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v = (vr, vθ, vz)
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T = 1/ω
9�iE®!6

ω
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i82 d ¯�°�«"­ �  34�¯�4�­�;=f�68C�­ � G 4�¯ , ¯ * ­�«E2<;=D ω = 4π
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a
9
T
9
U
9
ρU2 9 T · U �U ®!6�;=D

U
k * ­?°�;A¯ * ­�«ED , 2�6�² , ­of�6 , ¯�6A;A°
2�4�2<;=C?¯[f�­�;=C?¯ d � ¯�®"°
2<;=C?¯©± G 2?«E6®�«�¯ ,�,�e � G 4�24®!2?«ED ,�e � ±�2?« ,.�
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∂tvθ +R(vr∂rvθ + vz∂rvθ + vrvθ/r) = ε2ν
(
∇2vθ − v2θ/r

2
)
. (1)

U ®!6�;=D
R = U/aω

9
εν =

√
ν/ω2a
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¯ * 686 *

∂2zuθ − ε2km∂
2
t uθ = ε2kε

2
ν(1 + ν0)(∂rvθ − vθ/r),

vθ = ∂tut, ε2k = 2a3ω2ρ/hE, m =
hρ0
ρa

(1 + ν0).
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εk
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\�6 � 6 , ¯�6�²4­/®�­of�¯.9%2 G ¯E; e ±6­>g � 687 ; G ¯�4�­�«ED ,�e 6�±�2?« ,�e 9 G 4�6 ®�;=C�­?±'¯ *

± ±'¯�®!6];=: *�*�e C>4�6 � ±�6-°�C>2�4 )+& : , ° d ¯�7

V = V0(r, z) +V1(r, z1, t) +V2(r, z, z1, t). (3)

U ®!6�;=D
z1 = εz

k � * 6 ®�«E6 ,�, ­�F � 2<;=6-±6­�FX°
2�2�4'®"¯ , ­>C�­�9*±�6-°�C>2�4
V1 =

(vr, vθ, vz, p, ur, uθ, uz)
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* 6 , ¯.9C±�6-°�C>2�4

V2 = (wr, wθ, wz , q, u
1
z, u

1
θ, u

1
z)
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vz = V (r) = α0(1− r2), p = c− 4ε2να0Rz/R.

U ®!6�;=D
α0 = Up/U
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Up = 2Q/πa2
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vz = V (r) + vz0 + εkv(z1) + . . . ,

vθ = εkvθ + . . . ,

vr = εkvr1 + . . . ,

uz = Uz + uz1 + εkvz1 + . . .

(4)
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2'±�4<F�®!2'± / :
4�D�6 G 2K±�4�6 * 6 , ¯.9�²4­/®�­?±K­ G�G 4�2'°�;A¯ * ­ d ¯�g
;=684'®!68f , 2�i82 ��;A¯E;=C>2?«"­ � ®"¯�­�;=C>2?«"­ � 9?°�­?° "8C>2 ;H®!6A«"­ , 2E9 , ­ G 4�¯ * 684.9'± R � 9 ¬@«KS¦�
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 32'°�­ � 6 * 9�f�C>2S®�«�¯ ,�,�e 6ñ; G ¯�4�­�«ED ,�e 6¡±�2?« ,�e «E2'°�­�«�¯�²82'±6­ ,�e C>2?«ED )°
2 ± G 2�i84�­ , ¯�f , 2 * ; «E2�6K±�5?«�¯�²-¯�;=C>6 , °�¯j;=2<;=:-®�­ ¯.9�±Ø; «E6 ®�;=C?±'¯�¯?:<; «E2'±'¯�F

G 4�¯�«�¯ G ­ , ¯�F.9'¯ , ®!: d ¯�4�:
g�C�;'F(: G 4�:
i-¯ * ¯©±�2?« , ­ * ¯.9>4�­�; G 4�2<;=C>4�­ , F�g � ¯ *#)
;'F
±Ø;=C>6 , °
6 ��/ : , ° d ¯�¯

vθ0
9
uθ0
5�:-®!6 * 2�C e ;A°�¯�±6­>C>D ± ±'¯�®!6�l

vθ0 = Vθ exp(i(kcz1 − nt)), uθ0 = Uθ exp(i(kcz1 − nt)).

V , ­�«E2�i-¯�f , 2�6
± e 4�­ � 6 , ¯�6
²4­ G ¯E; e ±6­>6 * ¯�®�«�F °
2 *�G 2 , 6 , C e]�B/ : , ° )d ¯�g
vθ0
¯ °
2 *�G «E6-°�; , 2�6
±�2?« , 2'±�2�6�f�¯E; «E2

kc
4�­?²A«"­>iA­>6 * ± ­�;A¯ *�G C>2�C?¯ )

f�6�;A°�¯�6 4<F�® e�G 2�;=C>6 G 6 , F * * ­�«E2�i82 G ­>4�­ * 68C>4�­
εν
� ªC±�24®EF G 4�682�5�4�­?²82'±6­ )

, ¯�634�­�;=C�F � 6 , ¯�F s1 = (1− r)εν
¯ G 4�¯ * 6 , F�F * 68C>24® G 2�i84�­ , ¯�f , 2�i82(; «E2oF

°(:
4�­?± , 6 , ¯�F *Ân'¬ p09 n ª p09 G 2?«E:
f�­>6 * ; «E6 ®!:
g � ¯�6 ± e 4�­ � 6 , ¯�F ®�«�FØiI«"­?± ,�e �f�«E6 , 2'±©­�;A¯ *�G C>2�C?¯�f�6�;A°�¯ � 4�­?²A«E2 � 6 , ¯�7.l

Vθ = exp(βs1) +O(εν), uθ0 = Uθ exp(i(kcz1 − nt)),

kc = n

(
1 + εν

(1 + i)aρ

2ρ0h
√
2n

+O(ε2v)

)√
2n+O(ε2ν)

√
(1 + ν0)hρ0

aρ
.

U ®!6�;=D
β = (i− 1)(n/2)1/2

9
Uθ = iVθ/n

�
M3C�­?°.9�®�«�¯ ,�,�e 6�; G ¯�4�­�«ED ,�e 6©±�2?« ,�e «E2'°�­�«�¯�²82'±6­ ,�e C>2?«ED'°
2 ±�5?«�¯�²-¯

;=C>6 , °�¯º;=2<;=:-®�­S± ; «E2�6�9BC>2?«%� ¯ , 2�7 G 2�4<F�®"°�­
O(εν)

� W G 4�:
i-¯�6 ;A±�2�7E;=C?±6­
2�5�2?«E2�f�°�¯12 G 4�6 ®!6A«�F�g�C ¯ � & ­?²82'±�:
g ;A°
2�4�2<;=C>DE9�­ ±>F�²-°
2<;=C>D � ¯�®"°
2<;=C?¯ k®!6-°�4�6 * 6 , C¡²4­>C>: � ­ , ¯�F � P , ¯ 2�5?«"­/®�­>g�C�; «"­>5�2�7¡®"¯E; G 684E;A¯�687.9�­�iI«"­?± ,�e 7
f�«E6 , ­�;A¯ *�G C>2�C?¯�f�6�;A°
2�i82]4�­?²A«E2 � 6 , ¯�F & ­?²82'±�2�7(;A°
2�4�2<;=C?¯ "8C?¯ � ±�2?« , ± e�)4�­ � ­>68C�;'F�; «E6 ®!:
g � 687 & 2�4 * :4«E2�7

c2 =

√
hµ

2aρ
, µ =

E

2(1 + ν0)
.

�WVEX�VEL�R#O�M Q �#O#X�J �	� P��ØM�N�V ��P��?Z�ª 2�C4«�¯�f�¯�6é2�C|®�«�¯ ,�,�e � ; G ¯ )
4�­�«ED ,�e � ±�2?« , 9�°
2�4�2�C?°�¯�6`; G ¯�4�­�«ED ,�e 6�±�2?« ,�e ²4­ G 2?« , F�g�C ±<;=6 G 2 G 684�68f )
, 2�6|;=68f�6 , ¯�6 d ¯�«�¯ , ®!4�­ � &BC?¯ ±�2?« ,�e 2 G ¯E; e ±6­>g�C�;'F[2'°�4�: � , 2�7 °
2 *�G 2 , 6 ,�)C>2�7

wθ
±�6-°�C>2�4�­

V2

�
 34�6 ® G 2?«E2 � ¯ * 9�f�C>2�°
2 *�G 2 , 6 , C�­ wθ

¯ * 6868C G 2�4<F�®!2'°
O(εν)

9>C � 6 � ¯ * 6 )
68CWC>2�C � 6 G 2�4<F�®!2'° * ­�«E2<;=C?¯.9�f�C>2:¯ vθ �  32'°�­ � 6 * 9cf�C>2:°
2�4�2�C?°�¯�61; G ¯ )4�­�«ED ,�e 6�±�2?« ,�e ; «"­>5�2 ²4­?±'¯E;'F�C(2�CØ: G 4�:
i-¯ � ;A±�2�7E;=C?±(2�5�2?«E2�f�°�¯.9�­ * 6 � ­ )
, ¯�² * 2 * ¯ � G 684�6 , 2<;-­3F�±?«�F�68C�;'F�;=C�­ d ¯�2 , ­>4 ,�e 7 G 2�C>2'° �  32�4<F�®"°�¯Ø2<;=C�­�«ED )
,�e � °
2 *�G 2 , 6 , C�±�6-°�C>2�4�­

V2

, ­ � 24®EF�C�;'F G 4�¯^­ , ­�«�¯�²86 G 2�4<F�®"°
2'± ±<;=6 �
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f�«E6 , 2'±[;A¯E;=C>6 *�e :
4�­?± , 6 , ¯�7
T�­?±�D�6 k _BC>2'°�;-­ ¯©®"¯ , ­ * ¯�f�6�;A°�¯ � :
4�­?± , 6 )
, ¯�7�2�5�2?«E2�f�°�¯ � V�;A¯ *�G C>2�C?¯�f�6�;A°�¯�6`4�­?²A«E2 � 6 , ¯�F§°
2 *�G 2 , 6 , C ±�6-°�C>2�4�­ V2G 4�¯

εν → 0
G 4�6 ®�;=C�­?±'¯ * ± ±'¯�®!6

wθ = εkwθ1 + . . . , wz = ε2kwz1 + . . . , u1θ = ε3k + . . . (4)

P^;=C�­�«ED ,�e 6�°
2 *�G 2 , 6 , C e 4�­?²A«"­>iA­>g�C�;'F�±©­ , ­�«E2�i-¯�f ,�e 6^4<F�® e 9 G 4�¯�"8C>2 *
±<;=6K°
2�" &]& ¯ d ¯�6 , C e 4�­?²A«E2 � 6 , ¯�7
²4­?±'¯E;'F�C[2�C G 684�6 * 6 ,�,�e � z 9 z1 9 r 9 t � 32<; «E6 G 24®�;=C�­ , 2'±'°�¯ 4�­?²A«E2 � 6 , ¯�7 n �<p09 n ­ pK±
®"¯ , ­ * ¯�f�6�;A°�¯�61:
4�­?± , 6 ), ¯�FÀC>682�4�¯�¯À2�5�2?«E2�f�6-°|¯À:
4�­?± , 6 , ¯�FdT�­?±�D�6 k _BC>2'°�;-­�9 G 2<; «E6?i84�: G�G ¯ )
4�2'±'°�¯�°
2�" &]& ¯ d ¯�6 , C>2'± G 4�¯é24®"¯ , ­?°
2'± e � ;=C>6 G 6 , F � εk iI«"­?± , 2�i82�f�«E6 , ­­�;A¯ *�G C>2�C?¯�f�6�;A°
2�i82W4�­?²A«E2 � 6 , ¯�F wθ1

9 G 2?«E:
f�­>6 * °�4�­>6-±�:
gv²4­/®�­of�:�9.:
f�¯ )
C e ±6­>g � :
g °
2 , ±�6-°�C?¯�± ,�e 7 G 684�6 , 2<;%;=C�­ d ¯�2 , ­>4 ,�eA*WG 2�C>2'°
2 * ¯ ®�«�¯ ,�,�e�)
* ¯ G 4�24®!2?«ED ,�eA* ¯
±�2?« , ­ * ¯

∂twθ1 +RVz∂zwθ1 = ε2ν(∇2wθ1 − wθ1/r
2), Vz = vz0(r, z1, t), (5)

w(0, z, t) = 0, w(1, z, t) = 0, wθ1 → 0 (z → ∞). (6)
U ­ * 68C?¯ * 9
f�C>2 � * 6 ®�«E6 ,�, ­�F G 684�6 * 6 ,�, ­�F �

z1
± ± e 4�­ � 6 , ¯�F � n 	�p09 n«� p ± e�)G 2?« , F�68C|4�2?«ED G ­>4�­ * 68C>4�­ �  32 G 684�6 * 6 ,�, 2�7

t
± e|G 2?« , F�68C�;'F3:<; «E2'±'¯�6 G 684�¯ )

24®"¯�f , 2<;=C?¯ � Y34�­>6-±�2�6A:<; «E2'±'¯�6 G 4�¯
r = 1

2'² , ­of�­>68C ± e|G 2?« , 6 , ¯�6�:<; «E2'±'¯�F
G 4�¯�«�¯ G ­ , ¯�F , ­`i84�­ , ¯ d 6 � 6�;=C?°
2�i82 d ¯�«�¯ , ®!4�­ ¯ , 6^:
f�¯�C e ±6­>68C[: G 4�:
i-¯ �;A±�2�7E;=C?±A2�5�2?«E2�f�°�¯ ±�iI«"­?± , 2 *�G 4�¯�5?«�¯ � 6 , ¯�¯ � W G 4�:
i-¯�6�;A±�2�7E;=C?±6­|2�5�2?«E2�f )°�¯ G 4�2oF�±?«�F�g�C�;'F?:�°
2�4�2�C?°�¯ � ±�2?« , C>2?«ED'°
2©± ± e ;�� ¯ � f�«E6 , ­ � ­�;A¯ *�G C>2 )
C?¯�°�¯ �
 32<;=C>4�2'¯ * 4�6 � 6 , ¯�6©²4­/®�­of�¯ n 	�p09 n«� pK± ±'¯�®!612�C-®!6A«ED ,�e � * 24® � U ­ * 6 )

C?¯ * 9of�C>2�°
2�" &]& ¯ d ¯�6 , C5±*°
2 , ±�6-°�C?¯�± , 2 * f�«E6 , 6C±�:
4�­?± , 6 , ¯�¯ n 	�p n ±�C>2�4�2�6
; «"­>iA­>6 * 2�6�±K«E6-±�2�7(f�­�;=C?¯�"8C>2�i823:
4�­?± , 6 , ¯�F!p ²4­?±'¯E;A¯�C3C>2?«ED'°
232�C * 6 ®�«E6 ,�)
, 2�7 2<;=6-±�2�7 G 684�6 * 6 ,�, 2�7

z1
¯ , 6�²4­?±'¯E;A¯�Cµ2�C G 684�6 * 6 ,�, 2�7

z
� &BC>2Â2�5 )

;=C>2oF�C>6A«ED<;=C?±�2 G 2'²-±�2?«�F�68C�4�­?² ®!6A«�¯�C>D G 684�6 * 6 ,�,�e 6�9.2�C e ;A°�¯�±6­�Fñ4�6 � 6 , ¯�6
± ±'¯�®!6

w1 =Wθ1(r, z1, t) exp(ikz). (7)
 32<; «E6 G 24®�;=C�­ , 2'±'°�¯ n¦� p�±W;=2�2�C , 2�� 6 , ¯�F n 	�p09 n«� p�¯é2�f�6-±'¯�® ,�e � G 4�6 )

2�5�4�­?²82'±6­ , ¯�7 G 2?«E:
f�¯ * °�4�­>6-±�:
g ²4­/®�­of�: 2�C , 2<;A¯�C>6A«ED , 2 & : , ° d ¯�¯
Wθ1
9

°
2�C>2�4�­�F G 2?«E:
f�­>68C�;'F
²4­ * 6 , 2�7 G 4�2'¯�²-±�24® , 2�7
∂z
, ­ *�, 2 � ¯�C>6A«ED ik �� «�¯ ,�,�e 6 G 4�24®!2?«ED ,�e 6|±�2?« ,�eÛG 4�¯ * ­�« e � ² , ­of�6 , ¯�F � G ­>4�­ * 68C>4�­

¯ * 68g�C � ­>4�­?°�C>684 G 2�i84�­ , ¯�f , 2�i82?; «E2oF�±�5?«�¯�²-¯ 2�5�2?«E2�f�°�¯ ��/ : , ° d ¯�g vz0G 4�6 ®�;=C�­?±'¯ * ± ±'¯�®!6

vz0 = v0z0(z1, t) + hz0(t, z1, s1).
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U ®!6�;=D G 684�±�2�6(; «"­>iA­>6 * 2�6

v0z0
2 G ¯E; e ±6­>68C�2<;=6-±�:
gO°
2 *�G 2 , 6 , C>:ñ;A°
2�4�2<;=C?¯

± , 6H2�5?«"­�;=C?¯ G 2�i84�­ , ¯�f , 2�i82A; «E2oF.94­ & : , ° d ¯�F
hz0
«E2'°�­�«�¯�²82'±6­ , ­C± G 2�i84�­ )

, ¯�f , 2 * ; «E2�6 ±�5?«�¯�²-¯]2�5�2?«E2�f�°�¯K¯`:<;=C>4�­ , F�68C , 6-±>F�²-°�:�±5°�4�­>6-±�2 * :<; «E2'±'¯�¯
G 4�¯

r = 1
�#/ : , ° d ¯�F

v0z0
, 6 ²4­?±'¯E;A¯�C�2�C�4�­/®"¯�­�«ED , 2�7�°
2�2�4'®"¯ , ­>C e

r
9�­

686 ;=4�6 ® , 686 G 2�±�4�6 * 6 , ¯e² , ­of�6 , ¯�6ñ4�­?± , 2 , :4«Eg � ªU4�6-²8:4«ED�C�­>C>6�9 & : , ° )
d ¯�g

Wθ1
* 2 � , 2 G 4�6 ®�;=C�­?±'¯�C>D ± ±'¯�®!6

Wθ1 = Q(t, z1)W, Q = exp

(
−ikR

∫
v0z0(t, z1) dt

)
. (8)

&BC>2 G 4�682�5�4�­?²82'±6­ , ¯�6 G 2'²-±�2?«�F�68C
¯E;A°�«Eg�f�¯�C>D:¯�²1:
4�­?± , 6 , ¯�F:®�«�F & : , ° )
d ¯�¯

W
�/± , 6 � , 686 � 4�6 � 6 , ¯�6

v0z0
�

 32?«E2 � ¯ * W = w + H
9#iE®!6

w
2 G 4�6 ®!6A«�F�68C:² , ­of�6 , ¯�6 & : , ° d ¯�¯

W± , 6é2�5?«"­�;=C?¯ G 2�i84�­ , ¯�f , 2�i82¾; «E2oF.95­
H
k * ­�«"­�F G 2 G 4�­?±'°�­�9�°
2�C>2�4�­�F

2 G 4�6 ®!6A«E6 , ­
±W2�5?«"­�;=C?¯ G 2�i84�­ , ¯�f , 2�i82W; «E2oF�¯S¯E;=f�6-²4­>68C G 4�¯ ± e � 24®!6 ¯�²"8C>2�i821; «E2oF � W�f�¯�C e ±6­�F.9!f�C>2§± , 6]2�5?«"­�;=C?¯ G 2�i84�­ , ¯�f , 2�i82Ø; «E2oF & : , ° d ¯�F
hz0 = 0

9 G 2?«E:
f�­>6 * :
4�­?± , 6 , ¯�g^®�«�F & : , ° d ¯�¯
w

∂w

∂t
+ ikRV (r)w = ε2ν

(
∂2w

∂ r2
+

1

r

∂w

∂r
−
(
k2 +

1

r2

)
w

)
. (9)

Y34�­>6-± e 6|:<; «E2'±'¯�F ®�«�F & : , ° d ¯�¯
w
5�684�6 * C>6 � 6�9�f�C>2 ¯§± ²4­/®�­of�6 n 	�p �\ ­?² ®!6A«�F�F G 684�6 * 6 ,�,�e 6�9 4�6 � 6 , ¯�6 G 4�6 ®�;=C�­?±'¯ * ± ±'¯�®!6

w =
F (r) exp(− int)

� V *�G «�¯�C>:-®�­
F (r)

¯§°
2 *�G «E6-°�; , 2�6 ±�2?« , 2'±�2�6�f�¯E; «E2
k
, ­ )

� 24®EF�C�;'F�¯�²�°�4�­>6-±�2�7�²4­/®�­of�¯ , ­(;=2�5<;=C?±�6 ,�,�e 6K² , ­of�6 , ¯�F

d2F

dr2
+

1

r

dF

dr
−
(
k2 +

1

r2
− in

ε2ν
+
ikRp(1− r2)

ε2ν

)
F = 0,

F (0) = 0, F (1) = 0.

(10)

U ®!6�;=D
Rp = Up/(aω)

�
U ­/®�­of�­ n'¬@« p^4�6 � ­�«"­�;=D?f�¯E; «E6 ,�, 2 �  34�¯

εν → 0
±�5?«�¯�²-¯é2<;A¯ d ¯�«�¯ ,�)

®!4�­ ±�2'² , ¯�°�­>68CéC>2 , °�¯�7e°�4�¯�C?¯�f�6�;A°�¯�7 ; «E2�7.9¬±�°
2�C>2�4�2 * «E2'°�­�«�¯�²82'±6­ , ­
& : , ° d ¯�F

F
�  34�¯S°�­ � ®!2 * & ¯�°�;A¯�4�2'±6­ ,�, 2 * ² , ­of�6 , ¯�¯S¯ , ®!6-°�;-­ n , ­>7 )®!6 , 2 ;=f�68C , 2�6Af�¯E; «E2 ;=2�5<;=C?±�6 ,�,�e � & : , ° d ¯�7 Fn,m

¯1;=2�5<;=C?±�6 ,�,�e � f�¯E;=6A«
kn,m
9�iE®!6

n,m = 1, 2, 3, . . .
��J�Q>P�M<L �ÙQ �#O#X�J �	� P���� N3VIO �  34�¯�±�6 ®!6 * 4�6 � 6 , ¯�6S²4­/®�­of�¯ n'¬@« p

± ±'¯�®!632�C-®!6A«ED ,�e � ; G ¯�4�­�«ED ,�e � * 24®

wθ1 = Qn,m(t, z1) (Fn,m(r) +Hn,m) exp (i(kn,mz − nt)) . (11)
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U ®!6�;=D
n,m = 1, 2, 3, . . .

/ : , ° d ¯�¯
Qn,m

, ­ � 24®EF�C�;'F G 2 & 2�4 * :4«E6 n + p09-± °
2 )
C>2�4�2�7

Q
9
k
; «E6 ®!:�68C�²4­ * 6 , ¯�C>D , ­

Qn,m
9
kn,m
;=2�2�C?±�68C�;=C?±�6 ,�, 2 ��/ : , ° d ¯�F

Fn,m
2 G ¯E; e ±6­>68Cñ; G ¯�4�­�«ED , :
g * 24®!:S± , 6�2�5?«"­�;=C?¯ G 2�i84�­ , ¯�f , 2�i82ñ; «E2oF �

/ : , ° d ¯�F
Hn,m

k * ­�«"­�F G 2 G 4�­?±'°�­�9�«E2'°�­�«�¯�²82'±6­ ,�, ­�F�± G 2�i84�­ , ¯�f , 2 *
; «E2�6

DS
¯�¯E;=f�6-²4­>g � ­�F�± , 6

DS
� U ­/®�­of�­ n'¬@« pA4�6 � ­�«"­�;=D�f�¯E; «E6 ,�, 2 * 6 )

C>24®!2 * G 4�¯E;=C>4�6A«�°�¯ � M , C>68i84�¯�4�2'±6­ , ¯�6 G 4�2'±�24®"¯�«E2<;=D32�C ;=C>6 , °�¯§°Ø2<;A¯ d ¯ )
«�¯ , ®!4�­];C¯E; G 2?«ED'²82'±6­ , ¯�6 *j* 68C>24®�­�\H: , i86 ) Y3:
C>C�­ � ª%5?«�¯�²-¯(2<;A¯ d ¯�«�¯ , ®!4�­
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√
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√
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®!2<;=C?¯�iA­>68C ±�2 ±�C>2�4�2�7 G 2?«E2'±'¯ , 6];A¯E;=C>2?« e]�

\ ­�;=f�68C eéG 4�2'±�24®"¯�«�¯E;=D¬®�«�F]4�­?²A«�¯�f ,�e � ² , ­of�6 , ¯�7K°
2�2�4'®"¯ , ­>C e z 9 G 4�¯
r = 0.5

� V , ­�«�¯�²Hf�¯E; «E6 ,�,�e � 4�6-²8:4«ED�C�­>C>2'± G 4�¯�±�24®"¯�C�°`; «E6 ®!:
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2�4�2<;=C?¯�®!2<;=C?¯�iA­>68C );'F�±�2
±�C>2�4�2�7 G 2?«E2'±'¯ , 6(;A¯E;=C>2?« e ±�5?«�¯�²-¯�± � 24®�­�± ­>2�4�C>: � ª , ­of�­�«E6Ø;A¯ )
;=C>2?« e ;=:(� 6�;=C?±�:�68C , 685�2?«ED�� 2�7 ±�4�6 * 6 ,�, 2�7(2�C>4�6-²82'°.9?±]C>68f�6 , ¯�65°
2�C>2�4�2�i82
°
2 *�G 2 , 6 , C�­

wθ1
¯�² * 6 , F�68C�;'F , 6-² , ­of�¯�C>6A«ED , 2 � � «�¯ , ­ "8C>2�i82 ±�4�6 * 6 ,�, 2�i82

2�C>4�6-²-°�­�:�±�6A«�¯�f�¯�±6­>68C�;'F °�­?° G 4�¯[:-®�­�«E6 , ¯�¯[2�C�± � 24® , 2�i82�;=68f�6 , ¯�F d ¯�«�¯ ,�)®!4�­�9EC�­?° ¯ñ;]4�2<;=C>2 * ¯ , ®!6-°�;-­
m
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C>4�2 G�,�e 7.9<: G 4�:
i-¯�7�; * 24®!:4«E6 * [ , iA­ E ¯§°
2�" &]& ¯ d ¯�6 , C>2 *  3:6­�;8;=2 , ­ ν � 34�6 ®�«"­>iA­>6 * ­�F * 24®!6A«EDh2 G ¯E; e ±6­>68C�;'FÓ;=2�2�C , 2�� 6 , ¯�F * ¯b±'¯�®�­ n «�� ¬ p09
±�°
2�C>2�4 e � G0

k � � 6�;=C?°
2<;=C>D , ­j4�­?² ®!:�±6­ , ¯�6 �o�  324®
� � 6�;=C?°
2<;=C>D�g , ­4�­?² ®!:�±6­ , ¯�6 � ² ®!6�;=D G 2 , ¯ * ­>68C�;'F:°
2�" &]& ¯ d ¯�6 , C G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C?¯ ±
;=2�2�C , 2�� 6 , ¯�¯

p = Gu1, (16)
iE®!6

p
k ± , :
C>4�6 ,�, 686¬®�­?±?«E6 , ¯�6C±];=2<;=:-®!6�9

u1
k 4�­/®"¯�­�«ED , 2�6�; * 6 � 6 , ¯�6�68i82

± , :
C>4�6 ,�, 687W;=C>6 , °�¯ �
ª G 4�6 ®�«"­>iA­>6 * 2�7 * 24®!6A«�¯

u1
2 G 4�6 ®!6A«�F�68C�;'F , ­W2<; , 2'±6­ , ¯�¯ 4�6 � 6 , ¯�F

²4­/®�­of�¯ �3F * 6�R ¬,ªVS¦� &BC?¯Ø;=2�2�5�4�­ � 6 , ¯�F G 4�¯�±�24®EF�C�°(; «E6 ®!:
g � 687 & 2�4 * :4«E6�l

G =
E(1− x2)

2(1 + x2 + ν(1− x2))
, x =

r1
r2
.

_B2�2�C?±�68C�;=C?±�6 ,�, 2E9�;A°
2�4�2<;=C>D �/±�2?« ,�e ®�­?±?«E6 , ¯�F � 2 G 4�6 ®!6A«�F�68C�;'F & 2�4 )
* :4«E2�7

c =

√
G

ρ
.

 34�¯ "8C>2 * ®�«�F�°
2�" &]& ¯ d ¯�6 , C�­� 3:6­�;8;=2 , ­
ν = 0.5

9
∆c = (c0−c)/c0 6 0.03G 4�¯
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2<;=C>6 ,�,�e � ;=2<;=:-®!2'± �
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, 6�; � ¯ * ­>6 * ­�F � ¯�®"°
2<;=C>D �� «�F 2 G ¯E;-­ , ¯�F�®"¯ , ­ * ¯�f�6�;A°�¯ � G 4�2 d 6�;8;=2'±*±^;A¯E;=C>6 * 6 ��;=C>6 , °�­3;=2<;=:-®�­ �°�4�2'±�D � ¯E; G 2?«ED'²8:
g�C�;'F , 2'± e 6�®"¯ , ­ * ¯�f�6�;A°�¯�6¾:
4�­?± , 6 , ¯�F.9]2 G ¯E; e ±6­>g )
� ¯�6C®�«�¯ ,�, 2'±�2?« , 2'± e 6 G 4�24®!2?«ED , 2 ) °�4�:
C?¯�«ED ,�e 6�°
2?«E6856­ , ¯�F(;=C>6 , °�¯Ø;=2<;=: )
®�­�R ¬ ��9 ¬�­CS¦� _j:
f�68C>2 * i-¯�®!4�24®"¯ , ­ * ¯�f�6�;A°
2�i82�±�2'² ®!687E;=C?±'¯�F , ­ ± , :
C>4�6 ,�, 68g
;=C>6 , °�:�;=2<;=:-®�­*"8C?¯?:
4�­?± , 6 , ¯�F�¯ * 68g�C©±'¯�®#l

d11∂
2
zuz + d12∂

2
zφz = ρ0S∂

2
t uz + 2πr1qz,

d12∂
2
zuz + d22∂

2
zφz = ρ0Ip∂

2
t φ+ 2πr1qθ,

c2∂2zp− ∂2t p = 0, ρ∂tv − ∂zp = 0, c2 =
G

ρ
.

