¬	ªR1 ) 9�6a; ª�® ° d ^�1�ª + ]5@�_4;&]>; ªR6 ­ :'@A9 ®�6\:<; ªR1-°-®�]-j
1. I

;=11­ 683<g ®�_ °<;=6 ¯�1 + 6 ` + 1 ) 683 +�d 62^�3�1<;=_�3�¬ + ;=_�°�¬ . 3�6<4�6%*
2.
6a; ª�®

X,Y ∈ I
9
X × Y ∈ I

*

3.
6a; ª�®

X ∈ I
®À^�3�1<;=_�3�¬ + ;=_�°41 . 3�6<4�6

Y
®�±81 ) 143 %2+ 19­ 14^�1�ª + ]�6 ) 1 ) :

^�11­ ^�3�1<;=_�3�¬ + ;=_�°4: °
X
9�_�1

Y ∈ I
�

�P1hg + 1 ^�1-¯�¬�±1¬�_�cR9 ` _�1 )�+ 1hgU6a;=_�°�¬b¯�°�¬�±;® + 143 ) ®�3�:46 )�d eU®�¬4;!® ) ^ (
_�14_�® ` 6a;!¯�® + 143 ) ®�3�:46 )�d e�^�3�1<;=_�3�¬ + ;=_�°À]�°�ª�]5@�_4;&]>^�3�1<;=_�3�¬ + ;=_�°46 +�+�d@) ®
®�­ 61¬	ª�¬ ) ® �

�YT'��ª�] :�_�1 ` + 6 + ®�]�;=_�68^�6 + ® ¯�°�¬�±;® + 143 ) ®�3�:46 ) 1<;=_�®�® ¬4;!® ) ^�_�14_�® (
` 6a;!¯�147 + 143 ) ®�3�:46 ) 1<;=_�®d°-°411­R]�_4;&] � ©<
 ��©�7 �2^�3�1<;=_�3�¬ + ;=_�°46 +�+�d 6W®�­ 61¬	ª d
(DNϕ) (Ωϕ)

� T�5-±8143	;!°4147R;=_�° &8_�®�ef®�­ 61¬	ªR1-° ;=11­ 683<g ®�_4;&]f° � «3ª 9 «  �� �
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i °41-±83�¬4;=_	¬�@A9 ¬�]
% : + ¯ b ®�] �
© ® + _�683�6a;;¬�e ^�3�® ) 6 + 6 + ®�] ¯�°�¬�±;® + 143 ) ®�3�:46 )�d e ® ¬4;!® ) ^�_�14_�® ` 6 (

;!¯�® + 143 ) ®�3�:46 )�d e·^�3�1<;=_�3�¬ + ;=_�°|°�;=_�3�:�¯�_�:�3 + 147º_�68143�®�®º^�3�1<;=_�3�¬ + ;=_�°
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¬	ªR1-°R9�14^�3�6 ­ 6!ª�]�6 ) 146 + 6 11­ + 147 % : + ¯ b ®�687-9«¬ + 6;¯�14_�143 d@) ; ` 68_ +�d@) ;=6 (
) 687R;=_�°41 )�� �2683�6;±

P
14541-± + ¬ ` ® )�)�+ 1hgU6a;=_�°41�_�3�146;¯ + ¬�_�:�3�¬	ªRc +�d e ` ®R;=6!ª

(p0, p, p1)
_	¬�¯�®�eY9 ` _�1 p0 < p < p1

�
�2:<;=_�c )�+ 1hgU6a;=_�°41

ϕ
;=1<;=_�1-®�_�®�± °41-±83�¬4;=_	¬�@A9 ®�e % : + ¯ b ®�7

ϕζ
j

R+ → R+
�

�$:;­ 6 ) m81-°4143�®�_�cR9 ` _�1À^�3�1<;=_�3�¬ + ;=_�°41 X 145�ª�¬$­�¬�68_';!°4147R;=_�°41 )
(DNϕ)l ®>^�®R;;¬�_�c

X ∈ (DNϕ)
n/9�6a; ª�®

(∃ p0) (∀ p > p0) (∃ p1 > p) (∀ t > 0) (∃ϕ = ϕζ ∈ ϕ) :

‖x‖p 6 ϕ = ϕζ(t)‖x‖p0 +
1

t
‖x‖p1 (∀x ∈ X), ζ = (p0, p, p1).

cA1414_�°468_4;=_�°46 +�+ 1R9�54:;­ 6 ) m81-°4143�®�_�cR9 ` _�1\^�3�1<;=_�3�¬ + ;=_�°41 X 145�ª�¬$­�¬�68_2;!°4147 (
;=_�°41 )

(Ωϕ)
l ®\^�®R;;¬�_�c

X ∈ (Ωϕ)
9a6a; ª�®¤° d ^�1�ª + ]�68_4;&]211­ + 1B®�±A; ªR6 ­ :'@A9 ®�e

3�¬�° + 1<;!®�ªRc +�d e0:<; ªR1-°-®�7-j

(∀ p0) (∃ p > p0) (∀ p1 > p) (∃ϕ = ϕζ ∈ ϕ) (∃C > 0) (∀ t > 0) :

Up 6 C

(
ϕζ(t)Up1 +

1

t
Up0

)
,

(∀ p0) (∃ p > p0) (∀ p1 > p) (∃ϕ = ϕζ ∈ ϕ) (∃C > 0) (∀ t > 0) :

(∀x ∈ X) ‖x′‖′p 6 C

(
ϕζ(t)‖x′‖′p1 +

1

t
‖x′‖′p0

)
, ζ = (p0, p, p1).

T ` 6;°-®�­ + 1R9 ` _�1 )�+ 1hgU6a;=_�°�¬ (DNϕ) ® (Ωϕ) ]�°�ª�]5@�_4;&]f^�3�1<;=_�3�¬ + ;=_�°46 +�(+�d@) ® ®�­ 61¬	ª�¬ ) ® �
�À��!"?���� �����2:<;=_�c

ϕζ(t) = td
®
d = p1−p0

p1−p
> 1

­�ª�] ^�3�1-®�±;°41�ªRc + 14m81
ζ = (p0, p, p1) ∈ P

� R-14mN­�¬
(DNϕ) = (DN)

9
(Ωϕ) = (Ω)

� Q9­ 61¬	ª d
(DN)®

(Ω)
5 d ª�®|°-°46 ­ 6 +�d ;=1414_�°468_4;=_�°46 +�+ 1o° � ©  �9 ©�7 � � ©	^�1<; ªR6 ­ :'@A9�6 ) &8_�®

¯�ª�¬4;8; d 5 d ª�®�1454145�9�6 +�d - � ZÏe<1 + 6 + 1 ) � «�© � �
--T<��ª�]'^�1<;=_�3�146 + ®�] ®�±81 ) 143 %2+ 147 ¯�ª�¬4;8;!® % ®�¯�¬ b ®�®U^�3�1<;=_�3�¬ + Æ=_�°�¬ + ¬ (

ª�®�_�® ` 6a;!¯�®�e % : + ¯ b ®�7e© � � � ��¬�e�¬�35@�_	¬ � �'�9®R;=^�1�ªRc-±81-°�¬	ª ¯�ª�¬4;8; d ^�3�1 (
;=_�3�¬ + ;=_�°R9�¬ + ¬	ªR14m;® ` +�d 6 (DN)

®
(Ω)

l ¯�14_�143 d 6U1 + 14541-± + ¬ ` ¬	ª ;=1414_�°468_ (
;=_�°46 +�+ 1 ` 683�6;± (Ω2)

®
(Ω1)

n/9�® &8_�® ¯�ª�¬4;8; d 1 + 14^�®R; d °�¬	ªÀ_�683 ) ® + ¬�e ¯�1 )"(
^�ªR6;¯�; +�d e 4 ¯�¬	ª �



«�© � � 	 � ���
��� � 
 � 

�21-±=gU6 l ¬ + ¬	ªR14m;® ` + 146�:�_�°4683<g ­ 6 + ®�6 ­ 1-¯�¬�±1¬ + 1 ° �  ��-­�ª�]f14^�683�¬�_�143 +�d e

®�­ 61¬	ªR1-°R9-14^�3�6 ­ 6!ª�]�6 )�d eN^�3�1<;=_�3�¬ + ;=_�°46 +�+�d@) ®|®�­ 61¬	ª�¬ ) ®
(DN)

®
(Ω)

n
^�3�® + ¬$­�ªR6=g + 1<;=_�cº^�3�1<;=_�3�¬ + ;=_�°�¬ . 3�6<4�6 ^�3�1<;=_�3�¬ + ;=_�°46 +�+�d@) ®�­ 61¬	ª�¬ )
(DN)

®
(Ω)

) 1hg + 1�; % 143 ) :1ª�®�3�1-°�¬�_�c °@_�683 ) ® + ¬�e ) 68_�11­�¬ °46<9�6a;=_�°46 +�+ 147
® + _�683�^�1�ª�] b ®�® �
©·; ªR6 ­ :'@A9 ®�e ­�°4:<eÀ:�_�°4683<g ­ 6 + ®�]�eÀ^�3�6 ­ ^�1�ª�¬�m!¬�68_4;&]-9 ` _�1 ° X ;=:'9�6 (

;=_�°4:468_ + 68^�3�683 d ° + ¬�] + 143 ) ¬ ®
Xp

i ^�14^�1�ª + 6 + ®�6
X

^�1 + 143 ) 6 ‖ ·‖p �
�A_�®

^�14^�1�ª + 6 + ®�] ) 14m8:�_\5 d _�c\^�1<;=_�3�146 +�d _	¬�¯-9 ` _�1 Xp
+ 68^�3�683 d ° + 1¤®À^�ªR14_ + 1

°-¯�ª�¬$­ d °�¬�68_4;&]D°
Xp

�
	>Q�F�
���O
� F+�"H�F � � «�« �¦T � 	 	�� �

X �
� ��� 	�� ��� ��	���� � � ����
 � �

s ∈
[1,+∞)


 � 

��� 	��
� �
��	 	�

�����
����� ���
� 	���
��������
1. X ∈ (DN)

+
2. (∃ p0) (∀ p) (∃ p1) (∃ τ ∈ (0, 1)) : Xp ⊃ (Xp0 , Xp1)τ,s



	>Q�F�
���O
� F+�"H�F � � «�« �¦T � 	 	�� �

X �
� ��� 	�� ��� ��	���� � � ����
 � �

s ∈
[1,+∞)


 � 

��� 	��
� �
��	 	�

�����
����� ���
� 	���
��������
1. X ∈ (Ω)

+
2. (∀ p0) (∃ p) (∀ p1) (∃ τ ∈ (0, 1))

�
Xp ⊂ (Xp0 , Xp1)τ,s



X ®�gU6 ^�3�6 ­�ªR1hgU6 + ®�] «���© 54:;­ :�_ ` ¬4;=_�® ` + 1 ^�683�6 + 6a;=6 +�d + ¬|®�­ 61¬	ª d

(DNϕ)
®
(Ωϕ)

9�° ¯�14_�143 d eG° ) 6a;=_�1 ) 68_�11­�¬ °46<9�6a;=_�°46 +�+ 1 ® + _�683�^�1�ª�] b ®�®
54:;­ :�_f^�3�® ) 6 + 6 +�d 1454145�9�½ +�+�d 64¬�5<;=_�3�¬�¯�_ +�d 6�^�3�1<;=_�3�¬ + ;=_�°�¬ �\143�6 +�b ¬¤®
�o¬�3 b ® + ¯�6;°-® ` ¬ �

��T�")�"E�F<Q$;�O5��� �"H�O��$���ÀFPM>S��"K"E�ORQ��
HÃH%$ $ C�Q�C�K"E�F<Q"H�J�E�H"I�F�J�K"H�FNM>S��"K��"H"H

X T © ;=_	¬�_�c46 546;± ^�3�6 ­�°�¬�3�®�_�6!ªRc + 14m81 14^�3�6 ­ 6!ªR6 + ®�] ®R;=^�1�ªRc-±8:'@�_4;&]
+ 6;¯�14_�143 d 6�^�1 + ]�_�®�] ®�±P_�68143�®�® ® + _�683�^�1�ª�] b ®�® ª�® + 687 +�d e 14^�683�¬�_�143�1-°
l ® + _�683�^�1�ª�] b ®�1 +�+ ¬�] ^�¬�3�¬ 5�¬ + ¬�e<1-° d e�^�3�1<;=_�3�¬ + ;=_�°R9�® + _�683�^�1�ª�] b ®�1 +�(
+�d 7 % : + ¯�_�143 n/9�¯�14_�143 d 6 b ®�_�®�3�:'@�_4;&]P^�1 � ¬ �27 9 «3¬ � �
Q + _�683�^�1�ª�] b ®�1 +�+ :'@ ^�¬�3�: ^�3�1<;=_�3�¬ + ;=_�° . 3�6<4�6

[X0, X1]
+ ¬�± d °�¬�@�_

3�68m8:1ª�]�3 + 147-9"6a; ª�® ;=:'9�6a;=_�°4:468_r°46;¯�_�143 + 146 ^�11­ ^�3�1<;=_�3�¬ + ;=_�°41
E
°
X0 ∩

X1
9�]�°�ª�]5@A9�686a;&]D°<; @L­ :À^�ªR14_ +�d@) °46;¯�_�143 +�d@) ^�11­ ^�3�1<;=_�3�¬ + ;=_�°41 ) °

X0®
X1

�
�2:<;=_�c

E = [E0, E1]
i ® + _�683�^�1�ª�] b ®�1 +�+ ¬�]º^�¬�3�¬�5�¬ + ¬�e<1-° d e ^�3�1 (

;=_�3�¬ + ;=_�°�® | · |j i + 143 ) ¬�°
Ej

9
j = 0, 1

®
1 6 p < +∞ � ��ª�]À^�3�1-®�±;°41�ªRc (

+�d e ^�1�ªR1hg ®�_�6!ªRc +�d e
t
9
t0
9
t1

^�1�ªR1hg ® )

K(t, x) = K(t, x;E) := inf(|x0|0 + t|x1|1),
K(t0, t1, x) = K(t0, t1, x;E) := inf(t0|x0|0 + t1|x1|1)



� � �'��	����
�*����� ���
� � � � ��	 � � � 	���� «�© �
­�ª�]®^�3�1-®�±;°41�ªRc + 14m81

x ∈ E0 + E1
� R-1 ` + ¬�] + ®�g + ]�] m83�¬ + c 54683�68_4;&]®^�1

)�+ 1hgU6a;=_�°4: °<;=6=e'3�¬�±!ªR1hgU6 + ®�7
x = x0 +x1

9�° ¯�14_�143 d e
xj ∈ Ej

9
j = 0, 1

�
�YT Q + _�683�^�1�ª�] b ®�1 +�+�d 7 % : + ¯�_�143

F
l 14^�3�6 ­ 6!ªR6 +�+�d 7 + ¬t¯�¬�_�68m8143�®�®

® + _�683�^�1�ª�] b ®�1 +�+�d e'^�¬�3À5�¬ + ¬�e<1-° d ef^�3�1<;=_�3�¬ + ;=_�°�n + ¬�± d °�¬�@�_ + 143 ) ¬	ª�® (
±81-°�¬ +�+�d@) � 
 9 � « 9�^ � « 
��¦9�6a; ª�®

‖T : F (X) → F (Y )‖ 6 max
j=0,1

‖T : Xj → Yj‖

­�ª�]m°<;=6=e ® + _�683�^�1�ª�] b ®�1 +�+�d e ^�¬�3 5�¬ + ¬�e<1-° d e ^�3�1<;=_�3�¬ + ;=_�°
X =

[X0, X1]
9
Y = [Y0, Y1]

_	¬�¯�®�eY9 ` _�1 X1

1⊂ X0
9
Y1

1⊂ Y0
� © &8_�1 ) 14^�3�6 (

­ 6!ªR6 + ®�® ®R;=^�1�ªRc-±8:'@�_4;&]>; ªR6 ­ :'@A9 ®�6214541-± + ¬ ` 6 + ®�]-j

«4��+ ¬�^�3�® ) 683-9
X1

1⊂ X0
1-± + ¬ ` ¬�68_h9 ` _�1 X1

]�°�ª�]�68_4;&]G°46;¯�_�143 +�d@) ^�11­ (
^�3�1<;=_�3�¬ + ;=_�°41 ) °

X0
® ‖x‖0 6 ‖x‖1

­�ª�]>^�3�1-®�±;°41�ªRc + 14m81
x ∈ X1

*

©�� ‖ · ‖j 9 | · |j i + 143 )�d ;=1414_�°468_4;=_�°46 +�+ 1 °
Xj
®
Yj
9
j = 0, 1

*


 � ‖T : E → F‖ := supx∈E,x6=0
‖Tx‖F

‖x‖E

i + 143 ) ¬rª�® + 687 + 14m81 + 68^�3�6 (
3 d ° + 14m81214^�683�¬�_�143�¬�9$­ 687R;=_�°4:'@A9�68m81¤®�±Ï5�¬ + ¬�e<1-°�¬@^�3�1<;=_�3�¬ + ;=_�°�¬

E°W5�¬ + ¬�e<1-°41Ï^�3�1<;=_�3�¬ + ;=_�°41
F
lË+ ¬$­ 6!ªR6 +�+�d eU;=1414_�°468_4;=_�°46 +�+ 1 + 143 ) ¬ (

) ® ‖ · ‖E
® ‖ · ‖F

n �
�2:<;=_�c

F
i + 143 ) ¬	ª�®�±81-°�¬ +�+�d 7e® + _�683�^�1�ª�] b ®�1 +�+�d 7 % : + ¯�_�143-9B±1¬ (

­�¬ +�+�d 7 + ¬ )�+ 1hgU6a;=_�°46�11­ + 1 ) 683 +�d e�^�¬�3
[t0R, t1R]

� T�_�14543�¬�gU6 + ®�6
Φ :

(t0, t1) 7→ F (t0R, t1R)
+ ¬�± d °�¬�@�_ e�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�147 % : + ¯ b ®�687e® +�(

_�683�^�1�ª�] b ®�1 +�+ 14m81 % : + ¯�_�143�¬ l °W­�¬	ªRc + 68754�6 ) ^�11­ 145 +�d 6 % : + ¯ b ®�®Ã54: (
­ 6 ) + ¬�± d °�¬�_�cWe�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�® ) ® n � �A_	¬2_�683 ) ® + 1�ªR14m;®�] ®R;=^�1�ªRc-±8:468_ (
;&] ° � 
 � � ©º3�¬�5414_	¬�e ­ 3�:�m;®�e ¬�°4_�143�1-° � «  �9 ©�© �-^�11­ 145 +�d 6 % : + ¯ b ®�® + ¬�± d�(
°�¬�@�_4;&] ® + _�683�^�1�ª�] b ®�1 +�+�d@) ® % : + ¯ b ®�] ) ® � ©®145-±8143�6 © � Q � T9° ` ® +�+ ®�¯�1 (
°�¬ �  ��";=11­ 683<g ®�_4;&] ¬ + ¬	ª�®�±\;!°4147R;=_�°�e�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�®�e % : + ¯ b ®�7 �
© � © � 
��$­ 1-¯�¬�± d °�¬�68_4;&]-9 ` _�1 % : + ¯ b ®�] Φ : R+×R+ → R+

54:;­ 68_�e�¬�3�¬�¯ (
_�683�®R;=_�® ` 6a;!¯�147 % : + ¯ b ®�687 + 6;¯�14_�143�14m81q® + _�683�^�1�ª�] b ®�1 +�+ 14m81 % : + ¯�_�143�¬
_�14mN­�¬ ®�_�1�ªRc-¯�1'_�14mN­�¬�9�¯�14mN­�¬

Φ 6≡ 0
®

M �
Φ
i 11­ + 143�11­ + ¬�] % : + ¯ b ®�]-9�_ � 6 �

Φ(tx, ty) = tΦ(x, y)
­�ª�]N^�3�1-®�± (

°41�ªRc +�d e0^�1�ªR1hg ®�_�6!ªRc +�d e ` ®R;=6!ª x 9 y 9 t *
M M �

Φ
i + 68:�5 d °�¬�@A9 ¬�] % : + ¯ b ®�]�^�1 ¯�¬�g ­ 147�^�683�6 ) 6 +�+ 147 �

�À��!"?���� / � . : + ¯ b ®�]
Φτ

9
Φτ (t0, t1) := t1−τ0 tτ1

9
τ ∈ (0, 1)

9R]�°�ª�]�68_4;&]
e�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�147 �



«�©!¬ � 	 � ���
��� � 
 � 

�À��!"?���� 1 ���2:<;=_�c

ϕ : R+ → R+
i + 68^�3�683 d ° + ¬�]-9�°41-±83�¬4;=_	¬�@A9 ¬�]

% : + ¯ b ®�]�_	¬�¯�¬�]-9 ` _�1 ϕ(+0) = 0
9
ϕ(+∞) = +∞ �$. : + ¯ b ®�]

Φ(·, ·;ϕ) 914^�3�6 ­ 6!ª�]�6 ) ¬�] 3�¬�°46 + ;=_�°41 )
Φ(x, y;ψ) := inft>0(ψ(t)x + 1

t y)
9-]�°�ª�]�68_4;&]

;=1414_�°468_4;=_�°46 +�+ 1�e�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�147 �
� F�G2G2C�X T ���������
��

��� � � +��,� � ��	��������
�

ϕ : R+ → R+
����

�
��� 	 �

���
�'� ��� �
��� ��� � � ���
� ��� � � � ��� ����� ��	 � � �'��+ �$���
	���

�'� 
 � �'& �(� ��	��������
�
Φϕ(·)

�
��� ��� � � ���
� ��� � � � ��� ����� ��	 � � ��

©eªR6 )�) 6 © ®R;=^�1�ªRc-±8:'@�_4;&]>; ªR6 ­ :'@A9 ®�6\14541-± + ¬ ` 6 + ®�]-j
«4� 6a; ª�®G­�¬ +�d ^�1�ªR1hg ®�_�6!ªRc +�d 6 % : + ¯ b ®�®

F0
®
F1

9R14^�3�6 ­ 6!ªR½ +�+�d 6 + ¬
11­ + 1 ) ®f_�1 ) gU6 )�+ 1hgU6a;=_�°46

D
9a_�19° d 3�¬�gU6 + ®�6

F0(x) � F1(x)
+ ¬
D1-± + ¬ ` ¬�68_>;=:'9�6a;=_�°41-°�¬ + ®�6 ` ®R; ª�¬ C > 0

_	¬�¯�14m81R9 ` _�1 C−1F0(x) 6

F1(x) 6 CF0(x)
­�ª�]>^�3�1-®�±;°41�ªRc + 14m81

x ∈ D
*

©��
ϕ0(x) := ϕ(ρ(x))

*


 �Ï% : + ¯ b ®�]
ρ
14^�3�6 ­ 6!ª�]�68_4;&]>:<; ªR1-°-®�6 ) j

tϕ(t) = λ
9�6a; ª�®

t = ρ(λ)
�

� F�G2G2C �YT
���
� 	 � � 
 � ������� � � ������� � 	�� ��� 

� � � � � �������
��

��� � ���
�,�
� � ����� � � 	�� � �'�
� �����

Φ(x, y;ϕ) � xϕ0(x/y)
� �

R2
+



��1-¯�¬�± d °�¬�6 ) ¬�]U1 b 6 + ¯�¬2^�1�ªR: ` ¬�68_4;&]À^�3�® ;=3�¬�° + 6 + ®�® ± + ¬ ` 6 + ®�7 % : + ¯ (

b ®�7
Φ(x, y;ϕ)

®
Φ(t;x, y;ϕ) := ϕ(t)x + 1

t y
­�ª�] % ®�¯�;!®�3�1-°�¬ +�+�d e ^�1�ªR1 (

g ®�_�6!ªRc +�d e
x
9
y
^�3�®

t0 = ρ(y/x)
l 1 b 6 + ¯�¬�;!°4683<e�:�n/9

t ∈ (0, yx
1

ϕ0(y/x)
)
®

t ∈ ( yx
1

ϕ0(y/x)
,+∞)

l 1 b 6 + ¯�¬'; + ®�±8:�n �
©o­�¬	ªRc + 68754�6 ) ^�1 + ¬$­ 145-®�_4;&]\; ªR6 ­ :'@A9 ¬�] � ) :1ªRc�_�®�^�ª�®�¯�¬�_�®�° + ¬�] � e�¬ (

3�¬�¯�_�683�®�±1¬ b ®�]G®�­ 61¬	ªR1-°
(DNϕ)

®
(Ωϕ)

j

X ∈ (DNϕ) ⇐⇒
(∃ p0) (∀ p > p0) (∃ p1 > p) (∃ϕ = ϕζ ∈ ϕ) (∃C > 0) (∀ t > 0) :

‖x‖p 6 CΦ(‖x‖p0 , ‖x‖p1 ;ϕζ) (∀x ∈ X);

X ∈ (Ωϕ) ⇐⇒
(∀ p0) (∃ p > p0) (∀ p1 > p) (∃ϕ = ϕζ ∈ ϕ) (∃C > 0) (∀ t > 0) :

‖x′‖′p 6 CΦ(‖x′‖′p1 , ‖x′‖′p0 ;ϕζ) (∀x′ ∈ X ′).

�À��!"?���� 	 �!�2:<;=_�c
f : R+ → R+

i + 68^�3�683 d ° + ¬�]�°41-±83�¬4;=_	¬�@A9 ¬�]
% : + ¯ b ®�]r®

f(0) = 0
� ©Ñ145�9�6 ) ; ªR: ` ¬�6 % : + ¯ b ®�] Ψ

9�14^�3�6 ­ 6!ª�]�6 ) ¬�]P3�¬ (
°46 + ;=_�°41 )

Ψ(x, y) := yf(x/y)
9
x, y > 0

9 + 6À]�°�ª�]�68_4;&]Ne�¬�3�¬�¯�_�683�®R;=_�® ` 6 (
;!¯�147 % : + ¯ b ®�687 � X¤¬�^�3�® ) 683-9"6a; ª�®

f(t) := e(t
α) − 1

9
t > 0

9
α > 0

9"_�1
Ψ(1, t) = t(e(t

−α) − 1) → +∞ ^�3�®
t→ +0

�



� � �'��	����
�*����� ���
� � � � ��	 � � � 	���� «�©<

--T �2:<;=_�c

Φ
i e�¬�3�¬�¯�_�683�®R;=_�® ` 6a;!¯�¬�] % : + ¯ b ®�]e®

X = [X0, X1]
i

® + _�683�^�1�ª�] b ®�1 +�+ ¬�]�^�¬�3�¬U5�¬ + ¬�e<1-° d eÀ^�3�1<;=_�3�¬ + ;=_�° �
�23�1<;=_�3�¬ + ;=_�°41

ΛΦ,p(X) = ΛΦ,p(X0, X1)
;=1<;=_�1-®�_9®�±�_�6=e

x ∈ X0+X1
9

­�ª�] ¯�14_�143 d e ¯�1 + 6 ` + ¬ + 143 ) ¬ ‖ · ‖ΛΦ,p = ‖ · |ΛΦ,p(X0, X)1)‖ 9

‖ · ‖ΛΦ,p := inf

(
+∞∑

k=−∞

Φp(‖xk‖0, ‖xk‖1)
)1/p

,

mN­ 62_�1 ` + ¬�] + ®�g + ]�]>m83�¬ + c'54683�68_4;&]�^�1 )�+ 1hgU6a;=_�°4:À3�¬�±!ªR1hgU6 + ®�7

x =
+∞∑

k=−∞

xk, xk ∈ X0 ∩X1.

�2:<;=_�c % : + ¯ b ®�]
Φ

+ 68^�3�683 d ° + 1r­�® %\% 683�6 +�b ®�3�:46 ) ¬P^�1o°4_�143�147®^�6 (
3�6 ) 6 +�+ 147 � �23�1<;=_�3�¬ + ;=_�°41

MΦ,p(X) = MΦ,p(X0, X1)
;=1<;=_�1-®�_W®�±o°<;=6=e

x ∈ X0+X1
9	­�ª�] ¯�14_�143 d e ¯�1 + 6 ` + ¬ + 143 ) ¬ ‖ ·‖MΦ,p = ‖ · |MΦ,p(X0, X1)‖

9

‖x‖MΦ,p :=





{
+∞∫
0

[
K(t,x,X0,X1)

Φ∗(t)

]p
dΦ∗(t)
Φ∗(t)

}1/p

, 1 6 p <∞,

sup
t0>0,t1>0

[
K(t0,t1,x,X0,X1)

Φ∗(t0,t1)

]
, p = ∞.

Q ±@14^�3�6 ­ 6!ªR6 + ®�]À^�3�1<;=_�3�¬ + ;=_�°�¬
MΦ,p(X0, X1)

; ªR6 ­ :468_h9 ` _�1�1 + 1\]�°�ª�]�68_ (
;&]>5�¬ + ¬�e<1-°4147 3�6<4�68_�¯�147 + ¬$­q®�± ) 683�® )�d@) ^�3�1<;=_�3�¬ + ;=_�°41 ) (

R+,
dΦ∗(t)
Φ∗(t)

) �
gA; ª�® °,&8_�1 ) 14^�3�6 ­ 6!ªR6 + ®�® ±1¬ ) 6 + ®�_�c )�+ 1hg ®�_�6!ªRc dΦ∗(t)

Φ∗(t)

+ ¬ dt
t

9<_�1�^�1�ªR: (
` ®�_4;&]�14^�3�6 ­ 6!ªR6 + ®�6W^�3�1<;=_�3�¬ + ;=_�°�¬

KE(·)
9�mN­ 6

E
i 5�¬ + ¬�e<1-°41f^�3�1<;=_�3�¬ +�(

;=_�°41R9�;=1<;=_�1h]59�6869¯�ª�¬4;8;=1-°�&;¯�°-®�°�¬	ªR6 + _ + 1<;=_�®D®�± ) 683�® )�d e % : + ¯ b ®�7
f
_	¬ (

¯�®�eY9 ` _�1

+∞∫

0

[
K(t, x,X0, X1)

Φ∗(t)

]p
dt

t
< +∞.

V�F�ORQ�F�G2CÑX T � � � � ���'� � ���
� X 7→ ΛΦ,p(X)
�
X 7→ MΦ,p(X)

�'� �����
� � 

��� � �
� � � � 
��������
� ����� � ����� � � �
��

�����
������� �
��	������ � � � � ���
� ��& � �
���
����� � � �
��

�����
��������� � ��� � � � �'�����$��� � ��� 	�� ��� ��	���� 
. : + ¯�_�143 d 9�^�1<;=_�3�146 +�+�d 6�° &8_�1 ) :�_�°4683<g ­ 6 + ®�® 14541-± + ¬ ` ® ) ;=1414_�°468_ (
;=_�°46 +�+ 1 ` 683�6;± ΛΦ,p

®
MΦ,p

�



«�©  � 	 � ���
��� � 
 � 

��T�` ¬4;8; ) 14_�3�® )®+ 6;¯�14_�143 d 62;!°4147R;=_�°�¬f^�1<;=_�3�146 +�+�d e ® + _�683�^�1�ª�] b ®�1 +�(

+�d e ) 68_�11­ 1-° �
V�F�ORQ�F�G2C �YT � 	 	�� �

Φ �
�,��������� � �
��	�������� 	 ����� ��	��������
� �

X =
[X0, X1] �

� ������� � ��
���� ��� ����� � � �
��

�����
����� ��� � ����� � � � �'�����$��� � �����
	�� ��� ��	���� 
	� �'& �(�

1)
�,��������� � �
��	�������� 	 ����� ��	��������
� ��	������ � ���

ΛΦ,p
� �������
� 

� ��� � �

��	����������
Φ
�

2)
� 	�
��

1 6 p0 < p1 < +∞ +�� �

ΛΦ,1(X) ⊂ ΛΦ,p0(X) ⊂ ΛΦ,p1(X) ⊂ ΛΦ,∞(X);

3)
� 	�
��

x ∈ X0 ∩X1
+�� � ‖x‖ΛΦ,p 6 Φ(‖x‖0, ‖x‖1)

�

4)
� 	�
��

X = [X0, X1] �
����& 	 

� � � ��� � �������

1 < p < +∞ +
� �
X0∩X1��	 � � 	 ��

� � �
� �

ΛΦ,p(X)



V�F�ORQ�F�G2C --T � 	 	�� �
Φ �

�,��������� � �
��	�������� 	 ����� ��	��������
��+ ��� � � ���
��� ����� ��	 � � ��� �
� ��� � ���'� �
� ��� � � ���
�'��+��

X = [X0, X1] �
� ������� � ��
���� ���

����� � � �
��

�����
����� ��� � ����� � � � �'�����$���*� ��� 	�� ��� ��	���� 
 � �'& �(�
1)

	 	�� � 	�����	 ���
C > 0

����� ����+��,� �

K(t, x) 6 CΦ∗(t)‖x‖MΦ,p (∀ t > 0);

K(t0, t1, x) 6 CΦ∗(t0, t1)‖x‖MΦ,p (∀ t0 > 0, t1 > 0);

2)
� 	�
��

1 6 p0 < p1 < +∞ +�� �

MΦ,1(X) ⊂MΦ,p0(X) ⊂MΦ,p1(X) ⊂MΦ,∞(X);

3)
�,��������� � �
��	�������� 	 ����� ��	��������
� ��	������ � ���

MΦ,p
� �������
� 

� ��� � �

��	����������
Φ
�

4)
� 	�
��

x ∈ X0 ∩X1
�
1 < p < +∞ +�� � ‖x‖MΦ,p 6 Φ(‖x‖0, ‖x‖1)




5)
� 	�
��

X = [X0, X1] �
����& 	 

� � � ��� � �����
+ � �

X0 ∩X1
��	 � � 	���

� � �

�
� �
MΦ,p(X)


 �«¯�;=_�3�6 ) ¬	ªRc + 146y;!°4147R;=_�°41 ¬�5<;=_�3�¬�¯�_ +�d e2^�3�1<;=_�3�¬ + ;=_�° �\1 (
3�6 +�b ¬4®U�o¬�3 b ® + ¯�6;°-® ` ¬�9 ­ 1-¯�¬�±1¬ +�+ 146 ° � « �¦9h;=1<;=_�1-®�_4°W; ªR6 ­ :'@A9�6 ) :�_�°4683 (
g ­ 6 + ®�®-j

	>Q�F�
���O
� F+�"H�F �-T�� 	 	�� �
F �

�
� � � � 
��������
� ������� ����� � � �
��

�����
��� �
����� ��	������ � � �0���
� ��& � �
��� ����� � � �
��

�����
���������%� ��� � � � �'�����$���0� �����	�� ��� ��	���� �

Ψ �
��& � �,��������� � �
��	�������� 	 ����� ��	��������
� 
�� �'& �(�

ΛΨ,1(X) ⊂
F (X) ⊂ MΨ,∞(X)

��

� � ������� � ��
����
�'������� � � �
��

�����
�����
�'� � ��� � � � � � �
�����$���
� ��� 	�� ��� ��	����

X = [X0, X1]
+
X1

1⊂ X0





� � �'��	����
�*����� ���
� � � � ��	 � � � 	���� «�©�7
V�1-°4143<]�_ � ©!ª �¦9 ` _�1�5�¬ + ¬�e<1-°41'^�3�1<;=_�3�¬ + ;=_�°41

E
l ; + 143 ) 147 | · | n4® ) 6868__�®�^

p ∈ [1,+∞)
9�6a; ª�®P;=:'9�6a;=_�°4:468_ ` ®R; ªR1 C > 0

_	¬�¯�14649 ` _�1

∣∣∣∣∣

s∑

j=1

xj

∣∣∣∣∣ 6 C

(
s∑

j=1

|xj |p
)1/p

­�ª�]P^�3�1-®�±;°41�ªRc + 14m81 ¯�1 + 6 ` + 14m81À;=6 ) 687R;=_�°�¬ {x1, . . . , xs} &!ªR6 ) 6 + _�1-°0^�3�1 (;=_�3�¬ + ;=_�°�¬
E
�

V�F�ORQ�F�G2C)--T ���������
��

��� � � +��,� �
M �
X = [X0, X1] �

����� � � �
��

�����
����� ��� � ����� � � � �'�����$��� � ��� 	�� ��� ��	����
����������+��,� �

X1

1⊂ X0
�

M M � � ��� 	�� ��� ��	���� �
MΦ,p(X)

� � ����� �����
p



� �'& �(�
ΛΦ,p(X) ⊂MΦ,p(X)




�YT�V�F�ORQ�F�G2C)
/��ORL�J�E2��F+�$��O J�E�H

X TA�2:<;=_�c
[X0, X1]

i 3�68m8:1ª�]�3 + ¬�] ® + _�683�^�1�ª�] b ®�1 +�+ ¬�]�^�¬�3�¬ ®
X

i
^�3�1-®�±;°41�ªRc + 146Ï5�¬ + ¬�e<1-°41W^�3�1<;=_�3�¬ + ;=_�°41 l ; + 143 ) 147 ‖ · ‖X

n/9<^�3�1 ) 6=gÀ:�_�1 ` (
+ 146 ) 6=g ­ :

X0
®
X1

9�®
E

i °46;¯�_�143 + 146f^�3�1<;=_�3�¬ + ;=_�°41R9�°<; @L­ : ^�ªR14_ + 146
°
X0

9
X1

®
X
� �21�ªR1hg ® )

X# := (E, ‖ · ‖X)′
� R-14mN­�¬ ; + 143 ) 147 ‖ · ‖#X^�3�1<;=_�3�¬ + ;=_�°41

X# 54:;­ 68_'5�¬ + ¬�e<1-° d@) ^�3�1<;=_�3�¬ + ;=_�°41 )��
Q ±;°46a;=_ + 1R9 ` _�1Gª�@�54147oª�® + 687 +�d 7 + 68^�3�683 d ° +�d 7 % : + ¯ b ®�1 + ¬	ª + ¬

X11­ + 1-± + ¬ ` + 1U14^�3�6 ­ 6!ª�]�68_4;&] ;!°41-® ) ;=:<gU6 + ®�6 )�+ ¬
E
� �21 &8_�1 ) : ^�3�1<;=_�3�¬ +�(

;=_�°�¬
X ′ ® X# ®�±81 ) 68_�3�® ` 6a;!¯�®i®�±81 ) 143 %2+�d\� c«°4147R;=_�°�¬ ^�3�1<;=_�3�¬ + ;=_�°�¬

X# ®�±8: ` ¬	ª�®R;=cq° � «3¬ � � Q ±;°46a;=_ + 1R9 [X#
0 , X

#
1 ]

54:;­ 68_q® + _�683�^�1�ª�] b ®�1 +�+ 147
^�¬�3�147Ã5�¬ + ¬�e<1-° d e®^�3�1<;=_�3�¬ + ;=_�° � gA; ª�®

E
°<; @L­ :�^�ªR14_ + 1 °

X
9y_�1

X#

54:;­ 68_'^�3�1 ) 6=gÀ:�_�1 ` +�d@)�) 6=g ­ :
X#

0

®
X#

1

�
� F�G2G2C)--T

(X0 +X1)
# = X#

0 ∩X#
1



� F�G2G2C ��T � 	 	�� �

Ej �
� ��� 	�� ��� ��	���� � +�� ��� � � � 	�� �
���
��� � � � � 	

X0�
X1

+
j = 0, 1

�
E
��	 � � 	 ��

� � �
� �

E0
�
E1

 � �'& �(� 	�

��� 	��
� �
� 	 	�

�����
�

��� ���
� 	���
��������
1. E1 ⊂ E0

+
2. E#

0 ⊂ E#
1



�YT9©�; @L­ :r­ 1o¯�1 +�b ¬P;=_	¬�_�c-® ^�3�6 ­ ^�1�ª�¬�m!¬�68_4;&]-9 ` _�1 [X0, X1]

i 3�68m8: (
ª�]�3 + ¬�]�^�¬�3�¬U^�3�1<;=_�3�¬ + ;=_�° . 3�6<4�649

1 < p < +∞ ® 1
q +

1
q∗ = 1

�
V�F�ORQ�F�G2C ��T � 	 	�� �

ϕ : R+ → R+ �
���
�'� ��� �
��� ��� � � ���
� ��� � �

� � ��� ����� ��	 � � ����+ �$���
	���
 ��� � � ��������	���� �
� ��� ��	��������
� ����������+)�,� �



« 
 ª � 	 � ���
��� � 
 � 


ϕ(+0) = 0
+
ϕ(+∞) = +∞ 
�� 	�
��

Ψ = Ψ(·, ·, ϕ) 
	� �'& �(�

Λ#
Ψ,p(X0, X1) =MΨ∗,q(X

#
0 , X

#
1 )

��

��� ������� � ��
����
�'� ����& 	 

� � �
�'��� ��� �
X = [X0, X1]



��ª�] ^�3�1<;=_�3�¬ + ;=_�°�¬

KE(·)
l ° ¯�14_�143 d e05�¬ + ¬�e<1-°�¬W3�6<4�68_�¯�¬�14^�3�6 ­ 6!ª�] (

68_4;&]�:<; ªR1-°-®�6 )Ñl-« n,n/9�_�68143�6 )�d ­�°4147R;=_�°46 +�+ 1<;=_�®�5 d ª�® ­ 1-¯�¬�±1¬ +�d ° � 7 � �

�-T�")�"E�F<Q$;�O5��� �"H�O��$��O FPO�;"H�J4C2�"H�F
X T R-68^�683�cD°<;&] ® +R% 143 ) ¬ b ®�]-9 + 68145he<11­�® ) ¬�] ­�ª�] % 143 ) :1ª�®�3�1-°�¬ + ®�] ®

­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°�¬'1<; + 1-° +�d e>3�6;±8:1ªRc�_	¬�_�1-° ;=_	¬�_�c-® � ©/&8_�1 ) 3�¬�± ­ 6!ªR6�54:;­ 68_
^�3�6 ­ ^�1�ª�¬�m!¬�_�c<;&]-9 ` _�1M ��)�+ 1hgU6a;=_�°41

ϕ
;=1<;=_�1-®�_ ®�±¤­�°�¬�g ­ d + 68^�3�683 d ° + 1 ­�® %\% 683�6 +�b ®�3�:46 (

)�d eY9$°41-±83�¬4;=_	¬�@A9 ®�eY91° d ^�:�¯�ª d e % : + ¯ b ®�7 ®
ϕ(+0) = 0

9
ϕ(+∞) = +∞ *

M M � ­�ª�]Gª�@�54147 % : + ¯ b ®�®
ϕ0 ∈ ϕ

+ ¬�7�­ ½8_4;&]
ϕ1 ∈ ϕ

_	¬�¯�¬�]-9 ` _�1

+∞∫

1

[
Φ0(1, t)

Φ∗
1(1, t)

]s
dΦ∗

1(1, t)

Φ∗
1(1, t)

< +∞, Φj(·, ·) := Φ(·, ·;ϕj);

M M M � ­�ª�]tª�@�54147 % : + ¯ b ®�®
ϕ ∈ ϕ

+ ¬�7�­ 68_4;&] ` ®R; ªR1 r > 1
_	¬�¯�14649 ` _�1

limt→+0
ϕr−1(t)

t < +∞ �
cA1-°41-¯�:�^ + 1<;=_�c °<;=6=e )�+ 1hgU6a;=_�°

ϕ
9�­�ª�]G¯�14_�143 d e ° d ^�1�ª + ]5@�_4;&]�:<; ªR1 (

°-®�] M � M M M/9�14541-± + ¬ ` ® ) ` 683�6;± M �
]23�1 ) 62_�14m81R9�^�:<;=_�c
• Xr

i ^�14^�1�ª + 6 + ®�6
X

^�1 + 143 ) 6 ‖ · ‖r
9

• q ∈ [1,+∞ 9 1
q +

1
q∗ = 1

�
��1-¯�¬�±1¬�_�6!ªRc<;=_�°41 ; ªR6 ­ :'@A9 ®�e :�_�°4683<g ­ 6 + ®�7Ã1454145�9 ¬�68_r­ 1-¯�¬�±1¬�_�6!ªRc (

;=_�°41 ® + _�683�^�1�ª�] b ®�1 +�+�d e0e�¬�3�¬�¯�_�683�®�±1¬ b ®�7�14^�683�¬�_�143 +�d e ®�­ 61¬	ªR1-° ° �  �� �
V�F�ORQ�F�G2C �YT � � ����� � � 	�� � �
���
�
����� � �#��
������������

1 ⇒ 2 ⇒ 3
�

1.
	 	�� � 	�����	 ��� � �
��� � 	���� � ��	����������

ϕ ∈M
����� ����+��,� �

(∀ p0) (∃ p) (∀ p1) (∃ϕζ ∈ ϕ) Xp ⊂MΦζ ,q(Xp0 , Xp1);

2.
	 	�� � 	�����	 ��� � �
��� � 	���� � ��	����������

ϕ ∈ M
����� ����+(�,� �

X ∈ (DNϕ)
(
��� ��	�� �
� 	�����+�� ��� 	�� ��� ��	���� �

X
��	�� �#��� � ������� 	 ��� �
� � � � ��	 � � �

)
�

3.
	 	�� � 	�����	 ��� � �
��� � 	���� � ��	����������

ϕ ∈M
����� ����+��,� �

(∀ p0) (∃ p) (∀ p1) (∃ϕζ ∈ ϕ) Xp ⊂ ΛΦζ ,q∗(Xp0 , Xp1).
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C
©e­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°46 + :<g ­�¬�68_4;&]>_�1�ªRc-¯�1 ® ) ^�ª�®�¯�¬ b ®�]

2 ⇒ 3
� T�m83�¬ (

+ ® ` ® ) ;&] ; ªR: ` ¬�6 ) q = 2
9$145�9 ®�7Ñ; ªR: ` ¬�7h­ 1-¯�¬�± d °�¬�68_4;&]i¬ + ¬	ªR14m;® ` + 1 �

�23�6 ­ ^�1�ªR1hg ® ) 9 ` _�1 X ∈ (DNϕ)
® ° d ^�1�ª + ]�68_4;&]�:<; ªR1-°-®�64j

(∃ p0) (∀ p > p0) (∃ p1 > p) (∃ϕ0 ∈ ϕ) (∀ t > 0) :

U◦
p 6 ϕ0(t)U

◦
p0 +

1

t
U◦
p1 (∀x ∈ X).

. ®�¯�;!®�3�:46 ) _�3�147�¯�:t® + ­ 6;¯�;=1-° + 143 )
p0 < p < p1

® % : + ¯ b ®5@
ϕ0 ∈ ϕ

9
­�ª�]W¯�14_�143 d eq° d ^�1�ª + ]�68_4;&]N:<; ªR1-°-®�6 l-« n/9�¬ % : + ¯ b ®�]

ϕ1 ∈ ϕ
;=_�3�1-®�_4;&]

^�1 % : + ¯ b ®�®
ϕ0

;W^�1 ) 1�9�c�@ :<; ªR1-°-®�] M M �
�2:<;=_�c

0 < ν < ν0 = ϕ1(1)
� �23�® ;P­ 6!ª�¬ +�+�d e'^�3�6 ­ ^�1�ªR1hgU6 + ®�]�eÀ;=:'9�6 (

;=_�°4:468_U^�1�ªR1hg ®�_�6!ªRc + 146 ` ®R; ªR1 C ′ > 0
_	¬�¯�14649 ` _�1 ®�±

(Φ∗
1(1, t))

r

t
=

1

tΦr1(1, t)
=

1

Φr1(t
1/r, t1/r−1)

� 1

tϕ0(t−1)
=

λ

φr−1
0,0 (λ)

> δ

; ªR6 ­ :468_h9 ` _�1 Up ⊂ C4
(Φ∗

1(t))
r

t Up0
�

�2:<;=_�c
t > ν0

� c ­ 6!ª�¬�6 ) °�:<; ªR1-°-®�®P^�3�® + ¬$­�ªR6=g + 1<;=_�®N^�3�1<;=_�3�¬ + ;=_�°�¬
¯�ª�¬4;8;=:

DNϕ
±1¬ ) 6 + :0^�683�6 ) 6 +�+�d e

ν = tϕζ(t)
j

U◦
p ⊂ ϕζ(t)

(
U◦
p0 +

C

tϕζ(t)
U◦
p1

)
=

= ϕ0(ν)

(
U◦
p0 +

C

ν
U◦
p1

)
= Φ0(t)

(
U◦
p0 +

C

ν
U◦
p1

)
.

Q ±2^�1�ªR: ` 6 +�+�d e�1 b 6 + 1-¯�; ªR6 ­ :468_h9 ` _�1

K(ν, x′) 6

{
C2Φ0(ν), ν > ν0,
C4(Φ

∗
1(ν))

2, 0 < ν 6 ν0,

­�ª�]�^�3�1-®�±;°41�ªRc +�d e
x′ ∈ U ′

p

� R-14mN­�¬t°�;!®�ªR:®_�68143�6 )�d ­�°4147R;=_�°46 +�+ 1<;=_�®
® ) 6868_4;&] b 68^�1 ` ¯�¬ + 683�¬�°46 + ;=_�°

(∃C6, C7 > 0) : ‖x′|ΛΦ0,q∗(Xp0 , Xp1)‖# 6

6 C6‖x′|MΦ0,q(X
#
p0 , X

#
p1)‖ 6 C6‖x′‖#p (∀x′ ∈ X#).

c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9
X#
p ⊂ Λ#

Φ0,q∗
(Xp0 , Xp1)

; + 68^�3�683 d ° +�d@) 14^�683�¬�_�143�1 )
°�ªR1hgU6 + ®�]D®-9R; ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

Xp ⊃ ΛΦ0,q∗(Xp0 , Xp1)
�
B
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1′ ⇒ 2′ ⇒ 3′
�

1′.
	 	�� � 	�����	 ��� � �
��� � 	���� � ��	����������

ϕ ∈ M
����� ����+��,� �

(∃ p0) (∀ p) (∃ p1) (∃ϕζ ∈ ϕ ) Xp ⊃ ΛΦζ ,q(Xp1 , Xp0);

2′.
	 	�� � 	�����	 ��� � �
��� � 	���� � ��	����������

ϕ ∈ M
����� ����+ �,� �

X ∈ (Ωϕ)
(
��� ��	�� �
� 	�����+�� ��� 	�� ��� ��	���� �

X
���
��� ���
� � � � ��	 � � �

)
�

3′.
	 	�� � 	�����	 ��� � �
��� � 	���� � ��	����������

ϕ ∈ M
�)����� ����+��,� �

(∃ p0) (∀ p) (∃ p1) (∃ϕζ ∈ ϕ) Xp ⊃MΦζ ,q∗(Xp1 , Xp0).
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yF+�"H�F

�2:<;=_�c
H(C)

i ^�3�1<;=_�3�¬ + ;=_�°41D°<;=6=e b 6!ª d e % : + ¯ b ®�7 � ��ª�] ^�1�ªR1hg ® (
_�6!ªRc + 147 + 68^�3�683 d ° + 147 % : + ¯ b ®�® l ���0� � n

v
+ ¬

C
)�d 14^�3�6 ­ 6!ª�® ) ; ªR6 ­ :'@ (

9�68625�¬ + ¬�e<1-°41f^�3�1<;=_�3�¬ + ;=_�°41Rj

Hv(C) :=

{
f ∈ H(C) : ‖f‖v := sup

z∈C

|f(z)|
v(z)

<∞
}
.

�23�1<;=_�3�¬ + ;=_�°�¬ _	¬�¯�14m81N_�®�^�¬t® ¯�ª�¬4;8;!® ` 6a;!¯�®�6�14^�683�¬�_�143 d�) 6=g ­ : + ® ) ®
®�m83�¬�@�_�°�¬�g + :'@º3�1�ªRc¤° ¬ + ¬	ª�®�±864®068m81\^�3�®�ªR1hgU6 + ®�]�e l ; )�� 145-±8143 - � �$1 (
+ 68_	¬ � �'�Ën � �21 &8_�147�^�3�® ` ® + 601 + ® ® + _�6 + ;!®�° + 1o®R;8; ªR6 ­ 1-°�¬	ª�®R;=c )�+ 14m;® ) ®
¬�°4_�143�¬ ) ® l ; )���� «�� �R9 ¬ 9 
 9 7 �
«�© �Ën � © ` ¬4;=_ + 1<;=_�®-9 ° ;=6 ) ®�­ 6a;&]�_ d e®m811­�¬�e
^�3�1�4�ªR14m81P;=_�1�ªR68_�®�] _ ��.0� ]2143�1454687 + ®�¯-9�T � © � gy^�® % ¬ + 1-°R9�© � Z � �$1 (
m!¬ ` 6;° ° � «3ª 9 «�© ��®�±8: ` ¬	ª�® + 6;¯�14_�143 d 6 ¯�1 + ¯�3�68_ +�d 6¤¯�ª�¬4;8; d °46a;=1-° d e0^�3�1 (
;=_�3�¬ + ;=_�° b 6!ª d e % : + ¯ b ®�7-9«® + °�¬�3�®�¬ + _ +�d e�14_ + 1<;!®�_�6!ªRc + 1�14^�683�¬�_�143�1-°
� W�qtq*���*��u/�=pr}hxh�cUA¥a�"¥CU"{=pr}hxh}�py�/�-�hur��}h�t}hu��h|hx@��xh}�pr}hqtu/�/u/zW�hu,�h���t|=��~8� ��u/qtqtxhza�

qt~8u/�tu���u/}a��p��"�a}a��p/���t}hs/p&���/}h�,8�xhqtq*���*��u/�=pr}hxhz<���h|hu/�t~hs/, �,¤&�Ë£a�*�Ë£a� G=£HGh�,¤�Ýa¥DW�qtq*���*�
��u/�=pr}hxh� �$p/� ��u/}h�/6-xh�t}�p��/�-�hur��}h�t}hu@�h|hxW��xh}�pr}hqtu/�/u/zf�hu,�h���t|=��~8�$�t|�pr}hs/p�W�}hqts=xa�
s/�as/py�tqts=�tqts=�/�t}h}h�,8W}�pt�a~<���Yo � ��,ºÒsGy¥<�,¤a¥�£a�/¥
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_�@ + ] +%� 7 �y^�3�1-°46!ª�®q®R;8; ªR6 ­ 1-°�¬ + ®�6 + 68^�3�683 d ° + 1<;=_�® &8_�®�er­�°4:<e 14^�683�¬�_�1 (
3�1-°�° °46a;=1-° d e·^�3�1<;=_�3�¬ + ;=_�°�¬�e b 6!ª d e % : + ¯ b ®�7-9B±1¬$­�¬�°�¬�6 )�d e·^�3�1-®�± (
°41�ªRc +�d@) 3�¬$­�®�¬	ªRc +�d@) °46a;=1 )�� X¤¬�^�1 )�+ ® ) 9 ` _�1 °46a; v + ¬

C
+ ¬�± d °�¬�68_4;&]

�	��=�(��0��1%�'�-4 9�6a; ª�®

v(z) = v(|z|), ∀ z ∈ C,
®

log r = o(log v(r))
^�3�®

r → ∞.

T�_ ) 68_�® ) 9 ` _�1À1<; + 1-° +�d 6W3�6;±8:1ªRc�_	¬�_ d °'3�¬�5414_�6 � 7 ��5 d ª�®�^�1�ªR: ` 6 +�d ^�3�®
; ªR6 ­ :'@A9�6 ) 14m83�¬ + ® ` 6 + ®�®-j
l [ &"n ��	 ��� ��� r > 0

� �
� �
��� � � � ��� �
n ∈ (0,∞)

����

�
��� 	 � & 

� � � 
����
�'�� ��� 	�� � � 
����
�'� � �
��� �'� ��	����������
γn(r) := rn/v(r)

� �
[0,∞)

+

¯�14_�143�146 + 6'_	¬�¯N^�3�1<;=_�1�^�3�1-°4683�®�_�c � © + ¬4;=_�1h]59�687 3�¬�5414_�6 )�d 3�¬�±;°-®�°�¬ (
6 )Ñ+ 1-° d 7 ) 68_�11­|®�±8: ` 6 + ®�] + 68^�3�683 d ° + 1<;=_�®W¯�ª�¬4;8;!® ` 6a;!¯�®�eN14^�683�¬�_�143�1-°
° °46a;=1-° d eU^�3�1<;=_�3�¬ + ;=_�°�¬�e b 6!ª d e % : + ¯ b ®�7-9�±1¬$­�¬�°�¬�6 )�d eU145�9 ® ) °46a;=1 ) 9
® ^�1�ªR: ` ¬�6 ) ^�1�ª + 146�14^�®R;;¬ + ®�6G¯�ª�¬4;8;=1-° ^�3�1<;=_�3�¬ + ;=_�°R9 ±1¬$­�¬�°�¬�6 )�d e�3�¬ (
­�®�¬	ªRc +�d@) ® °46a;;¬ ) ®G® ® + °�¬�3�®�¬ + _ +�d e�14_ + 1<;!®�_�6!ªRc + 1'3�¬4;8; ) ¬�_�3�®�°�¬�6 )�d e
14^�683�¬�_�143�1-° � �$1�ªR686'_�14m81R9�^�1<; ªR6 ­ + ®�6'14^�®R;;¬ + ®�]q°>3<]�­ 6À; ªR: ` ¬�6;°�1-¯�¬�± d�(
°�¬�@�_4;&] 541�ªR686�^�3�1<;=_ d@) ®Ã^�1�;=3�¬�° + 6 + ®5@ ; � 7 � l ; )��y+ ®�gU6>:<; ªR1-°-®�6 l ¥ ¥ ¥Ên
°>_�68143�6 ) 6 « n/9�¬ + 6;¯�14_�143 d 6'3�6;±8:1ªRc�_	¬�_ d :;­�¬�68_4;&]N:<;=_	¬ + 1-°-®�_�c�546;±'14m83�¬ (
+ ® ` 6 + ®�7-9�®R;=^�1�ªRc-±81-°�¬ +�+�d e ° � 7 � l ; )���+ ®�gU6¤±1¬ ) 6 ` ¬ + ®�6\
<n �
X¤¬�4 ¬ ®�­ 6=]®1<; + 1-° d °�¬�68_4;&] + ¬ ; ªR6 ­ :'@A9 ®�e®;=1414543�¬�gU6 + ®�]�e � ]¤¬�¯ ®�± (

°46a;=_ + 1 l ; )���� « 9����Ën/9�^�1�ªR: ` ®�_�cN^�1�ª + :'@ e�¬�3�¬�¯�_�683�®�±1¬ b ®5@ ;!°4147R;=_�°N^�3�1 (
;=_�3�¬ + ;=_�°

Hv(C)
®P14^�683�¬�_�143�1-° ) 6=g ­ : + ® ) ®o°0_�683 ) ® + ¬�e ®R;&e<11­ +�d eD°46 (

;=1-°R9�°414145�9�6�m81-°4143<]-9 + 6;°41-± ) 1hg + 1 � c &8_�147 b 6!ªRc�@ + 68145he<11­�® ) 1 ®R;=^�1�ªRc (
±81-°�¬�_�cR9�_	¬�¯ + ¬�± d °�¬�6 )�d 649�¬4;8;=1 b ®�®�3�1-°�¬ +�+�d 6�°46a;;¬ � X¤¬�^�1 )�+ ® ) l ; )��(� ���Ën/9
` _�1 ­�ª�] ­�¬ +�+ 14m81 °46a;;¬ v + ¬

C
68m81 ���0��� �'('(����������'�'�>) ���0� 14^�3�6 ­ 6!ª�]�68_4;&]

^�1À; ªR6 ­ :'@A9�687 % 143 ) :1ªR64j

ṽ(z) := sup
{
|f(z)| : f ∈ Hv(C), ‖f‖v 6 1

}
.

��ª�] + 68_�3�®�°-®�¬	ªRc + 14m81\^�3�1<;=_�3�¬ + ;=_�°�¬
Hv(C)

°<;=68mN­�¬
0 < ṽ 6 v

+ ¬
C
9
log ṽ]�°�ª�]�68_4;&] + 68^�3�683 d ° + 147P;=:�54m!¬�3 ) 1 + ® ` 6a;!¯�147 % : + ¯ b ®�687 + ¬

C
®
Hṽ(C) =

Hv(C)
®�±81 ) 68_�3�® ` 6a;!¯�® � X268_�3�:;­ + 1 °-®�­ 68_�cR9 ` _�1¤­�ª�] 3�¬$­�®�¬	ªRc + 14m81�°46a;;¬

v68m81 ¬4;8;=1 b ®�®�3�1-°�¬ +�+�d 7 °46a;
ṽ
_	¬�¯�gU6\]�°�ª�]�68_4;&]P3�¬$­�®�¬	ªRc +�d@) ®P^�3�® &8_�1 )

ṽ(r)
i °41-±83�¬4;=_	¬�@A9 ¬�]�� ��� �����>�'#%& ���02 % : + ¯ b ®�] l _ � 6 ��% : + ¯ b ®�]

log ṽ(ex)° d ^�:�¯�ª�¬<n � �21 &8_�1 ) :49 ` _�145 d ^�1�ªR: ` ®�_�cU^�1�ª + 146�14^�®R;;¬ + ®�6 + 6;¯�14_�143 d e0_�1 (
^�1�ªR14m;® ` 6a;!¯�®�e�;!°4147R;=_�°À^�3�1<;=_�3�¬ + ;=_�°

Hv(C)
®�ª�®Gª�® + 687 +�d e>14^�683�¬�_�143�1-°
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Hv(C)
9�® + °�¬�3�®�¬ + _ +�d e�14_ + 1<;!®�_�6!ªRc (

+ 1À14^�683�¬�_�143�¬
D
9�°À_�683 ) ® + ¬�e�3�1<;=_	¬

v
� ©º3�¬�± ­ 6!ªR6f
'^�3�® ) 683 + 1À^�1À_�1 ) :

gU6\^�ª�¬ + :D®�±8: ` ¬�68_4;&]>14^�683�¬�_�143 ® + _�68m83�®�3�1-°�¬ + ®�]
I : f 7→

∫ z
0 f(t) dt

� �21
e<11­ : ®R;8; ªR6 ­ 1-°�¬ + ®�]�54:;­ :�_À^�1<;=_�3�146 +�d ^�3�® ) 683 d 9 ^�1-¯�¬�± d °�¬�@A9 ®�62;=:'9�6 (
;=_�°46 +�+ 1<;=_�c'_�3�68541-°�¬ + ®�] ¢ ¿�� ( ° d ^�:�¯�ªR1<;=_�®D°46a;;¬

v
�

�YT�" ;�F<Q�C�E�ORQ 
�H�MPMPF<Q�F+���"H"Q�O���C2�"H$�
© &8_�1 ) 3�¬�± ­ 6!ªR6 )�d ®�±8: ` ¬�6 ) + 68^�3�683 d ° + 1<;=_�c214^�683�¬�_�143�¬4­�® %\% 683�6 +�(

b ®�3�1-°�¬ + ®�]G° °46a;=1-° d e0^�3�1<;=_�3�¬ + ;=_�°�¬�e b 6!ª d e % : + ¯ b ®�7 � X¤¬ ` + 6 ) ;2^�3�1 (
;=_ d e + 68145he<11­�® )�d e¤® ­ 1<;=_	¬�_�1 ` +�d e�:<; ªR1-°-®�7 + 68^�3�683 d ° + 1<;=_�®U14^�683�¬�_�143�¬
D : Hv(C) → Hw(C)

�
X¤¬�±81-°46 ) ^�3�1-®�±;°41�ªRc + :'@ + 68^�3�683 d ° + :'@ % : + ¯ b ®5@

ρ : C → (0, 1]!$#%�'&%�'(���) �	���0��

��2��'(;2 + ¬
C
� ��ª�]b°46a;;¬

v
® % : + ¯ b ®�®Ñ3�¬4;8;=_�1h] + ®�]

ρ+ ¬
C
14^�3�6 ­ 6!ª�® ) ; ªR6 ­ :'@A9 ®�7 + 1-° d 7G°46a;�j

vρ(z) :=
1

ρ(z)
max

|ζ|6ρ(z)
v(z + ζ), z ∈ C.

j2; + 1R9 ` _�1 v(z) 6 vρ(z)
­�ª�] °<;=6=e

z ∈ C
�

	>Q�F�
���O
� F+�"H�FDX T � 

� 
�� � ��� � � 	 �
v
� ��	���������� ����	�	�� � �����
�

ρ� �
C
�'�
� ���
� � � ��� � � � ��� ����� �����
� ���
�

D : Hv(C) → Hvρ(C)
�
��� ��� � � � � � 


C
�21 % 143 ) :1ªR6�]21�4 ® ­�ª�]Gª�@�54147 b 6!ªR147 % : + ¯ b ®�®

f
® ) 686 )

f ′(z) =
1

2πi

∫

|ζ|=ρ(z)

f(z + ζ)

ζ2
dζ, z ∈ C.

R-14mN­�¬�­�ª�] °<;=6=e
z ∈ C

®
f ∈ Hv(C)

∣∣f ′(z)
∣∣ 6 1

ρ(z)
‖f‖v max

|ζ|6ρ(z)
v(z + ζ) = ‖f‖vvρ(z).

T�_4; @L­�¬P; ªR6 ­ :468_h9 ` _�1 ‖f ′‖vρ 6 ‖f‖v
­�ª�] °<;=6=e

f ∈ Hv(C)
� �21<; ªR6 ­ + 686

±1¬�°468354 ¬�68_¤­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°41 �
B



« � ª � � � ����� � 
�" 
 + � ��� � ����& ���
� �
8 ��F�
yJ�E2� H�F>X T � 	 	�� �

v
�
w �

���
��� � 	 � �
ρ �

��	��������
� ����	�	�� � �����
�
� �

C

 � 	�
�� 	 	�� � 	�����	 ��� � ����	���� �����

C > 0
����������+��,� �

vρ(z) 6 Cw(z)
��

�

��	 � �
z ∈ C

+�� � �'�
� ���
� � �
D : Hv(C) → Hw(C)

�
��� ��� � � � � � 

�23�® ) 6 + ]�] ; ªR6 ­�;=_�°-®�6 « ¯03�¬$­�®�¬	ªRc +�d@) °46a;;¬ )N+ ¬

C
; % : + ¯ b ®�687À3�¬4; (

;=_�1h] + ®�]
ρ(z) = 1

9�^�1�ªR: ` ¬�6 ) ; ªR6 ­ :'@A9 ®�7>3�6;±8:1ªRc�_	¬�_ �
8 ��F�
yJ�E2� H�F �YT � 	 	�� �

v
�
w �

���
� ��� ��� � 
�������� � � 	 � � �
C
�������
��+

�,� � � �
� �
��� � � � ��� �
C > 0

v(1 + r) 6 Cw(r)
��

����	 � �

r ∈ [0,+∞).

� �'& �(� �'�
� ���
� � �
D : Hv(C) → Hw(C)

�
��� ��� � � � � � 

R-68^�683�cf^�3�®�°46 ­ 6 ) + 68145he<11­�® )�d 6�:<; ªR1-°-®�] + 68^�3�683 d ° + 1<;=_�®'14^�683�¬�_�143�¬

­�® %\% 683�6 +�b ®�3�1-°�¬ + ®�] �
	>Q�F�
���O
� F+�"H�F �YT � 	 	�� �

v
�
w �

���
� � � 	 � � �
C

 � 	�
�� �'�
� ���
� � �

D : Hv(C) → Hw(C)
�
��� ��� � � � � ��+(� � � � ����� 	 � � ����	���� �����

C > 0
����������+

�,� �

lim sup
∆z→0

∣∣∣∣
ṽ(z +∆z)− ṽ(z)

∆z

∣∣∣∣ 6 Cw(z)
��

����	 � �

z ∈ C. (1)

C
gA; ª�®

D : Hv(C) → Hw(C)
]�°�ª�]�68_4;&] + 68^�3�683 d ° +�d@) 94_�1�;=:'9�6a;=_�°4: (

68_ ¯�1 + ;=_	¬ + _	¬
C > 0

_	¬�¯�¬�]-9 ` _�1 ‖f ′‖w 6 C
^�3�®o°<;=6=e

f
®�±�6 ­�® + ® ` + 14m81

4 ¬�3�¬
Bv(C)

^�3�1<;=_�3�¬ + ;=_�°�¬
Hv(C)

�
. ®�¯�;!®�3�:46 ) ^�3�1-®�±;°41�ªRc +�d 6

z ∈ C
®
∆z ∈ C

� X26 + ¬�3�:'4 ¬�] 145�9 + 1<;=_�®
; ` ®�_	¬�6 ) 9 ` _�1 ṽ(z+∆z) > ṽ(z)

� ©·;=1414_�°468_4;=_�°-®�® ; � �R9 «4� ©Àl ¥ §�n � + ¬�7�­ 68_4;&]
% : + ¯ b ®�]

f
°
Bv(C)

;
f(z +∆z) = ṽ(z +∆z)

� R-14mN­�¬ ® ) 686 )
∣∣ṽ(z +∆z)− ṽ(z)

∣∣ = ṽ(z +∆z)− ṽ(z) 6 f(z +∆z)− |f(z)| 6
6
∣∣f(z +∆z)− f(z)

∣∣ 6
∣∣f ′(ξ)

∣∣ ∣∣∆z
∣∣

­�ª�] + 6;¯�14_�143�147 _�1 ` ¯�® ξ ∈ [z, z + ∆z]
� �21 &8_�1 ) : |ṽ(z + ∆z) − ṽ(z)| 6

Cw(ξ)|∆z| 9R14_�¯�:;­�¬ ªR68m;¯�1À; ªR6 ­ :468_ l-« n �
B

�23�® ) 6 + ® ) &8_�14_ 3�6;±8:1ªRc�_	¬�_r¯®3�¬$­�®�¬	ªRc +�d@) °46a;;¬ ) + ¬
C
� ]¤¬�¯�5 d ªR1

:<gU6W14_ ) 6 ` 6 + 1 ° d 4�649�­�ª�]�3�¬$­�®�¬	ªRc + 14m81 °46a;;¬
v
% : + ¯ b ®�]

ṽ(r)
]�°�ª�]�68_4;&]

°41-±83�¬4;=_	¬�@A9�687r®N¢ ¿�� ( ° d ^�:�¯�ªR147 � c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9
ṽ
­�® %\% 683�6 +�b ®�3�:46 ) ¬

+ ¬
R
9�®R;!¯�ª�@ ` ¬�] + 6Ï541�ªR686 ` 6 ) ; ` 68_ + 146 ` ®R; ªR1\_�1 ` 6;¯-9�¬W686@^�3�¬�°�¬�]U^�3�1-®�± (

°411­ + ¬�]>;=:'9�6a;=_�°4:468_ °<; @L­ : + ¬
R
®r°41-±83�¬4;=_	¬�68_ � ©�; @L­ : ­�¬	ªR686 )�d 54:;­ 6 )

®R;=^�1�ªRc-±81-°�¬�_�c@14541-± + ¬ ` 6 + ®�6 ṽ ′ ­�ª�]U^�3�¬�°4147�^�3�1-®�±;°411­ + 147 % : + ¯ b ®�® ṽ � Q ±^�3�6 ­�ªR1hgU6 + ®�] ©�+ 68^�1<;=3�6 ­�;=_�°46 +�+�d@) 14543�¬�±81 ) ^�1�ªR: ` ¬�6 )



� �
� ���
� � � � ��� � � � ��� ����� �����
� ���
� � ����� ��& �
� �����
� ���
� « � «
8 ��F�
yJ�E2� H�F --T�� 	 	�� �

v
�
w �

���
����� ��� � 
�������� � � 	 � � �
C

 � 	�
��

�'�
� ���
� � �
D : Hv(C) → Hw(C)

�
��� ��� � � � � ��+�� �

lim sup
r→∞

ṽ ′(r)

w(r)
<∞.