(17)
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U ®!6�;=D
uz = uz(z, t)

k G 4�24®!2?«ED ,�e 6j; * 6 � 6 , ¯�F C>2�f�6-° 2<;A¯ ;=2<;=:-®�­�9
φz = φz(z, t)

k :
i82?« G 2'±�2�4�2�C�­ G 2 G 684�68f , 2�i82 ;=68f�6 , ¯�F�;=2<;=:-®�­�9
ρ
k
G «E2�C )

, 2<;=C>D °�4�2'±'¯.9
S = π(r22 − r21)

k G «E2�� ­/®!D G 2 G 684�68f , 2�i82(;=68f�6 , ¯�F?;=2<;=:-®�­�9
Ip = 1/4π(r42 − r41)

kÃG 2?«�F�4 ,�e 7 * 2 * 6 , C ¯ , 684 d ¯�¯ G 2 G 684�68f , 2�i82j;=68f�6 )
, ¯�F.9

qθ
9
qz
k °�­�;-­>C>6A«ED ,�e 6 , ­ G 4<F � 6 , ¯�F.9?±�2'² , ¯�°�­>g � ¯�6 * 6 � ®!:[;=C>6 , °
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2�4�2<;=C>687G 2�C>2'°�­[; «E6 ®!:
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qz = −ρν[∂rvz + ∂zvr]r=a,

qθ = −ρν[∂rvθ − vθ/r]r=a.
(18)

 34�2 d 6 ®!:
4�­ G 2<;=C>4�2�6 , ¯�Fé4�6 � 6 , ¯�F ­ , ­�«E2�i-¯�f , ­�C>2�7.9.f�C>2W2 G ¯E;-­ , ­
±?4�­ )
5�2�C�­ � R + � ¬@«KS¦�

�U6�;=C?°
2<;=C>D
G
2 G 4�6 ®!6A«�F�68C�;'F , ­?2<; , 2'±6­ , ¯�¯ñ4�6 � 6 , ¯�FS²4­/®�­of�¯ �3F * 6

®�«�F G 2?«E2�i82 d ¯�«�¯ , ®!4�­�; ±'¯ , C>2'±�2�7�­ , ¯�²82�C>4�2 G ¯�687 � &BC�­§²4­/®�­of�­Ø;A±�6 ®!6 , ­
°
¯ , C>68i84�¯�4�2'±6­ , ¯�g`°�4�­>6-±�2�7�²4­/®�­of�¯ ®�«�F�2�5 e ° , 2'±�6 ,�, 2�i82K®"¯ &]& 684�6 ,�d ¯ )
­�«ED , 2�i82Ø:
4�­?± , 6 , ¯�F:±�C>2�4�2�i82 G 2�4<F�®"°�­1; G 684�6 * 6 ,�,�eA* ¯�°
2�" &]& ¯ d ¯�6 , C�­ )
* ¯ nªG 2<;=C�­ , 2'±'°
6 "8C>2�7S²4­/®�­of�¯.9 * 68C>24®!:�¯ , C>68i84�¯�4�2'±6­ , ¯�F�¯ 4�6-²8:4«ED�C�­>C�­ *
¯E;8; «E6 ®!2'±6­ , ¯�F G 4�6 ® G 2?«"­>iA­>68C�;'F G 2<;A±>F�C?¯�C>DØ2�C-®!6A«ED , :
g G :
5?«�¯�°�­ d ¯�g3p �
 34�2'±�6 ®!6 ,�,�e 7 G 4�6 ®"±6­>4�¯�C>6A«ED ,�e 7d­ , ­�«�¯�²
±�2?« , 2'± e � G 4�2 d 6�;8;=2'± G 2 )

°�­?²4­�«�9cf�C>2 G 684�± e 6 ®"±6­?:
4�­?± , 6 , ¯�Fé2 G ¯E; e ±6­>g�C?4�­�; G 4�2<;=C>4�­ , 6 , ¯�6©°�±6­ )
²-¯ G 4�24®!2?«ED ,�e � ¯¡°�±6­?²-¯�°�4�:
C?¯�«ED ,�e � ±�2?« , 9 & ­?²82'± e 6^;A°
2�4�2<;=C?¯
°
2�C>2�4 e �
2 G 4�6 ®!6A«�F�g�C�;'F.9oiI«"­?± ,�eA* 2�5�4�­?²82 * 9�: G 4�:
i-¯ * ¯ ¯ i8682 * 68C>4�¯�f�6�;A°�¯ * ¯ G ­>4�­ )
* 68C>4�­ * ¯W;=C>6 , °�¯ � R�¯�®!4�24®"¯ , ­ * ¯�f�6�;A°�­�F?;=C>2�4�2 , ­ G 4�2 d 6�;8;-­[2 G ¯E; e ±6­>68C�;'F
±(2<; , 2'± , 2 * C>4�68C>D'¯ * :
4�­?± , 6 , ¯�6 *��

�WO#L�M<X�J�L�YcX�J
�0¥������	��

�������������jsv�8w0~ow0svu=z]~�rtsv�o~ow0svu=~�rt�o�v�oz�x]�0wt���ow0w0}0~�rt�v�ow0�vw����0z��B�v�oz�x]��z��o�
�8w0svu=�v{|�#���o~����vzA7|u=~���}0��r87�� �  w0}0~<¥=svw0�<¥ ���[¥ �����+�o�ú�0w�¬�q    
 �o� &��0¢�¥ �  ¥����t¢-¡
�! 0¤�¥

¢�¥#"$
&%('�)+*,�<­
z���~ow-��zo��r0��zo��r`�o~����o�o�(7[�o~ow0�0�v�ow0sv�o�(7(svw0s+�'��w0�o¥ ���[¥ ���3zo~<��� &� 0¤�¥ �
 =£0£�s0¥
¤�¥.-/��

'�01*,��2�� 3�4$
&%5�6����7.2��98:�8�3w-���+��zo~ow0�=rt�ozo�����'���0svzo~����#yHzA7^u=�v�o�v�ozo{|�B��rt�oz��o�
�oxo~�r87;� �%�]rtu=�-�c¥o}0zowt��w0�vz�x3z^}0zow0zo�o��w0~��c¥ ��¢0£��-¤�¥ � $�¥� ��=<��0¥ �|û#¥<�¦¡>�0�0¥
 o¥#>:)���?��@%�A!
:�(�=��� 3�BC'�

D�?�)�����7�8:�9�(��)�%E�F�=�?svu=~����ou0��~o�#�ow0u=w0��rH�H���v�0w=� �B�+�o�'��w0���
�8��sv�v~=����r�z rtw0~ou=��s%�o~oz����v�o�v�ozo�-�Wu=w0�o�o�(7]~o�v�H�v�ozo{[�o�vsvu0rt�ozow0��rt~o�o�(7`��~�rt�0�o�+�
�ozo{H�vz���~ow-��zo��r0��zo�oz%zH��w0~o��w=���vu=~ozo�o�vsv�ozA7Bzosvs+���+��w0�=rt�ozo{�� � 6Hw0���
¥'¬�q%¥ ��� &'&0¨�¥ �
$�¥>¤����0�=<��0¥ �  ¥<�0� &-¡>�-¢0¢�¥

��¥#G:H�I6J�KMLONP�<õ3ä-ð=ævó|ævè=çHätî�ç©àoæ�àoæ-ëtìªç%ëtèoø �oå ä8ä8ø á è ëtèoá óAëtå â-¥>ý#è[ëtè�ë'ç©ä0ó|á ã-ëtåEævâ©â¦ëvþ=�
�-¨0¢� �� � 	�ævèoèoæ+ç©à �o¥ �%ö�ì©ëtè��8á è`üRQ8î ä0ì«ø��ES�å ëtã���Tcævå å��<� &����8¥ ��¢t 9�%ù<¥

¨�¥#"�U9��)�?=V1W:��2�� 3=>$��X
0	V�?���7#8:�	2���Y�zow=��� 78rt�ozo��rH�o~����o�o�(7��o~ow0�0�v�ow0sv�o�(7Asvw0s+�'��w0�o¥ �

 zo�+r=� � zo��rtu=�o�0�
� &� 0£�¥ ��¢0¨0£�s0¥



� ��� ������� ��� � 	�� �
��� ��� � 
 � �����	� � � �	
�� ������� � ¬
�8¥#WC���6��

7 ������� 3��(���=�6����7�8:��2�� 3(B���'���7#8:��2��=���o�vw0} 7=w-��z���w0svu=z^�0zo�ou=w0�0w0�vwH���0z��B�+�
�oz�x^�o~ow0�0z � � 
 w0s0¥o�%��~o�<¥>}0zow=��� 78rt�ozo�oz<¥ ��¢0£0£0¢�¥ � $�¥�¨���<  o¥ �  ¥o¤0£-¡=���0¥

 �¥	�(X�
�)�?���7�� ��2��>�3w-���+���A�0zo�ou=w0�0w0�vw����'���0svw0�0w0�vw^���0z��B�v�oz�x �o~ow0�0z`�Art~ou=�v~oz�r'���t�
�o�(7�svw0s+�'�>r87 � �-6Hw0���
¥�¬�q%¥ ��¢0£0£t o¥ � $�¥o¤'&� ���<º¤�¥ �  ¥��8�¦¡��t¨�¥

&�¥	�(X�
�)�?���7
� ��2��tq��v�8w0u=w0~o�.�c�-r'�>r-�oz%�o�ox%u=�+�%s��0zo�ou=w0�0w0{|rt�ozo�vw0u=~ow0�ozo�v{�� ���Esv�o� 7�z
��� 78rt�ozo�oz<¥ ��¢0£0£0¤�¥ � $�¥�¢���<¾ o¥ �  ¥�¤��v¡�¨0¢�¥

�-£�¥#WC���6����

?���� ������� 3
�(X�
�)�?���7�� � 2��E�3w-���+��� ���0z��B�v�oz�x��o~ow0�0z�� rt~ou=�v~oz�r'���0�ow=�
svw0s+�'���B�0w��0~o�-��x3svzosvu=wt���jz3rt��r'��zo�H��rt�o~=x��B�v�o�ow0�vw�svw0svu=w-xo�oz�x3svu=�v�o�oz3s����o�vu=w=�
�0zo�ou=w0�0w0{Art�ozo�vw0u=~ow0�ozoz�� � 
 w0s0¥t�%��~o�<¥=}0zow=��� 78rt�ozo�oz<¥ ��¢0£0£'&�¥ � $�¥��-¤��	< �0¥ �  ¥0¢'&-¡
 =¢�¥

�0�0¥��CI�� ��J�����L��,���
� 3� CI�!#" �@K%$&���('���'�� 3
)+*�� ��J-,C�. $��K�"0/	�21�àoæ+ç©àoævì�ç©ä]ç¦ë��0æ3ëtãvãvä0òoè=ç|ätî
ç©àoæ�âMT�á ì«å á èoï43�ä!T?ätî �oå ä8ä8ø�á è|ç©àoæ�å æ+î ç�ð=ævè=ç©ì«á ãvå æHëtèoø�ëtä0ìªç¦ë%á è|ç©àoæ�øoævâ©á ï0èAätî�ëtìªç©á 5�ãvá ëtå
ð0ëtå ð=ævâ76�� � �o¥oätî988òoì«ï0ævìªþ=¥ ��� &'&� �¥ �I�!ä0å�¥��!���8��<��0¥ ��ê�¥<�-£-¡>�-¨�¥

�-¢�¥;::U9��09
/2��E��� $��vw0~oz�x����o~o�vw0svu=z<¥ ��õ[¥ ��q�rv����r��
� &��t£�¥ � &0¤'&�s0¥
�-¤�¥#"$��?=<R)�'���7�����2�� 3>�(X�
�)�?���7;� ��2�����svs+���+��w0�=rt�ozo���+rt~���w0�ozo�o�vsv�ozA7A�8wt���v}=rt�ozo{��owt�
��w0�vw[�oz���zo����~�r s^�0zo�ou=w0�0w0{�rt�ozo�vw0u=~ow0�ozo�v{���r`w0sv�ow0�0�3u=~o� 7o���v~o�o�(7Ø��~�rt�0�o�v�ozo{
u=�vw0~ozoz]���o~����vw0svu=z[z`rt��r'��zo�|w0}t�>rtsvu=�v{`�o~oz����v�oz���w0svu=z[�o�v�8w0u=w0~o�(7]�o~ozo���>r'���o�(7
u=�vw0~ozo{;� ���!�>r'��zo��rt�0�<¥��Ertut¥8�%��~o�<¥ ��¢0£��0�0¥ � $�¥��-¤����0�.�<¥�¢�¥ �  ¥�¤��-¡8 0 o¥

�v o¥#"$��?=<R)�'���7 ����2�� 3?�(X�
�)�?���7@� ��2��o®�wt���v}=rt�oz�x]z^�0wt���o�j���oz���zo����~o�Bs��0zo�ou=w0�0w0{
rt�ozo�vw0u=~ow0�ozo�v{ � �B¬#���=svut¥��%��~o�<¥ ��¢0£��-£�¥ � $�¥(�0¨���< ¨�¥ �|û#¥��	�'&-¡��t¨0¨�¥

ACB=DFE+GIHKJ-LNM>BFO>E>P9E+Q-RTSFO>QKHKHKJ&E+U
V ���o�.{3���+���v~�r'���0�o�.{3���ozo�0�v~osvzou=�vu

 �   �
W%�o¤t 0 =£'&0£�� 
 w0svu=w0�t�ú��r'� 6Hw0���=�o�'�
¥>�3z����¦��rt�8w0�=r��( Er
X��úóAëtá å ��Y�Z\[&]\^`_�a\b&c`b�d`e&ZK]�f>g#h\i
j@k=O+O+l+m&S+nNopR4M2HKqFr�HKopRTSFO>QKHKHKJ&E+U
V ���o�.{3���+���v~�r'���0�o�.{3���ozo�0�v~osvzou=�vu

 �   �
W%�o¤t 0 =£'&0£�� 
 w0svu=w0�t�ú��r'� 6Hw0���=�o�'�
¥>�3z����¦��rt�8w0�=r��( Er
X��úóAëtá å ��sKt�uvu\ivYvw�x�y�^�z�a\u\i�d`e&ZK]�f>g#h\i
{;r&DFE+S+k+J}|~QKE+opRTSFB=DFk�M2�&HKJ&E+U
V ���o�.{3���+���v~�r'���0�o�.{3���ozo�0�v~osvzou=�vu

 �   �
W%�o¤t 0 =£'&0£�� 
 w0svu=w0�t�ú��r'� 6Hw0���=�o�'�
¥>�3z����¦��rt�8w0�=r��( Er
X��úóAëtá å ��i&^�[&]7wKt�b�y�hK^`i�d`e&ZK]�f>g#h\i

ÏM^ X�Y IBÏM^ X L U�^��µÏWO^ÊAI;�7S]O:Q����GO O^ÊcQC�GO�N
L'Ve^AH X I H�L'^�� KAI�S�S;I;�7S

�2¤�Ä ¦�Ç-Ð�Æ�¨�K � ^ � 9�Õ�È�¥�¥�Å�×�É���^ � ^ � 9![�ÇvÄ ¦ É�È0¨p� � ^ �
ß.àoá â%á â|ë �oì«á æ+î�ä-ð=ævìªð�á æ@TÀätî#ç©àoæ�ì«ævâ©òoå ç©â|ä���ç¦ëtá èoævø �=þ(ç©àoæ^ëtò�ç©àoä0ì«âAá è[ç©àoæ�5�ævå øØätî
óAë'ç©àoævóAë'ç©á ã-ëtå�ó|ä8øoævå á èoï�ätîcâ©ùoá ì©ëtå�3�ä!T�á è`å ëtì«ï0æ|ëtèoø ù>ævì«á ùoàoævì©ëtåcëtìªç©ævì«á ëtåEð=ævâ©â©ævå â��vá â
ï0á ð=ævè<¥���ævå á ã-ëtå�ó|ä8øoævå�ätîBç©àoæ �oå ä8ä8ø�3�ä!T á è�ç©àoæ[ëtä0ìªç¦ë1á â^â©æ+ç^ä0ò�ç T�á ç©àWùoì«ævãvá â©ævø
øoævâ©ãvì«á ù�ç©á ä0è<¥�ß�ä øoævâ©ãvì«á �>æ3ç©àoæ3â©ãvì«æ@T¾ó|ä-ð=ævó|ævè=ç©â�á èØç©àoæ3ù>ævì«á ùoàoævì©ëtå �oå ä8ä8øØð=ævâ©â©ævå â
ç©àoá ã��=� T.ëtå å ævø ��ëtâ©á ã1ì«ævå ë'ç©á ä0èoâ(ätî�ç©àoæ�ä0èoæ+�úøoá ó|ævèoâ©á ä0è�ëtå�óAë'ç©àoævóAë'ç©á ã-ëtå|ó|ä8øoævå|ëtì«æ
ùoì«ævâ©ævè=ç©ævø<¥

�������;�F�\�2� L ævå ëtâ«ç©á ã�â©àoævå å��oâ©ùoá ì©ëtå(T.ëvð=ævâ-��â«ç©æ-ëtø�þ8�úâ«ç¦ë'ç©æBâ«ç©ì«æ-ëtó3���>ä0òoèoø�ëtìªþ^å ëvþ=ævìv¥



W�� Y
	>� ��� �
� ��� 
 �����
��
�� � � ��� y 
 �
	 � ���#�
��� �
�D��� 
 �
� ���#� � �
� y���� � ���

���
��� ��� ��� � 
��#����� 
 � y ��� �
� ��� �
� �

��� 
 �'����� )��
	��+,�" � ��� ��
&� '���,

�`��rtsvu=w-xoyH�v{%~�rt}0w0u=���o~ozo�0�+���v�%w0}0�vw0~B~�rt�+��zo�o�o�(7Bu=�vw0~o�vu=zo�o�vsv�ozA7%��w-���+���v{%�o~o�+�o�
�=rt~ozou=�+���0�o�(7(��rt�o~=x��B�v�ozo{<�!zosv�owt���0�+�=�-���(71��r3sv�v�vw-����xo�H�ozo{1���v�o�o¥��#s+��yH�vsvu=�t�
���v�ow�sv~�rt�0�o�v�ozo�B��w-���+���v{��o�ox�~�rt�+��zo�o�o�(7^u=zo�ow0�B�o~o�+���=rt~ozou=�+���0�ow0�vwA��rt�o~=x��B�v���
�ow0�vw1svw0svu=w-xo�oz�xW�o�ox?���>rtsvu=zo�W�owØ��zo��r0��zo�o�vsv�oz�� 78rt~�rt�ou=�v~ozosvu=zo��r0�Â���>rtsvu=zo�<¥

 rtsvs-��w0u=~o�v��r%w0}0~�rtu=��r'x��-r'�>r-��r%w%�0w0svsvu0rt�ow0�t���v�ozoz3�o�vw-���ow0~ow-���ow0�vwA����w0sv�8w0�vw���r'�
�o~=x��B�v�o�ow0�vw(svw0svu=w-xo�oz�x1�`u=w0�o�8w0{Ø���>rtsvu=zo�o�^��r]w0sv�ow0�0�3���vu=w-�>r rt���=svu=zo�o�vsv�8w0�vw
�vw0����zo~ow0�=rt�oz�x<¥���~ozo�0�+���v�o�h~o�v�+�'���'u0rtu=�º�0�.�ozos+��zou=�+���0�o�(7
"v�8sv�o�v~oz����v�ou=w0���ow
z����v�ou=zo��zo��rt�ozoz��#�>rt�o�º�o~�rt�ou=zo�o�vsv�ozo�[~o�v�8w=���v���>rt�ozoz �ow1�0�.}0w0~��?��rtsvu=w0u=�ow0�vw
��z�rt��rt�vw0��r��o�ox^�owt�o���o�v�oz�x3��rtz��o���o�H�v{`u=w0�o�ow0svu=z�~o�v�8w0�osvu=~����o�ozoz<¥

9#:<;#=?>A@CBD>$EF:HGI@KJ?L ��w-���+��zA�o~o�+���=rt~ozou=�+���0�o�(7A��rt�o~=x��B�v�ozo{<���o�vw-���ow0~ow-���ow0svu=�o�
�8wt���v}=rt�oz�x<�ow0}0~�rtu=��r'xA�-r'�>r-��r���~o�v�8w0�osvu=~����o�oz�x<��rt���=svu=zo�o�vsv�ozo{^���vu=w-�
�8zou=�v~�rtu=zo�t�
��r'x^~o�v�+�'�oxo~ozo�-rt�oz�x<�<���vu=w-�3�8w0�o�v�o�o�(7 "+���-���v�ou=w0�o�>���>rtsvu=zo��r�¥

� Z�M�N�MCOHMQP#O�M
V , ­�«�¯�² , 6824® , 2�4�24® ,�e � G 2?«E687 G 4�6 ®"±6­>4�¯�C>6A«ED ,�e � , ­ G 4<F � 6 , ¯�7 n  �T`p±ØC>6A«"­ � G 4�6 ®�;=C�­?±?«�F�68C1;=2�5�2�7¡±6­ � , 687�� :
gQ²4­/®�­of�: * 6 � ­ , ¯�°�¯
®!6 & 2�4 * ¯ )4�:�6 * 2�i82ØC?±�684'®!2�i821C>6A«"­ �  34�­?°�C?¯�f�6�;A°�¯:±<;=6 ;=C>4�:�°�C>:
4 e ±�f�6A«E2'±�68f�6�;A°
2 *

C>6A«E6 , ­ � 24®EF�C�;'F G 24®�®!687E;=C?±'¯�6 *hG 4�6 ®"±6­>4�¯�C>6A«ED , 2�i82 , ­ G 4<F � 6 ,�, 2�i82j;=2 );=C>2oF , ¯�F n  �T _�p09 , ­of�¯ , ­�F�2�C � ¯�± e � °�«E68C>2'° , ­ * ¯�°�4�2�:
4�2'± , 6K¯¡²4­?°�­ ,�)f�¯�±6­�F�°
2 � 687.9�°
2<;=C , 2�7�¯ *�e � 68f , 2�7éC?°�­ , D�g , ­ * ­?°�4�2�:
4�2'± , 6 � Y34�2 * 6C>2�i82E9 , 6�;=2 *�, 6 ,�,�e 7 ¯ , C>684�6�; G 4�6 ®�;=C�­?±?«�F�g�C * 24®!6A«�¯� �T _`®�«�Fµi82�4 , 2�7
* 6 � ­ , ¯�°�¯�¯]i8682 & ¯�²-¯�°�¯ � W�f�68C  �T _ G 2'²-±�2?«�F�68C�°
2�4�4�6-°�C?¯�4�2'±6­>C>DA4<F�® * 2 )®!6A«E687¡¯?5�2?«E686K­/®!6-°�±6­>C , 2 * 24®!6A«�¯�4�2'±6­>C>D G 24®"²86 *�,�e 6];=2�2�4�: � 6 , ¯�F.9�C>4�: )5�2 G 4�2'±�24® e ¯ * 68C>24® e ¯ � ®"¯�­>i , 2<;=C?¯�°�¯ , ­A2<; , 2'±�6 ­?°�:<;=C?¯�f�6�;A°�¯ � * 68C>24®!2'±²82 , ®"¯�4�2'±6­ , ¯�F �
P^; , 2'± ,�eA*ñ, ­ G 4�­?±?«E6 , ¯�6 * 4�­?²-±'¯�C?¯�FØ;=2'±�4�6 * 6 ,�,�e � * 68C>24®"¯�°Øf�¯E; «E6 ,�)

, 2�i82 * 24®!6A«�¯�4�2'±6­ , ¯�F n 2<;=2�5�6 ,�, 23�:Y &�p.F�±?«�F�68C�;'F ± e 5�2�4 , ­?¯�5�2?«E686�­/®!6-° )
±6­>C , 2�7ÂC>682�4�68C?¯�f�6�;A°
2�7 * 24®!6A«�¯  �T�®�«�F G 2<;=C�­ , 2'±'°�¯|¯¾4�6 � 6 , ¯�Fd°
2 ,�)
� 
 rt}0w0u0rc�0�.�owt���o�v��r#�o~ozH��zo��rt�osvw0�0w0{%�ow-�o���v~=���8� 
 w0svsvzo{osv�8w0�vw���w0���>r��#�����>r0���v���
u0r'���0�o�(7Øzosvs+���+��w0�=rt�ozo{<�c�o~ow0�v�ou < �-¤'�ª£��+�ª£0£�� &0¨��cr]u0rt���B� V ���ow0�vw[���+���v~�r'���0�ow0�vw
���ozo�0�v~osvzou=�vu0r�z V ���ow0�vw��Ertu=�-�Ertu=zo�o�vsv�8w0�vw|zo�osvu=zou0��u0r%�cq�� 
 ¬�qñz 
  ���ú¬B¥



� ��� � 
 � ������� � �
� � ��� � � � ����� ����� �	
�� ��������� �
� � � 
�� ���	� ����� � 
	� � � ��� ���
°�4�68C , 2�7 G 4�­?°�C?¯�f�6�;A°
2�7 ²4­/®�­of�¯ � \ ­?²-±'¯�C?¯�6 * 24®!6A«E687 * 6 � ­ , ¯�°�¯ ®!6 & 2�4 )
* ¯�4�:�6 * 2�i82 C?±�684'®!2�i82ñC>6A«"­�9�2 G ¯E; e ±6­>g � ¯ � G 2'±�6 ®!6 , ¯�6�C>6A«"­ G 4�¯ , ­�«�¯ )
f�¯�¯  �T(9 , ­of�­�«E2<;=D(; , ­of�­�«"­ � L � ±�6-°�­ � � «�F?2 G ¯E;-­ , ¯�F G 2'±�6 ®!6 , ¯�F�2�5�� )
6 *�,�e � C>6A« , ­^2<; , 2'±�6|;=C>4�:�°�C>:
4 eÀ* ­>C>684�¯�­�«"­K¯(i-¯ G 2�C>6-²�2 G 4�¯�4�24®!6  �T _
;=2'² ®�­ ,�e ;=2'±�4�6 * 6 ,�,�e 6 * 24®!6A«�¯.9�°�­ � ®�­�F^¯�²�°
2�C>2�4 e � 2�C4«�¯�f�­>68C�;'F^±'¯ )®!2 * 2 G 4�6 ®!6A«�F�g � ¯ � ;=2�2�C , 2�� 6 , ¯�7 � T36�; * 2�C>4<F , ­ñ;=:(� 6�;=C?±�2'±6­ , ¯�614�­?² )«�¯�f ,�e � ;ñC>2�f�°�¯`²84�6 , ¯�F * 6 � ­ , ¯�°�¯ ; G «E2�� ,�e � ;=4�6 ® G 24® � 24®!2'± ° * 2 )®!6A«�¯�4�2'±6­ , ¯�g  �T _b±ñC>6A«"­ � 9 , ­ñ;=68i824® , F�� , ¯�7 ®!6 , D�± * ¯�4�2'±�2�7�«�¯�C>6 )
4�­>C>:
4�6 G 4�­?°�C?¯�f�6�;A°�¯�2�C�;=:
C�;=C?±�:
g�C G 2?« , 2 d 6 ,�,�e 6^2�5'²82�4 ,�e 6^;=C�­>C>D'¯
¯�«�¯
* 2 , 2�i84�­ & ¯�¯.9 ±S°
2�C>2�4 e � 5 e «�¯À5 e ;=2�5�4�­ ,�e ±<;=6¡¯�²-±�6�;=C ,�e 6 ¯�«�¯ , ­?¯ )
5�2?«E68634�­�; G 4�2<;=C>4�­ , 6 ,�,�e 6 * 24®!6A«�¯  �T(9 G 4�2'±�6 ®!6 , ­ , ­�«�¯�²�¯ � ;=4�­?± , 6 , ¯�F®!4�:
iW;§®!4�:
i82 * ¯d± e F�±?«E6 ,�e , ­?¯�5�2?«E686#" &]& 6-°�C?¯�± ,�e 6 * 24®!6A«�¯.9 ±é4�­ *#)
°�­ � °�­?°�¯ � ) «�¯�5�2 G 2<;=C�­ , 2'±�2'° G 4<F *�e � °�4�­>6-± e � ²4­/®�­of
®�«�F�°
2 , °�4�68C ,�e �
* ­>C>684�¯�­�«E2'± � ªKC>2 � 6©±�4�6 * F.9 G 2 , ¯ * ­ , ¯�6(C>2�i82E9�°�­?°�¯�6 ¯ * 6 ,�, 2 * 24®!6A«�¯­/®!6-°�±6­>C , 2�2 G ¯E; e ±6­>g�C , ­�«�¯�f�¯�6� �Tv±?C>6A«"­ � 9 G 4�6 ®�;=C�­?±?«�F�68C?;=2�5�2�7 , ­ )
;=:(� , :
g G 4�2�5?«E6 * : �
ª , ­�;=C>2oF�� 686§±�4�6 * F G 4�¯ * 24®!6A«�¯�4�2'±6­ , ¯�¯ ¯|¯�®!6 , C?¯ & ¯�°�­ d ¯�¯  �T _

±ñ4�­ * °�­ � , 684�­?²84�:(� ­>g � 68i82 °
2 , C>4�2?«�Fµf�­�;=C>2�¯E; G 2?«ED'²8:
g�C�;'F * 24®!6A«�¯ ;
G 2<;=C>2oF ,�,�eA* ¯� �T � P ® , ¯ * ¯�²�" &]& 6-°�C?¯�± ,�e � ; G 2<;=2�5�2'± G 2?«E:
f�6 , ¯�F�®!2 )
G 2?« , ¯�C>6A«ED , 2�7¡¯ ,E& 2�4 * ­ d ¯�¯?2 , ­�«�¯�f�¯�¯¡°
2 ,�d 6 , C>4�­>C>2�4�­ ¯ G 2?«�F , ­ G 4<F )
� 6 , ¯�7S±W68i82?2'°�4�6�;=C , 2<;=C?¯ F�±?«�F�68C�;'F * 68C>24®|­?°�:<;=C?¯�f�6�;A°
2�i82
²82 , ®"¯�4�2'±6­ ), ¯�F � &BC>2�C * 68C>24®¾;1:<; G 6 � 2 * G 4�¯ * 6 , F�68C�;'F ®�«�F|¯�®!6 , C?¯ & ¯�°�­ d ¯�¯ 24® , 2 )
4�24® , 2�i82� �T _ � ª * 6�;=C>6W;�C>6 * , ­?¯�5�2?«E686�±�2<;=C>4�685�2'±6­ ,�,�eA* ¯ * 24®!6A«�F * ¯.9
2 G ¯E; e ±6­>g � ¯ * ¯ , ­ G 4<F � 6 ,�, 2�6é;=2<;=C>2oF , ¯�6�±ÂC>6-°�:(� 687`°
2 ,E& ¯�i8:
4�­ d ¯�¯.9F�±?«�F�g�C�;'F * 24®!6A«�¯.9 G 2'²-±�2?«�F�g � ¯�6�2 G 4�6 ®!6A«�F�C>D , 6824® , 2�4�24® , 2�6# �T _ G 2
®�­ ,�,�eA* 2 G 2?«�F � ; * 6 � 6 , ¯�F�¯�«�¯:®!6 & 2�4 * ­ d ¯�F � , ­�i84�­ , ¯ d 6[C>6A«"­?; ¯E; )
G 2?«ED'²82'±6­ , ¯�6 * ;=2'±�4�6 * 6 ,�,�e � ± e f�¯E; «�¯�C>6A«ED ,�e � ­�«Ei82�4�¯�C * 2'± R ¬ � � S¦� ªµ4�­ )5�2�C�­ � R ­ 9 � 9 � 9 ¬@«KS 4�­�;8; * 2�C>4�6 ,�e , 6-°
2�C>2�4 e 6%2�5�4�­>C ,�e 6C²4­/®�­of�¯ G 2K±�2<;8;=C�­ )
, 2'±?«E6 , ¯�g 4�­?²A«�¯�f ,�e � C?¯ G 2'± , 6824® , 2�4�24® , 2�i82  �T _^±?;=C>684 � , F � ¯ G «"­ );=C?¯ , ­ � , ­�2<; , 2'±�6 ­?°�:<;=C?¯�f�6�;A°
2�i82 * 68C>24®�­ , 684�­?²84�:(� ­>g � 68i82�°
2 , C>4�2?«�F �ª , ­�;=C>2oF�� 687ñ4�­>5�2�C>6 G 4�2'±�6 ®!6 , ;=4�­?± , ¯�C>6A«ED ,�e 7S­ , ­�«�¯�² , ­?¯�5�2?«E686[4�­�; )
G 4�2<;=C>4�­ , 6 ,�,�e � * 24®!6A«E687  �T ¯ 4�­�;8; * 2�C>4�6 ,�e , 2'± e 6 G 24® � 24® e °�¯�®!6 ,�)
C?¯ & ¯�°�­ d ¯�¯ , 6824® , 2�4�24® , 2�i82 G «E2<;A°
2�i82  �T _d±(C>2 , °
2�7 G «"­�;=C?¯ , 6 �

bcZ�IKVIOHM���O ��


_B:(� 6�;=C?±�:�68CZ®"±6­ G 24® � 24®�­K2 G ¯E;-­ , ¯�F ®"±'¯ � 6 , ¯�F ¯�«�¯U4�­?± , 2'±�6�;A¯�FG 4�6 ®"±6­>4�¯�C>6A«ED , 2 , ­ G 4<F � 6 ,�,�e � C>6A« � ª G 684�±�2 * ¯�² , ¯ � ± °�­of�6�;=C?±�6Ø2�C );=f�68C , 2�7 °
2 ,E& ¯�i8:
4�­ d ¯�¯K± e 5'¯�4�­>68C�;'F]6�;=C>6�;=C?±�6 ,�, 2�6 , 6 ®!6 & 2�4 * ¯�4�2'±6­ ,�, 2�6
;=2<;=C>2oF , ¯�6�C>6A«"­�9-¯K±A:
4�­?± , 6 , ¯�FK± � 24®"¯�C , ­of�­�«ED , ­�F ®!6 & 2�4 * ­ d ¯�FK±|F�± , 2 *±'¯�®!6 � ª�4�­ * °�­ � ±�C>2�4�2�i82 G 24® � 24®�­|2�C�;=f�68C , 2�7 °
2 ,E& ¯�i8:
4�­ d ¯�687 ;=f�¯�C�­>68C�;'F



� ­ ����� � 
�� 
�� �
	��
	 ��� ��������� 	�� 	

, ­of�­�«ED , 2�6 ®!6 & 2�4 * ¯�4�2'±6­ ,�, 2�6%;=2<;=C>2oF , ¯�6�9 G 4�¯*"8C>2 *ñG 4�¯�f�¯ ,�e 2�5�4�­?²82'±6­ )
, ¯�F� �T _ , 6|:
f�¯�C e ±6­>g�C�;'F.9>C�­?°�¯ * 2�5�4�­?²82 *j, ­of�­�«ED , ­�F�®!6 & 2�4 * ­ d ¯�F , 6
:
f�­�;=C?±�:�68C ±(:
4�­?± , 6 , ¯�F � � TK¯ � 6 G 4�¯�±�24®EF�C�;'F , ­?¯�5�2?«E686^4�­�; G 4�2<;=C>4�­ , 6 ,�),�e 6 , ­Ø;=68i824® , F�� , ¯�7§®!6 , D * 24®!6A«�¯� �TZ±(4�­ * °�­ � 2�5�2'¯ � G 24® � 24®!2'± �
bcZ � ZAIKVIOHM���O%a+P�MµYcP#O#L � N�J	��
éO�M0P�J�P�J �	� P#Y�� OHM
TWVEX�N3J � O
�ñZ

\ ­�;8; * 2�C>4�¯ * : G 4�:
i82�6 C>6A«E2�±©®"±�: � °
2 ,E& ¯�i8:
4�­ d ¯�F � n ; *�� 4�¯E; �G¬ p � ª , ­ )
f�­�«ED , 2�7
®!6 & 2�4 * ¯�4�2'±6­ ,�, 2�7 °
2 ,E& ¯�i8:
4�­ d ¯�¯

κ0
±�4�6-²8:4«ED�C�­>C>6�®!687E;=C?±'¯�F

, 6-°
2�C>2�4 e � °
2 , 68f ,�e � ®!6 & 2�4 * ­ d ¯�7�±?C>6A«E6 G 4�¯E;=:
C�;=C?±�:�68CW;-­ * 2�:
4�­?± , 2 )±�6 � 6 ,�, 2�6 G 2?«E6 , ­of�­�«ED ,�e � nªG 4�6 ®"±6­>4�¯�C>6A«ED ,�e � p , ­ G 4<F � 6 , ¯�7 � �%:-®!6 *;=f�¯�C�­>C>D "8C>:X°
2 ,E& ¯�i8:
4�­ d ¯�gÛ2�C�;=f�68C , 2�7Z¯Z¯E; G 2?«ED'²82'±6­>C>D * ­>C>684�¯�­�«ED )
,�e 7 n «"­>i84�­ , � 6-± e 7!p`; G 2<;=2�5ñ2 G ¯E;-­ , ¯�F ®"±'¯ � 6 , ¯�F.9�C � 6 � 2�C , 2<;A¯�C>6A«ED , 2°
2�2�4'®"¯ , ­>C ±�6-°�C>2�4�­

R0 = (X0
1 , X

0
2 , X

0
3 )
� � ­�«E686�9�±�2'² * :(� ­�F�°
2 ,E& ¯�i8:
4�­ )

d ¯�g
κ0
¯ , ­?°�«"­/® e ±6­�F , ­ , 686 * ­�« e 6©®!6 & 2�4 * ­ d ¯�¯.9 G 2?«E:
f�¯ * ±�C>2�4�:
g

°
2 ,E& ¯�i8:
4�­ d ¯�g
κ
� �%:-®!6 * ;=f�¯�C�­>C>DE9Ef�C>21C>6A«E2§±©°
2 ,E& ¯�i8:
4�­ d ¯�¯

κ
¯ * 6868C

2�5��.6 *
V
9E2�i84�­ , ¯�f�6 ,�,�e 7 G 2'±�684 � , 2<;=C>D�g S = Su ∪ Sσ

�EC>6A«E2 � 6�;=C?°
2©²4­ )� 6 * «E6 , 2 , ­ f�­�;=C?¯�i84�­ , ¯ d�e
Su
¯ , ­>i84�: � 6 , 2 * 6 , F�g � 687E;'F�±�2 ±�4�6 * 6 , ¯, ­>i84�:�²-°
2�7

P
, ­[f�­�;=C?¯?i84�­ , ¯ d�e

Sσ
�

� � E � �	� $��+��wo��~�rtsvs-��w0u=~o�v�o�ow0�H�%���t� 7^svw0svu=w-xo�oz�xA7(������r-��r'���0�ow=�1���v��w0~���zo~owt�
�=rt�o�ow=�W� �8w0�o��zo�+��~�rt�oz�x

κ0

§�z^���0w0�-����yH�v�o�ow=�j� �8w0�o��zo�+��~�rt�oz�x
κ
§¦¥��Esvu=�vsvu=�0�v�o��r'x

�o�+���v��w0~���zo~ow0�=rt�o��r'x �8w0�o��zo�+��~�rt�oz�x`�o~oz "vu=w=�(�o�����ozou=�.�=rt�vu=s©x � ut¥o�0¥���r-��r'���0�o�.�
���v��w0~��Ert�ozoz`��rt�^�o~ozo�ozo�o�jw0}0~�rt�vw0�=rt�oz�x`��q  �o��~�rtsvs-�Ertu=~ozo�=rt�#u=s©x>§¦¥

��¯ , 684�¯�²82'±6­ ,�, ­�F`°�4�­>6-±6­�FX²4­/®�­of�­Â2e°
2?«E6856­ , ¯�F � G 4�6 ®"±6­>4�¯�C>6A«ED , 2
, ­ G 4<F � 6 ,�, 2�i82[C>6A«"­ ¯ * 6868C1; «E6 ®!:
g � ¯�7¡±'¯�®#l

∇0 · T + ρ0ḃ = ρ0
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F (n−1) =

∫

lσ

τ
(
u(n−1)
x − fx

)
− q
(
u(n−1)
y − fy

)
dlσ.

U ®!6�;=D
Ω
kºG «E2�� ­/®!D G «E2<;A°
2�7]2�5?«"­�;=C?¯.9A²4­ , ¯ * ­>6 * 2�7 G «"­�;=C?¯ , 2�7��-±�684 � , ¯�6

¯ , ®!6-°�; e
(n)
¯
(n−1)

2'² , ­of�­>g�C , 2 * 684�­�¯�C>684�­ d ¯�¯��
σ
0(n)
xx
9
σ
0(n)
yy
9
σ
0(n)
xy
k

G 2 G 4�­?±'°�¯ °Ø;=2�2�C?±�68C�;=C?±�:
g � ¯ * °
2 *�G 2 , 6 , C�­ *WG 4�6 ®"±6­>4�¯�C>6A«ED ,�e � , ­ G 4<F )
� 6 , ¯�7 , ­�C>6-°�:(� 687 ¯�C>684�­ d ¯�¯ nªG 4�¯*"8C>2 * σ0(0)

ij

k ²4­>4�­ , 686C± e 5�4�­ ,�, 2�6 , ­ )
f�­�«ED , 2�6 G 4�¯�5?«�¯ � 6 , ¯�6op � K(n−1)

xx
9
K

(n−1)
yy

9
K

(n−1)
xy

k F�®!4�­�¯ , C>68i84�­�«ED , 2 )
i82`:
4�­?± , 6 , ¯�F.96± e 4�­ � 6 ,�,�e 6Af�684�6-² G 4�2'¯�²-±�24® ,�e 6A; * 6 � 6 , ¯�7.9�± e f�¯E; «E6 ,�),�e � , ­ G 4�6 ® e ®!:(� 6 * � ­>i86 (n − 1)

�
fx
k °
2 *�G 2 , 6 , C�­©²4­/®�­ ,�, 2�i82 G 2?«�F

; * 6 � 6 , ¯�7 G 24®d²82 , ®"¯�4�:
g � 687 , ­>i84�:�²-°
2�7 n ®!2 G 2?« , ¯�C>6A«ED , ­�F�¯ ,E& 2�4 * ­ )
d ¯�F ± G 2<;=C�­ , 2'±'°
6B2�5�4�­>C , 2�7 ²4­/®�­of�¯!p �

τ
¯
q
k ;=2�2�C?±�68C�;=C?±�6 ,�, 2�°�­�;-­>C>6A«ED )

, ­�Fe¯ , 2�4 * ­�«ED , ­�F ;=2<;=C�­?±?«�F�g � ­�Fa±�6-°�C>2�4�­�²82 , ®"¯�4�:
g � 687 , ­>i84�:�²-°�¯.9
4�­�; G 4�6 ®!6A«E6 ,�, 2�7 , ­ ±�684 � , 687Øi84�­ , ¯ G «"­�;=C?¯ ,�e lσ = {x ∈ [0, l], y = h/2} �&BC>2[;=2�2�C , 2�� 6 , ¯�6 * 2 � , 2`C>4�­?°�C>2'±6­>C>D °�­?°©¯ , C>68i84�­�«ED , 2�6A:
4�­?± , 6 , ¯�6/ 4�6 ®!i82?«ED * ­ ¬=) i82é4�24®�­ 2�C , 2<;A¯�C>6A«ED , 2 G 2 G 4�­?±�2'° °  �T(9H6�; «�¯ G 4�6 ®"±6­ )
4�¯�C>6A«ED , 2µ4�6 � 6 , ­ G 4<F * ­�Fa²4­/®�­of�­é2 , ­ � 2 � ®!6 , ¯�¯ G 2?«E687 ; * 6 � 6 , ¯�7e¯®!6 & 2�4 * ­ d ¯�7:±�2�±<;=687j2�5?«"­�;=C?¯ G «"­�;=C?¯ ,�e]� N�­?°�¯ * 2�5�4�­?²82 * 9 , ­�°�­ � ®!2 *� ­>i86 ¯�C>684�­ d ¯�2 ,�, 2�i82 G 4�2 d 6�;8;-­Ø4�6 � ­>68C�;'F G 4<F * ­�F:°�4�­>6-±6­�F ²4­/®�­of�­ ®�«�F
C>6-°�:(� 68i82 G 4�¯�5?«�¯ � 6 , ¯�F ®�«�F� �T σ̃0

αβ

¯ ± e f�¯E; «�F�68C�;'F(;=2�2�C?±�68C�;=C?±�:
g � 686
G 2?«E6�; * 6 � 6 , ¯�7 ¯ ®!6 & 2�4 * ­ d ¯�7.9 G 2<; «E6%f�68i82K¯�²%:
4�­?± , 6 , ¯�F n'¬�� p , ­ � 24®EF�C )
;'F , 2'± e 6 G 2 G 4�­?±'°�¯ ° , 6-¯�²-±�6�;=C ,�eA*ñ& : , ° d ¯�F *  �T(94¯ ±*°
2 ,�d 6C¯�C>684�­ d ¯�¯
C>6-°�:(� 686 G 4�¯�5?«�¯ � 6 , ¯�6(:
C>2�f , F�68C�;'F ;[:
f�68C>2 * ± e f�¯E; «E6 ,�, 2�7 G 2 G 4�­?±'°�¯.l
σ̃0
αβ := σ̃0

αβ + σ
0(n)
αβ

� � 68C�­�«ED , 2 G 24®!2�5 ,�e 6�¯�C>684�­ d ¯�2 ,�,�e 6 G 4�2 d 6�;8; e 4�­�; )
; * 2�C>4�6 ,�e ±`4�­>5�2�C>6�R �KS 9
; G 4�¯�±�6 ®!6 , ¯�6 * 5?«E2'° ) ; � 6 * ¯ G 2�� ­>i82'± eA* 2 G ¯E;-­ )
, ¯�6 *��
TK¯ � 6Ø4�­�;8; * 2�C>4�¯ * ®"±6­ G 24® � 24®�­�4�6 � 6 , ¯�F G 2<;=C�­?±?«E6 ,�, 2�7�± e � 6Ø2�5 )4�­>C , 2�7
²4­/®�­of�¯
±(4�­ * °�­ � ¯�C>684�­ d ¯�2 ,�, 2�i82 G 4�2 d 6�;8;-­ n'¬�� p �
� ZúbcZ � Z �WM<X N �(S ��VIO �!VIO|Z�ª e 4�­?²-¯ *jG 2 G 4�­?±'°�¯

σ
0(n)
xx
9
σ
0(n)
yy
9
σ
0(n)
xy
f�6 )

4�6-²324® , : & : , ° d ¯�g , ­ G 4<F � 6 , ¯�7 &B4�¯ Φ(x, y)
l

σ0(n)
xx = Φ,(n)yy ; σ0(n)

yy = Φ,(n)xx ; τ0(n)xy = −Φ,(n)xy

n'¬�� p
n ®�­�«E686 , 2 * 684|¯�C>684�­ d ¯�¯

(n)
5�:-®!6 * 2 G :<;A°�­>C>D
p �  34�6 ®�;=C�­?±'¯ *�& : , ° d ¯�g

&B4�¯¡± ±'¯�®!6];=: *�*�e 5'¯�iA­>4 * 2 , ¯�f�6�;A°�¯ � G 2?«�¯ , 2 * 2'±El

Φ = ϕ2 + ϕ3 + ϕ4 + . . . ,
n'¬,+ p
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iE®!6

ϕ2 =
a2
2
x2 + b2xy +

c2
2
y2,

ϕ3 =
a3
6
x3 +

b3
2
x2y +

c3
2
xy2 +

d3
6
y3,

ϕ4 =
a4
12
x4 +

b4
6
x3y +

c4
2
x2y2 +

d4
6
xy3 − (2c4 + a4)

6
y4
¯?C � ® �

U ®!6�;=DK°
2�" &]& ¯ d ¯�­ , C e 4�­?²A«E2 � 6 , ¯�F`F�±?«�F�g�C�;'F , 6-¯�²-±�6�;=C ,�eA* ¯.9?­3;=C>6 )G 6 , ¯[5'¯�iA­>4 * 2 , ¯�f�6�;A°�¯ � G 2?«�¯ , 2 * 2'±�2�5�4�­?²8:
g�C^;A¯E;=C>6 * :`56­?²-¯E; ,�e � & : , ° )
d ¯�7 �
N.2�iE®�­ ± e 4�­ � 6 , ¯�F�®�«�F G 2 G 4�­?±�2'°
° G 4�6 ®"±6­>4�¯�C>6A«ED ,�eA* , ­ G 4<F � 6 , ¯ )F * ;^:
f�68C>2 * n'¬�� p G 4�¯ * :
C©±'¯�®#l




σ0
xx = c2 + c3x+ d3y + c4x

2 + d4xy − (2c4 + a4)y
2 + . . . ,

σ0
yy = a2 + a3x+ b3y + a4x

2 + b4xy + c4y
2 + . . . ,

τ0xy = −b2 − b3x− c3y − 1
2b4x

2 − 2c4xy − 1
2d4y

2 + . . .

n'¬�� p

 324®�;=C�­?±?«�F�F�"8C?¯ ± e 4�­ � 6 , ¯�F�±W:
4�­?± , 6 , ¯�6 n'¬�� p�¯ G 4�2'±�6 ®EF�¯�² * 684�6 ), ¯�F�V � � ± , 6�;A°
2?«ED'°�¯ � f�­�;=C>2�C�­ � ωi (i = 1, . . . ,m)
9 G 2?«E:
f�¯ * ;A¯E;=C>6 * :

«�¯ , 687 ,�e � ­�«Ei8685�4�­?¯�f�6�;A°�¯ � :
4�­?± , 6 , ¯�7




a2A2(ω1) + b2B2(ω1) + c2C2(ω1) + a3A3(ω1) + . . . = F (ω1),

a2A2(ω2) + b2B2(ω2) + c2C2(ω2) + a3A3(ω2) + . . . = F (ω2),�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�=�8�8�=�8�=�8�=�8�=�8�=�8�

a2A2(ωm)+b2B2(ωm)+ c2C2(ωm)+ a3A3(ωm)+. . .=F (ωm),

n ª�« p

iE®!6

A2 =

∫

Ω

Kyy dΩ, B2 = −
∫

Ω

Kxy dΩ, C2 =

∫

Ω

Kxx dΩ,

A3 =

∫

Ω

xKyy dΩ, B3 =

∫

Ω

(yKyy − xKxy) dΩ,

C3 =

∫

Ω

(xKxx − yKxy) dΩ, D3 =

∫

Ω

yKxx dΩ

¯ØC � ® � U ®!6�;=D
a2, b2, c2, a3, . . .

k , 6-¯�²-±�6�;=C ,�e 65°
2�" &]& ¯ d ¯�6 , C e 9 & 2�4 * ¯ )
4�:
g � ¯�6Ø4�­?²A«E2 � 6 , ¯�6 G 2 G 4�­?±'°�¯�° & : , ° d ¯�¯ G 4�6 ®"±6­>4�¯�C>6A«ED ,�e � , ­ G 4<F )
� 6 , ¯�7�&B4�¯ Φ

G 2�;=C>6 G 6 , F * 5'¯�iA­>4 * 2 , ¯�f�6�;A°�¯ � G 2?«�¯ , 2 * 2'± , ­1C>6-°�:(� 687
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¯�C>684�­ d ¯�¯ � \�6 � 6 , ¯�6 "8C>2�7 ;A¯E;=C>6 *�eÓ& ­?°�C?¯�f�6�;A°�¯ñ2'² , ­of�­>68C , ­ � 2 � ®!6 , ¯�6±<;=6 � C>4�6 � G 2 G 4�­?±�2'° σ0
xx

9
σ0
yy

9
τ0xy

°|°
2 *�G 2 , 6 , C�­ *�G 4�6 ®"±6­>4�¯�C>6A«ED ,�eA*
, ­ G 4<F � 6 , ¯�F *µ, ­[C>6-°�:(� 687¡¯�C>684�­ d ¯�¯ n ; *��!& 2�4 * :4« e
n'¬�� p-p �N�­?°�¯ * 2�5�4�­?²82 * 984�6 � 6 , ¯�6%:
4�­?± , 6 , ¯�F n'¬�� p * 2 � , 23;A±�6�;=C?¯ ° 4�6 � 6 , ¯�gG «E2 � 2�2�5�:<; «E2'±?«E6 ,�, 2�7j;A¯E;=C>6 *�e «�¯ , 687 ,�e � ­�«Ei8685�4�­?¯�f�6�;A°�¯ � :
4�­?± , 6 , ¯�7
2�C , 2<;A¯�C>6A«ED , 2

αk
� � «�F1686^4�6 � 6 , ¯�F�; «E6 ®!:�68C ¯E; G 2?«ED'²82'±6­>C>D]4�68i8:4«�F�4�¯�²8: )

g � ¯�6 ­�«Ei82�4�¯�C *�e 9 , ­ G 4�¯ * 684.9 * 68C>24®j4�68i8:4«�F�4�¯�²4­ d ¯�¯ V � T � NC¯ � 2 , 2'±6­ �
� ZúbcZúbcZHM L�VEX�VES ��VIO �!VIO|Z�\ ­?²82�5��.6 * 2�5?«"­�;=C>D G «"­�;=C?¯ ,�e

Ω
4�­?± , 2 * 684 )

, 2�7�;=68C?°
2�7 , ­
N
;=: G 684�"A«E6 * 6 , C>2'± nªG 24®!2�5?«"­�;=C>687!p {Ωk}Nk=1

¯ ²4­/®�­/®"¯ *
& : , ° d ¯�g�&B4�¯ , ­ °�­ � ®!2 * ¯�² , ¯ � l Φk|Ωk

(x, y)
� ª 2�5�� 6 * ; «E:
f�­>6 G 4�6 ® )

;=C�­?±'¯ *
& : , ° d ¯�¯
Φk
± ±'¯�®!6¡«�¯ , 687 , 2 °
2 * 5'¯ , ­ d ¯�¯Â5'¯�iA­>4 * 2 , ¯�f�6�;A°�¯ �

G 2?«�¯ , 2 * 2'±E9?°�­?°�"8C>2`5 e «E2`;H®!6A«"­ , 2�± G 4�6 ® e ®!:(� 6 *éG : , °�C>6 n ; *�� :
4�­?± , 6 )
, ¯�6 n'¬,+ p-p � ª�"8C>2 * ; «E:
f�­>6 * 2 � , 2K­ , ­�«E2�i-¯�f ,�eA* 2�5�4�­?²82 * ;A±�6�;=C?¯[:
4�­?± , 6 ), ¯�6 n'¬�� p5° G «E2 � 2�2�5�:<; «E2'±?«E6 ,�, 2�7j;A¯E;=C>6 * 6 «�¯ , 687 ,�e � :
4�­?± , 6 , ¯�7ñ2�C , 2 )
;A¯�C>6A«ED , 2 , 6-¯�²-±�6�;=C ,�e � °
2�" &]& ¯ d ¯�6 , C>2'±^4�­?²A«E2 � 6 , ¯�F °�­ � ®!2�7 & : , ° d ¯�¯
Φk|Ωk

��C�­?°�¯ * 2�5�4�­?²82 * 96±<;=68i82 5�:-®!6 * ¯ * 68C>D
3N
, 6-¯�²-±�6�;=C ,�e � � Y G 4�¯ * 6 )

4�:�9?±`;-­ * 2 *ñG 4�2<;=C>2 * ; «E:
f�­>6 * 2 � , 2�²4­/®�­>C>D ­ G�G 4�2'°�;A¯ * ­ d ¯�¯ ®�«�F & : , ° )d ¯�7�&B4�¯¡± ±'¯�®!6K°�±6­/®!4�­>C?¯�f ,�e � G 2?«�¯ , 2 * 2'±

Φk =
ak
2
x2 + bkxy +

ck
2
y2, k = 1, . . . , N.

P�C�;=gC®�­ G 2?«E:
f�¯ * 9Ef�C>2 G 2 G 4�­?±'°�¯¡°  �TO²4­/®�­>g�C�;'F¡±©±'¯�®!6 °�:<;=2�f , 2 )¦G 2<; )
C>2oF ,�,�e � & : , ° d ¯�7 , ­ ±<;=687�2�5?«"­�;=C?¯ Ω

l

σ0
xx|Ωk

= ck, σ0
yy|Ωk

= ak, σ0
xy|Ωk

= −bk, k = 1, . . . , N.
n ª�¬ p

ª "8C>2 * ; «E:
f�­>63:
4�­?± , 6 , ¯�6 n'¬�� p G 4�¯ * 68C©±'¯�®#l

N∑

k=1


ck

∫

Ωk

Kxx dΩk + ak

∫

Ωk

Kyy dΩk − bk

∫

Ωk

Kxy dΩk


 = F.

n ª*ª p

_B2�2�C?±�68C�;=C?±�6 ,�, 2E9E6�; «�¯ G 4�2'±�6�;=C?¯:¯�² * 684�6 , ¯�F�V � � ± , ­>5�2�4�6`f�­�;=C>2�C§°
2 )
«E6856­ , ¯�7

ωi
n
i = 1, . . . ,m)

9�C>2ñ:
4�­?± , 6 , ¯�6 n ª*ª p * 2 � , 2j4�­�;8; * ­>C>4�¯�±6­>C>D°�­?°ñ;A¯E;=C>6 * : «�¯ , 687 ,�e � ­�«Ei8685�4�­?¯�f�6�;A°�¯ � :
4�­?± , 6 , ¯�7ñ2�C , 2<;A¯�C>6A«ED , 2 3N, 6-¯�²-±�6�;=C ,�e � l ak 9 bk 9 ck (k = 1, . . . , N)
�

� Z � Z M �(P#O�Q ��O#L�M��	� P��ØM��>R.Q ��M<X#O�N3MQP#L �?Z�ª , ­�;=C>2oF�� 6 *µG ­>4�­>i84�­ )
& 6 G 4�¯�±�6 ®!6 ,�e 4�6-²8:4«ED�C�­>C e ± e f�¯E; «�¯�C>6A«ED ,�e � "-°�; G 684�¯ * 6 , C>2'± G 2§¯�®!6 ,�)
C?¯ & ¯�°�­ d ¯�¯ , 6824® , 2�4�24® ,�e �  �T ±Â4�­ * °�­ � ®"±�: � ± e � 682 G ¯E;-­ ,�,�e � G 2 )
� 24®!2'±S®�«�Fh;=C�­�«ED , 2�7 G «"­�;=C?¯ ,�e ; G ­>4�­ * 68C>4�­ * ¯ l = 1

* 9
b = 0, 5

* 9
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h = 0, 1

* 9
E = 1, 96 · 1011  �­�9 ν = 0, 28

9
ρ = 7, 8 · 103 °�i�� * 3 n«& 2�4 )* ­ ¯W:<; «E2'±'¯�F
²4­/®!6A«�°�¯ °�­?° , ­(4�¯E; � �<p � N.2�f ,�e 6  �TO²4­/®�­?±6­�«�¯E;=D ±§±'¯�®!6

*�, 2�i82�f�«E6 , 2'±ØC>4�68C>D�68i82 G 2�4<F�®"°�­�9�f�C>2�;=2�2�C?±�68C�;=C?±�:�68C & : , ° d ¯�¯�&B4�¯ G F )
C>2�i82 G 2�4<F�®"°�­�l





σ0∗
xx = c2 + c3x+ d3y + c4x

2 + d4xy − (2c4 + a4)y
2−

− (2c5 + 3a5)xy
2 − 1

3 (b5 + 2d5)y
3,

σ0∗
yy = a2 + a3x+ b3y + a4x

2 + b4xy + c4y
2 + a5x

3 +

+ b5x
2y + c5xy

2 + 1
3d5y

3,

σ0∗
xy = −b2 − b3x− c3y − 1

2 b4x
2 − 2c4xy − 1

2d4y
2−

− 1
3b5x

3 − c5x
2y − d5xy

2 + 1
3 (2c5 + 3a5)y

3,

n ª �<p

G 4�¯�; «E6 ®!:
g � ¯ � ² , ­of�6 , ¯�F � °
2�" &]& ¯ d ¯�6 , C>2'±El a2 = 20
9
b2 = 10

9
c2 = 10

9
a3 = 0, 001221

9
b3 = 0, 123

9
c3 = −0, 1

9
d3 = 0, 02

9
a4 = 0

9
b4 = 0, 01

9
c4 = 0, 01

9
d4 = 0, 001

9
a5 = 0, 001

9
b5 = 0, 001

9
c5 = −0, 001

9
d5 = 0, 001nªG 2?«E:
f�­>6 *�e 6 G 4�¯�"8C>2 * °
2 *�G 2 , 6 , C e  �TZ¯�² * 684<F�g�C�;'F¡± °�i���; * 2 p �

ª
4�­ * °�­ � G 684�±�2�i82 G 24® � 24®�­?4�­�;8; * 2�C>4�¯ * ; «E:
f�­>7.9�°
2�iE®�­W; G 6 d ¯�­�«ED )
,�e 7 G 2'¯E;A° , ­of�­�«ED , 2�i82 G 4�¯�5?«�¯ � 6 , ¯�F , 6é2<;=:(� 6�;=C?±?«�F�68C�;'F���C>4�6 * G 2 )G 4�­?±'°�­ * ± ;-­ * 2 *
, ­of�­�«E6:¯�C>684�­ d ¯�2 ,�, 2�i82 G 4�2 d 6�;8;-­ G 4�2<;=C>2 G 4�¯E;A±6­?¯ )
±6­>g�C�;'F , :4«E6-± e 6 ² , ­of�6 , ¯�F.l

σ
0(n)
xx = 0

9
σ
0(n)
yy = 0

9
σ
0(n)
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, ­ � 24®EF�C�;'F�24® , 2'² , ­of , 2 G 2 G 4�2<;=C eA* 4�6-°�:
4�4�6 , C ,�eA* & 2�4 * :4«"­ * ¯.9 , ­ )
G 4�¯ * 684.9

fx + f2 = k2 + u ⇒ f+ = k +

∞∑

j=1

fj
(2k)j

,

f1 = u, f2 = −ux, f3 = uxx − u2, . . .

n �<p

/ : , ° d ¯�F * ¯ �32<;=C�­
ψ± *�e , ­?² e ±6­>6 * 4�6 � 6 , ¯�F «�¯ , 687 , 2�i82K:
4�­?± , 6 )

, ¯�F n'¬ pBC�­?°�¯�6�9�f�C>2
D logψ± =

ψ±
x

ψ± = f±.