R-68^�683�c 3�¬4;8; ) 14_�3�® ) ; ªR: ` ¬�7t¯�14mN­�¬ w = v
+ ¬

C
®q­ 1-¯�¬�gU6 ) ° &8_�1 )

; ªR: ` ¬�6B¯�3�®�_�683�®�7 + 68^�3�683 d ° + 1<;=_�®'14^�683�¬�_�143�¬ ­�® %\% 683�6 +�b ®�3�1-°�¬ + ®�]¤­�ª�]¢ ¿�� ( ° d ^�:�¯�ª d e|°46a;=1-° � ��ª�] &8_�14m81 + ¬ ) ^�1 + ¬$­ 145-®�_4;&] °<;=^�1 ) 14m!¬�_�6!ªRc +�d 7
3�6;±8:1ªRc�_	¬�_h9�¯�¬4;;¬�@A9 ®�7R;&] ^�3�¬�°-®�ª�¬��\14^�®�_	¬	ª�] �

� F�G2G2C X T � 	 	�� �
f

�
g �

��� � ��� � � � ��� ����� ��	 � �#� � ��	����������
� �

(a,+∞)
+
a > 0

+
g′(x) 6= 0

� �
(a,+∞)

�
limx→+∞ f(x) =

limx→+∞ g(x) = ∞ 
	� �'& �(� 	 � ��� � ����
����$� 	�

��� 	��
� �
��	���� � ��� � � ���
�	�

1) lim inf
x→+∞

f ′(x)

g′(x)
6 lim inf

x→+∞

f(x)

g(x)
6 lim sup

x→+∞

f(x)

g(x)
6 lim sup

x→+∞

f ′(x)

g′(x)




2)
� 	 	�� � ��	��������
�

f
����

�
��� 	 � � ��������	���� �
� ��� � �$���
	���

�'� � �

(a,+∞)
�
x = o(g(x))

� �
�
x → +∞ 
 � 	�
��

lim sup
x→+∞

f(x)
g(x) < ∞

�
βg := lim sup

x→+∞

1
g′(x) infx<t

g(t)
t−x <∞ +�� �

lim sup
x→+∞

f ′(x)

g′(x)
6 βg lim sup

x→+∞

f(x)

g(x)
.

� ��?������ �"!"� ��� �2683�°4146�:�_�°4683<g ­ 6 + ®�6 ªR6 )�)�d�«�i ¯�ª�¬4;8;!® ` 6a;!¯�146�^�3�¬ (
°-®�ªR1 �\14^�®�_	¬	ª�]-9�¬D°4_�143�146 i °�¬�3�®�¬ + _ 68m81 14543�¬�9�6 + ®�]-9 :<;=_	¬ + 1-°�ªR6 +�+�d 7
Z � © � �$3�¬�_�®59�6;° d@) � «�« ��°'541�ªR6862145�9�687 % 143 ) 6 �

�23�® ) 6 + ®�°�°4_�143�146Ï:�_�°4683<g ­ 6 + ®�6 ªR6 )�)�dh« ¯ % : + ¯ b ®�] )
log v

®
logh

9
^�1�ªR: ` ¬�6 ) _	¬�¯�146W^�1�ªR6;± + 146\; ªR6 ­�;=_�°-®�6 �

8 ��F�
yJ�E2� H�F ��T � 	 	�� �
v
�
h �

��� � � ��������	���� �
� �
� ��� � � � ��� ����� ��	 �
� �#� � ��	���������� � �

(a,+∞)
�������
��+ �,� �

v(r)
����

�
��� 	 ������� � �$���
	���

�'��+

h′(r) 6= 0
� �

(a,+∞)
�

limr→+∞ v(r) = limr→+∞ h(r) = ∞ 
 � 	��

��

log v(r) = O(log h(r))
�

log r = o(log h(r))
� �
�

r → +∞ �

βlh := lim sup
r→+∞

h(r)
rh′(r) infr<t

log h(t)
log(t/r) <∞ +�� �

lim sup
r→+∞

v′(r)

v(r)

h(r)

h′(r)
6 βlh lim sup

r→+∞

log v(r)

logh(r)
.



« � © � � � ����� � 
�" 
 + � ��� � ����& ���
� �
V�F�ORQ�F�G2C>X T � 	 	�� �

v �
����� � �$���
	���
���� ��� ��� � 
�������� � � 	 � �

C

�� �'& �(�

	�

��� 	��
� �
��	���� � ��� � � ���
� ��� ���
� 	���
��������
l ¥Ên � �
� ���
� � �

D : Hv(C) → Hv(C)
�
��� ��� � � � � � 


l ¥ ¥Ên
lim sup
r→∞

v′(r)

v(r)
<∞ 


l ¥ ¥ ¥Ên
log v(r) = O(r)

� �
�
r → ∞ 


C
l ¥Ên
=⇒ l ¥ ¥ ¥Ên/j��21À; ªR6 ­�;=_�°-®5@D
 ®�± l ¥Ên�; ªR6 ­ :468_h9 ` _�1

lim sup
r→∞

ṽ′(r)

ṽ(r)
<∞.

�23�® ) 6 + ®�°'^�3�¬�°-®�ªR1 �\14^�®�_	¬	ª�]G¯
f(r) := log ṽ(r)

®
g(r) := r

9�^�1�ªR: ` ® )

lim sup
r→∞

log ṽ(r)

r
<∞.

�21 &8_�1 ) :
log ṽ(r) 6 C(r + 1)

­�ª�] + 6;¯�14_�143�14m81
C > 0

®h°<;=6=e
r > 0

�
]¤¬�¯W®�±;°46a;=_ + 1 l ; )�� � �R9"; �6« � 
 �Ën/9

v(r) 6 rṽ(r)
­�ª�] °<;=6=e

r > 1
� � + ¬ ` ®�_h9

log v(r) 6 C(r + 1) + log r
^�3�® °<;=6=e

r > 1
9�14_�¯�:;­�¬À; ªR6 ­ :468_ l ¥ ¥ ¥Ên �

l ¥ ¥ ¥Ên
=⇒ l ¥ ¥Ên/j��2:<;=_�c

h(r) := er
9�® ) 686 )

inf
t>r

logh(t)

log(t/r)
=

logh(t)

log(t/r)

∣∣∣∣
t=er

= er.

R-14mN­�¬

βlh := lim sup
r→∞

h(r)

rh′(r)
inf
t>r

logh(t)

log(t/r)
= e.

Q\;=^�1�ªRc-±8:�] ; ªR6 ­�;=_�°-®�6\�R9�^�1�ªR: ` ® )

lim sup
r→∞

v′(r)

v(r)
6 e lim sup

r→∞

log v(r)

r
.

�A_�1 + 683�¬�°46 + ;=_�°41'14546a;=^�6 ` ®�°�¬�68_�_�1R9 ` _�1 l ¥ ¥ ¥Ên
=⇒ l ¥ ¥Ên �

l ¥ ¥Ên
=⇒ l ¥Ên/j l ¥ ¥Ên�1-± + ¬ ` ¬�68_h9 ` _�1 ® ) 6868_4;&] ¯�1 + ;=_	¬ + _	¬ C > 0

_	¬�¯�¬�]-9 ` _�1
(log v(r))′ 6 C

^�3�®i°<;=6=e
r > 0

� Q\;=^�1�ªRc-±8:�]�_�1R9 ` _�1|°46a; v ]�°�ª�]�68_4;&]
¢ ¿�� ( ° d ^�:�¯�ª d@) 9�® ) 686 )

log
v(r + 1)

v(r)
6 C(r + 1) log

r + 1

r
6 2C

­�ª�] °<;=6=e
r > 1.

TW;=_	¬�68_4;&]�^�3�® ) 6 + ®�_�c0; ªR6 ­�;=_�°-®�6 © 9 ` _�145 d ^�1�ªR: ` ®�_�c l ¥Ên �
B
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� � � � ��� � � � ��� ����� �����
� ���
� � ����� ��& �
� �����
� ���
� « �<

� ��?������ �"!"� / � © &8_�1 ) ^�: + ¯�_�649 )�d ±1¬P; ` 68_ + 1-° d e ) 68_�11­ 1-° % ¬�¯ (

_�® ` 6a;!¯�® ±1¬ ) 6 + ®�ª�®'_�3�:;­ + 1\^�3�1-°4683<]�6 ) 146�^�3�6 ­ ^�1�ªR1hgU6 + ®�6 l�� &"n + ¬W541�ªR686
6a;=_�6a;=_�°46 +�+ 146�_�3�68541-°�¬ + ®�6�1 _�1 ) 9 ` _�1�3�¬$­�®�¬	ªRc +�d 7o°46a;

v
]�°�ª�]�68_4;&]N¢ ¿�� (

° d ^�:�¯�ª d@)�� c ªR6 ­ :'@A9 ®�7P^�3�® ) 683 ^�1-¯�¬�gU68_h9 ` _�1�¢ ¿�� ( ° d ^�:�¯�ªR1<;=_�c °46a;;¬ v;=:'9�6a;=_�°46 +�+ ¬ °À_�68143�6 ) 6 «4�
����!"?���� �����2:<;=_�c

(an)
®
(bn)

i ­�°46W^�1<; ªR6 ­ 1-°�¬�_�6!ªRc + 1<;=_�®0^�1�ªR1hg ® (
_�6!ªRc +�d e ` ®R;=6!ª ;=1À; ªR6 ­ :'@A9 ® ) ®P;!°4147R;=_�°�¬ ) ®-j

1)

∞∑

n=1

(an + bn) = +∞; 2) an < bn, ∀n > 2;

3) (an + bn) ↓ 0
^�3�®

n→ ∞; 4) lim
n→∞

an exp

n−1∑

k=1

(ak + bk) = 0;

5) lim
n→∞

(an + bn) exp

n−1∑

k=1

(ak + bk) = L ∈ (0,+∞).

X¤¬�^�3�® ) 683-9 )�dº) 1hgU6 ) °-±=]�_�c
an = 3−n

9
bn = log

(
1+ 1

n

)
− 3−n

l
n ∈ N

n �
T�541-± + ¬ ` ® )

Sn :=

n∑

k=1

(ak + bk), n ∈ N,

®>14^�3�6 ­ 6!ª�® )
∗ ϕ(t) := 1

^�3�®
t ∈ (−∞, a1]

®
ϕ(t) := 1

b1
(t−a1)+1

^�3�®
t ∈ (a1, S1]

*

∗ ­�ª�] n > 2
9

ϕ(t) :=
1

an
(t− Sn−1) + 2n− 2, t ∈ (Sn−1, Sn−1 + an],

®
ϕ(t) :=

1

bn
(t− Sn−1 − an) + 2n− 1, t ∈ (Sn−1 + an, Sn].

X268_�3�:;­ + 1q°-®�­ 68_�cR9 ` _�1 % : + ¯ b ®�]
ϕ
]�°�ª�]�68_4;&] °41-±83�¬4;=_	¬�@A9�687W® + 68^�3�6 (

3 d ° + 147 + ¬
R
� � ¬	ªR68649-­�ª�]Gª�@�5414m81

n ∈ N

ϕ′(t) = 1/an
+ ¬

(Sn−1, Sn−1 + an)
®
ϕ′(t) = 1/bn

+ ¬
(Sn−1 + an, Sn).

T�_4; @L­�¬W;A: ` 68_�1 ) ;!°4147R;=_�°�¬ © n�; ªR6 ­ :468_h9 ` _�1 % : + ¯ b ®�] ϕ + 6A]�°�ª�]�68_4;&] ° d�(
^�:�¯�ªR147 + ¬

R
9�¬À686 + ¬�®�541�ªRc�4 ¬�]G° d ^�:�¯�ª�¬�] ) ® + 143�¬ + _	¬

ϕ
14^�3�6 ­ 6!ª�]�68_4;&]

; ªR6 ­ :'@A9 ® ) 14543�¬�±81 ) j

ϕ(t) :=
2

an + bn
(t− Sn−1) + 2n− 2, t ∈ [Sn−1, Sn], n ∈ N.
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ϕ ′(t) = 2/(an + bn)
+ ¬

(Sn−1, Sn)
­�ª�]iª�@�5414m81

n ∈ N
9$_�1

ϕ ′(t) → +∞ ^�3�®
t → +∞ � T�_4; @L­�¬�9 ° ` ¬4;=_ + 1<;=_�®-9�; ªR6 ­ :468_h9 ` _�1 t =

o(ϕ(t))
^�3�®

t→ +∞ � R-6 ) 541�ªR68649
t = o(ϕ(t))

^�3�®
t→ +∞ �

R�¬�¯�® ) 14543�¬�±81 ) 9 % : + ¯ b ®�®
v(r) := exp(ϕ(log r))

®
v(r) :=

exp(ϕ(log r))
]�°�ª�]5@�_4;&]�3�¬$­�®�¬	ªRc +�d@) ®G°46a;;¬ ) ® + ¬

C
�

�23�1<;=_ d 6 ° d ` ®R; ªR6 + ®�]>^�1-¯�¬�± d °�¬�@�_h9 ` _�1À^�3�®Gª�@�541 ) n ∈ N

V (r) :=
v′(r)

v(r)
=

1

anr

­�ª�]G°<;=6=e
r ∈

(
eSn−1 , eSn−1+an

)
.

© ` ¬4;=_ + 1<;=_�®-9

V
(
eSn−1+an/2

)
=

1

an exp
(
Sn−1 + an/2

) .

T�_4; @L­�¬';2: ` 68_�1 ) ;!°4147R;=_�°�¬���n$^�1�ªR: ` ¬�6 ) 9 ` _�1

lim sup
r→∞

v′(r)

v(r)
= ∞. (2)

c�­ 3�:�m8147P;=_�143�1 +�d 9�^�3�®Gª�@�541 )
n ∈ N

V (r) :=
v ′(r)

v(r)
=

2

(an + bn)r

­�ª�] °<;=6=e
r ∈

(
eSn−1 , eSn

)
.

�21 &8_�1 ) :0^�3�®Gª�@�541 )
n ∈ N

max
(eSn−1 ,eSn)

V (r) =
2

(an + bn) expSn−1
.

Q\;=^�1�ªRc-±8:�] ;!°4147R;=_�°410�4n/9�® ) 686 )

lim sup
r→∞

v ′(r)

v(r)
= lim

n→∞
max

(eSn−1 ,eSn )
V (r) =

2

L
.

R-14mN­�¬·^�1Ñ_�68143�6 ) 6 « 14^�683�¬�_�143d­�® %\% 683�6 +�b ®�3�1-°�¬ + ®�]
D : Hv(C) →

Hv(C)
+ 68^�3�683 d °46 +-� ]23�1 ) 6�_�14m81R9�_	¬�¯ ¯�¬�¯

ṽ(r) 6 v(r) 6 v(r)
+ ¬

[0,∞)
®

Hṽ(C) = Hv(C)
®�±81 ) 68_�3�® ` 6a;!¯�®-9h_�1W_	¬�¯�gU6 Hv(C) = Hv(C)

®�±81 ) 68_�3�® ` 6 (
;!¯�® � �21 &8_�1 ) : 14^�683�¬�_�143G­�® %\% 683�6 +�b ®�3�1-°�¬ + ®�]

D : Hv(C) → Hv(C)
_�1 (

gU6@]�°�ª�]�68_4;&] + 68^�3�683 d ° +�d@)�� T�_4; @L­�¬�® ®�± l © ny; ªR6 ­ :468_h9 ` _�1 °�_�68143�6 ) 6 «
+ 6!ªRc-±=]�14_�¯�¬�±1¬�_�c<;&]f14_W_�3�68541-°�¬ + ®�]D¢ ¿�� ( ° d ^�:�¯�ªR1<;=_�®�°46a;;¬�546;± + ¬�3�:'4�6 + ®�]
686\;=^�3�¬�°46 ­�ª�®�°41<;=_�® �
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© &8_�1 ) ^�¬�3�¬�m83�¬ % 6 )�d ®�±8: ` ¬�6 ) 14^�683�¬�_�143G® + _�68m83�®�3�1-°�¬ + ®�]

I : Hw(C) → Hv(C), If(z) :=

∫

`[0,z]

f(ζ) dζ, z ∈ C,

mN­ 6D® + _�68m83�¬	ªÃ54683�68_4;&]®^�1 + 6;¯�14_�143�147 ;=^�3<] ) ª�]�6 ) 147�¯�3�®�°4147
`[0, z]

9";=1 (
6 ­�® + ]5@A9�687

0
®
z
� ]¤¬�¯W° 3�¬�± ­ 6!ªR6 © 9 + ¬ ` + 6 ) ; ­ 1<;=_	¬�_�1 ` +�d eN:<; ªR1-°-®�7

+ 68^�3�683 d ° + 1<;=_�®�14^�683�¬�_�143�¬
I
°'145�9�6 ) ; ªR: ` ¬�6 �

	>Q�F�
���O
� F+�"H�F --T � �'�
	 	���� � +(�,� � � � 	 �
v
�
w
� �

C
����� ���$� +��,� �

sup
z∈C

win(z)

v(z)
<∞,

& � �

win(z) := inf
`[0,z]

∫

`[0,z]

w(ζ) |dζ|, z ∈ C,

� ��� ��� �(	 � � � ����� 	 � �
� ��	 � � 	 � ��� � 

�
� �#� � � �
���$� �
`[0, z]

+
	 ���������
��� �
� � �

0
�
z

 � �'& �(� �'�
� ���
� � �

I : Hw(C) → Hv(C)
�
��� ��� � � � � � 


C
��ª�] ^�3�1-®�±;°41�ªRc + 147 % : + ¯ b ®�®

f ∈ Hw(C)
9�_�1 ` ¯�® z ∈ C

® ;=^�3<] )"(
ª�]�6 ) 147G¯�3�®�°4147

`[0, z]
9�® ) 686 )

∣∣If(z)
∣∣ =

∣∣∣∣∣

∫

`[0,z]

f(ζ) dζ

∣∣∣∣∣ 6
∫

`[0,z]

|f(ζ)|| dζ| 6 ‖f‖w
∫

`[0,z]

w(ζ) |dζ|.

T�_4; @L­�¬'; ªR6 ­ :468_h9 ` _�1

|If(z)| 6M‖f‖wv(z)
­�ª�] °<;=6=e

z ∈ C
®
f ∈ Hw(C),

mN­ 6
M := supz∈C

win(z)
v(z)

� Q2_	¬�¯-9 ‖If‖v 6 M‖f‖w
9 ∀ f ∈ Hw(G)

9 ` _�1
±1¬�°468354 ¬�68_¤­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°41 �

BQ\;=^�1�ªRc-±8:�] ^�3�¬�°-®�ªR1 �\14^�®�_	¬	ª�]D®>^�3�6 ­�ªR1hgU6 + ®�6\
�9�^�1�ªR: ` ¬�6 )
8 ��F�
yJ�E2� H�F �YT � 	 	�� �

v
�
w �

���
� ��� ��� � 
�������� � � 	 � � �
C

 � ��	��

	 � � � �
� � 	�

��� 	��
� �
��	���� � ��� � � ���
�	�
l ¥Ên

lim sup
r→∞

w(r)

v′(r)
<∞.
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l ¥ ¥Ên
lim sup
r→∞

1

v(r)

r∫

0

w(t) dt <∞.

l ¥ ¥ ¥Ên � �
� ���
� � � ����� ��& �
� �����
� ���
�
I : Hw(C) → Hv(C)

�
��� ��� � � � � � 

� �'& �(� l ¥Ên

=⇒ l ¥ ¥Ên
=⇒ l ¥ ¥ ¥Ên 


� ��?������ �"!"� 1 ��© � 7 92�23�6 ­�ªR1hgU6 + ®�6 ©�� ©�l £<n ��® ) ^�ª�®�¯�¬ b ®�] l ¥Ên
=⇒ l ¥ ¥ ¥Ên

5 d ª�¬ ­ 1-¯�¬�±1¬ + ¬ ^�3�®b­ 14^�1�ª + ®�_�6!ªRc + 1 ) 14m83�¬ + ® ` 6 + ®�®-9 ` _�1 Hv(C)
®�±81 (

) 143 %2+ 1
l∞

�
T�5<;=:;­�® ) _�68^�683�cW°414^�3�1<;01 _�1 ) 9 ¯�14mN­�¬ :<; ªR1-°-®�6 l ¥ ¥Ên °�; ªR6 ­�;=_�°-®�®·�

]�°�ª�]�68_4;&] + 68145he<11­�® )�d@) ­�ª�] + 68^�3�683 d ° + 1<;=_�®0;=1414_�°468_4;=_�°4:'@A9�68m81W14^�683�¬ (
_�143�¬ ® + _�68m83�®�3�1-°�¬ + ®�] �

�$:;­ 6 ) m81-°4143�®�_�cR9 ` _�1À3�¬$­�®�¬	ªRc +�d 7 °46a; w + ¬
C
^�3�® + ¬$­�ªR6=g ®�_ ¯�ª�¬4; (

;=:
RC

9�6a; ª�®�;=:'9�6a;=_�°4:'@�_ ` ®R; ª�¬ c > 0
®
r0 ∈ (0,∞)

_	¬�¯�®�649 ` _�1o­�ª�]
^�3�1-®�±;°41�ªRc + 14m81

r ∈ (r0,∞)
+ ¬�7�­ 68_4;&] % : + ¯ b ®�]

fr
°>6 ­�® + ® ` + 1 ) 4 ¬�3�6

Bw(C)
9�­�ª�] ¯�14_�143�147

fr(t) > cw(t)
­�ª�] °<;=6=e

t ∈ [r0, r].
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w ∈ RC
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I : Hw(C) → Hv(C)
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©·;!®�ªR: ; ªR6 ­�;=_�°-®�]>� + ¬ ) ­ 1<;=_	¬�_�1 ` + 1¤­ 1-¯�¬�±1¬�_�c�_�1�ªRc-¯�1 + 68145he<11­�® (

) 1<;=_�c � �2:<;=_�c
I : Hw(C) → Hv(C)

+ 68^�3�683 d °46 +-� R-14mN­�¬ ­�ª�] + 6;¯�14_�143�14m81
A ∈ (0,∞)

‖If‖v 6 A
­�ª�] °<;=6=e

f ∈ Bw(C).Q\;=^�1�ªRc-±8:�] _�1R9 ` _�1 w ∈ RC

9�® 54683<]
r0, c

®
fr
¯�¬�¯q°>14^�3�6 ­ 6!ªR6 + ®�®

RC

9
^�1�ªR: ` ® ) 9 ` _�1 ­�ª�] r ∈ (r0,∞)

A >
1

v(r)

∣∣∣∣∣

r∫

0

fr(t) dt

∣∣∣∣∣ >
1

v(r)

r∫

r0

fr(t) dt−
r0w(r0)

v(r)
>

>
c

v(r)

r∫

r0

w(t) dt − r0w(r0)

v(r)
>

c

v(r)

r∫

0

w(t) dt − (c+ 1)r0w(r0)

v(r)
.

T�_4; @L­�¬'; ªR6 ­ :468_h9 ` _�1

lim sup
r→∞

1

v(r)

r∫

0

w(t) dt 6
A

c
<∞. B
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w
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f ∈ Bw(C)
®

` ®R; ª�¬ r0 ∈ [0,∞)
®
c > 0

_	¬�¯�®�649 ` _�1

f(t) > cw(t)
­�ª�] °<;=6=e

t ∈ [r0,∞).
T�541-± + ¬ ` ® ) ` 683�6;± CRC

)�+ 1hgU6a;=_�°41 °<;=6=e'3�¬$­�®�¬	ªRc +�d e °46a;=1-° + ¬
C
9<145�ª�¬ (
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w
+ ¬

C) 1hgU68_U5 d _�c'^�3�6 ­�;=_	¬�°�ªR6 + °0; ªR6 ­ :'@A9�687 % 143 ) 64j

w(r) = w(1) exp

r∫

1

ω(ρ)

ρ
dρ, r > 1, (3)

; + 6;¯�14_�143�147i°41-±83�¬4;=_	¬�@A9�687 % : + ¯ b ®�687
ω
� �$:;­ 6 ) + ¬�± d °�¬�_�c

w
���0���:4

� ��#%�'( � ������� ��( + ¬
C
9R6a; ª�®

w
]�°�ª�]�68_4;&]K¢ ¿�� ( ° d ^�:�¯�ª d@) ®-9�­�ª�]

ω
¯�¬�¯

° l 
<n/9 + ¬�7�­ 68_4;&]
c > 1

;
ω(cr)−ω(r) > 1

^�3�®¤°<;=6=e
r > 1

� Q ± �  �9=_�68143�6 ) ¬Ï���
l ; )�� _	¬�¯�gU6 ­ 1-¯�¬�±1¬�_�6!ªRc<;=_�°41Ï^�3�6 ­�ªR1hgU6 + ®�]f
 � «Al�� n�° � ���Ën-; ªR6 ­ :468_h9 ` _�1 ­�ª�]
ª�@�5414m81D°46a;;¬G]�ªR: + ® i ]21-°�¬�3�®

w
;=:'9�6a;=_�°4:468_ b 6!ª�¬�] % : + ¯ b ®�]

f(z) =∑∞
n=0 anz

n ;
an > 0

l
n ∈ N0 := N ∪ {0} ny_	¬�¯�¬�]-9 ` _�1

1 6
w(r)

M(f, r)
6 C, r > 1,

^�3�® + 6;¯�14_�143�1 )
C > 1

� ]¤¬�¯\145 d ` + 1R9 M(f, r) := max|z|=r |f(z)|
� T�_4; @L­�¬

; ªR6 ­ :468_h9 ` _�1 f ∈ Bw(C)
®-9-_	¬�¯W¯�¬�¯

M(f, r) =
∑∞

n=0 anr
n = f(r)

9�_�1
f(r) > 1

Cw(r)
­�ª�]W°<;=6=e

r > 1
� c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

w ∈ CRC
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°2; ªR: ` ¬�649$¯�14mN­�¬ w = v

¿4Á
C
� ��3�:�m;® ) ®'; ªR1-°�¬ ) ®-9 )�d 3�¬4;8; ) 14_�3�® ) ;=687 ` ¬4;

°414^�3�1<;f145 14^�®R;;¬ + ®�®q¯�ª�¬4;8;;¬ °46a;=1-° d e>^�3�1<;=_�3�¬ + ;=_�°
Hv(C)

9�® + °�¬�3�®�¬ + _ (
+�d e 14_ + 1<;!®�_�6!ªRc + 1'14^�683�¬�_�143�¬ ® + _�68m83�®�3�1-°�¬ + ®�] �
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lim inf
r→∞

v′(r)

v(r)
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14^�683�¬�_�143�¬
I : Hv(C) → Hv(C)

�
T�543�¬�_ + 1R9a^�:<;=_�c

I : Hv(C) → Hv(C)
+ 68^�3�683 d °46 +-� R-14mN­�¬B­�ª�] + 6;¯�14_�1 (

3�14m81
C > 0

® ) 686 ) 9 ` _�1 ‖If‖v 6 C‖f‖v
^�3�® °<;=6=e

f ∈ Hv(C)
� Q\;=^�1�ªRc-±8:�]

&8_�14_ % ¬�¯�_�­�ª�]
f(z) = zn ∈ Hv(C)

9�® ) 686 )

1

n+ 1

∥∥zn+1
∥∥
v
6 C

∥∥zn
∥∥
v

­�ª�] °<;=6=e
n ∈ N0. (5)

� ¬	ªR68649�^�3�®Gª�@�541 )
n ∈ N0

∥∥zn
∥∥
v
= exp sup

r>0
(n log r − log v(r)) = exp sup

x∈R

(nx − ϕv(x)) =: expAn,

mN­ 6
ϕv(x) := log v(ex)
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v
]�°�ª�]�68_4;&]}¢ ¿�� ( ° d ^�:�¯�ª d@) °46a;=1 ) + ¬
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9 % : + ¯ b ®�]
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° d�(
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®
x = o(ϕv(x))

^�3�®
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� R-14mN­�¬ ­�ª�] ª�@�5414m81

n ∈ N0
9 + ¬�7�­ 68_4;&]

xn ∈ R
_	¬�¯�¬�]-9 ` _�1

An = nxn − ϕv(xn)
®

ϕ′
v(xn) = n.

T�_4; @L­�¬ ® ®�± l �4n�; ªR6 ­ :468_h9 ` _�1

An+1 −An 6 logC(n+ 1) = logC(ϕ′
v(xn) + 1).

T ` 6;°-®�­ + 1R9

An+1 − An > (n+ 1)xn − ϕv(xn)−An = xn.

c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9
xn 6 logC(ϕ′

v(xn) + 1)
®�ª�®

ϕ′
v(xn)e

−xn >
1

C
− e−xn . (6)

R�¬�¯e¯�¬�¯
ϕv
° d ^�:�¯�ª�¬�9�_�1

ϕ′
v

°41-±83�¬4;=_	¬�68_ � T�_4; @L­�¬W®h®�±P14^�3�6 ­ 6!ªR6 (
+ ®�]

xn
; ªR6 ­ :468_h9 ` _�1 xn < xn+1

9
n ∈ N0

9�®
xn → +∞ ^�3�®

n → ∞ � R-1 (
mN­�¬ ­�ª�]Dª�@�5414m81

x > x0
;=:'9�6a;=_�°4:468_

n ∈ N0
_	¬�¯�14649 ` _�1 xn 6 x < xn+1

�
Q\;=^�1�ªRc-±8:�] l ¬ n/9�^�1�ªR: ` ® )

ϕ′
v(x)e

−x >
n

n+ 1
ϕ′
v(xn+1)e

−xn+1 >
n

n+ 1

(
1

C
− e−xn+1

)
.
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� � � � ��� � � � ��� ����� �����
� ���
� � ����� ��& �
� �����
� ���
� « � 7
�21 &8_�1 ) :

lim inf
x→+∞

ϕ′
v(x)

ex
>

1

C
> 0.

j2; + 1R9 ` _�1'^�1<; ªR6 ­ + 686\:<; ªR1-°-®�6 &;¯�°-®�°�¬	ªR6 + _ + 1 l ��n �
Bc ªR6 ­ :'@A9 ®�7®^�3�® ) 683®^�1-¯�¬�± d °�¬�68_h9 ` _�1 _�68143�6 ) ¬ ©�l 686 + 68145he<11­�® ) ¬�]

` ¬4;=_�c�n ) 1hgU68_'5 d _�c + 6;°4683 + ¬�­�ª�]�3�¬$­�®�¬	ªRc +�d eD°46a;=1-°U145�9�68m81 °-®�­�¬ �
����!"?���� / � �2:<;=_�c

(εk)k
i ^�1<; ªR6 ­ 1-°�¬�_�6!ªRc + 1<;=_�c ^�1�ªR1hg ®�_�6!ªRc +�d e

` ®R;=6!ª®_	¬�¯�¬�]-9 ` _�1 ε1 < 1
9
εk ↓ 0

^�3�®
k → ∞ ® ∑

k e
k(eεk − 1) < ∞ �

X¤¬�^�3�® ) 683-9 )�d ) 1hgU6 ) °-±=]�_�c
εk = e−2k �

�21�ªR1hg ® )
ϕ(x) := ex

^�3�®
x ∈ (−∞, 1]

®>14^�3�6 ­ 6!ª�® )

∆k := ek+εk −
(
ek + εk

)
, k ∈ N.

�21�ª�¬�m!¬�]
ϕ(x) := x− 1 + ϕ(1)

­�ª�]
x ∈ (1, 1 + ε1]

®
ϕ(x) := ex −∆1

­�ª�]
x ∈ (1 + ε1, 2]

®N; ` ®�_	¬�]-9 ` _�1 % : + ¯ b ®�]
ϕ
14^�3�6 ­ 6!ªR6 + ¬ + ¬

(−∞, n]
9
n ∈ N

9�14^�3�6 ­ 6!ª�® )
686 + ¬

(n, n+ 1]
; ªR6 ­ :'@A9 ® ) 14543�¬�±81 ) j

ϕ(x) := x− n+ ϕ(n)
­�ª�]

x ∈ (n, n+ εn]

®

ϕ(x) := ex −
n∑

k=1

∆k
­�ª�]

x ∈ (n+ εn, n+ 1].

X268_�3�:;­ + 1G°-®�­ 68_�cR9 ` _�1 ϕ ]�°�ª�]�68_4;&] + 68^�3�683 d ° + 147o®q°41-±83�¬4;=_	¬�@A9�687-9
+ 1 + 6¤° d ^�:�¯�ªR147 + ¬

R
� Q ±214^�3�6 ­ 6!ªR6 + ®�]

ϕ
; ªR6 ­ :468_h9 ` _�1

ex − C 6 ϕ(x) 6 ex
­�ª�] °<;=6=e

x ∈ R, (7)

mN­ 6
C :=

∑
k∆k =

∑
k(e

k(eεk − 1)− εk) <∞ �
` ¬4;8; ) 14_�3�® ) ­�°�¬ 3�¬$­�®�¬	ªRc +�d e °46a;;¬ + ¬

C
i
v(r) := expϕ(log r)

®
v(r) := er

� [y; ªR1-°-®�6 l¦
 nÏ1-± + ¬ ` ¬�68_h9 ` _�1 e−Cv(r) 6 v(r) 6 v(r)
^�3�®o°<;=6=e

r > 0
� c ªR6 ­ 1-°�¬�_�6!ªRc + 1R9

Hv(C) = Hv(C)
¯�¬�¯ )�+ 1hgU6a;=_�°�¬ ®P_�14^�1�ªR14m;® ` 6 (

;!¯�® �
R�¬�¯r¯�¬�¯

lim inf
r→∞

v′(r)

v(r)
= lim inf

x→∞

ϕ′(x)

ex
= lim
n→∞

ϕ′(n+ εn/2)

en+εn/2
= lim

n→∞

1

en+εn/2
= 0,
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_�1 :<; ªR1-°-®�6 l ��n�­�ª�]�°46a;;¬

v
+ 6U° d ^�1�ª + ]�68_4;&] � c ­ 3�:�m8147 ;=_�143�1 +�d 9

limr→∞
v′(r)
v(r) = 1

� �23�® ) 6 + ®�°�_�68143�6 ) : © 9�^�1�ªR: ` ¬�6 ) 14_4; @L­�¬ + 68^�3�683 d ° (
+ 1<;=_�c014^�683�¬�_�143�¬

I : Hv(C) → Hv(C)
®�ª�®-9 3�¬�° + 1<;!®�ªRc + 1R9

I : Hv(C) →
Hv(C)

�
Q ±2_�68143�6 )�« ® © ° d _�6;¯�¬�68_'_	¬�¯�147 3�6;±8:1ªRc�_	¬�_ �
8 ��F�
yJ�E2� H�F �YT � 	 	�� �

v �
����� � �$���
	���
���� ��� ��� � 
�������� � � 	 � �

C



� 

��� 	��
� �
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��������
l ¥Ên � �
� ���
� � �

D : Hv(C) → Hv(C)
����

�
��� 	 � � ��� � � ������� � � ��


l ¥ ¥Ên
0 < lim inf

r→∞

v′(r)

v(r)
6 lim sup

r→∞

v′(r)

v(r)
<∞.

l ¥ ¥ ¥Ên � ����� 	�� 	 �
A,C > 1

�������
��+ �,� � 1
Ae

r/C 6 v(r) 6 AeCr
��

� ��	 � �

r > 0



� ��?������ �"!"� 	 ���\68m;¯�1o°-®�­ 68_�cR9 ` _�1 ^�3�® ) 683 « ;
an = 3−n

®
bn =

log(1 + 1
n )− 3−n

9
n ∈ N

^�1-¯�¬�± d °�¬�68_h9 ` _�1 + ¬�4�6\^�3�6 ­ ^�1�ªR1hgU6 + ®�6W1À_�1 ) 9
` _�1 v ]�°�ª�]�68_4;&] ¢ ¿�� ( ° d ^�:�¯�ª d@) 98;=:'9�6a;=_�°46 +�+ 1L­�ª�]�;=^�3�¬�°46 ­�ª�®�°41<;=_�®\; ªR6 ­ (;=_�°-®�] 
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p ∈ X
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Σ2(1)

� T�541 (
± + ¬ ` ® ) µ = r(p)/3

9
ε = µ/3

9�® 3�¬4;8; ) 14_�3�® ) 4 ¬�3 d
B(p, µ)

®
B(p, 2µ)
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d(x, y) = ε
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d(x, z) = µ
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y ∈

Q∗(x, z)
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x′ ∈ B(p, µ)
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y′, z′ ∈ B(p, 2µ)
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1) d(x, x′), d(y, y′) < δ
+

2) d(x′, y′) = ε
+

3) d(x′, z′) = µ
+

4) y′ ∈ Q∗(x′, z′)
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d(z, z′) < ε′
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y′(δ), z′(δ) ∈

B(p, 2µ)
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d(z, z′(δ)) > ε′
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x′k → x
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B(p, 2µ)
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Q∗(x, z′)
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Q∗(x, y)
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Q∗(x, z′)
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d(z′, x) < d(z′, u)
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Q∗(z, x) ⊂ Q∗(z, u)
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A ⊂ B(p, µ)×B(p, 2µ)
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(x, y)

9 ` _�1 d(x, y) = ε
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dA
(
(x1, y1), (x2, y2)
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d(x1, x2), d(y1, y2)

}
.
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(x, y) ∈ A
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y ∈ B(p, 2µ)

9 ` _�1 d(x, y) = ε
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Q∗(x, u) ⊂ Q∗(y, u)
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dA
(
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< δ(xk , yk, ε).
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nϕ
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n ∈ N ®
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x ∈ C(R)
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ϕ

ϕ
x n∧ ϕ

x
nϕ

ϕ

nϕ

z

xc z

x n∧ ϕ
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z ² � £ ¦ ¡�£X¡��B�;© ² ¬j¡��g¡�£�¬j� £ ¦ �r£ x ®�� � ± ¡
�;�`�`�  r¡��Q� x ∧ nϕ 6 cx z ² ± ¨X¡��`¡�`¨X¡�¢��r£��=�B�;£d�

cx > 0
�H���;©H�E�"�E�g¡b¢�� �g¢'¥S�r�P¡b�r¢B¨

x ®�[¨X¡"«"�r£X� �`�r�`� £ ¦ «!�r¬j¡!�;«"�r£ ¦ �`¨X¡���£X� �`¡"¥S¤X£�¢��`� �r£��	© ¡b�r¬X�h�`�
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cx > 0
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|x| ∧ n|ϕ|

)
(t) 6 cx z(t)

¥S�r� ∀n ∈ N
�;£�¬ ∀ t ∈ R, ³=µ7¶

± ¨X¡��`¡ |y| ¬j¡�£X�;�`¡b�\�`¨X¡��;°��E�r© ¤j�`¡	 Q�;© ¤X¡/�;¥K�`¨X¡	¥S¤X£�¢��`� �r£ y � £ C(R) ® � °��E¡��` r¡�`¨��Q�h�`¨X¡
�`�;«"¡/¥S�r�`«�¤X©H� ± � © ©3°g¡��r°j�B�;� £X¡b¬�� ¥
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© �j¢��;© © ª�¢��r«"���r¢�� ³ £X�r£'�?¢��r«"���r¢�� ¶ �`�r�g�r© � ¦ �H¢��;©�(h�;¤��`¬j�r�*) �E���r¢�¡ Q ®+� � £�¢�¡��;© ©�r�g¡��B�Q�`� �r£���¤��E¡b¬�� £�¥S�r�`«�¤X©H� ³=µ7¶ �;�`¡
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�`¨X¡/©H�Q�E�`¡�� ®�[¨X�H�\¢�©H�r�`�F�;¥^¡�© ¡�«"¡�£d�B�Y� £ � �B¢B¨X� «"¡b¬j¡b�;£! r¡b¢��`�r�Y©H�Q�E�`�H¢�¡b� ± �r�F� £d�`�`�j¬j¤�¢�¡b¬°�ª-,��;¯Q�;�`�Q '�;£�¬-. ¡�°g¡��3� £ µ/�10�2	³ �E¡�¡
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• � £�¡�© ¡�«"¡�£d� ϕ ∈ E
�H��¢��;© © ¡b¬>��!#"%$�& ² � ¥ ∃ z ∈ E

�E¤�¢B¨��`¨��Q��¥S�r� ∀x ∈ E�`¨X¡��`¡	�H�
cx > 0 ± � �`¨

|x| ∧ n|ϕ| 6 cxz
¥S�r� ∀n ∈ N. ³�2r¶
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z
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E ®
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E ®
• � £�¡�© ¡�«"¡�£d� ϕ ∈ E

�H�[¢��;© © ¡b¬POD&=J Q�R�?A@�BDC6E9" S="%!1T ² � ¥ |ϕ| �H�[�;£ E �w«!�6N=�r�B�;£d��;¥
ϕ ² � ® ¡ ® ∀x ∈ E

�`¨X¡��`¡	�H�
cx > 0 ± � �`¨

|x| ∧ n|ϕ| 6 cxϕ
¥S�r� ∀n ∈ N.

G ¡�£X�;�`¡ °�ª S(E)
�`¨X¡N�E¡����;¥
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S+(E) = S(E) ∩E+
� �B�[�g�d�E� �`�  r¡'���;�E� ® �[¨X¡/�E¡�� Φ3(E) = S+(E)− S+(E)�H�P�;©H�E�!�;£
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 r¡b¢��`�r�[©H�Q�E�`�H¢�¡

E �
0 ∈ Φ3(E) ⊆ Φ2(E) ⊆ Φ1(E) ⊆ E.´X�r� ¡=MX�;«"�X© ¡ ² � ¥ E �H���r£X¡c�;¥!�`¨X¡c r¡b¢��`�r� ©H�Q�E�`�H¢�¡b� c ² `∞ ² L∞(µ) ² �`¨X¡�£

Φ1(E) = Φ2(E) = E ®´X�r�
E = C[0, 1]

�r£X¡[¨��r�
Φ1(E) = E ² ± ¨X¡��`¡b�r�K¥S�r� E = L1[0, 1]

�r£X¡[¨��r�
Φ1(E) = {0} ® U?£ ���;�E�`�H¢�¤X©H�;� ² ¥S�r�`«�¤X©H� ³�2r¶ �E¨X� ± ���`¨��Q� Φ1(E) = Φ2(E) =
Φ3(E) = E

¨X�r©H¬X�[� ¥3�`¨X¡/ r¡b¢��`�r�P©H�Q�E�`�H¢�¡
E
�g�d�`�E¡b�`�E¡b�[�;£
�r�B¬j¡��[¤X£X� � ®� © �`¨X�r¤ ¦ ¨ ± ¡�¬j¡=��£X¡b¬��`¨X�`¡�¡�¯�� £�¬X�h�;¥ ��£X� �`¡�¡�© ¡�«"¡�£d�B� ² � £��r�B¬j¡��P�`��¯r¡�¡���`¨X¡5�`¡=M�� �Q� �x�`¡b�r�E�r£��;°X© ¡ © ¡�£ ¦ �`¨ ± ¡N«"�d�=�`© ª�¢��r£�¢�¡�£d�`�B�Q�`¡ �r£��`¨X¡ ��£X� �`¡¡�© ¡�«"¡�£d�B�[�r£X© ª ® ´X�r�P«"�r�`¡	� £j¥S�r�`«!�Q�`� �r£��`¨X¡/�`¡b�r¬j¡��[�H�[�`¡�¥S¡��`�`¡b¬��`�I3 2jµ94w®
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�I�x�/���;�b�����Y�j���b�I�r���!�g�����g�e�b�I�^�3�g�3�"�K�3�3�;�b�I�g�3�

. ¡/£X� ± ¬j¡b�;© ± � �`¨
�`¨X¡ ;d¤X¡b�=�`� �r£ ����1�9� ����� �9�����������������c¡�© ¡�«"¡�£d�B� � ���! 6��"/�#��� �$�'�*� ��"=�%���&"'����� � �)(*�*( �
�#(��+"/� �,���#�

E(Q)
��� �-����� �#�'./���,��0 ��"-�6�L�1.2�*"=�

Q
"'��� �+"F��3'��4 ����� ����� �9���5���

�6� �+����������¥S¤X£�¢��`� �r£��L� �
E(Q) 6Uw���H��¢�© ¡b�;�§�`¨��Q�x�`¨X¡ �;£�� ± ¡��§�H����7!�`«!�Q�`�  r¡ � ¥ Q �H��¢��r«"���r¢��x�;£�¬

E(Q) = C(Q)
�r��� ¥

Q
�H�h�;£��;�`°X� �`�B�;�`ª!�`�r�g�r© � ¦ �H¢��;©.�E���r¢�¡��;£�¬ E(Q)

�H�P�`¨X¡
 r¡b¢��`�r�T©H�Q�E�`�H¢�¡[�;¥e�;© ©j°g�r¤X£�¬j¡b¬
¢��r£d�`� £�¤X�r¤��K¥S¤X£�¢��`� �r£�� ² � ® ¡ ® �`¨X¡��`¡[�H�$�h¥S¤X£�¢��`� �r£
u ∈ E(Q)

�E¤�¢B¨��`¨��Q� |x| 6 λxu
¥S�r�[¡� r¡��`ª

x ∈ E(Q) ® �[¨X¡�£��`¨X¡'¥S¤X£�¢��`� �r£ 1 ²¬j¡=��£X¡b¬N�r�
1(t) = 1

¥S�r���;© ©
t ∈ Q

�r�/�`¨X¡!¥S¤X£�¢��`� �r£
u ² �;�`¡!�r�B¬j¡��/¤X£X� �B��� £

C(Q)
�;£�¬

E(Q) ² �`¡b�E�g¡b¢��`�  r¡�© ª ® �[¨X¡�ª��E¡��` r¡\�r�T�h«!�6N=�r�B�;£d�K¥S�r�T¡b�r¢B¨�¥S¤X£�¢��`� �r£�;¥K�`¨X¡�¢��r�`�`¡b�E�g�r£�¬j� £ ¦  r¡b¢��`�r�[©H�Q�E�`�H¢�¡ ®:.¡��
Q
°g¡\��£X�r£�¢��r«"���r¢��K© �j¢��;© © ª	¢��r«"���r¢��3�E���r¢�¡Y�;£�¬

E ⊂ C(Q)
�� r¡b¢��`�r�©H�Q�E�`�H¢�¡��;¥'¢��r£d�`� £�¤X�r¤���¥S¤X£�¢��`� �r£��"�r£

Q ® Uw�B����£X� �`¡�¡�© ¡�«"¡�£d�B�"¢��r� £�¢��H¬j¡ ± � �`¨�`¨X¡	¢��r© © ¡b¢��`� �r£
Φ1(E) ® Uw¥.�`¨X¡/�E¡��[�;¥3�;© ©+��£X� �`¡h¥S¤X£�¢��`� �r£��[�r£ Q �H�[¬j¡�£X�;�`¡b¬�°�ª

K (Q)
�`¨X¡�£��`¨X¡ ��£X� �`¡/¥S¤X£�¢��`� �r£��[�r£

Q
°g¡�© �r£ ¦ � £ ¦ �`� E �;�`¡ K (Q) ∩ E ®Uw���H�P� £d�`¡��`¡b�=�`� £ ¦ �`¨��Q� ² � £ ¦ ¡�£X¡��B�;© ²

³ i) K (Q) ∩ E * Φ1(E)
�;£�¬ ³ � � ¶ Φ1(E) * K (Q) ∩ E.

8 �r£��E�H¬j¡��[� ± �"¡=MX�;«"�X© ¡b� ®³ � ¶ E = {x ∈ C[0,∞) : x(0) = 0} ®1G ¡=��£X¡'�`¨X¡
��£X� �`¡'¥S¤X£�¢��`� �r£ ϕ ∈ E
�r�

ϕ(t) =





t,
� ¥

t ∈ [0, 1],

2− t,
� ¥

t ∈ (1, 2],

0,
� ¥

t ∈ (2,∞).
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ϕ ± �r¤X©H¬5°g¡��I��£X� �`¡�¡�© ¡�«"¡�£d��� £ E ± � �`¨5�`¨X¡�«!�6N=�r�B�;£d� z ² �`¨X¡�£c¬j¤X¡!�`�√
z ∈ E

�;£�¬"� £! �� ¡ ± �;¥ ϕ(t) 6= 0
¥S�r�

t ∈ (0, 1) ² �`¨X¡�¥S�r�`«�¤X©H� ³=µ7¶ ª�� ¡�©H¬X�$�`¨��Q�
0 < c0 6

√
z(t)
¥S�r�h�E�r«"¡

c0 > 0
¬j¡��g¡�£�¬j� £ ¦ �r£ √z ² ± ¨X�H¢B¨��X�`¡� r¡�£d�B�[�`¨��Q�√

z(t) → 0
� ¥
t→ 0 ®

³ � � ¶ :.¡�� E °g¡'�`¨X¡/ r¡b¢��`�r�[©H�Q�E�`�H¢�¡/¢��r£��E�H�=�`� £ ¦ �;¥T¢��r£d�`� £�¤X�r¤��Y¥S¤X£�¢��`� �r£��P�r£
[1,∞)× [0,∞)

�`�Q�`�H�=¥Sª�� £ ¦ �`¨X¡/¥S�r© © � ± � £ ¦ ¢��r£�¬j� �`� �r£ � ¥S�r��¡� r¡��`ª x ∈ E
�`¨X¡��`¡

�;�`¡
�E�r«"¡
λx > 0

�;£�¬ ��£��Q�`¤X�B�;©
n = n(x)

�E¤�¢B¨��`¨��Q� |x(s, t)| 6 λxs
n ¥S�r��;© ©

(s, t) ∈ [1,∞) × [0,∞) ® Uw�/¢��;£�°g¡"�E¨X� ± £��`¨��Q� x ∈ Φ1(E)
� ¥Y�;£�¬��r£X© ª

� ¥
x(s, t) = 0

�r£��!�E¡��
[α,∞) × [0,∞)

¥S�r�h�E�r«"¡
α = α(x) > 1 ® Uw�h�H��¢�© ¡b�;��`¨��Q��£X�;���;© ©.�E¤�¢B¨
¥S¤X£�¢��`� �r£��P¨��7 r¡	�"¢��r«"���r¢����E¤X�X�g�r�E� ®
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�I���.���T�I�j���b�I�r���"�X�3���
�X�3�X�7�­�Y�j���b�I�r���
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E
°g¡
 r¡b¢��`�r�h©H�Q�E�`�H¢�¡
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H ⊂ E
�� r¡b¢��`�r�'�E¤X°X©H�Q�E�`�H¢�¡ ® . ¡"�r¬X¬j�`¡b�`��`¨X¡	¥S�r© © � ± � £ ¦ ;d¤X¡b�=�`� �r£ �

� � �'�����=� ����� �=���$�'� �,���#� �'���#4��D��� ����� ��������� ���
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Φ1(E)

�6�+3
Φ1(H) 6� ¦ ©H�;£�¢�¡/�Q�[¥S�r�`«�¤X©H� ³�2r¶ �E¨X� ± �Y�`¨��Q�P�`¨X¡ ;d¤X¡b�=�`� �r£
�H�P£X�;�[�`�`�  ��H�;© ® ´3� �B�=� ²�`¨X¡�«!�6N=�r�B�;£d���H���`¡/;d¤X� �`¡b¬ �`� °g¡�© �r£ ¦ �`���`¨��Q�
 r¡b¢��`�r��©H�Q�E�`�H¢�¡�� £ ± ¨X�H¢B¨N�`¨X¡��£X� �`¡/¡�© ¡�«"¡�£d���H�P¢��r£��E�H¬j¡��`¡b¬ ®#� �"� ��«"� ¦ ¨d� ¦ ¡��P© �d�=�[�`�!°g¡��
«!�6N=�r�B�;£d�[� ¥3�`¨X¡��£X� �`¡�¡�© ¡�«"¡�£d�
�H��¢��r£��E�H¬j¡��`¡b¬ � £

H
� £��=�`¡b�r¬5�;¥

E ® � ¡b¢��r£�¬ ² � ¥ ϕ �H���I��£X� �`¡¡�© ¡�«"¡�£d�'� £
H
�`¨X¡�£�� �B�

H
�w«!�9N=�r�B�;£d��«!�7ª
£X�;�	�E¡��` r¡��r�h�;£

E
�w«!�9N=�r�B�;£d� ² �r�¥S�r�

ϕ
�`¨X¡��`¡	�H�P£X�

E
�w«!�9N=�r�B�;£d�P�Q���;© © ®U?£ ¦ ¡�£X¡��B�;© ² ± ¡/�;�`¡'¥I�r¢�¡b¬ ± � �`¨
�`¨X¡	¥S�r© © � ± � £ ¦ �E� �`¤��Q�`� �r£��

³ � ¶ Φ1(H) ⊂ Φ1(E) ²³ � � ¶ Φ1(E) ∩H ⊂ Φ1(H) ²
³ � � � ¶ Φ1(E) ∩H = Φ1(H) ²± ¨X¡��`¡	£X�r£X¡	�;¥3�`¨X¡�« «!�7ª�°g¡/ Q�;© �H¬ ® �[¨X¡'� ± �"¡=M��`�`¡�«"¡/¢��r�E¡b�P�;�`¡h�`¨X¡/� £�¢�© ¤'��E� �r£��
c00 ⊂ c0

�;£�¬
C[0, 1] ⊂ L1[0, 1] ® �[¨X¡/©H�Q�E�`¡�� ± �r���;© �`¡b�r¬jª!«"¡�£d�`� �r£X¡b¬�Q�[�`¨X¡/¡�£�¬
�;¥ � ¡b¢��`� �r£ 2j® U?£
�`¨X¡b�E¡��E� �`¤��Q�`� �r£�� ± ¡	¨��7 r¡

Φ1(c00) = c00 = Φ1(c0)
�;£�¬

Φ1(C[0, 1]) = C[0, 1], Φ1(L1[0, 1]) = {0},
�;© �`¨X�r¤ ¦ ¨	�`¨X¡Y£X�r�`«)¢��r«"�X© ¡��`� �r£/�;¥ c00 ³ ± � �`¨��`¡b�E�g¡b¢��.�`���`¨X¡\�E¤X�'�w£X�r�`« ¶ �H� c0�;£�¬��`¨X¡/�r£X¡	�;¥

C[0, 1] ³ ± � �`¨��`¡b�E�g¡b¢��[�`�"�`¨X¡/� £d�`¡ ¦ �B�;©e£X�r�`« ¶ �H� L1[0, 1] ®�T�d�E� �`�  r¡c�`¡b�E¤X© �B� ¢��;£ °g¡ ¡=Mj�g¡b¢��`¡b¬ � ¥
H
�H� ��«"�r�`¡ ;d¤��;© � ��¡b¬  r¡b¢��`�r��E¤X°X©H�Q�E�`�H¢�¡ ³ �E¡�¡A3 2�² �[¨X¡��r�`¡�«!� 2j® ��²�2j® µrµr²#2j® 0/4S¶�®���3�����Q��� }g~	� �������  6��"/�#����� ( �6�$�'�*� ��"=�

H
� ��
'���F� �6�9� �����  6��"/�#���H�$�'�*� ��"=�

E 
�1����� ∀x ∈ E 
 ∃ y ∈ H
4 �����

x 6 y 
 ������� Φ1(E) ∩H = Φ1(H)
�
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Eδ
3'���)�1���9�A����� � ��3'� � � �+3 "'����.��
��� �,��� ��� �6��� � " �����

����3'�'�6�  6��"/�#���Y�$�'�*� ��"=�
E
�������

Φ1(E) = Φ1(E
δ) ∩ E ����3�����Q��� �.~�� ���

H
�'� � .)�'� 
=��"/� �,�������6�+3
� � �  6��"/�#�����$�'�*� ��"=�

E
�6�+3

PH���������6�+3 .)�'� 
=��"/� �,���&�$�'���
E
�����#�

H
�	� �����

PH(Φ1(E)) = Φ1(E) ∩H =
Φ1(H)
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E
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 �6� �*" �I�$�'�*� ��"=���6�+3

H
� "F�,�6�9��3&��� 3'��� ��3'�'�6�

���
E
��� �����

Φ1(H) ⊂ Φ1(E)
� � � .2���/� ��"�(��$��� 
 � � H � � � ���6�+3����

E
�������

Φ1(H) ⊂ Φ1(E)
�

�  r¡b¢��`�r�/�E¤X°X©H�Q�E�`�H¢�¡
H
�;¥P�� r¡b¢��`�r�	©H�Q�E�`�H¢�¡

E
�H���`�;�H¬ �`���g�d�`�E¡b�`�/�PT &=R

!�&=EF@6J " S/&��IC6E�� &=E��'!#"%$[� ¥$�`¨X¡��`¡�¡=Mj�H�=�B���;£�¡�© ¡�«"¡�£d�
u ∈ E

�E¤�¢B¨��`¨��Q��¥S�r��¡b�r¢B¨
x ∈ H

�`¨X¡��`¡h�H�\�
λx > 0 ± � �`¨ |x| 6 λxu ® �[¨X¡ ��£X� �`¡'¡�© ¡�«"¡�£d�B�Y� £
���[�;£��r¢B¨©H�Q�E�`�H¢�¡/�;�`¡/¢B¨��;�B�r¢��`¡��`� <�¡b¬��r�\¥S�r© © � ± � ³ �E¡�¡>3 µr² �[¨X¡��r�`¡�«�� ® µ=4S¶�®���3�����Q�����^~ � �

E
� ����
 �6� �*" � �$�'�*� ��"=� �������

ϕ ∈ Φ1(E)
� � �6�+3&����� �I� �

{ϕ}dd � ��� ��0��������-�6� � �6��3 ��� 3'����(������ �

K~T�P�I�3�S�b���'�I���c���e�b���I�x�/���;�b�����Y�j���b�I�r���!�g���"�Y�d�Q�j�b���Q�

�K�)¨��7 r¡c�`¨X¡�¢��r£�¢�¡��j�N�;¥ ��£X� �`¡ ³ �`�;�B�;© © ª ��£X� �`¡��;£�¬ �E¡�© ¥%�w«!�6N=�r�`� <�� £ ¦�¶¡�© ¡�«"¡�£d�B�
�Q�
�r¤X�
¬j�H�E�g�d�`�;© ² �r£X¡ ± �r¤X©H¬N© � ¯r¡!�`� �E�g¡b¢�� ¥Sª5�`¨X¡�«�� £§���;�E�`�H¢�¤X©H�;� r¡b¢��`�r� ©H�Q�E�`�H¢�¡b� ² ¡ ®E¦�® � £  r¡b¢��`�r��©H�Q�E�`�H¢�¡b� �;¥c¥S¤X£�¢��`� �r£�� ² �E¡/;d¤X¡�£�¢�¡b���;£�¬�r�g¡��B�Q�`�r�B� ² � £ ` �?�;© ¦ ¡�°X�B�r�'� ® � ® U?£ �`¨X�H���E¡b¢��`� �r£ ± ¡!�X�`�Q ��H¬j¡
�r£X© ª �E�r«"¡>���B�=��`¡b�E¤X© �B�h¥S�r�	 r¡b¢��`�r�'©H�Q�E�`�H¢�¡b�'�;¥\�r�g¡��B�Q�`�r�B� ² «!�;� £X© ª ¬j�r£X¡
� £ 3 � ² ��²Tµ���4w® ,��;£�ª� «"�g�r�E�B�;£d��;d¤X¡b�=�`� �r£��3� £
�`¨X�H�F¢��r£d�`¡=M��$�;�`¡P�=�`� © ©j�r�g¡�£ ² �E�h¥S¤X�E�`¨X¡��F�`¡b�E¡b�;�B¢B¨�¨��r��`��°g¡�«!�r¬j¡�� £N�r�B¬j¡��	�`���;£�� ± ¡��	�`¨X¡�« ® U?£5¡b�r¢B¨N�E¤�¢B¨5� £�¬j�  ��H¬j¤��;©\¢��r�E¡"�`¨X¡;d¤X¡b�=�`� �r£
�H� � ��4 �#� �9�D�1���6� � � �I����� �=���$�'� �,��� ³�2r¶ 
 �1����� �)��4 �#�53'�9�'" �F�1�'� ����� � �������-�*"/� �,������2�5"-�6�+3 ��3*�'��� � ��� � ��������� ���
��������� 4 ����� �6� �+�1�������Y���
������������� �P����� �6� �6�
�����
 6��"/�#���Y�$�'�*� ��"=� 6� �I���B�=� ± ¡5¬j¡b�;© ± � �`¨� r¡b¢��`�r�
©H�Q�E�`�H¢�¡b�

V (E,F )
�;¥
© � £X¡b�;�
�r�g¡��B�Q�`�r�B� ²± ¨X¡��`¡ E ² F �;�`¡/�E¤X�X�g�d�E¡b¬��`�!°g¡��[�;£��r¢B¨
©H�Q�E�`�H¢�¡b� ² �;£�¬�� £
�`¨X¡��E¡b¢��r£�¬
���;�E��;©H�E� ± � �`¨� r¡b¢��`�r�.©H�Q�E�`�H¢�¡b�K�;¥j£X�r£X© � £X¡b�;�K�;°��=�`�B�r¢��"!��`ªj�E�r£	�r�g¡��B�Q�`�r�B�

U (E,F ) ®

K~I} �Y�I�3���j� ���Y�d�Q�j�b���Q�r~ ´X�r��� ± �§ r¡b¢��`�r��©H�Q�E�`�H¢�¡b� E,F �`¨X¡ �E���;£­�;¥�;© ©\�g�d�E� �`�  r¡�© � £X¡b�;��#��r�g¡��B�Q�`�r�B�/�H���`¨X¡
�r�B¬j¡��`¡b¬5 r¡b¢��`�r�
�E���r¢�¡��;¥h�;© © EF& T$�'J @6E
% 1 U 4 27:EMBRK@�8;:=R9M`>9@�R

T : E → F
4 6'&�(*),+ -.+ /�0EDQ4HGI:�G;];:=U @�27W�6K>9@

L+(E,F )
DQ4 A

Tx > 0
A @�RMBU U

x ∈ E+
G�136gC769CQMBUHD�>9L7:3<=@�27:3@BA�MBU UQ8;@�694 >94 _�:K:=U :=OP:=2�>96g@BAjM3_�:=<?>9@�R^U M`>I>94 <=:

E
4 6gZ7:=27@B>9:=Z]�V

E+
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����������� µ�� �
C��#&=EF@6$�C6E�O ² ± ¨X�H¢B¨��H��¬j¡�£X�;�`¡b¬ °�ª L r(E,F ) ® �[¨X¡ �E���r¢�¡ L r(E,F )

�H�
� G ¡b¬j¡�¯�� £�¬�¢��r«"�X© ¡��`¡	 r¡b¢��`�r�P©H�Q�E�`�H¢�¡	�X�`�Q ��H¬j¡b¬ F �H� G ¡b¬j¡�¯�� £�¬�¢��r«"�X© ¡��`¡ ®Uw¥

E
�H�T���[�;£��r¢B¨�©H�Q�E�`�H¢�¡\�`¨X¡�£
°�ª

E′ ² E′′ ± ¡[¬j¡�£X�;�`¡\�`¨X¡ ���B�=�F�;£�¬��E¡b¢��r£�¬£X�r�`« ¬j¤��;©$�;¥
E ² �`¡b�E�g¡b¢��`�  r¡�© ª ® �[¨X¡!¬j¤��;© E′ �;£�¬ �E� ² �`¨X¡!�E¡b¢��r£�¬ ¬j¤��;© E′′�;£�¬��;£�ª
¨X� ¦ ¨X¡��'¬j¤��;©3�;¥Y��£X�r�`«"¡b¬� r¡b¢��`�r�h©H�Q�E�`�H¢�¡��H�'� G ¡b¬j¡�¯�� £�¬�¢��r«"�X© ¡��`¡�[�;£��r¢B¨ ©H�Q�E�`�H¢�¡ �r� ± ¡�© © ® :.¡�� jE : E ↪→ E′′ �;£�¬ JE : E′ ↪→ E′′′ °g¡��`¨X¡¢��r�`�`¡b�E�g�r£�¬j� £ ¦ ¢��;£X�r£X�H¢��;©^¡�«�°g¡b¬X¬j� £ ¦ � ®´X�r��� ± � �[�;£��r¢B¨­©H�Q�E�`�H¢�¡b� E,F ¬j¡�£X�;�`¡ A = L r(E,F ′′)

�;£�¬
B =

L r(F ′, E′)
�;£�¬�¬j¡=��£X¡h�`¨X¡	«!�;�

P: A → B
°�ª

P(T ) = T ′JF
¥S�r�

T ∈ A ²± ¨X¡��`¡ T ′ : F ′′′ → E′ �H�^�`¨X¡[�r¬�N=�r� £d�3�r�g¡��B�Q�`�r�^�`� T : E → F ′′ ® �[¨X¡F¥S�r© © � ± � £ ¦�`¡b�E¤X© �B�F�E¨X� ± �`¨X¡P¥I�7 r�r¤X�B�;°X© ¡P�`¡�©H�Q�`� �r£��$°g¡�� ± ¡�¡�£>��£X� �`¡�£X¡b�`�F�;¥^�r�g¡��B�Q�`�r�B�$�;£�¬�`¨X¡�� ���r¬�N=�r� £d���r£X¡b� ³ �E¡�¡A3 2jµ;² �[¨X¡��r�`¡�« ��® �P³=µ7¶�² 8 �r�`�r© ©H�;�`� ¡b� ��® �X® � ��® �64S¶�®���3�����Q�����.~	� ���
E 
 F �'��
 �6� �*" ���$�'�*� ��"=�9���

³ � ¶ � ����� T ∈ A
� � ���������P� � �6�+3 ����� � � �

P(T )
� � ���������P� �

B 
 �1�����
P (Φ1(A )) = Φ1(B)

�
³ � � ¶ � � T ∈ L r(E,F )

�������
T ′ � � ��������� � � L r(F ′, E′)

� �+�6�+35����� �>� �
jFT� � ���������
� �

L r(E,F ′′)
�

³ � � � ¶ � � F � � � �=�������'�  6� 
 �6� �*" �A�$�'�*� ��"=�-������� � ��� �'�*" � 
 �6� �*" �A�$�'�*� ��"=�
E 
�������'. ���-�'�#���

T ∈ L r(E,F )
� ��� ��������� ���
����������� � �6�+3&����� �P� �

T ′ � � ���������� �
B 
 �1�����

Φ1(B) =
{
T ′ : T ∈ Φ1(L

r(E,F ))
}
.

	 ���=� �� 6��� 
 U ∈ L+(E,F )
� ���6�

L r(E,F )
�
� ��
'���-�6��� ���

T
� � �6�+3 ����� � � �

U ′ � �
�6� B
�
� ��
'���-�6��� ���

T ′ �
³ �   ¶ �)��� �6� ��
 �6� �*" �8�$�'�*� ��"=� E ������� �+"F� ( �*�,��� � � .�.�� � 0

jE
� � �&���������

���
��������� � �
L r(E,E′′)

�
�[¨X¡/� ± � ;d¤X¡b�=�`� �r£�� �K³ � ¶ ± ¨X¡�£��H���;£�ª��`¡ ¦ ¤X©H�;�P�r�g¡��B�Q�`�r������£X� �`¡�¡�© ¡�«"¡�£d��;£�¬ ² ³ � � ¶ ¥S�r� ± ¨X�H¢B¨ �[�;£��r¢B¨ ©H�Q�E�`�H¢�¡b���`¨X¡ ¡/;d¤��;© � �=ª

Φ1

(
L r(E,F )

)
=

L r(E,F )
¨X�r©H¬X� ² �;�`¡
�;£�� ± ¡��`¡b¬ ¥S�r� AL �?�E���r¢�¡b���r��¥S�r© © � ± � ³ �E¡�¡ 3 � ² �[¨X¡�����`¡�« �64S¶���3�����Q���	�^~ � ��� � ��� �,��4 � � 0 �D�1�'������������� �)����3�


³ � ¶ � ��� E �'� �6�
AL

� �1.2�*"=� �6�+3
F
� � ��3'� � � �+3�"'����.��
����� 
 �6� �*" ���$�'�*� ��"=�

4 �����&�6�&��� 3'���
(������ � � �����
L r(E,F )

� ��� ���-�6� � �����
�'. ���-�'�#��� ��� �6� ��� 3'���
(������ �6�+3

Φi
(
L r(E,F )

)
= L r(E,F )

� ���
i = 1, 2, 3

�
³ � � ¶ � ��� E �6�+3

F
�'� 
 �6� �*" � �$�'�*� ��"=�9� �6�+3

F
� ��3'� � � �+3 "'����.��
�������

� �
Φ1

(
L r(E,F )

)
= L r(E,F ) 
 ������� E � �-�$�'�*� ��"=� � �-��� ���#.)����">�#� �6�

AL
�

�1.2�*"=���6�+3
F
� �Y�$�'�*� ��"=�
� �-��� ���#.)����"-�#� �6�

AM
� �1.2�*"=���

³ � � � ¶ � ���
E

�'� � � ��3'� � � �+3 "'����.��
����� 
 �6� �*" � �$�'�*� ��"=��� � �����
Φ1

(
L r(E)

)
= L r(E)

� � �6�+3 ����� � � �
E
� � ��������� �#3 � �����#�*�,��� �6�1�
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. ¡/¢��r£��E�H¬j¡��[£X� ± ¦ ¡�£X¡��B�;©g r¡b¢��`�r�\©H�Q�E�`�H¢�¡b� V (E,F )

�;¥3© � £X¡b�;�\�r�g¡��B�Q�`�r�B� ²� ³ �;¥$¢��r¤X�B�E¡ ² °�ª!¥I�;�P£X�;�h¢��r«"�X© ¡��`¡ ¶ © �H�=���;¥3�`¨X¡�« �H�[�X�`�Q ��H¬j¡b¬�� £83 2jµ;² � ® � �64w®�[¨X¡	£X¡=M��P�`¨X¡��r�`¡�« ¦ ¡�£X¡��B�;© � <�¡b�Y�`¨X¡/�`¡b�E¤X© �P�;¥ �[¨X¡��r�`¡�« 0[³ � ¶�®���3�����Q�����.~ � ���
E

�'� �6�
AL

� �1.2�*"=���6�+3
F
� 
 �6� �*" � �$�'�*� ��"=�&4 �����

��� 3'��� (������
0 < u ∈ F

� � ���
V (E,F )

�'� �% 6��"/�#��� �$�'�*� ��"=�������'. ���-�'�#�����
4 ����" � "'�����1�6� �#�5�6� � �-�6� � �1����� �'. ���-�'�#�����5��� � � �+3

f ⊗ u
� ���

f ∈ E′ � � �����
V (E,F )

./�6�F�9�9�F�9�9��� �-�6� � �1����� �'. ���-�'�#���������6����� 3'��� (������
�6�+3 
 �������=��� ���=��'�*" �
T ∈ V (E,F )

� � � �������������
�������������
V (E,F ) 
 �1����� Φi(V (E,F )

)
=

V (E,F )
� ���

i = 1, 2, 3
�

´3� £X� �`¡'�B�;£X¯"�;£�¬ ² � £����;�E�`�H¢�¤X©H�;� ² �B�;£X¯ �w�r£X¡��r�g¡��B�Q�`�r�B�F�;�`¡��;¥.�r¤j�B�=�B�;£�¬j� £ ¦� £d�`¡��`¡b�=� ® �[¨X¡�� �[�E� «"�X© ¡	�=�`�`¤�¢��`¤X�`¡h�r�`� ¦ � £��Q�`¡b�$�`¨X¡'�H¬j¡b���;¥3�E�r«"¡h© � £X¯"°g¡�� ± ¡�¡�£� �B�H��£X� �`¡�£X¡b�`�3�r�.�;£/�r�g¡��B�Q�`�r�K�;£�¬'�`¨X¡���£X� �`¡�£X¡b�`�.�;¥j� �B�3¢��r£��=�`� �`¤j�`¡b� ® �[¨X¡F«!�;� £�`¡b�E¤X© �B�	� £5�`¨X�H��¢��r£d�`¡=M����;�`¡!¢��r© © ¡b¢��`¡b¬ � £5�`¨X¡!£X¡=M���� ± �
�`¨X¡��r�`¡�«!� ³ �E¡�¡P3 2jµ;²�[¨X¡��r�`¡�«!� ��® µ���² ��® � �X² ��® ��µ=4S¶�®���3�����Q�����.~	� ���
E
�6�+3

F
�'��
 �6� �*" ���$�'�*� ��"=�9���

³ � ¶ � � F � � � ��3'� � � �+3�"'����.��
����� �6�+3 �������-�6� � �1����� �'. ���-�'�#���
T = f ⊗ v�'���,��� 01� �#�

L r(E,F )
�������

T
� � ��������� � �

L r(E,F )
� � �6�+3 ����� � � �

f ∈
Φ1(E

′)
�6�+3

v ∈ Φ1(F )
�

³ � � ¶ � ��� V (E,F )
�'� �  6��"/�#���-�$�'�*� ��"=����� �'. ���-�'�#����� 4 ����" � "'�����1�6� �#���6� �

�-�6� � �1�����5�'. ���-�'�#������� � � � ���>����� �)��� �6���'� ���
�����������
f ∈ E′ �6�+3 v ∈ F

�����
�-�6� � �1�������'. ���-�'�#���

f ⊗ v
� �
� ��������� ���
��������� � �

V (E,F )
�������

f ∈ Φ1(E
′)�6�+3

v ∈ Φ1(F )
�

�\¡�¥S�r�`¡§�=�B�Q�`� £ ¦ �`¨X¡c�`¨X¡��r�`¡�« �r£ ��£X� �`¡�£X¡b�`� �;¥A��£X� �`¡§�B�;£X¯��r�g¡��B�Q�`�r�B��`¡�«"¡�«�°g¡��Y�`¨X¡h¥S�r© © � ± � £ ¦ ¢�©H�r�`�E¡b�Y�;¥K© � £X¡b�;�\�r�g¡��B�Q�`�r�B� ² ± ¨X¡��`¡ E �H�[� �[�;£��r¢B¨©H�Q�E�`�H¢�¡/�;£�¬
X ² Y �;�`¡ �[�;£��r¢B¨
�E���r¢�¡b� ®

• � £��r�g¡��B�Q�`�r� T : E → Y
�H�h¢��;© © ¡b¬

AM
R���C6? �#@��=$ ³ �E¨X�r�E�`© ª ± �`� �E�`¡�£��r�

T ∈ AM(E,F ) ¶�² � ¥h¥S�r�"¡b�r¢B¨ a ∈ E
�`¨X¡��E¤X°��E¡��

T ({x ∈ E : |x| 6 a}) �H��`¡�©H�Q�`�  r¡�© ª�¢��r«"���r¢��P� £
Y ®

• � £��r�g¡��B�Q�`�r� T : X → Y
�H�h¢��;© © ¡b¬���C6? �#@��=$ ³ T ∈ K (E,F ) ¶�² � ¥$¡b�r¢B¨£X�r�`« °g�r¤X£�¬j¡b¬5�E¤X°��E¡��/�;¥

X
�H�	«!�;�X�g¡b¬ �r£d�`���
�`¡�©H�Q�`�  r¡�© ª�£X�r�`« ¢��r«"���r¢��

�E¤X°��E¡��P�;¥
Y ®

• � £ �r�g¡��B�Q�`�r� T : X → Y
�H�'¢��;© © ¡b¬	� &�@�
6J K���C6? �#@��=$ ³ T ∈ W (E,F ) ¶�²� ¥^¡b�r¢B¨
°g�r¤X£�¬j¡b¬!�E¤X°��E¡��F�;¥

X
�H�$«!�;�X�g¡b¬"�r£d�`�/�	�`¡�©H�Q�`�  r¡�© ª ± ¡b�;¯�© ª�¢��r«"���r¢���E¤X°��E¡��P�;¥

Y ®
• � £��r�g¡��B�Q�`�r� T : X → Y

�H�P¢��;© © ¡b¬�
��'!/Q=C6E��6R��L&=$�$�" O ³ T ∈ DP(E,F ) ¶�²± ¨X¡�£X¡� r¡�� xn → 0 ± ¡b�;¯�© ª�� £ X � «"�X© � ¡b� ‖Txn‖ → 0
� £
Y ®���3�����Q��� }��.~ � ���

E 
 F �'� 
 �6� �*" �>�$�'�*� ��"=�9� �6�+3
V (E,F )

�'� �  6��"/�#���
�$�'�*� ��"=� ���+�'. ���-�'�#������� � ���

f1, . . . , fn
�'� ���������L���
����������� � �

E′ �6�+3 v1, . . . , vn
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����������� µ�� �
���������P���
�����������A� �

F
� � ����� ����� �'. ���-�'�#���

T =
∑n

i=1 fi ⊗ vi
� � � ���������

���
��������� � �
³ � ¶ V (E,F ) = K (E,F ) ∩ L r(E,F ) 
 � � E � � �6�

AL
� �1.2�*"=�
�6�+3

F
� ���

��� 3'����"'����� � �)(*�*( � �)���F���
³ � � ¶ V (E,F ) = W (E,F ) 
 � � E � ���6�

AL
� �1.2�*"=� �6�+3

F
� � �

KB
� �1.2�*"=� 
��� � �

E′ � � � KB � �1.2�*"=� �6�+3 F � � �&� ��3'� � � �+3 "'����.��
�����
AM

� �1.2�*"=� 4 �����
��� 3'��� (��������
³ � � � ¶ V (E,F ) = AM(E,F ) ∩ L r(E,F ) 
 � � F � ������� 3'��� "'����� � �)(*�*( �

�)���F���
³ �   ¶ V (E,F ) = DP (E,F ) ∩ L r(E,F ) 
 � � E � ��� ��� 3'��� "'����� � �)(*�*( �

�)���F� �6�+3
F
� � �6�

AL
� �1.2�*"=���

´X�`�r« �[¨X¡��r�`¡�« 0[³ � � ¶ � ���H� �E¡�¡�£��`¨��Q�­�`¨X¡ ¢��r£�¬j� �`� �r£ V (E,F ) =
Φ1(V (E,F ))

¨��r�$�=�`�`�r£ ¦ ¢��r£��E¡/;d¤X¡�£�¢�¡b�3¥S�r�$°g�;�`¨ �[�;£��r¢B¨�©H�Q�E�`�H¢�¡b� E �;£�¬ F ®� ± ���;�`¨X¡����E� �`¤��Q�`� �r£��	¥S�r���[�;£��r¢B¨ ©H�Q�E�`�H¢�¡b� E �;£�¬ F �;�`¡"�X�`�Q ��H¬j¡b¬ � £5�`¨X¡£X¡=M��P�`¨X¡��r�`¡�« ®���3�����Q��� }g}g~ � ���
� ��� �,��4 � � 0A�D�1�'������������� �)����3�

³ � ¶ � � Φ1(L

r(E,F )) = L r(E,F )
�6�+3

E
� ���6� �'�#���>��" 
 �6� �*" �I�$�'�*� ��"=�

4 ����� ��� 3'��� "'����� � �)(*�*( ���)���F� 
 ������� E � � �$�'�*� ��"=��� �-��� ���#.)����"Y�#���6�
AL

� �1.2�*"=�
�6�+3

F
� �Y�$�'�*� ��"=�
� �-��� ���#.)����"-�#� �6�

AM
� �1.2�*"=���

³ � � ¶ � � Φ1(K (E,F )) = K (E,F )
�6�+3

F
� � �6�

AM
� �1.2�*"=� �������

E
� �

� �-��� ���#.)����"-�#� �6�
AL

� �1.2�*"=���

K~$�^~����g�3�I�I�3���j�����Y�d�Q�j�b���Q�r~ �[¨X¡"�=�`¤�¬jª��;¥\£X�r£X© � £X¡b�;�'«!�;���'°g¡�� ± ¡�¡�£ r¡b¢��`�r�
©H�Q�E�`�H¢�¡b�"¨��r�
� �B�
°��r¢B¯ ¦ �`�r¤X£�¬N� £ £X�r£X© � £X¡b�;�
� £d�`¡ ¦ �B�;©[�r�g¡��B�Q�`�r�B� ³ �E¡�¡¡ ®E¦�® 3 �/4S¶�® �[¨X¡h� £d�`¡��`¡b�=�`� £ ¦ ¢�©H�r�`�F�;¥^£X�r£X© � £X¡b�;� ² �r�B¬j¡��F°g�r¤X£�¬j¡b¬ ² �r�E�`¨X� ¦ �r£��;© © ª�r¬X¬j� �`�  r¡	�r�g¡��B�Q�`�r�B�Y°g¡�� ± ¡�¡�£�� ± �" r¡b¢��`�r�[©H�Q�E�`�H¢�¡b� E �;£�¬ F ² ¢��;© © ¡b¬
�;°��=�`�B�r¢��!��`ªj�E�r£c�r�g¡��B�Q�`�r�B� ² ± �r��� £d�`�`�j¬j¤�¢�¡b¬§�;£�¬§�=�`¤�¬j� ¡b¬c� £ µ/� ��� °�ª ,���<���r£§�;£�¬

� ¡ ¦ ¤X�B��¬j¡ :.¡���r£ 3 µ��X²^µ��/4w® :K�Q�`¡��\�`¨X¡b�E¡	�r�g¡��B�Q�`�r�B� ± ¡��`¡	¬j¡=��£X¡b¬
�;£�¬
�=�`¤�¬j� ¡b¬�r£
©H�Q�E�`�H¢�¡=�w£X�r�`«"¡b¬
�E���r¢�¡b�\°�ª	�	¤��E�B�;¡� ��;£�¬ �F© � ¡� �� £ 3 0�² �j².µ���4w®
• � £��r�g¡��B�Q�`�r� T : E → F

�H��¢��;© © ¡b¬��;£ @�
9O9$�EF@��=$
��E9K�ODC6!8C��#&=EF@6$�C6E ² � ¥ T�H�[�r�E�`¨X� ¦ �r£��;© © ª!�r¬X¬j� �`�  r¡����;£�¬ T �H�[�r�B¬j¡��P°g�r¤X£�¬j¡b¬ ®�[¨X¡
¢��r© © ¡b¢��`� �r£��;¥Y�;© ©3�;°��=�`�B�r¢�� !��`ªj�E�r£��r�g¡��B�Q�`�r�B�\¥S�r�`«
E
�`�
F ± � © ©3°g¡¬j¡�£X�;�`¡b¬
°�ª

U (E,F ) ® Uw¥ F = R
�`¨X¡�£��;£!¡�© ¡�«"¡�£d�

f ∈ U (E,R)
�H�Y¢��;© © ¡b¬"�;£

@�
9O9$�EF@��=$���E9K�ODC6!IQ��'! �=$�" C6!�@6J ® �[¨X¡����;�E�`�H�;©Y�r�B¬j¡����H��� £d�`�`�j¬j¤�¢�¡b¬N�r�/¥S�r© © � ± � �
S 6 T ± ¨X¡�£X¡� r¡�� T − S

�H�"�g�d�E� �`�  r¡
�r�g¡��B�Q�`�r� ² � ® ¡ ® (T − S)(x) > 0
¥S�r�

�;© ©
x ∈ E ³ ¢�¥ ® ± � �`¨x�`¨X¡�¥S���;�`£X�;�`¡��Q����� ¦ ¡ µ�� 2r¶�® U?£ 3 µ��64w² � £­���;�E�`�H¢�¤X©H�;� ²� ���H�"�X�`�Q r¡b¬N�`¨��Q�

U (E,F )
�H�!� G ¡b¬j¡�¯�� £�¬x¢��r«"�X© ¡��`¡� r¡b¢��`�r�"©H�Q�E�`�H¢�¡�� ¥ F�H� G ¡b¬j¡�¯�� £�¬­¢��r«"�X© ¡��`¡ ® ´3� £X� �`¡ ¡�© ¡�«"¡�£d�B��� £ �E�r«"¡ �E�g¡b¢��H�;©h r¡b¢��`�r��©H�Q�E�`�H¢�¡b�

��� G9:�G
T (x+ y) = T (x) + T (y)

JKL7:=27:?_�:=R
x, y ∈ E

MBRI:$Z74 6 ½I@�4 2�>K:=U :=OP:=2�>96EG



µ���� � ���'���
	���
��
�;¥ !��`ªj�E�r£ �r�g¡��B�Q�`�r�B� ± ¡��`¡ ���B�=���=�`¤�¬j� ¡b¬ � £ 3 µ���4w® :.¡�� E ² F °g¡"� ± �� r¡b¢��`�r�©H�Q�E�`�H¢�¡b� ®�[¨X¡h¥S�r�`«�¤X©H�Q�`� �r£��;¥.�`¨X¡'£X¡=M��P�`¡b�E¤X© �B�Y�`¡/;d¤X� �`¡b�F�`¨X¡'£X�;�`� �r£��;¥

σ
�w©H�Q�`¡��B�;© © ª

¢��r£d�`� £�¤X� �=ª ® � �E¡/;d¤X¡�£�¢�¡ (xn)n∈N

� £c�� r¡b¢��`�r�/©H�Q�E�`�H¢�¡
E
�H��¢��;© © ¡b¬ J @6$�&=EF@6J%J K

��C6!��6&=E�T�"%!1T!�`���`¨X¡	¡�© ¡�«"¡�£d�
x ∈ E ² ± �`� �E�`¡�£��r� xn lat−→ x ² � ¥�� xn v xm v x¥S�r���;© ©

n < m
�;£�¬

xn
(o)−→ x ®

• � £ �r�E�`¨X� ¦ �r£��;© © ª
�r¬X¬j� �`�  r¡
�r�g¡��B�Q�`�r� T : E → F
�H�	¢��;© © ¡b¬

σ
R�J @6$�&=EF@6J%J K

��C6!#$�"%! �#C �1OP� ¥
xn

lat−→ x
� «"�X© � ¡b�

Txn
(o)−→ Tx ® �[¨X¡
 r¡b¢��`�r�'�E���r¢�¡��;¥\�;© © σ �©H�Q�`¡��B�;© © ª�¢��r£d�`� £�¤X�r¤��h�;°��=�`�B�r¢���!��`ªj�E�r£��r�g¡��B�Q�`�r�B�P¥S�`�r«

E
�`�
F
�H�'¬j¡�£X�;�`¡b¬°�ª

Uσc(E,F )
�;£�¬��H���
�X�`��N=¡b¢��`� �r£�°��;£�¬
� £

U (E,F ) ®���3�����Q��� }��^~ � ���
E

�'� �  6��"/�#��� �$�'�*� ��"=��4 ����� ����� .)�'� 
=��"/� �,���
.)�'�'. ���/� � �6�+3 �
���

ϕ ∈ Φ1(Uσc(E,R))
� � ����� �������=� ���'� �D���!� ���������

3 � �����#�*�,��� �6��.)�'� 
=��"/� �,��� ���6�+3
M

0��������-�'����3 � � �
(
���������

)
�)(�� �'��� ���

� (�� ( �6� � � 3 � � 
'��� ��� �'�#���A�
� �
E 
 � ( " � ��� �'� ϕ(x) = 0

� ��� �� 6��� �
x ∈ M⊥ =

{x ∈ E : |x| ∧ |y| � ���
�6� � y ∈ M} ��[¨X¡[¬j¡b�`¢��`� �j�`� �r£��;¥X�`¨X¡ ��£X� �`¡\¡�© ¡�«"¡�£d�B�K� £
��«"�r�`¡ ¦ ¡�£X¡��B�;©d�E� �`¤��Q�`� �r£
�E¤�¢B¨�r�
Φ1(Uσc(E,F ))

�r�P¡� r¡�£
Φ1(U (E,F ))

¨��r�[£X�;�Pªr¡���°g¡�¡�£�¬j�r£X¡ ®´X�r�P�B�;£X¯ �w�r£X¡'�r�g¡��B�Q�`�r�B�\�r£X¡	¨��r�\�`¨X¡	¥S�r© © � ± � £ ¦ �`¡b�E¤X© � ®���3�����Q��� } �.~ � ���
E,F

�'�
 6��"/�#��� �$�'�*� ��"=�9� 4 �����
F
� ��3'� � � �+3 "'����.��
�����

�6�+3
F∼ �9� .2���-�'���9�-����� ./��� ����� ���

F
� � ���

ϕ ⊗ u ∈ U (E,F )
�'��� �-�6� � �1�����

�'. ���-�'�#��� � ��� �-�����
ϕ ∈ U (E,R)

�6�+3
u ∈ F

� � �
ϕ⊗u ∈ Φ1(U (E,F ))

�������
ϕ ∈ Φ1

(
U (E,R)

) �6�+3
u ∈ Φ1(F )

�
.�¨X� ©H�=�c¥S�r�5�`¨X¡�© � £X¡b�;�c¢��r�E¡ �`¨X¡�� £� r¡��B�E¡x�=�B�Q�`¡�«"¡�£d�§�;©H�E��¨X�r©H¬X� ³ �E¡�¡�[¨X¡��r�`¡�« ��³ � ¶E¶�² �`¨X¡ ;d¤X¡b�=�`� �r£ ² ± ¨X¡��`¨X¡��N�`¨X¡ �=�B�Q�`¡�«"¡�£d�c�H�5�`�`¤X¡�� £o�`¨X¡£X�r£X© � £X¡b�;�P¢��r�E¡ ² �H���=�`� © ©^�r�g¡�£ ®

�^~T���3� �^�T�X�r���g�����I��� �	�.�I�c�X��
��3���X�I�
�X�3�x�b�3���\���Y�g�I�
�g�I�r�X� ���3�j�Q�X�;�b�d�Q���r�j�b�I�g�­�g���P�I�3�S�b���'�I���c���e�b�
.�¨X¡�£	�`¨X¡$¥S�r�`«�¤X©H�r� ³=µ7¶ �;£�¬ ³�2r¶ ± ¡��`¡$¬j¡� r¡�© �r�g¡b¬h�`¨X¡F�r�`� ¦ � £��;©7�`�r�g�r© � ¦ �H¢��;©°��r¢B¯ ¦ �`�r¤X£�¬��;¥T����£X� �`¡	¥S¤X£�¢��`� �r£ ² £��;«"¡�© ª��`¨X¡�¢��r«"���r¢��`£X¡b�`�[�;¥T� �B�P�E¤X�X�g�r�E� ²�E¡�¡�«"� £ ¦ © ª ¦ �;�P© �d�=� ®
� � �������=��� �����& 6��"/�#���L�$�'�*� ��"=�

E
�>� (����1���6�
���#�'./���,��0 ��"-�6���1.2�*"=� � ( " � ��� �'�

�#� �'�*" �5���������Y���
��������� ���
E
� �=�'���-��� ���6�
� "'����.2�*"/��� ( ���9��� "-�6�&�'� ���F�*� 0 ����3 6�[¨X¡'�E���r¢�¡h�;¥K�;© ©g«!�6Mj� «!�;©��H¬j¡b�;©H� ± � © ©g�B�;¯r¡��Q r¡��$�`¨X�H�\�`�r© ¡ ® U?£!�`¨X¡	¢��r¤X�B�E¡�;¥����`�r�g�r© � ¦ �H¢��;©!¢B¨��;�B�r¢��`¡��`� <b�Q�`� �r£ �;¥ ��£X� �`¡­¡�© ¡�«"¡�£d�B�5�`¨X¡­¢��r«"���r¢��`£X¡b�`�

� ¼ @�R^>{J^@[:=U :=OP:=2�>96
y, z ∈ E

>9L7:F27@B>94 @�2
y v z
OP:EMB276^>9LQM`> |y| ∧ |z − y| = 0

G



��� �������
	��
����������� µ��10
± � © ©P�;�X�g¡b�;�!� ¦ �;� £§�r���`¨X¡�¢��r«"���r¢��`£X¡b�`���;¥'�;£ �;°��=�`�B�r¢��"�E¤X�X�g�r�E�"�;¥h�`¨X�d�E¡¡�© ¡�«"¡�£d�B� ®Uw¥\�`¨X¡!�E¡����;¥[�;© ©T«!�6Mj� «!�;©$�H¬j¡b�;©H�

M(E) ³ �E¨X�r�E�`© ª ± �`� �E�`¡�£5�r� M ¶ �;¥P�;£� �B¢B¨X� «"¡b¬j¡b�;£ �B�r¬j�H¢��;© �9¥S�`¡�¡��
 r¡b¢��`�r�!©H�Q�E�`�H¢�¡
E
�H�!¡/;d¤X� �X�g¡b¬ ± � �`¨x�`¨X¡�¨�¤X© © �¯r¡��`£X¡�©e�`�r�g�r© � ¦ ª τhk �`¨X¡�£ (M, τhk)

°g¡b¢��r«"¡b���A(h�;¤��`¬j�r�*) �E���r¢�¡�� ® ´X�r�h�;£�ª
x ∈ E

�`¨X¡h¢�© �d�E¤X�`¡P� £
M
�;¥e�`¨X¡

τhk
�w�r�g¡�£����E¡��

Gx = {M ∈ M(E) : x /∈M}�H�$¬j¡�£X�;�`¡b¬�°�ª
suppM(x)

�;£�¬
¢��;© © ¡b¬��`¨X¡ @�
9O9$�EF@��=$7O*� � �#C6E9$3�;¥g�`¨X¡[¡�© ¡�«"¡�£d�
x ®´X¤X�E�`¨X¡��P�r£��`¨X¡/� «"�g�r�E�B�;£d�h�E¤X°��E¡��P�;¥

M

MΦ(E) =
⋃

ϕ∈Φ1(E)

Gϕ =
{
M ∈ M(E) : ∃ϕ ∈ Φ1(E), ϕ /∈M

}

± � © ©X°g¡P¤��E¡b¬�¥S�r�$�r¤X�T�`�r�g�r© � ¦ �H¢��;©j¢B¨��;�B�r¢��`¡��`� <b�Q�`� �r£��;¥g�`�;�B�;© © ª ��£X� �`¡P¡�© ¡�«"¡�£d�B��r� ± ¡�© ©r�r�^� £ � ¡b¢��`� �r£ 0 ¥S�r�.�`¡��X�`¡b�E¡�£d�B�Q�`� �r£'�;¥� r¡b¢��`�r�.©H�Q�E�`�H¢�¡b� ± � �`¨��E¤ 7�¢�� ¡�£d�`© ª«!�;£�ª ��£X� �`¡\¡�© ¡�«"¡�£d�B� ® ��¡=M�� ± ¡Y�X�`�Q ��H¬j¡F�`¨X¡Y�`�r�g�r© � ¦ �H¢��;©d¢B¨��;�B�r¢��`¡��`� <b�Q�`� �r£	�;¥�;© ©X¯�� £�¬!�;¥+��£X� �`¡h¡�© ¡�«"¡�£d�B�F�;¥.�	�B�r¬j�H¢��;© �9¥S�`¡�¡ � �B¢B¨X� «"¡b¬j¡b�;£" r¡b¢��`�r�F©H�Q�E�`�H¢�¡
E ®���3�����Q��� } 
 3 µ��X²Kµrµ;²3µ/��4 ~ � � ���-�*3 ��"-�6���,�$�=�D�� 6��"/�#��� �$�'�*� ��"=� E ����� � �����

�,�*4 � � 0 ���F�9���/� �,���#� �)����3�

³ � ¶ � �8���
��������� ϕ ∈ E

� �
���������-� � �6�+3&����� � � �
suppM(x)

� � � "'����.2�*"/�
� ( ���9��� ���

M(E)
�

³ � � ¶ � � ���
��������� z ∈ E+
� ���6�

E
�
� ��
'���-�6��� ���
���������������A���
���������

ϕ
� �

�6�+3 ����� � � �
suppM(ϕ) ⊆ Gz

�
³ � � � ¶ � � ���
��������� ϕ � � �#�1�1�6� � � ��������� � � �6�+3 ����� �>� � suppM(ϕ)

� � "'����.2�*"/�
�6�+3

suppM(ϕ) ⊆ MΦ(E)
�

³ �   ¶ 	 �*" �8�#�1�1�6� � � ��������� ���
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�;£�¬

(Gψ)ϕ∈Φ2(E)
�;�`¡$°��r�E¡b�^�;¥d�`¨X¡F�`�r�g���
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³ ��¶ MΦ
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x⊥Φ1(E)
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C > 0,�E¤�¢B¨��`¨��Q� |x| 6 Cen�H�P�`�Q�`�H� ��¡b¬
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�;¥$�=ª��g¡ ³ Σ ¶ �`¨X¡�£��`¨X¡¢��r£�¬j� �`� �r£�� ³ � ¶ �;£�¬ ³ � � ¶ �;¥��`¨X¡Y�X�`¡� �� �r¤��^���;�E�.�`� ¦ ¡��`¨X¡�� ± � �`¨	�`¨X¡\¢��r«"�X© ¡��`¡�£X¡b�`��;¥
Φ1(E)

� £
E
� «"�X© ª��`¨��Q�$�`¨X¡h�E���r¢�¡

M(E)
�H�$© �j¢��;© © ª�¢��r«"���r¢��Y�;£�¬

σ
�?¢��r«��

���r¢�� ®
�^~����d�3�Q���b���e�b�j�b�I�g�3�"�g�[�/���;�b���
�Y�j���b�I�r���

���g�e�b�X�I�3�I� �5�P�I�3�S�b���'�I���c���e�b�
�[¨X¡/©H�r�=� ;d¤X¡b�=�`� �r£ ± ¨X�H¢B¨ ± � © ©.°g¡�¬j¡b�;© � ± � �`¨��H�[�`¨X¡	¥S�r© © � ± � £ ¦ �� � ����� "'���+"=� . � ��� ��������� ���
����������� �����9��3%��� � ���F� (��$� ³�2r¶ � �+3'�D��3 �����

� .�.)�'�'.)�F�$�'��� 0��������-�6� � ���'� �,��� ��� ���������5�#(��+"/� �,���#� � �#�-����������� �=� .)�=�9�9�����1�'� �,���#�
��� �����D���-�*"/�  6��"/�#���
�$�'�*� ��"=�9��"'�����1�6� ��� � 0 �)�������F�  ��$�6� �������������
����������� ���F�*� 0 � �
���������
�#(��+"/� �,���8�#�>�'�*" � ��������� ���
��������� 6� EF& ��EF&9OD&=!#$�@6$�" C6! C Q @ �6& �=$�C6E>J @6$�$�" ��&

E
�H�/�
���;� �

(E(Q), i)
¢��r£��E�H�=�`� £ ¦�;¥��N r¡b¢��`�r��©H�Q�E�`�H¢�¡

E(Q)
�;¥�¢��r£d�`� £�¤X�r¤��!¥S¤X£�¢��`� �r£����r£ �E�r«"¡��`�r�g�r© � ¦ �H¢��;©(h�;¤��`¬j�r�*)
�E���r¢�¡

Q
�;£�¬/�P r¡b¢��`�r�.©H�Q�E�`�H¢�¡F�H�E�r«"�r�`�X¨X�H�E«!�

i
¥S�`�r«

E
�r£d�`�

E(Q) ®



��� �������
	��
����������� µ�� �
� «"�r�`¡ ;d¤��;© � ��¡b¬��`¡��X�`¡b�E¡�£d�B�Q�`� �r£
�E¨X�r¤X©H¬
¡=Mj¨X� °X� �P�`¨X¡	¥S�r© © � ± � £ ¦ £��Q�`¤X�B�;©�X�`�r�g¡��E�`� ¡b� �
�
¥S�r�h�;£�ª

t ∈ Q
�`¨X¡��`¡	�H����¥S¤X£�¢��`� �r£

x ∈ E(Q)
�E¤�¢B¨��`¨��Q�

x(t) 6= 0 �
�
�;£�ªA��£X� �`¡/¡�© ¡�«"¡�£d��� £

E(Q)
�H�P� ��£X� �`¡/¥S¤X£�¢��`� �r£ ³ ¢��r£�¬j� �`� �r£ ³ Φ ¶E¶��

�
�`¨X¡��E¡��

K (Q) ∩ E(Q)
�=�`�`�r£ ¦ © ª
�E¡����;�B�Q�`¡b�Y�`¨X¡��g�r� £d�B�P�;¥ Q ³ ¢��r£�¬j� �`� ��r£ ³ α ¶E¶�®

� ¤�¢B¨��!�`¡��X�`¡b�E¡�£d�B�Q�`� �r£
�H�h¢��;© © ¡b¬�� Φα R�EF& ��EF&9OD&=!#$�@6$�" C6! ® Uw¥$°g�;�`¨ ¢��r£�¬j� �`� ��r£�� ³ Φ ¶ �;£�¬ ³ α ¶ �;�`¡
�`�Q�`�H� ��¡b¬�¥S�r�	�� r¡b¢��`�r�h©H�Q�E�`�H¢�¡ E(Q) ⊂ C(Q)
�`¨X¡�£

Q�H�[¨X�r«"¡��r«"�r�`�X¨X�H¢��`�
MΦ
�;£�¬

Φ1

(
E(Q)

)
= K (Q) ∩ E(Q) ®´X�r�	 r¡b¢��`�r�'©H�Q�E�`�H¢�¡b�	�;¥F�=ª��g¡

(Σ)
�`¨X¡"¡=Mj�H�=�`¡�£�¢�¡
�;¥[�

Φα
�w�`¡��X�`¡b�E¡�£d�B�Q�`� �r£

�H� ¦ ¤��;�B�;£d�`¡�¡b¬�°�ª���3�����Q��� } � 3 �64 ~�� ��� E �'� �% 6��"/�#���A�$�'�*� ��"=������� � . �
(Σ)

� �)��� �����
���'� �D�����+"=�5��� �

Φα
�,�=� .)�=�9�9�����1�'� �,���

(E(Q), i)
���
E
��� �

σ
�#"'����.2�*"/� �,� "-�6� � �

"'����.2�*"/�H�1.2�*"=�
Q
���H� ��� (�� "F�
����� �6�+3-� � "-���9� ��� (���� � ���F� "'����.��
���������9�F� ���

E�6� �-� ����"=�9�F����� �A��� �'�+�
�9��� (1���+"=�
(ϕn)n∈N

������������� ���
����������� ���'� �D����� �
E
� ( " �

��� �'�
M(E) =

∞⋃

n=1

Gϕn
.

Uw�$�H�$¢�© ¡b�;�K�`¨��Q�$¤X£�¬j¡��T�`¨X¡P¢��r£�¬j� �`� �r£��3�;¥��`¨X¡\�`¨X¡��r�`¡�« �r£X¡\¨��r�
MΦ(E) =

M(E) ®+� � ² ¡� r¡�£ Q �;£�¬ M(E)
�;�`¡'¨X�r«"¡��r«"�r�`�X¨X�H¢ ®
�����w�d�Q���3�r���

# G��	��
���
	����� ����
���
������������32 8 274 >9:':=U :=OP:=2�>96[4 2!_�:=<?>9@�RPU M`>I>94 <=:=6�MB27Z�v^MB2QMB<wLU M`>I>94 <=:=6 Å Å�� M`>9LdG� 3MB<wL7R=G ! Ã�"�"�# G !%$g@�UHG Ã'&�( D*),+.- # G ! Ç G*/ ( +.-�+ "b# GÃ G��	��
���
	����� �0��
���
��1�������'�32 8 274 >9:.:=U :=OP:=2�>96X4 2\69C7]7U M`>I>94 <=:=6g@BAdv^MB2QMB<wLPU M`>I>94 <=:=6 Å Å
� M`>9LdG� 3MB<wL7R=G ! Ã�"�"'& G !%$g@�UHG Ã�Ä�" D*),+.- # G ! Ç G*/ Ä +.-2/ ( /7G

3 G��	��
��4
	�5��� �6��
���
��7���8���8�32 8 274 >9:P:=U :=OP:=2�>96Y4 2�U M`>I>94 <=:=6\RI:=W�C7U MBRY@�8;:=R9M`>9@�RI6 Å ÅÇ @�694 >94 _b4 >{V�G ! Ã�"�"'& G !%$g@�UHG #�# G ! Ç G9+ # 3 -�+ & /7G
/7G7:<;=�*��>?� ��:<;=�*��@0� �A��
���
��B�������2�32\69@�OP:e_�:=<?>9@�ReU M`>I>94 <=:=6g@BAd@�8;:=R9M`>9@�RI6.MB27Z\>9L7:=4 R
8 274 >9:F:=U :=OP:=2�>96 Å Å\Ç @�694 >94 _b4 >{V�G ! Ã�"�"�Ä G !%$g@�UHG #EÃ G ! Ç G*/ Ä +.-2/ ( /7G

+bG7C<��;=DE��F=DG
�H�I DEJ2K LM���ON�� ��
A;�����
 LEJ2F�P8�QP8� ��POR�D.S K H�I �*K J2F�TVUO�6W�� �?@*F���F=H 
=T=DEJ2K LXP8�QUO�
� 2�>9:=W�R9MBU��38;:=R9M`>9@�RI634 2ZY�8QMB<=:=6K@BA�Y�C7OPO�MB]7U : ¼ C727<?>94 @�276EG !�[�:=4 Z7:=2A\� K@�@�RIZ7L7@�] � 2�>EGÇ C7]7UHG D #.('&�# G !7+ Ã�" 8dG

# G7C�R�DE��;�
=T^N��7_��F¿3@�OP4 2QM`>9:=Z`�38;:=R9M`>9@�RI6EG ![¿3@�RIZ7RI:=<wL�>a-bve@�6I>9@�22-2[�@�27ZQ@�2A\cbTU C�J^:=R1.<EMBZdG Ç C7]7UHG D Ã�"�"�" G !�/�/'+[8dG
& G7C�R�DE��;�
=TQN��*_�� ��P	H K 
=TQ���=N��'�3RS>9L7@�W�@�2QMBU U V�MBZ7Z74 >94 _�:.@�8;:=R9M`>9@�RI6^@�2[U M`>I>94 <=:?z{27@�RIOP:=Z698QMB<=:=6 Å Å $TU MBZ74 fBM=_bfBM�d � M`>9LdG9e7G ! #.(�(�( G !%) 3 G ! Ç G 3�3 -2/ 3 GÄ G7C�R�DE��;�
=TfN��B_�� �1P	H K 
=Tf���8N��5g�:EMBf"4 2�>9:=W�R9MBUKRI:=87RI:=69:=2�>wM`>94 @�2
@BAK>9L7:'Z7@�OP4 2QM`>9:=Z@�RS>9L7@�W�@�2QMBU U V MBZ7Z74 >94 _�:§@�8;:=R9M`>9@�RI6 Å Å $TU MBZ74 fBM=_bfBM�d � M`>9LdGXe7G ! #.(�(�( G !%)h/7G !Ç G Ã�Ã - 3 ( G



µ60�� � ���'���
	���
��
( G��M;=J�;=��F����<����� �8��
���
��6���*�32P>9L7:TRI:=87RI:=69:=2�>wM`>94 @�2/@BA�_�:=<?>9@�RKU M`>I>94 <=:=6 � Å Å%� M`>9LdG 3MB<wL7R=G ! #.('& /7G !%$g@�UHG #�" G ! Ç G Ã�Äb# - Ã�(�# G !����.C769694 MB2	�wG#." G��M;=J�;=��F��
�<����� �0��
���
��1������4 274 W�:.|K2�>9:=RI69C7<wL�C727W�:=2hZ7:=6
�KMBC7OP:=6�Z7:=R�O�M`yb4 O�MBU :=2
� Z7:EMBU :h:=4 27:=6?$T:=f�>9@�RS_�:=RI]QMB27Z7:=6�OP4 >YÂK4 U A : 8 274 >9:=R���U :=OP:=2�>9: � Å Åc� M`>9LdG� 3MB<wL7R=G !#.('&�& G !%$g@�UHG &�( G ! Ç G #�# +.- # 3 " G#�# G��M;=J�;=��F��
�<����� �0��
���
��1������4 274 W�:.|K2�>9:=RI69C7<wL�C727W�:=2hZ7:=6
�KMBC7OP:=6�Z7:=R�O�M`yb4 O�MBU :=2
� Z7:EMBU :[:=4 27:=6<$T:=f�>9@�RS_�:=RI]QMB27Z7:=6[OP4 >TÂK4 U A : 8 274 >9:=R���U :=OP:=2�>9: � � Å Å�� M`>9LdG5 3MB<wL7R=G !#.('&�& G !%$g@�UHG Ä�" G ! Ç G #�# +.- #EÃ +bG#EÃ G��M;=J�;=��F����<�*��� �	��
���
��<��� È|K];:=R.Z74 :��.:EMBU 4 694 :=RIC727W\_�@�2�$T:=f�>9@�RS_�:=RI]dÈMB27Z7:=2 � � � Å Å
� M`>9LdG� 3MB<wL7R=G ! #.('&BÄ G !%$g@�UHG Ä�# G ! Ç G & - # /7G# 3 G��M;=H K ��F���DEJ2KQ:?� ����
���
������������32 8 274 >9:':=U :=OP:=2�>96P4 2

f
zSMBU W�:=]7R9MB6hMB27Z�87RI@�Z7C7<?>MBU W�:=]7R9MB6 Å Å\Ç @�694 >94 _b4 >{V�G ! Ã�"b# 3 G !%$g@�UHG #=& G ! Ç G Äb#.( - Ä / " G# /7G��M;����F=���*�*��� �9@0�*@*
���R���;��*
<�8
��F=�5�9�3RIZ7:=R.];@�C727Z7:=Z'@�RS>9L7@�W�@�2QMBU U V	MBZ7Z74 >94 _�:T@�8;:=R9M`z>9@�RI6 Å Å �.:?_rG	�.@�C7O�MB4 27: � M`>9LdG Ç C7RI:=6K138787UHG ! #.(�(�" G !%$g@�UHG 3 +bD�) /7G ! Ç G 3 Ã�( - 3 + 3 G# +bG��M;����F=���*�8��� ��@*
���R���;��*
 �8
��F=�4@�|KRSVb69@�2"@�8;:=R9M`>9@�RI6 Å Å �.:?_rG��.@�C7O�MB4 27: � M`>9LdGÇ C7RI:=63138787UHG ! #.(�(�" G !%$g@�UHG 3 +bD*),+bG ! Ç G*/ 3 # -2/�/ ( G#.# G7P	H K 
=T����*N��Q|KRSVb69@�2	@�8;:=R9M`>9@�RI6$@�2h>9L7:Y698QMB<=:=6KJK4 >9L'OP4 yb:=Z'27@�RIO Å Å $TU MBZ74 fBM=_bfBM�d

� M`>9LdG�e7G ! Ã�"�"'& G !%) 3 G ! Ç G*/ & -�+ & G#=& G7P	H K 
=T����AN�� �O��
���
������5����¿34 6 ½I@�4 2�>927:=696YMB27Z��3RIZ7:=R Ç RI@B½I:=<?>94 @�276Y4 2�>9L7:7$g:=<?>9@�R
[jM`>I>94 <=:=63@BA�13]76I>9R9MB<?>T|KRSVb69@�2f�38;:=R9M`>9@�RI6EG ![MBR! 34 _0\ # + "'& G "'& 3 &BÃ G#EÄ G7P	H K 
=T<���=N�� �0��
���
���������� ¼ 4 274 >9:"��U :=OP:=2�>96X4 27Y�@�OP:1$g:=<?>9@�R�[jM`>I>94 <=:K@BA0 K@�27U 4 27:EMBR
�38;:=R9M`>9@�RI6EG ![MBR! 34 _0\ # + "�Ä G " 3 (�Ä /7G#.( G�#0
�K $ ��
�� SBC�� ����
���
��<���*���9�32h69:=U A z{O�M`½I@�RI4 d=4 27WF:=U :=OP:=2�>96.4 2h13RI<wL74 OP:=Z7:EMB2h_�:=<?>9@�RU M`>I>94 <=:=6 Å Å\Ç @�694 >94 _b4 >{V�G ! Ã�"b# /7G !%$g@�UHG #EÄ G ! Ç G Ä�Ã 3 - Ä 3 & GÃ�" GZ��
���
������A���5�32 8 274 >9:PMB27Z�>9@B>wMBU U V 8 274 >9:[:=U :=OP:=2�>96$4 2/_�:=<?>9@�RYU M`>I>94 <=:=6 Å Å 132QMBUHG
� M`>9LdG ! #.(�( +bG !%$g@�UHG Ãb# G ! Ç G Ã 3 & - Ã /�/7GÃb# GZ��
���
��1���'��� ¼ 4 274 >9:"��U :=OP:=2�>96�4 2%$g:=<?>9@�R�[jM`>I>94 <=:=6EG ![ve:=RIU 4 22-bve@�6I>9@�2A\'g G�Z7: À RICbV�z>9:=R À O\]QÂFD Ã�"b# /7G

%'&)(*&)+-,
.0/1+�2	3 46573 8:9	/1+	;¿3RI:=69Z7:=2/|K274 _�:=RI694 >{Vh@BAXaj:=<wL727@�U @�WBV
"b#."�#�Ã ¿3RI:=69Z7:=2dD À :=RIO�MB2�V
�Xz{O�MB4 U \�<*=�>�?*@BA�C DFE�GFE�>IH�?�J:KML�>IEFNOLIE�A�C�LFE



��� �������
	��
����������� µ60�µ
�������������	�
���
�����������

C(R)
���������������	�
���������������

�
���������������	������ !������"��

��#%$&#%'I, ® � ®
(*),+.-�/1032405-36 !87 2405-9/;:�2405<>=�?3@3A1?3BC6DA1E3)1/105FD<HG�BD)1A,IJ+.-J032405?3E�?9K*6DFD6D05FD<HG�L,+.) z
M )1FD032JG�E�E3)1ND05?3BDFD<HG9BD)1O�)105NP2JG D 2*0324NP:�)Q?305E3)1056D05-RF.2RFD)1N%?305?3BD<>)Q)1/105)1/105E3)1FDFD<>)
E3?3SDBD?3/1< D E3?3A1FD6DNP24TQU�6D)VEQ/1E4WDA16�/XL1056 M NP+Y24/1/1? M L,+.) M )1FD05?3E G3Z ?3FPWD056D)XK*6DFD6D05FD? z
[ ?�L,+.) M )1FD032�E�E3)1ND05?3BDFD?3=�BD)1O�)105N%)RWDE4+DWD)105/;W�)1/105)1/105E3)1FDFD< M ?3@3?3@3U�)1FD6D) M SD?3FPW z
056PW�FD)1SDBD)1BD<>E3FD?3=�KQIPFDND\D6D6�/RN%? M S.24ND05FD< M FD?3/16D05),+.) M D A]2 7 24FDFD?3=�F.2�+.?3NP2J+.-3FD?
N%? M S.24ND05FD? M 05?3SD?4+.? [ 6D^D)1/1N%? M SDBD?3/105B.24FD/105E3) G_Z BD6DE3? 7 WD05/;W`?3/1FD?3E3FD<>)
/1E3?3=D/105E52
6C05?3SD?4+.? [ 6D^D)1/1NP2JW�G%24B.24ND05)1BD6DA]24\D6PWaK*6DFD6D05FD<HG�L,+.) M )1FD05?3E D 2�0324NP:�)�6PG�?3SD6D/]2 z
FD6D)�E�B.24A,+.6D^DFD<HG`E3)1ND05?3BDFD<HGb6b@524F.2JG5?3E3<HG`BD)1O�)105NP2JG GXc ^.24/105FD?3/1056 Dd7 24FD?C6PG
?3SD6D/]24FD6D)�E9FD)1N%?305?3BD<HG�E3)1ND05?3BDFD<HG�BD)1O�)105NP2JG�+.6DFD)1=DFD<HG�6�FD),+.6DFD)1=DFD<HG�?3SD)1B.2 z
05?3BD?3E G.c )1/1- M 2�E52J:�FD< M ?3NP24A1<>E524)105/;W�05?3SD?4+.? [ 6DA16DBD?3E524FDFD?3)�SDBD?3/105B.24FD/105E3? M 24N z
/16 M 2J+.-3FD<HG�6 7 )]2J+.?3E 7 +DW�?305E3)1032�F.2�E3?3SDBD?3/R?�BD)]2J+.6DA]24\D6D6�E3)1ND05?3BDFD<HG�BD)1O�)105?3N D
/1? 7 )1B5:�24O�6PG 7 ?3/1032405?3^DFD? M FD? [ ?9K*6DFD6D05FD<HG
L,+.) M )1FD05?3E G
e�fhg�ikjPlYm�j�n4fpo&l.q�u E3)1ND05?3BDF.2JW�BD)1O�)105NP2 D @524F.2JG5?3E52�BD)1O�)105NP2 D K*6DFD6D05F.2JW9KQIPFDN z
\D6PW D K*6DFD6D05FD<>=�L,+.) M )1FD0 D M 24N%/16 M 2J+.-3FD<>=r6 7 )]2J+ D SD?4+.?]:�6D05),+.-3FD<>=s?3SD)1B.2405?3B D
?3SD)1B.2405?3B
N%?3FD)1^DFD? [ ?�B.24F [ 2 D ?3SD)1B.2405?3B
tQBD<>/1?3F.2 G



���a� �jµ60�® �
�������	�
������
����	�����
�������������

����������� ������
�!#"���$%�&"��
��"'��"(������
)�����	�*
)��")���
���+�
,-�/.�0���������1/���	
��*���������������
2��*��$3�&�������

4­(+5)(+687:9<;3=:7:9?>)@ (+A (+BDCFE�GIH�=:7
c /1032405-3)>?3SD6D/]24FD< \D6DNP+.6D^D)1/1ND6D)*L,+.) M )1FD05< ?3SD)1B.2405?3B.2R/ 7 E36 [ 2�E4+.)1E3? � ?3SD)1B.2405?3B.2
Z ? MhM -3) �wD%7 )1=D/105E4IPTQU�) [ ?�E�E3)1/1?3E3<HG�SDBD?3/105B.24FD/105E52JG�\D),+.<HG9KQIPFDND\D6D=
L1N%/1SD?3FD)1F z
\D6.2J+.-3FD? [ ?�056DS.2 G
e�fhg�ikjPlYm�j n4fpo&l.q�u \D6DNP+.6D^D)1/1ND6D= L,+.) M )1FD0 D ?3SD)1B.2405?3B / 7 E36 [ 2�E4+.)1E3? D \D),+Y2JW
KQIPFDND\D6PW G

}g~<J�KMLON:LQPSR<L
�UTWVYX[ZO\^]`_�#bab'WVY$Y\YZY#dcfe_#bZ�'p#bg`h�\�i`c`jlkWc`gp#mX[j`cln'o[kh#mp*#bT`ZqVqn)\Yrp#%'WVOZO\��

'WV�XseutYc`v[V�tOkh#btY\ ³ \Yrp#%'WVOZO\&'WV�w+\Qp�p<h&# ¶

D0(f)(t) :=





f(t)− f(0)

t
, t 6= 0,

f ′(0), t = 0,

e_#baWX[ZOtYxfy3_�#bvb\zt8rp'`\QX[ZY'WVOTWX[ZOtQVqn{ip#[kW|?n~}+xfT`j`i`c`a~objlX[r`\YTp#bT`i`cWVqkWhYT`\��
vb\8ZOc`rWV ² jf\YZO\&'`|9#�p<\^�'T`\8\YZO\^�)e_#mX[ZOtYc`ZOh{X�X[clkWhYT`|Ip<c-X[\Yrp'Q]l�a#bT`T`|Y�p<c�j~rp'`\QX[ZY'WVOTWX[ZOtQVYp�}+xfT`j`i`c`a ² VOTWVqkWc`ZOc`gp#mX[j`cln�TWVztY|dr`xfjlkW|?n�jf\Qp��rWVOj`ZqVqn�t�jf\Qp<rlkh#bjlX[T`\YazrlkW\QX[jf\QX[ZOc ® w�'`c8obZO\Qp�eWk`]zkW\YjlVqkWhYT`\�tY|dr`xfj'�kW\Yvb\ rp'`\QX[ZY'WVOTWX[ZOtQV ³ �C�?w ¶ E ² kWc`Tp#ba`T`\Yvb\ Tp#brp'p#%'`|dtYT`\Yvb\ \Yrp#%'WVOZO\&'WV At
E
o[kh#mp*#bT`Z

x ∈ E
TWVO�b|dtQVY#bZYX�]��W�W�^�u�W�`�b�[�Y�f�(���M�����[�W�)����\Yrp#%'WVOZO\��

'WV
A
t
E ² #mX�kWc�X[cWX[ZY#mp�V {An(x) : n > 0} r`\OkWTWV*t E ² Z ® # ® �mVYp<|djlV6�T`cp#`#%#�kWc`Tp#ba`T`\Ya�\&$Y\OkW\Yg`j`c ³ t E ¶ X[\YtYrWV^eMVY#bZ	X E ® ��XbX�kh#�eu\YtQVOT`cp#)i`c`j'�kWc`gp#mX[j`clnUo[kh#mp*#bT`ZO\Yt�\Yrp#%'WVOZO\&'WV

D0
TWV^gWVqkW\QX[hs$Y\Okh#%#	r`\OkWxft&#bjlV�TWVO�mV^e ®� ®%�e® ��VOrlkuVOT`\Yt83 �64 eu\YjlVO�mVqk*eu\QX[ZqVOZO\Yg`T`|9#�xQX�kW\YtYcl]
r`\OkWT`\YZO|�X[cWX[ZY#mp<|

{Dn
0 (f) : n > 0} t�rp'`\QX[ZY'WVOTWX[ZOt&#�}+xfT`j`i`c`a ² VOTWVqkWc`ZOc`gp#mX[j`clnUt�jp'`xfv%#

|t| < R ® � 'WVY$Y\YZY# 3 � 4�� ® " ® ��VO�bhQp<c`T#xQX[ZqVOT`\YtYclk�jp'`c`ZY#%'`c`c�r`\OkWT`\YZO|X[cWX[ZY#mp<| {Dn
0 (f) : n > 0} t*rp'`\QX[ZY'WVOTWX[ZOt&# }+xfT`j`i`c`a ² VOTWVqkWc`ZOc`gp#mX[j`clnt�\meuT`\QX[tO]`�bT`\Ya�\&$OkuVYX[ZOc

G ⊆ C ² X[\me_#%'Q��VO_�#ba �X®�+c`jlkWc`gp#mX[j`cp#�o[kh#mp*#bT`ZO|{c	jf\Qp�p<xfZqVOT`ZO|�\Yrp#%'WVOZO\&'WV
D0
t'rp'`\QX[ZY'WVOT'�

X[ZOt&#
A(G)

tQX5#[n
}+xfT`j`i`c`a ² VOTWVqkWc`ZOc`gp#mX[j`cln
t	\&$OkuVYX[ZOc G t C ² c`�bxfgp#bT`|
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� ® � ® ��c`T`g`xfjP3 ��4w®Y� ®�+h® ��c`T`g`xfjP3 µ � 43³ ZqVOjl�a#It A(G) ¶ cWXbX�kh#�eu\YtQVqk'jf\Qp��p<xfZqVOT`ZO|�c�i`c`jlkWc`gp#mX[j`cp#�o[kh#mp*#bT`ZO| \meuT`\Qp*#%'`T`\Yvb\�tY\Y�mp<xf_�#bT`cl]�\Yrp#%'WV6�
ZO\&'WV

D0 ² V�cWp*#bT`T`\ ² \Yrp#%'WVOZO\&'WV A(f) = D0(f) + f(0)ϕ ² v�e_# ϕ , }+c`jlX[c'�'`\YtQVOT`TWVq] }+xfT`j`i`cl] c`�
A(G) ®

� 3 µrµ=4 c`�bxfgp#bT`| i`c`jlkWc`gp#mX[j`cp#	o[kh#mp*#bT`ZO| cUc`T`tQVY'`cWVOT`ZOT`|9#�r`\meurp'`\��X[ZY'WVOTWX[ZOtQV�\Yrp#%'WVOZO\&'WV
D0
t�rp'`\QX[ZY'WVOTWX[ZOt&#���VY'Yeuc

H2 tC#�euc`T`c`g`T`\Qp#jp'`x �v%# ³ t 3 µrµ=4 D0
TWVO�btQVOT	\Yrp#%'WVOZO\&'`\Qp�XseutYc`v[V�tOkh#btY\ ¶�® � 'WVY$Y\YZY# 3 µ�2�4 tYt&#�e_#bT\&$Y\&$Y_�#bT`T`|da�\Yrp#%'WVOZO\&'�XseutYc`v[VItOkh#btY\It
$QVOTWVqnQ\YtY\Qp�rp'`\QX[ZY'WVOTWX[ZOt&# ² cWXbX�kh#=�eu\YtQVOT`| #bvb\�jf\Qp�p<xfZqVOT`ZO|�c�xQX[ZqVOT`\YtOkh#bT`|�\&$Y_�cp#3X[tY\YaWX[ZOtQV�#bvb\�i`c`jlkWc`gp#=�

X[j`cln�o[kh#mp*#bT`ZO\Yt ®
��X[T`\YtYT`|Ip 'p#b�bxmkWhqZqVOZO\Qp'eMVOT`T`\Ya�'WVY$Y\YZO|*]`tOk`]p#bZYX�]+ZY#b\&'p#mp�V µ��X® ��Tp#baeu\YjlVO�mVOT`\ ² g`ZO\Ut 'WVYXbXbp<\YZY'p#bT`T`|?n�rp'`\QX[ZY'WVOTWX[ZOtQVqn�i`c`jlkWc`gp#mX[j`cWp<c�o[kh#=�p*#bT`ZqVYp<c

D0
]`tOk`]`y3ZYX�]
tQX5#�}+xfT`j`i`c`c
c`�)obZOcln
rp'`\QX[ZY'WVOTWX[ZOt ² \YZmkWc`g`T`|9#\YZ�p<T`\Yvb\Yglkh#bTWV ² c	ZO\OkWhYjf\�\YT`c ®
�^~.-0/2143�5.6�783lP89'L�785SR83`L:5SRSR�;SR87=<<R8>SP.?2143lR

�)Vqkh#%#
K , tY|dr`xfjlkW|da	jf\Qp<rWVOj`Z�t C ² X[\me_#%'Q��VO_�c`a 0 � A(K) , rp'`\��X[ZY'WVOTWX[ZOtY\�'`\QX[ZOjf\Yt3tQX5#[n�}+xfT`j`i`c`a ² VOTWVqkWc`ZOc`gp#mX[j`cln�TWV K ³ Z ® # ® t3Tp#bjf\YZO\��'`\Ya
\YZOjp'`|dZO\Ya�\Yjp'p#mX[ZOT`\QX[ZOc

K ¶�² X[TWVY$^�a#bT`T`\&#a#mX[ZY#mX[ZOt&#bT`T`\Ya
c`Tfeuxfj`ZOc`t��T`\Ya#ZO\Yr`\OkW\Yvbcp#ba
(LB)

� rp'`\QX[ZY'WVOTWX[ZOtQV ® w+xQX[ZOh HK(z) := supt∈K Re(tz) ²
z ∈ C ²:, \Yr`\&'`TWVq]�}+xfT`j`i`cl] K ® ��t&#�e_#mp#t&#mX[\YtY\&# ³ Tp#bT`\&'Wp<cp'`x&#mp<\&# ¶ rp'`\��X[ZY'WVOTWX[ZOtY\ �C'p#�@�#�ip#[kW|?n }+xfT`j`i`c`a

E :=

{
f ∈ A(C)

∣∣∣ ∀n ∈ N ‖f‖n := sup
z∈C

|f(z)|
exp(HK(z) + |z|/n) < +∞

}
.

A�#%'p#b�
F
\&$Y\Y�bTWV^g`cWp#rp'p#b\&$&'WVO�b\YtQVOT`cp#���VOrlkuVYXbV �

F (ϕ)(z) := ϕt
(
etz
)
, z ∈ C, ϕ ∈ A(K)′.

w�'`c�obZO\Qp�eWk`]r�C�?w
F
gp#%'p#b�

F ′ \&$Y\Y�bTWV^gWVY#bZYX�] ZO\Yr`\OkW\Yvbc`gp#mX[jf\&#�X[\Yrp'Q]'��a#bT`T`\&#�j
F
rp'`\QX[ZY'WVOTWX[ZOtY\ ® w+\P3 0�² ZY#b\&'p#mp�V ��® �j® � 4 F

]`tOk`]p#bZYX�]	ZO\Yr`\OkW\��
vbc`gp#mX[j`cWpUc`�b\Qp<\&'W}+c`�mp<\QpUX[clkWhYT`\Yvb\�X[\Yrp'Q]l�a#bT`T`\Yvb\)j

A(K)
TWV

E ®��k`]s�C�?w
F
X[cWp<tY\Ok

L (F )
\&$Y\Y�bTWV^gWVY#bZ'rp'`\QX[ZY'WVOTWX[ZOtY\ tQX5#[n	kWc`Tp#ba'�

T`|?n�Tp#brp'p#%'`|dtYT`|?n�\Yrp#%'WVOZO\&'`\Yt�t
F ® ��k`]*\Yrp#%'WVOZO\&'WV A ∈ L (F )

r`xQX[ZOh
CyclF (A) ,

p<T`\^�a#mX[ZOtY\)tQX5#[n�i`c`jlkWc`gp#mX[j`cln o[kh#mp*#bT`ZO\Yt
A
t
F ®�)Vqkh#%#

E , rp'`\QX[ZY'WVOTWX[ZOtY\ ² jlVOj�tY|B@�# ®�C xbe_#mp�r`cWXbVOZOh Cycl(A) tQp*#mX[ZO\
CyclE(A) ®
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+ kh#�euxfy3_)Vq]�kh#mp�p�V�\Ygp#btYcfeuTWV ®
� L
	�	 6 }g~
��� �����

F ����� � � ����	! ��
�"�# 
A ∈ L (F )

���  ���	�������'�	�� �
� ��)!%=�

A(CyclF (A)) ⊆ CyclF (A).

� <�LON 143lKuR<L �^~ � ��	�	��*��	����"� '(����� 	�����	

D0(Cycl(D0)) ⊆ Cycl(D0).

C
�3rp#%'WVOZO\&'

D0 : E → E
X[y�'��>#bj`ZOc`t&#bT ® ��#baWX[ZOtYc`ZY#[kWhYT`\ ² #mX�kWc

f ∈ E ² ZO\�}+xfT`j`i`cl] g(z) = zf(z) ² z ∈ C ² rp'`c`TWV^eWkh#[�'c`Z E c D0(g) = f ®w+\)kh#mp�p*# µ D0(Cycl(D0)) ⊆ Cycl(D0) ®��t&#�e_#mp�\Yrp#%'WVOZO\&'	XseutYc`v[V�eWk`]	\Yrp#%'WVOZO\&'WV
D0

3 �X².µ��641�

Tz(f)(t) :=





tf(t)− zf(z)

t− z
, t 6= z,

zf ′(z) + f(z), t = z,

f ∈ E ® �3rp#%'WVOZO\&' Tz ² z ∈ C ² kWc`Tp#ba`T`\
c�Tp#brp'p#%'`|dtYT`\
\YZO\&$&'WVq��VY#bZ Et
E
3 2�² kh#mp�p�V µ=4w® B�)Vqkh#%#�TWVYp�r`\YTWV^eu\&$^]`ZYX�]�X�kh#�euxfy3_�cp# tQX[r`\Qp<\Yv[VOZY#[kWhYT`|9#�xfZOt&#%'Q�)e_#=�

T`cl] ®
� L
	�	 6 �.~� �"! ����#(��)"� ��	�����)"�

n > 0

Dn
0 (f)(z) = ϕn(Tz(f)), f ∈ E, z ∈ C, ³=µ7¶

)!%8	

ϕn(g) :=
g(n)(0)

n!
, n > 0, g ∈ E.

A�#%'p#b�
τ := τ(E′, E)

\&$Y\Y�bTWV^g`cWp8ZO\Yr`\OkW\Yvbc`y ��VOj`j`c�t
E′ ² Z ® # ® ZO\��r`\OkW\Yvbc`y!'WVOtYT`\Qp*#%'`T`\Ya*X�nQ\meucWp<\QX[ZOc�TWV�X5#mp*#baWX[ZOt&#)tQX5#[n�VY$QX[\OkWy3ZOT`\�tY|Y�

r`xfjlkW|?n
σ(E,E′)

� jf\Qp<rWVOj`ZOT`|?n
r`\meMp<T`\^�a#mX[ZOt
E
3 �X² v�k ® �X²'�X® � ® � 4w®%$ e_#mX[h

σ(E,E′) , X�kuVY$QVq]�ZO\Yr`\OkW\Yvbcl]�t E ² �mV^eMVOT`TWVq] #mX[ZY#mX[ZOt&#bT`T`\Ya'eutY\YaWX[ZOt&#bT'�T`\QX[ZOhYy�p*#[�)eux
E
c
E′ ®��k`]

f ∈ E
r`\OkW\^�'cWp

f̃(t, z) := Tz(f)(t), t, z ∈ C.
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Ψµ ∈ E′ 
 µ ∈M 
 � ���
%����4� !*� ψ ∈ E′ ' (E′, τ)
�

� ��)!%=� %��"! ����#(� ��� � ���������
f ∈ E

'
E

(Ψµ)z
(
f̃(·, z)

)
−→
µ∈M

ψz
(
f̃(·, z)

)
,

(Ψµ)t
(
f̃(t, ·)

)
−→
µ∈M

ψt
(
f̃(t, ·)

)
.

� L
	�	 6 �^~%��� �����
ϕn 
 n > 0 
 � � � �����������2�"��� 
 ���"� ' ��	�� ��	 3 �  �"!����#(� � ��	���� � '

C2 � � ��������� h 
 %��"! ����#�� �0��	���� � j, k > 0

(ϕj)z
(
(ϕk)t(h(t, z))

)
= (ϕk)t

(
(ϕj)z(h(t, z))

)
.

� L
	�	 6 �.~ ��� �����
f ∈ Cycl(D0)

��� ��)!%=��%��"! ����#(��)"� ��	�� � ��	�'���)"�
� � �����������2�"�2�

ϕ ∈ E′ � � �������"! ϕ(Tz(f)) 
 z ∈ C 
 �:�������4�2� �:���"���*%8	 �
����'�	�������)"� � � �"! �

C
w+xQX[ZOh

ϕ ∈ E′ \ {0} ® w+\ 3 2j² ZY#b\&'p#mp�V ��4 Tp#bT`xmkh#btY\Ya�\Yrp#%'WVOZO\&'
B(g)(z) := ϕ(Tz(g)) ² g ∈ E ² z ∈ C ² kWc`Tp#ba`T`\�c�Tp#brp'p#%'`|dtYT`\�\YZO\&$&'WVq��VY#bZ
E
t
E
c�TWV

E
xbeu\YtOkh#bZOtY\&'Q]p#bZb'WVOt&#bTWX[ZOtYx

BD0 = D0B ® w�'p#�eur`\OkW\^�'cWp ²g`ZO\
ϕ(Tz(f)) = 0

eWk`]�kWy�$Y\Yvb\
z ∈ C ² Z ® # ® B(f) = 0 ® � \Yv�eMV�eWk`]�kWy�$Y\Yvb\

n > 0
0 = Dn

0

(
B(f)

)
= B

(
Dn

0 (f)
)
.

$ TWV^g`c`Z ² Dn
0 (f) ∈ KerB

eWk`]�kWy�$Y\Yvb\
n > 0 ® w+\YobZO\Qp<x span{Dn

0 (f) : n >

0} ⊆ KerB ® �%VOj
jlVOj KerB , �mVYp<j`T`xfZO\&#)r`\meurp'`\QX[ZY'WVOTWX[ZOtY\ E ² \YZmkWc`g'�T`\&#�\YZ
E ² ZO\ f Tp#�]`tOk`]p#bZYX�]Ui`c`jlkWc`gp#mX[j`cWp~o[kh#mp*#bT`ZO\Qp D0 ® w+\OkWxfgp#bT`\rp'`\YZOc`tY\&'p#bg`cp# ® B��k`]
z ∈ C

tYt&#�e_#mp�\Yrp#%'WVOZO\&'	w+\Qp�p<h&#

Dz(f)(t) :=





f(t)− f(z)

t− z
, t 6= z,

f ′(z), t = z,

kWc`Tp#ba`T`\�c	Tp#brp'p#%'`|dtYT`\�\YZO\&$&'WVq��VOy3_�c`a
E
t
E ³ Xbp ® 3 µr² kh#mp�p�V �64S¶�®

� L
? 5<L
	 6 �^~ �8��	 % � �	� ��	 � ��'�	! ��*%8	����"!$ ��"'(���:�
�����(��� 

³ � ¶ f ∈ Cycl(D0)

�
³ � � ¶ �8�����"	�� � {Tz(f) : z ∈ C} �������2� ' E �
³ � � � ¶ �8�����"	�� � {Dz(f) : z ∈ C} �������2� '

E
�

C
��p<rlkWc`jlVOi`cl] ³ � ¶ ⇒ ³ � � ¶ tY|dZY#bjlVY#bZ�c`��kh#mp�p<| � c�jp'`c`ZY#%'`cl]�r`\OkWT`\YZO|³ Xbp ® ² TWVOrp'`cWp*#%' ² 3 �X² ZY#b\&'p#mp�V 2j® � ® µ=4S¶�®
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³ � � ¶ ⇒ ³ � ¶-� w+xQX[ZOh*X[cWX[ZY#mp�V�t ³ � � ¶ r`\OkWTWV�t E ® ��\Y�bhQp*#mp l ∈ E′ ZqVOjf\&# ²g`ZO\
l(Dn

0 ) = 0
eWk`]	kWy�$Y\Yvb\

n > 0 ®�+ cWX[ZY#mp�V ³ Xbp ® kh#mp�p<x � ¶ {ϕj : j > 0}r`\OkWTWV
(E′, τ) ² ZqVOj)jlVOj+eWk`] g ∈ E

c`��'WVOt&#bTWX[ZOt
g(n)(0) = 0 ² n > 0 ² X�kh#�eux �#bZ ² g`ZO\ g ≡ 0 ® w+\YobZO\Qp<x*X[xf_�#mX[ZOtYx&#bZ	X5#bZOh {Φα =

∑mα

j=0 ajαϕj : α ∈ Λ} ²X�nQ\meW]`_)Vq]WX�]�j
l
t
(E′, τ) ®w+xQX[ZOh ² jlVOj c	rp'p#[�)e_# ²
f̃(t, z) := Tz(f)(t), f ∈ E, t, z ∈ C.

� \Yv�eMV
f̃ ∈ A(C2) ® w+\)kh#mp�p*#��

Dn
0 (f)(z) = (ϕn)t

(
f̃(t, z)

)
, z ∈ C, n > 0.

$ VY}+c`jlX[cp'`x&#mp n > 0 ® �3g`c`ZO|dtQVq] kh#mp�p<| � c ��² r`\OkWxfg`cWp
0 = l

(
Dn

0 (f)
)
= lz

(
(ϕn)t

(
f̃(t, z)

))
=

=
(
lim
α∈Λ

Φα

)
z

(
(ϕn)t

(
f̃(t, z)

))
= lim

α∈Λ

(
(Φα)z(ϕn)t

(
f̃(t, z)

))
=

= lim
α∈Λ

mα∑

j=0

ajα(ϕj)z
(
(ϕn)t

(
f̃(t, z)

))
= lim
α∈Λ

mα∑

j=0

ajα(ϕn)t
(
(ϕj)z

(
f̃(t, z)

))
=

= lim
α∈Λ

(ϕn)t

(
mα∑

j=0

ajα(ϕj)z
(
f̃(t, z)

)
)

= lim
α∈Λ

(ϕn)t
(
(Φα)z

(
f̃(t, z)

))
=

= (ϕn)t

(
lim
α∈Λ

(Φα)z
(
f̃(t, z)

))
= (ϕn)t

(
lz
(
f̃(t, z)

))
=

= (ϕn)t
(
lz(Tz(f)(t))

)
= (ϕn)t

(
lz(Tt(f)(z))

)
= (ϕn)t

(
l(Tt(f))

)
.

�%VOj`cWp \&$&'WVO�b\Qp ³ rp'`\Yc`�btY\meuT`|9# $&#%'`xfZYX�] r`\ rp#%'p#mp*#bT`T`\Ya
t ¶�²

(l(Tt(f)))
(n)(0) = 0

eWk`]�kWy�$Y\Yvb\
n > 0 ®�$ TWV^g`c`Z ² l(Tt(f)) = 0

eWk`]
kWy�$Y\Yvb\

t ∈ C ® �%VOj�jlVOj#X[cWX[ZY#mp�V {Tt(f) : t ∈ C} r`\OkWTWV	t E ² ZO\ l = 0 ®
+ kh#�eu\YtQVOZY#[kWhYT`\ ² X[cWX[ZY#mp�V {Dn

0 (f) : n > 0} ZO\^�a#+r`\OkWTWV)t E ®³ � � ¶ ⇒ ³ � � � ¶-� w+xQX[ZOh�tY|dr`\OkWTp#bT`\ ³ � � ¶�® �%VOj�jlVOj�rp'`c t 6= z
cWp*#%#bZ*p*#mX[ZO\

'WVOt&#bTWX[ZOtY\
f(t)− tf(t)− zf(z)

t− z
= −z f(t)− f(z)

t− z
,ZO\

f − Tz(f) = −zDz(f), z ∈ C. ³�2r¶
��\Y�bhQp*#mp

l ∈ E′ ZqVOjf\&# ² g`ZO\ l(Dz(f)) = 0 ² z ∈ C ® w+\me_#baWX[ZOtYx&#mp l
TWV

'WVOt&#bTWX[ZOtY\ ³�2r¶�® w+\OkWxfg`cWp
l(f) = l(Tz(f)), z ∈ C. ³ � ¶
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w+\OkW\^�'cWp

B(h)(z) := l(Tz(h)), h ∈ E, z ∈ C.
w+\P3 2j² ZY#b\&'p#mp�V ��4 BD0 = D0B

t
E ® w+\YobZO\Qp<x ² t X[clkWx ³ � ¶�² eWk`]	kWy�$Y\Yvb\

t ∈ C
eWk`]�}+xfT`j`i`c`c

f0 ≡ 1

0 = l(f)D0(f0)(t) = D0(B(f))(t) = B(D0(f))(t) = l(Tt(D0(f))).