 34�6 ® G 2?«"­>iA­>68C�;'F.9<f�C>2

ψ+(k, x) = ekxP (k, x), ψ−(k, x) = e−kxQ(k, x),
n ­ p

iE®!6
P
¯
Q
*�, 2�i82�f�«E6 ,�e 2�C

k
24® , 2�7a¯ C>2�7 � 6 ;=C>6 G 6 , ¯ n > 1

� &BC>2
2'² , ­of�­>68C ±(f�­�;=C , 2<;=C?¯.9�f�C>2©±�4�2 , ;A°�¯�­ ,?& : , ° d ¯�7 �32<;=C�­

〈ψ+, ψ−〉 = ψ+ψ−
x − ψ−ψ+

x = PQx − PxQ− 2kPQ
n 	�p

F�±?«�F�68C�;'F *�, 2�i82�f�«E6 , 2 * 2�C
k
;=C>6 G 6 , ¯

2n+1
; G 2<;=C>2oF ,�,�eA* ¯ G 2 G 684�6 * 6 ,�)

, 2�7
x
°
2�" &]& ¯ d ¯�6 , C�­ * ¯ � f�± ,�e 6 & 2�4 * :4« e ®�«�F °
2�" &]& ¯ d ¯�6 , C>2'±�"8C>2�i82

*�, 2�i82�f�«E6 , ­*±^C>684 * ¯ , ­ � ¯ , C>68i84�­�«E2'± G 2 G 684�6 * 6 ,�, 2�7 x 2�C5®"¯ &]& 684�6 ,�d ¯ )­�«ED ,�e � G 2?«�¯ , 2 * 2'±(C?¯ G ­ n �<p%2�C & : , ° d ¯�7 ui(x) 9 i = 1, 2,
®�«�F?4�­�;8; * ­>C )

4�¯�±6­>6 * 2�7(; G 6-°�C>4�­�«ED , 2�7 ²4­/®�­of�¯ n'¬ p * 2 � , 2 G 2?«E:
f�¯�C>DE9?¯E; � 24®EF ¯�²5°
2�" &^)& ¯ d ¯�6 , C>2'± 4�­?²A«E2 � 6 , ¯�7 n ª p � &BC?¯ÂF�± ,�e 6 & 2�4 * :4« e ¯�i84�­>g�Cé5�2?«ED�� :
g4�2?«ED ±W2�5�4�­>C , 2�7�; G 6-°�C>4�­�«ED , 2�7S²4­/®�­of�6 ¯ , 6§²4­?±'¯E;'F�C G 2j;=:(� 6�;=C?±�:ñ2�C
G 4�6 ® G 2?«E2 � 6 , ¯�F G 2?«�¯ , 2 * ¯�­�«ED , 2<;=C?¯ n ­ p � � «�F , ­�;�± ®�­�«ED , 687�� 6 * ±6­ � ),�e C>2?«ED'°
2 G 2?«E2 � 6 , ¯�F , :4«E687 *�, 2�i82�f�«E6 , ­ n 	�p � 32?«E6-² ,�eA* ®!2 G 2?« , 6 , ¯�6 * °W;A°�­?²4­ ,�, 2 * :©± e � 6^F�±?«�F�68C�;'F?; «E6 ®!:
g � 686
:
C?±�684 � ®!6 , ¯�6�9c; G 4�­?±�6 ®�«�¯�±�2<;=C>D�°
2�C>2�4�2�i82 * 2 � , 2 G 4�2'±�684�¯�C>D , 6 G 2<;=4�6 ® );=C?±�6 ,�,�eA* ¯¡± e f�¯E; «E6 , ¯�F * ¯ �

�jM
N3N3J�V � N�J�X � O�J P�M!Z � � 	�� � ψ1
�
ψ2
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ψxx = U(x)ψ.
� ��� � �

� � � ���
��� � � �
�
ϕ = ψ1/ψ2

� � ����� � � ��� � � �
�
Φ = ψ1ψ2

� � ����

� � � � � 
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	 ��� � � � � 	�� � � ���
� � � � � � �
� � �	
��

3ϕ2
xx

4ϕ2
x

− ϕxxx

2ϕx
= U(x), 4U(x)Φ2 +Φ2

x − 2ΦΦxx = w2,
n«� p

� � �
w = 〈ψ1, ψ2〉 = ψ1ψ2,x − ψ1,xψ2

��������	�� ��� � ����� � � ���
ψ1

�
ψ2
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U ­?°�­ , f�¯�±6­�F "8C>2*°�4�­>C?°
2�6 ±'±�6 ®!6 , ¯�6�98; «E6 ®!:�68CA2�C * 68C?¯�C>DE9of�C>2E94±�; «E:
f�­>6
2�5�� 68i82 G 2?«E2 � 6 , ¯�F.9!4<F�® e n ª p09 G 2�2�5�4�­>C ,�eA* ;=C>6 G 6 , F * ; G 6-°�C>4�­�«ED , 2�i82G ­>4�­ * 68C>4�­�9�F�±?«�F�g�C�;'F�«�¯�� D ­�;A¯ *�G C>2�C?¯�f�6�;A°�¯ * ¯ ¯ G 4�6 ® G 2?«E2 � 6 , ¯�6(2�5¯ � ; � 24®"¯ * 2<;=C?¯ ± e ®!6A«�F�68C�®!2'±�2?«ED , 2 ; G 6 d ¯�­�«ED ,�e 7.9 , 2 ±6­ � ,�e 7 °�«"­�;8;G 2�C>6 ,�d ¯�­�«E2'±E9"¯ * 68g � ¯ � , 6 G 2<;=4�6 ®�;=C?±�6 ,�, 2�6[2�C , 2�� 6 , ¯�6 °�²4­/®�­of�6[2�5�2�5 )� 6 , ¯�F|¯�²-±�6�;=C ,�e � ;=2?«�¯�C>2 , 2 G 24®!2�5 ,�e � 4�6 � 6 , ¯�7 , 6A«�¯ , 687 , 2�i82 :
4�­?± , 6 )
, ¯�F $ 4�6 ®"¯ , i8684�­*¯ :
4�­?± , 6 , ¯�F Y32�4�C>6-±�68iA­ ) ®!6 ª%4�¯�²4­ � _:®!4�:
i82�7 ;=C>2�4�2 ,�e
& 2�4 * :4« e C?¯ G ­ n ­ p ¯E; G 2?«ED'²8:
g�C�;'F G 4�¯ G 2<;=C>4�2�6 , ¯�¯�°�±6­?²-¯�°�«"­�;8;A¯�f�6�;A°�¯ �
G 4�¯�5?«�¯ � 6 ,�,�e � 4�6 � 6 , ¯�7�; G 6-°�C>4�­�«ED , 2�7©²4­/®�­of�¯©¯.9 * 2 � , 2 ;A°�­?²4­>C>DE9>f�C>2*�e 4�­�;8; * ­>C>4�¯�±6­>6 * ; «E:
f�­>7.9 °
2�iE®�­ "8C?¯a°�±6­?²-¯�°�«"­�;8;A¯�f�6�;A°�¯�6 & 2�4 * :4« e
F�±?«�F�g�C�;'F�C>2�f ,�eA* ¯ �

bcZ�� P#L�M<X ��V �	� � O��
_Bf�¯�C�­�F ²4­/®�­ ,�,�eA* ¯ °
2�" &]& ¯ d ¯�6 , C e

cj
G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C?¯ & : , ° )

d ¯�7 �32<;=C�­ n ­ p ± , :4«�F � k = kj
±�4�2 , ;A°�¯�­ , ­ n 	�p *�e & 2�4 * :4«�¯�4�:�6 * ; «E6 )

®!:
g � :
gQ¯ , C>684 G 2?«�F d ¯�2 ,�, :
gQ²4­/®�­of�:�l

P (k)

Q(k)
=
p0k

n + p1k
n−1 + p2k

n−2 + · · ·+ pn
q0kn + q1kn−1 + q2kn−2 + · · ·+ qn

= ρj ,

k = kj , j = 1, 2, . . . , 2n+ 1.

n¦� p

N�­?°¡°�­?°
ρj = cj exp−2kjx

9�C>2 ®!2?« � ,�e ± e|G 2?« , F�C>D<;'F�:
4�­?± , 6 , ¯�F

d

dx
ρj + 2kjρj = 0, j = 1, 2, . . . , 2n+ 1.

n + p

� 2 G 2?« , ¯�C>6A«ED , 2 , ­?°�«"­/® e ±6­>g�C�;'F©®"±6­ , 2�4 * ¯�4�2'±�2�f ,�e � :<; «E2'±'¯�F.l

k2n+1 = 0, p0q0 = 1.
n«� p

ª%C>2�4�2�6 ¯�² , ¯ � 2�5�:<; «E2'±?«E6 , 2�± e 5�2�4�2 * ² , ­of�6 , ¯�F`;=C�­>4�� 68i82 °
2�" &]& ¯ d ¯�6 ,�)
C�­5±�4�2 , ;A°�¯�­ , ­ n 	�p09�­ G 684�±�2�6 ®!2<;=C?¯�iA­>68C�;'F�²4­�;=f�68C^;H®"±'¯�iA­A; G 6-°�C>4�­�«ED , 2�i82
G ­>4�­ * 68C>4�­�9�f�C>2E9�°�­?°�«E68i-°
2 ±'¯�®!68C>DE9 , 6]2�i84�­ , ¯�f�¯�±6­>68C 2�5�� , 2<;=C?¯ �
N�­?°�¯ * 2�5�4�­?²82 * ±14�­�;8; * ­>C>4�¯�±6­>6 * 2�7 ²4­/®�­of�6 n¦� p09 n«� p n ;=4 � R ¬TS p|2�5�� 686

f�¯E; «E2 , 6-¯�²-±�6�;=C ,�e � °
2�" &]& ¯ d ¯�6 , C>2'± *�, 2�i82�f�«E6 , 2'± P (k) ¯ Q(k)
;=2'± G ­ )

®�­>68C ;�f�¯E; «E2 * :
4�­?± , 6 , ¯�7.9 ­ , 6-²4­?±'¯E;A¯ * ­�F G 684�6 * 6 ,�, ­�F
x
;=C�­ , 2'±'¯�C�;'F

± , 6 � , ¯ *hG ­>4�­ * 68C>4�2 *��	� C>2�5 e :
5�6 ®"¯�C>D<;'F.9�f�C>2E9 G 2<;=C>4�2�6 ,�,�e 6 G 2 *�, 2 )
i82�f�«E6 , ­ *

P (k)
¯
Q(k)

& : , ° d ¯�¯ n ­ p09A:-®!2'±?«E68C?±�2�4<F�g�CÂ24® , 2 * :e¯hC>2 )
* : � 6 «�¯ , 687 , 2 * :�®"¯ &]& 684�6 ,�d ¯�­�«ED , 2 * :�:
4�­?± , 6 , ¯�gO±�C>2�4�2�i82 G 2�4<F�®"°�­
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ψ′′ = Uψ
®!2<;=C�­>C>2�f , 2 G 4�2'±�684�¯�C>DE9!f�C>2¡¯ � ±�4�2 , ;A°�¯�­ ,j, 6 * 6 , F�68C�;'F G 4�¯¯�² * 6 , 6 , ¯�¯
x
¯ *�e ¯ * 686 * l

�jM
N3N3J � Z ���������
��

� � ��� ����� � � � �
��
��
� ��� � 	�

�����	
Àn + p �#n«� p � � ��� �
	 ��� � � � � 	�� � �
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� �
���

P (k)
�
Q(k)

� 
 ��
	

� � 	 
 �
� � � ��� � � � ���
��� 	 � ��� � � ��������	�� ��� �jn 	�p � ��� ��� ���
� � 	�����n ­ p � � � � ��� � � 	 
 � � � � � 

���

〈ψ+, ψ−〉 = ψ+ψ−
x − ψ−ψ+

x = −2k
2n∏

j=1

(k − kj).
n'¬@« p

C
MK² & 2�4 * :4« e�n 	�pH; «E6 ®!:�68Co9�f�C>2 ±�4�2 , ;A°�¯�­ , F�±?«�F�68C�;'F *�, 2�i82�f�«E6 , 2 *

2�C
k
;=C>6 G 6 , ¯

2n + 1
;=2ñ;=C�­>4�� ¯ * °
2�" &]& ¯ d ¯�6 , C>2 * 4�­?± ,�eA* −2

� &BC>2�C
*�, 2�i82�f�«E6 , 2�5�4�­ � ­>68C�;'F�± , :4«ED:±

2n + 1
C>2�f�°�­ � k = kj

±j;A¯�«E: :
4�­?± )
, 6 , ¯�7 n + p09c2�5�6�; G 68f�¯�±6­>g � ¯ � G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C>D & : , ° d ¯�7 n ­ p � W*°�­ )²4­ ,�,�e 6 , :4«�¯�24® , 2'² , ­of , 2 2 G 4�6 ®!6A«�F�g�C[4�­�;8; * ­>C>4�¯�±6­>6 *�e 7 *�, 2�i82�f�«E6 , ¯
G 2�"8C>2 * :�; G 4�­?±�6 ®�«�¯�±6­ & 2�4 * :4«"­ n'¬@« p �

BªS°�­of�6�;=C?±�6 ¯�«�«Eg^;=C>4�­ d ¯�¯ °K®!2'°�­?²4­ ,�, 2�7�± e � 6 «E6 *�* 6%2�5<;=:-®"¯ * °�4�­>C )
°
2|F�± ,�e 6 & 2�4 * :4« e ®�«�F °
2�" &]& ¯ d ¯�6 , C>2'± *�, 2�i82�f�«E6 , 2'±

P (k)
¯
Q(k)

G 4�¯
n = 1

�
�Ø��"#@��������% 34�¯

n = 1
*�e ¯ * 686 *

P = p0k+ p1
9
Q = q0k+ q1

9 G 4�¯ )
f�6 * ¯�²]:<; «E2'±'¯�7 n«� p09E; «E6 ®!:
g�CØ;=2�2�C , 2�� 6 , ¯�F

p0q0 = 1
¯
q1 = p1α

9�iE®!6
αG 4�2'¯�²-±�2?«ED , ­�F G 2<;=C>2oF ,�, ­�F � W�4�­?± , 6 , ¯�F n¦� p¬®�­>g�Co9!2�f�6-±'¯�® , 2E9�®"±6­(:
4�­?± )

, 6 , ¯�F:®�«�F�®"±�: � °
2�" &]& ¯ d ¯�6 , C>2'± *�, 2�i82�f�«E6 , ­ P = p0k + p1
9�°
2�C>2�4 e 6

:-®!2�5 , 2 G 684�6 G ¯E;-­>C>D©±(C>684 * ¯ , ­ � a = p20, b = p0p1
� &BC>2 ®�­>68C

kja+ b = ρj(kj + αb), j = 1, 2 ⇒

b =
1

α
Dx log [k2 − k1 + α(k1ρ2 − k2ρ1)] .

n'¬*¬ p

 34�¯ "8C>2 *Â& : , ° d ¯�F

Φ = PQ =
1

a
(k + αb)(ak + b)

®�­>68C G 4�¯ * 684 G 2?«�¯ , 2 * ¯�­�«ED , 2�i82 G 2�; G 6-°�C>4�­�«ED , 2 * : G ­>4�­ * 68C>4�:µ4�6 � 6 )
, ¯�F�:
4�­?± , 6 , ¯�F n«� p¬¯�²K±'±�6 ®!6 , ¯�F � P�C * 68C?¯ * 6 � 6�9�f�C>2 , 6 G 2<;=4�6 ®�;=C?±�6 ,�, 2�6
± e f�¯E; «E6 , ¯�6K°
2�" &]& ¯ d ¯�6 , C>2'± ±�4�2 , ;A°�¯�­ , ­ n 	�p

PQx − PxQ− 2kPQ = −2(k3 + w2k
2 + w1k),
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°
2�C>2�4 e 7¡®!2?« � 6 ,j, 6 * 6 , F�C>D<;'F G 4�¯�¯�² * 6 , 6 , ¯�¯ x 9 G 4�¯�±�24®"¯�C�°¡®!2'±�2?«ED ), 2?; «E2 � , 2�7 ®"¯ , ­ * ¯�f�6�;A°
2�7 ;A¯E;=C>6 * 6 ®�«�F�°
2�" &]& ¯ d ¯�6 , C>2'± *�, 2�i82�f�«E6 , ­
P = p0k+ p1

� P ® , ­?°
2 "8C>2 G 2'²-±�2?«�F�68C ¯E;8; «E6 ®!2'±6­>C>D ¯ , C>684�6�; ,�e 7W; «E:
f�­>7
°�4�­>C ,�e � °
2�4 , 687
±�4�2 , ;A°�¯�­ , ­ G 4�¯ w2 = w1 = 0

�
Y�­?° : � 6K2�C * 68f�­�«E2<;=Dv¯�²Q«E6 *�*�e ¬ ; «E6 ®!:�68Co9�f�C>2 & : , ° d ¯�¯ n ­ p

F�±?«�F�g�C�;'F�4�6 � 6 , ¯�F * ¯`®"¯ &]& 684�6 ,�d ¯�­�«ED , 2�i82À:
4�­?± , 6 , ¯�FX±'¯�®�­
ψxx =

U(x, k)ψ
¯µ2<;=C�­>68C�;'F�± e FE; , ¯�C>D � ­>4�­?°�C>684�²4­?±'¯E;A¯ * 2<;=C?¯ G 2�C>6 ,�d ¯�­�«"­ U2�C^; G 6-°�C>4�­�«ED , 2�i82 G ­>4�­ * 68C>4�­

k
� � «�F "8C>2�i82 * 2 � , 2*±�2<; G 2?«ED'²82'±6­>C>D<;'F^2�5 )� 687 & 2�4 * :4«E2�7 ®�«�F G 2<;=C>4�2�6 , ¯�F «�¯ , 687 , 2�i82*®"¯ &]& 684�6 ,�d ¯�­�«ED , 2�i823:
4�­?± )

, 6 , ¯�Fe±�C>2�4�2�i82 G 2�4<F�®"°�­ G 2µ68i82 & : , ®�­ * 6 , C�­�«ED , 2�7 ;A¯E;=C>6 * 6ñ4�6 � 6 , ¯�7
ψ1 = ψ+, ψ2 = ψ−

ψxx − V ψx − Uψ =
〈ψ1, ψ2, ψ〉
〈ψ1, ψ2〉

,

〈ψ1, ψ2, ψ〉
�����

= det




ψ1 ψ2 ψ
ψ′
1 ψ′

2 ψ′

ψ′′
1 ψ′′

2 ψ′′


 .

 34�¯ 〈ψ1, ψ2〉x = 0
"8C�­ & 2�4 * :4«"­ ®�­>68C

U(x, k) =
〈ψ+

x , ψ
−
x 〉

〈ψ+, ψ−〉 .
n'¬,ª p

P^;=C�­>68C�;'F�²4­ * 68C?¯�C>DE9�f�C>2S±�4�2 , ;A°�¯�­ ,�e 〈ψ+
x , ψ

−
x 〉
¯ 〈ψ+, ψ−〉 F�±?«�F�g�C�;'F*�, 2�i82�f�«E6 , ­ * ¯�2�C

k
;=C>6 G 6 , ¯

2n + 3
¯
2n + 1

9�;=2�2�C?±�68C�;=C?±�6 ,�, 2E9�¯µf�C>2
f�¯E; «�¯�C>6A«ED�2�5�4�­ � ­>68C�;'F|± , :4«ED ±�2S±<;=6 � , :4«�F � ² , ­ * 6 , ­>C>6A«�F.9HC�­?°d°�­?°
:<; «E2'±'¯�F n¦� p[iA­>4�­ , C?¯�4�:
g�CS±éC>2�f�°�­ � k = kj

G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C>D , 6
C>2?«ED'°
2 & : , ° d ¯�7 �32<;=C�­

ψ±(x)
9 , 2 ¯¡¯ � G 4�2'¯�²-±�24® ,�e � ψ±

x (x)
�

N�­?°�¯ * 2�5�4�­?²82 * 4�6 � 6 , ¯�6¡¯ , C>684 G 2?«�F d ¯�2�2 , 2�7|²4­/®�­of�¯ n¦� p�®!687E;=C?±'¯ )
C>6A«ED , 2 G 2'²-±�2?«�F�68C¡±�2<;8;=C�­ , 2'±'¯�C>D G 2�C>6 ,�d ¯�­�«µ; G 6-°�C>4�­�«ED , 2�7 ²4­/®�­of�¯ n'¬ p
G 2 ²4­/®�­ ,�,�eA* °
2�" &]& ¯ d ¯�6 , C�­ * G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C?¯ & : , ° d ¯�7 �32 )
;=C�­ n ­ p � T3:4«�¯:±�4�2 , ;A°�¯�­ , ­ n'¬@« p ¯�i84�­>g�C§±#"8C>2 * : G 4�2�� 6 ,�, 2 * ±6­>4�¯�­ , C>6
2�5�4�­>C , 2�7�; G 6-°�C>4�­�«ED , 2�7
²4­/®�­of�¯�4�2?«EDØ;=2�5<;=C?±�6 ,�,�e � ² , ­of�6 , ¯�7 �P�C?°�4 e C eA* ±�2 G 4�2<;=2 * 2<;=C�­>68C�;'F�°�­of�6�;=C?±�6 ,�, 2�6�¯E;8; «E6 ®!2'±6­ , ¯�6�4�6 � 6 )
, ¯�7§¯ , C>684 G 2?«�F d ¯�2 ,�, 2�7§²4­/®�­of�¯ n¦� p ±`2�5�� 6 * °�±6­/®!4�­>C?¯�f , 2 * ; «E:
f�­>6 G 2 )
C>6 ,�d ¯�­�«"­

U = k2 + u1k + u2
¯ G 4�¯�«E2 � 6 , ¯�F¾4�6-²8:4«ED�C�­>C>2'±�"8C>2�i82�¯E; ); «E6 ®!2'±6­ , ¯�F °é;A±>F�²4­ ,�,�eA* ; n'¬ p , 6A«�¯ , 687 ,�eA* :
4�­?± , 6 , ¯�F * ; f�­�;=C ,�eA* ¯

G 4�2'¯�²-±�24® ,�eA* ¯ n ; *�� R ª 9 G 4�¯ * 684 ­CS p 4�24®�;=C?±�6 ,�,�eA* TKW $ n "-±�2?«Eg d ¯�2 ,�)
, 2�6�:
4�­?± , 6 , ¯�6 $ 4�6 ®"¯ , i8684�­ ;
°�:
5'¯�f�6�;A°
2�7 , 6A«�¯ , 687 , 2<;=C>D�g3p � � 2�4�2�� 2
¯�²8:
f�6 , ; «E:
f�­>7

u1 = 0
9.;A±>F�²4­ ,�,�e 7é;[2�5�4�­>C , 2�7�²4­/®�­of�687ñ4�­�;8;=6=F , ¯�F , ­
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G 4<F * 2�7©®�«�F�2 G 684�­>C>2�4�­ $ 4�6 ®"¯ , i8684�­

L = −D2
x + u(x)

� \�6-²8:4«ED�C�­>C e °�­ )
f�6�;=C?±�6 ,�, 2�i82¡¯E;8; «E6 ®!2'±6­ , ¯�F.9"®�«�F "8C>2�i82E9�±6­ � , 2�i82?;(4�­?² ,�e � C>2�f�6-° ²84�6 ), ¯�F.9�f�­�;=C , 2�i82 ; «E:
f�­�F©¯ , C>684 G 2?«�F d ¯�2 ,�, 2�7©²4­/®�­of�¯.9?°�4�­>C?°
2`2�5<;=: � ®�­>g�C );'F
±Ø; «E6 ®!:
g � 6 * 4�­?² ®!6A«E6 �
bcZ � Z � V ��O#L�V<P��?Z�\ ­�;8; * ­>C>4�¯�±6­>6 * ­�F¡± ®�­ ,�, 2 * 4�­?² ®!6A«E6 ; G 6-°�C>4�­�«ED )

, ­�F
²4­/®�­of�­

Lψ = λψ ⇔ ψxx =
(
u(x) + k2

)
ψ, λ ≡ −k2 n'¬ �<p

2�5?«"­/®�­>68C�;A¯ *�* 68C>4�¯�687 G 4�¯S²4­ * 6 , 6
k ↔ −k n ;=4 �Bn �<p-p09.f�C>2 G 4�¯�±�24®"¯�C
°; «E6 ®!:
g � 6 * : ®!2 G 2?« , ¯�C>6A«ED , 2 * :(;=2�2�C , 2�� 6 , ¯�g * 6 � ®!: & : , ° d ¯�F * ¯ �32 );=C�­ n ­ p0l

ψ−(x, k) = (−1)nψ+(x,−k) ⇔ Q(k) = P (−k)(−1)n.
n'¬�­ p

_B2�2�C?±�68C�;=C?±�:
g � ­�F * 24®"¯ & ¯�°�­ d ¯�¯
¯ , C>684 G 2?«�F d ¯�2 ,�, 2�7
²4­/®�­of�¯ n¦� p

P (k)

Q(k)
=
kn + p1k

n−1 + p2k
n−2 + · · ·+ pn

kn + q1kn−1 + q2kn−2 + · · ·+ qn
= ρj ,

k = kj , j = 1, 2, . . . , 2n

n'¬ 	�p

2�5<;=: � ®�­�«�¯E;=D ± * 2�6 * ®!2'°�«"­/®!6 , ­[;=6 * ¯ , ­>4�6KM � � � R
6A«ED & ­ , ®�­�± ¬��
�,­ i �n ; *�� S
Ð
Å�×�¦ É.9 �^Æ�£ Þ ¤>É!¥ � É�È>Ä'Æ�Çtp�¯�«�¯
Å�Í £©l Ü|Ü|Ü � Ò�£	¤��
Ñ9¤�Ä'Ð � È�Í'Ô � Ú Å�×�£ ¦�Ò�¤�Ä ¦ È�ÉEÇ��
�^Æ�£ Þ ¤>É!¥�VAÈ>Ä'Æ�Ç �
 32�C>6 ,�d ¯�­�«ñ; G 6-°�C>4�­�«ED , 2�7 ²4­/®�­of�¯ n'¬ �<p G 4�6 ® G 2?«"­>iA­>68C�;'F¡±�6 � 6�;=C?±�6 ,�)

,�eA* 93iI«"­/®"°�¯ * ¯ :-®!2'±?«E68C?±�2�4<F�g � ¯ * :<; «E2'±'¯�g ®!2<;=C�­>C>2�f , 2 5 e ;=C>4�2�i82
:
5 e ±6­ , ¯�F , ­[5�6�;A°
2 , 68f , 2<;=C?¯

u(x) → 0, x→ ±∞ � � ¯E;A°�4�68C ,�e 7W; G 6-°�C>42 G 684�­>C>2�4�­
L = −D2 + u

± "8C>2 * ; «E:
f�­>6 4�­�; G 2?«"­>iA­>68C�;'F , ­§±�6 � 6�;=C?±�6 ,�)
, 2�7W2<;A¯ ¯j;=2<;=C>2'¯�C§¯�² °
2 , 68f , 2�i82 , ­>5�2�4�­[2�C>4�¯ d ­>C>6A«ED ,�e � ;=2�5<;=C?±�6 ,�,�e �
² , ­of�6 , ¯�7

λj
9
j = 1, 2, . . . , n

9�°
2�C>2�4 e 6 *�e ²4­ , : * 684�:�6 * ± G 2�4<F�®"°
6�±�2'² )
4�­�;=C�­ , ¯�F

λ1 < λ2 < · · · < λn < 0.
_B2�2�C?±�68C�;=C?±�6 ,�, 2 , : * 684�:
g�C�;'F ¯

2n
:�²A«E2'±5¯ , C>684 G 2?«�F d ¯�¯ ±kj 9 k2j = −λj

�
U , ­?°�¯�°
2�" &]& ¯ d ¯�6 , C>2'± G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C?¯ & : , ° d ¯�7��32<;=C�­�±�C>2�f�°�­ �
k = kj

9
k1 > k2 > · · · > kn

®!2?« � ,�e f�684�6 ®!2'±6­>C>D<;'FS±ñ;A¯�«E:é2<; d ¯�«�«�F )d ¯�2 ,�,�e � C>682�4�6 * ¯.9 G 2�"8C>2 * :�9�±ñ4�­�;8; * ­>C>4�¯�±6­>6 * 2�7 ¯ , C>684 G 2?«�F d ¯�2 ,�, 2�7
²4­/®�­of�6 n'¬ 	�p G 4�6 ® G 2?«"­>iA­>68C�;'F.9�f�C>2