�?X�kh#�eMX[ZOtYcp# ³ � � ¶ ⇒ ³ � ¶ f ∈ Cycl(D0) ® w+\�X�kh#�eMX[ZOtYc`y 2 D0(f) ∈ Cycl(D0) ®�zX[clkWx ³ � ¶ ⇒ ³ � � ¶ l = 0 ® + kh#�eu\YtQVOZY#[kWhYT`\ ² X[cWX[ZY#mp�V {Dz(f) : z ∈ C} r`\OkWTWVt
E ®
³ � � � ¶ ⇒ ³ � � ¶-� w+xQX[ZOh�tY|dr`\OkWTl]p#bZYX�] ³ � � � ¶�® ��\Y�bhQp*#mp l ∈ E′ ZqVOjf\&# ² g`ZO\

l(Tz(f)) = 0
eWk`]�kWy�$Y\Yvb\

z ∈ C ® ��#baWX[ZOtYxO] l TWVC'WVOt&#bTWX[ZOtY\ ³�2r¶�² r`\OkWxfg`cWp
l(f) = −zl(Dz(f)), z ∈ C.

$ TWV^g`c`Z ² l(f) = 0 ® w+\YobZO\Qp<x�ip#[kuVq] ³ r`\ z ¶ }+xfT`j`i`cl] l(Dz(f))
'WVOtYTWV+ZO\^�>�

e_#mX[ZOt&#bT`T`\dT`xmkWy ® w+\ ³ � � � ¶ l = 0 ® �%VOj`cWp	\&$&'WVO�b\Qp ² X[cWX[ZY#mp�V {Tz(f) : z ∈ C}r`\OkWTWV)t
E ®w+\OkW\^�'cWp

M(f)(z) := zf(z), f ∈ E, z ∈ C.
�3rp#%'WVOZO\&'

M
xlp<T`\^�a#bT`cl]�TWV8Tp#b�mVOtYcWX[cWp<xfy�rp#%'p#mp*#bT`T`xfy�kWc`Tp#ba`T`\{c

Tp#brp'p#%'`|dtYT`\�\YZO\&$&'WVq��VY#bZ
E
t
E ® A�#%'p#b� I \&$Y\Y�bTWV^g`cWp�ZO\^�)e_#mX[ZOt&#bT`T`|da\Yrp#%'WVOZO\&' t

E ®
� L
	�	 6 �.~ ��� ����� �
�����"	�� � {Tz(f) : z ∈ C} �������2� '

E
�
� ��)!%=� %��"!

����#(��)"�
α ∈ C

�
�����"	�� � {Tz((M − αI)(f)) : z ∈ C} ���"�"� 	 �������2� '
E
�

C
��\QX[r`\OkWhY�bx&#mp�X�] 'WVOt&#bTWX[ZOtY\Qp

tf(t)− t(t− α)f(t) − z(z − α)f(z)

t− z
= −(z − α)

tf(t)− zf(z)

t− z
, t 6= z.

�3ZYX[y�eMV�X�kh#�eux&#bZ ² g`ZO\
M(f)− Tz((M − αI)(f)) = −(z − α)Tz(f), z ∈ C. ³ ��¶

w�'p#�eur`\OkW\^�'cWp ² g`ZO\�X[cWX[ZY#mp�V {Tz(f) : z ∈ C} r`\OkWTWV�t E ® ��\Y�bhQp*#mp
l ∈ E′ ZqVOjf\&# ² g`ZO\ l(Tz((M − αI)(f))) = 0

eWk`]
kWy�$Y\Yvb\
z ∈ C ® w+\me_#ba'�X[ZOtY\YtQVOt

l
TWVb'WVOt&#bTWX[ZOtY\ ³ ��¶�² r`\OkWxfg`cWp

const = l(M(f)) = −(z − α)l(Tz(f)), z ∈ C.
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$ TWV^g`c`Z ² l(M(f)) = 0 ® w+\QX[jf\OkWhYj`x l(Tz(f)) , ip#[kuVq] ³ r`\ z ¶ }+xfT`j`i`cl] ² ZO\
l(Tz(f)) = 0

eWk`])kWy�$Y\Yvb\
z ∈ C ® �%VOj'jlVOj�X[cWX[ZY#mp�V {Tz(f) : z ∈ C} r`\OkWTWVt

E ² ZO\ l = 0 ®
$ TWV^g`c`Z ² c�X[cWX[ZY#mp�V {Tz((M −αI)(f)) : z ∈ C} r`\OkWTWV�t E ®
� <�LON 143lKuR<L �.~�� �
���

f ∈ Cycl(D0) 

�"��%��"! ����#(��)"�B��	�� � ��	�'���)"� �.��� �

)"�
�4��	��2�
P
���"�"� 	

Pf ∈ Cycl(D0)
�

C � X[T`\ ² g`ZO\�eu\QX[ZqVOZO\Yg`T`\�eu\YjlVO�mVOZOh'X�kh#�euxfy3_�#%#�xfZOt&#%'Q�)e_#bT`cp# ® ��X�kWc
f ∈ Cycl(D0) ² ZO\ (z − α)f(z) ∈ Cycl(D0)

eWk`]�kWy�$Y\Yvb\
α ∈ C ® �3T`\��a#X[rp'WVOt&#�eWkWc`tY\)t'X[clkWx�ZY#b\&'p#mp<| 0 c�kh#mp�p<| �X® B

�.~.-�P.6
<<R83lR8><L
147�6�� 5<L
6
<<R��:6�;SR��

� L
? 5<L
	 6c}��.~ �8��	 % � �	� ��	 � �
����'(�"!$ ��"'(���:�
�����(��� 

³ � ¶ f ∈ Cycl(D0)

�
³ � � ¶�� � �������"! f �:�������4�2�$�:�*�.����)"�
�4��	��2� �
C ³ � � ¶ ⇒ ³ � ¶-�2+ \Yv�kuVYX[T`\ 3 ��² v�k ®	��²�	�2�4 }+xfT`j`i`cl] f ∈ E

�mV^eMVY#bZ�c`T`ZY#%'`r`\��
kWcp'`xfy3_�xfy~}+xfT`j`i`c`y

ωf
X�kh#�euxfy3_�cWpU\&$&'WVO�b\Qp �

ωf (µ, x) =
1

2πi

∫

C

γ(t)

( t∫

0

x(t− ξ)eµξdξ

)
dt, x ∈ A(K),

v�e_#
γ , }+xfT`j`i`cl] ² VYXbX[\Yi`c`cp'`\YtQVOT`TWVq]�r`\ C \&'p#[kWy�X f ² C , ³ tY|dr`xfjlkW|da ¶jf\YT`ZOxk' ² \^nltQVOZO|dtQVOy3_�c`a K c�kh#[��VO_�c`a�t�\&$OkuVYX[ZOczVOTWVqkWc`ZOc`g`T`\QX[ZOc

xtQp*#mX[ZY#�X[\�X[tY\&#ba�tYT`xfZY'p#bT`T`\QX[ZOhYy ®w+\>3 µr²�	 � ² r ®Xµ=4K³ ��e_#mX[h F : A(K)′ → E , rp'p#b\&$&'WVO�b\YtQVOT`cp#���VOrlkuVYXbV ¶
ωf (µ, x) = F

−1(Dµ(f))(x), x ∈ A(K), µ ∈ C.

$ TWV^g`c`Z ² r`\3ZY#b\&'p#mp*# 0 c�3 �X² ZY#b\&'p#mp�V 2j® � ® µ=4 f , i`c`jlkWc`gp#mX[j`c`a)o[kh#mp*#bT`Z D0t
E
ZO\Yv�eMV�c
ZO\OkWhYjf\�ZO\Yv�eMV ² jf\Yv�eMV�tY|dr`\OkWTl]p#bZYX�]
X�kh#�euxfy3_)Vq]*cWp<rlkWc`jlV6�i`cl] �

ωf (µ, x) = 0
eWk`] kWy�$Y\Yvb\

µ ∈ C ⇒ x = 0. ³��r¶
+ \Yv�kuVYX[T`\A3 ��² ZY#b\&'p#mp�V ��® � ® µ=4w² #mX�kWc f cWp*#%#bZa$&#mX[jf\YTp#bg`T`\�p<T`\Yvb\�T`xmkh#ba ² ZO\cWp<rlkWc`jlVOi`cl] ³��r¶ tY|dr`\OkWTl]p#bZYX�] ®

��VYXbXbp<\YZY'`cWp�X�kWxfgWVOa ² jf\Yv�eMVI}+xfT`j`i`cl] f ∈ E
\YZmkWc`g`TWVI\YZ�p<T`\Yvb\Yglkh#bTWV

c	cWp*#%#bZ�Tp#�$Y\Okh#%#�jf\YTp#bg`T`\Yvb\)g`cWX�kuV�T`xmkh#ba ®
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µ7¶ w+xQX[ZOh f Tp#3cWp*#%#bZ�T`xmkh#ba ® � \Yv�eMV�X[xf_�#mX[ZOtYx&#bZ λ ∈ K ² λ 6= 0 ² ZqVOjf\&# ²g`ZO\
f(z) = eλz ² z ∈ C ®�$ VYp*#bZOcWp ² g`ZO\ γf (t) = 1

t−λ ® w+\YobZO\Qp<x)eWk`] µ ∈ C

ωf (µ, x) =
1

2πi

∫

C

γf (t)

( t∫

0

x(t− ξ)eµξdξ

)
dt =

=
1

2πi

∫

C

dt

t− λ

t∫

0

x(t− ξ)eµξdξ =

λ∫

0

x(λ − ξ)eµξdξ = eµλ
λ∫

0

x(t)e−µtdt.

w+xQX[ZOh
ωf (µ, x) = 0

eWk`]UkWy�$Y\Yvb\
µ ∈ C ® � \Yv�eMV ∫ λ

0
x(t)eνtdt = 0

eWk`]
kWy�$Y\Yvb\

ν ∈ C ® �3ZYX[y�eMV'X�kh#�eux&#bZ ² g`ZO\ x ≡ 0
TWV'\YZY'p#b�bjk#

[0, λ] ² V��bTWV^g`c`Z ²
x , T`xmkh#btY\Ya�o[kh#mp*#bT`Z A(K) ®.+ kh#�eu\YtQVOZY#[kWhYT`\ ² tY|dr`\OkWTl]p#bZYX�]
cWp<rlkWc`jlV6�i`cl] ³��r¶�² c f , i`c`jlkWc`gp#mX[j`c`a	o[kh#mp*#bT`Z'\Yrp#%'WVOZO\&'WV D0 ®2r¶ w+xQX[ZOh
}+xfT`j`i`cl] f cWp*#%#bZ
jf\YTp#bg`T`\&# g`cWX�kW\
T`xmkh#ba�cU\YZmkWc`g`TWV*\YZp<T`\Yvb\Yglkh#bTWV ® � \Yv�eMV�X[xf_�#mX[ZOtYx&#bZ�p<T`\Yvb\Yglkh#bT P X[ZY#brp#bT`c{Tp#�T`cl�a# µ c
λ ∈ K ² λ 6= 0 ² ZqVOj`cp# ² g`ZO\ f(z) = P (z)eλz ® w+\ µ7¶ }+xfT`j`i`cl] g(z) =
exp(λz) , i`c`jlkWc`gp#mX[j`c`a
o[kh#mp*#bT`Z D0

t
E ® w+\ X�kh#�eMX[ZOtYc`y � f = Pg ,ZO\^�a#+i`c`jlkWc`gp#mX[j`c`a	o[kh#mp*#bT`Z'\Yrp#%'WVOZO\&'WV
D0 ®³ � ¶ ⇒ ³ � � ¶-� w�'p#�eur`\OkW\^�'cWp ² g`ZO\ f(z) =
∑n

j=0 ajz
j , p<T`\Yvb\Yglkh#bT ® � \��v�eMV

Dm
0 (f) = 0

eWk`]*kWy�$Y\Yvb\
m > n ® �3ZYX[y�eMV X�kh#�eux&#bZ ² g`ZO\	�mVYp<|djlVOT`cp#kWc`Tp#ba`T`\Yaz\&$Y\OkW\Yg`j`c {Dm

0 (f) : m > 0} t E Tp#
X[\me_#%'Q�'c`Z�T`cz\meuT`\Ya
}+xfT`j`i`c`c ² \YZmkWc`g`T`\Ya	\YZ'p<T`\Yvb\Yglkh#bTWV ² c	T`c	\meuT`\Yvb\�p<T`\Yvb\Yglkh#bTWV�X[ZY#brp#bT`c$Y\OkWh(@�# ² gp#mp n ® $ TWV^g`c`Z ² f /∈ Cycl(D0) ® B
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VOTWVqkW\Yvbc`gp#bT 3 µr² X ® � ��4w² T`\
t�ZO\
�a#	t&'p#mpS]�t�Tp#bjf\YZO\&'`\QpXbp<|IX�kh#�]`tOk`]p#bZYX�] $Y\Okh#%#�\&$Y_�cWp ² r`\QX[jf\OkWhYj`x�t`$YclkWc`Tp#ba`T`\Ya�}+\&'Wp*#�rp'`c'�X[xfZYX[ZOtYx&#bZ#t&#mX[\YtQVq]�}+xfT`j`i`cl] ® ��\YjlVO�b|dtQVY#bZYX�]UZY#b\&'p#mp�V�tOkW\^�a#bT`cl]�rp'`\��X[ZY'WVOTWX[ZOtQV
Nα,c(Ω)

t�rp'`\QX[ZY'WVOTWX[ZOtY\
L2(ϕ,Ω),

X�kh#�eMX[ZOtYcp#mp�jf\YZO\&'`\Ya�]`t��
k`]p#bZYX�]�\QX[TWVO_�#bT`cp#�rp'`\QX[ZY'WVOTWX[ZOtQV

L2(ϕ,Ω) ® ��X�kWc�obZO\�Tp#�\Yvb\YtY\&'p#bT`\�eu\��r`\OkWT`c`ZY#[kWhYT`\ ² t&#b��e_# $Yxbe_#mp~r`\OkuVOv[VOZOh α ∈ (0, 1), x ∈ Ω = (a, b).
�+T'�

ZY#bv%'`cp'`\YtQVOT`cp#�$Yxbe_#mp#r`\YT`cWp�VOZOh�t�Xbp<|IX�kh#
��#%$&#bv[V ®(C xbe_#mp�cWX[r`\OkWhY�b\YtQVOZOh
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\&$Y\Y�bTWV^gp#bT`cl]

〈f, g〉0 ≡ 〈f, g〉L2(Ω) =

∫

Ω

f(x)g(x) dx, ‖ · ‖0 = ‖ · ‖L2(Ω),

〈f, g〉ψ,0 ≡ 〈f, g〉L2(ψ,Ω) =

∫

Ω

f(x)g(x)ψ(x) dx,

Iαb−(Lq) =
{
f(x) : f(x) = D−α

bx ϕ(t), ϕ(x) ∈ Lq(Ω)
}
.

��\Yr`xQX[ZOcWp ² g`ZO\�e_#baWX[ZOtYc`ZY#[kWhYT`|9#Ig`cWX�kuV θ ² q xbeu\YtOkh#bZOtY\&'Q]`y3Z�xQX�kW\YtYc'�]Wp
2

θ
+

1

q
6 1 + 2α,

2

1 + 2α
< θ <

1

α
, 1 < q <

1

α
, (1)

c�r`xQX[ZOh
c(x) ∈ Iαb−(Lq) ² ϕ(x) > 0

r`\Yg`ZOc�tQX[y�eux ��VYXbXbp<\YZY'`cWp�kWc`Tp#ba`T`\&#
p<T`\^�a#mX[ZOtY\�tYcfeMV

Iαa+(Lθ),
�mVYp*#bZOcWp ² g`ZO\	eMVOT`T`\&#�p<T`\^�a#mX[ZOtY\�]`tOk`]p#bZYX�]kWc`Tp#ba`T`|Ip
rp'`\QX[ZY'WVOTWX[ZOtY\Qp
TWV^e�r`\Okh#mp�e_#baWX[ZOtYc`ZY#[kWhYT`|?n�g`cWX5#[k ® �3rp'p#�e_#=�kWcWpUTWV

Iαa+(Lθ)
$YclkWc`Tp#ba`T`xfy~}+\&'Wp<x

〈u, v〉α,c =
1

2

〈
u, cDα

axv
〉
0
+

1

2

〈
v, cDα

axu
〉
0
, u, v ∈ Iαa+(Lθ). (2)

��k`]�eMVOT`T`\Yab$YclkWc`Tp#ba`T`\Ya�}+\&'Wp<|�tY|dr`\OkWTp#bT`cp#IVOjlX[c`\Qp
X[jlVqk`]p'`T`\Yvb\+rp'`\��
c`�bt&#�e_#bT`cl] \Ygp#btYcfeuT`\ ² jp'`\Qp*#�VOjlX[c`\Qp<|

〈u, u〉α,c > 0, u 6= 0. (3)

��p*#%#bZ3p*#mX[ZO\�X�kh#�euxfy3_)Vq]+kh#mp�p�VIr`\Y�btY\Ok`]`y3_)Vq]�xfZOt&#%'Q�)eMVOZOh ² g`ZO\3rWV6�'WVs$YclkWc`Tp#ba`TWVq]�}+\&'Wp�V ³�2r¶ c Iαa+(Lθ) \&$&'WVO�bx&#bZ�xfT`c`ZqVY'`T`\&# rp'`\QX[ZY'WVOT'�X[ZOtY\ ®
� L
	�	 6^~ ��� ����� ' �B��������	���� � �
����'(�"!

(1) 
 u(x) ∈ Iαa+(Lθ).
� ��)!%=�

� ��	�	��*��	����"�
(3)

�
C
��\QX[r`\OkWhY�b\YtQVOt(@�cWX[h 'WVYXbX[xQ�)e_#bT`cl]Wp<c�t�nQ\me_#�eu\YjlVO�mVOZY#[kWhQX[ZOtQV xfZ6�

t&#%'l�)e_#bT`cl] 2 3 ��4w² c`�mp*#bT`c`t�r`\&'Q]feu\YjUc`T`ZY#bv%'`cp'`\YtQVOT`cl] ² V*�mV*ZY#mp�c`T`ZY#=�v%'`cp'`xO] r`\�gWVYX[Zm]Wp ² cWp*#%#mp#eWk`] {un} ∈ Iαa+(C
∞
0 ), un 6= 0

〈un, un〉α,c =
〈
un, cD

α
axun

〉
0
>

>
〈
unu

′
n, D

α−1
bx c

〉
0
=

1

2

b∫

a

u2n(x)ϕ(x) dx > 0.
(4)
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w+xQX[ZOh�ZY#brp#%'`h
u ∈ Iαa+(Lθ),

ZO\Yv�eMV)X[\Yv�kuVYX[T`\)ZY#b\&'p#mp*#�� ® � 3 �j² X ® � ��4
Iαa+ : Lθ → Lp, p =

θ

1− αθ
. (5)

��VYXbXbp<\YZY'`cWp
〈
u2n, ϕ

〉
0
−
〈
u2, ϕ

〉
0
=
〈
(un − u)(un + u), ϕ

〉
0
6

6
∥∥un − u

∥∥
Lp

∥∥(un + u)ϕ
∥∥
Lγ

6
∥∥un − u

∥∥
Lp

∥∥(un + u)
∥∥
Lγt

∥∥ϕ
∥∥
Lγs

,
(6)

v�e_#
p, γ, t, s > 1

X[\Y\YZOt&#bZYX[ZOt&#bT`T`\	tY�mVOcWp<T`\�X[\Yrp'Q]l�a#bT`T`|9# ® ��k`]�eu\YjlVO�mV6�ZY#[kWhQX[ZOtQV)\Yv%'WVOT`c`gp#bT`T`\QX[ZOc rp'WVOtY\Ya�gWVYX[ZOc ³��d¶ rp'p#b\&$&'WVO�bx&#mp#xQX�kW\YtYcp# ³=µ7¶-�
2

θ
+

1

q
6 1 + 2α,

1

θ
− α 6 1 + α− 1

θ
− 1

q
, 0 < q(1− αθ) 6 q(θ(1 + α)− 1)− θ,

q(θ(1 + α) − 1)

q(θ(1 + α)− 1)− θ
6
θ(1 + α)− 1

1− αθ
,

t 6
θ

(1− αθ)

(θ(1 + α)− 1)

θ
, t >

q(θ(1 + α)− 1)

q(θ(1 + α) − 1)− θ
> 1,

1

t
6 1− θ

q(θ(1 + α) − 1)
, 1− 1

t
>

θ

q(θ(1 + α)− 1)
,

t

t− 1
6
q(θ(1 + α)− 1)

θ
,

1

γ
= 1− 1

p
=

(θ(1 + α)− 1)

θ
,





t 6
θ

(1− αθ)

(
1− 1

p

)
,

t

t− 1
6 q
(
1− 1

p

)
,

{
γt 6 p,

γs 6 q.

�+�?gp#bvb\�X�kh#�eux&#bZ�\Yv%'WVOT`c`gp#bT`T`\QX[ZOh�rp'WVOtY\Ya)gWVYX[ZOc ³��d¶�® w+\QX[jf\OkWhYj`x�X[\Yv�kuVYX9�T`\�ZY#b\&'p#mp*#�� ® � 3 �j² X ®�� ��4
∥∥un − u

∥∥
Lp

=
∥∥D−α

ax (ψn − ψ)
∥∥
Lp

6 C1

∥∥ψn − ψ
∥∥
Lθ
, (7)

ZqVOj jlVOj
C∞

0 (Ω)
tQX[y�eux�rlkW\YZOT`\'t

Lθ(Ω)
r`\�T`\&'Wp*#

Lθ,
ZO\

lim
〈
u2n, ϕ

〉
0
=
〈
u2, ϕ

〉
0
. (8)



µ�� � � � � ��� ����� � � � �
�)Vqkh#%# ² cWX[r`\OkWhY�bxO]�Tp#%'WVOt&#bTWX[ZOtY\b�+\(@�c ,  �tQVY'`iWV ² cWp*#%#mp�\Yip#bT`j`x

〈
un − u, un − u

〉
α,c

6
∥∥(un − u)c

∥∥
Lµ

∥∥ψn − ψ
∥∥
Lθ

6

6
∥∥(un − u)

∥∥
Lµs

∥∥c
∥∥
Lµt

∥∥ψn − ψ
∥∥
Lθ
,

(9)

v�e_#
µ ² θ ² s ² t > 1

X[\Y\YZOt&#bZYX[ZOt&#bT`T`\*tY�mVOcWp<T`\
X[\Yrp'Q]l�a#bT`T`|9# ® w+\YjlVq�a#mp ²g`ZO\�rp'WVOtQVq]�gWVYX[ZOh ³ �d¶ X[ZY'p#mp<c`ZYX�]�j�T`xmkWy ² eWk`]�obZO\Yvb\�rp'p#b\&$&'WVO�bx&#mp
xQX�kW\��tYcp# ³=µ7¶-�
2

θ
+

1

q
6 1 + 2α,

1

q
− α 6 (1 + α)− 2

θ
, 0 <

θ(1− αq)

q
6 θ(1 + α)− 2,

t 6
θ − 1

θ

q

1− αq
, t >

θ − 1

θ(1 + α)− 2
> 1,





t
θ

θ − 1
6

q

1− αq
,

t

t− 1

θ

θ − 1
6

θ

1− αθ
,





µt 6
q

1− αq
,

µs 6
θ

1− αθ
= p.

�3g`c`ZO|dtQVq] ² g`ZO\ C∞
0 (Ω)

tQX[y�eux)rlkW\YZOT`\�t
Lθ(Ω)

e_#[kuVY#mp
tY|dtY\me ² g`ZO\�rp'WV6�tQVq]�gWVYX[ZOh ³ �d¶ X[ZY'p#mp<c`ZYX�]*j�T`xmkWy ² \YZOj`xbeMV�c`�)X[tY\YaWX[ZOt�X[jlVqk`]p'`T`\Yvb\'rp'`\��c`�bt&#�e_#bT`cl]	X�kh#�eux&#bZ

lim〈un, un〉α,c = 〈u, u〉α,c. (10)

��\QX[r`\OkWhY�b\YtQVOt(@�cWX[h ³ �d¶ �^³=µ��d¶�² \QX[xf_�#mX[ZOtYc`t�rp'p#�e_#[kWhYT`|da rp#%'p#[nQ\me
t ³ ��¶�² cWp*#%#mp�X�kh#�euxfy3_�#%#+Tp#%'WVOt&#bTWX[ZOtY\ �

0 <
1

2

b∫

a

u2(x)ϕ(x) dx 6 〈u, u〉α,c <∞, u 6= 0. B (11)

w+\QX[jf\OkWhYj`xITWV?kWc`Tp#ba`T`\Qp	rp'`\QX[ZY'WVOTWX[ZOt&#
Iαa+(Lθ)

\Yrp'p#�e_#[kh#bT`\IX[jlVqk`]p''�
T`\&#3rp'`\Yc`�bt&#�e_#bT`cp# ² ZO\�eMVOT`T`\&#�rp'`\QX[ZY'WVOTWX[ZOtY\�]`tOk`]p#bZYX�]�xfT`c`ZqVY'`T`|Ip ® + \��v�kuVYX[T`\�\&$Y_�#ba�ZY#b\&'`c`c ² TWVOrp'`cWp*#%' 3 �X² X ®�µ���4w² T`\&'Wp<x)t�obZO\Qp�rp'`\QX[ZY'WVOTWX[ZOt&#p<\^�'T`\�\Yrp'p#�e_#[kWc`ZOh'X[ZqVOTfeMVY'`ZOT`|IpU\&$&'WVO�b\Qp �

‖u‖α,c =
〈
u, u

〉 1
2

α,c
. (12)
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�
L2 µ�� �

��$Y\Y�bTWV^g`cWp
eMVOT`T`\&#+rp'`\QX[ZY'WVOTWX[ZOtY\
Ñα,c(Ω) ® w+\Yr`\OkWTl]l] #bvb\�\YZOT`\QX[c`ZY#[kWh��T`\�tYt&#�e_#bT`T`\Ya�T`\&'Wp<| ² r`\OkWxfg`cWp � clkWh&$&#%'`ZO\YtY\)rp'`\QX[ZY'WVOTWX[ZOtY\ Nα,c(Ω) ®��p*#%#bZ'p*#mX[ZO\�X�kh#�euxfy3_)Vq] ZY#b\&'p#mp�V ®

� L
? 5<L
	 6^~��  =�:���� ��"������'��
Nα,c(Ω)

'(����� 	���� '
L2(ϕ,Ω)

�
C
��k`]�eu\YjlVO�mVOZY#[kWhQX[ZOtQVIeu\QX[ZqVOZO\Yg`T`\�r`\YjlVO�mVOZOh ² g`ZO\�r`\Yr`\OkWTp#bT`cp#Irp'`\��X[ZY'WVOTWX[ZOtQV

Ñα,c(Ω)
kh#[�'c`Z

L2(ϕ,Ω),
g`ZO\*Tp#br`\QX5'p#�eMX[ZOt&#bT`T`\�X�kh#�eux&#bZ�c`�

tY|B@�#�eu\YjlVO�mVOT`T`\Ya�kh#mp�p<| ² T`xQ�'T`\#kWc�@�h 'WVYXbXbp<\YZY'p#bZOhU}+xfTfeMVYp*#bT`ZqVqkWh��T`xfy r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh�t
Ñα,c(Ω),

c8cWX[r`\OkWhY�bxO]zTp#%'WVOt&#bTWX[ZOtY\ ³=µrµ7¶�²tY\QX[r`\OkWhY�b\YtQVOZOhQX�]'r`\OkWT`\YZO\Ya rp'`\QX[ZY'WVOTWX[ZOtQV
L2(ϕ,Ω)

3 �j² X ®+2 0/4w® B� <�LON 143lKuR<Lg~ �  ����: =	 %���������� 	����"!��
(1)

�:�����:�
���"	����(���
q 
 θ �.����� 	 �����'��

Iαa+(Lθ)
'���� % � �����:�����*' �: =�:���� ��"������'�	

L2(ϕ,Ω)
�

��X[clkWx	eu\YjlVO�mVOT`T`\Ya�ZY#b\&'p#mp<|~kWy�$Y\Ya�o[kh#mp*#bT`Z
Nα,c(Ω)

p<\^�'T`\�rp'`c'�
$OkWc`�bc`ZOh�o[kh#mp*#bT`ZqVYp<c

Iαa+(Lθ)
t�Xbp<|IX�kh#zT`\&'Wp<|

L2(ϕ,Ω) ® ��VYXbXbp<\YZ6�'`cWp tYt&#�e_#bT`T`|da�t 3 0�² X ® � �64 \Yrp#%'WVOZO\&' I ² Tp#brp'p#%'`|dtYT`\Ue_#baWX[ZOtYxfy3_�c`ac`�
L2(ϕ,Ω)

t
Nα,c(Ω) ® �%VOj�jlVOj Nα,c(Ω) ⊆ L2(ϕ,Ω) ² ZO\ 3 0�² X ® � �64obZO\YZ�\Yrp#%'WVOZO\&'�p<\^�'T`\ 'WVYXbXbp�VOZY'`c`tQVOZOh�jlVOjUe_#baWX[ZOtYxfy3_�c`a�t

L2(ϕ,Ω) ®��tY\meW]{\&$Y\Y�bTWV^gp#bT`cp#
Î : Î = OI,

v�e_#
O , \Yrp#%'WVOZO\&'�tOkW\^�a#bT`cl]{c`�

Nα,c(Ω)
t
L2(ϕ,Ω) ² cWp*#%#mp ² X[\Yv�kuVYX[T`\ 3 0�² X ® �jµ=4w²�� (Î) tQX[y�eux�rlkW\YZOT`\t

L2(ϕ,Ω) ®
+ kh#�eu\YtQVOZY#[kWhYT`\ Iαa+(Lθ) tQX[y�eux�rlkW\YZOT`\�t L2(ϕ,Ω) ² r`\QX[jf\OkWh��j`x � (Î) ⊆ Nα,c(Ω) ® B�������
	����
�
��� w�'`cWp*#bTl]l]�ZY#%'Wp<c`T`\OkW\Yvbc`y 3 0�² X ® � �64w² X[\Yv�kuVYX[T`\�X[jlV6��mVOT`T`\Qp<x tY|B@�#-p<\^�'T`\ xfZOt&#%'Q�)eMVOZOh ² g`ZO\ Nα,c(Ω) ≡ H+
]`tOk`]p#bZ6�

X�]�r`\Y�bc`ZOc`tYT`|Ip�rp'`\QX[ZY'WVOTWX[ZOtY\Qp�\YZOT`\QX[c`ZY#[kWhYT`\�T`xmkh#btY\Yvb\�rp'`\QX[ZY'WVOTWX[ZOtQV
L2(ϕ,Ω) ≡ H0 ® ��X[r`\OkWhY�bxO]�'WVYXbX[xQ�)e_#bT`cl] 3 0�² X ® � �X²��'0/4 p<\^�'T`\Ir`\QX[ZY'`\Yc`ZOhTp#bv[VOZOc`tYT`\&#�rp'`\QX[ZY'WVOTWX[ZOtY\

H−
ZqVOjf\&# ² g`ZO\

H− ⊃ H0 ⊃ H+, ‖u‖− 6 ‖u‖ϕ,0 6 ‖u‖+ (u ∈ H+),

c	r`\YjlVO�mVOZOh ² g`ZO\�X[xf_�#mX[ZOtYx&#bZ)kWc`Tp#ba`T`|da�Tp#brp'p#%'`|dtYT`|da	\Yrp#%'WVOZO\&' I
c`�b\��

p*#bZY'`c`gp#mX[j`c�\YZO\&$&'WVq��VOy3_�c`a
H−

TWV
H+ ®
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L
P (X)
W" ������
)�����	�*
)��"'�

L1

B (��h(+BD9��u=	��C�

� �89�� ����=:7
c /1032405-3)96D/1/,+.) 7 IPTQ05/;WbI5/,+.?3E36PW`F.2�E3)1/

w(x)
D SDBD6bN%?305?3BD<HGa@4I 7 )10�/1SDB.24E3) 7 +.6 z

E3?CE4+.?]:�)1FD6D)
SDBD?3/105B.24FD/105E52
L
p(x)
w

ECSDBD?3/105B.24FD/105E3?
L1 G , 24= 7 )1FD?CFD)1?3@]G5? 7 6 M ?3)

I5/,+.?3E36D)�E4+.?]:�)1FD6PW G-# SD? M ?3U�-3T L105? [ ?�I5/,+.?3E36PW E3<>E3) 7 )1FD?CFD)1/1N%?4+.-3N%?�SDBD6DA1F.2 z
N%?3E D E�^.24/105FD<HGb/,+DIP^.2JWPG SD?3A1E3?4+DWDTQU�6PG +.) [ N%?a?3SDBD) 7 ),+.6D05-�F.2J+.6D^D6D)�/1E3?3=D/105E52
E4+.?]:�)1FDFD?3/1056

L
p(x)
w ⊂ L1 G

e�fhg�ikjPlYm�j�n4fpo&l.q�u E3)1/1?3E3?3)HSDBD?3/105B.24FD/105E3?  )1@3) [ 2>/_SD)1BD) M )1FDFD< M SD?3NP24A]2405),+.) M D
E4+.?]:�)1FD6D)�E

L1 G
w�'`c�cWXbX�kh#�eu\YtQVOT`c`c8Tp#bjf\YZO\&'`|?n8tY\Yrp'`\QX[\YtUZY#b\&'`c`c�rp'`cp$OkWcl�a#bT`c`a{t

t&#mX[\YtY|?n�rp'`\QX[ZY'WVOTWX[ZOtQVqn ��#%$&#bv[V
L
p(x)
w (E)

X{rp#%'p#mp*#bT`T`|Ip�r`\YjlVO�mVOZY#=�
kh#mp

p(x)
tY\Y�bT`c`jlVY#bZ#�mV^eMV^gWV#r`\YcWX[jlV#xQX�kW\YtYc`a�TWVUt&#mX

w(x) ² \&$&#mX[rp#bg`c'�tQVOy3_�cln�tOkW\^�a#bT`cp# �
Lp(x)w (E) ⊂ L1(E). ³=µ7¶

��gWVYX[ZOT`\QX[ZOc ² ZqVOjlVq]��mV^eMV^gWV�tY\Y�bT`c`jlVY#bZ'rp'`c*c`�bxfgp#bT`c`c*VOr`rp'`\YjlX[cWp�VOZOc`t��T`|?n8X[tY\YaWX[ZOtUgWVYX[ZOc`g`T`|?n8X[xlp�p ��xk'`h&# , ��VYVY'WV�t
L
p(x)
w ([0, 1]) ® ��#ba'�X[ZOtYc`ZY#[kWhYT`\ ² eWk`] r`\QX[ZY'`\&#bT`cl] 'Q]feMV ��xk'`h&# , ��VYVY'WV ∑∞

k=1 ckχk(x) ²
ck =

∫ 1

0 f(t)χk(t) dt ² eWk`]�}+xfT`j`i`c`c f(x) ∈ L
p(x)
w ([0, 1])

ZY'p#%$Yx&#bZYX�]*TWVOa'�
ZOc�jf\Yom}�}+c`i`cp#bT`ZO|

ck ² jf\YZO\&'`|9# ² jlVOj'tYcfeuT`\�c`�3�mV^eMVOy3_�#ba'cln'}+\&'Wp<xmkW| ²$YxbeuxfZ�\Yrp'p#�e_#[kh#bT`|{c	jf\YTp#bg`T`|�t'ZO\Qp�c�ZO\OkWhYjf\�ZO\Qp�X�kWxfgWVY# ² jf\Yv�eMV f(x)]`tOk`]p#bZYX�]	X[xlp�p<cp'`x&#mp<\Ya ®��#bvbjf\�r`\YjlVO�mVOZOh ² g`ZO\)tOkW\^�a#bT`cp# ³=µ7¶ cWp*#%#bZ�p*#mX[ZO\)Tp#IeWk`]�tQX�]`jf\Yvb\�t&#=�XbV
w(x) ® A+ZO\&$Y|
xk$&#�euc`ZOhQX�]+tdobZO\Qp ² eu\QX[ZqVOZO\Yg`T`\dtY�[]`ZOh p(x) = 1 ² w(x) = xc 'WVYXbXbp<\YZY'p#bZOh#}+xfT`j`i`c`y

f(x) = 1
x /∈ L1([0, 1]) ² jf\YZO\&'WVq] ² jlVOjUkh#bvbjf\rp'`\Yt&#%'`c`ZOh ² rp'`c`TWV^eWkh#[�'c`Z Lp(x)w ([0, 1]) ®�zeMVOT`T`\Ya�'WVY$Y\YZY#�cWXbX�kh#�euxfy3ZYX�]�xQX�kW\YtYcl]	TWV't&#mX

w(x) ² rp'`c�jf\YZO\&'`|?n$Yxbe_#bZ'X[rp'WVOt&#�eWkWc`tY\)xfjlVO�mVOT`T`\&#3tOkW\^�a#bT`cp# ®��t&#�e_#mp8Tp#bjf\YZO\&'`|9#�\Yrp'p#�e_#[kh#bT`cl] ® w+xQX[ZOh E , p<T`\^�a#mX[ZOtY\	X�jf\YTp#bg'�T`\Ya�p*#%'`\Ya ��#%$&#bv[V ² p(x) , Tp#b\YZY'`c`iWVOZY#[kWhYTWVq]Uc`�mp*#%'`cWp�Vq]�cUjf\YTp#bg`TWVq]
r`\Yg`ZOc*tQX[y�eux TWV

E
}+xfT`j`i`cl] ³ r`\YjlVO�mVOZY#[kWh ¶�² w(x) , Tp#b\YZY'`c`iWVOZY#[kWhYTWVq] ²



µ�� � � �")"�"��	 % � � �
� � ����' � ���+�
r`\Yg`ZOcztQX[y�euxUr`\OkW\^�'c`ZY#[kWhYTWVq]�X[xlp�p<cp'`x&#mp�Vq]z}+xfT`j`i`cl] ³ t&#mX ¶�² \Yrp'p#�e_#=�kh#bT`TWVq]�TWV�p<T`\^�a#mX[ZOt&#

E ® ��#mX[\YtY|Ip�rp'`\QX[ZY'WVOTWX[ZOtY\Qp ��#%$&#bv[V'X�rp#%'p#mp*#bT'�T`|Ip{r`\YjlVO�mVOZY#[kh#mp
L
p(x)
w (E)

TWVO�b|dtQVY#bZYX�]#p<T`\^�a#mX[ZOtY\�c`�mp*#%'`cWp<|?n#TWV
E}+xfT`j`i`c`a

f(x) ² xbeu\YtOkh#bZOtY\&'Q]`y3_�cln	xQX�kW\YtYc`y ∫E |f(x)|p(x)w(x) dx < ∞ ®��VOj c`�bt&#mX[ZOT`\I3 µ � � 4w² #mX�kWc
1 6 ess inf

x∈E
p(x) 6 ess sup

x∈E
p(x) <∞, ³�2r¶

ZO\�ZO\Yr`\OkW\Yvbcl]
rp'`\QX[ZY'WVOTWX[ZOtQV
L
p(x)
w (E)

T`\&'Wp<cp'`x&#mp�V c�\meuT`x*c`�'obj`tYc`tQV6�
kh#bT`ZOT`|?n T`\&'Wp�p<\^�'T`\�\Yrp'p#�e_#[kWc`ZOh ² r`\OkuVOv[Vq]'eWk`] f ∈ L

p(x)
w (E)

‖f‖p(·),w(E) = inf



α > 0 :

∫

E

∣∣∣∣
f(x)

α

∣∣∣∣
p(x)

w(x) dx 6 1



 .

+ cWp<tY\OkW\Qp P(E)
$Yxbe_#mp�\&$Y\Y�bTWV^gWVOZOh'p<T`\^�a#mX[ZOtY\��mV^eMVOT`T`|?n TWV

E
r`\YjlV6�

�mVOZY#[kWhYT`|?n�}+xfT`j`i`c`a
p(x) ² xbeu\YtOkh#bZOtY\&'Q]`y3_�cln�xQX�kW\YtYc`y ³�2r¶�® ��VYp
ZqVOjl�a#r`\YTWV^eu\&$Yc`ZYX�]�\&$Y\Y�bTWV^gp#bT`cp#

P̂(E)
eWk`]
r`\meMp<T`\^�a#mX[ZOtQV�c`�

P(E) ² tYjlkWy �gWVOy3_�#bvb\�ZO\OkWhYjf\�ZY#
p(x) ² jf\YZO\&'`|9#�xbeu\YtOkh#bZOtY\&'Q]`y3Z eu\Yr`\OkWT`c`ZY#[kWhYT`\Qp<x\Yv%'WVOT`c`gp#bT`c`y

1 < ess inf
x∈E

p(x) ®
��T`\^�a#mX[ZOtY\�t&#mX[\YtY|?n�}+xfT`j`i`c`a

w(x) ² xbeu\YtOkh#bZOtY\&'Q]`y3_�cln�xQX�kW\YtYcl]Wp
³ ( µ ) w(x) > c(w) > 0, x ∈ E1 = {x ∈ E : p(x) = 1} ( r`\Yg`ZOc tQX[y�eux ),
³ ( 2 ) ‖w− 1

p(·) ‖p′(·)(E2) <∞, E2 = E \E1,

$Yxbe_#mp�\&$Y\Y�bTWV^gWVOZOh�gp#%'p#b�
Hp(·)(E) ®� 'WVY$Y\YZY# 3 ��4 $Y|?kW\�r`\YjlVO�mVOT`\ ² g`ZO\)xQX�kW\YtYcl] ³ ( µ7¶�².³ ( 2r¶ ]`tOk`]`y3ZYX�]'eu\��X[ZqVOZO\Yg`T`|Ip<c�eWk`]
X[rp'WVOt&#�eWkWc`tY\QX[ZOc
X[\Y\YZOT`\(@�#bT`cl] ³=µ7¶�® �{ZO\Ya*�a#a'WVY$Y\YZY#$Y|?kW\�ZqVOjl�a#?r`\YjlVO�mVOT`\ ² g`ZO\�xQX�kW\YtYcp# ³ ( µ7¶ ]`tOk`]p#bZYX�])c)Tp#b\&$^nQ\meucWp<|Ip eWk`]tOkW\^�a#bT`cl] ³=µ7¶�® w�'`c`t&#�e_#mp
ZOxfZ)X[\Y\YZOt&#bZYX[ZOtYxfy3_�cp#�'p#b�bxmkWhqZqVOZO|�c`�3xfr`\QpS]'�T`xfZO\Ya 'WVY$Y\YZO| ®

� L
? 5<L
	 6 }g~ � �
���
w(x) ∈ Hp(·)(E) 
 p(x) ∈ P(E) 
 �"� � ��	�	�� ��	����"�'(����� 	�����	

(1) 
 �: ����
	��

‖f‖1(E) 6 c(p, w)‖f‖p(·),w(E).

� L
? 5<L
	 6 �^~���� �����
p(x) ∈ P(E)

� � ��	�	�� ��	����"�
(1)

� � ��)!%=� '�	��
w(x)# � %8	�� � %8��'(��	���'��# �!���� � �
����'(��� ³ ( µ7¶ �



��'(����� 	������ '�	��#��' � �$�: =�:���� ��"������' � 	�#(	�)�� � � � µ�� �
�deuTWVOjf\dTp#bcWXbX�kh#�eu\YtQVOT`T`|Ip�\QX[ZqVOtQVqkuX�]�tY\Yrp'`\QXS\dTp#b\&$^nQ\meucWp<\QX[ZOc�xQX�kW\��

tYcl] ³ ( 2r¶�® �{eMVOT`T`\Ya 'WVY$Y\YZY#�rp'p#�eurp'`c`Tl]`ZqV�r`\Yr`|dZOjlV	gWVYX[ZOc`g`T`\�tY\QX[r`\Ok��T`c`ZOh�obZO\YZ'rp'`\&$&#[k ® ��X[T`\YtYT`|Ip 'p#b�bxmkWhqZqVOZO\QpUobZO\Ya�X[ZqVOZOhYc	]`tOk`]p#bZYX�]�X�kh#=�euxfy3_)Vq] ZY#b\&'p#mp�V ®
� L
? 5<L
	 6 �.~���� �����

p(x) ∈ P̂(E)
�  �"! �"��)"� ���"� #�� � ��	�������	����"�

'(����� 	�����	
(1) 
 ��	�� ##���
%�� ��� 
 ���"� #�� w(x)α(x) ∈ L1(E)

%��"! ����#(� � ��� �
��	! �� ��� � � � ���������

α(x) 
 � �:�"�# �� ! �: �� ��	�� �:�"�# =�"�
ε > 0

���
����� '���� % �
�2�

E 
 � %8��'(��	���'��# �!���� � �
����'(���

− 1

p(x)− 1
+ ε 6 α(x) 6 1, x ∈ E. ³ � ¶

�������
	����
�
��� w+xQX[ZOh
p(x) ∈ P̂(E) ® � \Yv�eMV?eu\QX[ZqVOZO\Yg`T`\&#�xQX�kW\YtYcp# ³ ( 2r¶c�Tp#b\&$^nQ\meucWp<\&#�xQX�kW\YtYcp# ³ � ¶ tOkW\^�a#bT`cl] ³=µ7¶ p<\^�'T`\�rp#%'p#br`cWXbVOZOh�X[\Y\YZOt&#bZ6�X[ZOt&#bT`T`\�t'X�kh#�euxfy3_�#mpUtYcfe_# �

∫

E

[ 1

w(x)

] 1
p(x)−1

dx <∞,

∫

E

[ 1

w(x)

] 1
p(x)−1−ε

dx <∞ (∀ ε > 0),

\YZOj`xbeMV�X�kh#�eux&#bZ ² g`ZO\*xQX�kW\YtYcp# ³ ( 2r¶ t�\Yrp'p#�e_#[kh#bT`T`\Qp{Xbp<|IX�kh# $OkWc`�bjf\�jTp#b\&$^nQ\meucWp<\Qp<x ®��k`])eu\YjlVO�mVOZY#[kWhQX[ZOtQV�ZY#b\&'p#mp<| �+TWVYp
r`\YZY'p#%$Yxfy3ZYX�]'Tp#bjf\YZO\&'`|9#3X[tY\Ya'�
X[ZOtQV�X[xlp�p<cp'`x&#mp<|?n	}+xfT`j`i`c`a ®� L
	�	 6^~ ��� �����

E � �.����� 	�����'�� � � ����	��4��� � ��	! =� � � 	�#(	�)�� µ 
 � α(x)�
β(x) � ������	! �� � � 	 �2�

E
� � ��������� �%� ��)!%=�

��� 	��
���
0 6 α(x) 6 β(x)

���
����� '���� % � �2�
E 
 �"� ��� |f(x)|β(x) ∈ L1(E)�
��	 % � 	�� |f(x)|α(x) ∈ L1(E)

�

��� 	��
���
α(x) 6 β(x) 6 0

���
����� '���� % � �2�
E 
 �"�B��� |f(x)|α(x) ∈ L1(E)�
��	 % � 	�� |f(x)|β(x) ∈ L1(E)

�

C
w+\OkW\^�'cWp

E1 = {x : |f(x)| 6 1} ² E2 = {x : |f(x)| > 1} ® w�#%'`tY|dar`xfT`j`Z)kh#mp�p<|{X�kh#�eux&#bZ�c`��X[\Y\YZOT`\(@�#bT`c`a
∫

E

|f(x)|α(x)dx =

∫

E1

|f(x)|α(x)dx+

∫

E2

|f(x)|α(x)dx 6

6 µ(E1) +

∫

E2

|f(x)|β(x)dx <∞.



µ/��� � �")"�"��	 % � � �
� � ����' � ���+�
"ITWVqkW\Yvbc`g`T`\�eu\YjlVO�b|dtQVY#bZYX�]�c	tYZO\&'`\Ya r`xfT`j`Z �

∫

E

|f(x)|β(x)dx =

∫

E1

|f(x)|β(x)dx+

∫

E2

|f(x)|β(x)dx 6

6

∫

E1

|f(x)|α(x)dx+ µ(E2) <∞. B

C ����� ��� �����	��

�
��� � ��� ��� �
��� � ® ��tYcfeux�ZO\Yvb\ ² g`ZO\ w(x) ∈ L1(E) ²X[rp'WVOt&#�eWkWc`tY\QX[ZOh�xfZOt&#%'Q�)e_#bT`cl]*ZY#b\&'p#mp<|�eWk`]
0 6 α(x) 6 1

X�kh#�eux&#bZ�c`�
r`xfT`j`ZqVc� ¶ kh#mp�p<| ® w+xQX[ZOh#ZY#brp#%'`h − 1

p(x)−1 + ε 6 α(x) 6 0 ® w�'p#[�)e_#tQX5#bvb\ ² r`\YjlVq�a#mp ² g`ZO\�eWk`] βn(x) = −∑n
k=1

1
pk(x)

c�kWy�$Y\Yvb\
n = 1, 2, . . .

$Yxbe_#bZ�tY|dr`\OkWTl]`ZOhQX�] X[\Y\YZOT`\(@�#bT`cp#

w(x)βn(x) ∈ L1(E). ³ ��¶
+ e_#[kuVY#mp�obZO\'r`\�c`Tfeuxfj`i`c`c ® ��k`] n = 1

cWp*#%#mp
∫

E

|w(x)β1(x)|p(x)w(x) dx =

∫

E

(w(x)−
1

p(x) )p(x)w(x) dx = µ(E) <∞,

X�kh#�eu\YtQVOZY#[kWhYT`\ ² w(x)β1(x) ∈ L
p(x)
w (E)

c�t	X[clkWx ³=µ7¶ w(x)β1(x) ∈ L1(E) ®
+ g`c`ZqVq]�tY|dr`\OkWTp#bT`T`|Ip ³ ��¶ eWk`] n ² eu\YjlVq�a#mp�#bvb\*eWk`]

n + 1 ® � XbVYp<\Qpe_#[kh# ²
∫

E

|w(x)βn+1(x)|p(x)w(x) dx =

=

∫

E

w(x)
−1−

n∑
k=1

1

pk(x)w(x) dx =

∫

E

w(x)βn(x) dx <∞.

+ ZqVqkW\ $Y|dZOh ² w(x)βn+1(x) ∈ L
p(x)
w (E) ² c`��gp#bvb\�X[\Yv�kuVYX[T`\ ³=µ7¶ X�kh#�eux&#bZ

w(x)βn+1(x) ∈ L1(E) ®�)Vqkh#%# ² �mVYp*#bZOcWp ² g`ZO\ βn(x) → β(x) = − 1
p(x)−1 ² rp'`c`gp#mp ² ZqVOjUjlVOj

p = ess inf
E

p(x) > 1
c	r`\Yg`ZOc	tQX[y�eux�TWV

E

|β(x) − βn(x)| =
1

p(x)− 1
− pn(x)− 1

pn(x)(p(x) − 1)
6

1

pn(p− 1)
,



��'(����� 	������ '�	��#��' � �$�: =�:���� ��"������' � 	�#(	�)�� � � � µ/�Xµ
ZO\�eWk`]UkWy�$Y\Yvb\

ε > 0
tQX5#bv�eMV�TWVOafe_#bZYX�]UZqVOjf\YaUT`\Qp*#%'

n ² g`ZO\ βn(x) 6
− 1
p(x)−1 + ε 6 α(x)

eWk`]
r`\Yg`ZOc
tQX5#[n
x ∈ E ® ��k`]
�mVOt&#%'�@�#bT`cl]	eu\YjlVO�mV6�ZY#[kWhQX[ZOtQV	\QX[ZqVY#bZYX�]
ZO\OkWhYjf\	tY\QX[r`\OkWhY�b\YtQVOZOhQX�]�r`xfT`j`ZO\Qp�° ¶ rp'`c`t&#�e_#bT`T`\YatY|B@�#�kh#mp�p<| ® B

�������
	����
�
��� ��V^eu\ \YZYp*#bZOc`ZOh ² g`ZO\�xQX�kW\YtYcp# ² rp'`c`t&#�e_#bT`T`\&#�t�ZY#b\&'p#=�p*# � ² Tp#�]`tOk`]p#bZYX�]�eu\QX[ZqVOZO\Yg`T`|Ip ® A+ZO\&$Y|#xk$&#�euc`ZOhQX�]�t3obZO\Qp ² 'WVYXbXbp<\YZY'`cWp}+xfT`j`i`c`y
φγ(x) =

1
x| lnx|γ ® ��tYcfeux�ZO\Yvb\ ² g`ZO\

∫
dx

x(− lnx)γ
= −

∫
d(− lnx)

(− lnx)γ
=

{
− ln(− lnx), γ = 1,

1
(γ−1)(− lnx)γ−1 , γ 6= 1,

³��r¶
cWp*#%#mp

φγ(x) ∈ L1([0, A]), γ > 1
c

φγ(x) 6∈ L1([0, A]), γ 6 1,

v�e_#
A < 1 , Tp#bjf\YZO\&'`\&#�}+c`jlX[cp'`\YtQVOT`T`\&#�g`cWX�kW\ ® ��\Y�bhQp*#mp ZY#brp#%'`h

p(x) = 2 ² w(x) = x
c�p<T`\^�a#mX[ZOtY\

E = [0, A] ² A < 1 ® � \Yv�eMV�}+xfT`j`i`cl]
f(x) = 1

x lnx ² X�\meuT`\Ya�X[ZO\&'`\YT`| ² $Yxbe_#bZ�rp'`c`TWV^eWkh#[��VOZOh�rp'`\QX[ZY'WVOTWX[ZOtYx
L
p(x)
w (E) ² r`\QX[jf\OkWhYj`x

A∫

0

1

x2 ln2 x
x dx =

A∫

0

1

x ln2 x
dx =

A∫

0

φ2(x) <∞,

X	e_'`xfvb\YazX[ZO\&'`\YT`| ² \YTWV#Tp#�]`tOk`]p#bZYX�]8X[xlp�p<cp'`x&#mp<\Ya ² ZqVOjzjlVOj f(x) =
φ1(x) ² Z ® # ® f(x) 6∈ L1(E) ®=+ ZqVqkW\ $Y|dZOh ² tOkW\^�a#bT`cp# ³=µ7¶ Tp#�cWp*#%#bZ p*#mX[ZqV ²rp'`c�obZO\Qp8xQX�kW\YtYcp#)ZY#b\&'p#mp<| � tY|dr`\OkWTp#bT`\ ³ w(x)α(x) = x−1+ε ∈ L1(E)eWk`] kWy�$Y\Yvb\

ε > 0 ¶�®
��VYXbXbp<\YZY'`cWp�Tp#bjf\YZO\&'`|9#3X[tY\YaWX[ZOtQV+t&#mX[\YtY|?n�}+xfT`j`i`c`a

w(x) ² jf\YZO\&'`|9#r`\Y�btY\Ok`]`y3Z�X[xbeuc`ZOh'\�TWVqkWc`g`c`c	tOkW\^�a#bT`cl]
L
p(x)
w (E) ⊂ L1(E) ®

� 3lKML:5��*N:LQPSR<L }g~ � �
��� '�	��#��'
� ! � � �������"!
w(x)

� %8��'(��	���'��# �!�	�� � � �
����'(���

ess inf
E

w(x) > 0,

�"�
L
p(x)
w (E) ⊂ L1(E)

�
C
�3gp#btYcfeuT`\ ² g`ZO\�xQX�kW\YtYcp# ³ ( µ7¶ tY|dr`\OkWTp#bT`\ ® w+xQX[ZOh E2 = {x : p(x) >

1} c w = w(E) ® � \Yv�eMV ² tY�[]`t α = max
{
1, 1

w

} c��mVYp*#bgWVq] ² g`ZO\ w(x) > 1
α ²



µ/� 2 � �")"�"��	 % � � �
� � ����' � ���+�
r`\OkWxfg`cWp
∫

E2

∣∣∣∣
w(x)−

1
p(x)

α

∣∣∣∣
p′(x)

dx 6

∫

E2

∣∣∣∣
α

1
p(x)

α

∣∣∣∣
p′(x)

dx 6

∫

E2

∣∣∣α
α

∣∣∣
p′(x)

dx = µ(E2) <∞.

+ kh#�eu\YtQVOZY#[kWhYT`\ ² ∥∥w− 1
p(·)

∥∥
p′(·)

(E2) < ∞ ² c�xQX�kW\YtYcp# ³ ( 2r¶ ZqVOjl�a#�tY|dr`\Ok��Tp#bT`\ ® B
��X[T`\YtYT`\Ya�c`T`ZY#%'p#mX*rp'p#�eMX[ZqVOtOk`]p#bZUX�kWxfgWVOa ² jf\Yv�eMV ess inf

E
w(x) = 0 ®��k`]�r`\QX[ZO\^]`T`T`\Yvb\�r`\YjlVO�mVOZY#[k`]�TWVYp�xbeMVqkW\QX[h�r`\OkWxfg`c`ZOh*X�kh#�euxfy3_�cp# 'p#=�

�bxmkWhqZqVOZO| ®
� 3lKML:5��*N:LQPSR<L��^~
��� ����� �2�$�.����� 	�����'�	

E = [0, 1]
���#%=�"��'�	�� '(�(%=�

w(x) = xβ 
 β > 0
� � ��)!%=�

• Lpw(E) ⊂ L1(E)
�: ��

p > β + 1
�

• Lpw(E) 6⊂ L1(E)
�: ��

1 6 p 6 β + 1
�

C
w+\QX[jf\OkWhYj`x

w(x)−
1

p−1 = x−
β

p−1 ² ZO\�rp'`c p > β + 1
r`\YjlVO�mVOZY#[kWh

− β
p−1 > −1 ² r`\YobZO\Qp<xb$Yxbe_#bZ�tY|dr`\OkWTp#bT`\+eu\QX[ZqVOZO\Yg`T`\&#IxQX�kW\YtYcp# ³ ( 2r¶�® ��X9�kWc��a#

1 < p < β + 1 ² ZO\�TWVY'`x
@)VY#bZYX�]�Tp#b\&$^nQ\meucWp<\&#IxQX�kW\YtYcp# ³ Xbp ® ZY#b\&'p#=�p<x � ¶�² ZqVOj*jlVOj	eWk`] α = − 1
β > − 1

p−1

r`\OkWxfg`cWp
w(x)α = x−1 6∈ L1(E) ®��k`]

p = 1
xfZOt&#%'Q�)e_#bT`cp#�X�kh#�eux&#bZ�c`�+ZY#b\&'p#mp<| 2j®��X[ZqVqkW\QX[h 'WVYXbXbp<\YZY'p#bZOh�X�kWxfgWVOa

p = β + 1 ® �3ZYp*#bZOcWp ² g`ZO\�t#obZO\QpX�kWxfgWVY#)Tp#b\&$^nQ\meucWp<\&#�xQX�kW\YtYcp#�tOkW\^�a#bT`cl] ³ � ¶ tY|dr`\OkWTp#bT`\ ² \meuTWVOjf\�TWVY'`x �@)VY#bZYX�]�eu\QX[ZqVOZO\Yg`T`\&#�xQX�kW\YtYcp# ³ ( 2r¶�® ��VYXbXbp<\YZY'`cWp�}+xfT`j`i`c`y (A < 1)

f(x) =

{
1

x| lnx| , x ∈ [0, A],

0, x ∈ (A, 1].

�+� ³��r¶ X�kh#�eux&#bZ ² g`ZO\ f(x) 6∈ L1(E) ® ��ZO\)�a#+t&'p#mpS] ² X[\Yv�kuVYX[T`\ ³��r¶ cWp*#%#mp
A∫

0

|f(x)|pw(x)dx =

A∫

0

xβdx

xβ+1| lnx|β+1
=

A∫

0

dx

x| ln x|β+1
<∞,

g`ZO\'\Y�bTWV^gWVY#bZ
f(x) ∈ Lpw(E) ® B

��ZO\'xfZOt&#%'Q�)e_#bT`cp#3eu\Yr`xQX[jlVY#bZ�X�kh#�euxfy3_�#%#+\Ygp#btYcfeuT`\&#+\&$Y\&$Y_�#bT`cp# ®
� 3lKML:5��*N:LQPSR<L �.~ ��� �����

w(x) � ��	��: =	! �B'(�2� ! '�	��#��'
� ! � � �������"! 
���������$���"	����(�2� !*'���� % � �2� �.����� 	�����'�	
E = [a, b]

��� ���
����� �
	�����	�� �
%���� �
�"�
�4���

x0 ∈ [a, b] 
 '�� �:�"�# =� � ���2� �: ������ � �:	��0� � ��	�'��(	 �#�2�:�
	�����	 � � �
���
w(x) � |x− x0|β 
 x → x0 


�"�
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• Lpw(E) ⊂ L1(E)

�: ��
p > β + 1

�

• Lpw(E) 6⊂ L1(E)
�: ��

1 6 p 6 β + 1
�

C
�+�+xQX�kW\YtYcl]�xfZOt&#%'Q�)e_#bT`cl]	X�kh#�eux&#bZ ² g`ZO\'X[xf_�#mX[ZOtYxfy3Z)r`\QX[ZO\^]`T`T`|9#

c1, c2 > 0
ZqVOj`cp# ² g`ZO\)t�Tp#bjf\YZO\&'`\Ya�rp'`\Yjf\OkW\YZO\Ya'\Yjp'p#mX[ZOT`\QX[ZOc ◦

V (x0)
ZO\Yg'�

j`c
x0
tY|dr`\OkWTl]`y3ZYX�] Tp#%'WVOt&#bTWX[ZOtQV

c1|x− x0|β 6 w(x) 6 c2|x− x0|β . ³��d¶
�~X[clkWx*ZO\Yvb\ ² g`ZO\	tYTp#�xfr`\QpS]`T`xfZO\Ya�\Yjp'p#mX[ZOT`\QX[ZOc�}+xfT`j`i`cl] w(x) X[xf_�#=�X[ZOt&#bT`T`\'\YZOv%'WVOT`c`gp#bTWV)\YZ'T`xmk`] ² ZO\�X[\Yv�kuVYX[T`\)xfZOt&#%'Q�)e_#bT`c`y µ cWp*#%#bZ�p*#=�X[ZO\)tOkW\^�a#bT`cp#�TWV)p<T`\^�a#mX[ZOt&#

E1 = E \
◦

V (x0) � Lpw(E1) ⊂ L1(E1) ² p > 1 ®
+ kh#�eu\YtQVOZY#[kWhYT`\ ² TWVqkWc`g`cp#'X[tY\YaWX[ZOtQV'tOkW\^�a#bT`T`\QX[ZOc Lpw(E) ⊂ L1(E)

clkWc
#bvb\�\YZYX[xfZYX[ZOtYcp#�TWV�tQX5#mp{p<T`\^�a#mX[ZOt&#

E
$Yxbe_#bZ*\Yrp'p#�e_#[k`]`ZOhQX�]#cWX[jlkWy3g`c'�

ZY#[kWhYT`\�TWVqkWc`g`cp#mp
clkWc�\YZYX[xfZYX[ZOtYcp#mp�\YT`\Yvb\�TWV�p<T`\^�a#mX[ZOt&# ◦

V (x0) ®�+ e_'`x �vb\Ya)X[ZO\&'`\YT`| ² c`�dX[tY\YaWX[ZOt�t&#mX[\YtY|?n�rp'`\QX[ZY'WVOTWX[ZOt Lp(x)w
c)c`� ³��d¶ tY|dZY#bjlVY#bZ ²g`ZO\

Lpw(
◦

V (x0)) = Lpu(
◦

V (x0)) ² v�e_# u(x) = |x−x0|β ® ��k`])�mVOt&#%'�@�#bT`cl]�eu\��jlVO�mVOZY#[kWhQX[ZOtQV�\QX[ZqVY#bZYX�]�ZO\OkWhYjf\�tY\QX[r`\OkWhY�b\YtQVOZOhQX�]'xfZOt&#%'Q�)e_#bT`cp#mp 2j® B�)VOT`T`\&#dxfZOt&#%'Q�)e_#bT`cp#3p<\^�'T`\+kh#bvbjf\�'WVYX[rp'`\QX[ZY'WVOT`c`ZOh�TWV�X�kWxfgWVOa ² jf\��v�eMV�t&#mX[\YtQVq]�}+xfT`j`i`cl]
w(x)

\&$&'WVO_)VY#bZYX�]�t � TWV�jf\YTp#bg`T`\Qp{p<T`\^�a#mX[ZOt&#ZO\Ygp#bj ® ��gWVYX[ZOT`\QX[ZOc ² X[rp'WVOt&#�eWkWc`tY\�X�kh#�euxfy3_�#%#+xfZOt&#%'Q�)e_#bT`cp# ®
� 3lKML:5��*N:LQPSR<L 
K~ � �
��� ���#%=�"���2� !��2�$�.����� 	�����'�	

E = [a, b]
� � ��� �

���"!
w(x)

�: =	 %.�����"'(� � � ' '(�(%8	
w(x) = c

∏k
i=1 |x− xi|βi 
 βi > 0 
 xi 6= xj�: ��

i 6= j 
 �"�
• Lpw(E) ⊂ L1(E)

�: ��
p > max

i
{βi}+ 1

�

• Lpw(E) 6⊂ L1(E)
�: ��

1 6 p 6 max
i

{βi}+ 1
�
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� E G � � 5 U � �Y: E : E � E � � ! E � � � 8GE � Lp(x)wU �
� �
L1 � � � 8GE

,�� ¦ �r«"¡b¬1� �/�r�E¤X«"�Q >, ® � ®
a.L7:�8QMB8;:=R�Z7:EMBU 6�JK4 >9L5<=@�27Z74 >94 @�276
@�25M
J^:=4 W�L�>

w(x)
C727Z7:=R�JKL74 <wLNM�_�MBRI4 MB]7U :

[�:=];:=69W�C7:
698QMB<=:
L
p(x)
w
:=O\];:=Z76
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p(x)
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�3\&'`\(@�\(c`�bt&#mX[ZOTWV ZY#b\&'`cl]�VOTWVqkWc`ZOc`gp#mX[jf\Yvb\�rp'`\meu\Ok`�a#bT`cl]Dvb\OkW\��

p<\&'W}+T`|?n~}+xfT`j`i`c`a-jf\Qp<rlkh#bjlX[T`\Yvb\zrp#%'p#mp*#bT`T`\Yvb\ ® � jlVOjf\Ya�p*#%'p#�obZqVZY#b\&'`cl]�p<\^�a#bZ
\&$Y\&$Y_)VOZOhQX�]�TWV
kW\YjlVqkWhYT`\
�mV^eMVOT`T`\&#	VY}�}+c`T`T`\&# rp'p#b\&$��
'WVO�b\YtQVOT`cp#�rp'`\QX[ZY'WVOTWX[ZOtQV*VY}�}+c`T`T`\Ya�X[tO]`�bT`\QX[ZOc�� ��\Yrp'`\QX�\&$
VOTWVqkWc`ZOc'�
gp#mX[jf\Qp�rp'`\meu\Ok`�a#bT`c`c�VY}�}+c`T`T`\Yvb\'rp'p#b\&$&'WVO�b\YtQVOT`cl] ² �mV^eMVOT`T`\Yvb\'TWV$@)V6�'p#

U ⊂ Rn ² ZY#mX[T`\�X[tO]`�mVOT	X�VOTWVqkWc`ZOc`gp#mX[j`cWp�rp'`\meu\Ok`�a#bT`cp#mp�VY}�}+c`T`T`\YaX[tO]`�bT`\QX[ZOc ² �mV^eMVOT`T`\YaUTWV�p<T`\^�a#mX[ZOt&# U eu\�VY}�}+c`T`T`\Ya�X[tO]`�bT`\QX[ZOcUv�kW\��$QVqkWhYT`\Yvb\#p<T`\Yvb\Y\&$&'WVO�bcl]
M ² X[\me_#%'Q��VO_�#bvb\ U ² Z ® # ® X*VOTWVqkWc`ZOc`gp#mX[j`cWprp'`\meu\Ok`�a#bT`cp#mp�rp'`\QX[ZY'WVOTWX[ZOt'VY}�}+c`T`T`\Ya X[tO]`�bT`\QX[ZOc jlVOj	ZqVOjf\YtY|?n ®�+�bt&#mX[ZOT`\ ² g`ZO\*c`�b\Qp*#bZY'`cl] f : U → V

p*#[�)eux
eutYxlpS]�\YZOjp'`|dZO|Ip<c
r`\meMp<T`\^�a#mX[ZOtQVYp<c�r`\OkWT`\Yvb\�\meuT`\QX[tO]`�bT`\Yvb\�p<T`\Yvb\Y\&$&'WVO�bcl]

M
VOTWVqkWc`ZOc`gp#=�

X[j`c
rp'`\meu\Ok`��VY#bZYX�]�eu\�c`�b\Qp*#bZY'`c`c
f : M → M

3 µ=4w® �deuTWVOjf\�eMVqkh#bjf\ Tp#tQX5#bv�eMVIkW\YjlVqkWhYT`\+�mV^eMVOT`T`xfy '`cWp�VOT`\YtYx�VOTWVqkWc`ZOc`gp#mX[j`xfyzp*#bZY'`c`j`x�p<\^�'T`\
VOTWVqkWc`ZOc`gp#mX[j`c	rp'`\meu\Ok`�'c`ZOh�eu\'p*#bZY'`c`j`c�r`\OkWT`\Yvb\�p<T`\Yvb\Y\&$&'WVO�bcl] ® ��X[ZY#=�X[ZOt&#bT`T`|Ip�\&$Y\&$Y_�#bT`cp#mp	r`\YTl]`ZOcl])r`\OkWT`\YZO|�]`tOk`]p#bZYX�]�r`\YTl]`ZOcp#?Tp#brp'`\meu\Ok��
��VY#mp<\QX[ZOc ² 'WVYXbXbp<\YZY'p#bT`T`\&#�#b_�#�t�jlkuVYXbX[c`gp#mX[jf\Ya�p<\YT`\Yv%'WVY}+c`c ��#[kWv[VYX[\��TWV83 µ=4w® �+�bxfgp#bT`c`y�Tp#brp'`\meu\Ok`��VY#mp<|?n
X[\&$QX[ZOt&#bT`T`\ '`cWp�VOT`\YtY|?n
p<T`\Yvb\Y\&$��'WVO�bc`a�c
tY\Y�mp<\^�'T`\QX[ZOc�rp'`\meu\Ok`�a#bT`cl]�kW\YjlVqkWhYT`\��mV^eMVOT`T`|?n�TWV�T`cln�c`�b\��
p*#bZY'`c`a�rp'`c�Tp#bjf\YZO\&'`\Qp�eu\YtY\OkWhYT`\�\&$Y_�#mpU\Yv%'WVOT`c`gp#bT`c`c�TWV�VqkWv%#%$&'`x ��c
t&#bj`ZO\&'`T`|?n�r`\Okh#ba �+clk`kWc`T`v[V)r`\QX[tO]`_�#bT`| 'WVY$Y\YZO| 3 2j² ��4w®
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��k`]�rp'`\Yc`�btY\OkWhYT`\Yvb\�VOTWVqkWc`ZOc`gp#mX[jf\Yvb\�rp'p#b\&$&'WVO�b\YtQVOT`cl]{VY}�}+c`T`T`\Ya

X[tO]`�bT`\QX[ZOc
f : U → V

Tp#brp'p#b\meu\OkWcWp<|Ip-rp'p#brl]`ZYX[ZOtYcp#mp�#bvb\UVOTWVqkWc`ZOc'�
gp#mX[jf\Yvb\�rp'`\meu\Ok`�a#bT`cl]�eu\ VY}�}+c`T`T`\Yvb\�eucW}�}�#b\Qp<\&'W}+c`�mp�V

f : M → M]`tOk`]p#bZYX�]�Tp#btY\Y�mp<\^�'T`\QX[ZOh�VOTWVqkWc`ZOc`gp#mX[jf\Yvb\�rp'`\meu\Ok`�a#bT`cl]'kW\YjlVqkWhYT`\�\me#�
T`\&'`\meuT`\Yvb\�rp'`\QX[ZY'WVOTWX[ZOtQV
VY}�}+c`T`T`\YaUX[tO]`�bT`\QX[ZOc�eu\
\meuT`\&'`\meuT`\Yvb\�rp'`\��
X[ZY'WVOTWX[ZOtQV ® ��ZO\)X[tO]`�mVOT`\�XIZY#mp ² g`ZO\�#mX�kWc�p<| 'WVYXbXbp<\YZY'`cWp#VqkWv%#%$&'`xa��c gtQX5#[n�c`TW}+c`T`c`ZY#b�%#mp�VqkWhYT`|?n VY}�}+c`T`T`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a ² #%#�X[ZqVOi`c`\YTWVY''�T`xfy�r`\meMVqkWv%#%$&'`x

h ² \meuT`\QX[tO]`�bT`xfy�v%'`xfr`r`xr��c G ² r`\&'`\^�)e_#bT`T`xfy�VqkWv%#%$��'`\Ya ��c
g
cUr`\meuv%'`xfr`r`x

H ⊂ G ² r`\&'`\^�)e_#bT`T`xfy r`\meMVqkWv%#%$&'`\Ya h ² ZO\ Hp<\^�a#bZ�\YjlVO�mVOZOhQX�]'Tp#b�mVYp<j`T`xfZO\Ya t
G ® ��obZO\QpUX�kWxfgWVY#+}�VOj`ZO\&'�rp'`\QX[ZY'WVOT'�X[ZOtY\

G/H
Tp#+]`tOk`]p#bZYX�]	p<T`\Yvb\Y\&$&'WVO�bcp#mp ®��VYXbXbp<\YZY'`cWp�VY}�}+c`T`T`|9#�X[tO]`�bT`\QX[ZOc ² eWk`]�jf\YZO\&'`|?n	VqkWv%#%$&'WVb��c	tQX5#[nc`TW}+c`T`c`ZY#b�%#mp�VqkWhYT`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a�cWp*#%#bZ�T`xmkh#btY\Yazip#bT`ZY'8c�eu\YjlV6�

�a#mp(tY\Y�mp<\^�'T`\QX[ZOh{VOTWVqkWc`ZOc`gp#mX[jf\Yvb\�rp'`\meu\Ok`�a#bT`cl]-c`TW}+c`T`c`ZY#b�%#mp�VqkWh��
T`|?n�VY}�}+c`T`T`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a�eu\�VY}�}+c`T`T`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a�Tp#bjf\��
ZO\&'`\Yvb\drp'`\QX[ZY'WVOTWX[ZOtQVIVY}�}+c`T`T`\Ya�X[tO]`�bT`\QX[ZOc ® ��ZO\I]`tOk`]p#bZYX�]�\&$Y\&$Y_�#bT`cp#mp'WVY$Y\YZ 3 2j² ��4w² t�jf\YZO\&'`|?n�c`�bxfgWVqkWcWX[hb'`cWp�VOT`\YtY|�X[tO]`�bT`\QX[ZOc ®

�^~��$1OP.?WKuP89'L 5<L �@�
<���3:6�3�9
�+TW}+c`T`c`ZY#b�%#mp�VqkWhYT`|9##VY}�}+c`T`T`|9#
rp'p#b\&$&'WVO�b\YtQVOT`cl]zTWV�p<T`\Yvb\Y\&$&'WV6�

�bc`c�VY}�}+c`T`T`\YaUX[tO]`�bT`\QX[ZOc
Γkij , obZO\�t&#bj`ZO\&'`T`|9# r`\Ok`]

ξk(x) ² xbeu\YtOkh#=�ZOtY\&'Q]`y3_�cp#�X�kh#�euxfy3_�#ba	X[cWX[ZY#mp*#+eucW}�}�#%'p#bT`i`cWVqkWhYT`|?n�xk'WVOtYTp#bT`c`a �
n∑

l=1

(
∂Γkij
∂xl

ξl − Γlij
∂ξk

∂xl
+ Γklj

∂ξl

∂xi
+ Γkil

∂ξl

∂xj

)
= 0.
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 X � ��� � �������"	 ��	�� �"���(���(	 � � � �������(	 �: =	�� ## �� ����'
�"����	 
 ��� �%=�"�����(	8' � #��2�
�����
U ⊂M 
 �*� � ����� γ(t) 
 0 6 t 6 1 
 ��	��: =	! �B'(�2� ! �: ���'
� !'

M
���"��� ! 
 ���"� γ(0) ∈ U

� � ��)!%=� '�	����"�# ����(	�������	
X

�"�2�"���������
	��
���$�: =� �
%8���"�$�:	���� '�%8�����

γ
�

C
w�'p#�eur`\OkW\^�'cWp ² g`ZO\ X VOTWVqkWc`ZOc`gp#mX[j`c{rp'`\meu\Ok`��VY#mp<\Ut�\Yjp'p#mX[Z6�

T`\QX[ZOh*kWy�$Y\Ya�ZO\Yg`j`c
γ(t)

rp'`c
t < t1 < 1 ® ��\YjlVq�a#mp ² g`ZO\ X rp'`\meu\Ok��

��VY#bZYX�]�cztU\Yjp'p#mX[ZOT`\QX[ZOhUZO\Yg`j`c
q = γ(t1) ® w+xQX[ZOh V , T`\&'Wp�VqkWhYTWVq]

\Yjp'p#mX[ZOT`\QX[ZOh#ZO\Yg`j`c
q ² ]`tOk`]`y3_)Vq]WX�]�T`\&'Wp�VqkWhYT`\Ya�\Yjp'p#mX[ZOT`\QX[ZOhYy�jlVq�>�eu\Ya c`��X[tY\Ycln�ZO\Ygp#bj83 µ=4w® ��VYXbXbp<\YZY'`cWp t < t1

ZqVOjf\&# ² g`ZO\ p = γ(t) ∈ V ®��#bj`ZO\&'`T`\&#'r`\Okh#
X
r`\&'`\^�)eMVY#bZ�kW\YjlVqkWhYT`xfy�\meuT`\YrWVY'WVYp*#bZY'`c`gp#mX[j`xfy

v%'`xfr`r`x�VY}�}+c`T`T`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a
ϕs
tU\Yjp'p#mX[ZOT`\QX[ZOc8jlVq�)eu\YazZO\Yg'�

j`c
γ(t) ² t < t1 ® ��\YjlVq�a#mp ² g`ZO\�eWk`]�tQX5#[n)eu\QX[ZqVOZO\Yg`T`\)p�VqkW|?n��bTWV^gp#bT`c`a s
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kW\YjlVqkWhYT`|9# c`�b\Qp*#bZY'`c`c

ϕs
VOTWVqkWc`ZOc`gp#mX[j`c�rp'`\meu\Ok`��VOy3ZYX�]�c�t#\Yjp'p#mX[Z6�

T`\QX[ZOh�ZO\Yg`j`c
q = γ(t1) ® � \Yv�eMV�t&#bj`ZO\&'`T`\&#+r`\Okh#�X[jf\&'`\QX[ZY#ba obZO\Ya kW\YjlVqkWh��T`\YaUv%'`xfr`r`| c`�b\Qp*#bZY'`c`a�c8$Yxbe_#bZ�VOTWVqkWc`ZOc`gp#mX[j`cWp~rp'`\meu\Ok`�a#bT`cp#mp�t&#bj'�

ZO\&'`T`\Yvb\�r`\Ok`]
X
t�\Yjp'p#mX[ZOT`\QX[ZOh�ZO\Yg`j`c

q ®��VYXbXbp<\YZY'`cWp�X[tO]`�bT`\&#)\YZOjp'`|dZO\&#'p<T`\^�a#mX[ZOtY\
V0 ² rp'`c`TWV^eWkh#[��VO_�#%# VtQp*#mX[ZY#�X[\)X[tY\YcWp
�mVYp<|djlVOT`cp#mp

V 0
c X[\me_#%'Q��VO_�#%#dZO\Yg`j`c

p, q ² p, q ∈ V0 ⊂
V 0 ⊂ V ® ��VYXbXbp<\YZY'`cWp
p�VqkWxfy�\Yjp'p#mX[ZOT`\QX[ZOh V ′ ⊂ V0

ZO\Yg`j`c
q
c'X[\&#�euc`T`cWp

ZO\Yg`j`x
p
\YZY'p#b�bjf\Qp�v%#b\me_#b�bc`gp#mX[jf\Ya

α(t) ² 0 6 t 6 1 ² X*rp'`\Yc`�btY\OkWhYT`\YaZO\Yg`jf\Ya
q′ ∈ V ′ ® w+xQX[ZOh Y = dα

dt (0) ∈ TpM
c
ps = ϕs(p) ² Ys = ϕs(Y ) ®�+��ZO\Yg`j`c

ps
rp'`\Yt&#�e_#mp-v%#b\me_#b�bc`gp#mX[j`xfy

β(t) ² 0 6 t 6 1 ² ZqVOj`xfy ² g`ZO\
dβ
dt (0) = Ys ® w�'`c�eu\QX[ZqVOZO\Yg`T`\�p�VqkW|?n �bTWV^gp#bT`cl]ln s β(t) ∈ V0 ² 0 6 t 6 1 ®w+\OkW\^�'cWp

ϕs(q
′) = β(1) ® w+\OkWxfgp#bT`T`\&#)ZqVOj`cWp8\&$&'WVO�b\Qp�\YZO\&$&'WVq�a#bT`cp#)c#mX[ZOh'VOTWVqkWc`ZOc`gp#mX[jf\&#+rp'`\meu\Ok`�a#bT`cp#�VY}�}+c`T`T`\Yvb\�\YZO\&$&'WVq�a#bT`cl]

ϕs ®w�'`c`T`i`c`r`cWVqkWhYTWVq]	Tp#btY\Y�mp<\^�'T`\QX[ZOh)rp'`\meu\Ok`�a#bT`cl]	c`TW}+c`T`c`ZY#b�%#mp�VqkWh��
T`\Yvb\3VY}�}+c`T`T`\Yvb\drp'p#b\&$&'WVO�b\YtQVOT`cl]Ieu\3VY}�}+c`T`T`\Yvb\drp'p#b\&$&'WVO�b\YtQVOT`cl]�p<T`\��
vb\Y\&$&'WVO�bcl]

M
t'ip#[kW\Qp�t�\&$Y_�#mp�X�kWxfgWVY#��mVOjlkWy3gWVY#bZYX�]	t�ZO\Qp ² g`ZO\�rWVY'WV ²X[\QX[ZO\^]`_)Vq])c`�3VqkWv%#%$&'`|8��c

g
c`#%#3X[ZqVOi`c`\YTWVY'`T`\Ya)r`\meMVqkWv%#%$&'`|

h ⊂ g ² p<\���a#bZ Tp#�r`\&'`\^�)eMVOZOh�\meuT`\&'`\meuT`\Yvb\�p<T`\Yvb\Y\&$&'WVO�bcl] ® � \Yg`Tp#%# ² rp'`c
xQX�kW\YtYc`crp'`\meu\Ok`��VY#mp<\QX[ZOc�jlVq�)eu\Ya�kW\YjlVqkWhYT`\Ya�\meuT`\YrWVY'WVYp*#bZY'`c`gp#mX[jf\Ya�v%'`xfr`r`| ²r`\&'`\^�)e_#bT`T`\Ya�t&#bj`ZO\&'`T`|Ip�r`\Okh#mp
X ∈ g ² tY\Y�bT`c`jlVY#bZ�v%'`xfr`rWV�VY}�}+c`T`T`|?nrp'p#b\&$&'WVO�b\YtQVOT`c`a

G
p<T`\Yvb\Y\&$&'WVO�bcl]

M
c�\&'p$Yc`ZqV

K ⊂ M
obZO\Ya
v%'`xfr`r`| ®"{obZO\�tY\Y�mp<\^�'T`\)Tp#�tQX5#bv�eMV ®�*#b�bxmkWhqZqVOZ'ZY#b\&'p#mp<| µ r`\Y�btY\Ok`]p#bZ�\YZO\^�)e_#mX[ZOtYc`ZOh�VqkWv%#%$&'`x ��c g

tQX5#[n
c`TW}+c`T`c`ZY#b�%#mp�VqkWhYT`|?n�VY}�}+c`T`T`|?n+rp'p#b\&$&'WVO�b\YtQVOT`c`a ² �mV^eMVOT`T`|?n+tITp#bjf\YZO\��'`\Ya \Yjp'p#mX[ZOT`\QX[ZOc	ZO\Yg`j`c

p ∈ M ² X�VqkWv%#%$&'`\Ya ��c	tQX5#[n�c`TW}+c`T`c`ZY#b�%#mp�VqkWh��T`|?n�VY}�}+c`T`T`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a+TWV3VOTWVqkWc`ZOc`gp#mX[jf\Qp�p<T`\Yvb\Y\&$&'WVO�bc`c�VY} �
}+c`T`T`\Ya�X[tO]`�bT`\QX[ZOc

M ® w+xQX[ZOh h ⊂ g , X[ZqVOi`c`\YTWVY'`TWVq]�r`\meMVqkWv%#%$&'WV ² X ∈ hZO\Yv�eMVIc)ZO\OkWhYjf\3ZO\Yv�eMV ² jf\Yv�eMV X(p) = 0 ® w+xQX[ZOh G , \meuT`\QX[tO]`�bTWVq]�v%'`xfr`rWV��c*X)VqkWv%#%$&'`\Ya���c
g
c
H ⊂ G , r`\meuv%'`xfr`rWV ² r`\&'`\^�)e_#bT`TWVq]�r`\meMVqkWv%#%$��'`\Ya

h ⊂ g ® ��jlX[r`\YTp#bT`i`cWVqkWhYT`\&#	\YZO\&$&'WVq�a#bT`cp#	�mV^eMVY#bZ#VY}�}+c`T`T`\&#�e_#ba'�X[ZOtYcp#�v%'`xfr`r`|
G
t�Tp#bjf\YZO\&'`\Ya�\Yjp'p#mX[ZOT`\QX[ZOc

U
ZO\Yg`j`c

p ² \Yrp'p#�e_#[kh#bT`T`\&#eWk`]�tQX5#[nUo[kh#mp*#bT`ZO\Yt
g ∈ W

c`�	Tp#bjf\YZO\&'`\YaU\Yjp'p#mX[ZOT`\QX[ZOc
0
t
G ® w�'`\��eu\Ok`�a#bT`cp#)obZOcln�VY}�}+c`T`T`|?n�rp'p#b\&$&'WVO�b\YtQVOT`c`a�TWV�tQX5#'p<T`\Yvb\Y\&$&'WVO�bcp#

M ²r`\&'`\^�)eMVY#bZ	\&'p$Yc`ZOx
ZO\Yg`j`c
p ² eucW}�}�#b\Qp<\&'W}+T`xfy�}�VOj`ZO\&'#v%'`xfr`rp# G/H ®�deuTWVOjf\�}�VOj`ZO\&''v%'`xfr`rWV

G/H
]`tOk`]p#bZYX�])eucW}�}�#%'p#bT`i`cp'`x&#mp<|Ip�p<T`\Yvb\Y\&$��

'WVO�bcp#mp#ZO\Yv�eMV�c ZO\OkWhYjf\�ZO\Yv�eMV ² jf\Yv�eMV�r`\meuv%'`xfr`rWV H �mVYp<j`T`xfZqV�t G ® ��k`]p<T`\Yvb\Y\&$&'WVO�bcl]�VY}�}+c`T`T`\Ya�X[tO]`�bT`\QX[ZOc�xbeMVY#bZYX�]�TWVOa`ZOc�eu\YtY\OkWhYT`\�\&$Y_�#%#
xQX�kW\YtYcp#dTWV�p*#bZY'`c`j`x ² rp'`c'tY|dr`\OkWTp#bT`c`c'jf\YZO\&'`\Yvb\�r`\meuv%'`xfr`rWV H �mVYp<j`T`x �ZqV�t

G ® ��ZO\�Tp#b\^�'cfeMVOT`T`\&#dxQX�kW\YtYcp#dX[\QX[ZO\Yc`Z�t�ZO\Qp ² g`ZO\)VqkWv%#%$&'WV g cWp*#%#bZT`xmkh#btY\Ya ip#bT`ZY' ® B
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M 
 p ∈ M � �: =�����#'������(�2� ! � ���2�
�: =��'
�"���2� ! �"�
�4��� �
h ⊂ g�����"�������2�� ��2� ! ���
%=�"��)"	�## �� 
 �#�:���"��!�� � ! ��� '�	����"�# ���� � ������	 �

X ∈ g
��� �

����� 
 ���"� X(p) = 0 
 G � �
%����:�
' !��#�2� ! )� � ���2� � � � �"��)"	�## =� � � � g 

H ⊂ G � ���
%�)� � ���2� 
 ���# =���*%8	����2� ! ���
%=�"��)"	�## =� � h ⊂ g

��� ��)!%=� 	��
���
g� ��	�	�� � � ��	�'�� � ��	����� 
 �"� H ���4�.��� � ��� '

G
�

C
w�'p#�eur`\OkW\^�'cWp ² g`ZO\�r`\meuv%'`xfr`rWV H Tp#��mVYp<j`T`xfZqV3t G ² c)r`xQX[ZOh�v%'`xfr'�rWV

H
]`tOk`]p#bZYX�]��mVYp<|djlVOT`cp#mp

H
t
G ² V h ⊂ g , VqkWv%#%$&'WV	��czv%'`xfr'�

r`|
H ⊂ G ® ��VOjzeu\YjlVO�mVOT`\�t�jlkuVYXbX[c`gp#mX[jf\Ya 'WVY$Y\YZY# " ® � ® ��VqkWhYip#=�tQVP3 ��4 r`\meMVqkWv%#%$&'WV h ]`tOk`]p#bZYX�]�T`\&'Wp�VqkWhYT`|Ip�e_#[kWc`ZY#[kh#mpzVqkWv%#%$&'`| ��c

h ®w+\YobZO\Qp<x�rp'`cWX[\&#�euc`Tp#bT`T`\&#�rp'p#�eMX[ZqVOtOkh#bT`cp#
Ad
v%'`xfr`r`|

G
t
VqkWv%#%$&'p#

g ²
Adg(X) = g−1Xg ² ∀X ∈ g ² g ∈ G ² \Yrp'p#�e_#[k`]p#bZ�kWc`Tp#ba`T`\&#�\YZO\&$&'WVq�a#bT`cp#t)kWc`Tp#ba`T`\QpUrp'`\QX[ZY'WVOTWX[ZOt&#

V = g/h ² #mX�kWc g ∈ H ®
��VYXbXbp<\YZY'`cWp�T`\&'Wp�VqkWhYT`xfy~\Yjp'p#mX[ZOT`\QX[ZOh

U ⊂ M
ZO\Yg`j`c

p
c��mVYp<j`T`x �

ZO|da @)VY' 'WV^euc`xQXbV
r ³ t�T`\&'Wp�VqkWhYT`|?n�jf\Y\&'Yeuc`TWVOZqVqn ¶ Br ⊂ U ® ��tYcfeuxjf\Qp<rWVOj`ZOT`\QX[ZOc

Br
X[xf_�#mX[ZOtYx&#bZ
ZqVOjlVq]�\Yjp'p#mX[ZOT`\QX[ZOh #�euc`T`c`i`|

W ⊂ G ²g`ZO\�tQX5#�o[kh#mp*#bT`ZO|
g ∈ W

\Yrp'p#�e_#[k`]`y3Z�c`�b\Qp*#bZY'`c`c
g : Br → U ³ g rp'`c'�TWV^eWkh#[�'c`Z�kW\YjlVqkWhYT`\Ya�\meuT`\YrWVY'WVYp*#bZY'`c`gp#mX[jf\Ya�v%'`xfr`rp#�rp'p#b\&$&'WVO�b\YtQVOT`c`a ²r`\&'`\^�)e_#bT`T`\Ya#jlVOj`cWp�� T`cp$Yxbeuh�t&#bj`ZO\&'`T`|Ip�r`\Okh#mp

X ∈ g
TWV

M ¶�® �-jlV6�XbVOZY#[kWhYT`\Qp�rp'`\QX[ZY'WVOTWX[ZOt&#
TpM ² \YZO\^�)e_#mX[ZOtOkh#bT`T`|Ip�X�kWc`Tp#ba`T`|Ip�rp'`\��X[ZY'WVOTWX[ZOtY\Qp

V = g/h ² tY|9$&#%'p#mps$QVO�bcWXdc`$Yxbe_#mp 'WVYXbXbp�VOZY'`c`tQVOZOh�rp'p#b\&$&'WV6��b\YtQVOT`cl]
Adh ² h ∈ H ∩W c

Adg ² g ∈ H ² jlVOj	p�VOZY'`c`i`| ®
��VYXbXbp<\YZY'`cWp#t&#bj`ZO\&'`T`\&#Ir`\Okh#

Z ∈ h ² Z /∈ h ² c'kW\YjlVqkWhYT`xfy�\meuT`\YrWVY'WV6�p*#bZY'`c`gp#mX[j`xfy{r`\meuv%'`xfr`r`x
Ht ∈ H ² r`\&'`\^�)e_#bT`T`xfy�t&#bj`ZO\&'`T`|Ip#r`\Okh#mp Z ®��Vq�)eu|da�o[kh#mp*#bT`Z

ht ∈ Ht∩W
]`tOk`]p#bZYX�]�rp'p#�e_#[kW\Qp	r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc

o[kh#mp*#bT`ZO\Yt
Hn ∈ H ² rp'`c`gp#mp ² TWV^g`c`TWVq]
X�Tp#bjf\YZO\&'`\Yvb\ T`\Qp*#%'WV hn ∈ W ®w�'`c

t 6 1
T`\&'Wp<|�p�VOZY'`c`i�kWc`Tp#ba`T`|?n'rp'p#b\&$&'WVO�b\YtQVOT`c`a

Adht
c
Adhn

kWc'�
Tp#ba`T`\Yvb\*rp'`\QX[ZY'WVOTWX[ZOtQV

V
\Yv%'WVOT`c`gp#bT`|�Tp#bjf\YZO\&'`\Ya�jf\YTWX[ZqVOT`ZO\Ya

C ® w+\��obZO\Qp<x�\YZO\&$&'WVq�a#bT`cl]
Adht

c
AdHn

\YZO\&$&'WVq��VOy3Z @)VY'
Bδ
t @)VY'

Br ²
Bδ ⊂ Br ⊂ V ² δ 6 r

C2n ® �3v%'WVOT`c`gp#bT`TWVq]�r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh�p�VOZY'`c`i
Adhn

�mV^eMVY#bZ
r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh�VY}�}+c`T`T`|?nU\YZO\&$&'WVq�a#bT`c`a ² \Yrp'p#�e_#=�kh#bT`T`|?n#TWV�\Yjp'p#mX[ZOT`\QX[ZOc
Bδ ⊂ M

ZO\Yg`j`c
p ∈ M ® � \Yv�eMV�\YZO\&$&'WVq�a#bT`cp#

Adht
ZqVOjl�a#��mV^eMVY#bZ ³ t	T`\&'Wp�VqkWhYT`|?n�jf\Y\&'Yeuc`TWVOZqVqn ¶ VY}�}+c`T`T`\&#�\YZO\&$&'WV6��a#bT`cp# ² \Yrp'p#�e_#[kh#bT`T`\&#+TWV Bδ ®��p<T`\^�a#bT`cp#�X[rp'WVOtQV?TWVdo[kh#mp*#bT`Z

ht
�mV^eMVY#bZ?kWc`Tp#ba`T`\&#�\YZO\&$&'WVq�a#bT`cp#�TWV

jlVYXbVOZY#[kWhYT`\Qp�rp'`\QX[ZY'WVOTWX[ZOt&#
TpM = g/h ² jf\YZO\&'`\&# ² t3X[tY\Yy#\Ygp#%'p#�euh ² �mV^eMV6�#bZ3rp'`c�tQX5#[n

t 6 1
VY}�}+c`T`T`\&#�\YZO\&$&'WVq�a#bT`cp# ² \Yrp'p#�e_#[kh#bT`T`\&#�TWVITp#bjf\YZO\&'`\Ya\Yjp'p#mX[ZOT`\QX[ZOc�ZO\Yg`j`c
p ∈ M ² ZqVOj*jlVOj�xlp<T`\^�a#bT`cp#)X[rp'WVOtQV'TWV ht ]`tOk`]p#bZ6�
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t Xht

c
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��TWV^gWVqkh# 0�� � n�vb\meu\Yt�rp'`\(@�kW\Yvb\ t&#bjlV�r`\Yg`ZOc
\meuT`\Yt&'p#mp*#bT`T`\ c
Tp#b�mV6�tYcWX[cWp<\�r`\^]`tYclkWcWX[h�ZY'`c�'WVY$Y\YZO| 3 µ � � 4w² t�jf\YZO\&'`|?n $Y|?kuV�rp'p#�eWkW\^�a#bTWVrp'`\QX[ZqVq]zp<\me_#[kWh�p*#bZqVqk`kuV ² X[ZqVOt(@)Vq]�}+xfTfeMVYp*#bT`ZqVqkWhYT`\Ya�p<\me_#[kWhYy(ZY#b\��'`c`c�X[clkWhYT`\�jf\&'p'p#[kWcp'`\YtQVOT`T`|?nUo[kh#bj`ZY'`\YT`T`|?n�X[cWX[ZY#mp ® ��obZO\Ya�p<\me_#[kWc'WVYXbXbp�VOZY'`c`tQVY#bZYX�]
#�euc`TWX[ZOt&#bT`TWVq]�Tp#btY|9'`\^�)e_#bT`TWVq]��b\YTWV?o[kh#bj`ZY'`\YT`\YtdX<kW\��

jlVqkWhYT`|Ip�j`xmkW\YT`\YtQX[j`cWp�tY�mVOcWp<\me_#baWX[ZOtYcp#mp ®
� VYp<clkWhqZO\YT`cWVOT�p<\me_#[kWc'X[\me_#%'Q�'c`Z�tQX5#bvb\3eutQV�rWVY'WVYp*#bZY'WV � p�VOZY'`c`g`T`|dao[kh#mp*#bT`Z

t
rp#%'p#mX[jf\YjlV�o[kh#bj`ZY'`\YTWV*X�xf�[kuV�TWV�X[\QX5#�euT`c`a�xf�%#[k8'p#�@�#bZOj`cUc

rWVY'WVYp*#bZY'
U
j`xmkW\YT`\YtQX[jf\Yvb\	\YZOZqVqkWj`c`tQVOT`cl]*eutYxQn
o[kh#bj`ZY'`\YT`\Yt�TWV�\meuT`\Qp

xf�[kh# ® �zrp'p#�eMX[ZqVOtOkh#bT`c`c tYZO\&'`c`g`T`\Yvb\)j`tQVOT`ZO\YtQVOT`cl] v[VYp<clkWhqZO\YT`cWVOT��mVOr`c'�X[|dtQVY#bZYX�]�t�tYcfe_#

H = t
∑

m,τ,γ

a+m,γ am+τ,γ + U
∑

m

a+m,↑ am,↑ a
+
m,↓ am,↓. (1)

$ e_#mX[h a+m,γ (am,γ) , }�#%'Wp<c'� \Yrp#%'WVOZO\&'b'`\^�)e_#bT`cl] ³ xfT`c`g`ZO\^�a#bT`cl] ¶ o[kh#bj'�ZY'`\YTWV'TWV�xf�[kh#
m
X[\�X[r`c`T`\Qp

γ ² τ \Y�bTWV^gWVY#bZ'X[xlp�p<cp'`\YtQVOT`cp#�r`\`$OkWcl��VOa'�@�cWp�X[\QX5#�eW]Wp�tb'p#�@�#bZOjk# ®
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w�'p#�eWkW\^�a#bT`TWVq]�t 3 µ � � 4 p<\me_#[kWh�r`\OkWxfg`clkuV+TWVO�btQVOT`cp#Ip<\me_#[kWc`��VY$&$QVY''�eMV#t�gp#mX[ZOh����)\YTWV ��VY$&$QVY'YeMV ² tYTp#mX#@�#bvb\�}+xfTfeMVYp*#bT`ZqVqkWhYT`|da�tYjlkuV^e8tc`�bxfgp#bT`cp##X[ZqVOZOcWX[ZOc`gp#mX[jf\Ya�p*#[nfVOT`c`j`c�obZO\Ya�X[cWX[ZY#mp<| ² nQ\YZm]8kW\YjlVqkWhYTWVq]}+\&'Wp�V*j`xmkW\YT`\YtQX[jf\Yvb\
tY�mVOcWp<\me_#baWX[ZOtYcl]UtYrp#%'`tY|9# tYt&#�e_#bTWV "ITfe_#%'WX[\YT`\Qp

eWk`]	rp'`cWp*#mX[T`\Ya	p<\me_#[kWc	t'p*#bZqVqk`kh#A3 ��4w®
+ kh#�eux&#bZ ZqVOjl�a#)TWVOr`\Qp<T`c`ZOh ² g`ZO\�p<\me_#[kWh ��VY$&$QVY'YeMV�]`tOk`]p#bZYX�]
gWVYX[Z6�T`|Ip8X�kWxfgWVY#mpzr`\Ok`]p'`T`\Ya�p<\me_#[kWc  �xk$Yc`TWV , ��\YTWX[\YtQX[jf\Yvb\ 3 ��4w² r`\^]`tYc`t��@�#baWX�])�mV�ZY'`cfeuiWVOZOh+kh#bZ3eu\�'WVY$Y\YZ 3 µ � � 4w® �#r`\QX�kh#�euTp#ba)TWVY'Q]feux�X?j`xmkW\YT`\Yt��X[j`cWpztY�mVOcWp<\me_#baWX[ZOtYcp#mp�TWV \meuT`\Qp�xf�[kh# ² xfg`c`ZO|dtQVY#bZYX�]
tY�mVOcWp<\me_#baWX[ZOtYcp#o[kh#bj`ZY'`\YT`\Yt�TWV�X[\QX5#�euT`cln�xf�[kuVqn ®
��\me_#[kWh���VY$&$QVY'YeMVI]`tOk`]p#bZYX�]�rp'`cp$OkWcl�a#bT`cp#mp ² cWX[r`\OkWhY�bx&#mp<\&#�t�}+c`�bc'�jk#�ZOt&#%'Yeu\Yvb\�ZY#[kuV	eWk`]#\Yr`cWXbVOT`cl]#rp#%'p#[nQ\meMV�p*#[�)eux
rp'`\YtY\meW]`_�cWp�c
euc'�

o[kh#bj`ZY'`c`gp#mX[j`cWp�X[\QX[ZO\^]`T`cl]Wp<c ® �3TWV#rp'p#�eMX[ZqVOtOk`]p#bZ�X[\&$Y\Ya�rp'`\QX[ZY#ba�@�xfyp<\me_#[kWh ² \Yr`cWX[|dtQVOy3_�xfyUtY�mVOcWp<\me_#baWX[ZOtYcp#�gWVYX[ZOc`i)t
'p#�@�#bZOjk# ® ��#?v[VYp<clkWh��ZO\YT`cWVOT�X[\me_#%'Q�'c`Z
ZO\OkWhYjf\*eutQV�X�kuVOv[VY#mp<|?n � j`c`Tp#bZOc`gp#mX[j`c`a�glkh#bT ² X[\Y\YZ6�t&#bZYX[ZOtYxfy3_�c`a�ZOxfT`Tp#[kWcp'`\YtQVOT`c`y ³ rp#%'p#mX[jf\YjlVYp ¶ gWVYX[ZOc`i�p*#[�)euxUxf�[kuVYp<c'p#�@�#bZOj`c ² c	X�kuVOv[VY#mp<\&# ² X[\Y\YZOt&#bZYX[ZOtYxfy3_�#%#�tYT`xfZY'`c`xf�[kW\YtY\Qp<x�tY�mVOcWp<\me_#ba'�X[ZOtYc`y ® A�VYX[ZOc`i`|�p<\YvbxfZ9$Y|dZOhI}�#%'Wp<c`\YTWVYp<c ² jlVOj+tIcWX�nQ\meuT`\Ya
'WVY$Y\YZY#*��VY$��$QVY'YeMV ² V)ZqVOjl�a#�$Y\Y�b\YTWVYp<c ®w�'`\QX[ZO\YZqV�c�eu\QX[ZqVOZO\Yg`T`\QX[ZOh~v[VYp<clkWhqZO\YT`cWVOTWV ³=µ7¶ Xse_#[kuVqkuV~p<\me_#[kWh��VY$&$QVY'YeMV t&#mX[hQp�V r`\Yr`xmk`]p'`T`\Ya#c#om}�}�#bj`ZOc`tYT`\Ya*eWk`]�\Yr`cWXbVOT`cl]#X[clkWhYT`\
jf\&'p'p#[kWcp'`\YtQVOT`T`|?n�o[kh#bj`ZY'`\YT`T`|?n X[cWX[ZY#mp ®

��\me_#[kWh ��VY$&$QVY'YeMV*nQ\&'`\(@�\�\Yr`cWX[|dtQVY#bZ#r`\Yt&#�e_#bT`cp#�gWVYX[ZOc`i�t�rp#%'`c'�
\meuc`gp#mX[jf\Qpzr`\YZY#bT`i`cWVqkh#'rp'`c
eu\QX[ZqVOZO\Yg`T`\�T`c`�bj`cln
ZY#mp<rp#%'WVOZOxk'WVqn ² jf\Yv�eMVtQX5#�gWVYX[ZOc`i`|�TWVqnQ\meW]`ZYX�]�t�T`cl�'Tp#ba $OkW\^nQ\YtQX[jf\Ya'�b\YTp# ² V�eMVqkWhYT`cWp<c	tY�mVOc'�p<\me_#baWX[ZOtYcl]Wp<c)p<\^�'T`\�rp'p#bTp#%$&'p#bg`h ® ��X�kWc)xfg`c`ZO|dtQVY#bZYX�]�tY�mVOcWp<\me_#baWX[ZOtYcp#p*#[�)eux�gWVYX[ZOc`iWVYp<c�TWV�'WVO�bT`|?n�xf�[kuVqn ² ZO\�ZqVOj`xfy�p<\me_#[kWh3gWVYX[ZO\�TWVO�b|dtQVOy3Z'WVYX#@�cp'p#bT`T`\Ya8p<\me_#[kWhYy ��VY$&$QVY'YeMV ® ��rp#%'`tY|9#
obZqVUp<\me_#[kWh8$Y|?kuV�rp'p#�e#�kW\^�a#bTWV�eWk`]�\Yr`cWXbVOT`cl]�o[kh#bj`ZY'`\YT`\Yt�t#ZOt&#%'Yeu|?nUZY#[kuVqn ® + ZY#[n�r`\&'�\YTWVrp'p#�eMX[ZqVOtOk`]p#bZ�\QX[\&$Y|da8c`T`ZY#%'p#mX#rp'`c{c`�bxfgp#bT`c`c�tY|IX[\Yjf\YZY#mp<rp#%'WVOZOxk'`T`\Ya
X[t&#%'Qnlrp'`\YtY\meucWp<\QX[ZOc ® w+\Y��euTp#%#s'WVYX#@�cp'p#bT`TWVq]�p<\me_#[kWh8��VY$&$QVY'YeMV�X[ZqVqkuVcWX[r`\OkWhY�b\YtQVOZOhQX�])c'rp'`c�\Yr`cWXbVOT`c`c'r`\Yt&#�e_#bT`cl]'xmkWhqZY'WVqnQ\OkW\meuT`|?n)VOZO\Qp<\Yt�t
\Yr`ZOc`gp#mX[j`cln 'p#�@�#bZOjlVqn ®w�'`cb'WVYXbXbp<\YZY'p#bT`c`c�o[kh#bj`ZY'`\YT`\Yt+t+ZOt&#%'Yeu|?n�ZY#[kuVqn ² p<\me_#[kWh���VY$&$QVY'YeMVp<\^�'T`\�X[g`c`ZqVOZOh�xQX�kW\^�'Tp#bT`cp#mp�p<\me_#[kWc*X[clkWhYT`\�X[tO]`�mVOT`T`|?n	o[kh#bj`ZY'`\YT`\Yt ²jf\YZO\&'WVq]#xfg`c`ZO|dtQVY#bZ�ZO\OkWhYjf\�glkh#bTUv[VYp<clkWhqZO\YT`cWVOTWV ² X[tO]`�mVOT`T`|da�X�rp#%'p#=�X[jf\YjlVYp<c+o[kh#bj`ZY'`\YT`\Yt ® �
X�kWxfgWVY#�X[clkWhYT`|?n+tY�mVOcWp<\me_#baWX[ZOtYc`a+obZOc+eut&#�p<\me_#=�kWc�p<\YvbxfZ�eMVOtQVOZOh��bTWV^g`c`ZY#[kWhYT`\�\YZmkWc`gWVOy3_�cp#mX�]�e_'`xfvI\YZ�e_'`xfv[V�'p#b�bxmkWhqZqV6�
ZO| ® w�'`c�obZO\QpUp<\me_#[kWha��VY$&$QVY'YeMV�ZO\Yg`T`\)rp'p#�eMX[jlVO�b|dtQVY#bZ�X[xf_�#mX[ZOtY\YtQVOT`cp#
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ZqVOj	TWVO�b|dtQVY#mp<|?n c`�b\Ok`]`ZO\&'`\Yt`��\YZOZqV ² t'jf\YZO\&'`|?n rp'`\YtY\meucWp<\QX[ZOh�\YZYX[xfZ6�X[ZOtYx&#bZ)c`�=� �mV�X[clkWhYT`\Yvb\)\YZOZqVqkWj`c`tQVOT`cl]	p*#[�)eux�gWVYX[ZOc`iWVYp<c ®

��\me_#[kWh8��VY$&$QVY'YeMV#\QX[T`\YtQVOTWV#TWVUrp'`cp$OkWcl�a#bT`c`c{X[clkWhYT`\�� X[tO]`�mVOT`T`|?n
o[kh#bj`ZY'`\YT`\Yt ® � rp'`cp$OkWcl�a#bT`c`c8X[clkWhYT`\Ya�X[tO]`�bc�o[kh#bj`ZY'`\YT`| c`�bTWV^gWVqkWhYT`\�mVOT`cWp�VOy3Z�X[ZqVOTfeMVY'`ZOT`|9#+\&'p$Yc`ZqVqkWc�t'VOZO\Qp�Vqn ³ xf�[kuVqn 'p#�@�#bZOj`c ¶�² V)�mVOZY#mprp#%'p#mX[jlVOj`c`tQVOy3Z�TWV�e_'`xfvbcp#�VOZO\Qp<|{t�rp'`\Yip#mXbX5#�rp'`\Yt&#�e_#bT`cl]	ZO\YjlV ® ��VOZY#=�p�VOZOc`gp#mX[j`c'obZO\�rp'p#�eMX[ZqVOtOk`]p#bZYX�]�ZqVOj'TWVO�b|dtQVY#mp<|Ip�c`T`ZY#bv%'WVqkW\Qp
rp#%'p#mX[jf\��
jlV ® ��ZO\YZ3rp'`\Yip#mXbX:p<\^�'T`\�'WVYXbXbp�VOZY'`c`tQVOZOhIjlVOj�}+c`�bc`gp#mX[jf\&#�]`tOkh#bT`cp# ² $OkuV6�vb\meMVY'Q]�jf\YZO\&'`\Qp<x	r`\^]`tOk`]`y3ZYX�]�o[kh#bj`ZY'`\YT`T`|9#)�b\YT`|�t�jp'`cWX[ZqVqk`kWc`gp#mX[j`cln
p�VOZY#%'`cWVqkuVqn ® �deuTWVOjf\�t`$Y\Okh#%#+\&$Y_�cln��b\YT`T`|?n ZY#b\&'`cl]ln	tY�mVOcWp<\me_#baWX[ZOtYcp#p*#[�)eux	o[kh#bj`ZY'`\YTWVYp<c*Tp#�'WVYXbXbp�VOZY'`c`tQVY#bZYX�] ® ��'`\Qp*#�c`T`ZY#bv%'WVqkuV�rp#%'p#mX[jf\��jlV ² \&$ �F]WX[Tl]`y3_�#bvb\�rp'`\YtY\meucWp<\QX[ZOh�p�VOZY#%'`cWVqkuV ² p<\me_#[kWh���VY$&$QVY'YeMV3X[\me_#%''��'c`Z�ZqVOj	TWVO�b|dtQVY#mp<\&#3tYT`xfZY'`c`xf�[kW\YtY\&#�\YZOZqVqkWj`c`tQVOT`cp# ² X[\Y\YZOt&#bZYX[ZOtYxfy3_�#%#j`xmkW\YT`\YtQX[jf\Qp<x�\YZOZqVqkWj`c`tQVOT`c`y p*#[�)eux�o[kh#bj`ZY'`\YTWVYp<c ® ��ZO\�rp'`c`tY\meuc`Z#jjf\YT`j`xk'p#bT`i`c`c
p*#[�)eux�c`T`ZY#bv%'WVqkW\Qpzrp#%'p#mX[jf\YjlV ² �mVOtYcWX�]`_�cWp�\YZ tY�mVOcWp<T`\��vb\ 'WVYX[r`\OkW\^�a#bT`cl]
xf�[kW\Yt 'p#�@�#bZOj`c ² c�tYT`xfZY'`c`xf�[kW\YtY|Ip8\YZOZqVqkWj`c`tQVOT`cp#mp ²jf\YZO\&'`\&#�\YZ`'WVYX[r`\OkW\^�a#bT`cl]�VOZO\Qp<\Yt'Tp#��mVOtYcWX[c`Z ®2C kuVOvb\meMVY'Q] obZO\Qp<x	}�VOj'�ZOx'p<\me_#[kWhC��VY$&$QVY'YeMV+\&$ �F]WX[Tl]p#bZ�rp#%'p#[nQ\me�rp'`\YtY\meuT`c`j

�
euc`o[kh#bj`ZY'`c`j't�\Yj'�

X[cfeMVqn�Tp#bjf\YZO\&'`|?n�rp#%'p#[nQ\meuT`|?n�p*#bZqVqk`kW\Yt ® w�'`c�TWVOv%'p#btQVOT`c`c�ZqVOjf\Yvb\�p�V6�ZY#%'`cWVqkuV	'WVYXbX[ZO\^]`T`cl]zp*#[�)eux $OkWcl��VOa�@�cWp<czX[\QX5#�euT`cWp<czxf�[kuVYp<czt�Tp#mp
xft&#[kWc`g`c`tQVOy3ZYX�] ² c`T`ZY#bv%'WVqkUrp#%'p#mX[jf\YjlV�xlp*#bT`h(@)VY#bZYX�] ² c�tYT`xfZY'`c`xf�[kW\YtY\&#\YZOZqVqkWj`c`tQVOT`cp#�X[ZqVOT`\YtYc`ZYX�]'eu\Qp<c`T`cp'`xfy3_�cWp�}�VOj`ZO\&'`\Qp ®

��TWVYX[ZO\^]`_�#%#It&'p#mpS]�p<\me_#[kWhC��VY$&$QVY'YeMV�]`tOk`]p#bZYX�]'\meuT`\Ya�c`�3TWVOcp$Y\Okh#%#
c`T`ZY#bTWX[c`tYT`\Ic`�bxfgWVOy3_�clnfX�]�p<T`\Yvb\Yo[kh#bj`ZY'`\YT`T`|?n�p<\me_#[kh#ba�p*#bZqVqk`kuV 3 � �eµ��64w®�deuTWVOjf\deu\+X[cln�r`\&'�cWp*#%#bZYX�])\Ygp#bT`h+p�VqkW\3ZO\Yg`T`|?n�'p#b�bxmkWhqZqVOZO\YtdeWk`]�X[rp#bj'�
ZY'WV�c)tY\OkWT`\YtY|?n�}+xfT`j`i`c`a)jp'`cWX[ZqVqk`kuV ² \Yr`cWX[|dtQVY#mp<\Yvb\�p<\me_#[kWhYy ��VY$&$QVY''�eMV ² c*r`\OkWxfgp#bT`cp#�X[\Y\YZOt&#bZYX[ZOtYxfy3_�cln�xfZOt&#%'Q�)e_#bT`c`a*rp'p#�eMX[ZqVOtOk`]p#bZ $Y\OkWh��@�\Ya c`T`ZY#%'p#mX ®

� 'WVY$Y\YZY#>3 �64 c`�bxfgWVqkuX�]�X[rp#bj`ZY'�c	tY\OkWT`\YtY|9#�}+xfT`j`i`c`c�X[cWX[ZY#mp<|8eutYxQno[kh#bj`ZY'`\YT`\Yt+t+jp'`cWX[ZqVqk`kh# ² jf\YZO\&'`|da�\Yr`cWX[|dtQVY#bZYX�]�v[VYp<clkWhqZO\YT`cWVOT`\Qp���VY$��$QVY'YeMV ® �+�bt&#mX[ZOT`\ ² g`ZO\�eutYxQnlo[kh#bj`ZY'`\YT`T`|9#�X[cWX[ZY#mp<| p<\YvbxfZUTWVqnQ\meuc`ZOhQX�]tUeutYxQn8X[\QX[ZO\^]`T`cl]ln � ZY'`c`rlkh#bZOT`\Qp c�X[c`T`v�kh#bZOT`\Qp 3 � �eµ��64w® � 'WVY$Y\YZY# 3 �64eu\YjlVO�mVOT`\ ² g`ZO\*X[rp#bj`ZY'�v[VYp<clkWhqZO\YT`cWVOTWV Ht X[cWX[ZY#mp<|�t�ZY'`c`rlkh#bZOT`\Qp�X[\��X[ZO\^]`T`c`c�g`cWX[ZO\�Tp#brp'p#%'`|dt&#bT�c�X[\YtYrWV^eMVY#bZ	X'\YZY'p#b�bjf\Qp
[m,M ] ² V�x*\Yrp#=�'WVOZO\&'WV

Hs X[cWX[ZY#mp<| t�X[c`T`v�kh#bZOT`\Qp X[\QX[ZO\^]`T`c`c ² jp'`\Qp*#�Tp#brp'p#%'`|dtYT`\Yvb\X[rp#bj`ZY'WV
[m,M ] ² rp'`c	Tp#bjf\YZO\&'`|?n��bTWV^gp#bT`cl]ln�j`tQVO�bc`cWp<r`xmkWhQXbV�X[xf_�#mX[ZOtYx �#bZb#�euc`TWX[ZOt&#bT`T`\&#�VOT`ZOcWX[tO]`�mVOT`T`\&#+X[\QX[ZO\^]`T`cp# ®��k`]�VOT`ZOcWX[tO]`�mVOT`T`\Yvb\'X[\QX[ZO\^]`T`cl] 'p#mVqkWc`�bx&#bZYX�] ZqVOjf\&#�jf\&'p'p#[kWcp'`\YtQVOT'�

T`\&#:eutYcl�a#bT`cp#?o[kh#bj`ZY'`\YT`\Yt ² rp'`c)jf\YZO\&'`\Qp�t&#[kWc`j)tYjlkuV^e�eutY\Yc`g`T`|?n�X[\QX[ZO\��
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]`T`c`a ® w�'`c*obZO\Qpzt	X[clkWx��mVYp<j`T`xfZO\QX[ZOc�X[cWX[ZY#mp<|�obTp#%'`vbcl]�eu\Ok`�'TWV�\QX[ZqV6�tQVOZOhQX�]�r`\QX[ZO\^]`T`T`\Ya�c
$Y\OkWh(@�\Ya ® ��ZO\UtY|dT`xQ�)eMVY#bZ�o[kh#bj`ZY'`\YT`|(Tp#s'WVYX9�nQ\meuc`ZOhQX�]�TWVa$Y\OkWh(@�cp#�'WVYXbX[ZO\^]`T`cl] ® �)Vqkh#%# ² X[xf_�#mX[ZOt&#bT`T`|Ip#]`tOk`]p#bZYX�] ZO\\&$QX[ZO\^]`ZY#[kWhQX[ZOtY\ ² g`ZO\3X[tO]`�mVOT`T`|9#�X[\QX[ZO\^]`T`cl] ³ cln�c`T`\Yv�eMV?TWVO�b|dtQVOy3Z?X[\QX[ZO\��]`T`cl]�ZOc`rWV�'WVYXbX5#[]`T`cl] ¶ T`cl�a#�Tp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV�Tp#�}+\&'Wp<cp'`xfy3ZYX�] ®��ZO\�tYr`\OkWTp#+r`\YTl]`ZOT`\ ² ZqVOj	jlVOj tY�mVOcWp<\me_#baWX[ZOtYcp#�cWp*#%#bZ)nfVY'WVOj`ZY#%' \YZOZqVqk��j`c`tQVOT`cl] ® $ VYp*#bZOcWp ² g`ZO\*rp'`c U < 0

'p#mVqkWc`�bx&#bZYX�]#\&$&'WVOZOTWVq]�X[c`ZOxQVOi`cl] �T`cl�a#�Tp#brp'p#%'`|dtYT`\Yvb\ X[rp#bj`ZY'WV�cWp*#%#bZYX�]
X[tO]`�mVOT`T`\&#�X[\QX[ZO\^]`T`cp# ³ VOT`ZOcWX[tO]'��mVOT`T`|9#IX[\QX[ZO\^]`T`cl]�\YZYX[xfZYX[ZOtYxfy3Z ¶�² r`\QX[jf\OkWhYj`x�t�obZO\Qp#X�kWxfgWVY#do[kh#bj`ZY'`\YT`|rp'`c`Zm]`vbc`tQVOy3ZYX�]�e_'`xfv�j�e_'`xfvbx ®��k`]
rp#%'`tY\Ya*r`\OkW\QX[|�X[rp#bj`ZY'
Tp#��mVOtYcWX[c`Z�\YZ rWVY'WVYp*#bZY'WV
U
j`xmkW\YT`\Yt��

X[jf\Yvb\?tY�mVOcWp<\me_#baWX[ZOtYcl]3eutYxQn�o[kh#bj`ZY'`\YT`\YtdTWV?\meuT`\Qp xf�[kh#�c�X[\Y\YZOt&#bZYX[ZOtYx&#bZ
obTp#%'`vbc`c
eutYxQn�Tp#btY�mVOcWp<\me_#baWX[ZOtYxfy3_�cln
o[kh#bj`ZY'`\YT`\Yt ² t�ZO\Yg`T`\QX[ZOcUX[\YtYrWV6�eMVq]	X+ZY'`c`rlkh#bZOT`\Ya	r`\OkW\QX[\Ya ®��ZO\&'WVq]'r`\OkW\QXbV+t�vb\&'WVO��eu\�$Y\OkWh(@�#ba'X[ZY#brp#bT`c�\Yrp'p#�e_#[k`]p#bZYX�]'j`xmkW\YT`\Yt��
X[j`cWp�tY�mVOcWp<\me_#baWX[ZOtYcp#mp � \YZ U �mVOtYcWX�]`Z'jlVOj�VYp<rlkWc`ZOxbeu| ² ZqVOj�c�obTp#%'`vbcl]eutYxQn�o[kh#bj`ZY'`\YT`\Yt ² rp'`c`gp#mp-XbVYp�V
r`\OkW\QXbV*cWX[gp#b�mVY#bZ
rp'`c U → 0,

V
rp'`c
U → ∞ Tp#b\Yv%'WVOT`c`gp#bT`T`\ tY\Y�%'WVYX[ZqVY#bZ ® ��ZO\&'WVq]*r`\OkW\QXbV�t \QX[T`\YtYT`\Qp�X[\Y\YZ6�t&#bZYX[ZOtYx&#bZ�\meuT`\YgWVYX[ZOc`g`T`\Qp<x	X[\QX[ZO\^]`T`c`y ² V�cWp*#bT`T`\ ² eutYcl�a#bT`c`y~eutY\Ya`j`c ²Z ® # ® eutYxQnlo[kh#bj`ZY'`\YT`T`|IpUX[tO]`�mVOT`T`|IpUX[\QX[ZO\^]`T`cl]Wp ®�!'WVY$Y\YZY#P3 µrµ=4 c`�bxfgWVqkuX�]#X[rp#bj`ZY'�c�X[tO]`�mVOT`T`|9#'X[\QX[ZO\^]`T`cl] ³ +B+[¶ clkWcVOT`ZOcWX[tO]`�bT`\&#+X[\QX[ZO\^]`T`cp# ³ " +B+[¶ ZY'p#[nlo[kh#bj`ZY'`\YT`T`|?n X[cWX[ZY#mpUt)jp'`cWX[ZqVqk`kh# ²jf\YZO\&'`|da \Yr`cWX[|dtQVY#bZYX�]�v[VYp<clkWhqZO\YT`cWVOT`\Qp	��VY$&$QVY'YeMV ®��TWVYX[ZO\^]`_�#ba 'WVY$Y\YZY#�'WVYXbXbp�VOZY'`c`tQVY#bZYX�]�\Yrp#%'WVOZO\&'�obTp#%'`vbc`c�gp#bZO|9'p#[n1�
o[kh#bj`ZY'`\YT`T`|?nzX[cWX[ZY#mp�tUp<\me_#[kWc
��VY$&$QVY'YeMV
cz\Yr`cWX[|dtQVY#bZYX�]�X[ZY'`xfj`ZOxk'WV
X[xf_�#mX[ZOt&#bT`T`\Yvb\�c#eucWX[jp'p#bZOT`\Yvb\
X[rp#bj`ZY'`\Yt�X[cWX[ZY#mp<|�eWk`]Uj`tYc`T`ZY#bZOT`|?n�c
X[c`T`v�kh#bZOT`|?n	X[\QX[ZO\^]`T`cl]`c`a ®

�^~���6�	�R=<���3�?WPSR.6lP 1OR.143`L
	 9(R 1 �<L:783�5 ?��<L:5.6�3�? 5.6
K 7SKuRSP83`L:3lP.?�	 1(?2143�? �FPSRSR

� VYp<clkWhqZO\YT`cWVOT 'WVYXbXbp�VOZY'`c`tQVY#mp<\Ya p<\me_#[kWc	cWp*#%#bZ�tYcfe

H = A
∑

m,γ

a+m,γ am,γ +B
∑

m,τ,γ

a+m,γam+τ,γ +

+U
∑

m

a+m,↑ am,↑ a
+
m,↓ am,↓.

(2)

$ e_#mX[h A , obTp#%'`vbcl]�o[kh#bj`ZY'`\YTWV	t	xf�[kh#`'p#�@�#bZOj`c � B , c`T`ZY#bv%'WVqk�rp#%'p#=�T`\QXbV�p*#[�)eux�X[\QX5#�euT`cWp<c#xf�[kuVYp<c ³ eWk`]#xbeu\&$QX[ZOtQV�X[g`c`ZqVY#mp ² g`ZO\ B > 0 ¶��
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τ = ±ej , j = 1, 2, . . . , ν,
v�e_#

ej , #�euc`T`c`g`T`|9#+\&'`ZO| ² Z ® # ® X[xlp�p<cp'`\YtQVOT`cp#t&#�e_#bZYX�]
r`\�$OkWcl��VOa�@�cWp�X[\QX5#�eW]Wp � U , rWVY'WVYp*#bZY'#j`xmkW\YT`\YtQX[jf\Yvb\ tY�mVOc'�p<\me_#baWX[ZOtYcl]*eutYxQn
o[kh#bj`ZY'`\YT`\Yt�TWV�\meuT`\Qp8xf�[kh# � γ , X[r`c`T`\YtY|da�c`Tfe_#bjlX ²
γ =↑ clkWc γ =↓ ² gp#%'p#b� ↑ c ↓ \&$Y\Y�bTWV^gp#bT`| ² X[\Y\YZOt&#bZYX[ZOt&#bT`T`\ ² �bTWV^gp#bT`cl]X[r`c`TWV 1

2

c − 1
2 ; a

+
m,γ

c
am,γ

X[\Y\YZOt&#bZYX[ZOt&#bT`T`\
\Yrp#%'WVOZO\&'`| '`\^�)e_#bT`cl]�c
xfT`c`g`ZO\^�a#bT`cl] o[kh#bj`ZY'`\YTWV�t�xf�[kh#

m ∈ Zν .
��Tp#%'`vbcl]�X[cWX[ZY#mp<|{�mVOtYcWX[c`Z)\YZ`#%#�r`\OkWT`\Yvb\'X[r`c`TWV

S.
�8X�kWxfgWVY#�TWVYX[|Y�

_�#bT`T`\Yvb\)}�#%'p'`\Qp�VOvbT`c`ZOT`\Yvb\)X[\QX[ZO\^]`T`cl] ³ S = Ne

2 ² v�e_# Ne , g`cWX�kW\�o[kh#bj'�ZY'`\YT`\Yt�t'X[cWX[ZY#mp*# ¶ 'p#�@�#bT`cp#+�mV^eMV^g`c�]`tOk`]p#bZYX�] ZO\Yg`T`|IpUc ZY'`c`tYcWVqkWhYT`|IpeWk`]UkWy�$Y\Yvb\�eu\Yr`xQX[ZOcWp<\Yvb\
g`cWX�kuV
o[kh#bj`ZY'`\YT`\Yt
Ne ® ��obZO\Qp�X�kWxfgWVY# ² X[c'�X[ZY#mp�V�rp'p#�eMX[ZqVOtOk`]p#bZ�X[\&$Y\Ya�cfe_#mVqkWhYT`|da�}�#%'Wp<c'� v[VO�3o[kh#bj`ZY'`\YT`\Yt)XI\meuT`cWp

TWVOrp'WVOtOkh#bT`cp#mp�rp'`\&#bj`i`c`c	X[r`c`T`\Yt ®
��VY'Q]feux�X	v[VYp<clkWhqZO\YT`cWVOT`\Qp ² Ne � o[kh#bj`ZY'`\YT`TWVq]�X[cWX[ZY#mp�V
nfVY'WVOj`ZY#%'`c'��bx&#bZYX�]�r`\OkWT`|Ip�X[r`c`T`\Qp

S, S = Smax, Smax − 1, . . . , Smin,
v�e_#

Smax =
Ne

2 , Smin = 0
clkWc 1

2 .

� VYp<clkWhqZO\YT`cWVOT ³�2r¶ jf\Qp�p<xfZOcp'`x&#bZ�X[\�tQX5#mp<c�jf\Qp<r`\YTp#bT`ZqVYp<c�\Yrp#%'WVOZO\��'WV)r`\OkWT`\Yvb\'X[r`c`TWV�X[cWX[ZY#mp<|
S = (S+, S−, Sz),

r`\YobZO\Qp<x X[ZY'`xfj`ZOxk'WV'X[\&$��
X[ZOt&#bT`T`|?n }+xfT`j`i`c`a	c�X[\&$QX[ZOt&#bT`T`|9#��bTWV^gp#bT`cl]	X[cWX[ZY#mp<|��mVOtYcWX�]`Z)\YZ

S ®
� VYp<clkWhqZO\YT`cWVOT H e_#baWX[ZOtYx&#bZ't VOT`ZOcWX[cWp�p*#bZY'`c`gp#mX[jf\Qp�rp'`\QX[ZY'WVOTWX[ZOt&#

��\YjlV
Has.w+xQX[ZOh

ϕ0 , tQVOj`xfxlp<T`|da*t&#bj`ZO\&'*t�rp'`\QX[ZY'WVOTWX[ZOt&# Has ® �+tYc`T`ZY#bZOT`\&#X[\QX[ZO\^]`T`cp#�X[\Y\YZOt&#bZYX[ZOtYx&#bZ'X[tY\&$Y\meuT`\Qp<x�eutYcl�a#bT`c`y~gp#bZO|9'p#[n�o[kh#bj`ZY'`\YT`\Yt
TWV�'p#�@�#bZOjk# ² c #mp<x�\YZOt&#bgWVOy3Z�X�kh#�euxfy3_�cp#�$QVO�bcWX[T`|9#I}+xfT`j`i`c`c � k2p,q,r,t =
a+p↑a

+
q↑a

+
r↑a

+
t↑ϕ0.w+\meurp'`\QX[ZY'WVOTWX[ZOtY\

H k
4 ,
X[\Y\YZOt&#bZYX[ZOtYxfy3_�#%#dj`tYc`T`ZY#bZOT`\Qp<x�X[\QX[ZO\^]`T`c`y ²#mX[ZOh p<T`\^�a#mX[ZOtY\�tQX5#[n	t&#bj`ZO\&'`\Yt'tYcfeMV

ψ =
∑
p,q,r,t∈Zν f(p, q, r, t)k2p,q,r,t ²

f ∈ las2 ² v�e_# las2 , rp'`\QX[ZY'WVOTWX[ZOtY\'VOT`ZOcWX[cWp�p*#bZY'`c`g`T`|?n	}+xfT`j`i`c`a	c`�+rp'`\��X[ZY'WVOTWX[ZOtQV
l2((Z

ν)4) ®
� L
? 5<L
	 6�}g~ �  =�:���� ��"������'��

H k
4

����'
�� ��2�"������� �:�����:�
���"	����(��� ����	! �� �
�"�# ��

H,
� � � � 	�����	

Hk
4 = H/H k

4

����	! ��
�"�# ��
H

�2� ���
%��: =�:���� ��"������'��
H k

4!�'(�"!�	��4� ! ��)� ��"�����
	������ � ���4���:�#���: �!"� 	������ � ����	! ��
�"�# =�"� � � � ���# =��� �
%=�:	�� ��)� ��"�����
	������ � ���4���:�#���: �!"� 	������ � ����	! ��
�"�# 

H
k

4 . �
��'
� �#��� �.� � ����� �

���"� �: =	 %.�����"'(��	������ ����	! ��
�"�# 
H
k

4

%8	 � ����' � 	���' )������"#(	! 8�"��'��"� �: =�:���� ��"� �
����'�	

Las2 ((T ν)4)
��� � �# �� � ��	

H̃k
4 f̃(λ;µ; γ; θ) = h(λ;µ; γ; θ)f̃(λ;µ; γ; θ) 
)!%8	

f̃ ∈ Las2 ((T ν)4) 
 Las2 � ���
%��: =�:���� ��"������'�� �"�������
� � ��	��� ����4��� � � � ��� �
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L2((T
ν)4)

�

h(λ;µ; γ; θ) = 4A+ 2B

ν∑

i=1

(cosλi + cosµi + cos γi + cos θi). (3)

�3gp#btYcfeuT`\ ² g`ZO\8X[rp#bj`ZY'~\Yrp#%'WVOZO\&'WV H̃k
4

g`cWX[ZO\zTp#brp'p#%'`|dt&#bT�c~X[\Yt��
rWV^eMVY#bZzXUp<T`\^�a#mX[ZOtY\Qp �bTWV^gp#bT`c`a~}+xfT`j`i`c`c

h(λ;µ; γ; θ) ² Z ® # ® XUp<T`\���a#mX[ZOtY\Qp
G = [mν ,Mν ] = [4A − 8Bν, 4A + 8Bν] ² v�e_# mν =

minλ,µ,γ,θ∈T ν h(λ;µ; γ; θ) ² Mν = maxλ,µ,γ,θ∈T ν h(λ;µ; γ; θ).

+ kh#�eu\YtQVOZY#[kWhYT`\ ² X[rp#bj`ZY'*j`tYc`T`ZY#bZOT`\Yvb\ X[\QX[ZO\^]`T`cl]�Tp#)�mVOtYcWX[c`Z'\YZ�j`x �kW\YT`\YtQX[jf\Yvb\ItY�mVOcWp<\me_#baWX[ZOtYcl]
U
c)rp'p#�eMX[ZqVOtOk`]p#bZ�X[\&$Y\Ya�obTp#%'`vbc`c)gp#bZO|9'p#[n

Tp#btY�mVOcWp<\me_#baWX[ZOtYxfy3_�cln�o[kh#bj`ZY'`\YT`\Yt ² eutYcl�'xf_�clnfX�] t�jp'`cWX[ZqVqk`kh# ® �%VOjf\Ya'p#b�bxmkWhqZqVOZ']`tOk`]p#bZYX�]�tYr`\OkWTp#�#mX[ZY#mX[ZOt&#bT`T`|Ip ² r`\QX[jf\OkWhYj`x j`tYc`T`ZY#bZOT`\&#)X[\��X[ZO\^]`T`cp#3Tp#�p<\^�a#bZ)X[\me_#%'Q��VOZOh�X[\QX[ZO\^]`T`c`a�XdeutYxlpS]�o[kh#bj`ZY'`\YTWVYp<c�t�xf�[kh# ®
�%VOj`cWp \&$&'WVO�b\Qp ² t{j`tYc`T`ZY#bZOT`\Qp X[\QX[ZO\^]`T`c`c�X[rp#bj`ZY'-gp#bZO|9'p#[nlo[kh#bj'�ZY'`\YT`T`|?n	X[cWX[ZY#mpUtY|dg`cWX�k`]p#bZYX�] ZO\Yg`T`\�c	g`cWX[ZO\'Tp#brp'p#%'`|dt&#bT ®
��ZqV'�mV^eMV^gWV)]`tOk`]p#bZYX�]	gWVYX[ZOT`|Ip�X�kWxfgWVY#mp��mV^eMV^g`c	TWVqnQ\^�)e_#bT`c`c�X[rp#bj'�

ZY'WV�X[cWX[ZY#mp
N
Tp#btY�mVOcWp<\me_#baWX[ZOtYxfy3_�cln�o[kh#bj`ZY'`\YT`\Yt't�jp'`cWX[ZqVqk`kWc`gp#mX[jf\Ya

'p#�@�#bZOjk# ®w+\-rp'WVOtYclkWx �3xfTfeMV-t
N
� o[kh#bj`ZY'`\YT`T`|?n X[cWX[ZY#mp�Vqn p<c`T`cWp�VqkWhYT`xfy

obTp#%'`vbc`y cWp*#%#bZ#X[\QX[ZO\^]`T`cp# ² t
jf\YZO\&'`\Qp�tQX5#	X[r`c`T`| TWVOrp'WVOtOkh#bT`| tYt&#%'Qn ²Z ® # ® X[\QX[ZO\^]`T`cl] ↑↑ . . . ↑ .
� X[clkWxz�mVOrp'p#bZqV�w�V^xmkWc�ZqVOjf\&##X[\QX[ZO\^]`T`cp#

Tp#'p<\^�a#bZ�X[\me_#%'Q��VOZOh X[\QX[ZO\^]`T`c`a�X�eutYxlpS]
o[kh#bj`ZY'`\YTWVYp<c�t	\meuT`\Qp�xf�[kh# ®��obZO\Qp	X�kWxfgWVY#�X[rp#bj`ZY'�X[cWX[ZY#mp<|�Tp#:�mVOtYcWX[c`Zd\YZ?j`xmkW\YT`\YtQX[jf\Yvb\?tY�mVOcWp<\me_#ba'�
X[ZOtYcl]

U
c�rp'p#�eMX[ZqVOtOk`]p#bZ�X[\&$Y\Ya	�b\YT`T`xfy~obTp#%'`vbc`y

N
Tp#btY�mVOcWp<\me_#baWX[ZOtYx �

y3_�cln�o[kh#bj`ZY'`\YT`\Yt ² jf\YZO\&'`|9#IeutYcl�'xfZYX�] t�jp'`cWX[ZqVqk`kh# ® w�'`c obZO\Qp�X[rp#bj`ZY'X[cWX[ZY#mp<|�g`cWX[ZO\'Tp#brp'p#%'`|dt&#bT ®
�.~ � �<L:783�5 ?��<L:5.6�3�? 5.6*K 1ORSP���<�L:3lP89�� 1(?2143�? �FPSR����

�>#brp#%'`hC'WVYXbXbp<\YZY'`cWp
X[c`T`v�kh#bZOT`|9#dX[\QX[ZO\^]`T`cl] ® �UX[cWX[ZY#mp*#dcWp*#%#bZYX�]�eutQVX[c`T`v�kh#bZOT`|?n	X[\QX[ZO\^]`T`cl] ² c	\YT`c	cWp*#%#bZb'WVO�[kWc`g`T`\&#+rp'`\YcWX�nQ\^�)e_#bT`cp# ®
+ c`T`v�kh#bZOT`\Qp<x X[\QX[ZO\^]`T`c`y X[\Y\YZOt&#bZYX[ZOtYxfy3Z�X�kh#�euxfy3_�cp# $QVO�bcWX[T`|9#

}+xfT`j`i`c`c � 1s0p,q,r,t = a+p↑a
+
q↑a

+
r↓a

+
t↓ϕ0

c 2s0p,q,r,t = a+p↑a
+
q↓a

+
r↑a

+
t↓ϕ0.