ρ+j = (−1)j+1 exp(−2yj); yj = kjx+ βj , βj ∈ R, j = 1, . . . , n.
n'¬�� p
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ª ;A¯�«E: n'¬�­ p & : , ° d ¯�¯
ρ−j
9!2�C?±�68f�­>g � ¯�6`2�C>4�¯ d ­>C>6A«ED ,�eA* :�²A«"­ * ¯ , C>684 )

G 2?«�F d ¯�¯
k = −kj

2 G 4�6 ®!6A«�F�g�C�;'F¡¯�²]:<; «E2'±'¯�F

ρ+j ρ
−
j = 1, j = 1, 2, . . . , n.

n'¬�� p
� 2 G 2?« , ¯�C>6A«ED , 2�6

2n + 1
:<; «E2'±'¯�6
±éC>2�f�°
6

k = 0
9 ¯E; G 2?«ED'²8:�6 * 2�6
±

®!2'°�­?²4­>C>6A«ED<;=C?±�6*«E6 *�*�e�¬ 9�¯ * 6868C ®�«�F¡²4­/®�­of�¯ n'¬ 	�p09�; «E6 ®!:
g � ¯�7¡±'¯�®

Q(k) = P (−k)(−1)n ⇒ pn
qn

= (−1)n.
n'¬,+ p

N�­?°�¯ * 2�5�4�­?²82 * 96±<;=6 G 2?«E:
f�6 ,�,�e 634�­ , 686^4�6-²8:4«ED�C�­>C e ®�«�F�2�5�� 687�¯ , C>684 )
G 2?«�F d ¯�2 ,�, 2�7|²4­/®�­of�¯ n¦� p09 G 684�6 , 2<;'F�C�;'F.9�;?2�f�6-±'¯�® ,�eA* ¯Â:
C>2�f , 6 , ¯�F * ¯.9
, ­�; «E:
f�­>7À4�­�;8; * ­>C>4�¯�±6­>6 * 2�7Â2�5�4�­>C , 2�7d²4­/®�­of�¯�®�«�F¾2 G 684�­>C>2�4�­ $ 4�6 )
®"¯ , i8684�­ � � ­ ,�,�eA* ¯¡² ®!6�;=D[F�±?«�F�g�C�;'F
±�4�2 , ;A°�¯�­ ,?& : , ° d ¯�7 �32<;=C�­�l

〈ψ+, ψ−〉 = −2k

n∏

j=1

(k2 − k2j ), k1 > k2 > · · · > kn > 0
n'¬�� p

¯�°
2�" &]& ¯ d ¯�6 , C e G 4�2 G 2�4 d ¯�2 , ­�«ED , 2<;=C?¯
ρ±j
:-®!2'±?«E68C?±�2�4<F�g � ¯�6�:<; «E2'±'¯ )

F * n'¬�� p � n'¬,+ p � M];8; «E6 ®!2'±6­ , ¯�6W4�­?²84�6 � ¯ * 2<;=C?¯ "8C>2�7e¯ , C>684 G 2?«�F d ¯�2 ,�, 2�7²4­/®�­of�¯ G 4�¯�±�24®"¯�C °W; «E6 ®!:
g � 6 * :14�6-²8:4«ED�C�­>C>: �
�jM
N3N3Jñb�R ­CS Z � � � � � � 
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P (k)





p1

k1
+ p2

k2
1
th y1 +

p3

k3
1
+ · · ·+ th y1 = 0,

p1

k2
th y2 +

p2

k2
2
+ p3

k3
2
th y2 + · · ·+ 1 = 0,

p1

k3
+ p2

k2
3
th y3 +

p3

k3
3
+ · · ·+ th y3 = 0,

	 	�	 	�	 	�	 	�	 	�	 	�	 	�	 	�	 	�	 	�	 	�	�	 	�	 	�	 	�	 	�	 	�	
,

n ª�« p

� � ����� � 
 � � � 
�� � � � � �����
∆

� � ��� 	���� � � � �
� � ��� 	 � � � � � � � ����	 
�� �
	 � ��
�� � �
� � � � ��� � � ��������	�� ��� ����n'¬�� p��

∆ >
1

k1 · · · kN
∏

i>j

(
1

ki
− 1

kj

)
> 0.

n ª�¬ p

�Ø��"#@������ �  34�¯
n = 1

¯ , C>684 G 2?«�F d ¯�2 ,�, ­�F¡²4­/®�­of�­ n'¬ 	�p � n'¬,+ p ®�­>68C
p1 = −k1 th y1, ψ± = (k ± p1)e

±kx, 〈ψ+, ψ−〉 = −2k(k2 − k21)
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��� � � � � � � � �
¯.9E;=2�2�C?±�68C�;=C?±�:
g � ¯�7�2 G 684�­>C>2�4 $ 4�6 ®"¯ , i8684�­ ¯ * 6868C©±'¯�® n ; *���n'¬,ª p-p0l

L = −D2
x + u(x), u = −2 k21/ ch

2(y1).
� «�F�C>2�i82E9�f�C>2�5 eºG 2?«E:
f�¯�C>D ®!2<;=C�­>C>2�f , 2(:-®!2�5 , :
g & 2�4 * :4«E: ®�«�F G 2 )

C>6 ,�d ¯�­�«"­
u(x)
G 4�¯ G 4�2'¯�²-±�2?«ED , 2 *

n
, : � , 234�­�;8; * 2�C>4�68C>D G 4�2'¯�²-±�6 ®!6 , ¯�6& : , ° d ¯�7 �32<;=C�­

Φ = PQ
n ; *�� ±'±�6 ®!6 , ¯�6op � ªÂ;A¯�«E:[:<; «E2'±'¯�F n'¬�­ p "8C>2 G 4�2 )

¯�²-±�6 ®!6 , ¯�6(F�±?«�F�68C�;'F�f�68C , 2�7 & : , ° d ¯�687
k
¯.9�; «E6 ®!2'±6­>C>6A«ED , 2E9�F�±?«�F�68C�;'F

*�, 2�i82�f�«E6 , 2 * 2�C
λ = −k2 ;=C>6 G 6 , ¯ n l

PQ ≡ Φ(x, λ) = (−1)n
n∏

i=1

(λ− γi(x)).

 324®�;=C�­ , 2'±'°�­ "8C>2�i82 *�, 2�i82�f�«E6 , ­�±�:
4�­?± , 6 , ¯�6 n«� p5¯�² ±'±�6 ®!6 , ¯�F�¯é;=4�­?± )
, 6 , ¯�6�°
2�" &]& ¯ d ¯�6 , C>2'± G 4�¯

λ2n
®�­>68C

u(x) = 2

n∑

i=1

(γj(x)− λj).
n ª*ª p

P^;=C�­>68C�;'F ²4­ * 68C?¯�C>DE9Bf�C>2 ±µ;A¯�«E: :<; «E2'±'¯�7 n'¬ 	�p � n'¬,+ p[4�­�;8; * ­>C>4�¯�±6­>6 * 2�6
G 4�2'¯�²-±�6 ®!6 , ¯�6 & : , ° d ¯�7 �32<;=C�­ * 6 , F�68C©² , ­?° , ­ °�­ � ®!2 * ¯�² n 2�C>4�6-²-°
2'±
λj+1 > λ > λj

9
j = 1, . . . , n.

U , ­of�¯�C , ­S°�­ � ®!2 * ¯�² "8C?¯ � 2�C>4�6-²-°
2'±, ­ � 2�®"¯�C�;'FØ24®"¯ , ¯�²*°
2�4 , 687 γj ¯.9 G 2�"8C>2 * :�9 G 4�¯ G 24® � 24®EF�� 687 , : * 684�­ d ¯�¯; G 4�­?±�6 ®�«�¯�± e , 684�­?±�6 , ;=C?±6­�l

λ1 < γ1(x) 6 λ2 6 γ2(x) 6 λ3, . . . , λn 6 γn 6 λn+1 = 0.
n ª �<p

_ «E6 ®�;=C?±'¯�6 * "8C?¯ � , 684�­?±�6 , ;=C?± ¯ & 2�4 * :4« eËn ª*ª p�F�±?«�F�68C�;'FS²4­ * 68f�­>C>6A«ED )
, ­�F G 2�;A±�2�687 G 4�2<;=C>2�C>6 ¯ , 6 ²4­?±'¯E;'F�� ­�F?2�C

n
2 d 6 , °�­ G 2�C>6 ,�d ¯�­�«"­

u(x)f�684�6-² G 684�±�2�6Ø;=2�5<;=C?±�6 ,�, 2�6
λ1
;=2�2�C?±�68C�;=C?±�:
g � 68i82?2 G 684�­>C>2�4�­ $ 4�6 ®"¯ ,�)

i8684�­ n ;=4 � R � S p0l
2λ1 6 u(x) < 0.
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2−p′

9�®�«�F
«Eg�5�2�i82
u ∈ `2

¯ * 686 *

‖u‖p′,1−p′ 6

[( ∞∑

n=−∞
|un|2

) p′

2
( ∞∑

n=−∞
%

2(1−p′)

2−p′

n

) 2−p′

2

] 1
p′

= γ · ‖u‖2.

U , ­of�¯�Co9
`2 ⊂ `p′(%1−p′

)
¯W; G 4�­?±�6 ®�«�¯�±�2 ±�C>2�4�2�6 , 684�­?±�6 , ;=C?±�2 ¯�² n �<p �

B\ ­�;8; * 2�C>4�¯ * C>6 G 684�D ®"¯E;A°�4�68C ,�e 7W2 G 684�­>C>2�4�;A±�684�C?°�¯
H
l

(Hu)n = (h ∗ u)n =

∞∑

k=−∞
hn−k uk, n ∈ Z,

± G 4�2<;=C>4�­ , ;=C?±�6
`p(%)
9
1 6 p <∞ � 34�6 � ®!6�9!f�6 * 4�­�;8; * 2�C>4�68C>D§±�2 G 4�2<;32 G 2?«E2 � ¯�C>6A«ED , 2<;=C?¯ ¯ G 2�C>6 ,�d ¯ )­�«ED , 2<;=C?¯�2 G 684�­>C>2�4�­(;A±�684�C?°�¯

H
± G 4�2<;=C>4�­ , ;=C?±�6

`p(%)
9�±'±�6 ®!6 *µ, 682�5 � 2 )®"¯ *�e 6�2 G 4�6 ®!6A«E6 , ¯�F ¯[2�5�2'² , ­of�6 , ¯�F �  3:<;=C>D

X
6�;=C>DK±�6 � 6�;=C?±�6 ,�, 2�6%56­ , ­ )

� 2'±�2 G 4�2<;=C>4�­ , ;=C?±�2E9'­ X∗ 6�;=C>D`;=2 G 4<F � 6 ,�, 2�6|; , ¯ * G 4�2<;=C>4�­ , ;=C?±�2 � P�5�2 )² , ­of�¯ * f�684�6-² 〈y, x〉 ² , ­of�6 , ¯�6�«�¯ , 687 , 2�i82 , 6 G 4�684 e ± , 2�i82 & : , ° d ¯�2 , ­�«"­
y ∈ X∗ , ­�"A«E6 * 6 , C>6 x ∈ X

�c/ : , ° d ¯�2 , ­�« nª, 6`2�5oF�²4­>C>6A«ED , 2 «�¯ , 687 ,�e 7!p
f : X → R

1 9EiE®!6
R

1 = (−∞,∞)
9 , ­?² e ±6­>68C�;'F�®"¯ &]& 684�6 ,�d ¯�4�:�6 *�eA*ÂG 2

R�­>C>2E9�6�; «�¯À;=:(� 6�;=C?±�:�68C 2 G 684�­>C>2�4
A : X → X∗ C�­?°
2�7.9�f�C>2�®�«�F ±<;=6 �

u, v ∈ X
± e|G 2?« , F�68C�;'F�4�­?±�6 , ;=C?±�2

lim
t→0

f(u+ t · v)− f(u)

t
= 〈Au, v〉.

 34�¯ "8C>2 * 2 G 684�­>C>2�4
A
, ­?² e ±6­>g�C � 	���� %��$�&	�� � & : , ° d ¯�2 , ­�«"­

f
¯ G ¯�� :
C

A = gradf
� P G 684�­>C>2�4

A : X → X∗ , ­?² e ±6­>68C�;'F �&��	��$���&%���
�� ����� 9�6�; «�¯
;=:(� 6�;=C?±�:�68C & : , ° d ¯�2 , ­�«

f : X → R
1 C�­?°
2�7.9�f�C>2`2 G 684�­>C>2�4 A F�±?«�F�68C�;'F68i82 i84�­/®"¯�6 , C>2 *��  34�¯ "8C>2 * & : , ° d ¯�2 , ­�«

f
, ­?² e ±6­>g�C �&��	��$���&%���
�� �

2 G 684�­>C>2�4�­
A
�

ª�;=gC®!:�± ®�­ ,�, 2�7?4�­>5�2�C>6�9�6�; «�¯ , 6]2�i82'±�2�4�6 , 2 ¯ , 2�6�9 G 4�6 ® G 2?«"­>iA­>68C�;'F.9
f�C>2?F�®!4�2

h = {hn}∞n=−∞
2 G 684�­>C>2�4�­?;A±�684�C?°�¯

H
:-®!2'±?«E68C?±�2�4<F�68C?:<; «E2 )

±'¯�g l

h ∈ `1
¯ ∞∑

n=−∞
hn · cos(nt) > 0 (∀ t ∈ [0, π]). (4)

U ­ * 68C?¯ * n ; *�� R � 9#Ò �7ª0­��AS p09.f�C>2j:<; «E2'±'¯�6 n ­ p , 6ØC>2?«ED'°
2
®!2<;=C�­>C>2�f , 2E9
, 2�¯ , 682�5 � 24®"¯ * 2�®�«�F G 2?«E2 � ¯�C>6A«ED , 2<;=C?¯�®"¯E;A°�4�68C , 2�i82^2 G 684�­>C>2�4�­�;A±�684�C )°�¯

H
±�i-¯�«ED�5�684�C>2'±�2 * G 4�2<;=C>4�­ , ;=C?±�6

`2
�  34�¯ * 684 e F�®!684

h
9!:-®!2'±?«E68C?±�2 )

4<F�g � ¯ � :<; «E2'±'¯�g n ­ p09 G 4�¯�±�6 ®!6 ,�e ± R �KS ¯�R �AS¦�



� ��	�� ��� ���
��� � � � � �
� � �
� � ����� 	�� � � � � � +�¬
 34�¯ ¯E;8; «E6 ®!2'±6­ , ¯�¯ , 6A«�¯ , 687 , 2�i82x®"¯E;A°�4�68C , 2�i82Ã:
4�­?± , 6 , ¯�FÛC?¯ G ­

;A±�684�C?°�¯ ±:±�6�;=2'±�2 * G 4�2<;=C>4�­ , ;=C?±�6
`p(%)

;=:(� 6�;=C?±�6 ,�, 2j5�:-®!68C ¯E; G 2?«ED'²82 )
±6­>C>D<;'F�; «E6 ®!:
g � ­�F�«E6 *�* ­ �

�jM
N3N3JµbcZ � � 	�� �
2 6 p < ∞ � 
�� ���

h
� � ����

� � � � � 

� �
� 	�

�����
	

(4)
�

� � � 	
% = {%n}∞n=−∞

�

� 	�

�����
	
(1)

	 � ��� � � ����	�� ��� ������� � �
� � ��� � �
	�� � � � � �

H
� � ��	�� � � � � �
� � ��� ��� � �
� � �

`p(%)
�
`p′(%1−p′

)
� �
��

� � � � ���



� � � � �
��� ���

‖Hu‖p′,1−p′ 6 γ2 · ‖h‖1 · ‖u‖p,1 (∀u ∈ `p(%)). (5)

� 	�
 � � � � �
��
�� � � � 
�� �
� �
h−n = hn

��
	
 � 	 � � �
� 
��	�
n
� � � � �
� � ��� � �

H

 ��
	

� � 	 
 �
� � � ��� ��� 
�� ��� ��	

C
 3:<;=C>D

u ∈ `p(%)
� ª
;A¯�«E:�±?«E2 � 6 , ¯�7 n ª pK¯ G 684�±�2�i82 , 684�­?±�6 , ;=C?±6­¯�² n �<p09'¯ * 686 * l

u ∈ `2
¯ ‖u‖2 6 γ · ‖u‖p,1

� N�­?°§°�­?°.9�;=2�iI«"­�; , 2*®"¯E;A°�4�68C , 2 )
* : , 684�­?±�6 , ;=C?±�: [ , iA­ R � 9<Ò �;ª0­ 	 S 9 ‖Hu‖2 6 ‖h‖1‖u‖2

¯.96± ;A¯�«E: ±�C>2�4�2�i82
, 684�­?±�6 , ;=C?±6­ ¯�² n �<p09 ‖Hu‖p′,1−p′ 6 γ · ‖Hu‖2

9�C>2 ®�«�F
«Eg�5�2�i82
u ∈ `p(%); G 4�­?±�6 ®�«�¯�± e , 684�­?±�6 , ;=C?±6­

‖Hu‖p′,1−p′ 6 γ · ‖Hu‖2 6 γ · ‖h‖1 · ‖u‖2 6 γ2 · ‖h‖1 · ‖u‖p,1.
U , ­of�¯�Co9<2 G 684�­>C>2�4

H
®!687E;=C?±�:�68C , 6 G 4�684 e ± , 2 ¯�²

`p(%)
±
`p′(%1−p′

)
¯§± e�)

G 2?« , 6 , 2 , 684�­?±�6 , ;=C?±�2 n 	�p �
� ­�«E686�9>;=2�iI«"­�; , 2^; «E6 ®�;=C?±'¯�g ª +�� ¬ ¯�²�R �AS 9 G 2<;A°
2?«ED'°�:�± e|G 2?« , 6 , 2^:<; «E2 )

±'¯�6 n ­ p09!;A°�­�«�F�4 , 2�6 G 4�2'¯�²-±�6 ®!6 , ¯�6
(Hu, u) > 0

®�«�F¡«Eg�5�2�i82
u ∈ `2

�  32 )
"8C>2 * :�9E;^:
f�68C>2 * G 684�±�2�i82 ±?«E2 � 6 , ¯�F
¯�² n ª p09�¯ * 686 *

〈Hu, u〉 = (Hu, u) > 0 (∀u ∈ `p(%)),

C � 6 � 2 G 684�­>C>2�4?;A±�684�C?°�¯
H
F�±?«�F�68C�;'F G 2?«E2 � ¯�C>6A«ED ,�eA*��T�­?°
2 , 6 d 9>C�­?°©°�­?°©±`;A¯�«E:[:<; «E2'±'¯�F

h−n = hn
®�«�F «Eg�5�2�i82

n ∈ Z
2 G 6 )

4�­>C>2�4�;A±�684�C?°�¯
H
F�±?«�F�68C�;'Fé;A¯ *�* 68C>4�¯�f�6�;A°�¯ * 9#C>2 nª, ­?2<; , 2'±6­ , ¯�¯ G 4�¯ )

* 684�­ ¬�� ª ¯�² R �AS pB2 , 2�5?«"­/®�­>68C[;A±�2�7E;=C?±�2 *�G 2�C>6 ,�d ¯�­�«ED , 2<;=C?¯ �
B

� Z 
WM���O P�M<S P�V!M?YcX�J N P�MQP#O�MWL�O ��J QCN�M<X#L�R#O
 34�6 � ®!6Wf�6 * G 4�¯E;=C>: G ¯�C>D�°d¯E;8; «E6 ®!2'±6­ , ¯�g , 6A«�¯ , 687 , 2�i82�®"¯E;A°�4�68C ), 2�i82µ:
4�­?± , 6 , ¯�F¾C?¯ G ­ ;A±�684�C?°�¯.9C±'±�6 ®!6 *
, 682�5 � 24®"¯ *�e 6?2 G 4�6 ®!6A«E6 , ¯�Fe¯

2�5�2'² , ­of�6 , ¯�F �  3:<;=C>DE9�°�­?°©¯ ± e � 6�9
X
6�;=C>D�±�6 � 6�;=C?±�6 ,�, 2�6�56­ , ­ � 2'±�2 G 4�2 )

;=C>4�­ , ;=C?±�2Ø; , 2�4 * 2�7 ‖ · ‖ 9�­ X∗ k ;=2 G 4<F � 6 ,�, 2�6]; , ¯ * G 4�2<;=C>4�­ , ;=C?±�2Ø;, 2�4 * 2�7 ‖ · ‖∗ �
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��� ���
���������#"#� ���� 3:<;=C>D
u, v ∈ X

khG 4�2'¯�²-±�2?«ED ,�e 6 "A«E6 * 6 , C e]� P G 6 )
4�­>C>2�4

A : X → X∗ n C � 6 � ®!687E;=C?±�:
g � ¯�7¡¯�² X ± X∗ p , ­?² e ±6­>68C�;'F.l
��� � %&������	�� 	 � �
����� 9�6�; «�¯ & : , ° d ¯�F

s→ 〈A(u+s ·v), w〉 , 6 G 4�684 e ± , ­, ­
[0, 1]

G 4�¯
«Eg�5 e � & ¯�°�;A¯�4�2'±6­ ,�,�e � u, v, w ∈ X
�

	����
�&� � � 	 �&� � ���&��	����&����� 9B6�; «�¯ 〈Au − Av, u − v〉 > β(‖u − v‖) 9iE®!6
β
k ±�2'²84�­�;=C�­>g � ­�F , ­

[0,∞)
& : , ° d ¯�F�C�­?°�­�F.9�f�C>2

β(0) = 0
�

��� 	��
�&% � �$�&�&� 
�% � ��%���� ������	�� 	 � �
����� 9o6�; «�¯ ‖Au−Av‖∗ 6 µ(r) · ‖u−
v‖ 9�iE®!6 k µ

±�2'²84�­�;=C�­>g � ­�F , ­
[0,∞)

& : , ° d ¯�F.9�­
r = max(‖u‖, ‖v‖) �

��� ���
���������#"#� � ����­ , ­ � 2'±�2 G 4�2<;=C>4�­ , ;=C?±�2 X , ­?² e ±6­>68C�;'F "$	�	 ��� �� � �&� ��
 ��� 9H6�; «�¯ ∀u, v ∈ X
¯�²jC>2�i82E9�f�C>2

u 6= v
9 ‖u‖ 6 1

9 ‖v‖ 6 1; «E6 ®!:�68Co9�f�C>2 ‖u+ v‖ < 2
�

MK² ®"¯E;A°�4�68C ,�e � , 684�­?±�6 , ;=C?± Y�«"­>4�°�;=2 , ­ ®�«�FS±�6�;=2'± e � G 4�2<;=C>4�­ , ;=C?±
`p(%)
9
1 < p <∞ n ; *�� R + 9�Ò � 	>� �KS 9�iE®!6 % = 1

p0l

∥∥∥∥
u+ v

2

∥∥∥∥
p′

p,1

+

∥∥∥∥
u− v

2

∥∥∥∥
p′

p,1

6
1

2p′−1

(
‖u‖pp,1 + ‖v‖pp,1

)p′−1

, p 6 2,

∥∥∥∥
u+ v

2

∥∥∥∥
p

p,1

+

∥∥∥∥
u− v

2

∥∥∥∥
p

p,1

6
1

2

(
‖u‖pp,1 + ‖v‖pp,1

)
, p > 2,

, 6 G 2<;=4�6 ®�;=C?±�6 ,�, 2�± e C>6-°�­>68Co9!f�C>2
`p(%)

¯
`p′(%1−p′

)
G 4�¯

1 < p < ∞ F�± )«�F�g�C�;'FW;=C>4�2�i82 ± e|G :�°�« eA* ¯ G 4�2<;=C>4�­ , ;=C?±6­ * ¯ �
��� ���
���������#"#��� ��P G 684�­>C>2�4

J : X → X∗ 9�iE®!6 X∗ k ;=C>4�2�i82 ± e|G :�° )«E2�6 G 4�2<;=C>4�­ , ;=C?±�2E9 , ­?² e ±6­>68C�;'F � � ��
�% �
� ����% � ��	����
	�� � �$�&%�� � 9A6�; «�¯
®�«�F
«Eg�5�2�i82

u ∈ X
± e|G 2?« , F�g�C�;'F�4�­?±�6 , ;=C?±6­ 〈Ju, u〉 = ‖u‖2 = ‖Ju‖2∗

�
� «�F G 4�2<;=C>4�­ , ;=C?±

`p(%)
9
1 < p < ∞ 9*®!:6­�«�¯�²8:
g � 686µ2�C>2�5�4�­ � 6 ), ¯�6¾24® , 2'² , ­of , 2h2 G 4�6 ®!6A«�F�68C�;'F G 2 & 2�4 * :4«E6�l

Ju = ‖u‖2−p
p,1 · z 9`iE®!6

z = {%n|un|p−2un}∞n=−∞
n Ò «E:
f�­>7

% = 1
; *�� ± R �KS p �

_ «E6 ®!:
g � ­�F�C>682�4�6 * ­ F�±?«�F�68C�;'F G 4<F *�eA* ; «E6 ®�;=C?±'¯�6 * ¯�²-±�6�;=C ,�e � 4�6 )
²8:4«ED�C�­>C>2'±E9/¯�²A«E2 � 6 ,�,�e � ± R ¬@«KS.nªG 24®!4�2�5 , 2�6%686¬®!2'°�­?²4­>C>6A«ED<;=C?±�2^; *�� ± R �AS p �\�M
VEX�M
N3J � R ¬@«KS Z � � 	�� �

X �

� � � � 	�� � � ���
��� ��� ��

� � 	�� � �
����� � ��� �
� ��� � � ��� 	�� � � ��	�� � � � �

A : X → X∗
�

� ��� ���
� � ��� ��� � ����� � � � �
� � � � �
�
� � ���
� � ��������� � ��� � � � � � � ����� � �
� � ��� � � 	 � ��� � � � � � � �
� � �
�

Au = f
��� � � � ��������	�� � � ���
��� ����� � � �
�

u∗ ∈ X
� �
� 

	 ��� �

f ∈ X∗ 	 ����� �
� � � ��� � � � 	�
 �

X
�
X∗

�

	�� ����� � � � ��� � 
�� � � ��� 	�� � � ��	�� ����� � � �
� � � �
� � �

A

 ��
	

� � 	 
 �
� � � ��� ��� 
�� ��� � ��� � � � ��� � ���
� 
 ���
� ��� � �
� � ��� ��� � ��� � �

� � �
� 	�

��� ������� � 
�� �
� 	�� �
un+1 = un − δn · J∗(Aun − f)

� � � �
δn =

min{1, 2/[ε+µ(‖un‖+‖Aun−f‖∗)]}
�
n = 0, 1, 2, 3, . . . , J∗ : X∗ → X �



� ��	�� ��� ���
��� � � � � �
� � �
� � ����� 	�� � � � � � + �
����� 
 � � �
	 � � � � � � � � � � � � �
� ��
	


X∗ � ε > 0 �



	 ����� � ��	�

� �
	 � ����� � 	 
 �

u∗
�
� �
� � � � � ��� 	�� � � ��	�� ���

X
	

W*°�­?²4­ ,�,�e 7O± C>682�4�6 * 6 ¬ ; G 2<;=2�5 , ­ � 2 � ®!6 , ¯�FK4�6 � 6 , ¯�F u∗ ¯�²-±�6 );=C>6 , R ¬@«KS °�­?° � 	���� %��$�&	���� � * 68C>24®#9�C�­?°
°�­?°
J∗v = ‖v‖∗ · grad‖v‖∗

�
 34�6 � ®!6Af�6 *éG 4�¯E;=C>: G ¯�C>D ° ®!2'°�­?²4­>C>6A«ED<;=C?±�: ; «E6 ®!:
g � 687 n 2<; , 2'± , 2�7!pC>682�4�6 *�e 9�²4­ * 68C?¯ * 9Ef�C>2 ®!:6­�«�¯�²8:
g � 68632�C>2�5�4�­ � 6 , ¯�6 J∗ ®�«�F G 4�2<;=C>4�­ ,�)

;=C?±6­
`p′(%1−p′

)
6 ®"¯ , ;=C?±�6 ,�,�eA* 2�5�4�­?²82 * 2 G 4�6 ®!6A«�F�68C�;'F G 2 & 2�4 * :4«E6�l

J∗v = ‖v‖2−p′

p′,1−p′ · z,
iE®!6

z =
{
%1−p′

n |vn|p
′−2vn

}∞
n=−∞. (6)

\�M
VEX�M
N3JÂbcZ � � 	�� �
p > 2 �

� � ���
��� � ��	�

� � 
�� ���
h
� � ����

� � � � � 

� �

� 	�

�����
	
(4)
� � � � 	

% �

� 	�

�����
	
(1)

	 � ��� � � � �
� 

	 ��� �
f ∈ `p′(%1−p′

)�
� 
 ���
� ���
��� ����	�� ��� ���
����� � � � �
� � �
� � ����� 	�� � � � � �

%n · up−1
n +

∞∑

k=−∞
hn−k uk = fn, n ∈ Z, (7)

��� � � � ��������	�� � � ���
��� ����� � � �
�
u∗ ∈ `p(%)

	 � 	�
 � ��� � �
��
�� � � � 
�� �
� �
h−n =

hn
� �
� 

	 ��� � �
� 

� �

n
��� � � ��� � � � ����� � � �
	 	 � ����� � 	 
 �
�
�
� � � �

`p(%)
�
� 	�

��� ������� � 
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u(i) = {u(i)n }∞n=−∞
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u(i+1)
n = u(i)n − δ(i) · %−

1
p−1

n ·
∥∥Au(i) − f

∥∥p−2
p−1

p′,1−p′ ×

×
∣∣Au(i)n − fn

∣∣ 2−p
p−1 ·

(
Au(i)n − fn

)
,

(8)

� � �
i = 0, 1, 2, . . . , u(0) = {u(0)n }∞n=−∞ ∈ `p(%) �
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Au = % · up−1 +Hu
�

δ(i) = min

{
1,

2

ε+ (p−1)
(
‖u(i)‖p,1 + ‖Au(i)−f‖p′,1−p′

)p−2
+ γ2‖h‖1

}
,

ε > 0 �

� ����� � � ��
�� �
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C
U ­ G ¯�� 6 * :
4�­?± , 6 , ¯�6 n¦� p�±h2 G 684�­>C>2�4 , 2 * ±'¯�®!6�l