�.~I}g~ � L:5SK�?uL 1ORSP���<�L:3lP.?uL 1(?2143�? �FPSR<Lg~ w+\meurp'`\QX[ZY'WVOTWX[ZOtY\ 1H s
4 ,
X[\��

\YZOt&#bZYX[ZOtYxfy3_�#%#�rp#%'`tY\Qp<x�X[c`T`v�kh#bZOT`\Qp<x�X[\QX[ZO\^]`T`c`y ² , obZO\�p<T`\^�a#mX[ZOtY\
tQX5#[n�t&#bj`ZO\&'`\Yt tYcfeMV

ψ =
∑
p,q,r,t∈Zν f(p, q, r, t)1s0p,q,r,t ² f ∈ las2 ® w+xQX[ZOh

ϕ0 , tQVOj`xfxlp<T`|da�t&#bj`ZO\&'	t�rp'`\QX[ZY'WVOTWX[ZOt&# Has.
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� L
? 5<L
	 6%�^~ �  =�:���� ��"������'�� 1H s

4

����'
�� ��2�"������� �:�����:�
���"	����(���0����	 �
 ��
�"�# ��

H,
� � � � 	�����	 1Hs

4 = H/1H s
4

����	! ��
�"�# ��
H

�2�����
%��: =�:���� ��"� �
����'�� 1H s

4

!�'(�"!�	��4� ! ��)� ��"�����
	������ � ���4���:�#���: �!"� 	������ � ����	! ��
�"�# =�"� �
� � ���# =���*%=� �*� ��)� ��"�����
	������ � ���4���:�#���: �!"� 	������ � ����	! ��
�"�# 1H

s

4,
%8	 � �

����' � �	� � � ' �: =�:���� ��"������'�	
las2 . �

��'
� �#��� �.� � �����
���"� �: =	 %.�����"'(��	������
����	! ��
�"�# 1Hs

4

%8	 � ����' � 	�� '$)������"#(	! 8�"��'��"� �: =�:���� ��"������'�	
Las2 ((T ν)4)

���
� �# �� � ��	

(
1̃H

s

4f̃
)
(λ;µ; γ; θ) = h(λ;µ; γ; θ)f̃(λ;µ; γ; θ)+

+U

∫

T ν

f̃(s;µ;λ+ γ − s; θ) ds+ U

∫

T ν

[
f̃(λ; k;µ+ γ − k; θ) dk+

+ f̃(s;µ; γ;λ+ θ − s) ds+ f̃(λ; k; γ;µ+ θ − k) dk
]
,

)!%8	
f̃ ∈ Las2 ((T ν)4) 
 Las2 � ���
%��: =�:���� ��"������'�� �"�������
� � ��	��� ����4��� � � � ��� �

��� � '
L2((T

ν)4)
�
h(λ;µ; γ; θ)

� ��	�	�� '(�(%
(3)

�
��X[r`\OkWhY�bxO]	r`\YTl]`ZOcp#�ZY#bT`�b\&'`T`\Yvb\'rp'`\Yc`�bt&#�e_#bT`cl]	kWc`Tp#ba`T`|?n	\Yrp#%'WVOZO\��

'`\Yt�t#vbclkWh&$&#%'`ZO\YtY|?nUrp'`\QX[ZY'WVOTWX[ZOtQVqn ² \Yrp#%'WVOZO\&' 1̃Hs
4

p<\^�'T`\#rp'p#�eMX[ZqV6�
tYc`ZOh�t�tYcfe_#

1̃Hs
4 = 1̃Hs

2 ⊗ I ⊗ I + I ⊗K ⊗ I + I ⊗ I ⊗ 2̃Hs
2 ,
v�e_#

(
1̃Hs

2f
)
(λ, γ) =

{
−2A− 2B

ν∑

i=1

[cosλi + cos γi]

}
f(λ, γ)−

−U

∫

T ν

f(s, λ+ γ − s) ds,

(
2̃Hs

2f
)
(µ, θ) =

{
−2A− 2B

ν∑

i=1

[cosµi + cos θi]

}
f(µ, θ)−

−U

∫

T ν

f(k, µ+ θ − k) dk,

(Kf)(λ, µ) = 2U

∫

T ν

f(s, λ+ µ− s) ds.

��XbX�kh#�euxO]�X[rp#bj`ZY'`|�\Yrp#%'WVOZO\&'`\Yt
1̃Hs

2 , K
c

2̃Hs
2

c�cWX[r`\OkWhY�bxO])r`\YTl]`ZOcp#
X[rp#bj`ZY'WV�ZY#bT`�b\&'`T`\Yvb\*rp'`\Yc`�bt&#�e_#bT`cl]#kWc`Tp#ba`T`|?n�\Yrp#%'WVOZO\&'`\Yt�t*vbclkWh&$&#%''�
ZO\YtY|?n�rp'`\QX[ZY'WVOTWX[ZOtQVqn ² r`\OkWxfgWVY#mpU\Yr`cWXbVOT`cp#+X[ZY'`xfj`ZOxk'`|�X[xf_�#mX[ZOt&#bT`T`\Yvb\X[rp#bj`ZY'WV�c�eucWX[jp'p#bZOT`|da�X[rp#bj`ZY'	\Yrp#%'WVOZO\&'WV

1̃H
s

4.
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w+\OkW\^�'cWp

Λ1 = λ+γ ² Λ2 = µ+θ ² a1 = −2A−4B cos Λ1

2 ² a2 = −2A+

4B cos Λ1

2 ² z1 = −2A −
√
U2 + 16B2 cos2 Λ1

2 ² b1 = −2A − 4B cos Λ2

2 ²
b2 = −2A+ 4B cos Λ2

2 ² z2 = −2A−
√
U2 + 16B2 cos2 Λ2

2 ®
��X�kWc

ν = 1
c
U > 0,

ZO\
σcont(1̃Hs

2) = [a1, a2]
c
σdisc(1̃Hs

2) = {z1},c�\YT#kh#[�'c`Z*T`cl�a#�\&$OkuVYX[ZOc�Tp#brp'p#%'`|dtYT`\Yvb\*X[rp#bj`ZY'WV�\Yrp#%'WVOZO\&'WV
1̃Hs

2 ,
V

σcont(2̃Hs
2 ) = [b1, b2]

c
σdisc(2̃Hs

2 ) = {z2},
c�\YT#kh#[�'c`Z�T`cl�a#�\&$OkuVYX[ZOc

Tp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV�\Yrp#%'WVOZO\&'WV
2̃Hs

2 ,
c
σ(K) = σdisc(K) = {2U}.

� L
? 5<L
	 6 �.~ � �
���
ν = 1

�
U > 0,

�"��� � �$	�����'�	������ � �
��	����� ����	 �
 ��
�"�# �� ��	! �'���)"�*�
����)���	����

1̃H
s

4

�#�:���"����� ��� � # ��	 %�����	����"! �� =	
� �:�� =	 �#� ��' 

σess(1̃H

s

4) = [2U + a1 + b1, 2U + a2 + b2]∪ [2U + z2 + a1, 2U + z2 + a2]∪
[2U + z1+ b1, 2U + z1+ b2],

�B%����
�: =	������ � �
��	����� ���	! �'���)"�*�
����)���	���� �#� �
���"����� ��� 	 %���������'�	������ � �"�
�4��� 


σdisc(1̃H
s

4) = {2U+z1+z2} (
� � �$	�����' � 	��

	 %���������'�	����2� ! � � �
) 
 ��	��$� � � � ���"� 	 � #��2�
����� � � �$	�����'�	�������)"� �
��	����� ��

�
�����"	�� � �
��eutYxlp*#%'`T`\QpUX�kWxfgWVY#+ZqVOjl�a#+cWp*#%#bZ�p*#mX[ZO\�VOTWVqkW\Yvbc`g`TWVq]�jlVY'`ZOc`TWV ®
�>#brp#%'`h 'WVYXbXbp<\YZY'`cWp ZY'p#[n`p*#%'`T`|da X�kWxfgWVOa ® ��k`] rp'`\QX[ZO\YZO| ² 'WVYX9�Xbp<\YZY'`cWp X�kWxfgWVOa ² jf\Yv�eMV Λ1 = (Λ1

1,Λ
2
1,Λ

3
1) = (Λ0

1,Λ
0
1,Λ

0
1)
c

Λ2 =
(Λ1

2,Λ
2
2,Λ

3
2) = (Λ0

2,Λ
0
2,Λ

0
2).��VYXbXbp<\YZY'`cWpUc`T`ZY#bv%'WVqkr�?VOZYX[\YTWV

W =
1

π3

π∫

0

π∫

0

π∫

0

3 dx dy dz

3− cosx− cos y − cos z
= 1, 516.

w+\QX[jf\OkWhYj`x'p*#%'WV
ν
T`\&'Wp<cp'`\YtQVOT`TWVq] ² ZO\

J =

π∫

−π

π∫

−π

π∫

−π

dx dy dz

3− cosx− cos y − cos z
=

=

π∫

−π

π∫

−π

π∫

−π

dx dy dz

3 + cosx+ cos y + cos z
=

1

3
W.

w+\OkW\^�'cWp
c1 = −2A − 12B cos

Λ0
1

2 ² c2 = −2A + 12B cos
Λ0

1

2 ² d1 =

−2A− 12B cos
Λ0

2

2 ² d2 = −2A+ 12B cos
Λ0

2

2 ®



2jµ�� � � � � � �2�
�"��' � � � �
��X�kWc

ν = 3 ² Λ1 = (Λ0
1,Λ

0
1,Λ

0
1) ² Λ2 = (Λ0

2,Λ
0
2,Λ

0
2)
c
U > 0 ² U >

12Bcos
Λ0
1
2

W ² ZO\ σcont(1̃Hs
2) = [c1, c2],

c
σdisc(1̃Hs

2 ) = {z̃1} ² c�\YTUkh#[�'c`ZT`cl�a#�\&$OkuVYX[ZOc�Tp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV�\Yrp#%'WVOZO\&'WV
1̃Hs

2 ,
V
σcont(2̃Hs

2) =

[d1, d2],
c�rp'`c�xQX�kW\YtYc`c ² g`ZO\ U >

12B cos
Λ0
2
2

W ² σdisc(2̃Hs
2 ) = {z̃2},

c�\YT
kh#[�'c`Z3T`cl�a#�\&$OkuVYX[ZOc�Tp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV3\Yrp#%'WVOZO\&'WV

2̃Hs
2 ,
c
σ(K) =

σdisc(K) = {2U}.
� L
? 5<L
	 6 
K~ � ¶ w+xQX[ZOh ν = 3,Λ1 = (Λ0

1 ² Λ0
1,Λ

0
1) ² Λ2 = (Λ0

2,Λ
0
2,Λ

0
2)c

U >
12B cos

Λ0
1
2

W ² cos Λ0
1

2 > 0 ² cos Λ0
1

2 > cos
Λ0

2

2 ® � \Yv�eMV�X[xf_�#mX[ZOt&#bT`T`|daX[rp#bj`ZY')\Yrp#%'WVOZO\&'WV3rp#%'`tY\Yvb\�X[c`T`v�kh#bZqV
1̃H

s

4

X[\QX[ZO\Yc`Z3c`�?\&$ �>#�euc`Tp#bT`cl]�ZY'p#[n
\YZY'p#b�bjf\Yt � σess(1̃Hs

4) = [2U + c1 + d1, 2U + c2 + d2]∪ [2U + z̃2 + c1, 2U +
z̃2 + c2] ∪ [2U + z̃1 + d1, 2U + z̃1 + d2],

V'eucWX[jp'p#bZOT`|da#X[rp#bj`ZY'
rp#%'`tY\Yvb\
X[c`T`v�kh#bZqV�X[\QX[ZO\Yc`Z�c`��#�euc`TWX[ZOt&#bT`T`\Ya'ZO\Yg`j`c � σdisc(1̃Hs

4) = {z̃1+ z̃2+2U},v�e_#
z̃1
]`tOk`]p#bZYX�]'X[\&$QX[ZOt&#bT`T`|Ip��bTWV^gp#bT`cp#mp�eWk`]�\Yrp#%'WVOZO\&'WV

1̃Hs
2 ,
V
z̃2
#mX[ZOh

X[\&$QX[ZOt&#bT`T`\&#��bTWV^gp#bT`cp#�eWk`]�\Yrp#%'WVOZO\&'WV
2̃Hs

2 ³ X[xf_�#mX[ZOtYx&#bZ #�euc`TWX[ZOt&#bT`TWVq]" +B+[¶�² kh#[��VO_�c`a T`cl�a#+\&$OkuVYX[ZOc	X[xf_�#mX[ZOt&#bT`T`\Yvb\�X[rp#bj`ZY'WV'X[cWX[ZY#mp<| ®
° ¶ w+xQX[ZOh ν = 3 ² Λ1 = (Λ0

1,Λ
0
1,Λ

0
1) ² Λ2 = (Λ0

2,Λ
0
2,Λ

0
2)
c 12B cos

Λ0
1
2

W <

U 6
12B cos

Λ0
2
2

W ² cos Λ0
1

2 > 0 ² cos Λ0
2

2 > 0 ® � \Yv�eMV*X[xf_�#mX[ZOt&#bT`T`|daUX[rp#bj`ZY'\Yrp#%'WVOZO\&'WV�rp#%'`tY\Yvb\�X[c`T`v�kh#bZqV
1̃H

s

4

X[\QX[ZO\Yc`Z+c`�I\&$ �>#�euc`Tp#bT`cl]�eutYxQn)\YZY'p#b�=�
jf\Yt � σess(1̃Hs

4) = [2U+c1+d1, 2U+c2+d2]∪ [2U+ z̃1+d1, 2U+ z̃1+d2],V�eucWX[jp'p#bZOT`|da�X[rp#bj`ZY'	rp#%'`tY\Yvb\�X[c`T`v�kh#bZqV)r`xQX[Z ®
¢ ¶ w+xQX[ZOh ν = 3 ² Λ1 = (Λ0

1,Λ
0
1,Λ

0
1) ² Λ2 = (Λ0

2,Λ
0
2,Λ

0
2)
c 12B cos

Λ0
2
2

W <

U 6
12B cos

Λ0
1
2

W ² cos Λ0
1

2 > 0 ² cos Λ0
2

2 > 0 ® � \Yv�eMV*X[xf_�#mX[ZOt&#bT`T`|daUX[rp#bj`ZY'\Yrp#%'WVOZO\&'WV�rp#%'`tY\Yvb\�X[c`T`v�kh#bZqV
1̃H

s

4

X[\QX[ZO\Yc`Z+c`�I\&$ �>#�euc`Tp#bT`cl]�eutYxQn)\YZY'p#b�=�
jf\Yt � σess(1̃Hs

4) = [2U+c1+d1, 2U+c2+d2]∪ [2U+ z̃2+c1, 2U+ z̃2+c2],V�eucWX[jp'p#bZOT`|da�X[rp#bj`ZY'	rp#%'`tY\Yvb\�X[c`T`v�kh#bZqV)r`xQX[Z ®¬ ¶ w+xQX[ZOh ν = 3 ² Λ1 = (Λ0
1,Λ

0
1,Λ

0
1) ² Λ2 = (Λ0

2,Λ
0
2,Λ

0
2)
c
U <

12B cos
Λ0
1
2

W ² cos Λ0
1

2 6 cos
Λ0

2

2 ² cos Λ0
1

2 > 0 ² cos Λ0
2

2 > 0 ® � \Yv�eMV�X[xf_�#mX[ZOt&#bT`T`|daX[rp#bj`ZY')\Yrp#%'WVOZO\&'WVIrp#%'`tY\Yvb\3X[c`T`v�kh#bZqV
1̃H

s

4

X[\QX[ZO\Yc`Z3c`��#�euc`TWX[ZOt&#bT`T`\Yvb\�\YZ6�
'p#b�bjlV � σess(1̃Hs

4) = [2U + c1 + d1, 2U + c2 + d2],
V�eucWX[jp'p#bZOT`|da
X[rp#bj`ZY'

rp#%'`tY\Yvb\�X[c`T`v�kh#bZqV)r`xQX[Z ®
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4 ,X[\Y\YZOt&#bZYX[ZOtYxfy3_�#%#�tYZO\&'`\Qp<x�X[c`T`v�kh#bZOT`\Qp<xUX[\QX[ZO\^]`T`c`y ² #mX[ZOh�p<T`\^�a#mX[ZOtY\tQX5#[n�t&#bj`ZO\&'`\Yt)tYcfeMV
Φ =

∑
p,q,r,t∈Zν f(p, q, r, t)2s0p,q,r,t ² f ∈ las2 ®w�'`\QX[ZY'WVOTWX[ZOtY\ 2H s

4

c`T`tQVY'`cWVOT`ZOT`\�\YZOT`\QX[c`ZY#[kWhYT`\�\Yrp#%'WVOZO\&'WV
H,
c

X[xQ�a#bT`cp# 2Hs
4 = H/2H s

4

\Yrp#%'WVOZO\&'WV
H
TWV
r`\meurp'`\QX[ZY'WVOTWX[ZOtY\ 2H s

4

]`t��
k`]p#bZYX�]#\Yv%'WVOT`c`gp#bT`T`|Ip{XbVYp<\QX[\Yrp'Q]l�a#bT`T`|Ip8\Yrp#%'WVOZO\&'`\Qp ® �3T#r`\&'`\^�)eMV6�y3Z	\Yv%'WVOT`c`gp#bT`T`|da�XbVYp<\QX[\Yrp'Q]l�a#bT`T`|da*\Yrp#%'WVOZO\&'

2H
s

4,
e_#baWX[ZOtYxfy3_�c`a�t

rp'`\QX[ZY'WVOTWX[ZOt&#
las2 .

��j`tQVO�bc`cWp<r`xmkWhQX[T`\Qp�rp'p#�eMX[ZqVOtOkh#bT`c`c�\Yrp#%'WVOZO\&' 2Hs
4e_#baWX[ZOtYx&#bZ)t'vbclkWh&$&#%'`ZO\YtY\Qp#rp'`\QX[ZY'WVOTWX[ZOt&#

Las2 ((T ν)4)
r`\�}+\&'Wp<xmkh#

(
2̃H

s

4f̃
)
(λ;µ; γ; θ) = h(λ;µ; γ; θ)f̃(λ;µ; γ; θ)+

+U

∫

T ν

f̃(s;λ+ µ− s; γ; θ) ds+ U

∫

T ν

[
f̃(λ;µ; k; γ + θ − k) dk+

+ f̃(s;µ; γ;λ+ θ − s) ds+ f̃(λ; k;µ+ γ − k; θ) dk
]
,

v�e_#
f̃ ∈ Las2 ((T ν)4) ² Las2 , r`\meurp'`\QX[ZY'WVOTWX[ZOtY\IVOT`ZOcWX[cWp�p*#bZY'`c`g`T`|?n�}+xfT`j'�i`c`a	t
L2((T

ν)4)
c
h(λ;µ; γ; θ)

cWp*#%#bZ�tYcfe ³ � ¶�®
�3rp#%'WVOZO\&'

2̃Hs
4

rp'p#�eMX[ZqVOtYcWpUt�tYcfe_#
2̃Hs

4 = 3̃Hs
2 ⊗ I ⊗ I + I ⊗ I ⊗ 4̃Hs

2 + I ⊗K ⊗ I,
v�e_#

(
3̃Hs

2f
)
(λ, µ) =

{
2A+ 2B

ν∑

i=1

[cosλi + cosµi]

}
f(λ, µ)+

+U

∫

T ν

f(s, λ+ µ− s) ds,

(
4̃Hs

2f
)
(γ, θ) =

{
2A+ 2B

ν∑

i=1

[cos γi + cos θi]

}
f(γ, θ)+

+U

∫

T ν

f(k, γ + θ − k) dk,

(Kf)(µ, γ) = 2U

∫

T ν

f(k, µ+ γ − k) dk.

��XbX�kh#�euxO]�X[rp#bj`ZY'`|�\Yrp#%'WVOZO\&'`\Yt
3̃Hs

2 , K
c

4̃Hs
2

c�cWX[r`\OkWhY�bxO])r`\YTl]`ZOcp#
X[rp#bj`ZY'WV�ZY#bT`�b\&'`T`\Yvb\*rp'`\Yc`�bt&#�e_#bT`cl]#kWc`Tp#ba`T`|?n�\Yrp#%'WVOZO\&'`\Yt�t*vbclkWh&$&#%''�



2jµ�2 � � � � � �2�
�"��' � � � �
ZO\YtY|?n�rp'`\QX[ZY'WVOTWX[ZOtQVqn ² r`\OkWxfgWVY#mpU\Yr`cWXbVOT`cp#+X[ZY'`xfj`ZOxk'`|�X[xf_�#mX[ZOt&#bT`T`\Yvb\X[rp#bj`ZY'WV�c�eucWX[jp'p#bZOT`|da�X[rp#bj`ZY'	\Yrp#%'WVOZO\&'WV

2̃H
s

4.w+\OkW\^�'cWp
Λ3 = λ + µ ² Λ4 = γ + θ ² e1 = 2A − 4B cos Λ3

2 ² e2 =

2A + 4B cos Λ3

2 ² z′ = 2A −
√
U2 + 16B2 cos2 Λ3

2 ² f1 = 2A − 4B cos Λ4

2 ²
f2 = 2A+ 4B cos Λ4

2 ² z′′ = 2A−
√
U2 + 16B2 cos2 Λ4

2 ®
��X�kWc

ν = 1
c
U < 0 ² ZO\ σcont(3̃Hs

2) = [e1, e2]
c
σdisc(3̃Hs

2) = {z′} ²c�\YT#kh#[�'c`Z*T`cl�a#�\&$OkuVYX[ZOc�Tp#brp'p#%'`|dtYT`\Yvb\*X[rp#bj`ZY'WV�\Yrp#%'WVOZO\&'WV
3̃Hs

2 ² V
σcont(4̃Hs

2 ) = [f1, f2]
c
σdisc(4̃Hs

2) = {z′′} ² c�\YT
kh#[�'c`Z�T`cl�a#'\&$OkuVYX[ZOcTp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV�\Yrp#%'WVOZO\&'WV
4̃Hs

2 ² c σ(K) = σdisc(K) = {2U} ®
� L
? 5<L
	 6 �^~ � �
���

ν = 1
�
U < 0,

�"��� � �$	�����'�	������ � �
��	����� ����	 �
 ��
�"�# �� '��"�# =��)"�*�
����)���	����

2̃H
s

4

�#�:���"����� ��� � # ��	 %�����	����"! �� =	
� �:�� =	 �#� ��' 


σess(2̃H
s

4) = [2U + e1 + f1, 2U + e2 + f2] ∪ [2U + z′′ + e1, 2U + z′′ +
e2] ∪ [2U + z′ + f1, 2U + 4A + z′ + f2] 


�*%����
�: =	������ � �
��	����� '��"�# =��)"�
�
����)���	���� �#�:���"����� ��� 	 %���������'�	������ � �"�
�4��� 


σdisc(1̃H
s

4) = {2U + z′ + z′′}
(
� � �$	�����' � 	�� 	 %���������'�	����2� ! � �

) 
 ��	��$� � � � ���"� 	$� #��2�
����� � � �$	�����'�	�� �
����)"� �
��	����� ��0�
�����"	�� � �

��eutYxlp*#%'`T`\QpUX�kWxfgWVY#+ZqVOjl�a#+cWp*#%#bZ�p*#mX[ZO\�VOTWVqkW\Yvbc`g`TWVq]�jlVY'`ZOc`TWV ®w+\OkW\^�'cWp
p1 = −2A − 12B cos

Λ0
3

2 ² p2 = −2A + 12B cos
Λ0

3

2 ² q1 =

−2A− 12B cos
Λ0

4

2 ² q2 = −2A+ 12B cos
Λ0

4

2 ®��X�kWc
ν = 3 ² Λ3 = (Λ0

3,Λ
0
3,Λ

0
3) ² Λ4 = (Λ0

4,Λ
0
4,Λ

0
4)
c
U > 0 ² U >

12Bcos
Λ0
1
2

W ² ZO\ σcont(3̃Hs
2) = [p1, p2]

c
σdisc(1̃Hs

2) = {˜̃z1} ² c�\YTUkh#[�'c`ZT`cl�a#�\&$OkuVYX[ZOc�Tp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV�\Yrp#%'WVOZO\&'WV
3̃Hs

2 ,
V
σcont(4̃Hs

2) =

[q1, q2] ² c�rp'`c�xQX�kW\YtYc`c ² g`ZO\ U >
12B cos

Λ0
2
2

W ² σdisc(4̃Hs
2) = {˜̃z2} ² c�\YTkh#[�'c`Z3T`cl�a#�\&$OkuVYX[ZOc�Tp#brp'p#%'`|dtYT`\Yvb\�X[rp#bj`ZY'WV3\Yrp#%'WVOZO\&'WV

4̃Hs
2 ,
c
σ(K) =

σdisc(K) = {2U}.
� L
? 5<L
	 6 �.~ � ¶ ��� ����� ν = 3 
 Λ3 = (Λ0

3,Λ
0
3,Λ

0
3) 
 Λ4 = (Λ0

4,Λ
0
4,Λ

0
4)

�
U < − 12Bcos

Λ0
3
2

W 
 cos Λ0
3

2 > 0 
 cos Λ0
3

2 > cos
Λ0

4

2

� � ��)!%=� � � �$	�����'�	������ �
�
��	����� ����	! ��
�"�# �� '��"�# =��)"� �
����)���	����

2̃H
s

4

�#�:���"����� ��� � # ��	 %�����	����"! �� =	
�
�:�� =	 �#� ��' 


σess(2̃H
s

4) = [2U + p1 + q1, 2U + p2 + q2]∪ [2U + ˜̃z2 + p1, 2U +
˜̃z2 + p2] ∪ [2U + ˜̃z1 + q1, 2U + ˜̃z1 + q2],

� %����
�: =	������ � �
��	����� '��"�# =��)"�
�
����)���	���� �#�:���"�����B��� 	 %���������'�	������ � �"�
�4��� 


σdisc(1̃H
s

4) = {2U+ ˜̃z1+ ˜̃z2},)!%8	 ˜̃z1 !�'(�"!�	��4� ! �#� #:����'�	������ � �#�2�:�
	�����	�� %��"! ����	! ��
�"�# ��
3̃Hs

2 ,
� ˜̃z2



� � �$	�����'�	������ 	 �$%����
�: =	������ 	*�
��	����� � � � � 2jµ �
	������ �#� #:����'�	������(	 �#�2�:�
	�����	2%��"! ����	! ��
�"�# ��

4̃Hs
2 (
� � �$	�����' � 	�� 	 %���������'�	�� �

�2� ! � �
) 
 ��	��$� � � � ���"� 	 � #��2�
������� � �$	�����'�	�������)"� �
��	����� ��0�
�����"	�� � �

° ¶ ��� ����� ν = 3 
 Λ3 = (Λ0
3,Λ

0
3,Λ

0
3) 
 Λ4 = (Λ0

4,Λ
0
4,Λ

0
4)
� − 12B cos

Λ0
3
2

W <

U 6 − 12B cos
Λ0
4
2

W 
 cos Λ0
3

2 > 0 
 cos Λ0
4

2 > 0 
 cos Λ0
3

2 > cos
Λ0

4

2

� � ��)!%=� � � �$	 �
����'�	������ � �
��	����� �����	! ��
�"�# �� '��"�# =��)"� �
����)���	����

2̃H
s

4

�#�:���"����� ��� � # ��	 %�� �
��	����"! %�' � ���:�� =	 �#� ��' 


σess(1̃H
s

4) = [2U + p1 + q1, 2U + p2 + q2] ∪ [2U +
˜̃z2 + p1, 2U + ˜̃z2 + p2] 


� %����
�: =	������ � �
��	����� '��"�# =��)"� �
����)���	���� � � ��� �
¢ ¶ ��� ����� ν = 3 
 Λ3 = (Λ0

3,Λ
0
3,Λ

0
3) 
 Λ4 = (Λ0

4,Λ
0
4,Λ

0
4)
� − 12Bcos

Λ0
4
2

W <

U 6
12B cos

Λ0
3
2

W 
 cos Λ0
3

2 > 0 
 cos Λ0
4

2 > 0 
 cos Λ0
3

2 6 cos
Λ0

4

2

� � ��)!%=� � � �$	 �
����'�	������ � �
��	����� �����	! ��
�"�# �� '��"�# =��)"� �
����)���	����

2̃H
s

4

�#�:���"����� ��� � # ��	 %�� �
��	����"! %�' � ���:�� =	 �#� ��' 


σess(2̃H
s

4) = [2U + p1 + q1, 2U + p2 + q2] ∪ [2U +
˜̃z1 + q1, 2U + ˜̃z1 + q2],

� %����
�: =	������ � �
��	����� '��"�# =��)"� �
����)���	���� � � ��� �¬ ¶ ��� ����� ν = 3 
 Λ3 = (Λ0
3,Λ

0
3,Λ

0
3) 
 Λ4 = (Λ0

4,Λ
0
4,Λ

0
4)

�
U >

− 12Bcos
Λ0
3
2

W 
 cos Λ0
3

2 6 cos
Λ0

4

2 
 cos
Λ0

3

2 > 0 
 cos Λ0
4

2 > 0
� � ��)!%=� � � �$	�����'�	�� �

��� � �
��	����� ����	! ��
�"�# ��0'��"�# =��)"���
����)���	����
2̃H

s

4

�#�:���"�����$���0	 %���������'�	�� �
����)"�$�:�� =	 �#��� 


σess(2̃H
s

4) = [2U + p1 + q1, 2U + p2 + q2] 

� %����
�: =	������ �

�
��	����� '��"�# =��)"� �
����)���	���� � � ��� �
w+\OkWxfgp#bT`T`|9#C'p#b�bxmkWhqZqVOZO|�r`\YjlVO�b|dtQVOy3Z ² g`ZO\	X[rp#bj`ZY'`|�obZOcln�X[c`T`v�kh#bZ6�T`|?n X[\QX[ZO\^]`T`c`a	X[xf_�#mX[ZOt&#bT`T`\�\YZmkWc`gWVOy3ZYX�]�e_'`xfv�e_'`xfv[V ®�������
	����
�
��� ��|!'WVYXbXbp<\YZY'p#[kWc#X�kWxfgWVOa ² jf\Yv�eMV cos Λ

2 > 0.
��X[ZqVqkWh��

T`|9#�X�kWxfgWVOc	cWXbX�kh#�euxfy3ZYX�]	VOTWVqkW\Yvbc`g`T`\ ®
+ kh#�eu\YtQVOZY#[kWhYT`\ ² t�X[c`T`v�kh#bZOT`|?n�X[\QX[ZO\^]`T`cl]ln-gp#bZO|9'p#[nlo[kh#bj`ZY'`\YT`TWVq]X[cWX[ZY#mp�VzcWp*#%#bZ8Tp#8$Y\Okh#%#�\meuT`\Yvb\zVOT`ZOcWX[tO]`�mVOT`T`\Yvb\8X[\QX[ZO\^]`T`cl]�clkWc~Tp#

$Y\Okh#%#	\meuT`\Yvb\�X[tO]`�mVOT`T`\Yvb\�X[\QX[ZO\^]`T`cl] ² X[\Y\YZOt&#bZYX[ZOt&#bT`T`\#rp'`c��bTWV^gp#bT`cl]ln
U > 0

c
U < 0.

"~X[xf_�#mX[ZOt&#bT`T`|da�X[rp#bj`ZY'*X[cWX[ZY#mp<|�X[\QX[ZO\^]`Z'c`��\&$ �>#�euc'�
Tp#bT`cl]ln�Tp#�$Y\Okh#%#+ZY'p#[n \YZY'p#b�bjf\Yt ®
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��rp#%'`tY|9#'�mV^eMV^gWV \Yr`ZOcWp�VqkWhYT`\Yvb\�tY\QXbX[ZqVOT`\YtOkh#bT`cl]�kWc`Tp#ba`T`\Yvb\�}+xfT`j'�

i`c`\YTWVqkuV3r`\+�bTWV^gp#bT`cl]Wp	e_'`xfvbcln�kWc`Tp#ba`T`|?n)}+xfT`j`i`c`\YTWVqkW\Yt
$Y|?kuV3r`\QX[ZqVOt��
kh#bTWV +h® " ® + p<\Ok`]`jf\Qp 3 µ=4w® � \QX[T`\Yt&#�obZO\Ya8r`\QX[ZqVOT`\YtYj`c�kh#[��VqkWczcfe_#bc" ® � ® �+\Okup<\Yvb\&'`\YtQV ² X[tO]`�mVOT`T`|9#3X n � r`\Yrp#%'p#bg`T`c`jf\Qp 3 2�4 c�j`tQV^e_'WVOZOxk'`T`|Y�p<c'}+\&'Wp<xmkuVYp<cI3 � 4w® $ V^eMV^gWV3\&$+\Yr`ZOcWp�VqkWhYT`\Qp*tY\QXbX[ZqVOT`\YtOkh#bT`c`c�r`\+Tp#bZO\Yg'�T`\#�mV^eMVOT`T`\Ya�c`TW}+\&'Wp�VOi`c`c $Y|?kuV�r`\QX[ZqVOtOkh#bTWV
t 'WVY$Y\YZY# 3 ��4w® ��eMVOT`T`\Ya'WVY$Y\YZY#�c`�bxfgWVY#bZYX�]	�mV^eMV^gWV�tY\QXbX[ZqVOT`\YtOkh#bT`cl]�\Yrp#%'WVOZO\&'WV

k
� a 'WVO��e_#[kh#bT`T`\Ya

'WVO�bT`\QX[ZOc�r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc�t�X5'p#�euTp#bj`tQV^e_'WVOZOc`g`T`\Ya�T`\&'Wp*#?r`\�Tp#bZO\Yg'�
T`\#�mV^eMVOT`T`|Ip!'WVO��e_#[kh#bT`T`|Ip!'WVO�bT`\QX[Zm]Wp

k1, k2, . . . , kn
r`\&'Q]feujf\Yt ® "ITWV6�kW\Yvbc`g`TWVq]��mV^eMV^gWV \Yr`ZOcWp�VqkWhYT`\Yvb\	tY\QXbX[ZqVOT`\YtOkh#bT`cl]s'p#�@�#bT`cl]#xk'WVOtYTp#bT`cl]

ZY#brlkW\Yrp'`\YtY\meuT`\QX[ZOc�r`\)rp'`cp$OkWcl�a#bT`T`|Ip#c`�mp*#%'p#bT`cl]WpUt�e_'`xfvbcp#�p<\Qp*#bT`ZO|
t&'p#mp*#bT`c 'WVYXbXbp�VOZY'`c`tQVqkuVYX[h�tb'WVY$Y\YZY#>3 ��4w® $ V^eMV^gWV�\Yr`ZOcWp�VqkWhYT`\Yvb\)tY\QXbX[ZqV6�T`\YtOkh#bT`cl]

k
� a)rp'`\Yc`�btY\meuT`\Ya�}+xfT`j`i`c`c)r`\�rp'`cp$OkWcl�a#bT`T`\+c`�bt&#mX[ZOT`|Ip�rp'`\��

c`�btY\meuT`|Ip*e_'`xfvbcln�r`\&'Q]feujf\YtC'WVYXbXbp�VOZY'`c`tQVqkuVYX[h�ta'WVY$Y\YZY# 3 �64w® �*#b�bxmkWhqZqVOZ ²r`\OkWxfgp#bT`T`|da
t�eMVOT`T`\Yas'WVY$Y\YZY# ² t	rp'p#�e_#[kWhYT`\QpzX�kWxfgWVY#�rp#%'p#[nQ\meuc`Z t 'p#=��bxmkWhqZqVOZ ² r`\OkWxfgp#bT`T`|da	tb'WVY$Y\YZY#�3 �64w®
�^~ �$1OP.?WKuP89'L �.?WP���3lR��

��VYXbXbp<\YZY'`cWp-rp'`\QX[ZY'WVOTWX[ZOtY\
l2,h(Z), h > 0,

tQX5#[n�r`\QX�kh#�eu\YtQVOZY#[kWhYT`\��
X[ZY#ba

x = {xj}j∈Z

ZqVOj`cln ² g`ZO\ ‖x‖l2,h(Z) =
(
h
∑
j∈Z

|xj |2
)1/2

<∞.
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��VOr`\Qp<T`cWpU\Yrp'p#�e_#[kh#bT`cp#+\Yrp#%'WVOZO\&'WV�'WVO��e_#[kh#bT`T`|?n 'WVO�bT`\QX[ZY#ba �
∆1
hx = ∆hx =

{
xj+1 − xj

h

}

j∈Z

, ∆k
hx = ∆h

(
∆k−1
h x

)
.

��$&'WVO�b\Qp!��xk'`h&# r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc
x = {xj}j∈Z ∈ l2,h(Z)

]`tOk`]p#bZ6�
X�]
}+xfT`j`i`cl]

(Fx)(ω) = h
∑
j∈Z

xje
−ijhω ∈ L2([−π/h, π/h]),

\&$&'WVO�mVYp<c
��xk'`h&#3eWk`]	\Yrp#%'WVOZO\&'`\Yta'WVO��e_#[kh#bT`T`|?n 'WVO�bT`\QX[ZY#ba , }+xfT`j`i`c`c

(F∆hx)(ω) = h
∑

j∈Z

(
xj+1 − xj

h

)
e−ijhω =

eihω − 1

h
(Fx)(w),

(F∆k
hx)(ω) =

(eihω − 1)k

hk
(Fx)(ω).

w+xQX[ZOh
n ∈ N ® w�'p#�eur`\OkW\^�'cWp ² g`ZO\*eWk`]�jlVq�)eu\YaUr`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc

x ∈ l2,h(Z)
Tp#bZO\Yg`T`\�c`�bt&#mX[ZOT`|
'WVO��e_#[kh#bT`T`|9#�'WVO�bT`\QX[ZOc

k1, k2, . . . , kn
r`\��

'Q]feujf\Yt
(0 6 k1 < k2 < . . . < kn),

Z ® # ® c`�bt&#mX[ZOT`|~r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc
y1, y2, . . . , yn

ZqVOj`cp# ² g`ZO\ ∥∥∆kj
h x− yj

∥∥
l2,h(Z)

6 δj ² j = 1, . . . , n.
��VYXbXbp<\YZY'`cWp��mV^eMV^g`x�\Yr`ZOcWp�VqkWhYT`\Yvb\�tY\QXbX[ZqVOT`\YtOkh#bT`cl]	\Yrp#%'WVOZO\&'WV

k
� a

'WVO��e_#[kh#bT`T`\Ya
'WVO�bT`\QX[ZOc
∆k
hx (0 6 k 6 kn)

r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc
x ∈

l2,h(Z).
��jlV^gp#mX[ZOt&#)p*#bZO\meu\Yt tY\QXbX[ZqVOT`\YtOkh#bT`cl]r'WVYXbXbp<\YZY'`cWpztQX5#btY\Y�mp<\^�>�

T`|9#�\YZO\&$&'WVq�a#bT`cl]
m : (l2,h(Z))

n → l2,h(Z).
w+\Yv%'p#�@�T`\QX[ZOhYy�p*#bZO\meMV

mTWVO�b|dtQVY#bZYX�]�t&#[kWc`g`c`TWV
e(l2,h(Z),K, δ,m) = sup

x∈l2,h(Z),

Y ∈(l2,h(Z))n,

‖∆
kj

h
x−yj‖l2,h(Z)6δj , j=1,...,n

‖∆k
hx−m(Y )‖l2,h(Z),

v�e_#
K = (k1, k2, . . . , kn) ² δ = (δ1, δ2, . . . , δn) ² Y = (y1, y2, . . . , yn).w+\Yv%'p#�@�T`\QX[ZOhYyU\Yr`ZOcWp�VqkWhYT`\Yvb\ItY\QXbX[ZqVOT`\YtOkh#bT`cl]�TWVO�b|dtQVY#bZYX�]�t&#[kWc`g`c'�

TWV
E(l2,h(Z),K, δ) = inf

m: (l2,h(Z))n→l2,h(Z)
e(l2,h(Z),K, δ,m).

��#bZO\me
m̂ ² TWV#jf\YZO\&'`\Qp~eu\QX[ZOc`v[VY#bZYX�]�T`cl�'Tl]l]zv%'WVOT`h ² $Yxbe_#mp�TWVO�b|dtQVOZOh\Yr`ZOcWp�VqkWhYT`|Ip�p*#bZO\meu\Qp ®

�.~��$1OP.?WKuP89'L 5<L �@�
<���3:6�3�9
w+xQX[ZOh

k, k1, k2, . . . , kn ∈ Z+ ² 0 6 k1 < k2 < · · · 6 kn ² 0 6 k 6 kn
c

δ > 0.
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w+\OkW\^�'cWp

M = co{(kj , ln 1/δj), 1 6 j 6 n} + {(t, t ln h
2 ) : t > 0},v�e_#

coA
\&$Y\Y�bTWV^gWVY#bZ)tY|dr`xfjlkWxfy�\&$Y\OkW\Yg`j`x p<T`\^�a#mX[ZOtQV

A ® w+xQX[ZOh�}+xfT`j'�i`cl]
θ(·) TWV	rp'`\Qp*#[�'xfZOjk# [0,+∞)

�mV^eMVOTWV 'WVOt&#bTWX[ZOtY\Qp
θ(k) = max{x :

(k, x) ∈ M}, rp'`c`gp#mp θ(k) = −∞,
#mX�kWc

(k, x) /∈ M ² eWk`]�kWy�$Y\��vb\
x.

��V�rp'`\Qp*#[�'xfZOjk#
[k1,+∞)

}+xfT`j`i`cl]
θ(·) , tY\YvbT`xfZqVq]�kW\Qp�VOTWVq] ®w+xQX[ZOh

ks1 , ks2 , . . . ksr , #%#
ZO\Yg`j`czc`�[kW\Qp�V ³ Xbp ® '`cWX[xfT`\Yj ¶�® �3gp#btYcfeuT`\ ²g`ZO\
ks1 = k1 ² c ks1 , ks2 , . . . ksr , r`\meMp<T`\^�a#mX[ZOtY\)ZO\Ygp#bj k1, k2, . . . kn ®

6

-

k

θ

k1

ln 1
δ1

ks2

ln 1
δs2

ks3

ln 1
δs3

ksr

ln 1
δsr

�
�
�
�
��

�
�
�
�
��

�
�
�
�
��
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q

q

q

q

q

q

q

q

q

qq

q

q

q

q

q

q

w+xQX[ZOh
g(ω) =

eihω − 1

h
, wkh =

|eihω − 1|2k
h2k

,

λ̂sjL =
ksj+1 − k

ksj+1 − ksj

(
δsj+1

δsj

)2
k−ksj

ksj+1
−ksj

,

λ̂sjR =
k − ksj

ksj+1 − ksj

(
δsj
δsj+1

)2
ksj+1

−k

ksj+1
−ksj

.
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? 5<L
	 6�}g~  �"! ����#(��)"�
k > 0

����)� =	 � ���:����� ������� � �"���(����)"�0'��:� �
�����"����'(��	����"!  ��"'(�2�

E(l2,h(Z),K, δ) = e−θ(k).

� � � �
���
0 6 k < k1,

�"�*����#(� � ��	��"�
% !�'(�"!�	��4� !�������� � �"���(��� � �
� � � �
���

k = ksj , 1 6 j 6 r,
�"����	��"�
%

m̂
���"� � � 
 ���"� m̂(Y ) = ysj ,!�'(�"!�	��4� !�������� � �"���(��� � �

� � � �
���
r > 2 
 k ∈ (ksj , ksj+1) 
 1 6 j 6 r − 1,

�"� ����#(� � ��	��"�
%
'(�(%=�

m̂(Y ) = ΛsjLysj + ΛsjRysj+1 

)!%8	

ΛsjL 
 ΛsjR : (l2,h(Z))
n →

l2,h(Z) � ������	 � ��� 	 ��	��: =	! �B'(��� 	B����	! ��
�"�# � 
 %8	 � ����'(��	 � �:�"�# � �' � ## �� ����� � �  ��	*� ��	�	�� '(�(% F (ΛsjLysj )(ω) = αsjL(ω)(Fysj )(ω),
F (ΛsjRysj+1)(ω) = αsjR(ω)(Fysj+1 )(ω), αsjL(ω), αsjR (ω) ∈
L∞[−π/h;π/h] � ��	! ����
%����
	��
����	 � � ��������� 
 � %8��'(��	���'��# �!��	� ��	� �
����'(�"! �

∣∣∣∣∣∣
αsjL (ω)−

λ̂sjLg
k−ksj (ω)

λ̂sjRw
ksj+1

−ksj
h + λ̂sjL

∣∣∣∣∣∣
6

6

√
λ̂sjL λ̂sjRw

k−ksj+1

h

λ̂sjR + λ̂sjLw
ksj−ksj+1

h

·
√
λ̂sjLw

ksj−k

h + λ̂sjRw
ksj+1

−k

h − 1,

αsjR (ω) = gk−ksj+1 (ω) − gksj−ksj+1 (ω)αsjL(ω),
!�'(�"!�	��4� ! ������� �

� �"���(��� � �
� � � �
���

k > ksr 

�"�$��	��"�
%

m̂
���"� � � 
 ���"� m̂(Y ) = ∆

k−ksr
h ysr ,

!�'(�"! �
	��4� ! ������� � �"���(��� � �

C
��\YjlVq�a#mp ² g`ZO\'cWp*#%#bZ'p*#mX[ZO\'Tp#%'WVOt&#bTWX[ZOtY\

E(l2,h(Z),K, δ) > sup
x∈l2,h(Z),

‖∆
kj

h
‖l2,h(Z)6δj , j=1,...,n

‖∆k
hx‖l2,h(Z).

(1)

��k`]�kWy�$Y\Ya r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc
x ∈ l2,h(Z)

ZqVOjf\Ya ² g`ZO\�tY|dr`\OkWTp#bT`\Tp#%'WVOt&#bTWX[ZOtY\ ‖∆kj
h ‖l2,h(Z) 6 δj , j = 1, . . . , n ² c
eWk`]�kWy�$Y\Yvb\�p*#bZO\meMV mcWp*#%#mp

2
∥∥∆k

hx
∥∥
l2,h(Z)

=
∥∥∆k

h(x)−∆k
h(−x) +m(0)−m(0)

∥∥
l2,h(Z)

6

6
∥∥∆k

h(x)−m(0)
∥∥
l2,h(Z)

+
∥∥∆k

h(−x)−m(0)
∥∥
l2,h(Z)

62e(l2,h(Z),K, δ,m).



� �:�������"����'(��	�����	 ����	! ��
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� ® # ® eWk`] kWy�$Y\Yvb\�p*#bZO\meMV m

e(l2,h(Z),K, δ,m) > sup
x∈l2,h(Z)∥∥∥∆

kj

h

∥∥∥
l2,h(Z)

6δj , j=1,...,n

∥∥∆k
hx
∥∥
l2,h(Z)

.

�3ZYX[y�eMV�X�kh#�eux&#bZ�Tp#%'WVOt&#bTWX[ZOtY\ ³=µ7¶�®� ® # ® r`\Yv%'p#�@�T`\QX[ZOh \Yr`ZOcWp�VqkWhYT`\Yvb\�tY\QXbX[ZqVOT`\YtOkh#bT`cl]�Tp#'p*#bT`h(@�#��bTWV6�gp#bT`cl]	objlX[ZY'p#mp�VqkWhYT`\Ya �mV^eMV^g`c
∥∥∆k

hx
∥∥
l2,h(Z)

→ max,
∥∥∆kj

h x
∥∥
l2,h(Z)

6 δj , j = 1, . . . , n. (2)

w�#%'p#bafe_#mp�j	j`tQV^e_'WVOZOx��mV^eMV^g`c ³�2r¶ c	�mVOr`c�@�#mp #%#�t�\&$&'WVO�mVqn ��xk'`h&# �
1

2π

∥∥(F∆k
hx
)
(·)
∥∥2

L2([−π/h,π/h])
→ max, (3)

1

2π

∥∥(F∆kj
h x
)
(·)
∥∥2

L2([−π/h,π/h])
6 δj , j = 1, . . . , n.

w+\�ZY#b\&'p#mp*#�w�kuVOT�@�#%'p#[k`] cWp*#%#mp

‖∆m
h x‖2l2,h(Z) =

1

2π
‖F (∆m

h x)(ω)‖2L2([−π/h,π/h])
,

‖∆m
h x‖2l2,h(Z) =

1

2π

π/h∫

−π/h

∣∣eihω − 1
∣∣2m

h2m

∣∣Fx(ω)
∣∣2 dω.

w+\YZO\Qp<x��mV^eMV^gWV ³ � ¶ rp'`c`T`cWp�VY#bZ'tYcfe
1

2π

∫

|ω|6π/h

wkh
∣∣(Fx)(ω)

∣∣2 dω → max, (4)

1

2π

∫

|ω|6π/h

w
kj
h

∣∣(Fx)(ω)
∣∣2 dω 6 δ2j , j = 1, . . . , n.

w+\YjlVq�a#mp ² g`ZO\3�bTWV^gp#bT`cp#:�mV^eMV^g`c ³ ��¶ Tp#�p*#bT`h(@�# ² gp#mp e−θ(k). ��VYXbXbp<\YZY'`cWp��X�kWxfgWVq] �
³ � ¶ k ∈ [ksj , ksj+1 ] ² 1 6 j 6 r − 1 ²
³ ° ¶ k > ksr ,³ ¢ ¶ k < k1 ®
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³ � ¶ w+xQX[ZOh k ∈ [ksj , ksj+1 ].
��VYXbXbp<\YZY'`cWp�rp'Q]Wp<xfy

p(k),
rp'`\^nQ\meW]`_�xfy

gp#%'p#b�+ZO\Yg`j`c
(ksj , ln

1
δsj

)
c
(ksj+1 , ln

1
δsj+1

) �

p(k) = ln
1

δsj
· k − ksj+1

ksj+1 − ksj
+ ln

1

δsj+1

· k − ksj
ksj+1 − ksj

.

w+\)r`\QX[ZY'`\&#bT`c`y�kW\Qp�VOT`\Ya
θ(·) tQX5#�ZO\Yg`j`c (kj , ln

1
δj
) ² j = 1, . . . , n ² kh#[��VOZTp#�tY|B@�#`#%#'v%'WVY}+c`jlV ² V	ZqVOj#jlVOj�obZqV	kW\Qp�VOTWVq]�tY\YvbT`xfZqV ² ZO\r#%#�v%'WVY}+c`jkh#[�'c`Z�Tp#�tY|B@�#+rp'Q]Wp<\Ya

p(k).w+\OkW\^�'cWp

ω0 =
2

h
arcsin

(
h

2

(
δsj+1

δsj

) 1
ksj+1

−ksj

)
,

S(m) =
√
2πmδ

ksj+1
ksj+1

−ksj
sj δ

−
ksj

ksj+1
−ksj

sj+1 .

��VYXbXbp<\YZY'`cWpUr`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh)}+xfT`j`i`c`a
xm ² eWk`]	jf\YZO\&'`\Ya

(Fxm)(ω) =

{
S(m), ω ∈ [ω0 − 1

m ;ω0],

0, ω /∈ [ω0 − 1
m ;ω0].

�%VOj	jlVOj

1

2π

∫

|ω|6π/h

ω
kj
h

∣∣(Fxm)(ω)
∣∣2 dω =

S2(m)

2π

ω0∫

ω0−
1
m

ω
kj
h dω 6

6
S2(m)

2πm

(
2 sin (hω0

2 )

h

)2kj

= e−2 lnp(kj )6 e
−2 ln 1

δj = δ2j , j = 1, . . . , n,

ZO\Ir`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh?}+xfT`j`i`c`a
xm
eu\Yr`xQX[ZOcWp�Vdtd�mV^eMV^gp# ³ ��¶�® $ TWV^gp#bT`cp#obZO\Ya �mV^eMV^g`c Tp#�p*#bTp#%#+t&#[kWc`g`c`T`| �

1

2π

∫

|ω|6π/h

ωkh
∣∣(Fxm)(ω)

∣∣2 dω =
S2(m)

2π

ω0∫

ω0−
1
m

ωkh dω >

>
S2(m)

2πm

(
2 sin (h

ω0−
1
m

2 )

h

)2k

.
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w�'`c

m → ∞ t&#[kWc`g`c`TWV ² X[ZO\^]`_)Vq] t�rp'WVOtY\Ya gWVYX[ZOc ² X[ZY'p#mp<c`ZYX�] j
δ
2

ksj+1
−k

ksj+1
−ksj

sj δ
2

k−ksj
ksj+1

−ksj
sj+1 .

��|-r`\OkWxfg`clkWc ² g`ZO\��bTWV^gp#bT`cp#'�mV^eMV^g`c
Tp#�p*#bTp#%#t&#[kWc`g`c`T`|
e−2p(k) = e−2θ(k).

³ ° ¶ ��VYXbXbp<\YZY'`cWp�X�kWxfgWVOa k > ksr ,
v�e_#

ksr ,
r`\QX�kh#�euTl]l]�ZO\Yg`jlVIc`�[kW\Qp�V

}+xfT`j`i`c`c
θ(·). ��V	xfgWVYX[ZOjk# [ksr ,+∞)

v%'WVY}+c`jf\QpzobZO\Ya�gWVYX[ZOc#}+xfT`j`i`c`c
]`tOk`]p#bZYX�]	TWVOjlkW\YT`TWVq]

p(k) = ln 1
δsr

+ (k − ksr ) · ln h
2 ,
obZO\�\Y�bTWV^gWVY#bZ ² g`ZO\eWk`]*kWy�$Y|?n*ZO\Ygp#bj (

kj , ln
1
δj

) ² j = 1, . . . , n ² t&#%'`T`\ Tp#%'WVOt&#bTWX[ZOtY\ ln 1
δj

6

ln 1
δsr

+ (k − ksr ) · ln h
2 .
"ITWVqkW\Yvbc`g`T`\�rp'p#�eu|�euxf_�#mp<x X�kWxfgWVOy ² r`\OkW\^�'cWp

ω0 =

{
2
h arcsinh/2, h

2 6 1,
π
h ,

h
2 > 1,

c 'WVYXbXbp<\YZY'`cWp~eu\Yr`xQX[ZOcWp<xfy(t#�mV^eMV^gp# ³ ��¶ r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh�}+xfT`j'�i`c`a
xm �

(Fxm)(ω) =

{
δsr
(
2
h

)k−ksr √ 2πm
h , ω ∈ [ω0 − 1

m ;ω0],

0, ω /∈ [ω0 − 1
m ;ω0].

$ TWV^gp#bT`cp#+obZO\Ya �mV^eMV^g`c Tp#�p*#bTp#%#+t&#[kWc`g`c`T`| e−2θ(k).

³ ¢ ¶ w+xQX[ZOh k < k1.
w+\YjlVq�a#mp ² g`ZO\+t+obZO\Qp*X�kWxfgWVY#��bTWV^gp#bT`cp#��mV^eMV^g`c ³ ��¶'WVOtYT`\

+∞.
w+xQX[ZOh

x0 > 0.
�3gp#btYcfeuT`\ ² g`ZO\UX[xf_�#mX[ZOtYx&#bZ#rp'Q]Wp�Vq] x =

ak+b, a > 0, a > lnh/2,
'WVO��e_#[k`]`y3_)Vq]�ZO\Yg`j`x

(k,−x0)
c�p<T`\^�a#mX[ZOtY\

M :

−ak − x0 > b > −akj + ln 1
δj
, j = 1, . . . , n.

w+xQX[ZOh
ω0 = 2

h arcsin
(
he−a

2

)
.

��VYXbXbp<\YZY'`cWpUr`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh)}+xfT`j`i`c`a
xm ² eWk`]	jf\YZO\&'`\Ya

(Fxm)(ω) =

{
e−b

√
2πm, ω ∈ [ω0 − 1

m ;ω0],

0, ω /∈ [ω0 − 1
m ;ω0].

�%VOj	jlVOj

1

2π

∫

|ω|6π/h

ω
kj
h

∣∣(Fxm)(ω)
∣∣2 dω =

e−2b2πm

2πh

ω0∫

ω0−
1
m

ω
kj
h dω 6

6
e−2bm

m

(
2 sin (hω0

2 )

h

)2kj

=e−2be−2akj 6e
−2 ln 1

δj =δ2j , j=1, . . . , n,
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r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOh	}+xfT`j`i`c`a
xm
eu\Yr`xQX[ZOcWp�V	t��mV^eMV^gp# ³ ��¶�® $ TWV^gp#bT`cp#obZO\Ya �mV^eMV^g`c Tp#�p*#bTp#%#+t&#[kWc`g`c`T`|

1

2π

∫

|ω|6π/h

ωkh
∣∣(Fxm)(ω)

∣∣2 dω =
e−2b2πm

2πh

ω0∫

ω0−
1
m

ωkh dω >

>
e−2bm

m
·
(
2 sin (h

ω0−
1
m

2 )

h

)2k

.

w�'`c
m → ∞ t&#[kWc`g`c`TWV ² X[ZO\^]`_)Vq] t�rp'WVOtY\Ya gWVYX[ZOc ² X[ZY'p#mp<c`ZYX�] j

e−2b−2ak > e2x0 .
��X[clkWx rp'`\Yc`�btY\OkWhYT`\QX[ZOc

x0
�bTWV^gp#bT`cp#��mV^eMV^g`c ³ ��¶ 'WVOt��T`\

+∞.�>#mp�XbVYp<|Ip ² p<|{r`\YjlVO�mVqkWc ² g`ZO\�eWk`]�tQX5#[n k > 0
r`\Yv%'p#�@�T`\QX[ZOc	\Yr`ZOc'�

p�VqkWhYT`\Yvb\)tY\QXbX[ZqVOT`\YtOkh#bT`cl]
E(l2,h(Z),K, δ) > e−θ(k).

$ VOaWp*#mp�X�]�r`\QX[ZY'`\&#bT`cp#mp�\Yr`ZOcWp�VqkWhYT`|?n�p*#bZO\meu\Yt ® �%VOjl�a#�'WVYXbXbp<\YZY'`cWp��X�kWxfgWVq] ®
³ � ¶ w+xQX[ZOh k ∈ [ksj , ksj+1 ].

�3r`ZOcWp�VqkWhYT`|9# p*#bZO\meu| $Yxbe_#mp
cWX[jlVOZOh X5'p#�euc p*#bZO\meu\Yt tYcfeMV

m̂(Y ) = ΛsjLysj + ΛsjRysj+1 ²v�e_#
ΛsjL ² ΛsjR : (l2,h(Z))

n → l2,h(Z) , kWc`Tp#ba`T`|9#/Tp#brp'p#=�
'`|dtYT`|9#�\Yrp#%'WVOZO\&'`| ² e_#baWX[ZOtYcp#�jf\YZO\&'`|?n t \&$&'WVO�mVqn ��xk'`h&#�cWp*#=�
#bZ tYcfe

F (ΛsjLysj )(ω) = asjL(ω)(Fysj )(ω) ² F (ΛsjRysj+1 )(ω) =
asjR(ω)(Fysj+1 )(ω),

v�e_#
asjL(ω), asjR (ω) ∈ L∞[−π/h;π/h] , rp#%'`c`\meuc'�gp#mX[j`cp#�}+xfT`j`i`c`c ®��k`]�\Yip#bT`j`c#\Yr`ZOcWp�VqkWhYT`\Ya�r`\Yv%'p#�@�T`\QX[ZOc	'WVYXbXbp<\YZY'`cWp{objlX[ZY'p#mp�VqkWh��

T`xfy��mV^eMV^g`x
∥∥∆k

hx− ΛsjLysj − ΛsjRysj+1

∥∥
l2,h(Z)

→ max,
∥∥∆kj

h x− yj(·)
∥∥
l2,h(Z)

6 δj , j = 1, . . . , n, x ∈ l2,h(Z), yj ∈ l2,h(Z).

�z\&$&'WVO�mVqn ��xk'`h&#+�mV^eMV^gWV�rp'`c`T`cWp�VY#bZ'tYcfe
1

2π

∫

|ω|6π/h

∣∣∣∣
(eihω − 1)k

hk
Fx(ω)− αsjL(ω)(Fysj )(ω)−

−αsjR(ω)(Fysj+1)(ω)

∣∣∣∣
2

dω → max,

(5)

1

2π

∫

|ω|6π/h

∣∣∣∣
(eihω − 1)kj

hkj
Fx(ω)− (Fyj)(ω)

∣∣∣∣
2

dω 6 δ2j , j = 1, . . . , n.
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w+\OkW\^�'cWp

zj(ω) = gkj (ω)Fx(ω)− (Fyj)(ω) ² j = 1, . . . , n.
��X�kWc

∆
ksj
h

c
∆
ksj+1

h

c`�bt&#mX[ZOT`|{ZO\Yg`T`\ ² ZO\�\Yr`ZOcWp�VqkWhYT`|da�p*#bZO\me�eu\Ok���a#bT�eMVOtQVOZOh�ZO\Yg`T`|da 'p#b�bxmkWhqZqVOZ � ∆k
hx = ΛsjL∆

ksj
h x+ΛsjR∆

ksj+1

h x,

gk(ω)(Fx)(ω) =

= gksj (ω)αsjL (ω)(Fx)(ω)+g
ksj+1 (ω)αsjR (ω)(Fx)(ω),

(6)

ZO\Yv�eMV�r`\meu|dT`ZY#bv%'WVqkWhYT`xfy }+xfT`j`i`c`y p�VOjlX[cWp<c`�bcp'`x&#mp<\Yvb\ tY|9'WVq�a#bT`cl]
p<\^�'T`\�rp'p#�eMX[ZqVOtYc`ZOh�t�tYcfe_#

gk(ω)Fx(ω) − αsjL(ω)(Fysj )(ω)− αsjR(ω)(Fysj+1 )(ω) =

= αsjL(ω)zsj (ω) + αsjR(ω)zsj+1 (ω),c	�mV^eMV^gWV ³��r¶ rp'`c`T`cWp�VY#bZ'tYcfe
1

2π

∫

|ω|6π/h

∣∣αsjL(ω)zsj (ω) + αsjR(ω)zsj+1 (ω)
∣∣2dω → max, (7)

1

2π

∫

|ω|6π/h

∣∣zj(ω)
∣∣2dω 6 δ2j , j = 1, . . . , n.

�3ip#bT`cWpzr`\meu|dT`ZY#bv%'WVqkWhYT`\&#�tY|9'WVq�a#bT`cp#)c`��rp#%'`tY\Yvb\�c`T`ZY#bv%'WVqkuV ² rp'`cWp*#=�T`c`t�Tp#%'WVOt&#bTWX[ZOtY\b�+\(@�c , C xfTl]`jf\YtQX[jf\Yvb\ �
∣∣αsjL(ω)zsj (ω) + αsjR (ω)zsj+1(ω)

∣∣2 6

6

( |αsjL(ω)|2

λ̂sjL
+

|αsjR (ω)|2

λ̂sjR

)(
λ̂sjL |zsj (ω)|2 + λ̂sjR |zsj+1(ω)|2

)
.

w+xQX[ZOh
Q(ω) =

|αsjL
(ω)|2

λ̂sjL

+
|αsjR

(ω)|2

λ̂sjR

.
� \Yv�eMV ² #mX�kWc'tY|dr`\OkWTl]p#bZYX�]�xQX�kW\YtYcp#

‖Q(·)‖L∞([−π/h,π/h]) 6 1 ² �bTWV^gp#bT`cp#+�mV^eMV^g`c Tp#�$Y\OkWh(@�# ² gp#mp

D =
1

2π

∫

|ω|6π/h

∣∣∣∣αsjL(ω)zsj (ω) + αsjR (ω)zsj+1(ω)

∣∣∣∣
2

dω 6

6 λ̂sjLδ
2
sj + λ̂sjRδ

2
sj+1

.

w+\meMX[ZqVOtYcWp#�bTWV^gp#bT`cl]
λ̂sjL > 0, λ̂sjR > 0 ® � \Yv�eMV

D 6 δ
2

ksj+1
−k

ksj+1
−ksj

sj δ
2

k−ksj
ksj+1

−ksj
sj+1 = e−2θ(k) = E2(l2,h(Z),K, δ).



2 2 � �
� � �
	�� � ���5�

w+\YjlVq�a#mp ² g`ZO\+xQX�kW\YtYcp# ‖Q(·)‖L∞([−π/h,π/h]) 6 1
tY|dr`\OkWT`cWp<\ ® �+��'WV6�t&#bTWX[ZOtQV ³��d¶ tY|dZY#bjlVY#bZ ² g`ZO\ gk(ω) = gksj (ω)αsjL(ω) + gksj+1 (ω)αsjR(ω),

αsjR(ω) = gk−ksj+1 (ω)− gksj−ksj+1 (ω)αsjL (ω).
� \Yv�eMV

Q(ω) =
|αsjL(ω)|2

λ̂sjL
+

|gk−ksj+1 (ω)− gksj−ksj+1 (ω)αsjL(ω)|2

λ̂sjR
=

=
λ̂sjR + λ̂sjLw

ksj−ksj+1

h

λ̂sjL λ̂sjR

∣∣∣∣αsjL(ω)−
λ̂sjLg

k−ksj (ω)

λ̂sjRw
ksj+1

−ksj
h + λ̂sjL

∣∣∣∣
2

+

+
w
k−ksj+1

h

λ̂sjR + λ̂sjLw
ksj−ksj+1

h

.

�3gp#btYcfeuT`\ ² g`ZO\�eWk`]�tQX5#[n	}+xfT`j`i`c`a αsjL(ω), eWk`]�jf\YZO\&'`|?n tY|dr`\OkWTl]'�#bZYX�] xQX�kW\YtYcp#
∣∣∣∣αsjL(ω)−

λ̂sjLg
k−ksj (ω)

λ̂sjRw
ksj+1

−ksj
h + λ̂sjL

∣∣∣∣ 6

6

√
λ̂sjL λ̂sjRw

k−ksj+1

h

λ̂sjR + λ̂sjLw
ksj−ksj+1

h

·
√
λ̂sjLw

ksj−k

h + λ̂sjRw
ksj+1

−k

h − 1

rp'`c xfjlVO�mVOT`T`|?n
λ̂sjL , λ̂sjR > 0

tY|dr`\OkWTl]p#bZYX�] Tp#%'WVOt&#bTWX[ZOtY\
‖Q(·)‖L∞([−π/h,π/h]) 6 1.w+\YjlVq�a#mp ² g`ZO\�r`\meujf\&'p#bT`T`\&#dtY|9'WVq�a#bT`cp#dTp#b\YZY'`c`iWVOZY#[kWhYT`\ ® ��VYXbXbp<\YZ6�'`cWp�}+xfT`j`i`c`y

ϕ(ξ) = λ̂sjLξ
ksj−k + λ̂sjRξ

ksj+1
−k − 1.

�%VOj�jlVOj

ϕ′′(ξ) = (ksj − k)(ksj − k − 1)λ̂sjLξ
ksj−k−1 + λ̂sjRξ

ksj+1
−k > 0

rp'`cztQX5#[n
ξ > 0 ² }+xfT`j`i`cl] ϕ(ξ) tY|dr`xfjlkuV#c�eu\QX[ZOc`v[VY#bZ#TWVOcWp*#bT`h(@�#bvb\�bTWV^gp#bT`cl]#ts#�euc`TWX[ZOt&#bT`T`\Ya�ZO\Yg`jk#

ξ0 > 0 ² Z ® # ® ϕ(ξ) > ϕ(ξ0)
rp'`c�tQX5#[n

ξ > 0 ® w�'`c xfjlVO�mVOT`T`|?n'tY|B@�#+�bTWV^gp#bT`cl]ln λ̂sjL c λ̂sjR ϕ(ξ0) = 0,
g`ZO\�vb\��

tY\&'`c`ZI\3Tp#b\YZY'`c`iWVOZY#[kWhYT`\QX[ZOc�r`\meujf\&'p#bT`T`\Yvb\dtY|9'WVq�a#bT`cl]�rp'`c�tQX5#[n+�bTWV^gp#=�
T`cl]ln

ω.
�%VOj�jlVOj	t&#%'QnlTl]l]	c�T`cl�'Tl]l]�\Yip#bT`j`c	r`\Yv%'p#�@�T`\QX[ZOc�X[\YtYrWV^eMVOy3Z ²p*#bZO\me

m̂ , \Yr`ZOcWp�VqkWhYT`|da ®³ ° ¶ "ITWVqkW\Yvbc`g`T`\)eu\YjlVO�b|dtQVY#bZYX�] ² g`ZO\�rp'`c k > ksr
\Yr`ZOcWp�VqkWhYT`|da�p*#=�

ZO\me�cWp*#%#bZ'tYcfe
m̂(Y ) = ∆

k−ksr
h yksr .³ ¢ ¶ w+xQX[ZOh k < k1.

w+\QX[jf\OkWhYj`x�t�obZO\Qp�X�kWxfgWVY#'�bTWV^gp#bT`cp#��mV^eMV^g`c ³ ��¶'WVOtYT`\
+∞,

kWy�$Y\Ya�p*#bZO\me�\Yr`ZOcWp�Vqkh#bT ®
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$ VYp*#bZOcWp ² g`ZO\ ² t)rp'p#�e_#[kh#�rp'`c h→ 0 k

� ] 'WVO��e_#[kh#bT`TWVq] 'WVO�bT`\QX[ZOh)r`\��
X�kh#�eu\YtQVOZY#[kWhYT`\QX[ZOc

x ∈ l2,h(Z)
rp#%'p#[nQ\meuc`Z)t)rp'`\Yc`�btY\meuT`xfy

k
� vb\)r`\&'Q]feujlV

}+xfT`j`i`c`c
f(·) ∈ L2(R), limh→0 g(ω) = iω, limh→0 wh = ω2.w�'p#�e_#[kWhYT`|da�\Yr`ZOcWp�VqkWhYT`|da�p*#bZO\mezX[\YtYrWV^eMVY#bZ
X�\Yr`ZOcWp�VqkWhYT`|Ip�p*#=�

ZO\meu\Qp ² r`\OkWxfgp#bT`T`|Ip{eWk`]�tY\QXbX[ZqVOT`\YtOkh#bT`cl] k � a�rp'`\Yc`�btY\meuT`\YaU}+xfT`j`i`c`cr`\3rp'`cp$OkWcl�a#bT`T`\�c`�bt&#mX[ZOT`|Ip�rp'`\Yc`�btY\meuT`|Ip�e_'`xfvbcln�r`\&'Q]feujf\Yt ² r`\OkWxfgp#bT'�T`|IpUtb'WVY$Y\YZY#>3 �64w®
� R83`L:5.6�3���5.6
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c`��jlkuVYXbX[c`gp#mX[j`cln�}+\&'Wp~ZY#b\&'p#mp<| ��VOTWV , C VOTWVqnfV	eWk`]�t&#bj'�ZO\&'`T`|?n	rp'`\QX[ZY'WVOTWX[ZOt
X
TWV^e*r`\Okh#mp�t&#b_�#mX[ZOt&#bT`T`|?n g`cWX5#[k
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ϕ : X → R 
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' �"�"� ��� � �
��	 
 ���"� ϕ(x) 6 f(x)

%��"!�'��#	
�
x ∈ X ² Z ® # ® }+xfT`j'�i`cl]

f
X[\YtYrWV^eMVY#bZ
X[\#X[tY\&#baUT`cl�'Tp#ba�\Yvbcp$QVOy3_�#baUr`\�jlkuVYXbX[x#kWc`Tp#ba`T`|?n

}+xfT`j`i`c`a ® � �.��VOZY#mp�VOZOc`gp#mX[jf\YazobT`i`c`jlkW\Yrp#�euc`c � 3 2j² ZY#b\&'p#mp�V	��VOTWV ,
C VOTWVqnfV 4 }+\&'Wp<xmkWcp'`\YtYjlV3ZY#b\&'p#mp<| ��VOTWV , C VOTWVqnfVIeWk`]�t&#bj`ZO\&'`T`\Yvb\+rp'`\��X[ZY'WVOTWX[ZOtQV)Tp#bjf\&'p'p#bj`ZOTWV � �.�8X�kWxfgWVY#Ie_#baWX[ZOtYc`ZY#[kWhYT`\Yvb\)rp'`\QX[ZY'WVOTWX[ZOtQV Xr`\OkWxfT`\&'Wp<x�p<\^�'T`\)�mVYp*#bT`c`ZOh�r`\OkW\^�'c`ZY#[kWhYT`\�\meuT`\&'`\meuT`|Ip�}+xfT`j`i`c`\YTWV6�
kW\Qp ²3®�®�® � ² Z ® # ® \Yr`xf_�#bT`\�ZY'p#%$Y\YtQVOT`cp#�X[xk$QV^e`euc`ZOc`tYT`\QX[ZOc ® �>#mp�Tp#)p*#bTp#%# ²\QX[T`\YtYT`|Ip�\&'`cp#bT`ZOcp'`\Qp�t�tY|9$Y\&'p#*ZY#%'Wp<c`T`\OkW\Yvbc`c ² v�e_#
obZO\�tY\Y�mp<\^�'T`\ ²tY|9$&'WVOTWV+cWp*#bT`T`\ �.��VOZY#mp�VOZOc`gp#mX[jlVq]�obT`i`c`jlkW\Yrp#�eucl] � 3 2�4w® w�'`c�obZO\Qp ² r`\��X[jf\OkWhYj`x't`'WVO�[kWc`g`T`|?n�cWX[ZO\Yg`T`c`jlVqn�c	x 'WVO�bT`|?n VOtYZO\&'`\Yt)ZY#%'Wp<c`T`\OkW\Yvbcl]
�mV^gWVYX[ZOxfy�X[xf_�#mX[ZOt&#bT`T`\ 'WVO�bT`c`ZYX�] ² t	TWV4@�#mp8c`�[kW\^�a#bT`c`c
r`\	tY\Y�mp<\^�'T`\��X[ZOc
tQX5# ² eMVq�a#)o[kh#mp*#bT`ZqVY'`T`|9# ² \Yrp'p#�e_#[kh#bT`cl] ² r`\YTl]`ZOcl]
c*xfZOt&#%'Q�)e_#bT`cl] ²tQX[ZY'p#bgWVOt(@�cp#mX�] TWVYp�t�kWc`ZY#%'WVOZOxk'p#�nQ\YZm] $Y| 'WVO��t`'WVO�[kWc`g`T`|?n�Xbp<|IX�kuVqn
c	ZY'WVOj`ZO\YtYjlVqn ² rp'`c`tY\meW]`ZYX�] r`\OkWT`\QX[ZOhYy{tY\�c`�%$&#[��VOT`cp#
'WVO�bT`\Yg`ZY#bT`c`a ®
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S ,

³ gWVYX[ZOc`g`T`\ ¶ xfr`\&'Q]feu\Ygp#bT`T`\&#�p<T`\^�a#mX[ZOtY\�3 µ=4 X3\YZOT`\(@�#bT`cp#mp�r`\&'Q]feujlV ³ 'p#=�}�kh#bjlX[c`tYT`|Ip ² ZY'WVOT`�bc`ZOc`tYT`|Ip ² VOT`ZOcWX[cWp�p*#bZY'`c`g`T`|Ip ¶ 6 ² Z ® # ® rWVY'WV (S,6) �
>
c
> , X[\Y\YZOt&#bZYX[ZOt&#bT`T`\d\&$&'WVOZOT`|9#�j 6 c�X[ZY'`\Yvb\Qp<x�r`\&'Q]feuj`x <:=6 ∩ 6= ®w�VY'WV

(S,6) ² clkWc'p<T`\^�a#mX[ZOtY\ S ² �W���u�W�q�I�[�W� ��� ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\�� �O� ��R� � ¶�² #mX�kWcUeWk`]�jlVq�)eu\Yvb\
Tp#br`xQX[ZO\Yvb\�r`\meMp<T`\^�a#mX[ZOtQV S0 ⊂ S
X[xf_�#mX[ZOtYx �

#bZ�ZO\Yg`TWVq]�T`cl�'Tl]l] ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\�t&#%'QnlTl]l] ¶ v%'WVOT`c`iWV inf S0 ³ X[\Y\YZOt&#bZ6�X[ZOt&#bT`T`\
sup S0 ¶�® ��T`\^�a#mX[ZOtY\ S �W���u�W�q���&#mX�kWc S r`\OkWT`\&#�c)X[T`c`�bx ² c)X[t&#%'Qnlx ®w+\meMp<T`\^�a#mX[ZOtY\

S0 ⊂ S
��� � �q�W�W�`�[�W���[�W� ��� ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\ � �O� � � � ¶�² #mX9�kWc
X[xf_�#mX[ZOtYx&#bZ'o[kh#mp*#bT`Z
s0 ∈ S ² eWk`]*jf\YZO\&'`\Yvb\ s0 6 s ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\

s 6 s0 ¶ eWk`]	tQX5#[n s ∈ S0 ® ��T`\^�a#mX[ZOtY\ S �W� ��� �m�Y���q� �W���u�W�q���[�W� ��� ³ X[\Y\YZ6�t&#bZYX[ZOt&#bT`T`\�� �O� � � � ¶ 3 � �eµrµ=4 � ² #mX�kWc�eWk`]�jlVq�)eu\Yvb\�Tp#br`xQX[ZO\Yvb\ \Yv%'WVOT`c`gp#bT'�T`\Yvb\�X[T`c`�bx ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\�X[t&#%'Qnlx ¶ r`\meMp<T`\^�a#mX[ZOtQV S0 ⊂ S
X[xf_�#mX[ZOtYx&#bZ

inf S0 ∈ S ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\ sup S0 ∈ S ¶�® ��T`\^�a#mX[ZOtY\ S �W� ��� �m�Y���q� �W���+R
�W�q�	�X#mX�kWc

S
r`\&'Q]feujf\YtY\)r`\OkWT`\&#+c�X[T`c`�bx ² c�X[t&#%'Qnlx ®w+xQX[ZOh

S , r`\&'Q]feujf\YtY\�r`\OkWT`\&# ® ��X�kWc inf S c�
^clkWc sup S Tp#3X[xf_�#mX[ZOtYx �y3Z ² ZO\*gWVYX[ZO\�xbeu\&$YTWV�c�r`\Okh#b�bTWV�\Yrp#%'WVOi`cl] ³ r`\OkWx � ¶ r`\Yr`\OkWTp#bT`cl]#r`\&'Q]fe#�jf\YtY\	r`\OkWT`\Yvb\
S
eu\�r`\OkWT`\Yvb\�r`xfZY#mpzeu\&$QVOtOkh#bT`cl]�X[cWp<tY\OkW\Yt

inf S
c�
^clkWc

sup S ² #mX�kWc	ZqVOj`cln o[kh#mp*#bT`ZO\Yt�rp#%'`tY\YTWV^gWVqkWhYT`\�t S Tp#bZ ® �+\YT`jp'p#bZOTp#%#/V ²
3 ↓ 4 S↓ := {inf S} ∪ S , �W����� �W� �W���u�u�[�W�u� ² clkWc	r`\OkWxk'WVYX#@�cp'p#bT`cp# ² p<T`\���a#mX[ZOtQV

S
�q�W� �
�MclkWc	tOkh#btY\ �

3 ↑ 4 S↑ := S∪{supS} , �W����� �W� �W���u�u�[�W�u� ² clkWc�r`\OkWxk'WVYX#@�cp'p#bT`cp# ² p<T`\���a#mX[ZOtQV
S
���O� � � �uclkWc	tYrp'WVOtY\ �

3 l 4 S↑
↓ := S↓∪S↑ , �W� �W���u�u�[�W�u� ² clkWcb'WVYX#@�cp'p#bT`cp# ² p<T`\^�a#mX[ZOtQV S t�r`\��'Q]feujf\YtY\QpUXbp<|IX�kh# ²

v�e_#�r`\&'Q]feu\Yj
6
rp'`\meu\Ok`�a#bT #mX[ZY#mX[ZOt&#bT`T`|Ip{r`xfZY#mp{TWV�obZOc�r`\Yr`\OkWTp#bT`cl] ²Z ® # ® inf S 6 s 6 sup S

eWk`]	tQX5#[n�o[kh#mp*#bT`ZO\Yt
s ∈ S↑

↓ ® �3gp#btYcfeuT`\ ² r`\Yr`\OkWTp#=�T`cl]
S↑

↓ ² S↓ ² S↑ X�ZqVOj`cWp�\YZOT`\(@�#bT`cp#mp�r`\&'Q]feujlV�X[\Y\YZOt&#bZYX[ZOt&#bT`T`\�r`\OkWT`\&# ²r`\OkWT`\&#�X[T`c`�bx ² r`\OkWT`\&#�X[t&#%'Qnlx
xfr`\&'Q]feu\Ygp#bT`T`|9#�p<T`\^�a#mX[ZOtQV ® w�'`c�obZO\Qp ²
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t�\&$Y\Y�bTWV^gp#bT`c`c

∅
eWk`]	r`xQX[ZO\Yvb\�p<T`\^�a#mX[ZOtQV ² #mX[ZY#mX[ZOt&#bT`T`\�r`\OkuVOv[VOZOh
sup∅ := inf S

eWk`]
∅ ⊂ S↓, S

↑
↓ ,

inf ∅ := sup S
eWk`]

∅ ⊂ S↑
↓ , S

↑.
(0)
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��k`]�p<T`\^�a#mX[ZOt

X ² Y ZY'WV^euc`i`c`\YT`T`\	gp#%'p#b� Y X \&$Y\Y�bTWV^gWVY#mp�p<T`\^�a#mX[ZOtY\tQX5#[n~}+xfT`j`i`c`a ³ \YZO\&$&'WVq�a#bT`c`a ² \Yrp#%'WVOZO\&'`\Yt ² }+xfT`j`i`c`\YTWVqkW\Yt ² }+\&'Wp crp'`\Yg ® ¶ # f : X → Y ² clkWc f : x 7→ f(x) ² x ∈ X ² clkWc x 7→ f(x) ² x ∈ X ²\Yrp'p#�e_#[kh#bT`T`|?n�TWV
X ® ��k`] X0 ⊂ X f

∣∣
X0

, X[xQ�a#bT`cp# f TWV X0 ®w+c�@�#mp
ϕ = f

TWV
X ² #mX�kWc ϕ(x) = f(x)

eWk`]�tQX5#[n
x ∈ X ® ��rp'`\��ZOc`tYT`\Qp�X�kWxfgWVY#

ϕ 6= f
TWV

X ® w+xQX[ZOh Y = S↑
↓ , r`\Yr`\OkWTp#bT`cp#�r`\&'Q]feujf\YtY\r`\OkWT`\Yvb\

(S,6 ) ® w+c�@�#mp ϕ 6 f
TWV

X ² #mX�kWc ϕ(x) 6 f(x)
eWk`]�tQX5#[n

x ∈ Xc
vb\YtY\&'`cWp ² g`ZO\ ϕ p<c`T`\&'`cp'`x&#bZ f ² clkWc f p�Vq�)\&'`cp'`x&#bZ ϕ ² TWV X ® �3ZOT`\��@�#bT`cp# �
f 6 ϕ

TWV
X
�*\Yrp'p#�e_#[k`]p#bZ�\YZOT`\(@�#bT`cp#	r`\YZO\Ygp#bg`T`\Yvb\
r`\&'Q]feujlV

TWV (
S↑

↓

)X ® �3gp#btYcfeuT`\ ² p<T`\^�a#mX[ZOtY\ (S↑
↓

)X X�\YZOT`\(@�#bT`cp#mp-r`\YZO\Ygp#bg`T`\Yvb\
r`\&'Q]feujlV ² \&$Y\Y�bTWV^gWVY#mp<\Yvb\'ZY#mp��a#)X[cWp<tY\OkW\Qp 6 ² r`\OkWT`\&# ² V�cWp*#bT`T`\ � eWk`]rp'`\Yc`�btY\OkWhYT`\Yvb\

F ⊂
(
S↑

↓

)X tQX5#bv�eMV)X[xf_�#mX[ZOtYxfy3Z'}+xfT`j`i`c`c

supF : x 7→ sup
f∈F

f(x) ∈ S↑
↓ , inf F : x 7→ inf

f∈F
f(x) ∈ S↑

↓ , x ∈ X,

jf\Yv�eMV�TWV
X
'WVYXbXbp�VOZY'`c`tQVOy3ZYX�] c	r`\QX[ZO\^]`T`T`|9#�}+xfT`j`i`c`c

inf
(
S↑

↓

)X
: x 7→ inf S ∈ S↑

↓ , sup
(
S↑

↓

)X
: x 7→ supS ∈ S↑

↓ , x ∈ X, (?)

V�eWk`]�r`xQX[ZO\Yvb\�r`\meMp<T`\^�a#mX[ZOtQV
∅ ⊂

(
S↑

↓

)X t�X[\Y\YZOt&#bZYX[ZOtYc`c�X3X[\Yv�kuV4@�#bT`c'�
#mp ³��d¶ \Yrp'p#�e_#[kh#bT`|�ZO\Yg`T`|9#+v%'WVOT`c`i`|

sup∅ := inf
(
S↑

↓

)X ∈
(
S↑

↓

)X
, inf ∅ := sup

(
S↑

↓

)X ∈
(
S↑

↓

)X
. (∅)

��
 � �����	���
�
�
�
	
� w+xQX[ZOh (S,6 )
r`\&'Q]feujf\YtY\�r`\OkWT`\&# ² f ∈ (S↑

↓ )
X ² VZqVOjl�a#

Φ ⊂ (S↑
↓ )
X ® �+cl�'T`y3y ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\�t&#%'QnlT`y3y ¶ Φ � \Yvbcp$QVOy �_�xfy ² clkWc	\Yvbcp$QVOy3_�xfy{r`\ Φ eWk`] f TWV X \Yrp'p#�e_#[k`]p#mpUjlVOj	}+xfT`j`i`c`y

© E f
Φ : x 7→ sup

{
ϕ(x) : Φ 3 ϕ 6 f

TWV
X
}
∈ S↑

↓ , x ∈ X
( ¤ E Φ

f : s 7→ inf
{
ϕ(s) : f 6 ϕ ∈ Φ

TWV
X
}
∈ S↑

↓ , x ∈ X
)
.

% K +DW
f : X → Y

E�?3/1FD?3E3FD? M @4I 7 ) M 6D/1SD?4+.-3A1?3E52405-
05)1B M 6DF�KQIPFDND\D6PW D 6DF 7 6DK*K*) z
BD)1FD05FD<>=
N�SDBD6DBD? 7 ) M FD?]:�)1/105E X

6
Y
� Ã @DKQIPFDND\D6PW �{G
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��xfT`j`i`cl]

f : X → Y
X#xfr`\&'Q]feu\Ygp#bT`T`|Ip<c

(X,6) ² (Y,6)
�q� � � �O�=R

� ����� � �zTWV
X ² #mX�kWc8eWk`]{kWy�$Y|?n x1, x2 ∈ X

c`�
x1 6 x2

X�kh#�eux&#bZ
f(x1) 6 f(x2) ² c��[� �M����� �q� � � �O�[� ����� � � ��#mX�kWczc`� x1 < x2

X�kh#�eux&#bZ
f(x1) < f(x2) ® "ITWVqkW\Yvbc`g`T`\�eWk`] xk$Y|dtQVOT`cl] ® ��xfT`j`i`cl] ³ X[ZY'`\Yvb\ ¶ tY\Y�%'WVYX9�ZqVOy3_)Vq]�clkWc�xk$Y|dtQVOy3_)Vq] ,�³ �[� �M����� ¶ ���^�W�^�)�^�W� � ���H�3gp#btYcfeuT`\ ² }+xfT`j'�i`c`c

f 7→ © E fΦ c f 7→ ¤ E Φ
f ² f ∈

(
S↑

↓

)X ² tY\Y�%'WVYX[ZqVOy3_�cp#�TWV�r`\OkWT`\Qpzp<T`\���a#mX[ZOt&# (
S↑

↓

)X ² T`\ ² tY\Y\&$Y_�#�vb\YtY\&'Q] ² Tp#�X[ZY'`\Yvb\�tY\Y�%'WVYX[ZqVOy3_�cp# ®
�#rp'`clkW\^�a#bT`cl]lnC'`\OkWh

X
c`�?\Yrp'p#�e_#[kh#bT`cl] µ gWVYX[ZO\+c`v%'WVY#bZ�Tp#bjf\YZO\&'`|dajlkuVYXbX�}+xfT`j`i`c`a�3 � � �64w² V S = R ® ��X[T`\YtYT`|9#�\&$Y_�cp#�rp'`\&$Okh#mp<| ² euc`j`ZOx&#mp<|9#\Yrp'p#�e_#[kh#bT`cp#mp µ tb'WVOj`xk'WX5#+ZY#b\&'p#mp<| ��VOTWV , C VOTWVqnfV ���� ��� 	�� 	
� �3r`cWXbVOZOh)r`\�tY\Y�mp<\^�'T`\QX[ZOc�p�VOjlX[cWp�VqkWhYT`|da jlkuVYXbX�}+xfT`j'�

i`c`a
f ∈

(
S↑

↓

)X ² 'WVOtYT`|?n�X[tY\&#ba T`cl�'Tp#ba ³ t&#%'QnlTp#ba ¶ Φ � \Yvbcp$QVOy3_�#ba ®��� ��� 	�� � � �3jlVO�mVOZOh�p*#bZO\me ³ | ¶ t�ZO\Ya�clkWc�c`T`\Ya*p*#%'p#�jf\YTWX[ZY'`xfj`ZOc`t��T`\Yvb\)r`\QX[ZY'`\&#bT`cl]
Φ
� \Yvbcp$QVOy3_�cln�© E f

Φ

c�¤ E Φ
f

eWk`]
f ∈

(
S↑

↓

)X ®
�-X[tO]`�bc#X'rp'`clkW\^�a#bT`cl]Wp<c#j#ZY#b\&'`c`c�}+xfT`j`i`c`a#Tp#�p*#bT`h(@�c`a ² V�eWk`]\Yrp'p#�e_#[kh#bT`T`|?n�rp'`cWp*#bTp#bT`c`a ³ Xbp ® ² TWVOrp'`cWp*#%' ² 3 � �#0/4S¶ eMVq�a#C$��\OkWh(@�c`a�c`T'�ZY#%'p#mX ² gp#mpU�mV^eMV^gWV µr² rp'p#�eMX[ZqVOtOk`]p#bZ�X[\&$Y\Ya	p*#bTp#%#+ZY'p#%$Y\YtQVOZY#[kWhYTWVq]��� ��� 	��

1l
� �3r`cWXbVOZOh�r`\�tY\Y�mp<\^�'T`\QX[ZOc�p�VOjlX[cWp�VqkWhYT`|da'jlkuVYXbXd}+xfT`j'�

i`c`a
f ∈

(
S↑

↓

)X ² eWk`])jf\YZO\&'`\Yvb\h© E fΦ 6= inf
(
S↑

↓

)X c�
^clkWc
¤ E Φ
f 6= sup

(
S↑

↓

)X ®
��eMVOT`T`\Yar'WVY$Y\YZY#a'WVYXbXbp�VOZY'`c`tQVY#mp�ZO\OkWhYjf\ jlkuVYXbX[|

Φ ² X[\QX[ZO\^]`_�cp#�c`�\meuT`\&'`\meuT`|?n�}+xfT`j`i`c`a c	cln #mX[ZY#mX[ZOt&#bT`T`|?n�\&$Y\&$Y_�#bT`c`a ®
��X�kWc8r`\&'Q]feujf\YtY\#r`\OkWT`\&#

S
c`�bTWV^gWVqkWhYT`\
eu\Yr`\OkWT`c`ZY#[kWhYT`\UX[TWVY$^�a#bT`\

jlVOj`cWp<c'� kWcp$Y\'VqkWv%#%$&'WVOc`gp#mX[j`cWp<c	\Yrp#%'WVOi`cl]Wp<c ² X[\Yv�kuVYX[\YtQVOT`T`|Ip<c X+\YZOT`\��@�#bT`cp#mp r`\&'Q]feujlV
6 ² ZO\8rp'`\meu\Ok`�a#bT`cl]�obZOcln�\Yrp#%'WVOi`c`a~TWV�r`\Yr`\OkWTp#=�T`cl] ² clkWc ³ r`\OkWx ¶ 'WVYX#@�cp'p#bT`cl] ² tY\Y\&$Y_�#�vb\YtY\&'Q] ² X�\Yv%'WVOT`c`gp#bT`cl]Wp<c ² p<\^�a#bZ\Yrp'p#�e_#[k`]p#bZYX�]�t'jlVq�)eu\Qp�jf\YT`jp'p#bZOT`\Qp�X�kWxfgWVY#�t��mVOtYcWX[cWp<\QX[ZOc	\YZ'r`\QX[ZqV6�

T`\YtYj`c 'WVYXbXbp�VOZY'`c`tQVY#mp<|?n�rp'`\&$Okh#mp ³ Xbp ® c�X5' ® 3 µ�2j² 	 �����X² r ®.µr® � ® µ=4S¶�®��k`]�rWVY'`|�eu\&$QVOtOk`]p#mp<|?n'X[cWp<tY\OkW\Yt
inf S /∈ S

c�
^clkWc
sup S /∈ S

gWVYX[ZO\ ²t+\QX[\&$&#bT`T`\QX[ZOc ² #mX�kWc)TWV S cWX[r`\OkWhY�bx&#bZYX�]�$Yc`TWVY'`TWVq]�\Yrp#%'WVOi`cl])t�V^e`euc`ZOc`t��T`\YaU}+\&'Wp*#�jlVOj�\QX[T`\YtYTWVq] ² r`\
VOTWVqkW\Yvbc`cUX 'WVYX#@�cp'p#bT`cl]Wp<cUt&#b_�#mX[ZOt&#bT'�T`\Ya
rp'Q]Wp<\Ya
R ³ ¢�\Yrp#%'WVOi`cp#ba
X�kW\^�a#bT`cl] ¶ tYt&#%'Qn�c�
^clkWc
tYT`c`� ² cWX[r`\OkWhY�bx �y3ZYX�]UX[\Y\YZOt&#bZYX[ZOt&#bT`T`\�\&$Y\Y�bTWV^gp#bT`cl] −∞ := inf S

c�
^clkWc
+∞ := sup S ²V*ZqVOjl�a# ² #mX�kWc�TWV S

cWX[r`\OkWhY�bx&#bZYX�]8$Yc`TWVY'`TWVq]�\Yrp#%'WVOi`cl]Ut#p<xmkWhqZOc`rlkWc'�
jlVOZOc`tYT`\Ya�}+\&'Wp*#�jlVOj�\QX[T`\YtYTWVq] ² r`\ VOTWVqkW\Yvbc`c�X ³ r`\OkWx � ¶ 'WVYX#@�cp'p#bT`cl]Wp<cX[ZY'`\Yvb\�r`\OkW\^�'c`ZY#[kWhYT`\Yvb\�kWxfgWV

]0,+∞[:= {r ∈ R : r > 0} ³ X)\Yrp#%'WVOi`cp#baxlp<T`\^�a#bT`cl] ¶ #mX[ZY#mX[ZOt&#bT`Tp#%# \&$Y\Y�bTWV^gp#bT`cl] 0
c�
^clkWc

+∞ ® w�'`cWp*#bTl]`y3ZYX�] ²T`\�Tp#'��e_#mX[h ²�, t��mVOtYcWX[cWp<\QX[ZOc
\YZ�jf\YT`ZY#bjlX[ZqV c#rp'`cp'`\meu|-xfr`\&'Q]feu\Ygp#bT'�



2 � � � � #�� # � ��������� ����� 
�� � �#��� �5� � � 
�� � #�� # � ������� � � � �
T`\Yvb\�p<T`\^�a#mX[ZOtQV

(S, 6 ) ² , ZqVOjl�a#�c�\&$Y\Y�bTWV^gp#bT`cl]�X[\Y\YZOt&#bZYX[ZOt&#bT`T`\ 0, 1 �
0,1 � −∞, 0

c Z ® r ®
N := {1, 2, . . .} c Z , p<T`\^�a#mX[ZOtQV
TWVOZOxk'WVqkWhYT`|?nUc�ip#[kW|?n�g`cWX5#[k ®�)Vqkh#%# �W���u�����W�������Y�W�q�[����r`\YT`cWp�VY#mp�jlVOj

> 0 ² V > 0 , �[� �M��� � � �W��R
�u�����W�������Y�W�q�[��� �p"ITWVqkW\Yvbc`g`T`\�r`\YT`cWp�VY#bZYX�]
�^� �M�W� �q�������Y�W�q�[��� �

��$Y_�#brp'`c`Tl]`ZO|9#�VqkWv%#%$&'WVOc`gp#mX[j`cp#�\Yrp'p#�e_#[kh#bT`cl]	c�}�VOj`ZO| , c`��X[ZqVOT'�eMVY'`ZOT`\Yvb\�xfT`c`t&#%'WX[c`ZY#bZYX[jf\Yvb\)j`xk'WXbV�VqkWv%#%$&'`| ®
�^~����OR./26�����R<L �.? ?YN�P.? 5.?YN�P89 	�� �FP878;SR�� 	

�^~I}g~ � �85<LON:L(<�LQPSR<L�R 1OK�?��.143lK�6�?YN�P.? 5.?YN�P89���� �FP878;SR �\~ w+xQX[ZOh
(H, ·) , r`\OkWxfv%'`xfr`rWV-X{p<xmkWhqZOc`rlkWc`jlVOZOc`tYT`\Ya }+\&'Wp<\Ya �mVOr`cWX[c ² Z ® # ®p<T`\^�a#mX[ZOtY\�X�VYXbX[\Yi`cWVOZOc`tYT`\Ya $Yc`TWVY'`T`\Ya�\Yrp#%'WVOi`cp#ba

· : H2 → H ² clkWc
· : (h1, h2) 7→ h1 · h2 =: h1h2 ² h1, h2 ∈ H ® ��T`\^�a#mX[ZOtY\ X , H

R ���W��R
�{�b�[� �q� �V#mX�kWc�TWV p<T`\^�a#mX[ZOt&#

X
\Yrp'p#�e_#[kh#bT`\�e_#baWX[ZOtYcp#)r`\OkWxfv%'`xfr`r`|

H
³ X�kh#btQV ¶�® � \Yg`Tp#%# ² TWV H � p<T`\^�a#mX[ZOt&# X �mV^eMVOTWV?\Yrp#%'WVOi`cl]�xlp<T`\^�a#bT`cl] ³ X�kh#=�tQV ¶ TWV�o[kh#mp*#bT`ZO|{r`\OkWxfv%'`xfr`r`| H

r`\'rp'WVOtYclkWx
(h, x) 7→ hx ∈ X ² h ∈ H ²

x ∈ X ² X+VOjlX[c`\Qp<\Ya	VYXbX[\Yi`cWVOZOc`tYT`\QX[ZOc
Ax0. h1(h2x) = (h1h2)x

eWk`] kWy�$Y|?n
x ∈ X

c
h1, h2 ∈ H.

��X�kWc
H , r`\OkWxfv%'`xfr`rWV�X�� �m�W�W�W�l��
%� ���M�����[�W�)��� 1 ² Z ® # ® ���^�W�^� � �ZO\�\Yrp'p#�e_#[kh#bT`cp#

H
� p<T`\^�a#mX[ZOtQV

X
eu\Yr`\OkWTl]p#mps#b_�#I\meuT`\Ya'VOjlX[c`\Qp<\Yaa#�euc'�

T`c`g`T`\Yvb\�o[kh#mp*#bT`ZqV

Ax1. 1x := 1 · x = x
eWk`] kWy�$Y\Yvb\)o[kh#mp*#bT`ZqV

x ∈ X.

w+xQX[ZOh
(H, ·) , #b_�##\meuTWV ² tY\Y\&$Y_�#�vb\YtY\&'Q] ² e_'`xfv[Vq]{r`\OkWxfv%'`xfr`rWV HXIe_'`xfvb\Ya	\Yrp#%'WVOi`cp#ba xlp<T`\^�a#bT`cl]

· : (h1, h2) 7→ h1h2 ∈ H ®
��
 � �����	���
�
�
� � � w+xQX[ZOh

X , H
� p<T`\^�a#mX[ZOtY\ ² S , H

� p<T`\^�a#mX[ZOtY\ ²V
h , vb\Qp<\Qp<\&'W}+c`�mp�r`\OkWxfv%'`xfr`r`| H tIr`\OkWxfv%'`xfr`r`x H ® ��xfT`j`i`c`y f : X →

S
TWVO�b|dtQVY#mp

h
R ���m�W� �M���m�W�����>#mX�kWc

f(hx) = h(h)f(x)
��� �	� �	� 
 � x ∈ X

�
h ∈ H

� ³ ¨ ¦j¶
��T`\^�a#mX[ZOtY\

h
� \meuT`\&'`\meuT`|?n'}+xfT`j`i`c`a

f ∈ SX
\&$Y\Y�bTWV^gWVY#mp*jlVOj

h
�w¨ ¦ (X) ®�?X[y�eux eMVqkh#%#

H
c
H , jlVOj
p<c`T`cWp<xlp ² �W����� � ��� ����
 �<V h : H → H ,����������� ��
:� �b� �W����� � ��� �����

X , H
�����W���{�b�[� �q� �

S , H
�����W���{�b�[� �q� �

V�rp'`c{cWX[r`\OkWhY�b\YtQVOT`c`c{p<T`\^�a#mX[ZOtQV
h
�w¨ ¦ (X)

gWVYX[ZO\�Tp##xfjlVO�b|dtQVY#mp
H
�

p<T`\^�a#mX[ZOtY\
X ² Z ® # ® r`c�@�#mp{rp'`\QX[ZO\ h

�w¨ ¦�® ��'`\Qp*#�ZO\Yvb\ ² tQX[y�eux�eMVqkh#%#�t
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%���� � � � �������"! � 2 � µ
\Yrp'p#�e_#[kh#bT`cl]ln
c ² jlVOj#X�kh#�eMX[ZOtYcp# ² t�xfZOt&#%'Q�)e_#bT`cl]ln ² }+c`vbxk'`cp'`x&#bZ	ZO\OkWh��jf\
\&$&'WVO�

h(H) ⊂ H
r`\OkWxfv%'`xfr`r`|

H ® w+\YobZO\Qp<x ² Tp#	xlp�Vqk`]l]U\&$Y_�T`\QX[ZOc ²p<\^�a#mp�tQX[y�eux�X[g`c`ZqVOZOh ² g`ZO\ h , � �W�f��� ��
:� �b� �W����� � ��� ��� ��w�'`c�obZO\Qp
t X�kWxfgWVY# ² jf\Yv�eMV (H, ·, 1) #b_�#�c � ��� ��� �
�%ZO\ vb\Qp<\Qp<\&'W}+T`|da�\&$&'WVO��v%'`xfr'�
r`|

H
t r`\OkWxfv%'`xfr`rp#

H
p<\^�'T`\ 'WVYXbXbp�VOZY'`c`tQVOZOh jlVOj*v%'`xfr`r`x�X

1 := h(1)c (
h(h)

)−1
:= h(h−1) ² h ∈ H ® �%VOj`cWp�\&$&'WVO�b\Qp ² t�X�kWxfgWVY#�v%'`xfr`r`| H ² Tp#xlp�Vqk`]l] \&$Y_�T`\QX[ZOc ² p<\^�a#mpUX[g`c`ZqVOZOh � ��� ���W����c

H = h(H) ®�)Vqkh#%#
J , p<T`\^�a#mX[ZOtY\�c`Tfe_#bjlX[\Yt+rp'`\Yc`�btY\OkWhYT`\Ya)rp'`cp'`\meu| ® w�'`cWp*#%'`|

µ �#0 \YZOT`\QX�]`ZYX�] j	jlkuVYXbX[c`gp#mX[j`cWp�tYcfeMVYpU\meuT`\&'`\meuT`|?n�}+xfT`j`i`c`a ®
� � �
��� � 	
� w+xQX[ZOh R∗ = R \ {0} , �^rp'`\Yjf\OkW\YZqVq] �
t&#b_�#mX[ZOt&#bT`TWVq]

\QX[h ² H = H =
(
R∗, ·, 1

) , p<xmkWhqZOc`rlkWc`jlVOZOc`tYTWVq]8v%'`xfr`rWV ¢*\&$Y|dg`T`|Ip
xlp<T`\^�a#bT`cp#mp

· ® w�'`c*}+c`jlX[cp'`\YtQVOT`T`\Qp p ∈ Z
\Yrp'p#�e_#[kh#bT�vb\Qp<\Qp<\&'W}+c`�mp

h : r 7→ rp ² r ∈ R∗ ® w+xQX[ZOh3rp'`c�jlVq�)eu\Qp j ∈ J
p<T`\^�a#mX[ZOtY\

Cj , obj`�%#mp<rlk`]p't&#b_�#mX[ZOt&#bT`T`\Ya	\QX[c
R
c�rp'`cr'WVO�[kWc`g`T`|?n

j1 6= j2
jlVq�)eu|9#�eutQV�obj`�%#mp<rlk`]'�

'WV#p<T`\^�a#mX[ZOt
C j1

c
C j2

cWp*#by3Z	#�euc`TWX[ZOt&#bT`T`xfy(\&$Y_�xfy ZO\Yg`j`x
0 ∈ R ®w+\OkuVOv[VY#mp

X :=
⋃

j∈J C j ² S := R ® ��obZOcln�X[\Yv�kuV4@�#bT`cl]ln h
� \meuT`\&'`\meuT`|9#

}+xfT`j`i`c`c , obZO\�\meuT`\&'`\meuT`|9#+X[ZY#brp#bT`c p }+xfT`j`i`c`c ®
� � �
��� � � � w+xQX[ZOh R+ := {r ∈ R : r > 0} ² R+

∗ := R+ \ {0} =]0,+∞[ �
H = H =

(
R+
∗ , ·, 1

) , p<xmkWhqZOc`rlkWc`jlVOZOc`tYTWVq]8v%'`xfr`rWVUX[ZY'`\Yvb\Ur`\OkW\^�'c'�
ZY#[kWhYT`|?n�g`cWX5#[k ® w�'`c*}+c`jlX[cp'`\YtQVOT`T`\Qp p ∈ R

\Yrp'p#�e_#[kh#bT�vb\Qp<\Qp<\&'W}+c`�mp
h : r 7→ rp ² r ∈ R+

∗ ® w+xQX[ZOh rp'`c
jlVq�)eu\Qp j ∈ J
p<T`\^�a#mX[ZOtY\

Cj , obj`�%#mp��rlk`]p'�r`\OkW\^�'c`ZY#[kWhYT`\Yvb\IkWxfgWV
R+ c�jlVq�)eu|9# C j1

c
C j2

rp'`c
j1 6= j2

cWp*#by3Z
#�euc`TWX[ZOt&#bT`T`xfy�\&$Y_�xfy~ZO\Yg`j`x

0 ∈ R+ ® w+\OkuVOv[VY#mp X := ∪j∈J C j ² S := R ®��obZOcln'X[\Yv�kuV4@�#bT`cl]ln
h
� \meuT`\&'`\meuT`|9#d}+xfT`j`i`c`c , obZO\�r`\OkW\^�'c`ZY#[kWhYT`\+\me#�T`\&'`\meuT`|9#+X[ZY#brp#bT`c

p
}+xfT`j`i`c`c83 2j² \meuT`\&'`\meuTWVq]�}+xfT`j`i`cl] 4w®

� � �
��� ��� � H = (R∗, ·, 1) ² H =
(
R+
∗ , ·, 1

) , p<xmkWhqZOc`rlkWc`jlVOZOc`tYT`|9#
v%'`xfr`r`| � rp'`c�}+c`jlX[cp'`\YtQVOT`T`\Qp p ∈ R

vb\Qp<\Qp<\&'W}+c`�mp
h : r 7→ |r|p ² r ∈ R∗ �

X
c
S
ZqVOj`cp#3�a# ² jlVOj�t�rp'`cWp*#%'p# µr® ��obZOcln X[\Yv�kuV4@�#bT`cl]ln h � \meuT`\&'`\meuT`|9#}+xfT`j`i`c`c , obZO\'VY$QX[\OkWy3ZOT`\�\meuT`\&'`\meuT`|9#+X[ZY#brp#bT`c p }+xfT`j`i`c`c ®

� � �
��� ��� � $ e_#mX[h r0, r0 ∈ R+
∗ � p ∈ Z � H = {rn0 : n ∈ Z} ²

H = {rn
0
: n ∈ Z} , p<xmkWhqZOc`rlkWc`jlVOZOc`tYT`|9#�i`c`jlkWc`gp#mX[j`cp#�v%'`xfr`r`| � vb\Qp<\��p<\&'W}+c`�mp
h : rn 7→ r

np

0
² n ∈ Z � X c

S
ZqVOj`cp#��a# ² jlVOj	t'rp'`cWp*#%'p# 2j® w�'`cobZO\Qp

h
� \meuT`\&'`\meuT`|9# }+xfT`j`i`c`c , obZO\
\Yv%'WVOT`c`gp#bT`T`\ ³ \YZOT`\QX[c`ZY#[kWhYT`\ H ¶\meuT`\&'`\meuT`|9#+X[ZY#brp#bT`c

p
}+xfT`j`i`c`c83 µ���4w®

� � �
��� ��� � w+xQX[ZOh n ∈ N � H =
(
(R+

∗ )
n, ·, (1, · · · , 1)

) , v%'`xfr`rWV'X�r`\��jf\Qp<r`\YTp#bT`ZOT`|Ip�xlp<T`\^�a#bT`cp#mp�t&#bj`ZO\&'`\Yt ² H =
(
R+
∗ , ·, 1

) ® w�'`c�}+c`jlX[cp'`\��
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tQVOT`T`\Qp

~p = (p1, . . . , pn) ∈ R
n \Yrp'p#�e_#[kh#bT	vb\Qp<\Qp<\&'W}+c`�mp

~r := (r1, . . . , rn) ∈ (R+
∗ )

n = H, h(~r ) :=

n∏

k=1

rpkk ∈ R
+
∗ = H,

X := R
n , t&#bj`ZO\&'`|Y� X[ZO\Okh$Yi`| ~x ∈ X

c
~r ·~x , X[jlVqk`]p'`T`\&#?rp'`\Yc`�bt&#�e_#bT`cp# ²

S := R ® $ e_#mX[h h � \meuT`\&'`\meuT`|9#�}+xfT`j`i`c`c , obZO\�r`\OkW\^�'c`ZY#[kWhYT`\'\meuT`\&'`\me#�T`|9#�X[ZY#brp#bT`c
~p
}+xfT`j`i`c`c

n
rp#%'p#mp*#bT`T`|?n 3 28� \meuT`\&'`\meuTWVq] }+xfT`j`i`cl] 4w®

� � �
��� ��� � w+xQX[ZOh C , r`\Okh#�jf\Qp<rlkh#bjlX[T`|?n g`cWX5#[k ² C∗ := C \ {0} ,rp'`\Yjf\OkW\YZqVq]�jf\Qp<rlkh#bjlX[TWVq]�rlkW\QX[jf\QX[ZOh ® H = (C∗, ·, 1) ² H =
(
R
+
∗ , ·, 1

) ,v%'`xfr`r`| � rp'`c	}+c`jlX[cp'`\YtQVOT`T`\Qp p ∈ R
vb\Qp<\Qp<\&'W}+c`�mp

h : z 7→ |z|p ² z ∈ C∗ ®w+xQX[ZOhIrp'`c
j ∈ J

p<T`\^�a#mX[ZOtY\
C j , obj`�%#mp<rlk`]p'�jf\Qp<rlkh#bjlX[T`\Ya�rlkW\QX[jf\QX[ZOc Cc
jlVq�)eu|9#

C j1

c
C j2

rp'`c
j1 6= j2

cWp*#by3Z #�euc`TWX[ZOt&#bT`T`xfy�\&$Y_�xfy-ZO\Yg`j`x
0 ∈ C � X :=

⋃
j∈J C j ² S := C ® w�'`c	obZO\Qp h

� \meuT`\&'`\meuT`|9#+}+xfT`j`i`c`c , obZO\jf\Qp<rlkh#bjlX[T`\�\meuT`\&'`\meuT`|9#�X[ZY#brp#bT`c
p
}+xfT`j`i`c`c83 µ � ² v�k ®.µr² 	 � 4w®

� � �
��� ��� � w+xQX[ZOh H =
(
(C∗)

n, ·, (1, · · · , 1)
) X*r`\Yjf\Qp<r`\YTp#bT`ZOT`|Ip

xlp<T`\O�`#bT`cp#mp ² H =
(
R+
∗ , ·, 1

) ² ~p ∈ Rn , p<xmkWhqZOc`c`Tfe_#bjlX ² eWk`] z =

(z1, . . . , zn) ∈ Cn∗

r`\OkW\^�'cWp
h(z) := |z|~p := |z1|p1 . . . |zn|pn � X := Cn ²

S := C ® w�'`c	obZO\Qp h
� \meuT`\&'`\qeuT`|9#+}+xfT`j`i`c`c , jf\Qp<rlkh#bjlX[T`\�\meuT`\&'`\meuT`|9#X[ZY#brp#bT`c

~p
}+xfT`j`i`c`c

n
jf\Qp<rlkh#bjlX[T`|?n�rp#%'p#mp*#bT`T`|?n � X5' ® X>3 µ � ² v�k ®.µr² 	 � 4w®w�'`c`t&#�e_#mp�rp'`cWp*#%'�X
'WVO�bT`|Ip<c	tYcfeMVYp<c \Yrp#%'WVOi`c`a	t

H
c
H ®

� � �
��� ��� � � '`xfr`r`| (R,+, 0) ² (R+
∗ , ·, 1) ² p ∈ R ² c`�b\Qp<\&'W}+c`�mp h :=

expp : x 7→ epx ² x ∈ R � X = R = S � }+xfT`j`i`cl] f : R → R
c`��jlkuVYXbXbV

expp
�w¨ ¦ (R) ² #mX�kWc c	ZO\OkWhYjf\b#mX�kWc f(h+ x) = ephf(x)

eWk`]	tQX5#[n
h, x ∈ R ®��'`xfvbcp#�\&$Y_�cp#)rp'`cWp*#%'`|-p<\^�'T`\�X[ZY'`\Yc`ZOh�eWk`]
rp'`\Yc`�btY\OkWhYT`\Ya*v%'`xfr'�

r`| rp'p#b\&$&'WVO�b\YtQVOT`c`a
H
\&$OkuVYX[ZOc�\Yrp'p#�e_#[kh#bT`cl]

X
}+xfT`j`i`c`a

f ∈ SX ²e_#baWX[ZOtYcl]'� X[xfrp#%'`r`\Y�bc`i`c`c
(h, f) 7→ f◦h ² vb\OkW\Qp<\&'W}+c`�mp�V h c`� H tITp#bjf\YZO\��'`xfy ² tY\Y\&$Y_�#?vb\YtY\&'Q] ² e_'`xfvbxfyzv%'`xfr`r`x H rp'p#b\&$&'WVO�b\YtQVOT`c`a)p<T`\^�a#mX[ZOtQV X ®w�'`c�obZO\Qp

f ∈ h
�w¨ ¦ (X) ² #mX�kWc�c�ZO\OkWhYjf\C#mX�kWc f ◦h = f ◦

(
h(h)

) eWk`]�tQX5#[n
h ∈ H ® A�VYX[ZOT`|da�X�kWxfgWVOa , jlkuVYXbX[|�}+xfT`j`i`c`a ² c`T`tQVY'`cWVOT`ZOT`|9#)\YZOT`\QX[c'�ZY#[kWhYT`\�v%'`xfr`r`|�rp'p#b\&$&'WVO�b\YtQVOT`c`a

H ² jf\Yv�eMV�t '`\OkWc�v%'`xfr`r`| H , ZY'`c`tYc'�VqkWhYTWVq]�\meuT`\YZO\Ygp#bg`TWVq]�v%'`xfr`rWV ² X[\QX[ZO\^]`_)Vq]�c`�?ZO\^�)e_#mX[ZOt&#bT`T`\Yvb\3rp'p#b\&$&'WV6��b\YtQVOT`cl]��H¬
X
p<T`\^�a#mX[ZOtQV

X ² X�\Ygp#btYcfeuT`|Ip#vb\Qp<\Qp<\&'W}+c`�mp<\Qp h(h) =
�H¬
XeWk`]�tQX5#[n

h ∈ H ® ��\Y�mp<\^�'T`\QX[ZOc�eMVqkWhYTp#ba�@�#bvb\ 'WVO�btYc`ZOcl]
obZO\Yvb\	\&$Y_�#bvb\rp'`cWp*#%'WV ³ rp'`cWp*#%'WV �d¶ t	gWVYX[ZOc 'WVO�[kWc`g`T`|?n H c
H
c
\Yrp#%'WVOi`c`a*TWV�T`cln ²eMV)c	jlkuVYXbX[c`gp#mX[j`cln�rp'`cWp*#%'`\Yt µ �#0 r`\YcWX[ZOc`Tp#+Tp#bcWX[gp#%'`rWVY#mp<| ®
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 � �����	���
�
�
� � � H � p<T`\^�a#mX[ZOtY\ S TWVO�b|dtQVY#mp � �W� ��� �m�^�`�[�W��
%� �X#mX�kWc

\YT`\'X[TWVY$^�a#bT`\�\YZOT`\(@�#bT`cp#mpUr`\&'Q]feujlV
6
X�VOjlX[c`\Qp<\Ya X[\Yv�kuVYX[\YtQVOT`T`\QX[ZOc

Ax2.
��k`]�kWy�$Y|?n

s1, s2 ∈ S
c
h ∈ H

c`�
s1 6 s2

X�kh#�eux&#bZ
hs1 6 hs2

�?X[y�eux�eMVqkh#%#
S , �W� ��� �m�Y���q� �W���u�W�q� � �W� ��� �m�^�`�[�W�W�q�

H
R ���W���{�b�[� �q� �

��VYX[rp'`\QX[ZY'WVOT`cWp r`\YTl]`ZOcp#
h
� \meuT`\&'`\meuT`\Ya8}+xfT`j`i`c`c�TWV

f ∈
(
S↑

↓

)X ®��k`]#obZO\Yvb\ eu\Y\Yrp'p#�e_#[kWcWp{X[TWV^gWVqkuV�e_#baWX[ZOtYcl]
H
TWV�ZO\Yg`T`|9#�v%'WVOT`c#t�r`\��

r`\OkWTp#bT`c`c
S↑

↓ ® ��X�kWc�c`�bTWV^gWVqkWhYT`\�X[xf_�#mX[ZOtYxfy3Z inf S ∈ S
c�
^clkWc

supS ∈ S ²ZO\�Tp#b\&$^nQ\meucWp<\QX[ZOc�t�obZO\QpUTp#bZ ® �+TWV^gp# ��� �	� �	�^����� h ∈ H
r`\OkuVOv[VY#mp

3 ↓ 4 h · inf S := inf S ∈ S↓ ⊂ S↑
↓ ² jf\Yv�eMV�Tp#�X[xf_�#mX[ZOtYx&#bZ inf S t S �

3 ↑ 4 h · sup S := supS ∈ S↑ ⊂ S↑
↓ ² jf\Yv�eMV�Tp#�X[xf_�#mX[ZOtYx&#bZ sup S t S ®

�%VOj`cWp�\&$&'WVO�b\Qp ² H � p<T`\^�a#mX[ZOtY\ S p<\^�'T`\�'WVYX#@�cp'`c`ZOhIeu\ H � p<T`\^�a#mX[ZOtQV S↑
↓ ®w�'`cUobZO\Qp�eWk`]UkWy�$Y\YaU}+xfT`j`i`c`c

f : X → S↑
↓

jf\&'p'p#bj`ZOT`\
xQX�kW\YtYcp# ³ ¨ ¦�¶\Yrp'p#�e_#[kh#bT`cl] 2j² jf\YZO\&'`\&#�ZY#brp#%'`h�p<\^�'T`\�eu\QX�kW\YtYT`\ 'WVYX[rp'`\QX[ZY'WVOT`c`ZOh�cTWV�ZqVOj`cp#U}+xfT`j`i`c`c
f ® w�'`c�obZO\Qp r`\QX[ZO\^]`T`T`|9#�}+xfT`j`i`c`c inf

(
S↑

↓

)X c
sup

(
S↑

↓

)X ² \Yrp'p#�e_#[kh#bT`T`|9#+t (?) ² tQX5#bv�eMV h � \meuT`\&'`\meuT`| ®
��
 � �����	���
�
�
� � � ��T`\^�a#mX[ZOtY\ h

� \meuT`\&'`\meuT`|?n�}+xfT`j`i`c`a
f ∈ (S↑

↓)
X

X[\ �bTWV^gp#bT`cl]Wp<c*t
H
� p<T`\^�a#mX[ZOt&#

S↑
↓

t 'WVYp<jlVqn*X[\Yv�kuV4@�#bT`c`a 3 ↓ 4 c 3 ↑ 4 \&$Y\���bTWV^gWVY#mp	gp#%'p#b�
h
�w¨ ¦ ↓↑ (X) ® �)Vqkh#%#�rp'`c�cWX[r`\OkWhY�b\YtQVOT`c`c�ZqVOjf\Yvb\3p<T`\^�a#mX[ZOtQVgWVYX[ZO\�Tp#�xfjlVO�b|dtQVY#mp

H
� p<T`\^�a#mX[ZOtY\

X ² Z ® # ® r`c�@�#mpUrp'`\QX[ZO\ h �w¨ ¦ ↓↑ ®��\�tQX5#[n�rp'`cWp*#%'WVqn 2 �#0 TWV�p<T`\^�a#mX[ZOt&# S
p<\^�'T`\��mV^eMVOZOh�#mX[ZY#mX[ZOt&#bT'�

T`|da�r`\&'Q]feu\Yj ² rp'`c�jf\YZO\&'`\Qp S
X[ZqVOT`\YtYc`ZYX�]-r`\&'Q]feujf\YtY\�r`\OkWT`|Ip

R
+
∗

�
p<T`\^�a#mX[ZOtY\Qp ² V S↑

↓ , xfr`\&'Q]feu\Ygp#bT`T`\&#
R+
∗

� p<T`\^�a#mX[ZOtY\ ® ��VOrp'`cWp*#%' ² rp'`c
S := C

t*rp'`cWp*#%'WVqn � �#0 p<\^�'T`\*tYt&#mX[ZOc �^r`\Yj`\Qp<r`\YTp#bT`ZOT`|da ��r`\&'Q]feu\Yj �
z1 6 z2

\Y�bTWV^gWVY#bZ ² g`ZO\ 5 ¡ z1 6 5 ¡ z2 c U?« z1 6
U?«

z2 ² V C
↑
↓ ² v�e_# 5 ¡cPU?« , \Yrp#%'WVOi`c`c�tY|�e_#[kh#bT`cl]�e_#baWX[ZOtYc`ZY#[kWhYT`\Ya�c�p<T`cWp<\Ya�gWVYX[ZOc ² r`\OkWx �gWVY#bZYX�]�c`�

C
eu\&$QVOtOkh#bT`cp#mp�eutYxQnUX[cWp<tY\OkW\Yt

(−∞) + i(−∞) := inf C
c

(+∞) + i(+∞) := supC � r
(
(±∞) + i(±∞)

)
:= (±∞) + i(±∞) ² r ∈ R+

∗ ®�^~I}g~I}g~<J)L:5��FPSR<L�RzPSR ��PSR<L �45.6lPSR8;89�~ w+\YZY'p#%$Yx&#bZYX�]	o[kh#mp*#bT`ZqVY''�
TWVq]

� L
	�	 6�}g~ ��� �����
S0 ⊂ S↑

↓ 
 h ∈ H
� � ��)!%=�

sups∈S0
hs 6 h sups∈S0

s
�

h infs∈S0 s 6 infs∈S0 hs
� � �
����� 	

H � )� � ���2� 
 �"� ' ������� %�' � � ��	! ��"'�	�� �����'
��� �����$���*���:�����"'(����� �#�2�"�$ ��"'�	�������'
� �
C
��k`]

s ∈ S0
c`�

s 6 sups∈S0
s
c�VOjlX[c`\Qp<|������ X5'WVO�bx�X�kh#�eux&#bZ

hs 6
h sups∈S0

s ² \YZOj`xbeMV sups∈S0
hs 6 h sups∈S0

s ® "ITWVqkW\Yvbc`g`T`\)eWk`] inf ® ��X�kWc



2 � � � � #�� # � ��������� ����� 
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H , v%'`xfr`rWV ² ZO\�eWk`] sup
t
S↑

↓

cWp*#%#mpUZqVOjl�a#

h sup
s∈S0

s
Ax1

= h sup
s∈S0

1s = h sup
s∈S0

(h−1
h)s

Ax0

= h sup
s∈S0

h
−1(hs) 6

∣∣ c`��eu\YjlVO�mVOT`T`\Yvb\�tY|B@�# ∣∣ 6 h

(
h
−1 sup

s∈S0

hs
)
Ax0

= (hh−1) sup
s∈S0

hs = sup
s∈S0

hs.

"ITWVqkW\Yvbc`g`T`\�eWk`]
inf ® �?p*#mX[ZY#
X�rp'p#�e2@�#mX[ZOtYxfy3_�cWp�r`\OkWxfgWVY#mp-ZY'p#%$Yx&#=�p<\&# ® B

��eu\Yr`\OkWTp#bT`cp#+j	\Yrp'p#�e_#[kh#bT`cl]Wp 2 � � eMV^eucWp
��
 � �����	���
�
�
� � � ��xfT`j`i`c`y f ∈ (S↑

↓)
X TWVO�b|dtQVY#mp

h
R �W�[���Y���m�W� ��R

���m�W�����[�W� ��� ³ X[\Y\YZOt&#bZYX[ZOt&#bT`T`\�� �O� � � � ¶�² #mX�kWc�cWp*#%#mp f(hx) 6 h(h)f(x)� X[\Y\YZOt&#bZYX[ZOt&#bT`T`\
h(h)f(x) 6 f(hx) � eWk`]�tQX5#[n x ∈ X

c
h ∈ H ® ��T`\^�a#=�X[ZOtY\�tQX5#[n�ZqVOj`cln�}+xfT`j`i`c`a*\&$Y\Y�bTWV^gWVY#mp�jlVOj

h
�w¨ ¦ ↑(X)

� X[\Y\YZOt&#bZYX[ZOt&#bT`T`\
h
�w¨ ¦ ↓(X) �Q® w�'`c#obZO\Qp~p<T`\^�a#mX[ZOtY\ X gWVYX[ZO\*Tp#�xfjlVO�b|dtQVY#mp ® �3gp#btYcfeuT`\ ²

h
�w¨ ¦ ↑ ∩ h

�w¨ ¦ ↓ = h
�w¨ ¦ ↓↑ ®

� 5<LON.< ? �*LQPSR<L!}g~ � �
���
F ⊂ h

�w¨ ¦ ↑ � �#�(�:��'�	��4����'�	������
F ⊂ h

�w¨ ¦ ↓ � 
 �"�� � �������"!
supF ∈ h

�w¨ ¦ ↑ � �#�(�:��'�	��4����'�	������
inf F ∈ h

�w¨ ¦ ↓ � � � �:�
�������:����� 
	��
���
H � ���"� )� � ���2� 
 �"�*��� F ⊂ h

�w¨ ¦ ↓↑ �
��	 % � 	��
supF, inf F ∈ h

�w¨ ¦ ↓↑ �
C
��k`]

F ⊂ h
�w¨ ¦ ↑ rp'`c F (x) := {f(x) : f ∈ F}

(supF )(hx) = sup
f∈F

f(hx) 6 sup
f∈F

h(h)f(x) = sup
{
h(h)s : s ∈ F (x)

}
6

∣∣∣ ��#mp�p�V µ X S0 := F (x)
∣∣∣ 6 h(h) sup

{
s : s ∈ F (x)

}
= h(h)(supF )(x).

$ e_#mX[h't�X�kWxfgWVY# F ⊂ h
�w¨ ¦ ↓↑ rp#%'`tY|da��bTWVOj	Tp#%'WVOt&#bTWX[ZOtQV 6

p<\^�'T`\'�mVYp*#=�
T`c`ZOh�TWV`'WVOt&#bTWX[ZOtY\ ² V'jf\Yv�eMV H , v%'`xfr`rWV ² c*X�kh#�euxfy3_�c`a��bTWVOj 6

r`\Qp*#=�
Tl]`ZOh'TWV)�bTWVOj

= ® "ITWVqkW\Yvbc`g`T`\�eWk`] inf ® B��k`]
f ∈ (S↑

↓)
X t�\&$Y\Y�bTWV^gp#bT`cl]ln�\Yrp'p#�e_#[kh#bT`c`a µr²12j² ��²1� tQX5#bv�eMV�X[xf_�#=�X[ZOtYxfy3Z�xfgWVYX[ZOtYxfy3_�cp#+T`cl�a#+T`cl�'T`cp#�c t&#%'QnlT`cp#+\Yvbcp$QVOy3_�cp#

© E f
h � ��� 6

© E f
h � ��� ↓↑ 6

© E f
h � ��� ↑ 6 f 6

¤ E h � ��� ↓
f 6

¤ E h � ��� ↓↑
f 6

¤ E h � ���
f ³ E ¶

TWV
X ² v�e_#+t�X�kWxfgWVY# f ∈ h

�w¨ ¦ tQX[y�eux�p<\^�'T`\�r`\QX[ZqVOtYc`ZOhb'WVOt&#bTWX[ZOtQV ®�+�+rp'p#�eWkW\^�a#bT`cl] µ c	\Yrp'p#�e_#[kh#bT`c`a�kh#bvbjf\�r`\OkWxfgWVY#mp� <�LON 143lKuR<LN}g~� �"!
f ∈ (S↑

↓)
X '��#	�)!%=�

lEfh � hg, lEfh � hg↓↑ , lE
f
h � hg↑

∈ h
�
hg↑,

uEh � hg
f , uE

h � hg↓
↑

f , uEh � hg↓
f ∈ h

�
hg↓,
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H � )� � ���2� 
 �"� © E fh � ��� , © E fh � ��� ↓↑ ,
¤ E h � ���

f ,
¤ E h � ��� ↓↑

f ∈ h
�w¨ ¦ ↓↑ �

��ZO\�X�kh#�eMX[ZOtYcp# µ X5'WVO�bx 'p#�@)VY#bZ)�mV^eMV^g`x µ eWk`] 'Q]feMV)jlkuVYXbX[\Yt Φ ®
� L
? 5<L
	 6c}g~ ��� �����

f ∈ (S↑
↓)
X � �8�: ��"'�	 %�����' � � ��'�	! ��*%8	����"!

3 © 4 © E fh � ��� ↑ = f
�"��)!%=� � �"�����(� �$�"��)!%=� 
 � ��)!%=� f ∈ h

�w¨ ¦ ↑ �3 ¤ 4 f =
¤ E h � ��� ↓

f

�"��)!%=� � �"�����(� �$�"��)!%=� 
 � ��)!%=� f ∈ h
�w¨ ¦ ↓ ���� ����� 
 ' %8����������	�����	 
 H � )� � ���2� ��� ��'(��'
�"��	�������� �� �� �#�(�:����� � 	 �

���"! 
 µ7¶ f ∈ h
�w¨ ¦ ↓↑ � 2r¶ © E f

h � ��� ↓↑ = f
� � ¶ f =

¤ E h � ��� ↓↑
f

�
+ kWxfgWVOa	jlkuVYXbXbV Φ = h

�w¨ ¦ r`\YZY'p#%$Yx&#bZ�eu\Yr`\OkWT`c`ZY#[kWhYT`|?n X[t&#�e_#bT`c`a ®�������
	����
�
��	
� w�'`c+eu\YjlVO�mVOZY#[kWhQX[ZOt&#L3 ©
�
¤ 4 eu\Yr`\OkWT`c`ZY#[kWhYT`|9#�xQX�kW\YtYcl]TWV�r`\OkWxfv%'`xfr`r`|

H
c
H
Tp#�TWVOjlkuV^eu|dtQVqkWcWX[h ® �~X�kWxfgWVY#��a# Φ = h

�w¨ ¦ ↓↑ tZY#b\&'p#mp*# µ eWk`]�tY\Y�mp<\^�'T`\QX[ZOc�cWX[r`\OkWhY�b\YtQVOT`cl]+rp'p#�eWkW\^�a#bT`cl] µ c�kh#mp�p<| µrp'p#�eur`\OkuVOv[VqkW\QX[h ² g`ZO\ H , v%'`xfr`rWV ®
�^~I}g~$�^~ � 5./WR83�9 R 143:6�;SR.?WP.6�5SP89'L��"<�L
	+LQP83�9�~ ��k`]*o[kh#mp*#bT`ZqV

xc`�
H
� p<T`\O�`#mX[ZOtQV

X
\Yrp'p#�e_#[k`]p#bZYX�]
� � �^�W� ��obZO\Yvb\�o[kh#mp*#bT`ZqV

�r�`°
X(x) := H · x :=: Hx := {hx : h ∈ H}. ³ � ¶

�:kh#mp*#bT`Z
x ∈ X

�[� �q�W�W�^� � �M��
 ���_#mX�kWc��r�`°
X(x) = {x} ®

�$1OP.?WKuP.?uL 1OK�?��.143lK�?�? 5./WR83r~� �"! )� � �����
H

�# %#���� � ��	 ���"'(��� !��
�:� ' � #(�# ��*�: =	 %.�����"'(���"	��"! � ��� #(� ��	 ��	! =	��#	���� �*�4� ! 
 ��� #(�$�#��'(�2�#%=� �*� �w+xQX[ZOh

H , v%'`xfr`rWV ® � \Yv�eMV�eWk`] kWy�$Y|?n s ∈ S↑
↓

ta'WVYp<jlVqn X[\Yv�kuV4@�#bT`c`a
3 ↓ 4 c 3 ↑ 4 \Yrp'p#�e_#[kh#bT`|#\&'p$Yc`ZO|5�r�`° S↑

↓
(s) ² VdZqVOjl�a#�X[ZqVOi`c`\YTWVY'`T`|9#:o[kh#mp*#bT`ZO|t

S↑
↓ ® ��gWVYX[ZOT`\QX[ZOc ² o[kh#mp*#bT`ZO| inf S ∈ S↑

↓

rp'`c
inf S /∈ S

c
sup S ∈ S↑

↓

rp'`c
sup S /∈ S , X[ZqVOi`c`\YTWVY'`T`|9# ® w+xQX[ZOh f ∈ h

�w¨ ¦ ↓↑ ® ��'`c`tYcWVqkWhYT`\Irp'`\Yt&#%'Q]p#bZYX�]
µ7¶ f( �r�`° X (x)

)
⊂ �r�`° S↑

↓
f(x) � t	gWVYX[ZOT`\QX[ZOc ² #mX�kWc f(x) , X[ZqVOi`c`\YTWVY''�T`|da	o[kh#mp*#bT`Z�t

S↑
↓ ² ZO\ f( �r�`° X(x)

)
= {f(x)} �

2r¶ #mX�kWc h , obr`cWp<\&'W}+c`�mp ² ZO\ f( �r�`° X(x)
)
=
�r�`°

S↑
↓
f(x)

c�eWk`] X[ZqVOi`c'�
\YTWVY'`T`\Yvb\)o[kh#mp*#bT`ZqV

x ∈ X
o[kh#mp*#bT`Z

f(x)
X[ZqVOi`c`\YTWVY'`T`|da t

S↑
↓ ®�%VOj ² eWk`] S := R

c`��rp'`cWp*#%'`\Yt 2 ��� t S↑
↓

X −∞ := inf R ² +∞ := supR
c

H := R+
∗ , rl]`ZOh	\&'p$Yc`Z {{−∞}, ] − ∞, 0[ , {0}, ]0,+∞[ , {+∞}

} c*ZY'`c
X[ZqVOi`c`\YTWVY'`T`|?n�o[kh#mp*#bT`ZqV {−∞, 0,+∞} ² V'eWk`] S := C

t rp'`cWp*#%'WVqn � �#0\&'p$Yc`ZO| , obZO\�kWcp$Y\ {0} ² kWcp$Y\�eutQV)o[kh#mp*#bT`ZqV (±∞) + i(±∞) ² kWcp$Y\)kWy �$Y\Ya�c`��kWxfgp#ba {
reiθ : r ∈]0,+∞[

}
⊂ C

X[\�tQX5#btY\Y�mp<\^�'T`|Ip<c
θ ∈ (−π, π] ²V�X[ZqVOi`c`\YTWVY'`T`|?n�o[kh#mp*#bT`ZO\Yt�ZO\^�a#+ZY'`c � {0} c (±∞) + i(±∞) ®
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~ w+xQX[ZOh

H , v%'`xfr'�rWV ® w+\�\QX[T`\YtYT`\Qp<x�X[tY\YaWX[ZOtYx�\&'p$Yc`Z�c`��r ®+2j® µr® 2 H � p<T`\^�a#mX[ZOtY\ X p<\^�'T`\
rp'p#�eMX[ZqVOtYc`ZOh�t�tYcfe_#+\&$ �>#�euc`Tp#bT`cl]

X =
⋃

j∈J

�r�`°
X(xj), J , p<T`\^�a#mX[ZOtY\�c`Tfe_#bjlX[\Yt ² ³ o1 ¶

Tp#�rp#%'p#mX5#bjlVOy3_�clnfX�]	\&'p$Yc`Z!�r�`°
X(xj)

X�tY|9$&'WVOT`T`|Ip<c�r`\�VOjlX[c`\Qp*#�tY|9$Y\��
'WV�rp'p#�eMX[ZqVOtYc`ZY#[k`]Wp<c

xj ∈ �r�`° X (xj) ® � \Yv�eMV�jlVq�)euxfy \&'p$Yc`ZOx5�r�`° X(xj)p<\^�'T`\ 'WVYXbXbp�VOZY'`c`tQVOZOh
jlVOj
H
� p<T`\^�a#mX[ZOtY\ ² V
rp'`\Yc`�btY\OkWhYTWVq]U}+xfT`j`i`cl]

f ∈ (S↑
↓)
X \meuT`\Y�bTWV^g`T`\)\Yrp'p#�e_#[k`]p#bZYX�]	X[tY\YcWp<c	X[xQ�a#bT`cl]Wp<c

fj := f
∣∣ �����

X (xj)
, j ∈ J. ³ o2 ¶

C \Okh#%#�ZO\Yvb\ ² jlVq�)eMVq])}+xfT`j`i`cl] f ∈ h
�w¨ ¦ ↓↑ r`\OkWT`\QX[ZOhYy�\Yrp'p#�e_#[k`]p#bZYX�]�X[tY\��cWp<c��bTWV^gp#bT`cl]Wp<c

f(xj) ² r`\QX[jf\OkWhYj`x�p<\^�a#bZ
$Y|dZOh�\meuT`\Y�bTWV^g`T`\�rp'`\meu\Ok`�a#=�TWV)TWV)tQX[y�\&'p$Yc`ZOx��r�`°
X(xj)

r`\�rp'WVOtYclkWx

f(hxj) := h(h)f(xj), h ∈ H. ³ o3 ¶
+ kh#�euxfy3_�c`a 'p#b�bxmkWhqZqVOZa'p#�@)VY#bZ��mV^eMV^g`x µ eWk`]	jlkuVYXbXbV Φ = h

�w¨ ¦�®
� L
? 5<L
	 6 �^~���� �����

H
�
H � )� � ����� 
 f ∈ (S↑

↓)
X 
 � « f ⊂ S↑

↓ �� ## �� � � � ���������
f
'
S↑

↓

� �8�: ��"'�	 %�����' � �
��	 % � �	� ��	 �� �� � ��'�	! ��*%8	����"! �
3 © 4 © E fh � ��� = f

�"��)!%=� � �"�����(� �$�"��)!%=� 
 � ��)!%=�*' �B��������	���� �
%����*��� �
��	 �% � �	� ��� ' ���"� �������
����� �:� �	� ��� %�' � � � �
����'(� � 

3 © µ=4 � « f ⊂ S↑

�
f ∈ h

�w¨ ¦ ↓↑ 
3 © 2�4 inf S /∈ S
�
f = inf

(
S↑

↓

)X �2�
X

� Xbp ®K³ ? ¶ t µr® 2 � �
3 ¤ 4 f =

¤ E h � ���
f

�"��)!%=� ���"�����(� � �"��)!%=� 
 � ��)!%=� ' �B��������	����*�
%���� ���*�
��	 �% � �	� ��� ' ���"� �������
����� �:� �	� ��� %�' � � � �
����'(� � 

3 ¤ µ=4 � « f ⊂ S↓

�
f ∈ h

�w¨ ¦ ↓↑ 
3 ¤ 2�4 sup S /∈ S
�
f = sup

(
S↑

↓

)X �2�
X

� Xbp ®K³ ? ¶ t µr® 2 � �
3 © ¤ 4 © E fh � ��� = f =

¤ E h � ���
f 
 	��
��� � �"�����(� � 	��
���

f ∈ h
�w¨ ¦ �

C
�3ZOt&#%'Q�)e_#bT`cp# 3 © ¤ 4�� 3 © 4 ∩ 3 ¤ 4 X�kh#�eux&#bZ�c`� 3 © 4 c 3 ¤ 4w® �3ZOt&#%'Q�)e_#bT`cp# 3 ¤ 4eu\YjlVO�b|dtQVY#bZYX�]�ZqVOj��a# ² jlVOj�c 3 © 4w² jf\YZO\&'`\&#�c#eu\YjlVq�a#mp ® + TWV^gWVqkuV�Tp#b\&$��nQ\meucWp<\QX[ZOh ® ��X�kWc © E fh � ��� = f ² inf S /∈ S ² V f rp'`c`T`cWp�VY#bZ �bTWV^gp#bT`cp# inf S



� )�� #4� �	� ��	B��� �
%����# =�
%���� � � � �������"! � 2 � 0
nQ\YZm]b$Y| 'WVO� ² ZO\�p<T`\^�a#mX[ZOtY\�}+xfT`j`i`c`a ϕ ∈ h

�w¨ ¦P² p�Vq�)\&'`cp'`x&#mp<|?n�}+xfT`j'�i`cp#ba
f ² r`xQX[ZO\ ®:+ kh#�eu\YtQVOZY#[kWhYT`\ ² r`\+\Yrp'p#�e_#[kh#bT`c`y µ cWp*#%#mp f = inf

(
S↑

↓

)X

³ Xbp ® © 2j²e³ ∅ ¶ t µr® 2r¶�® w+xQX[ZOh�ZY#brp#%'`h inf S ∈ S
clkWc }+xfT`j`i`cl]

f ∈ (S↑
↓)
X T`c'�v�e_#'Tp#�rp'`c`T`cWp�VY#bZ��bTWV^gp#bT`cp#

inf S ² g`ZO\�\Y�bTWV^gWVY#bZ	tY|dr`\OkWTp#bT`cp#'xQX�kW\YtYcl]� «
f ⊂ S↑ ® � \Yv�eMV r`\�X�kh#�eMX[ZOtYc`y µ t�gWVYX[ZOc ² jf\Yv�eMV H , v%'`xfr`rWV ² cWp*#%#mp

f =
© E f

h � ��� ∈ h
�w¨ ¦ ↓↑ ² Z ® # ® 3 © µ=4w®�>#brp#%'`h'eu\QX[ZqVOZO\Yg`T`\QX[ZOh ® ��X�kWc�tY|dr`\OkWTp#bT`\P3 © 2�4w² ZO\ p<T`\^�a#mX[ZOtY\�}+xfT`j'�i`c`a