Au = f
9]iE®!6

Au = % · up−1 +Hu
� �]68i-°
2 ±'¯�®!68C>D nªG 24®!4�2�5 , 686]; *�� R � 9EÒ ��ª>�KS p09�f�C>212 G 6 )

4�­>C>2�4
A
9�°�­?°ñ;=: *�* ­©®"±�: � , 6 G 4�684 e ± ,�e � G 2�C>6 ,�d ¯�­�«ED ,�e � 2 G 684�­>C>2�4�2'±E9

F�±?«�F�68C�;'F , 6 G 4�684 e ± ,�eA* G 2�C>6 ,�d ¯�­�«ED ,�eA* 2 G 684�­>C>2�4�2 * 9 ®!687E;=C?±�:
g � ¯ *
¯�²

`p(%)
±
`p′(%1−p′

)
�

 32'°�­ � 6 * 9�f�C>2]2 G 684�­>C>2�4 A F�±?«�F�68C�;'F(4�­?± , 2 * 684 , 2 * 2 , 2�C>2 ,�,�eA*�� M]; )G 2?«ED'²8:>FZ«E6 *�* : ª ¯Óf�¯E; «E2'±�2�6 , 684�­?±�6 , ;=C?±�2
(tp−1 − sp−1)(t − s) >
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22−p|t−s|p 9�; G 4�­?±�6 ®�«�¯�±�2�6 n ; *�� 9 , ­ G 4�¯ * 684.9HR �AS p�®�«�F ±<;=6 � t, s ∈ (−∞,∞)¯?f�68C ,�e � p > 2
9�¯ * 686 *

〈Au−Av, u− v〉 =
∞∑

n=−∞
%n
(
up−1
n −vp−1

n

)
(un−vn) + 〈H(u−v), u− v〉 >

> 22−p
∞∑

n=−∞
%n|un − vn|p = β(‖u− v‖p,1) (∀u, v ∈ `p(%)),

iE®!6
β(x) = 22−pxp

k ;=C>4�2�i82 ±�2'²84�­�;=C�­>g � ­�F , ­
[0,∞)

& : , ° d ¯�F?C�­?°�­�F.9
f�C>2

β(0) = 0
� U , ­of�¯�Co9

A
k , 6 G 4�684 e ± ,�e 7À4�­?± , 2 * 684 , 2 * 2 , 2�C>2 ,�,�e 7

2 G 684�­>C>2�4.9�¯.9�; «E6 ®!2'±6­>C>6A«ED , 2E9 G 2jC>682�4�6 * 6 ¬ :
4�­?± , 6 , ¯�6
Au = f

¯ * 6868C
6 ®"¯ , ;=C?±�6 ,�, 2�634�6 � 6 , ¯�6

u∗ ∈ `p(%)
�

P^;=C�­�«E2<;=D ®!2'°�­?²4­>C>DE9�f�C>2�"8C>2Ø4�6 � 6 , ¯�6 * 2 � , 2 , ­>7�C?¯ G 2©¯�C>684�­ d ¯�2 ,�), 2�7 & 2�4 * :4«E6 n + p �  32<;A°
2?«ED'°�: G 4�2<;=C>4�­ , ;=C?±6­
`p(%)

¯
`p′(%1−p′

)
F�±?«�F�g�C�;'F

;=C>4�2�i825± e|G :�°�« eA* ¯�¯`2 G 684�­>C>2�4
A
F�±?«�F�68C�;'F , 6 G 4�684 e ± ,�eA* 9�4�­?± , 2 * 684 , 2

* 2 , 2�C>2 ,�,�eA* ¯ G 2�C>6 ,�d ¯�­�«ED ,�eA* 9EC>2E9�;`:
f�68C>2 * F�± , 2�i82©±'¯�®�­ n«� pC®!:6­�«�¯ )
²8:
g � 68i82]2�C>2�5�4�­ � 6 , ¯�F J∗ 9�®!2<;=C�­>C>2�f , 2�®!2'°�­?²4­>C>D nª, ­]2<; , 2'±6­ , ¯�¯(C>682�4�6 )
*�ee¬ p09<f�C>2 2 G 684�­>C>2�4

A
F�±?«�F�68C�;'FØ2�i84�­ , ¯�f�6 ,�, 2�«�¯ G � ¯ d�)¦, 6 G 4�684 e ± ,�eA*��

M]; G 2?«ED'²8:>Fµf�¯E; «E2'±�2�6 , 684�­?±�6 , ;=C?±�2 |tp−1 − sp−1| 6
p−1
2 |t − s| (tp−2 +

sp−2)
9�; G 4�­?±�6 ®�«�¯�±�2�6 n ; *�� 9 , ­ G 4�¯ * 684.9 R �AS pK®�«�F|±<;=6 � t, s ∈ (−∞,∞)

¯
f�68C ,�e � p > 2

9�®�«�F�«Eg�5 e � u, v ∈ `p(%)
¯ * 686 *

∥∥%up−1 − %vp−1
∥∥
p′,1−p′ =

( ∞∑

n=−∞
%1−p′

n

∣∣%n
(
up−1
n − vp−1

n

)∣∣p′
) 1

p′

=

=

( ∞∑

n=−∞
%n
∣∣up−1

n − vp−1
n

∣∣p′
) 1

p′

6

6
p− 1

2

( ∞∑

n=−∞
%n|un − vn|p

′ ∣∣up−2
n + vp−2

n

∣∣p′
) 1

p′

=

=
p− 1

2

( ∞∑

n=−∞
%p

′−1
n |un − vn|p

′

%2−p′

n

∣∣up−2
n + vp−2

n

∣∣p′
) 1

p′

6

( G 4�¯ * 6 , F�6 *Â, 684�­?±�6 , ;=C?±�2 R��6A«ED�®!684�­ ; G 2'°�­?²4­>C>6A«�F * ¯ p
p′

¯ p
p−p′

)

6
p− 1

2

([ ∞∑

n=−∞
%

(p′−1)p

p′

n |un − vn|p
] p′

p

×
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×
[ ∞∑

n=−∞
%

(2−p′)p

p−p′

n

∣∣up−2
n + vp−2

n

∣∣ pp′

p−p′

] p−p′

p

) 1
p′

=

=
p− 1

2
‖u− v‖p,1

( ∞∑

n=−∞
%n
∣∣up−2

n + vp−2
n

∣∣ p
p−2

) p−2
p

6

nªG 4�¯ * 6 , F�6 *Â, 684�­?±�6 , ;=C?±�2(� ¯ , °
2'±<;A°
2�i82
p

6
p− 1

2
‖u− v‖p,1

(
‖u‖p−2

p,1 + ‖v‖p−2
p,1

)
6 (p− 1) rp−2‖u− v‖p,1,

iE®!6
r = max(‖u‖p,1, ‖v‖p,1)

�
M]; G 2?«ED'²8:>F G 2<; «E6 ® , 686 , 684�­?±�6 , ;=C?±�2 ¯ , 684�­?±�6 , ;=C?±�2 n 	�p09 G 2?«E:
f�­>6 *

‖Au−Av‖p′,1−p′ 6
∥∥%up−1 − %vp−1

∥∥
p′,1−p′ + ‖H(u− v)‖p′,1−p′ 6

6 (p− 1)rp−2‖u− v‖p,1 + γ2‖h‖1‖u− v‖p,1 = µ(r)‖u− v‖p,1,
iE®!6

µ(r) = (p− 1)rp−2 + γ2‖h‖1
k ±�2'²84�­�;=C�­>g � ­�F , ­

[0,∞)
& : , ° d ¯�F �

U , ­of�¯�Co9
A
k 2�i84�­ , ¯�f�6 ,�, 2 «�¯ G � ¯ d�)¦, 6 G 4�684 e ± ,�e 7?2 G 684�­>C>2�4 �

B

ª`²4­?°�«Eg�f�6 , ¯�6 2�C * 68C?¯ * 9cf�C>2�±�; «E:
f�­>6�9"°
2�iE®�­(F�®!4�2
h = {hn}∞n=−∞2 G 684�­>C>2�4�­[;A±�684�C?°�¯

H
¯ * 6868C1; G 6 d ¯�­�«ED ,�e 7
±'¯�®#l

hn =

∞∑

k=−∞
gn+k · gk,

iE®!6
g = {gn}∞n=−∞ ∈ `1,

­ , ­�«E2�iHC>682�4�6 *�e�ª ®!2'°�­?²4­ , ±�R �KS¦� U ­ * 68C?¯ * C�­?° � 6�9�f�C>2�F�®!4�2�C�­?°
2�i825±'¯�®�­:-®!2'±?«E68C?±�2�4<F�68C :<; «E2'±'¯�g n ­ p09 G 4�¯�f�6 * n ; *�� R � 9EÒ �!ª0­ +KS p
∞∑

n=−∞
hn · cos(nt) =

∣∣∣∣
∞∑

n=−∞
gn · ei n t

∣∣∣∣
2

> 0 (∀ t ∈ [0, π]).
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2�i82ñ2 G 6 )
4�­>C>2�4�­ G 2'²-±�2?«�¯�«E2¡®�­>C>D G 2?« , :
g °�­>4�C?¯ , :�4�­?²84�6 � ¯ * 2<;=C?¯ * 24®!6A«ED , 2�i82
G ;=6-±�®!24®"¯ &]& 684�6 ,�d ¯�­�«ED , 2�i82A:
4�­?± , 6 , ¯�F ±*®"±�: * 684 , 2 * ; «E:
f�­>6�R � S¦� V5±�C>2�4
± e 4�­ � ­>68C , ­/®!6 � ®!:�9�f�C>2Ø5�2?«E6865®!68C�­�«ED , 2�634�­�;8; * 2�C>4�6 , ¯�6 G 4�2'±�6 ®!6 ,�,�e �± e °�«"­/®!2'° G 2'²-±�2?«�¯�C G 684�6 , 6�;=C?¯Ø2<; , 2'± ,�e 6�4�6-²8:4«ED�C�­>C eÀ, ­ G 4�2<;=C>4�­ , ;=C?±�2
G 4�2'¯�²-±�2?«ED , 2�7�4�­?² * 684 , 2<;=C?¯ �

bcZ��1X�J N P�MQP#O�� O N�V ��P�V<N�J�� TWJ�R#L�VEX#O �<J � O��
 ];=6-±�®!24®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e 7(2 G 684�­>C>2�4

A
;�;A¯ * ±�2?«E2 *

A(ξ)
9
ξ ∈ R

m 9
2 G 4�6 ®!6A«�F�68C�;'F & 2�4 * :4«E2�7

(Au)(x) =

∫

Rm

A(ξ)ũ(ξ)eixξ dξ,
n'¬ p

iE®!6
ũ
k G 4�682�5�4�­?²82'±6­ , ¯�6 / :
4�D�6 �
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&BC>2 kÛ* 24®!6A«ED ,�e 7µ2 G 684�­>C>2�4 � ª%2�2�5�� 6 ) C>2E9.4�­�;8; * ­>C>4�¯�±6­>g�C�;'F G ;=6-± )
®!24®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e 6`2 G 684�­>C>2�4 e ;[;A¯ * ±�2?«"­ * ¯.9"²4­?±'¯E;'F�� ¯ * ¯j2�C G 4�2 )
;=C>4�­ , ;=C?±�6 ,�, 2�7 G 684�6 * 6 ,�, 2�7

x
� _ «E6 ®!:>Fñ; «E2 � ¯�±�� 687E;'FWC>4�­/®"¯ d ¯�¯.9 G 684�6 )* 6 ,�, :
g

x
*�eº, ­?² e ±6­>6 *éG 4�2<;=C>4�­ , ;=C?±�6 ,�, 2�7.9�­

ξ
k °
2 )¦G 684�6 * 6 ,�, 2�7�¯�«�¯

¯ *�G :4«ED<; , 2�7 G 684�6 * 6 ,�, 2�7 � P G 684�­>C>2�4W;];A¯ * ±�2?«E2 *
A(x, ξ)

2 G 4�6 ®!6A«�F�68C�;'F
­ , ­�«E2�i-¯�f , 2 n'¬ p & 2�4 * :4«E2�7

u(x) 7−→
∫

Rm

A(x, ξ)ũ(ξ)eixξ dξ

k �/²4­ * 2�4�­ � ¯�±6­ , ¯�6 *��[G 4�2<;=C>4�­ , ;=C?±�6 ,�, 2�7 G 684�6 * 6 ,�, 2�7 x �U ®!6�;=D *�e 5�:-®!6 * 4�­�;8; * ­>C>4�¯�±6­>C>Dµ; «E6 ®!:
g � ¯�7e°�«"­�;8;W;A¯ * ±�2?«E2'±E9 , 6
²4­?±'¯E;'F�� ¯ � 2�C G 4�2<;=C>4�­ , ;=C?±�6 ,�, 2�7 G 684�6 * 6 ,�, 2�7 x ¯ :-®!2'±?«E68C?±�2�4<F�g � ¯ �:<; «E2'±'¯�g l ∃ c1, c2 C�­?°�¯�6�9�f�C>2

c1 6 |A(ξ)(1 + |ξ|)−α| 6 c2, ∀ ξ ∈ R
m.

n ª p
� ¯E; «E2

α ∈ R
*�e , ­?²82'±�6 *hG 2�4<F�®"°
2 *�G ;=6-±�®!24®"¯ &]& 684�6 ,�d ¯�­�«ED , 2�i82

2 G 684�­>C>2�4�­
A
�

Y�«"­�;8;3;A¯ * ±�2?«E2'±E9
:-®!2'±?«E68C?±�2�4<F�g � ¯ � :<; «E2'±'¯�g n ª p09�2�5�2'² , ­of�¯ * Pα
�

P G 4�6 ®!6A«�¯ *U& : , ° d ¯�2 , ­�«ED ,�e 6 G 4�2<;=C>4�­ , ;=C?±6­e_B2�5�2?«E6-±6­ k _ «E2�5�2 )
®!6 d °
2�i82

Hs(Rm)
°�­?°ji-¯�«ED�5�684�C>2'± ehG 4�2<;=C>4�­ , ;=C?±6­12�5�2�5�� 6 ,�,�e � & : , ° )

d ¯�7�R ¬TS ; , 2�4 * 2�7

‖u‖2s =
∫

Rm

|ũ(ξ)|2(1 + |ξ|)2s dξ.

� 2�4�2�� 2*¯�²-±�6�;=C , 2E9�f�C>2^2 G 684�­>C>2�4 ¯�²C°�«"­�;8;-­
Pα
k 2�i84�­ , ¯�f�6 ,�,�e 7�«�¯ , 687 )

,�e 7 2 G 684�­>C>2�4.9�®!687E;=C?±�:
g � ¯�7|¯�² G 4�2<;=C>4�­ , ;=C?±6­
Hs(Rm)

± G 4�2<;=C>4�­ ,�)
;=C?±�2

Hs−α(Rm)
R ¬TS¦�

 3684�687�®!6 * ° ¯�²8:
f�6 , ¯�gË4�­?²84�6 � ¯ * 2<;=C?¯ G ;=6-±�®!24®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e �
:
4�­?± , 6 , ¯�7

(Au)(x) = f(x), x ∈ Ca
+,

n �<p
± G 4�2<;=C>4�­ , ;=C?±6­ � Hs(Ca

+)
9<iE®!6

Ca
+

k
m
)+* 684 ,�e 7©°
2 , :<;

Ca
+ = {x ∈ R

m :
x = (x1, . . . , xm−1, xm), xm > a|x′|, a > 0} 9 x′ = (x1, . . . , xm−1)

�
 32¾2 G 4�6 ®!6A«E6 , ¯�g 9

Hs(Ca
+)
;=2<;=C>2'¯�Ca¯�²µ2�5�2�5�� 6 ,�,�e � & : , ° d ¯�7Q¯�²

Hs(Rm)
; , 2<;A¯�C>6A«E6 * ±

Ca
+

� T32�4 * ­
±
Hs(Ca

+)
¯ , ®!: d ¯�4�2'±6­ , ­ , 2�4 * 2�7

Hs(Rm)
�  34�­?±6­�F^f�­�;=C>D

f
5�684�68C�;'F�¯�² G 4�2<;=C>4�­ , ;=C?±6­

Hs−α
0 (Ca

+)
9-°
2�C>2�4�2�6



� � � ������� ��� � 	�� � � � � � �
� � ��� � 	�� � � � ��� � � � �
��� � � � ���
� � � ����� 	 � +��
;=2<;=C>2'¯�C*¯�²�2�5�2�5�� 6 ,�,�e � & : , ° d ¯�7 S′(Ca

+)
94®!2 G :<;A°�­>g � ¯ � G 4�24®!2?« � 6 , ¯�6, ­

Hs−α(Rm)
� T32�4 * ­ ±

Hs−α
0 (Ca

+)
²4­/®�­>68C�;'F
°�­?°

‖f‖+s−α = inf ‖lf‖s−α,
iE®!6��������	�
��5�684�68C�;'F G 2 ±<;=6 *µG 4�24®!2?« � 6 , ¯�F * l �P G 4�6 ®!6A«�¯ * ®�­�«E686 ; G 6 d ¯�­�«ED ,�e 7 *�, 2�i82 * 684 ,�e 7j;A¯ , i8:4«�F�4 ,�e 7 ¯ , C>6 )
i84�­�« & 2�4 * :4«E2�7

(Gmu)(x) = lim
τ→0+

∫

Rm

u(y′, ym) dy′dym

(|x′ − y′|2 − a2(xm − ym + iτ)2)m/2
.

� «�F?2 G ¯E;-­ , ¯�F¡°�­>4�C?¯ ,�e 4�­?²84�6 � ¯ * 2<;=C?¯?:
4�­?± , 6 , ¯�F n �<pC±'±�6 ®!6 * ; «E6 )
®!:
g � 686

��� ���
���������#"#���� 324®
±�2?« , 2'±�2�7 & ­?°�C>2�4�¯�²4­ d ¯�6871;A¯ * ±�2?«"­
A(ξ)
9�:-®!2 )

±?«E68C?±�2�4<F�g � 68i821:<; «E2'±'¯�g n ª p09 *�e 5�:-®!6 *¾G 2 , ¯ * ­>C>D�68i82 G 4�6 ®�;=C�­?±?«E6 , ¯�6
± ±'¯�®!6

A(ξ) = A 6=(ξ)A=(ξ),iE®!6 *�, 2 � ¯�C>6A«�¯ A 6=(ξ)
9
A=(ξ)

:-®!2'±?«E68C?±�2�4<F�g�C(; «E6 ®!:
g � ¯ * :<; «E2'±'¯�F * l
¬ p
A 6=(ξ)

9
A=(ξ)

2 G 4�6 ®!6A«E6 ,�e ®�«�FS±<;=6 � ®!2 G :<;=C?¯ *�e � ² , ­of�6 , ¯�7 ξ ∈
R

m 9�°�4�2 * 6�9�5 e C>D * 2 � 68Co9�C>2�f�6-°
±'¯�®�­ {ξ ∈ R
m : |ξ′|2 = a2ξ2m} �ª p

A 6=(ξ)
9
A=(ξ)

®!2 G :<;A°�­>g�C ­ , ­�«�¯�C?¯�f�6�;A°
2�6 G 4�24®!2?« � 6 , ¯�6©±W4�­/®"¯ )
­�«ED ,�e 6�C>4�:
5�f�­>C e 6?2�5?«"­�;=C?¯

T (
∗
Ca

+)
9
T (

∗
Ca

−)
;=2�2�C?±�68C�;=C?±�6 ,�, 2E9 °
2�C>2�4 e 6

:-®!2'±?«E68C?±�2�4<F�g�C[2 d 6 , °�­ *
∣∣∣A±1

6= (ξ + iτ)
∣∣∣ 6 c1 (1 + |ξ|+ |τ |)±æ

,

∣∣A±1
= (ξ − iτ)

∣∣ 6 c2(1 + |ξ|+ |τ |)±(α−æ) ∀ τ ∈
∗
Ca

+ .
� ¯E; «E2

æ
, ­?² e ±6­>68C�;'F�¯ , ®!6-°�;=2 * ±�2?« , 2'±�2�7 & ­?°�C>2�4�¯�²4­ d ¯�¯ �

ªX®�­�«ED , 687�� 6 *¾G 4�6 ® G 2?«"­>iA­>6 * 9cf�C>2?C>4�685�:�6 * ­�F�±�2?« , 2'±6­�F & ­?°�C>2�4�¯ )
²4­ d ¯�F?;=:(� 6�;=C?±�:�68C �

� Z � �!M
N3JñO�Q�Q ��MCOHV<N�J P#O��
_B687�f�­�; *�e 4�­�;8; * 2�C>4�¯ * :
4�­?± , 6 , ¯�6 n �<pBC>2?«ED'°
2 ®�«�F?; «E:
f�­�F

æ− s =
n + δ

9
n ∈ N

9 |δ| < 1/2
� P�5�� 68614�6 � 6 , ¯�6 * 2 � 68Cj5 e C>Dñ;A°
2 , ;=C>4�:�¯�4�2 )±6­ , 2Ø; «E6 ®!:
g � ¯ * 2�5�4�­?²82 *��  32<; «E6K±�2?« , 2'±�2�7 & ­?°�C>2�4�¯�²4­ d ¯�¯?;A¯ * ±�2?«"­(;

G 4�6 ®"±6­>4�¯�C>6A«ED ,�eA*µG 4�682�5�4�­?²82'±6­ , ¯�6 *Â/ :
4�D�6 *�e ²4­ G ¯E; e ±6­>6 *

A 6=(ξ)ũ+(ξ) +A−1
= (ξ)u−(ξ) = A−1

= (ξ)l̃f(ξ).
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�W2 � , 2Z²4­ * 68C?¯�C>DE9(f�C>2 A−1
= (ξ)l̃f(ξ)

G 4�¯ , ­/®�«E6 � ¯�C G 4�2<;=C>4�­ , ;=C?±�:
Hs−æ(Rm)

9�¯µ6�; «�¯ *�e ± e 5�684�6 *h*�, 2�i82�f�«E6 ,
Q(ξ)
9#:-®!2'±?«E68C?±�2�4<F�g � ¯�7

:<; «E2'±'¯�g
|Q(ξ)| ∼ (1 + |ξ|)n,

C>2
Q−1(ξ)A−1

= (ξ)l̃f(ξ)
5�:-®!68C G 4�¯ , ­/®�«E6 � ­>C>D G 4�2<;=C>4�­ , ;=C?±�: H̃−δ(Rm)

�
� ­�«E686�9c;=2�iI«"­�; , 2�C>682�4�¯�¯ *�, 2�i82 * 684 , 2�7�²4­/®�­of�¯�\ ¯ * ­ , ­
R ªVS 9 *�e
* 2 )

� 6 * 4�­?²A«E2 � ¯�C>D G 2<; «E6 ® , g�g & : , ° d ¯�g , ­�®"±6­A; «"­>iA­>6 *�e � n ²4­/®�­of�­A;A°�­of )°�­<p
Q−1A−1

= l̃f = f+ + f−,
iE®!6

f+ ∈ H̃(Ca
+)
9
f− ∈ H̃(Rm \ Ca

+).N�­?°�¯ * 2�5�4�­?²82 * 9�¯ * 686 * ; «E6 ®!:
g � 686]4�­?±�6 , ;=C?±�2

Q−1A 6=ũ+ +Q−1A=ũ− = f+ + f−

¯�«�¯
Q−1A 6=ũ+ − f+ = f− −Q−1A−1

= ũ−.
� 4�:
i-¯ * ¯W; «E2'±6­ * ¯.9

A 6=ũ+ −Qf+ = Qf− −A−1
= ũ−.

�]6-±6­�Fµf�­�;=C>D 4�­?±�6 , ;=C?±6­ G 4�¯ , ­/®�«E6 � ¯�C G 4�2<;=C>4�­ , ;=C?±�: H̃−n−δ(Ca
+)
9

­ G 4�­?±6­�F�f�­�;=C>D k G 4�2<;=C>4�­ , ;=C?±�:
H̃−n−δ(Rm \ Ca

+)
9E; «E6 ®!2'±6­>C>6A«ED , 2E9

F−1(A 6=ũ+ −Qf+) = F−1(Qf− −A−1
= ũ−),

iE®!6K«E6-±6­�F�f�­�;=C>D ¯�²
H−n−δ(Ca

+)
9"­ G 4�­?±6­�F�f�­�;=C>D©¯�²

H−n−δ(Rm \ Ca
+)
9

2�C?°�:-®�­ , 6 * 6 ®�«E6 ,�, 2j; «E6 ®!:�68Co9.f�C>2 "8C>2?2�5�2�5�� 6 ,�, ­�F & : , ° d ¯�F.9�;=2<;=4�6 ®!2 )
C>2�f�6 ,�, ­�F , ­

∂Ca
+

�
Y�­?° � 6]2 , ­ ± e iI«�F�®"¯�C��P G 684�­>C>2�4X²4­ * 6 ,�eÃG 684�6 * 6 ,�, 2�7h2�5�2'² , ­of�¯ *

T
9 G 684�6-±�24®EF�� ¯�7

∂Ca
+±�i-¯ G 684 G «E2<;A°
2<;=C>D

xm = 0
9�5�2?«E686 C>2�f , 2E9 "8C>2 G 4�682�5�4�­?²82'±6­ , ¯�6

R
m −→

R
m ; «E6 ®!:
g � 68i82 ±'¯�®�­

t1 = x1,

. . . . . . . . . . . .

tm−1 = xm−1,

tm = xm − a|x′|.
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� � ��� � 	�� � � � ��� � � � �
��� � � � ���
� � � ����� 	 � ��¬
N.2�iE®�­ & : , ° d ¯�F

TF−1(A 6=ũ+ −Qf+)
5�:-®!68C ;=2<;=4�6 ®!2�C>2�f�6 , ­ , ­`i-¯ G 684 G «E2<;A°
2<;=C?¯

tm = 0
¯ G 4�¯ , ­/®�«E6 � ­>C>D G 4�2 );=C>4�­ , ;=C?±�:

H−n−δ(Rm)
� N�­?°�­�F & : , ° d ¯�F G 4�6 ®�;=C�­?±?«�F�68Cé;=2�5�2�7 «�¯ , 687 )

, :
gb°
2 * 5'¯ , ­ d ¯�g
δ
)+& : , ° d ¯�¯:¯ 686 G 4�2'¯�²-±�24® ,�e � ¯�± e iI«�F�®"¯�C�; «E6 ®!:
g )� ¯ * 2�5�4�­?²82 *

n−1∑

k=0

ck(t
′)δ(k)(tm).