ϕ ∈ h
�w¨ ¦P² p�Vq�)\&'`cp'`x&#mp<|?n�}+xfT`j`i`cp#ba f = inf

(
S↑

↓

)X ² r`xQX[ZO\ ® �3ZYX[y �eMV3tYtYcfeux ³ ∅ ¶ c`� µr® 2 T`cl�'Tl]l])\Yvbcp$QVOy3_)Vq]/© E fh � ��� tQX[y�eux+TWV X rp'`c`T`cWp�VY#bZ�bTWV^gp#bT`cp#
inf S ² Z ® # ® t�obZO\Qp�X�kWxfgWVY#!© E fh � ��� = inf

(
S↑

↓

)X ® ��\Yr`xQX[ZOcWp8ZY#=�rp#%'`h ² g`ZO\
tY|dr`\OkWTp#bT`\ 3 © µ=4w® w+xQX[ZOh x0 ∈ X
c
s0 ∈ S , rp'`\Yc`�btY\OkWhYT`|da

o[kh#mp*#bT`Z ² eWk`]8jf\YZO\&'`\Yvb\ s0 6 f(x0) ®BC xbe_#mp�r`\OkWhY�b\YtQVOZOhQX�] 'WVYX[_�#brlkh#=�T`cp#mp�}+xfT`j`i`c`c
f
r`\�Tp#brp#%'p#mX5#bjlVOy3_�cWp�X�]�\&'p$Yc`ZqVYp ² \Yr`cWXbVOT`T`\Qp�t�TWV^gWV6�kh#�r ®Y2j® µr® �
r`\QX5'p#�eMX[ZOtY\Qp (o1) � (o2) ® $ e_#mX[h�p<| xQ�a#�r`\OkWhY�bx&#mp�X�]�ZY#mp ²g`ZO\

H , � ��� ��� � ® ��VOafe_#bZYX�]
c`Tfe_#bjlX j0 ² eWk`]#jf\YZO\&'`\Yvb\ x0 ∈ �r�`° X(xj0) ®w+\QX[jf\OkWhYj`x�t�obZO\QpzX�kWxfgWVY#��r�`°
X(x0) =

�r�`°
X(xj0) ² ZO\ ² cWX[r`\OkWhY�bxO]�rp#%'p#=�c`Tfe_#bjlXbVOi`c`y ² p<\^�a#mp�X[g`c`ZqVOZOh ² g`ZO\ xj0 = x0 ® ��k`]#jlVq�)eu\Ya#c`��\QX[ZqVqkWh��T`|?n~\&'p$Yc`Z �r�`°

X(xj)
X
j 6= j0

tY|9$&#%'p#mp ² tYT`\YtYhzcWX[r`\OkWhY�bxO]�VOjlX[c`\Qp<xtY|9$Y\&'WV ² rp'`\Yc`�btY\OkWhYT`|da�o[kh#mp*#bT`Z sj ∈ S ² xbeu\YtOkh#bZOtY\&'Q]`y3_�c`a�xQX�kW\YtYc`y
sj 6 f(xj) ® w+\QX[ZY'`\&#bT`cp#�}+xfT`j`i`c`c ϕ ∈ h

�w¨ ¦�² p�Vq�)\&'`cp'`x&#mp<\Ya	}+xfT`j`i`cp#ba
f = inf

(
S↑

↓

)X ² V?ZqVOjl�a#:xbeu\YtOkh#bZOtY\&'Q]`y3_�#ba+xQX�kW\YtYc`y ϕ(x0) = s0 6 f(x0) ²rp'`\Yt&#�e_#mp�r`\�X�n #mp*#
(o3) ² V�cWp*#bT`T`\ � r`\OkW\^�'cWp ϕ(xj) = sj

eWk`]	tQX5#[n
j ∈ Jc�rp'`\meu\Ok`�'cWp

ϕ
X o[kh#mp*#bT`ZqV

xj
TWV*tQX[y \&'p$Yc`ZOxN�r�`°

X(xj)
r`\�rp'WVOtYclkWx

ϕ(hxj) := h(h)ϕ(xj) = h(h)sj ² h ∈ H ® w+\QX[ZY'`\&#bT`TWVq]�}+xfT`j`i`cl] ϕ ∈ h
�w¨ ¦p<c`T`\&'`cp'`x&#bZ�}+xfT`j`i`c`y

f ² \YZOj`xbeMV ² t�X[clkWx*rp'`\Yc`�btY\OkuV�t�tY|9$Y\&'p# s0 ∈ SX
s0 6 f(x0) ² r`\OkWxfgWVY#mp sup

{
ϕ(x0) : ϕ ∈ h

�w¨ ¦ , ϕ 6 f
TWV

X
}
= f(x0) ®w+\	\Yrp'p#�e_#[kh#bT`c`y µ obZO\ ² tYtYcfeux�rp'`\Yc`�btY\OkuV�t�tY|9$Y\&'p#)o[kh#mp*#bT`ZqV x ∈ X ²\Y�bTWV^gWVY#bZ�© E f

h � ��� = f ² g`ZO\'c	ZY'p#%$Y\YtQVqkW\QX[h ® B�������
	����
�
� � � ��V r`\OkWxfv%'`xfr`r`|
H
c
H
rp'`c*eu\YjlVO�mVOZY#[kWhQX[ZOt&#)Tp#b\&$��

nQ\meucWp<\QX[ZOc�TWVOjlkuV^eu|dtQVqkW\QX[h+ZO\OkWhYjf\�\meuT`\�eu\Yr`\OkWT`c`ZY#[kWhYT`\&#dxQX�kW\YtYcp# � H ,v%'`xfr`rWV ® ��VOrp'`\YZOc`t ² rp'`c#eu\YjlVO�mVOZY#[kWhQX[ZOt&#)eu\QX[ZqVOZO\Yg`T`\QX[ZOc�rp'`cWp*#bTl]lkW\QX[hZO\^�a#�ZO\OkWhYjf\�\meuT`\'eu\Yr`\OkWT`c`ZY#[kWhYT`\&#�xQX�kW\YtYcp# ² T`\�e_'`xfvb\&# � H , v%'`xfr`rWV ²c`�+jf\YZO\&'`\Yvb\ ² tYrp'`\Ygp#mp ² X�kh#�eux&#bZ ² g`ZO\ H = h(H) , v%'`xfr`rWV ®�^~I}g~ 
K~ �3L ���
< ��5SR��:?WK�6lPSP89'L 	�RSP.? 5.6lP83:6�R 	 6 � ? 5.6lP83:6^~ ��VY'Q]feux
X ³ E ¶ c`�Ir ®'2j® µr® µ eMV^eucWp #b_�#I\meuc`T�X[r`\QX[\&$+jf\YTWX[ZY'`xfcp'`\YtQVOT`cl]'p<c`T`\&'WVOT`ZO|c�p�Vq�)\&'WVOT`ZO|�}+xfT`j`i`c`c

f ∈ (S↑
↓)
X ® ��k`]	obZO\Yvb\ ² t'rp'p#�eur`\OkW\^�a#bT`c`c ² g`ZO\

H , obZO\�v%'`xfr`rWV ² \Yrp'p#�e_#[kWcWp#tY\Y�%'WVYX[ZqVOy3_�cp#3TWV (S↑
↓)
X }+xfT`j`i`c`c

f 7→ f∧



2 � � � � #�� # � ��������� ����� 
�� � �#��� �5� � � 
�� � #�� # � ������� � � � �
c
f 7→ f∨ ² f ∈ (S↑

↓)
X ² e_#baWX[ZOtYxfy3_�cp#�r`\�rp'WVOtYclkWx

f∧(x) := inf
h∈H

(
h(h)

)−1
f(hx), f∨(x) := sup

h∈H

(
h(h)

)−1
f(hx), x ∈ X,

, X[\Y\YZOt&#bZYX[ZOt&#bT`T`\`'p#bvbxmk`]p'`c`�b\YtQVOT`TWVq]	p<c`T`\&'WVOT`ZqV'c�'p#bvbxmk`]p'`c`�b\YtQVOT`TWVq]p�Vq�)\&'WVOT`ZqVd}+xfT`j`i`c`c
f ® ��k`]�p<\YT`\YcfeMV H ² \Ygp#btYcfeuT`\ ² f∧ 6 f 6 f∨ TWV X ®

�������
	����
�
�
�
� ��y�$Yxfy r`\OkWxfv%'`xfr`r`x

H
$&#b� #�euc`T`c`g`T`\Yvb\*o[kh#mp*#bT`ZqV

p<\^�'T`\�rp'p#bt&'WVOZOc`ZOh�t'p<\YT`\Ycfe ² rp'`\QX[ZO\'rp'`cWX[\&#�euc`T`c`t�}+\&'Wp�VqkWhYT`|da #�euc'�T`c`g`T`|da�o[kh#mp*#bT`Z
1
c
\Yrp'p#�e_#[kWc`t

1h := h =: h1
eWk`]�tQX5#[n

h ∈ H ® w�'`cobZO\Qp ² \Ygp#btYcfeuT`\ ² vb\Qp<\Qp<\&'W}+c`�mp h
jf\&'p'p#bj`ZOT`\)rp'`\meu\Ok`��VY#bZYX�]'TWV)p<\YT`\Ycfe

H ∪ {1} r`\�rp'WVOtYclkWx h(1) = 1 ∈ H , ��e_#mX[h�v%'`xfr`rWV ®
� 5<LON.< ? �*LQPSR<L��.~ � �#	�)!%=� f∧ ∈ h

�w¨ ¦ ↓ �
f∨ ∈ h

�w¨ ¦ ↑ � � �
��� � 	 
 '%8����������	�����	 
 H � )� � ���2� 
 �"� f∧, f∨ ∈ h
�w¨ ¦ ↓↑ �

C
��k`] rp'`\Yc`�btY\OkWhYT`\Yvb\

h0 ∈ H
cWp*#%#mp

f∧(h0x) = inf
h∈H

(
h(h)

)−1
f
(
h(h0x)

)
=

= inf
h∈H

h(h0)
(
h(h)h(h0)

)−1
f
(
(hh0)x

)
=

= inf
h∈H

h(h0)
(
h(hh0)

)−1
f
(
(hh0)x

)
=

∣∣∣ ��#mp�p�V µ rp'`c S0 :=
{(

h(hh0)
)−1

f
(
(hh0)x

)
: h ∈ H

} X
h(h0)

tQp*#mX[ZO\
h

∣∣∣

= h(h0) inf
h∈H

(
h(hh0)

)−1
f
(
(hh0)x

)
= h(h0) inf

h∈Hh0

(
h(h)

)−1
f(hx) >

> h(h0) inf
h∈H

(
h(h)

)−1
f
(
(h)x

)
= h(h0)f∧(x)

tYtYcfeux
Hh0 := {hh0 : h ∈ H} ⊂ H

eWk`]�tQX5#[n
x ∈ X ® �3ZYX[y�eMV'X5'WVO�bx X�kh#=�eux&#bZ

f∧ ∈ h
�w¨ ¦ ↓ ® ��X�kWc��a# H , v%'`xfr`rWV ² ZO\ Hh0 = H

c��bTWVOj�Tp#%'WVOt&#bT'�
X[ZOtQV

>
��e_#mX[h�p<\^�'T`\	�mVYp*#bT`c`ZOh	TWV

= ® "ITWVqkW\Yvbc`g`T`\ 'WVYXbXbp�VOZY'`c`tQVY#bZYX�]c
f∨ ® B
�������
	����
�
�

�
� �+��eu\YjlVO�mVOZY#[kWhQX[ZOtQV)Tp#bZY'`xbeuT`\�tYcfe_#bZOh ² g`ZO\�eWk`]�tY|Y�r`\OkWTp#bT`cl]

f∧ ∈ h
�w¨ ¦ ↓↑ eu\QX[ZqVOZO\Yg`T`\�ZY'p#%$Y\YtQVOZOh ² g`ZO\&$Y|Ut H X[xf_�#mX[ZOtY\YtQVqkWcrp'WVOtY|da�#�euc`T`c`g`T`|da�o[kh#mp*#bT`Z3c�rp'WVOtY|da�\&$&'WVOZOT`|da�eWk`]�kWy�$Y\Yvb\Io[kh#mp*#bT`ZqV

c`�
H ® ��k`] f∨ ∈ h

�w¨ ¦ ↓↑ ZO\��a#�XbVYp<\&# ² T`\'X�kh#btY|Ip<c ®
+ kh#�euxfy3_�c`a`'p#b�bxmkWhqZqVOZ�'p#�@)VY#bZ+�mV^eMV^g`x 2 eWk`]`'WVO�[kWc`g`T`|?n)jlkuVYXbX[\Yt Φ\meuT`\&'`\meuT`|?n�}+xfT`j`i`c`a ®



� )�� #4� �	� ��	B��� �
%����# =�
%���� � � � �������"! � 2 � �
� L
? 5<L
	 6 �.~ ��� �����

H, H � )� � ����� 
 f ∈ (S↑
↓)
X � � ��)!%=�

U ® © E f
h � ��� ↓↑ = f∧ 6 f 6 f∨ =

© E h � ��� ↓↑
f

�2�
X
�

U*U ® © E fh � ��� = f∧
�2�

X
�"��)!%=�$� �"�����(� � �"��)!%=� 
 � ��)!%=� ' �B��������	���� �
%�������B%�' � �0' ���"� �������
����� �:� �	� ��� � �
����'(� � 


U*U µr® � « f∧ ⊂ S↑
�

U*U 2j® inf S /∈ S
�
f∧ = inf

(
S↑

↓

)X �2�
X

� Xbp ®K³ ? ¶ t µr® 2 � �
U*U*U ® f∨ =

© E h � ���
f

�2�
X

�"��)!%=� � �"�����(� �0�"��)!%=� 
 � ��)!%=� ' �B��������	����$�
%�������B%�' � �0' ���"� �������
����� �:� �	� ��� � �
����'(� � 

U*U*U µr® � « f∨ ⊂ S↓

�

U*U*U 2j® sup S /∈ S
�
f∨ = sup

(
S↑

↓

)X �2�
X

� Xbp ®K³ ? ¶ t µr® 2 � �
C
U ® ��VYXbXbp<\YZY'`cWp 'p#bvbxmk`]p'`c`�b\YtQVOT`T`xfy~p<c`T`\&'WVOT`ZOx f∧ 6 f ® w+\'rp'p#�e#�kW\^�a#bT`c`y ��c�\Yrp'p#�e_#[kh#bT`c`y µ f∧ 6

© E f
h � ��� ↓↑

TWV
X ® ��'`\Qp*#�ZO\Yvb\ ² eWk`]

rp'`\Yc`�btY\OkWhYT`\Ya�}+xfT`j`i`c`c
ϕ ∈ h

�w¨ ¦ ↓↑ ² p�Vq�)\&'`cp'`x&#mp<\Ya*}+xfT`j`i`cp#ba f ² rp'`ctQX5#[n
x ∈ X

r`\'\Yrp'p#�e_#[kh#bT`c`y � cWp*#%#mp

ϕ(x) =
(
h(h)

)−1
ϕ(hx)

Ax2

6
(
h(h)

)−1
f(hx)

eWk`]	tQX5#[n
h ∈ H.

�3ZYX[y�eMV
ϕ(x) 6 infh∈H

(
h(h)

)−1
f(hx) = f∧(x)

eWk`]�tQX5#[n
x ∈ X ® ��ZO\\Y�bTWV^gWVY#bZ ² g`ZO\!© E f

h � ��� ↓↑ 6 f∧
TWV

X ² c�eu\YjlVO�b|dtQVY#bZ U:eWk`] f∧ ®
"ITWVqkW\Yvbc`g`T`\�xQX[ZqVOTWVOtOkWc`tQVY#bZYX�] 'WVOt&#bTWX[ZOtY\�eWk`]

f∨ c`� U ®U*U ® � 	�� ##���
%�� ���:����� �P��X�kWc inf S /∈ S
c
f∧(x0) = inf S ² ZO\ ² tYtYcfeux�eu\YjlV6��mVOT`T`\Yvb\�t)rp'p#�eu|�euxf_�#mp�r ® U ² © E fh � ��� 6 f∧
TWV

X ² Z ® # ® © E fh � ��� (x0) = inf S ®�3ZYX[y�eMV�p<T`\^�a#mX[ZOtY\�}+xfT`j`i`c`a
ϕ ∈ h

�w¨ ¦P² p�Vq�)\&'`cp'`x&#mp<|?n	}+xfT`j`i`cp#ba f ²V'�bTWV^g`c`Z'c
f∧ ² r`xQX[ZO\�c inf

(
S↑

↓

)X
=
© E f

h � ��� = f∧ ® ��rp'`\YZOc`tYT`\Qp�X�kWxfgWVY#\QX[ZqVY#bZYX�]�ZO\OkWhYjf\'X[c`ZOxQVOi`cl] U*U 2j² Z ® # ® � « f∧ ⊂ S↑ ® �:�����
�"�
�4���:����� ����X�kWc-tY|dr`\OkWTp#bT`\ U*U 2j² ZO\�c`��r ® U*X5'WVO�bx�X�kh#�eux&#bZ© E f
h � ��� 6 f∧ = inf

(
S↑

↓

)X TWV
X ² g`ZO\'c	T`xQ�'T`\ ®w+xQX[ZOh�ZY#brp#%'`hc� «

f∧ ⊂ S↑ ® w+\�rp'p#�eWkW\^�a#bT`c`y �
f∧ ∈ h

�w¨ ¦ ↓↑ ² Z ® # ®tY|dr`\OkWTp#bT`\�xQX�kW\YtYcp#�3 © µ=4 ZY#b\&'p#mp<| 2 eWk`]�}+xfT`j`i`c`c f∧ tQp*#mX[ZO\ f ®�+ kh#�eu\��tQVOZY#[kWhYT`\ ² r`\�ZY#b\&'p#mp*# 2 cWp*#%#mp © E fh � ��� = f∧
TWV

X ®U*U*U�eu\YjlVO�b|dtQVY#bZYX�]�VOTWVqkW\Yvbc`g`T`\ ® B



2 � � � � #�� # � ��������� ����� 
�� � �#��� �5� � � 
�� � #�� # � ������� � � � �
�3ZYp*#bZOcWp eMVqkh#%#�Tp#bjf\YZO\&'`|9#zrp'`\QX[ZY#ba�@�cp#8}�VOj`ZO|/\&$�\meuT`\&'`\meuT`|?n

}+xfT`j`i`cl]ln ² jf\YZO\&'`|9#�p<\YvbxfZb$Y|dZOh�r`\Okh#b�bT`|Ip<c ®�^~I}g~��^~ � 	�P.? �*LQPSR<L � �FP878;SR � 1"<�LQK�6^~ ��k`]�rp'`\Yc`�btY\OkWhYT`\Ya'}+xfT`j'�
i`c`c

f ∈ (S↑
↓)
X \Yrp'p#�e_#[kh#bT`\dxlp<T`\^�a#bT`cp# ³ X�kh#btQV ¶ }+xfT`j`i`c`c f TWVdo[kh#mp*#bT`ZO|

h ∈ H ² V)cWp*#bT`T`\ � hf : x 7→ hf(x) ² x ∈ X ®
� 5<LON.< ? �*LQPSR<L 
K~ � �
��� ����� � )� � ���2�

H
� �"� � � ���
����'(�2� 
 �"� %��"! ��� �#(��)"�*����	���	������

h ∈ H
���

f ∈ h
�w¨ ¦ ↑ � �#�(�:��'�	��4����'�	������

f ∈ h
�w¨ ¦ ↓ � �
��	 % � 	��

hf ∈ h
�w¨ ¦ ↑ � �#�(�:��'�	��4����'�	������

hf ∈ h
�w¨ ¦ ↓ � � � �:�
�������:����� 
 %��"! f ∈ h

�S¨ ¦����� � �:�:	��
hf ∈ h

�S¨ ¦ �
C
(
f ∈ h

�w¨ ¦ ↑) =⇒ (hf)(hx) 6 hh(h)f(x) =
∣∣ jf\Qp�p<xfZqVOZOc`tYT`\QX[ZOh ∣∣ =

h(h)hf(x) = h(h)(hf)(x) ² x ∈ X ² h ∈ H ® "ITWVqkW\Yvbc`g`T`\�eWk`] f ∈ h
�w¨ ¦ ↓ ®�3ZYX[y�eMV)�mVOjlkWy3gp#bT`cp#�c�eWk`]

f ∈ h
�w¨ ¦�® B�^~I}g~ �.~ � ? 7�6
<<R��@�uL
	 ?2143 � � �.?�< ����?YN�P.? 5.?YN�P89�� � �FP878;SR �\~ w+\YjlV6�

�a#mp ² g`ZO\�rp'`c�\Yrp'p#�e_#[kh#bT`T`|?n	\Yv%'WVOT`c`gp#bT`cl]ln TWV ³ r`\OkWx ¶ v%'`xfr`r`x H xQX�kW\��
tYcl] ³ r`\OkWx ¶ \meuT`\&'`\meuT`\QX[ZOcUc`��\Yrp'p#�e_#[kh#bT`c`a 2 c � ��� p<\^�'T`\�rp'`\Yt&#%'Q]`ZOhkWc�@�h�eWk`]�r`\&'`\^�)eMVOy3_�#ba~gWVYX[ZOc

H ® ��VOr`\Qp<T`cWp ² g`ZO\�r`\meMp<T`\^�a#mX[ZOtY\
H ′ ⊂ H

�W� �M���	� �O�[� �W����� � ��� ��� �
H ² #mX�kWc#p<T`\^�a#mX[ZOtY\ tQX5#[n*jf\YTp#bg`T`|?nrp'`\Yc`�bt&#�e_#bT`c`a�tYcfeMV

h1 · · ·hn
X
hk ∈ H ′ rp'`c*jlVq�)eu\Qp k = 1, . . . , n

X[\Yt��
rWV^eMVY#bZ�X

H ² c �W� �M���	� �O�[� � ��� ��� �
H ² #mX�kWc�p<T`\^�a#mX[ZOtY\)tQX5#[n�jf\YTp#bg`T`|?nrp'`\Yc`�bt&#�e_#bT`c`a	ZO\Yvb\��a#�tYcfeMV ² T`\�X hk ∈ H ′ clkWc h−1

k ∈ H ′ rp'`c�jlVq�)eu\Qp
k = 1, . . . , n ²�, obZO\'t�ZO\Yg`T`\QX[ZOc	v%'`xfr`rWV H ®

� L
? 5<L
	 6 
K~ ��� �����
f ∈ (S↑

↓)
X � � �
����%��"! ����#(� � ��	��
%����:�"�
�
	��4��� �

�# %#���� � �r�`°
X(·) ��� ³ � ¶ r ® 2j® µr® 2 �2� � %8	��4� ! ���
%��.����� 	�����'��

H ′ ⊂ H 
 ��� � =���*%=� �	�$	�	B����� � )� � ��� �
H 
 � � �:�"�# � �

f(hx) 6 h(h)f(x) ³ �E¨ ¶
%��"!�'��#	
�

h ∈ H ′ � x ∈ �r�`° X(·) 
 �"� ³ �E¨ ¶ ' �B��������	���� %��"!�'��#	
�
h ∈ H

�
x ∈ X

�"� �2�"����)����4���*�: �� ���4��	���	
6

' ³ �E¨ ¶ �2� >
�����

=
�

� �
��� %��"!�����#(� � ��	��
%����:�"�
�
	��4��� � �# %#���� � �r�`°
X(·) �2� � %8	��4� ! ���
% �

�.����� 	�����'��
H ′ ⊂ H 
 ���# =���*%=� �	�$	�	0)� � ��� � H 
 � � �:�"�# � � f(hx) =

h(h)f(x)
%��"! '��#	
�

h ∈ H ′ � x ∈ �r�`° X(·) 
 �"� f ∈ h
�w¨ ¦ ↓↑(X)

�
C
w+xQX[ZOh	X[TWV^gWVqkuV

H , r`\OkWxfv%'`xfr`rWV ® � \Yv�eMV t	xQX�kW\YtYcl]ln�ZY#b\&'p#mp<| �eWk`]�rp'`\Yc`�btY\OkWhYT`\Yvb\
h ∈ H

TWVOafeuxfZYX�]
h1, . . . , hn ∈ H ′ ² n ∈ N ² X	jf\��

ZO\&'`|Ip<c
h = h1 · · ·hn ® �3ZYX[y�eMV f(hx) = f(h1 · · ·hnx)

Ax2,(sh)

6 h(h1) ·
f(h2 · · ·hnx)

Ax2,(sh)

6 · · ·
Ax2,(sh)

6 h(h1) · · · h(hn)f(x) = h(h1 · · ·hn)f(x) =
h(h)f(x)

eWk`])kWy�$Y|?n
h ∈ H

t�rp'`\Yc`�btY\OkWhYT`\Ya�\&'p$Yc`ZY#P�r�`°
X(·) 3 x ² V+�bTWV6�g`c`Z�c kWy�$Y|?n

x ∈ X ² g`ZO\'c	ZY'p#%$Yx&#bZYX�] ® ��k`] >
c

=
VOTWVqkW\Yvbc`g`T`\ ®



� )�� #4� �	� ��	B��� �
%����# =�
%���� � � � �������"! � 2 ��µ
w+xQX[ZOh�ZY#brp#%'`h

H , v%'`xfr`rWV ² V	�bTWV^g`c`Z	c H = h(H) , v%'`xfr`rWV ® ��k`]}+c`jlX[cp'`\YtQVOT`T`\Ya�\&'p$Yc`ZO| �r�`°
(·) X+X[\Y\YZOt&#bZYX[ZOtYxfy3_�cWp�r`\&'`\^�)eMVOy3_�cWp Hp<T`\^�a#mX[ZOtY\Qp

H ′ 'WVYXbXbp<\YZY'`cWp�o[kh#mp*#bT`Z h ∈ H ² eWk`]�jf\YZO\&'`\Yvb\ h−1 ∈ H ′ ®� \Yv�eMV�eWk`]
x ∈ �r�`° (·) cWp*#%#mp f(x) = f(h−1hx) = h(h−1)f(hx) =(

h(h)
)−1

f(hx) ² Z ® # ® f(hx) =
(
h(h)

)
f(x)

eWk`]�kWy�$Y|?n
x ∈ �r�`° X(·) c

h−1 ∈ H ′ ® �%VOj`cWp�\&$&'WVO�b\Qp ² tY|dr`\OkWTp#bT`\ ³ �E¨ ¶ X 'WVOt&#bTWX[ZOtY\Qp =
tQp*#mX[ZO\

Tp#%'WVOt&#bTWX[ZOtQV
6
eWk`] tQX5#[n

h
c`�+p<T`\^�a#mX[ZOtQV

H ′ ∪ (H ′)−1 ⊂ H ² r`\&'`\^�)eMV6�y3_�#bvb\
H
jlVOj r`\OkWxfv%'`xfr`r`x ® ��X[ZqVY#bZYX�]�tY\QX[r`\OkWhY�b\YtQVOZOhQX�])eu\YjlVO�mVOT`T`|Ip ®

� � �
��� ��� � w�'`c H = R+
∗

X3\&$Y|dg`T`\Ya�X[ZY'`xfj`ZOxk'`\Ya p<xmkWhqZOc`rlkWc`jlVOZOc`t��
T`\Ya�v%'`xfr`r`|-eu\QX[ZqVOZO\Yg`T`\�rp'`\Yt&#%'Q]`ZOh
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[a, b] ² p<\YvbxfZ+cWp*#bZOh�T`xmkWc ² X[\YtYrWV^eMVOy3_�cp#?Xd\meuT`cWp*clkWcX�\&$Y\YcWp<c	jf\YT`iWVYp<c�obZO\Yvb\'\YZY'p#b�bjlV ® ��ZO\�X[tY\YaWX[ZOtY\'cWp*#%#bZ'tQVq�'T`\&#��bTWV^gp#=�T`cp#�eWk`]�p<T`\Yvbcln�rp'`clkW\^�a#bT`c`a ®�$ VYp*#bZOcWp ² g`ZO\'\&$Y|dg`T`|9#+\&'`ZO\Yvb\YTWVqkWhYT`|9#X+r`\OkW\^�'c`ZY#[kWhYT`|Ip�TWV
[a, b]

t&#mX[\Qp�r`\OkWc`T`\Qp<|�obZOcWp�tQVq�'T`|IpUX[tY\YaWX[ZOtY\Qp
Tp#+\&$OkuV^eMVOy3Z ®

+ e_'`xfvb\Ya�X[ZO\&'`\YT`|�\YZYp*#bZOcWp ² g`ZO\�t�'Q]fe_#�'WVY$Y\YZ�� ® � ®  -VY'WVOr`xbeuc`T`\��tQVA3 0 �eµ�2�4 $Y|?kWc�tYt&#�e_#bT`|�ZqVOj�TWVO�b|dtQVY#mp<|9#3Xbp*#�@)VOT`T`|9#�'Q]feu|�r`\�jlkuVYXbX[c'�gp#mX[j`cWp�\&'`ZO\Yvb\YTWVqkWhYT`|IpUr`\OkWc`T`\Qp�VYp ² gWVYX[ZOc`g`T`|9#)X[xlp�p<|�jf\YZO\&'`|?n	ZqVOj'��a# \&$OkuV^eMVOy3Z*X[tY\YaWX[ZOtY\Qp�X[\YtYrWV^e_#bT`cl]�cln��bTWV^gp#bT`c`a�t
jf\YT`iWVqn#\&$OkuVYX[ZOc
\&'`ZO\Yvb\YTWVqkWhYT`\QX[ZOc�X[\��bTWV^gp#bT`cl]Wp<c'cWX�nQ\meuT`\Ya'}+xfT`j`i`c`c ® � 'WVY$Y\YZqVqn�3 0 �eµ�2�4
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 �# 8�"��)"���2�"���(��� � ��� � � #(����	�' � 2 �1�
$Y|?kWc�r`\me_'`\&$YT`\dcWXbX�kh#�eu\YtQVOT`|#VOr`rp'`\YjlX[cWp�VOZOc`tYT`|9#�X[tY\YaWX[ZOtQVdXbp*#�@)VOT`T`|?n
'Q]feu\Yt eWk`]�}+xfT`j`i`c`a#c`�`'WVO�[kWc`g`T`|?n#}+xfT`j`i`c`\YTWVqkWhYT`|?n*rp'`\QX[ZY'WVOTWX[ZOt�c
jlkuVYXbX[\Yt ® �#gWVYX[ZOT`\QX[ZOc ² $Y|?kW\+r`\YjlVO�mVOT`\ ² g`ZO\�gWVYX[ZOc`g`T`|9#IX[xlp�p<|�Xbp*#�@)VOT'�T`|?n 'Q]feu\Yt'r`\�jlkuVYXbX[c`gp#mX[j`cWp�\&'`ZO\Yvb\YTWVqkWhYT`|IpUr`\OkWc`T`\Qp�VYp<c ² t'\YZmkWc`g`cp#\YZ�X[xlp�p ��xk'`h&#�r`\)obZOcWp��a#�r`\OkWc`T`\Qp�VYp ² xQX[rp#�@�T`\)p<\YvbxfZa$Y|dZOh)cWX[r`\OkWh���b\YtQVOT`|�t��mV^eMV^gWVqn ² t�jf\YZO\&'`|?n�ZY'p#%$Yx&#bZYX�]U\meuT`\Yt&'p#mp*#bT`T`\
rp'`cp$OkWcl��VOZOheucW}�}�#%'p#bT`i`cp'`x&#mp<xfy�}+xfT`j`i`c`y�c #%#�Tp#mX[jf\OkWhYjf\)rp'`\Yc`�btY\meuT`|?n ®

��TWVYX[ZO\^]`_�#baa'WVY$Y\YZY#�r`\YjlVO�mVOT`\ ² g`ZO\�jlkuVYXbX[c`gp#mX[j`cp#?r`\OkWc`T`\Qp<| A�#%$Y|Y�
@�#btQV

Tα−r,β−rk (x,N+r) ³ r 6 k 6 N+r−1 ¶�² \Yrp'p#�e_#[k`]p#mp<|9#�'WVO�bT`\QX[ZOT`\Ya}+\&'Wp<xmkW\Ya �<\me_'`c`v[V ³�2j® 2r¶�² rp'`c�xQX�kW\YtYc`c (k+α+β)[r] 6= 0
\&$&'WVO�bxfy3Z�\&''�

ZO\Yvb\YTWVqkWhYT`xfy X[cWX[ZY#mp<x�\YZOT`\QX[c`ZY#[kWhYT`\#X[jlVqk`]p'`T`\Yvb\
rp'`\Yc`�bt&#�e_#bT`cl]�ZOc`rWV
+ \&$Y\Okh#btQV�X�kh#�euxfy3_�#bvb\�tYcfeMV �

〈f, g〉 =
N∑

j=0

µ(j)∆rf(j)∆rg(j),

v�e_#
∆f(j) = f(j + 1) − f(j) ² ∆rf(j) = ∆∆r−1f(j) , jf\YTp#bg`TWVq] 'WVO�=�T`\QX[ZOh ² µ(x) , t&#mX[\YtQVq]�}+xfT`j`i`cl] ® ��VYXbXbp<\YZY'p#bT`| jf\YTp#bg`T`|9#�'Q]feu| ��x �

'`h&#�eucWX[jp'p#bZOT`|?n
}+xfT`j`i`c`a�r`\ obZO\Ya
X[cWX[ZY#mp*# ® ��ZOcs'Q]feu|~rp'p#�eMX[ZqVOtOk`]`y3ZX[\&$Y\YaUgWVYX[ZOT`|da�X�kWxfgWVOa�Xbp*#�@)VOT`T`|?n8'Q]feu\Yt�r`\�r`\OkWc`T`\Qp�VYp A�#%$Y|B@�#btQV
Tα,βn (x,N) ² cWXbX�kh#�eu\YtQVOT`T`|?n�tYrp#%'`tY|9#�t 'WVY$Y\YZY#I3 µ��64w® ��VYpzr`\YTWV^eu\&$Yc`ZYX�]'Q]fe	X[tY\YaWX[ZOt�r`\OkWc`T`\Qp<\Yt A�#%$Y|B@�#btQV

Tα,βn (x,N) ² jf\YZO\&'`|9#3p<|8X[\&$&#%'p#mp�tX�kh#�euxfy3_�#mpUrWVY'WVOv%'WVY}�# ®
�^~���L:7�? 3�? 589'L�1OKMLON:LQPSR�� ? �.?�<<RSP.?�	 6 ����L
/ 9��#LQK�6��

? 583�? �(?WP.6
<��uP89��UP.6 5.6lKuP.?�	+L:5SP.?���1YL:3�7 L
w+xQX[ZOh

N , TWVOZOxk'WVqkWhYT`\&# ² α ² β , rp'`\Yc`�btY\OkWhYT`|9#�t&#b_�#mX[ZOt&#bT`T`|9#�g`cWX9�kuV ® w+\OkW\^�'cWp

ρ(x) = ρ(x;α, β,N) =
Γ(x+ β + 1)Γ(N − x+ α)

Γ(x+ 1)Γ(N − x)
, (2.1)

Tα,βn (x,N) =
(−1)n

n!(N − 1)[n]ρ(x)
∆n
{
ρ(x)(x −N − α)[n]x[n]

}
, (2.2)

v�e_#
∆nf(x) , jf\YTp#bg`TWVq]�'WVO�bT`\QX[ZOh n � vb\�r`\&'Q]feujlV'}+xfT`j`i`c`c f(x) t�ZO\Yg'�jk#
x ² Z ® # ® ∆0f(x) = f(x) ² ∆1f(x) = ∆f(x) = f(x + 1) − f(x) ²

∆nf(x) = ∆∆n−1f(x) (n > 1) ² a[0] = 1 ² a[k] = a(a−1) · · · (a−k+1)
rp'`c



2 � � �
�� ��"� � %�������' �2� � �

k > 1 ® ��k`]'jlVq�)eu\Yvb\ 0 6 n 6 N−1
'WVOt&#bTWX[ZOtY\ ³�2j® 2r¶ \Yrp'p#�e_#[k`]p#bZA3 µ � �eµ60/4VqkWv%#%$&'WVOc`gp#mX[j`c`a�r`\OkWc`T`\Qp�X[ZY#brp#bT`c
n ² eWk`]	jf\YZO\&'`\Yvb\

Tα,βn (N − 1, N) =

(
n+ α

n

)
, Tα,βn (0, N) = (−1)n

(
n+ β

n

)
.

w+\OkWT`|9#%eu\YjlVO�mVOZY#[kWhQX[ZOtQV�rp'`c`t&#�e_#bT`T`|?n+T`cl�a#:X[tY\YaWX[ZOt?r`\OkWc`T`\Qp<\Yt A�#%$Y|Y�
@�#btQV

Tα,βn (x,N)
p<\^�'T`\+TWVOa`ZOc ² TWVOrp'`cWp*#%' ² t+p<\YT`\Yv%'WVY}+c`c�3 µ��64w® w�'p#[�)e_#tQX5#bvb\d\YZYp*#bZOcWp ² g`ZO\Ir`\OkWc`T`\Qp<| Tα,βn (x,N)

eu\Yr`xQX[jlVOy3ZdX�kh#�euxfy3_�#%#�]`tYT`\&#
rp'p#�eMX[ZqVOtOkh#bT`cp# �

Tα,βn (x,N) = (−1)n
Γ(n+ β + 1)

n!
×

×
n∑

k=0

(−1)k
n[k](n+ α+ β + 1)kx

[k]

Γ(k + β + 1)k!(N − 1)[k]
.

(2.3)

��X�kWc
α ² β > −1 ² ZO\�r`\OkWc`T`\Qp<| Tα,βn (x,N) (0 6 n 6 N − 1)

\&$&'WVO�bxfy3Z
\&'`ZO\Yvb\YTWVqkWhYT`xfy~X�t&#mX[\Qp

ρ(x) ³ Xbp ®T³�2j® µ7¶E¶ X[cWX[ZY#mp<x	TWV�p<T`\^�a#mX[ZOt&# ΩN =
{0, 1, . . . , N − 1} ² ZO\Yg`Tp#%#

∑

x∈ΩN

µ(x)Tα,βn (x,N)Tα,βm (x,N) = hα,βn,Nδnm, (2.4)

v�e_#
δnm , X[cWp<tY\Ok���'`\YTp#bjk#%'WV ²

µ(x) = µ(x;α, β,N) =
Γ(N)2α+β+1

Γ(N + α+ β + 1)
ρ(x) =

=
Γ(N)2α+β+1

Γ(N + α+ β + 1)

Γ(x+ β + 1)Γ(N − x+ α)

Γ(x+ 1)Γ(N − x)
,

hα,βn,N =
(N + n+ α+ β)[n]

(N − 1)[n]
Γ(n+ α+ 1)Γ(n+ β + 1)2α+β+1

n!Γ(n+ α+ β + 1)(2n+ α+ β + 1)
.

w�'`c
n = 0

rp'`\Yc`�bt&#�e_#bT`cp#
(α+ β +1)Γ(α+ β+1)

X�kh#�eux&#bZ)�mVYp*#bT`c`ZOh)TWV
Γ(α+ β + 2) ® ��k`] 0 6 n 6 N − 1

r`\OkW\^�'cWp

τα,βn (x) = τα,βn (x,N) =
{
hα,βn,N

}−1/2

Tα,βn (x,N).

�3gp#btYcfeuT`\ ² #mX�kWc 0 6 n,m 6 N − 1 ² ZO\
N−1∑

x=0

µ(x)τα,βn (x,N)τα,βm (x,N) = δnm.



� !(% � � �  ��	 ���*�����������"� �4� 
 �# 8�"��)"���2�"���(��� � ��� � � #(����	�' � 2 �'0
��'`xfvbcWp<c�X�kW\YtQVYp<c ² p<T`\Yvb\Yglkh#bT`| τα,βn (x,N) (0 6 n 6 N − 1)

\&$&'WVO�bxfy3Z
\&'`ZO\YT`\&'Wp<cp'`\YtQVOT`T`xfy{X+t&#mX[\Qp

µ(x)
X[cWX[ZY#mp<x�TWV

ΩN ®��\&'Wp<xmkuV���'`cWX[ZO\Q}�}�#[k`] , �)VY'p$Yx{eWk`] p<T`\Yvb\Yglkh#bT`\Yt A�#%$Y|B@�#btQV
cWp*#%#bZ'X�kh#�euxfy3_�c`a	tYcfe �

K
α,β
n,N (x, y) =

n∑

k=0

τα,βk (x)τα,βk (y) =

n∑

k=0

Tα,βk (x)Tα,βk (y)

hα,βk,N
=

=
(N − 1)[n+1]

(N + n+ α+ β)[n]
2−α−β−1

2n+ α+ β + 2

Γ(n+ 2)Γ(n+ α+ β + 2)

Γ(n+ α+ 1)Γ(n+ β + 1)
×

×T
α,β
n+1(x)T

α,β
n (y)− Tα,βn (x)Tα,βn+1(y)

x− y
.

w+\QX[jf\OkWhYj`x
∆a[k] = ka[k−1] ² ZO\'c`� ³�2j® � ¶ TWVqnQ\meucWp
(n+ 1)Tα,βn+1(x,N) + (n+ β + 1)Tα,βn (x,N) =

=
2n+ α+ β + 2

N − 1
xTα,β+1

n (x − 1, N − 1).

�+�r'WVOt&#bTWX[ZOtQV
µ(N − 1 − x;β, α,N) = µ(x;α, β,N) ² Tp#br`\QX5'p#�eMX[ZOt&#bT'�T`\�tY|dZY#bjlVOy3_�#bvb\�c`�3X[\Y\YZOT`\(@�#bT`cl])\&'`ZO\Yvb\YTWVqkWhYT`\QX[ZOc ³�2j® ��¶�² X�kh#�eux&#bZ ² g`ZO\rp'`c

α, β > −1

Tα,βn (x,N) = (−1)nT β,αn (N − 1− x,N).
w+\QX[jf\OkWhYj`x#\&$&#	gWVYX[ZOc�obZO\Yvb\ 'WVOt&#bTWX[ZOtQV�VOTWVqkWc`ZOc`g`T`| \YZOT`\QX[c`ZY#[kWhYT`\

αc
β ² ZO\�\YT`\�X[rp'WVOt&#�eWkWc`tY\�eWk`]�rp'`\Yc`�btY\OkWhYT`|?n α c β ® �+� ³�2j® µ��d¶ c ³�2j® µrµ7¶cWp*#%#mpUZqVOjl�a#�X�kh#�euxfy3_�#%#�'WVOt&#bTWX[ZOtY\ �

(n+ α+ 1)Tα,βn (x,N)− (n+ 1)Tα,βn+1(x,N) =

=
2n+ α+ β + 2

N − 1
(N − 1− x)Tα+1,β

n (x,N − 1).

��#br`\QX5'p#�eMX[ZOt&#bT`T`\�c`��]`tYT`\Ya }+\&'Wp<xmkW| ³�2j® � ¶ p<|�p<\^�a#mp#tY|dt&#mX[ZOc	X�kh#�eux �y3_�#%#+r`\Okh#b�bT`\&#�'WVOt&#bTWX[ZOtY\

∆mTα,βn (x,N) =
(n+ α+ β + 1)m

(N − 1)[m]
Tα+m,β+mn−m (x,N −m), (2.5)

v�e_#
(a)0 = 1 ² (a)k = a(a + 1) · · · (a + k − 1)

rp'`c
k > 1 ® ��X�kWc β ZqVOjf\&#ip#[kW\&#+g`cWX�kW\ ² g`ZO\ −n 6 β 6 −1 ² ZO\'c`� ³�2j® �r¶ tY|dtY\meucWp#ZqVOjl�a#

Tα,βn (x,N) =
(n+ β)!

n!

(n+ α)[−β]x[−β]

(N − 1)[−β]
Tα,−βn+β (x+ β,N + β), (2.6)



2 � � �
�� ��"� � %�������' �2� � �

Va#mX�kWc
α
c
β , ip#[kW|9# ² −n 6 β 6 −1 ² −(n+ β) 6 α 6 −1 ² N > 2 ² ZO\

Tα,βn (x,N) =
(−1)αx[−β](N − x− 1)[−α]

(N − 1)[−β](N − 1 + β)[−α]
T−α,−β
n+α+β(x + β,N + α+ β).

��VO�bT`\QX[ZOTWVq]'}+\&'Wp<xmkuV��<\me_'`c`v[V ³�2j® µ7¶ eu\Yr`xQX[jlVY#bZ�X�kh#�euxfy3_�#%#d\&$Y\&$Y_�#bT`cp# �
ρ(x+m;α, β,N +m)Tα,βn (x +m,N +m) =

=
(−1)m

n[m](N)m
∆m

{
ρ(x;α +m,β +m,N)Tα+m,β+mn−m (x,N)

}
,

(2.7)

jf\YZO\&'`\&# ² tYrp'`\Ygp#mp ² Tp#br`\QX5'p#�eMX[ZOt&#bT`T`\�tY|dZY#bjlVY#bZ�c`� ³�2j® µ7¶�®�$ VYp*#bTl]l]���e_#mX[h
m
TWV

ν ² α c β TWV m− ν ² n TWV k + ν −m ² p<|{p<\^�a#mp�ZqVOjl�a#+�mVOr`cWXbVOZOh
∆ν
{
(x+ 1)m(N − x)mT

m,m
k−m(x,N)

}
=

(−1)ν(k + ν −m)[ν](N + ν − 1)[ν](x+ 1 + ν)m−ν×
×(N − x)m−νT

m−ν,m−ν
k+ν−m (x+ ν,N + ν).

��X�kWc�t�'WVOt&#bTWX[ZOt&# ³�2j® 0;¶ p<|#�mVYp*#bT`cWp α ² β c n ² X[\Y\YZOt&#bZYX[ZOt&#bT`T`\ ² TWV α−m ²
β −m

c
k +m ² ZO\'rp'`cfe_#mpUj�}+\&'Wp<xmkh#

∆mTα−m,β−mk+m (x,N) =
(k + α+ β)[m]

(N − 1)[m]
Tα,βk (x,N −m). (2.8)

�.~��$/ ? 583�? �(?WP.6
<��uP.?2143lR �.?�<<RSP.?�	 ?WK
��L
/ 9��#LQK�6

Tα−r,β−rn (x,N)
�.? � ?2/2?�<�LQKN�

��k`]�rp'`\Yc`�btY\OkWhYT`|?n
α, β > −1

cUip#[kW\Yvb\
r > 0

'WVYXbXbp<\YZY'`cWp~X[\Y\YZ6�
T`\(@�#bT`cp#I\&'`ZO\Yvb\YTWVqkWhYT`\QX[ZOc ³�2j® ��¶ c�r`\meMX[ZqVOtYcWp*tQp*#mX[ZO\ Tα,βk (x,N)

tY|9'WV6�
�a#bT`cp#

Tα,βk−r(x,N) =
(N + r − 1)[r]

(k − r + α+ β)[r]
∆rTα−r,β−rk (x,N + r), (3.1)

jf\YZO\&'`\&#�tY|dZY#bjlVY#bZ)Tp#br`\QX5'p#�eMX[ZOt&#bT`T`\�c`� ³�2j® �d¶�® � \Yv�eMV�r`\OkWxfg`cWp
∑

x∈ΩN

µ(x)∆rTα−r,β−rn (x,N + r)∆rTα−r,β−rm (x,N + r) =

=

(
(n− r + α+ β)[r]

(N + r − 1)[r]

)2

hα,βn−r,Nδnm.
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�3ZYX[y�eMV

〈
Tα−r,β−rn (∗, N + r), Tα−r,β−rm (∗, N + r)

〉
=

=
∑

x∈ΩN

µ(x)∆rTα−r,β−rn (x,N + r)∆rTα−r,β−rm (x,N + r) =

=

(
(n− r + α+ β)[r]

(N + r − 1)[r]

)2

hα,βn−r,Nδnm.

(3.2)

��VOt&#bTWX[ZOtY\ ³ � ® µ7¶�² X�r`\Qp<\Y_�hYy�jf\YZO\&'`\Yvb\�p<|�tY|dt&#[kWc ³ � ® 2r¶�² cWp*#%#bZXbp<|IX�k ² #mX�kWc�tY|9'WVq�a#bT`cp# (k + α + β)[r]
Tp#
\&$&'WVO_)VY#bZYX�]�t�T`xmkWh ® ��|'WVYXbXbp<\YZY'`cWp8'WVO�[kWc`g`T`|9#�X�kWxfgWVOc ®

� ����	�� � 	
� w+xQX[ZOh
β = 0 ² α , Tp#bip#[kW\&# ® � \Yv�eMVd\Ygp#btYcfeuT`\ ² g`ZO\3jlVOjf\YtY|$Y|�T`c`$Y|?kWc�ip#[kW|9#

k
c
r
t&#[kWc`g`c`TWV

(k+α+β)[r]
Tp#d\&$&'WVO_)VY#bZYX�])t�T`xmkWh ²Z ® # ® (k + α + β)[r] = (k + α)[r] 6= 0 ² X�kh#�eu\YtQVOZY#[kWhYT`\ ² 'WVOt&#bTWX[ZOtY\ ³ � ® 2r¶cWp*#%#bZ�p*#mX[ZO\#eWk`]8rp'`\Yc`�btY\OkWhYT`|?n

n,m > 0 ® � obZO\Qp�gWVYX[ZOT`\Qp�X�kWxfgWVY#'WVOt&#bTWX[ZOtYx ³ � ® 2r¶ p<\^�'T`\3rp'`cfeMVOZOh+X�kh#�euxfy3_�c`a�tYcfe (µ(x) = µ(x;α, 0, N)) �
〈
Tα−r,−rn (∗, N + r), Tα−r,−rm (∗, N + r)

〉
=

=
∑

x∈ΩN

µ(x)∆rTα−r,−rn (x,N + r)∆rTα−r,−rm (x,N + r) =

=

(
(n− r + α)[r]

(N + r − 1)[r]

)2

hα,0n−r,Nδnm (n,m > r).

(3.3)

��VOt&#bTWX[ZOtY\ ³ � ® � ¶ p<\^�'T`\`'WVYXbXbp�VOZY'`c`tQVOZOh'jlVOj�X[\Y\YZOT`\(@�#bT`cp#+\&'`ZO\Yvb\YTWVqkWh��T`\QX[ZOc�eWk`]�r`\OkWc`T`\Qp<\Yt A�#%$Y|B@�#btQV
Tα−r,−rn (x,N+r) (r 6 n 6 N+r−1)\YZOT`\QX[c`ZY#[kWhYT`\�X[jlVqk`]p'`T`\Yvb\�rp'`\Yc`�bt&#�e_#bT`cl]�ZOc`rWV + \&$Y\Okh#btQV	X�kh#�euxfy3_�#bvb\tYcfeMV �

〈f, g〉 =
∑

x∈ΩN

µ(x)∆rf(x)∆rg(x). (3.4)

� ����	�� �	� � w+xQX[ZOh
α = β = 0 ² k > 2r ® � \Yv�eMV (k − r + α + β)[r] =

(k − r)[r] 6= 0 ² c r`\YobZO\Qp<x X[T`\YtQV�cWp*#%#bZ'p*#mX[ZO\`'WVOt&#bTWX[ZOtY\ ³ � ® 2r¶�² Z ® # ®
〈
T−r,−r
n (∗, N + r), T−r,−r

m (∗, N + r)
〉
=

=
∑

x∈ΩN

µ(x)∆rT−r,−r
n (x,N + r)∆rT−r,−r

m (x,N + r) =

=

(
(n− r)[r]

(N + r − 1)[r]

)2

h0,0n−r,Nδnm (n,m > 2r).

(3.5)
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��VOt&#bTWX[ZOtY\ ³ � ® �r¶ \Y�bTWV^gWVY#bZ ² g`ZO\
r`\OkWc`T`\Qp<| T−r,−r
n (x,N + r) (2r 6

n 6 N + r − 1)
\&'`ZO\Yvb\YTWVqkWhYT`|zr`\ + \&$Y\Okh#btYx'\YZOT`\QX[c`ZY#[kWhYT`\'X[jlVqk`]p'`T`\Yvb\rp'`\Yc`�bt&#�e_#bT`cl] ³ � ® ��¶�®


K~ � �uN 9�� ��5 �ML �.? �.?�<<RSP.?�	 6�	 ��L
/ 9��#LQK�6
Tα−r,−rn (x,N + r)

�
? 583�? �(?WP.6
<��uP89 	 �.? � ?2/2?�<�LQKN���.1"< ��>.6 ��N 5.?2/WP.? �(?

α

��$Y\Y�bTWV^g`cWp	gp#%'p#b�
lN+r
2,α

rp'`\QX[ZY'WVOTWX[ZOtY\+}+xfT`j`i`c`a
f = f(x) ² �mV^eMVOT`T`|?nTWV�p<T`\^�a#mX[ZOt&#

ΩN+r = {0, 1, . . . , N + r − 1} ² t�jf\YZO\&'`\Qp~\Yrp'p#�e_#[kh#bT`\X[jlVqk`]p'`T`\&#�rp'`\Yc`�bt&#�e_#bT`cp#

(f, g) =

r−1∑

ν=0

∆νf(x)∆νg(x)
∣∣
x=0

+
∑

x∈ΩN

µ(x)∆rf(x)∆rg(x), (4.1)

v�e_#
f, g ∈ lN+r

2,α ² µ(x) = µ(x;α, 0, N) ² ΩN = {0, 1, . . . , N − 1} ®��VYXbXbp<\YZY'`cWp�X�kh#�euxfy3_�cp#�}+xfT`j`i`c`c �
ϕk(x) =

x[k]

k!
, k = 0, 1, . . . , r − 1, (4.2)

ϕk(x) =
(N + r − 1)[r]

(k − r + α)[r]
(hα,0k−r,N )−

1
2 Tα−r,−rk (x,N + r),

r 6 k 6 N + r − 1.

(4.3)

�+� ³ � ® � ¶ Tp#bZY'`xbeuT`\'xftYcfe_#bZOh ² g`ZO\'X[rp'WVOt&#�eWkWc`tQV)X�kh#�euxfy3_)Vq]
� L
? 5<L
	 6 }g~ � � ��������� ϕk(x) 
 0 6 k 6 N + r− 1 
 ���: =	 %8	���	������ 	  �� �'�	�������'
�4�.�

(4.2)
�
(4.3) 
 � ## �� � � �*��������� � � '

lN+r
2,α

�# 8�"�����# ��.�: =��'
�"��� � �
�
�����"	�� � �:�����:�
���"	����(���$�
���"�"!: �����)"� �: =�����#'�	 %8	����"!

(4.1)
�

��k`]
f ∈ lN+r

2,α

p<| p<\^�a#mp~\Yrp'p#�e_#[kWc`ZOh#jf\Yom}�}+c`i`cp#bT`ZO| ��xk'`h&#�r`\
X[cWX[ZY#mp*# {ϕk(x)} �

fk = (f, ϕk) = ∆kf(0), 0 6 k 6 r − 1,

fk = (f, ϕk) =
(N + r − 1)[r]

(k − r + α)[r]
(hα,0k−r,N )−

1
2×

×
∑

t∈ΩN

µ(t)∆rf(t)∆rTα−r,−rk (t,N + r), r 6 k 6 N + r − 1.

(4.4)

+ \Y\YZOt&#bZYX[ZOtYxfy3_�c`a 'Q]fe
��xk'`h&# }+xfT`j`i`c`c
f
r`\
X[cWX[ZY#mp*# {ϕk(x)}N+r−1

k=0cWp*#%#bZ�tYcfe

f(x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+ F

N
r,α(x), (4.5)
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 �# 8�"��)"���2�"���(��� � ��� � � #(����	�' � 2 �jµ
v�e_#

F
N
r,α(x) =

N+r−1∑

k=r

fk
(N + r − 1)[r]

(k − r + α)[r]
(hα,0k−r,N )−

1
2 Tα−r,−rk (x,N + r). (4.6)

+ e_'`xfvb\Ya�X[ZO\&'`\YT`| ² t'X[clkWx ³ � ® µ7¶ c ³ ��® ��¶ cWp*#%#mp

fk = (hα,0k−r,N )−
1
2

∑

t∈ΩN

µ(t)Tα,0k−r(x,N)∆rf(t), r 6 k 6 N+r−1. (4.7)

+ xfgp#bZO\Qp ³ ��® 0;¶ p<|{p<\^�a#mpUrp#%'p#br`cWXbVOZOh ³ ��® �d¶ X�kh#�euxfy3_�cWpU\&$&'WVO�b\Qp �

F
N
r,α(x) =

N+r−1∑

k=r

fα,rk

(k − r + α)[r]hα,0k−r,N

Tα−r,−rk (x,N + r), (4.8)

v�e_#

fα,rk = (N + r − 1)[r]
∑

t∈ΩN

µ(t)Tα,0k−r(x,N)∆rf(t), r 6 k 6 N + r − 1.

��X�kWc�p<|�tY\QX[r`\OkWhY�bx&#mp�X�]�X[tY\YaWX[ZOtY\Qp ³�2j® �d¶�² ZO\�p<\^�a#mp��mVOr`cWXbVOZOh

Tα−r,−rk (x,N + r) =
(k − r)!

k!

(k − r + α)[r]x[r]

(N + r − 1)[r]
Tα−r,rk−r (x− r,N).

w+\meMX[ZqVOtOk`]l]�obZO\'tY|9'WVq�a#bT`cp#+t ³ ��® �d¶�² cWp*#%#mp

F
N
r,α(x) = x[r]

N+r−1∑

k=r

f̂α,rk

k[r]
Tα−r,rk−r (x− r,N), (4.9)

v�e_#

f̂α,rk =
1

hα,0k−r,N

∑

t∈ΩN

µ(t)Tα,0k−r(x,N)∆rf(t), r 6 k 6 N + r − 1.

��]feu| tYcfeMV ³ ��® �r¶�² t�jf\YZO\&'`|?n�tY|9'WVq�a#bT`cp# FN
r,α(x)

cWp*#%#bZ�tYcfe ³ ��® �d¶clkWc ³ ��® �d¶�² TWVO�b|dtQVOy3ZYX�]�Xbp*#�@)VOT`T`|Ip<cr'Q]feMVYp<c�r`\�r`\OkWc`T`\Qp�VYp A�#%$Y|B@�#=�
tQV
Tα,0k (x,N) ® �3T`c'rp'p#�eMX[ZqVOtOk`]`y3Z�X[\&$Y\Ya�gWVYX[ZOT`|da�X�kWxfgWVOab$Y\Okh#%#d\&$Y_�clnXbp*#�@)VOT`T`|?na'Q]feu\Yt+r`\�r`\OkWc`T`\Qp�VYp A�#%$Y|B@�#btQV

Tα,βk (x,M) ² 'WVYXbXbp<\YZY'p#bT'�T`|?n�c	cWXbX�kh#�eu\YtQVOT`T`|?n�tYrp#%'`tY|9#+tb'WVY$Y\YZqVqn 3 �X²^µ��64w®
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T`\&#)rp#%'`c`\meuc`gp#mX[jf\&#)c`��eMVOT`cp# ² tY|?nQ\meW]`_�#%#�Tp#'p*#bTp#%#'\meuT`\Yvb\ 'WVO�mV�t	vb\me ®
+ $Y\&'`T`c`j�c`��eMVY#bZYX�] � �'T`|Ip�p�VOZY#mp�VOZOc`gp#mX[j`cWp�c`TWX[ZOc`ZOxfZO\Qp , }+clkWcWV6�
kW\Qp8��kuV^euc`jlVOtYjlVO�mX[jf\Yvb\�TWV^xfg`T`\Yvb\)ip#bT`ZY'WVb�H"�� ®�zr`xk$OkWc`jlVOi`c`c)t�X5$Y\&'`T`c`j)rp'`c`T`cWp�VOy3ZYX�]'p�VOZY#%'`cWVqkW| 'p#bvbc`\YTWVqkWhYT`|?n ²'`\QXbX[c`aWX[j`cln�c�p*#[�)euxfTWVY'`\meuT`|?n�}+\&'`xlp<\Yt ³ jf\YTW}�#%'p#bT`i`c`a ² X[cWp<r`\Y�bc`xlp<\Yt ²X5#mp<c`TWVY'`\Yt�c�Z ® e ® ¶�² \QX[t&#b_)VOy3_�cp#�T`\Yt&#ba�@�cp#+eu\QX[ZOcl�a#bT`cl]*X[\Yt&'p#mp*#bT`T`\Yap�VOZY#mp�VOZOc`gp#mX[jf\Ya)TWV^xfj`c ®
+ ZqVOZOhYc ² 'WVOTp#%#?\Yr`xk$OkWc`jf\YtQVOT`T`|9# ² V�ZqVOjl�a#?rp'`c'�Tl]`ZO|9#�j�\Yr`xk$OkWc`jf\YtQVOT`c`y#tde_'`xfvb\Qp	c`��eMVOZY#[kWhQX[ZOt&# ² 'p#�eujf\Ok`kh#bvbcp#ba�Tp#�'WVYX9�Xbp�VOZY'`c`tQVOy3ZYX�] ® w�'`c'\YZY$Y\&'p#dp�VOZY#%'`cWVqkW\Yt�eWk`]�X5$Y\&'`T`c`jlV�\Yrp'p#�e_#[k`]`y3_�cWp]`tOk`]p#bZYX�]
tY|IX[\Yj`c`a*TWV^xfg`T`|da
xk'`\Yt&#bT`h ® w+\QX[ZOxfr`c`t(@�cp#)t 'p#�eMVOj`i`c`y X[ZqV6�ZOhYc	rp'`\^nQ\meW]`Z�\&$^]`�mVOZY#[kWhYT`\&#3TWV^xfg`T`\&#�'p#bip#bT`�bcp'`\YtQVOT`cp# ®�>#bjlX[Z
X[ZqVOZOhYc
eu\Ok`�a#bT	$Y|dZOh�TWVOr`cWXbVOT#TWVr'`xQXbX[jf\Qp8clkWcUVOT`v�kWc`aWX[jf\Qp
]`�b|djk#�c�ZO_)VOZY#[kWhYT`\#tY|dt&#%'p#bT ® � TWV^gWVqkh#�X[ZqVOZOhYc�xfjlVO�b|dtQVY#bZYX�]Uc`Tfe_#bjlX���a� ² � ® � ® � ® VOtYZO\&'WV ³ \Yt ¶�² VOT`T`\YZqVOi`cl] ³ Tp#?X[\me_#%'Q��VO_)Vq]�}+\&'Wp<xmk ¶ c�jlkWy �gp#btY|9#IX�kW\YtQV ® ��VO�btQVOT`cp#dX[ZqVOZOhYc ² � ® � ® � ® VOtYZO\&'WV ³ \Yt ¶�² VOT`T`\YZqVOi`c`y�c'jlkWy �gp#btY|9#IX�kW\YtQV�Tp#b\&$^nQ\meucWp<\�rp'p#�eu\QX[ZqVOtYc`ZOh+TWV�VOT`v�kWc`aWX[jf\Qp*cb'`xQXbX[jf\Qp�]`�b|Y�
jlVqn ®

+ r`cWX[\Yj�kWc`ZY#%'WVOZOxk'`|�rp#bgWVOZqVY#bZYX�]�t�jf\YT`ip#�ZY#bjlX[ZqV�X[ZqVOZOhYc ® �DTp#mpeu\Ok`�'T`|	$Y|dZOhIxfjlVO�mVOT`| � eWk`]�X[ZqVOZOh&#ba , VOtYZO\&' ² r`\OkWT`\&#�TWVO�btQVOT`cp#:X[ZqVOZOhYc ²�'xk'`TWVqk ² vb\me�c`��eMVOT`cl] ² ZO\Qp ² T`\Qp*#%' ³ tY|dr`xQX[j ¶�² X[ZY'WVOT`c`i`|UTWV^gWVqkuVIc�jf\YT`iWVX[ZqVOZOhYc � eWk`]�j`T`c`v , VOtYZO\&' ² r`\OkWT`\&#ITWVO�btQVOT`cp# ² vb\&'`\me ² c`��eMVOZY#[kWhQX[ZOtY\ ² vb\mec`��eMVOT`cl] ² \&$Y_�#%#djf\OkWc`gp#mX[ZOtY\�X[ZY'WVOT`c`i ®�+ X[|?kWj`c�TWV�kWc`ZY#%'WVOZOxk'`x�t�ZY#bjlX[ZY#eMVOy3ZYX�] t'j`tQV^e_'WVOZOT`|?n�X[jf\&$YjlVqn ®
+ ZqVOZOhO]Ur`\meur`cWX[|dtQVY#bZYX�]UVOtYZO\&'`\Qp ³ jf\Ok`kh#bj`ZOc`tY\Qp~VOtYZO\&'`\Yt ¶ X�xfjlVO�mV6�T`cp#mp�}�VYp<clkWc`c ² cWp*#bT`c�c
\YZOgp#mX[ZOtQV ² r`\OkWT`\Yvb\ r`\Yg`ZO\YtY\Yvb\ V^e_'p#mXbV ² p*#mX[ZqV'WVY$Y\YZO| ² eu\Ok`�'T`\QX[ZOc ² r`\OkWT`\Yvb\�X�kWxQ�a#%$YT`\Yvb\�V^e_'p#mXbV ² V^e_'p#mXbV3o[kh#bj`ZY'`\YT`T`\Yar`\Yg`ZO|�c T`\Qp*#%'WV�ZY#[kh#m}+\YTWV ®��$ �>#mp�p�VOZY#%'`cWVqkuV�eu\Ok`�a#bT!$Y|dZOh8Tp# $Y\Okh#%# µr² � xQX�k ® rp#bg ® kWcWX[ZO\Yt³ ≈ µ�2 X ® }+\&'Wp�VOZqV�" �r¶�®�+ ZqVOZOhYc`$Y\OkWh(@�#bvb\�\&$ �>#mp�V�p<\YvbxfZ�$Y|dZOh�rp'`c`Tl]`ZO|j r`xk$OkWc`jlVOi`c`c r`\a'p#�@�#bT`c`y�'p#�eujf\Ok`kh#bvbc`c t)cWX[jlkWy3g`c`ZY#[kWhYT`|?n	X�kWxfgWVq]ln ®
+ ZqVOZOhYy Tp#b\&$^nQ\meucWp<\	r`\meuvb\YZO\YtYc`ZOh�X'cWX[r`\OkWhY�b\YtQVOT`cp#mp�p�VOjp'`\YrWVOjk#bZqV:K� �K¡ H c	\Q}+\&'Wp<c`ZOh'X[\Yv�kuVYX[T`\)X[ZqVOTfeMVY'`ZOT`|IpUZY'p#%$Y\YtQVOT`cl]Wp ² rp'p#�e��F]`tOk`]'�#mp<|Ip8j�VOtYZO\&'WX[j`cWpz\&'`c`vbc`TWVqkuVYp ® w�'`c�r`\meuvb\YZO\YtYjk#�}�VOalkuV \QX[\&$Y\&#)tYT`c'�p�VOT`cp#	X�kh#�eux&#bZ
\&$&'WVOZOc`ZOh
TWV*Tp#[�a#[kuVOZY#[kWhYT`\QX[ZOh
cWX[r`\OkWhY�b\YtQVOT`cl]#T`\YtY|?n
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³ tYtY\meucWp<|?n�VOtYZO\&'`\Qp rp'`c�TWVY$Y\&'p# ¶ jf\Qp�VOTfeuT`|?n�r`\QX�kh#�eu\YtQVOZY#[kWhYT`\QX[ZY#ba ²\QX[\&$&#bT`T`\IX�rWVY'WVYp*#bZY'WVYp<c ®4+ kh#�eux&#bZIcWX[r`\OkWhY�b\YtQVOZOh?tI\QX[T`\YtYT`\Qp	X[ZqVOTfeMVY'`Z6�T`|9#�X5'p#�eMX[ZOtQV�p�VOjX�`\YrWVOjk#bZqV ® �%VOjl�a#�jp'WVOa`Tp#	Tp#[�a#[kuVOZY#[kWhYT`\�cWX[r`\OkWhY�b\��tQVOZOh $&#b�)Tp#b\&$^nQ\meucWp<\QX[ZOc��bTWVOj`c*rX�`\&$&#[kuV ® ��'p#�eMVOj`i`c`y�X[ZqVOZOhYc
TWVOrp'WVOt��
k`]`ZOh*r`\
o[kh#bj`ZY'`\YT`T`\Ya�r`\Yg`ZY# t*tYcfe_#���� �+clkWc§�e¬�¥%� }�VOalkuV�cc�`¡=M1� }�VOalkuV ²kWcp$Y\�r`\�r`\Yg`ZY#�X�rp'`clkW\^�a#bT`cp#mpUo[kh#bj`ZY'`\YT`T`\Ya t&#%'WX[c`c ®

+ ZqVOZOhYc ² X[\me_#%'Q��VO_�cp#�'`cWX[xfT`j`c ² 'WVYXbXbp�VOZY'`c`tQVOy3ZYX�]�ZO\OkWhYjf\�r`\QX�kh#+X[\��v�kuVYX[\YtQVOT`cl]�X9'p#�eMVOj`i`cp#ba�ZY#[nlT`c`gp#mX[j`cln�tY\Yrp'`\QX[\Yt+r`\meuvb\YZO\YtYj`cb'`cWX[xfT`jf\Yt ®w�'`c`Tl]`ZO|9#�j�r`xk$OkWc`jlVOi`c`c�t�X5$Y\&'`T`c`j#X[ZqVOZOhYc�rp'`\^nQ\meW]`Z 'p#�eMVOj`i`c`\YT'�
T`xfy�r`\meuvb\YZO\YtYj`x ² r`\QX�kh#:gp#bvb\IZY#bjlX[Z3X[ZqVOZOhYc�TWVOrp'WVOtOk`]p#bZYX�]�VOtYZO\&'`x3TWVdjf\&''�'p#bj`ZOxk'`x ® w�kuVOZqV��mV�r`xk$OkWc`jlVOi`c`y{Tp#+tY�b|Ip�VY#bZYX�] ®"ItYZO\&'WX[j`cp#zrp'WVOtQV{TWV~X5$Y\&'`T`c`j�t~ip#[kW\Qp rp'`c`TWV^eWkh#[��VOZ � �'T`\Qp<xp�VOZY#mp�VOZOc`gp#mX[jf\Qp<x#c`TWX[ZOc`ZOxfZOx , }+clkWcWVqkWx ����� �H"��(c8�*#�eujf\Ok`kh#bvbc`c
�'xk'`TWVqkuV ² jf\YZO\&'`|9#*\&$OkuV^eMVOy3Z�cWX[jlkWy3g`c`ZY#[kWhYT`|Ip�rp'WVOtY\Qp�r`\OkWxfgWVOZOhUc'WVYX[rp'p#�e_#[k`]`ZOh�kWy�$Y|9#�rlkuVOZY#[�'c ² X[tO]`�mVOT`T`|9#�X+rp#%'p#bxQX[ZOxfr`jf\Ya�VOtYZO\&'WX[j`clnrp'WVOt�TWV�X5$Y\&'`T`c`j ®
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