P^;=C�­>68C�;'F[;=2�2�5�4�­?²-¯�C>DE9�f�C>23C�­?°
2�6
T
±^2�5�4�­?²4­ � / :
4�D�6 � P�C?±�68C5®!2'±�2?«ED )

, 2 G 4�2<;=C>2�7
¯ G 2?«E:
f�­>68C�;'F G 4<F *�eA* ¯¡± e f�¯E; «E6 , ¯�F * ¯.l

FTu = Vaũ,

iE®!6
Va
k G ;=6-±�®!24®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e 7�2 G 684�­>C>2�4?;];A¯ * ±�2?«E2 *

eia|ξ
′|ξm 9�¯®�­�«E686 * 2 � , 2`5�:-®!68C`;=C>4�2'¯�C>D`2�5�� 686|4�6 � 6 , ¯�6 , ­ � 68i82 G ;=6-±�®!24®"¯ &]& 684�6 ,�)d ¯�­�«ED , 2�i82[:
4�­?± , 6 , ¯�F n �<p �

_BC>2'¯�CW2�C * 68C?¯�C>DE9.f�C>2W2�5�2�5�� 6 ,�,�e 6 & : , ° d ¯�¯.9�;=2<;=4�6 ®!2�C>2�f�6 ,�,�e 6 , ­
G 2'±�684 � , 2<;=C?¯a°
2 , :<;-­�9 ¯e¯ � G 4�682�5�4�­?²82'±6­ , ¯�F / :
4�D�6ñ4�­�;8; * ­>C>4�¯�±6­�«�¯E;=D
± R ­CS 9
24® , ­?°
2 ­?±�C>2�4�C�­?°
¯ , 6 , ­ � 6A«
± ± e|G :<;A°�­ � "8C>2�7?;=684�¯�¯ *�, 2�i82 * 684 )
, 2�i82|­ , ­�«E2�iA­�C>682�4�6 *�e 2 4�­�; G 4�6 ®!6A«E6 , ¯�¯.9|;=2<;=4�6 ®!2�C>2�f�6 ,�, 2 * ± C>2�f�°
6 �
 34�¯�� «E2<;=D °�­?° ) C>2 ± e °�4�:
f�¯�±6­>C>D<;'F �

� Z � L�X#YcR#L�YcX�J X�M � MQP#O��
_ G 4�­?±�6 ®�«�¯�±6­[; «E6 ®!:
g � ­�F
\�M
VEX�M
N3JcZ � ��� � � ����� � � �
� � � � � �
� � �	


(3)
� � � � � � � ��� � � � � � � � � �

��� � � 	 
 � � � � � 

���

ũ(ξ) = A−1
6= (ξ)Q(ξ)GmQ

−1(ξ)A−1
= (ξ)l̃f(ξ)+

+A−1
6= (ξ)V−aF

(
n∑

k=1

ck(ξ
′)δ(k−1)(ξm)

)
,

� � �
ck(x

′) ∈ Hsk (Rm−1) �

� ����� � � ��
�� ��� � � ��� ��� � � �
sk = s− æ + k −

1/2, k = 1, 2, . . . , n, lf �

� ����� � � ��
�� �
��� � ����� ��
	� � � �
�
f
���

Hs−α(Rm)
	

P^; , 2'± e ±6­�FE;=D , ­ "8C>2 *jG 4�6 ®�;=C�­?±?«E6 , ¯�¯.9 * 2 � , 2 G 4�6 ®�«E2 � ¯�C>D]4�­?²A«�¯�f ),�e 6 G 2<;=C�­ , 2'±'°�¯
°�4�­>6-± e � ²4­/®�­of§®�«�F�:
4�­?± , 6 , ¯�F n �<p �
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WM���O P�M<S P�V!M�YcX�J N P�MQP#O�M
�W68C>24® 4�­?²84�­>5�2�C�­ , ± G 2<; «E6 ® , ¯�6 ®"±6­/® d ­>C>D�«E68C ±A4�­>5�2�C�­ � R ¬ � ¬@«KS¦�  3684 )±�2�7�5 e «"­[4�­>5�2�C�­ Y � V � ª%2?«E2<;=2'±6­ R ¬TS 9�± °
2�C>2�4�2�7�5 e «�¯
²4­ * 68f�6 ,�e ¯ , C>6 )

4�6�; ,�e 6�±'²4­?¯ * 2�2�C , 2�� 6 , ¯�F * 6 � ®!: G 4�2'¯�²-±�24® ,�eA* ¯ ¯ & : , ° d ¯�F * ¯ °�±6­?²-¯ )«�¯ , 687 , 2�i82 G ­>4�­>5�2?«�¯�f�6�;A°
2�i823:
4�­?± , 6 , ¯�F G 4�¯ , 6 & ¯�°�;A¯�4�2'±6­ ,�, 2�7 ²4­ * 6 , 6
G 684�6 * 6 ,�,�e � � � 2 G 2?« , ¯ * ;A¯E;=C>6 * :ÂC>4�6 � :
4�­?± , 6 , ¯�7d¯�² R ¬TS 4�­?±�6 , ;=C?±�2 *
; * 6 � ­ ,�,�e � G 4�2'¯�²-±�24® ,�e � � N�­?°�¯ * 2�5�4�­?²82 * 5 e «"­ G 2<;=C>4�2�6 , ­ & : , ° d ¯ )
2 , ­�«ED , ­�Fe«�¯ , 687 , ­�F�;A¯E;=C>6 * ­a­�«Ei8685�4�­?¯�f�6�;A°�¯ � :
4�­?± , 6 , ¯�7 n _ / � V W3p �
P�5 , ­>4�: � 6 , 2�5�� ¯�7 , 2'± e 7¡±6­ � ,�e 7 & ­?°�CØC>682�4�¯�¯
®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e �:
4�­?± , 6 , ¯�7?;^f�­�;=C ,�eA* ¯ G 4�2'¯�²-±�24® ,�eA* ¯ n � WH; �  `p �
\ ­�;8; * 2�C>4�¯ * °�±6­?²-¯�«�¯ , 687 , 2�63:
4�­?± , 6 , ¯�F

µZ ′′
tt +K

(
Z, Z ′

x, Z
′
t, x, t

)
Z ′′
xx + F

(
Z, Z ′

x, Z
′
t, x, t

)
= 0.

n'¬ p
ª�R ª � ¬@«KS�, ­?¯�5�2?«E686`iI«E:
5�2'°
2(4�­?²84�­>5�2�C�­ , ; «E:
f�­>7¡®"±�: � , 6-²4­?±'¯E;A¯ *�e � G 6 )
4�6 * 6 ,�,�e � �  34�¯ :�±�6A«�¯�f�6 , ¯�¯µf�¯E; «"­ , 6-²4­?±'¯E;A¯ *�e � G 684�6 * 6 ,�,�e � C>4�685�: )
g�C�;'FO®!2 G 2?« , ¯�C>6A«ED ,�e 6 G 4�6 ® G 2?«E2 � 6 , ¯�F � U ®!6�;=D G 684�6 * 6 ,�, :
g t

* 2 � ), 2 C>4�­?°�C>2'±6­>C>D^°�­?°O±�4�6 * F.9K¯
6�; «�¯
µK(Z, Z ′

x, Z
′
t, x, t) < 0

93C>2�iE®�­



��­ ����

� 	 ��� ��	��
	 � � �
� ��������	��
	 ������

� 	 ����� �
	 ��	

"8C>2X°�±6­?²-¯�«�¯ , 687 , 2�6À:
4�­?± , 6 , ¯�6Ài-¯ G 684�5�2?«�¯�f�6�;A°
2�i82 C?¯ G ­ � cB; «�¯ G 684�6 )
* 6 ,�, :
g

t
C>4�­?°�C>2'±6­>C>D:°�­?° ±�C>2�4�:
g G 4�2<;=C>4�­ , ;=C?±�6 ,�, :
g G 684�6 * 6 ,�, :
g ¯

µK(Z, Z ′
x, Z

′
t, x, t) > 0

9cC>2�iE®�­ "8C>2¡°�±6­?²-¯�«�¯ , 687 , 2�6(:
4�­?± , 6 , ¯�6*"A«�«�¯ G�)
C?¯�f�6�;A°
2�i82éC?¯ G ­ � T�­?°
2 , 6 d 9�6�; «�¯

µ = 0
9�C>2 ±éC�­?°
2 * 2�5�2�5�� 6 ,�, 2 * ±'¯ )

®!6 * 2 � , 2 ²4­ G ¯E;-­>C>D °�±6­?²-¯�«�¯ , 687 , 2�6^:
4�­?± , 6 , ¯�6 G ­>4�­>5�2?«�¯�f�6�;A°
2�i82]C?¯ G ­ � 34�6 ® G 2?«E2 � ¯ * 9Hf�C>2 Z(x, t) ∈ C2[Re⊗Re]
9BiE®!6Wf�684�6-²

Re
2�5�2'² , ­of�6 , 2

*�, 2 � 6�;=C?±�2 ®!687E;=C?±'¯�C>6A«ED ,�e � f�¯E;=6A« �  34�6 ® G 2?«E2 � ¯ * 9�f�C>2 & : , ° d ¯�¯ K 9
F
¯ * 68g�C324® , : , 6 G 4�684 e ± , 25®"¯ &]& 684�6 ,�d ¯�4�:�6 * :
g G 4�2'¯�²-±�24® , :
g G 2�±<;=6 *

¯ * 68g � ¯ * ;'F G 684�6 * 6 ,�,�eA*��
_ ®!6A«"­>6 * G 4�2'¯�²-±�2?«ED , :
g 9 , 6 & ¯�°�;A¯�4�2'±6­ ,�, :
g`²4­ * 6 , : G 684�6 * 6 ,�,�e � l

Z(x, t)
∣∣
x=x(ξ,δ), t=t(ξ,δ)

= U(ξ, δ).
n ª p

P�5�4�­>C , ­�F¡²4­ * 6 , ­©±�2<;8;=C�­ , ­?±?«�¯�±6­>68C[4�6 � 6 , ¯�6
Z(x, t)

:
4�­?± , 6 , ¯�F n'¬ p G 2
& : , ° d ¯�¯

U(ξ, δ)
9 � 2�C�F�5 e «E2'°�­�«ED , 2

Z(x, t) = U(ξ, δ)
∣∣
ξ=ξ(x,t), δ=δ(x,t)

.
n �<p

 34�6 ® G 2?«E2 � ¯ * 9�f�C>2(F�°
2�5'¯�­ , ²4­ * 6 ,�e G 684�6 * 6 ,�,�e �

J =

(
x′ξ t′ξ
x′δ t′δ

)

2�C4«�¯�f�6 , 2�C , :4«�F.l
det J = x′ξt

′
δ − t′ξx

′
δ 6= 0

� N.2�iE®�­ñ;=:(� 6�;=C?±�:�68C?2�5�4�­>C )
, 2�6 G 4�682�5�4�­?²82'±6­ , ¯�6�9 � 2�C�Fé5 e «E2'°�­�«ED , 2E9 ξ = ξ(x, t)

9
δ = δ(x, t)

�  34�¯
"8C>2 * ;=:(� 6�;=C?±�:
g�C & 2�4 * :4« eKG 684�6�;=f�68C�­ ��;=C�­>4 e � ��G 684�6 * 6 ,�,�e � x 9 t G 2� , 2'± eA*��[G 684�6 * 6 ,�,�eA*

ξ
9
δ
l

∂x

∂ξ
= det J

∂δ

∂t
,

∂t

∂ξ
= − detJ

∂δ

∂x
,

∂x

∂δ
= − detJ

∂ξ

∂t
,

∂t

∂δ
= det J

∂ξ

∂x
.

n ­ p

� ��@��������#"#� ��� ª�¯E;=C>2�4�¯�¯ , ­o:�°�¯�±�\�2<;8;A¯�¯|± e 4�­ � 6 , ¯�6��-®"¯ &]& 6 )4�6 ,�d ¯�­�«ED , ­�F1;A±>F�²8D � ± G 684�± e 65¯E; G 2?«ED'²82'±6­�«©M � ª � �W6 � 684E;A°�¯�7§± ¬,+�+
� i �
cHi82^4�­>5�2�C�­ �8� ¯ &]& 684�6 ,�d ¯�­�«ED ,�e 6B;A±>F�²-¯ ±^; «E:
f�­>6%24® , 2�7 * ­>C>684�¯�­�«ED , 2�7
C>2�f�°�¯ � 2 G :
5?«�¯�°
2'±6­ , ­�± � :
4 , ­�«E6 �'_B2�2�5�� 6 , ¯�F � ­>4�D'°
2'±<;A°
2�i82 * ­>C>6 * ­ )C?¯�f�6�;A°
2�i82 2�5�� 6�;=C?±6­ �o� ª|®"±6­/® d ­>C>2 * ±�6-°
6*¯ , C>684�6�;*° �-®"¯ &]& 684�6 ,�d ¯�­�«ED )
,�eA* ;A±>F�²=F *�� ±�2'²82�5 , 2'±'¯�«!;'F G 2<; «E6�4�­>5�2�C:T � T � f , 6 , °
20R ¬*¬TS ¯ G 2'² � 6° , ¯�i-¯�68i82[:
f�6 , ¯�°
2'± V �E/1� _¬¯�®!2�4�2'±6­�96ª �  � $ ­ G 686-±6­ � � ­ ,�, ­�F14�­>5�2�C�­�9
°�4�2 * 6`: G 2�C>4�685?«E6 , ¯�FWC>684 * ¯ , ­��-®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e 6];A±>F�²-¯ � 9 , 6 ¯ * 6868C
; "8C?¯ * ¯W4�­>5�2�C�­ * ¯ , ¯�°�­?°
2�i82 G 684�6�;=68f�6 , ¯�F �
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 � 	
ªC±�6 ®!6 * 2�5�2'² , ­of�6 , ¯�F n :<;=C�­ , 2'±'¯ * ®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e 63;A±>F�²-¯!p�R ¬ � ­CS
∂Z

∂x

∣∣∣∣
x=x(ξ,δ), t=t(ξ,δ)

= Y (ξ, δ),
∂Z

∂t

∣∣∣∣
x=x(ξ,δ), t=t(ξ,δ)

= T (ξ, δ).
n 	�p

M]; G 2?«ED'²8:>F n ­ pC¯�² n 	�p G 2?«E:
f�¯ * ± e 4�­ � 6 , ¯�F
∂U

∂ξ

∂t

∂δ
− ∂U

∂δ

∂t

∂ξ
= Y (ξ, δ)

[
x′ξt

′
δ − t′ξx

′
δ

]
,

−∂U
∂ξ

∂x

∂δ
+
∂U

∂δ

∂x

∂ξ
= T (ξ, δ)

[
x′ξt

′
δ − t′ξx

′
δ

]
.

n«� p

TK¯ � 6 ®�«�F§°�4�­>C?°
2<;=C?¯§²4­ G ¯E;A¯Ø:
4�­?± , 6 , ¯�7§­>4�i8: * 6 , C e : & : , ° d ¯�7 K 9
F
2 G :<;=C?¯ * 9�C � 6 ��, ¯ � 6�±(:
4�­?± , 6 , ¯�F � G ¯�� 6 *

k
def
= K

(
U(ξ, δ), Y (ξ, δ), T (ξ, δ), x(ξ, δ), t(ξ, δ)

)
,

f
def
= F

(
U(ξ, δ), Y (ξ, δ), T (ξ, δ), x(ξ, δ), t(ξ, δ)

)
.

W�4�­?± , 6 , ¯�6 n'¬ p G 4�¯ , ¯ * ­>68C G 4�2 * 6 � :
C>2�f ,�e 7¡±'¯�®

µ
∂

∂t
T (ξ(x, t), δ(x, t)) + k

∂

∂x
Y (ξ(x, t), δ(x, t)) + f = 0.

 32<; «E6 ®"¯ &]& 684�6 ,�d ¯�4�2'±6­ , ¯�FZ¯ G 4�¯ * 6 , 6 , ¯�F & 2�4 * :4« n ­ pj2'°
2 , f�­ )
C>6A«ED , 2 ± G 684�6 * 6 ,�,�e � ξ 9 δ G 2?«E:
f�¯ *

µ

(
−∂T
∂δ

∂x

∂ξ
+
∂T

∂ξ

∂x

∂δ

)
+ k

(
∂Y

∂δ

∂t

∂ξ
− ∂Y

∂ξ

∂t

∂δ

)
= f

[
x′ξt

′
δ − t′ξx

′
δ

]
.
n¦� p

_ , 682�5 � 24®"¯ * 2<;=C>D�gv®!2?« � , 2µ5 e C>D ± e|G 2?« , 6 , 2�4�­?±�6 , ;=C?±�2�; * 6 � ­ ,�),�e � G 4�2'¯�²-±�24® ,�e � Z ′′
xt = Z ′′

tx

± G 684�6 * 6 ,�,�e � ξ 9 δ �&BC>21;=2�2�C , 2�� 6 , ¯�63;3:
f�68C>2 * n ­ p09 n 	�p * 2 � , 2 ²4­ G ¯E;-­>C>DEl
∂Y

∂δ

∂x

∂ξ
− ∂Y

∂ξ

∂x

∂δ
+
∂T

∂δ

∂t

∂ξ
− ∂T

∂ξ

∂t

∂δ
= 0.

n + p

ª n«� p09 n¦� p|F�°
2�5'¯�­ ,WG 24®!4�2�5 , 214�­�; G ¯E;-­ , 9!f�C>2�5 e�G 2'°�­?²4­>C>DE9Ef�C>2�2 , ¯:± e�)
iI«�F�®EF�C °�­?° , 6A«�¯ , 687 ,�e 6]:
4�­?± , 6 , ¯�F�2�C , 2<;A¯�C>6A«ED , 2 G 684�6 * 6 ,�,�e �

�
=
(
x′ξ, x

′
δ , t

′
ξ, t

′
δ

)
.

n«� p
ª 4�­>5�2�C�­ � R ª � ­CS ± G 684�± e 6X®!2'°�­?²4­ , 2E91f�C>2U;A¯E;=C>6 * ­ n«� p � n + pÀF�±?«�F�68C )
;'F 
�%&��� �&�&����� ;A¯E;=C>6 * 2�7 & : , ° d ¯�2 , ­�«ED ,�e � ­�«Ei8685�4�­?¯�f�6�;A°�¯ � :
4�­?± , 6 , ¯�7
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n _ / � V W3pc2�C , 2<;A¯�C>6A«ED , 2 G 684�6 * 6 ,�,�e � n«� p � T�­|2<; , 2'±�6 "8C>2�i82 & ­?°�C�­ * 2 � ), 2W;=C>4�2'¯�C>DWC>2�f ,�e 6©¯ G 4�¯�5?«�¯ � 6 ,�,�e 6(4�6 � 6 , ¯�Fñ� WH; �  �  34�6 ®�«E2 � 6 , 24�­>5�2�f�686 , ­?²-±6­ , ¯�6H; G 2<;=2�56­�l����W68C>24® , 6 & ¯�°�;A¯�4�2'±6­ ,�, 2�7K°
2 , ;=C>4�:�°�C?¯�± , 2�7
²4­ * 6 ,�eºG 684�6 * 6 ,�,�e � �Wn �:T / Y U  `p �
\�M
VEX�M
N3J � Z � Z � � 	�� � � � ��� 	���	�� �����Ân«� p � n + p � ���
� 	�� � � 
�� �
��� ����� � �

� ��� ���	��n«� p 	 � ��� � � 	 ��� � 	�� � � � � ��������	�� � � ���
��� � � � �
��� ����� � � �
� � � � � �

AX = b




Y U ′
δ −Y U ′

ξ TU ′
δ −TU ′

ξ

Y ′
δ −Y ′

ξ T ′
δ −T ′

ξ

a31 a32 a33 a34
0 0 0 a44







x′ξ
x′δ
t′ξ
t′δ


 =




0
0
0
b4


 .

� � � 	 � � � � � � ���
(9)
��� � � � � � ���

= (0, 0, 0, b4)
τ � � � � �

b4 = U ′
δ

(
µT
(
T ′
ξY

′
δ − T ′

δY
′
ξ

)
+ f

(
U ′
ξY

′
δ − Y ′

ξU
′
δ

))
+

+Y
[
− µT ′

δU
′
δT

′
ξ + µ

(
T ′
δ

)2
U ′
ξ + k Y ′

δ

(
Y ′
δU

′
ξ − Y ′

ξU
′
δ

)]
,

a31 = µY T ′
δ, a32 = −µY T ′

ξ,

a33 = −k Y Y ′
δ − f U ′

δ, a34 = k Y Y ′
ξ + f U ′

ξ,

a44 =
(
µT 2 + k Y 2

)(
Y ′
δT

′
ξ − Y ′

ξT
′
δ

)
+

+ f
(
Y
(
U ′
δT

′
ξ − U

′

ξT
′
δ

)
+ T

(
Y ′
δU

′
ξ − YξU

′
δ

))
.

n'¬@« p

�(��@�@������!����"#"j�W�H�������>���.���
	E�E����
 �/Y32�4�2�C?°
2A:�°�­ � 6 * 94°�­?° ¯�²%f�6 )C e 4�6 � :
4�­?± , 6 , ¯�7 n«� p � n + p%;=C>4�2'¯ * _ / � V W �ª%C>2�4�2�6�:
4�­?± , 6 , ¯�6 n«� p�: *�, 2 � ¯ *�, ­ Y 94­ G 684�±�2�6�:
4�­?± , 6 , ¯�6 n«� p�: *�, 2 )
� ¯ *À, ­ T 9�¯:± e f�¯�C�­>6 *��  32?«E:
f�¯ * «�¯ , 687 , 2�6 :
4�­?± , 6 , ¯�6`2�C , 2<;A¯�C>6A«ED , 2G 4�2'¯�²-±�24® ,�e � n«� p

Y U ′
δx

′
ξ − Y U ′

ξx
′
δ + TU ′

δt
′
ξ − TU ′

ξt
′
δ = 0.

n'¬*¬ p
&BC>2 * :�:
4�­?± , 6 , ¯�g�;=2�2�C?±�68C�;=C?±�:�68C G 684�±6­�F?;=C>4�2'°�­ * ­>C>4�¯ d�e

A
�

W�4�­?± , 6 , ¯�g n + p�;=2�2�C?±�68C�;=C?±�:�68C ±�C>2�4�­�F?;=C>4�2'°�­ * ­>C>4�¯ d�e
A
�

W *�, 2 � ¯ * :
4�­?± , 6 , ¯�6 n¦� p , ­ *�, 2 � ¯�C>6A«ED Y, ­ G 684�±�2�6^:
4�­?± , 6 , ¯�6 n«� p: *�, 2 � ¯ *K, ­ f ¯ ± e f�¯�C�­>6 *�� P�C�;=gC®�­é; «E6 ®!:�68CñC>4�68C>D>F¾;=C>4�2'°�­ * ­>C>4�¯ )d�e
A.� ­�«E686 *�e * 2 � 6 * ± e 4�­?²-¯�C>D «Eg�5 e 6�C>4�¯ G 4�2'¯�²-±�24® ,�e 6�9 , ­ G 4�¯ * 684.9

x′ξ
9
x′δ
9
t′ξ
9�¯�² n«� pBf�684�6-²]24® , :

t′δ
�

� � ��rt�
τ
w0�v��r-��rt�vu|u=~�rt�osv�ow0�ozo~ow0�=rt�ozo�0¥
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 32<; «E6 G 24®�;=C�­ , 2'±'°�¯ G 2?«E:
f�6 ,�,�e � ± e 4�­ � 6 , ¯�7d± «Eg�5�2�6W:
4�­?± , 6 , ¯�6;A¯E;=C>6 *�eKn«� p � n + p ¯ * 686 * «�¯ , 687 , 2�6�­�«Ei8685�4�­?¯�f�6�;A°
2�6�:
4�­?± , 6 , ¯�6 , ­ t′δ

¯�«�¯
C>2 � ®!6�;=C?±�2 � N�­?°�¯ * 2�5�4�­?²82 *�G 2?«E:
f�­>6 * f�68C?±�684�C>:
gK;=C>4�2'°�: * ­>C>4�¯ d�e A

�
\�M
VEX�M
N3J � ZúbcZ � � 	�� � � � �
��
��
� ��� � 	�

�����	
 � � � ����� �

1.1
	 � ��� � � 	�� �

	�� �����?n«� p � n + p ��� � � � ��������	�� � � ���
��� ����� � � �
�

∂x

∂ξ
= Ψ1(ξ, δ),

∂x

∂δ
= Ψ2,

∂t

∂ξ
= Ψ3(ξ, δ),

∂t

∂δ
= Ψ4.

n'¬,ª p
� � � �
����� 
 	���	�� ����� � � � � �
� � ��� 	 � � 	������ � � � ����� � � ��� ��� � � �
� �
� ��� � �
� �
� 
�� ��� 	 � � � ��� 
�� �
��� � � � � 	����
����� � � � � ��� � � 	�� � 	 �
� � �

Ψ1(ξ, δ)
def
=
[
U ′
ξ

[
f
(
U ′
δT

′
ξ − U ′

ξT
′
δ

)
+ k Y

(
Y ′
δT

′
ξ − Y ′

ξT
′
δ

)]
+

+T
[
− U ′

ξ

(
µT ′

ξT
′
δ + k Y ′

ξY
′
δ

)
+ U ′

δ

(
µ (T ′

ξ)
2 + k (Y ′

ξ )
2
)]]/

a44,

Ψ2(ξ, δ)
def
=
[
U ′
δ

(
f
(
U ′
δT

′
ξ − U ′

ξT
′
δ

)
+ k Y

(
Y ′
δT

′
ξ − T ′

δY
′
ξ

))
+

+T
[
µT ′

δU
′
δT

′
ξ − µ (T ′

δ)
2 U ′

ξ + k Y ′
δ

(
Y ′
ξU

′
δ − Y ′

δU
′
ξ

)]]/
a44,

Ψ3(ξ, δ)
def
=
[
U ′
ξ

(
µT
(
Y ′
δT

′
ξ − Y ′

ξT
′
δ

)
+ f

(
Y ′
δU

′
ξ − U ′

δY
′
ξ

))
+

+Y
[
U ′
ξ

(
µT ′

δT
′
ξ + k Y ′

δY
′
ξ

)
− U ′

δ

(
µ (T ′

ξ)
2 + k (Y ′

ξ )
2
)]]/

a44,

Ψ4(ξ, δ)
def
= b4/a44.

n'¬ �<p

� � � 	 �
b4
�
a44

� � ����� � 

� ��� � � � � ����� �
1
	���� � ����� � ��� � � � �����

det J =
[
µ
(
(T ′

δ)
2 + k(Y ′

δ )
2
)(
U ′
ξ

)2 − 2U ′
δU

′
ξ

[
µT ′

δT
′
ξ + k Y ′

δY
′
ξ

]
+

+
(
U ′
δ

)2(
µ(T ′

ξ)
2 + k(Y ′

ξ )
2
)]/

a44.

n'¬�­ p

�(��@�@������!����"#"ñ�W�H�������>���.���
	E�E����
 � � 2�4�2�� 2�¯�²-±�6�;=C , 2E9of�C>23:<; «E2 )
±'¯�6A4�­?²84�6 � ¯ * 2<;=C?¯�;A¯E;=C>6 *�eKn'¬,ª p09 n'¬ �<p�C�­?°
2�i82`C?¯ G ­ G 2?«E:
f�­>68C�;'F©± e f�¯E; )
«E6 , ¯�6 * ; * 6 � ­ ,�,�e � G 4�2'¯�²-±�24® ,�e � & : , ° d ¯�7 x = x(ξ, δ)

9
t = t(ξ, δ)

G 2
­>4�i8: * 6 , C�­ *

ξ
¯
δ
¯ G 4�¯�4�­?± , ¯�±6­>6 *�G 2?«E:
f�6 ,�,�e � ± e 4�­ � 6 , ¯�7�®!4�:
i�®!4�:
i8:

x′′ξδ = x′′δξ
9
t′′ξδ = t′′δξ

� N�­?°�¯ * 2�5�4�­?²82 * 9 , ­ G 684�± e 7:±'²8iI«�F�®�°�­ � 68C�;'F.9Ef�C>2& 2�4 * ­�«ED , 25±�2'² , ¯�°�­>g�C ®"±6­A:<; «E2'±'¯�F`4�­?²84�6 � ¯ * 2<;=C?¯[;A¯E;=C>6 *�e n'¬,ª p09 n'¬ �<p �
P ® , ­?°
2 ± R ª � �KS ± e FE; , 6 , 2E9�f�C>2Ø:<; «E2'±'¯�6^C>2?«ED'°
2(24® , 2 �P ®"¯ , ¯�² d 6 , C>4�­�«ED ,�e � 4�6-²8:4«ED�C�­>C>2'± d ¯�C?¯�4�:�6 *�e � 4�­>5�2�Cj;=2<;=C>2'¯�C ±
; «E6 ®!:
g � 6 * l
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\�M
VEX�M
N3J � Z � Z � � 	�� � � � �
��
��
� ��� � 	�

�����	
 � � � �����
1.1
�
1.2.

� ��� � �

1)
� � � � � � � 	�� ��� � � � � 	�� � �

(
∂Ψ1

∂δ
− ∂Ψ2

∂ξ

)/
T
∣∣
x′
ξ
=Ψ1, x′

δ
=Ψ2, t′ξ=Ψ3, t′δ=Ψ4

≡

≡
(
∂Ψ3

∂δ
− ∂Ψ4

∂ξ

)/
Y
∣∣
x′
ξ
=Ψ1, x′

δ
=Ψ2, t′ξ=Ψ3, t′δ=Ψ4

,

n'¬ 	�p

� � � � ��� ��� � �
Ψi
�
i = 1, 4

�
� � ����� � 

� ��� � � � � ��	�� ��� � �
(13)

	

2)
� ��� � 	�

�����	
 � � ������� ��� � 	�� � 	���	�� ��� �

(12)
�
(13)

	�� ��� 
 � 	 
 � ��� �
�
� � � 	 ��� ���
��� � � �
	

(
∂

∂δ
Ψ3 −

∂

∂ξ
Ψ4

)∣∣∣∣
x′
ξ
=Ψ1, x′

δ
=Ψ2, t′ξ=Ψ3, t′δ=Ψ4

= 0,
n'¬�� p

� � �
Ψj
�
j = 1, 4

� � � � � ��� � � � � � 
�� � �
(13)

	
�(��@�@������!����"#" � �H�������>���.���
	E�E����
 �Â� 2'°�­?²4­>C>6A«ED<;=C?±�2 C>682�4�6 )

*�ee¬�� � G 4�2'¯�²-±�24®"¯�C�;'F G 4<F *�eA* ¯�± e f�¯E; «E6 , ¯�F * ¯ G 4�2'¯�²-±�24® ,�e � ± e 4�­ � 6 ), ¯�7?;A¯E;=C>6 *�e
n'¬ �<p �  34�¯©®"¯ &]& 684�6 ,�d ¯�4�2'±6­ , ¯�¯ G 684�6 * 6 ,�,�e � °
2�" &]& ¯ d ¯ )
6 , C>2'±

t(ξ, δ)
9
x(ξ, δ)

G 4�2'¯�²-±�24® ,�e 6 n«� p�¯E;A°�«Eg�f�­>g�C�;'F ; G 2 * 2�� D�g G 24®�;=C�­ )
, 2'±'°�¯ G 4�­?± e � f�­�;=C>687 n'¬ �<p � N�­?°�¯ * 2�5�4�­?²82 * 9c; «E6 ®!:�68C�C>2 � ®!6�;=C?±�2 n'¬ 	�p09C � 6 � 
 ������� f�­�;=C>D[;=2'± G ­/®�­>68C]; ��	����
��� � N�­?°�¯ * 2�5�4�­?²82 * 9?± * 6�;=C>2�®"±�: � ;=2 )
2�C , 2�� 6 , ¯�7j:<; «E2'±'¯�FW4�­?²84�6 � ¯ * 2<;=C?¯:¯ * 686 * 24® , 2�;=2�2�C , 2�� 6 , ¯�6 � ª�;=68iE®�­
;=:(� 6�;=C?±�:�68C , 68C>4�¯�±'¯�­�«ED ,�e 7�2�5�� ¯�7 *�, 2 � ¯�C>6A«ED n'¬�� p � N.682�4�6 *�e�¬�� ¬ 9 ¬�� ª®!6 * 2 , ;=C>4�¯�4�:
g�C , 6-°
2�C>2�4�2�6|;A°�4 e C>2�6�9>4�­ , 686 , 6-¯�²-±�6�;=C , 2�6�9>;A±�2�7E;=C?±�2�°�±6­ )
²-¯�«�¯ , 687 ,�e � ®"¯ &]& 684�6 ,�d ¯�­�«ED ,�e � :
4�­?± , 6 , ¯�7 ;Bf�­�;=C ,�eA* ¯ G 4�2'¯�²-±�24® ,�e�)
* ¯.9?°
2�C>2�4�2�6 G 2'²-±�2?«�F�68C*°
2 , ;=C>4�:�¯�4�2'±6­>C>D , 2'± e 6�4�6 � 6 , ¯�F[:
4�­?± , 6 , ¯�F n'¬ p
± � , 6=F�± , 2�7.9 G ­>4�­ * 68C>4�¯�f�6�;A°
2�7 & 2�4 * 6 �o�

� ��MCOHQ>L N!O�M � Z � 	�
 � ��� ��� 
 � � � � ����� ��� �
� � ��� ��� � �
� ����� � � ��� ��� � �
� � ��� �	� � ��� ��� ���

U
�
Y
�
T
� ��� ��	 � � � ��� ��� � ����� � � ��� ���
	 �
� � �������

�
� ����� � ����� � � � � ����

� � � � � 

� � 	 ��� ���
��� � � �
	
(16)

� � � 	 ��� � � � � 	�� � �
	 � � 

	���	�� �����

(12)
�
(13)

� � ������� ������	 ���
��� 	�

����� � ����� � 
 � � ����� �
(14)

�
� � � �
� � ����� 

	 � ����� � � �
� � � � � �
� � �	


(1)
� � 	 	���� ��� ��
 � ��� � � 	 
 �
� � � � � � 

�

(3)
� 
 � ����� � � �
� � ��� ��	 � ��� � � 	 
 � �
��
 � �
��� ��� � � � � � �
��� � 	�� ��� � � � � � 	 � 	 �

 � � � � � � � 	 ��� � � � � � ��� 
���� ��� � � � � � � � 
 � � ����� � 
 ��
	

� � 	 
 ��� 
�� � � � �
� � ���
� � � ����

� � � � �
� � ��� �
����
 �	� � ���
� � 	�

�����	
�� � � ������� ��� � 	�� �

(16)
�

� �
����
 �	� � ���
� � ������� � ��� �
� ��������� � 	���	�� ��� �
(12)

�
(13)
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ª ª�«*«�+ i �c, ­�°
2 ,E& 684�6 ,�d ¯�¯�±�i � _B:�² ®�­�«ED?;[4�6-²8:4«ED�C�­>C�­ * ¯ G 2?«E:
f�6 ,�)
,�eA* ¯Ø�:T / Y U  (9�¯�²A«E2 � 6 ,�,�eA* ¯ ±34�­>5�2�C�­ � R ¬ � ­CS 9o5 e «Ø2'² , ­?°
2 * «E6 , ­?°�­ )®!6 * ¯�°¡\�V*Tbª � M � VA4 , 2?«ED�® � P , 24®!2�5�4�¯�«
¯E;8; «E6 ®!2'±6­ , ¯�6�¯ G 2<;=2'±�68C>2'±6­�«
G 4�¯ * 6 , ¯�C>D * 68C>24®¡°
2 *�, 2�i-¯ *�G 4�2�5?«E6 * ­ * ¯�±[f�­�;=C , 2<;=C?¯�°�:
4�­?± , 6 , ¯�F *
;A±>F�²4­ ,�,�eA* ; � ¥�K|±AC>6 � ; «E:
f�­�F � 9-°
2�iE®�­ , 6B4�­>5�2�C�­>68C|��P U � _ , ­of�­�«"­ , ­ )
* ¯j5 e «�¯ ¯�²8:
f�6 ,�e 4�­>5�2�C e °�«"­�;8;A¯�°
2'±E9 G 24®!4�2�5 ,�e 6`;8; e «�°�¯ , ­©°
2�C>2�4 e 6
G 4�¯�±�6 ®!6 ,�e ±0R ¬,ª � ¬�­CS¦� � e «E2 ± e FE; , 6 , 2E9�f�C>2�± , ¯ � , ¯ � 6 G 4�¯�±�6 ®!6 ,�, 2�i82¯�«�¯ G 24®!2�5 , 2�i82 ­ , ­�«�¯�²4­ "8C>2�i82(:
4�­?± , 6 , ¯�F�4�­ , 686 , ¯�°�C>2 , 6 G 4�2'±�24®"¯�« �
\ ­�;8; * 2�C>4�¯ * 2�5�2�5�� 6 ,�, 2�6B:
4�­?± , 6 , ¯�6 � ¥�K¾;=24®!684 � ­ � 686%C>4�68C>D�g G 4�2 )¯�²-±�24® , :
g l

Z ′
t +R(t, Z, Z ′

x) + Z ′′′
xxx = F (t, Z).

n'¬�� p
_ ®!6A«"­>6 *ºG 4�2'¯�²-±�2?«ED , :
g�²4­ * 6 , : G 684�6 * 6 ,�,�e � n ª p � ªC±�6 ®!6 * ®"¯ &]& 684�6 ,�)
d ¯�­�«ED ,�e 6];A±>F�²-¯ n 	�p09 n«� p¬¯�®!2 G 2?« , ¯ * ¯ � 6 � 6324® , ¯ * ;=2�2�C , 2�� 6 , ¯�6 * l

∂Y (ξ(x, t), δ(x, t))

∂x

∣∣∣∣
x=x(ξ,δ), t=t(ξ,δ)

=M(ξ, δ).
n'¬,+ p

V , ­�«E2�i-¯�f , 2 n«� p09�¯�² n'¬,+ p G 2?«E:
f�¯ *Â& 2�4 * :4«E:�l
(
∂Y

∂ξ

∂t

∂δ
− ∂Y

∂δ

∂t

∂ξ

)
=
[
x′ξt

′
δ − t′ξx

′
δ

]
M(ξ, δ).

n'¬�� p

U ®!6�;=D
M(ξ, δ)

G 4�2'¯�²-±�2?«ED , ­�F*®"±6­ � ® eé, 6 G 4�684 e ± , 2C®"¯ &]& 684�6 ,�d ¯�4�:�6 * ­�F& : , ° d ¯�F � W�4�­?± , 6 , ¯�6 n'¬�� p G 4�¯ * 68C ±'¯�®
(
−∂M
∂ξ

∂t

∂δ
+
∂M

∂δ

∂t

∂ξ

)
= s detJ.

n ª�« p

� «�F
°�4�­>C?°
2<;=C?¯¡²4­ G ¯E;A¯ & 2�4 * :4« ±'±�6 ®!6 , 2[2�5�2'² , ­of�6 , ¯�6

s
def
=
[
T +R(t(ξ, δ), U, Y )− F (t, U)

]
.

� «�F & : , ° d ¯�¯
Z(x, t)

9�; , 682�5 � 24®"¯ * 2<;=C>D�g 9A®!2?« � , 235 e C>DK± e|G 2?« , 6 , 2:<; «E2'±'¯�6 , 6 G 4�684 e ± , 2<;=C?¯ n + p �
ª�®�­ ,�, 2�7©²4­/®�­of�6 *�e ¯ * 686 *éG F�C>D :
4�­?± , 6 , ¯�7 n«� p09 n + p09 n'¬�� p09 n ª�« p�®�«�F

f�68C e 4�6 � G 684�6 * 6 ,�,�e � l x′ξ
9
x′δ
9
t′ξ
9
t′δ
�

 32<;=C>4�2'¯ * _ / � V W�2�C , 2<;A¯�C>6A«ED , 2 G 684�6 * 6 ,�,�e � n«� p �
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� 	 ��� ��	��
	 � � �
� ��������	��
	 ������

� 	 ����� �
	 ��	

\�M
VEX�M
N3JØbcZ � Z � � 	�� � � � ��� 	���	�� �����
(6)
�
(8)
�
(19)

�
(20)

� ���
� 	�� � � 
�� �
�
�
� ����� � �����	�

(9)
	 � ��� � � � � � � �

AX = b
��� � � � �����




Y U ′
δ −Y U ′

ξ TU ′
δ −U ′

ξ

−Y ′
δ Y ′

ξ −T ′
δ T ′

ξ

0 0 a33 a34
0 0 0 a44







x′ξ
x′δ
t′ξ
t′δ


 =




0
0
0
b4


 .

��� � � � �
X

� � ����� � 
	

� � 	 

(9)
�
b = (0, 0, 0, b4)

τ 	 � ��� � � � � � � � ��� � � �
��������	�� � � ���
��� ����� � � �
� �

∂x

∂ξ
= g1(ξ, δ),

∂x

∂δ
= g2(ξ, δ),

∂t

∂ξ
= g3(ξ, δ),

∂t

∂δ
= g4(ξ, δ).

n ª�¬ p
� ��� ��� � �

gj(ξ, δ), j = 1÷ 4
� � � ��	�
	

� � 	 
�� ��� 

��� ��� �
� � � � ����� �

1.2
R ¬@«KS 	

� � � 	 � ��� ��� � ��� � ��� � ��� � � � �	


g1(ξ, δ)
def
=
[
TY ′

ξ (Y
′
ξU

′
δ − U ′

ξY
′
δ ) + U ′

ξ

[
Y (Y ′

δT
′
ξ − Y ′

ξT
′)+

+M(T ′
δU

′
ξ − T ′

ξU
′
δ)
]]/

a44,

g2(ξ, δ)
def
=
[
Y (Y ′

δT
′
ξ − T ′

δY
′
ξ )U

′
δ +MU ′

δ(T
′
δU

′
ξ − U ′

δT
′
ξ)+

+TY ′
δ (Y

′
ξU

′
δ − Y ′

δU
′
ξ)
]/
a44,

g3(ξ, δ)
def
= (−Y Y ′

ξ +MU ′
ξ)(Y

′
ξU

′
δ − Y ′

δU
′
ξ)
/
a44,

g4(ξ, δ)
def
= b4/a44 = (Y Y ′

δ −MU ′
δ)(Y

′
δU

′
ξ − U ′

δY
′
ξ )
/
a44.

n ª*ª p

� � � 	 �

a33 = −MU ′
δ + Y Y ′

δ , a34 =MU ′
ξ − Y Y ′

ξ ,

a44 = Y 2(T ′
ξY

′
δ − T ′

δY
′
ξ ) +MY (T ′

δU
′
ξ − U ′

δT
′
ξ)+

+MT (U ′
δY

′
ξ − U ′

ξY
′
δ ).

n ª �<p

��� � ����� � ��� � � � �����

det J = (U ′
ξY

′
δ − U ′

δY
′
ξ )

2
/
a44.

n ª0­ p
� ��� ��� �	


T
��� � � � �����

T (ξ, δ) =
[
M(M ′

ξU
′
δ −M ′

δU
′
ξ) + Y (M ′

δY
′
ξ −M ′

ξY
′
δ )+

+(F (t(ξ, δ), U)−R(t(ξ, δ), U, Y ))(Y ′
δU

′
ξ − Y ′

ξU
′
δ)
]/
P2,

n ª 	�p

� � �
P2 = Y ′

δU
′
ξ − Y ′

ξU
′
δ

	



� � 
 ���
� ����� � � � � � �
� � �	
 ¬@«�¬
�(��@�@������!����"#" �Ó�H�������>���.���
	E�E����
 � W *�, 2 � ¯ * ±�C>2�4�2�6W:
4�­?± , 6 ), ¯�6 n«� p , ­ & : , ° d ¯�g

Y
95­ G 684�±�2�6 :
4�­?± , 6 , ¯�6 n«� p , ­ & : , ° d ¯�g

T
¯

± e f�C>6 *�� &BC>2 * :1;=2�2�C , 2�� 6 , ¯�g ;=2�2�C?±�68C�;=C?±�:�68C G 684�±6­�F�;=C>4�2'°�­ * ­>C>4�¯ d�e]�
W�4�­?± , 6 , ¯�g n + p�;=2�2�C?±�68C�;=C?±�:�68C ±�C>2�4�­�F ;=C>4�2'°�­ * ­>C>4�¯ d�e]� W *�, 2 � ¯ *WG 684 )±�2�6A:
4�­?± , 6 , ¯�6 n«� p , ­ & : , ° d ¯�g

M
96­`:
4�­?± , 6 , ¯�6 n'¬�� p , ­ & : , ° d ¯�g

Y
¯

± e f�C>6 *��  32?«E:
f�¯ * ;=2�2�C , 2�� 6 , ¯�65°
2�C>2�4�2 * :[;=2�2�C?±�68C�;=C?±�:�68C]C>4�68C>D>F�;=C>4�2 )
°�­ * ­>C>4�¯ d�e]�
� ­�«E686 *�e * 2 � 6 * ± e 4�­?²-¯�C>D «Eg�5 e 6�C>4�¯ G 4�2'¯�²-±�24® ,�e 6�9 , ­ G 4�¯ * 684.9

x′ξ
9
x′δ
9
t′ξ
9�f�684�6-²]24® , :©¯�² , ¯ � t′δ � 32<; «E6 G 24®�;=C�­ , 2'±'°�¯ G 2?«E:
f�6 ,�,�e � ± e 4�­ � 6 , ¯�7d± «Eg�5�2�6W:
4�­?± , 6 , ¯�6;A¯E;=C>6 *�e n«� p09 n + p09 n'¬�� p�¯ * 686 * «�¯ , 687 , 2�6e­�«Ei8685�4�­?¯�f�6�;A°
2�6Â:
4�­?± , 6 , ¯�6

, ­
t′δ
� N�­?°�¯ * 2�5�4�­?²82 * 9 G 2?«E:
f�­>6 * f�68C?±�684�C>:
g ;=C>4�2'°�: * ­>C>4�¯ d�e 9 G 4�¯ )

±�6 ®!6 ,�, 2�7
±(C>682�4�6 * 6 ª�� ¬��
 324®�;=C�­?±'¯ *¾n ª�¬ p ± n ª�« p � M , C>684�6�; , 2[2�C * 68C?¯�C>DE9
f�C>2 ±<;=6 G 4�2'¯�²-±�24® ,�e 6

T ′
ξ

9
T ′
δ

;=2'°�4�­ � ­>g�C�;'F � N.2�iE®�­é; «E6 ®!:�68C�®"¯ &]& 684�6 ,�d ¯�­�«ED , ­�F ;A±>F�²8D n ª 	�p �
N � 6 � 2'°
2 , f�­>C>6A«ED , 2 ± & 2�4 * :4« eÓn ª*ª p%; «E6 ®!:�68C G 24®�;=C�­?±'¯�C>D n ª 	�p �

� ��@��������#"#� � ��WH; «E2'±'¯�6 4�­?²84�6 � ¯ * 2<;=C?¯WF�± , 2�± e f�¯E; «�F�68C�;'F�­ , ­�«E2 )
i-¯�f , 2[C>682�4�6 * 6 ¬�� ª�� ªÀ4�6-²8:4«ED�C�­>C>6 G 2?«E:
f�¯ * ;=2�2�C , 2�� 6 , ¯�6�9�°
2�C>2�4�2�6�­ , ­ )
«E2�i-¯�f , 23;=2�2�C , 2�� 6 , ¯�g n'¬�� p09�iE®!6%5�:�°�±�:

Ψ
; «E6 ®!:�68C�²4­ * 6 , ¯�C>D , ­�5�:�°�±�:

g
�

&BC>2�;=2�2�C , 2�� 6 , ¯�6]4�­�;8; * ­>C>4�¯�±6­>C>D§°�­?°W;=2 G :
C�;=C?±�:
g � 686 ° � ¥�K :
4�­?± , 6 )
, ¯�6 � �]68i-°
2�±'¯�®!68C>DE9�f�C>2'"8C>23:
4�­?± , 6 , ¯�6C¯ * 6868C3C>2�f ,�e 6�4�6 � 6 , ¯�F.9�;A±>F�²4­ ,�)
,�e 6W;
°�«"­�;8;A¯�f�6�;A°�¯ * ¯Âi84�: G�G ­ * ¯ G 4�682�5�4�­?²82'±6­ , ¯�Fµ;H®"±'¯�iA­�¯Â4�­�;=C�F � 6 ), ¯�F � P , ¯�;=C>4�2oF�C�;'F ­ , ­�«E2�i-¯�f , 2�4�6 � 6 , ¯�F * 9 G 4�¯�±�6 ®!6 ,�,�eA* 9 , ­ G 4�¯ * 684.9
± R ¬ � S ¯j; G 4�­?±�2�f , ¯�°�­ � R ¬�­CS¦� &BC>2§¯E;8; «E6 ®!2'±6­ , ¯�6�°�«"­�;8;A¯�f�6�;A°
2�6�9�¯ G 2�"8C>2 )
* : ² ®!6�;=D , 6�5�:-®!6 * 68i82`4�­�;8; * ­>C>4�¯�±6­>C>D � �W2 � , 2 G 4�2'±�6�;=C?¯1C>6�;=C* 36 , «E6-±�6¯ G 2<;=C>4�2'¯�C>D©¯�684�­>4 � ¯�gK;=2 G :
C�;=C?±�:
g � ¯ � ° � ¥�KK:
4�­?± , 6 , ¯�7.9�­ , ­�«E2�i-¯�f )
, 2 R ¬ � S¦�

�?X#O�N3M<X��?Z
� ��@��������#"#� � � U ­ * 68C?¯ * 9|f�C>2|®"±�6 G 2<; «E6 ® , ¯�6 & 2�4 * :4« e n ª*ª p�;=2 )

®!684 � ­>C *�, 2 � ¯�C>6A«ED �!/ 2�4 * :4« e : G 4�2�� ­>g�C�;'F.9
6�; «�¯ G 4�6 ® G 2?«E2 � ¯�C>DE9
f�C>2
t(ξ, δ) = ξ

�
N.2�iE®�­

t′ξ = 1
9
t′δ = 0

� P�C�;=gC®�­©¯�²`f�68C?±�684�C>2�i821:
4�­?± , 6 , ¯�F n ª*ª p G 2?«E: )
f�¯ *

g4 = 0
¯�®"¯ &]& 684�6 ,�d ¯�­�«ED , :
gh;A±>F�²8D

M(ξ, δ) = Y (ξ, δ)Y ′
δ /U

′
δ

�
 34�6 ® G 2?«E2 � ¯ * 98f�C>2 Y (ξ, δ) = G(ξ, U(ξ, δ))

� N.2�iE®�­�;A¯E;=C>6 * ­ n ª�¬ p09 n ª*ª p
¯ , C>68i84�¯�4�:�68C�;'F �
\�M
VEX�M
N3JUbcZúbcZ � � 	�� � � � �
� � � � � �
� � �
�

(17)
� � � �
��
��
� ��� � 	�

� �

���	
 � � � ����� �
2.1

�
t(ξ, δ) = ξ

�
M(ξ, δ) = Y (ξ, δ)Y ′

δ /U
′
δ

�
Y (ξ, δ) =

G(ξ, U(ξ, δ))
	 � ��� � � � � � �
��� ����� � � �
� � � � � �
� � �	


(17)
� �
� ����� � �����	�



¬@«"ª ����

� 	 ��� ��	��
	 � � �
� ��������	��
	 ������

� 	 ����� �
	 ��	

x(ξ, δ)
�
t(ξ, δ) = ξ

� � ����� � 
	

� � 	 
 ����� � � �
��� � � � � �

x′ξ = R(ξ U,G(ξ, U))/G+ (G′
U (ξ, U))2 +

+GG′′
UU + U ′

ξ/G(ξ, U)− F (ξ, U)/G(ξ, U),

x′δ = U ′
δ/G(ξ, U),

n ª>� p

d̃et J = −U ′
δ/G(ξ, U)

	 � ��� � � �
� � � � � �
� � �	

Z(x, t) (17)

� ��� ��	 � ��� � � 	 
 �
�
��
 � �
��� ����� � � � � � �
��� � 	�� ��� � � � � � � ��� � ��� � ��� � � 
 	���	�� ��� �

(26)

x(ξ, δ) = s0(ξ) +

∫
(1/G(ξ, U)) dU,

� � �
s0(ξ)

� � ����� � � ��
�� ��� 
 ����� � � � �
� � ��� ��� � �
� ����� � � ��� ��� � � � ����� 

� ��� ��� �	
 	

��	�

�����
� � � ������� ��� � 	�� � 	���	�� ��� �
(21)

��� � � ������� �
� 
 ���
� ���
��� � ����� �
� � ��� ��� ��� 
�� �
��� � � � � � �
� � �	
 � ��� � � ��� � �
� � 
�� ��� 	 � ��� � 	�� � �
	 � ��� �
� � � � �
�
� � �
	

(17)

G′
ξ + 3G2G′

UG
′′
UU +G3G′′′

UUU −GF ′
U + FG′

U +

+GG′
UR

′
G +GR′

U −R(ξ, U,G)G′
U = 0.

n ª<� p
�(��@�@������!����"#"?�?�H�������>���.���
	E�E����
 �0� 2'°�­?²4­>C>6A«ED<;=C?±�2 G 4�2'±�24®"¯�C�;'F

F�± ,�eA* ¯
± e f�¯E; «E6 , ¯�F * ¯ �
� ­�«E686 * 2 � , 2[; & 2�4 * :4«�¯�4�2'±6­>C>D ±�2 G 4�2<;>l G 4�¯�°�­?°�¯ � :<; «E2'±'¯�F � ;=:(� 6 );=C?±�:
g�C G ­>4 e � ­?°�;-­�®�«�F¾:
4�­?± , 6 , ¯�F n ª<� p � �W2 � , 2µ4�­�;�� ¯�4�¯�C>D�°�«"­�;8;:
4�­?± , 6 , ¯�7
¯ * 68g � ¯ � G ­>4 e � ­?°�;-­ �
\�M
VEX�M
N3JÃbcZ � Z � � 	�� � � � �
��
��
� ��� � 	�

�����	
 � � � ����� �

2.1
	 � � 	�� �

� ��� ��� � � �
(17)

��� ��	 � �����

R(t, Z, Z ′
x) = b(t)Z(x, t)Z ′

x − α(t)(Z ′
x)

2 − σ(t)(Z ′
x)

3,

α(t) = 3 c(t)b(t) = [2σ(t)c′(t)− c(t)σ′(t)]/[2c2(t)],

F (t, Z) = −φ(t)− Z(x, t)c′(t)/c(t).
� ��� � � ��� � ��� � � 	 � ��
	
 � � � � �
� � �	


(27)
��� � � � �����

Ψ′′
UU =

(
c(ξ)/G(ξ, U) + σ(ξ)/2

)
Ψ(ξ, U),

Ψ′
ξ = Ψ(ξ, U)

(
k(ξ)− c′(ξ)/(2c(ξ)) + c(ξ)G(ξ, U)G′

U (ξ, U)
)
+

+Ψ′
U

(
φ(ξ) − c(ξ)G2(ξ, U) + Uc′(ξ)/c(ξ)

)
,

n ª + p

k(ξ)
� ����� � � � �
� � ��� ��� � �
� ����� � � ��� ��� � � � ����� 
 � ����� � � ��
�� ��� 
 � ��� � �

� �	
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	E�E����
 �  34<F * ­�F G 4�2'±�684�°�­ ®!2 )

°�­?² e ±6­>68C ; G 4�­?±�6 ®�«�¯�±�2<;=C>D :
C?±�684 � ®!6 , ¯�F � ª e f�¯E; «E6 , ¯�F G 4�2'±�24®EF�C );'F ­ , ­�«E2�i-¯�f , 2 R ¬,ª 9 ¬ � S¦� � 2?« � , 2Û5 e C>D ± e|G 2?« , 6 , 2Û;=2�2�C , 2�� 6 , ¯�6
(Ψ′′

UU )
′
ξ = (Ψ′

ξ)
′′
UU

�
� ­�«E686 * 2 � , 2 G 2<;=C>4�2'¯�C>D ¯�684�­>4 � ¯�g :
4�­?± , 6 , ¯�7 n ª<� p ¯ G 4�2'±�6�;=C?¯
¯E; ); «E6 ®!2'±6­ , ¯�6K­ , ­�«E2�i-¯�f , 2 R ¬ � S¦�
V «Ei82�4�¯�C * «E68i-°
2 G 4�2�i84�­ *�* ¯�4�:�68C�;'F �  34�¯ * 684 e G 4�¯ * 6 , 6 , ¯�F * 68C>24®�­

®�«�Fj;A¯E;=C>6 *ÀG ­>4�­>5�2?«�¯�f�6�;A°�¯ � :
4�­?± , 6 , ¯�7 * 2 � , 2 , ­>7�C?¯ ±�R � 9 ¬ 	 S¦� V5±�C>2 )4 e i82�C>2'± e G 4�6 ®!2<;=C�­?±'¯�C>D G 4�2�i84�­ *�*�e ¯ G 4�2'±�6�;=C?¯S°
2 , ;=:4«ED�C�­ d ¯�¯�±<;=6 *
� 6A«"­>g � ¯ *��

A *��60�&)0�3�.���� 0��	��
H0���(���7�2�
 A >���>�� 0�7�������: L?A > A >�� 468�����: L G > G >��
0���* �

�����: L � > A >��M0��60�7�3���: L A >�� >��
0�(+4�������: L6G > J >����60�2�:"7�� ��0"!����63��#(+* 3#����7#:�& �

 3#(+4�$H>

�WO#L�M<X�J�L�YcX�J

�0¥#8C��'���X6��7 >�� 2��!��~o�vw0}0~�rt�vw0�=rt�ozo� �o~ozo}t��z��B�v�o�o�(7�~o�v�H�v�ozo{���zo�o�v{o�o�(7���rt~�rt}0wt�
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3��f�>�bª
Ω
¤¶��¦_�;�b�5�5¬5�_�5�;�J�[���b¢g���>�bª!£

R3 � C2 §½¦7¢g�@�g­|��°�¦_�;�b�5�5¯5�_° ∂Ω ´
Ω = Ω ∪ ∂Ω »;��¯5�a¢;�5�|�g�5� Q = Ω× R

�;���_�_�2���b�5�;��«X�@�t�@¬5�j�
2πω−1 §½�5�>§

�5�5�J�g�5¬5�X�>­5�a¿i�5�
t
�5�_µ��_�5�a�a¿Ã�>�;�>�b�X�2¡,�|�;�b£��5�_�5�5°

∂v

∂t
+ (v,∇)v = −∇q + ν∆v + ω

∑

0<|k|6m

ak(x)e
ikωtT+

+ g1

(
x, v,

∂v

∂x
, T,

∂T

∂x
, ωt

)
+

3∑

j=1

∂

∂xj
bj(x, ωt),

∂T

∂t
+ (v,∇T ) = χ∆T + g2

(
x, v,

∂v

∂x
, T,

∂T

∂x
, ωt

)
,

div v = 0, v
∣∣
∂Ω

= 0, T
∣∣
∂Ω

= h.

·8�@¹

4 �g�X�>ª
m ∈ N

´
ν, χ > 0

´
ω
¤ ���b¢;ª�µ���° �;�b�;���2�_�b�"´

v(x, t)�
T (x, t)

¤ �5�_�5«_£��X�>�b�5¡]��£��_���X�>�b£��_�5�5¡]���b�5�>¿5�2�_�5�;�J�����X�g�5�f�2�_�5�;�J�
£��_­5�b���a§hÅ��|�5­5¯5�5�"»(5[�J¢;�_��´q�5�5�

(x, v, w, T, S, τ) ∈ Ω × R3 × R9 × R ×
R3 × R

£��_­5�b���a§hÅ��|�5­5¯5�5�
g1(x, v, w, T, S, τ)

´
g2(x, v, w, T, S, τ), bj(x, τ)

´
j = 1, 2, 3,

�
h(x)

£��_���X�>�b£��_�5�5��«_�;�@¬5�5¡(´
ak(x) = a−k(x),

¦N�g�s¬5�_�a§
�b��°��;�@�sÅ��|�5­5¯5�5�_°�������«_�;�@¬5�_�;�i���5�_�;�b¯5�a��­|�f�2�a¢;�_­a�>�5��¦_���>���5�f�a±[�_�5�a�"»
3��f�>�bª

ak ∈ C1(Ω)
´
0 < |k| 6 m

´
g1
´
g2
¤��5�b¢;�5�5�f�2¡Â�>�b�_�5�_�5�"´;�5�(£�¡]µ��

n0(∈ N)
´@���b�5�f�>�5�b�>¢;ª��5�

v
´
w
´
T
´
S
�q«X�b£��;�N�5���;�2�����

(x, τ)
­|��ÄXÅ(Å��5¯5�5�_�a§

�J���2�"´X­|���b���5¡]�q�_�g��£b¢;�_�b£����f�5¨/�]�f�G¢;��£��5¨7698�>¢;ªJ�g�_�;�&�5�
x
�;�b£��5�f�2�_�5�5�x���J§

�5�f�>�5�b�>¢;ª��5�
x
´
τ
´J£��_­5�b���a§hÅ��|�5­5¯5�5�

g1(x, v, w, T, S, τ)
´
g2(x, v, w, T, S, τ)

´
bj(x, τ)

´
j = 1, 2, 3

´
2π
§½�5�_�5�5�J�g�5¬5�5¡Â�5�

τ
´
bj ∈ C(R, Cµ(Ω))

´
µ ∈ (0, 1)

´
h ∈ C2(∂Ω).

:;%=<�+ � ) �g� )�>@? � 0�A�B(C�,.-�,
3��f�>�bª

q > 1. D ����«_�;�@¬5�;�s¬5�_�5�_« Jq( ◦J 2
q)
«X���2¡]­a�b�5�5��£

Lq(W
2
q )
�2�5�b§

±[�X�>�b£f�)¦7¢g�@�g­5�a¿¶�>�b¢;�_�5���|�t�J¢;ª��5¡&¿²·
div u = 0

¹Ã�b�5�>¿5�2�_�5�5¡&¿¶£��_­5�b���a§
Å��|�5­5¯5�5°"´"���5�5�G�g�>¢;�_�5�5¡&¿�£

Ω
�¾�;�>¬5�_«X�b¨/���a¿��;�Ã¦_�;�b�5�5¯5�

∂Ω. E �;�2£��b§¢;�f�
Π
������«_�;�@¬5�;�Ã�5«_£��X�>�b�5¡]°[�5�5���_­5�b�����5«

Lq
�;�

Jq
´J­|���b���5¡]°[�5�5�

q = 2���5�b��¦_���;�J¢;�_�k· �_�&» ´b�;�b�5�5�;�2�_�"´5� Fa´ �J�¸¹G»�3��f�>�bª
A1

�
A2
¤®���5�_�;�b�b���5¡(´_�g�_°a§

�>�b£��|¨/���5�(�>�����b£��_���>�b£��_�5�5��£
Jq
�
Lq
�5��«X�b­|���;���

A1u = −Π∆u, u ∈ D(A1) =
◦
J

2
q ,

A2T = −ν∆T, T ∈ D(A2) =
◦
W

2
q ,
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	 ��� ��
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����� �����
�
I1
�
I2
¤ �G�g�5�5�5¬5�5¡]�i���5�_�;�b�b���5¡²£

Jq
�
Lq

�>�����b£��_���>�b£��_�5�5�;» 4 �g�X�>ª
D(A1)

´
D(A2)

¤®�>�����b£��_���>�b£��_�5�5�/���b¢g���>�b�����5�5�G�g�>¢;�_�5�a�����5�_�;�b�b���5��£
A1
´

A2
´ ◦
W 2

q

¤�«X���2¡]­a�b�5�5�(£
W 2

q

�2�5�@±[�X�>�b£f�[¦7¢g�@�g­5�a¿k£
Ω
Å��|�5­5¯5�5°"´5­|���b�b§

�5¡]���;�>¬5�_«X�b¨/���;�[¦_�;�b�5�5¯5�
∂Ω.3��f�>�bª

q > 3n0
» E ¢;�G�g�b�©� ¼@�½´2�5�X�g�_°;�>�b£����X�Â�;��«X�@�t�@¬5�º·8�@¹��5�5���_­5�b�b§�5�f�

Π
´X�]�J�b­a±[�$�5�5��£��G�g�X�i£xÄ_�b��°(«X�@�t�@¬5��«X���2�_�5�!�5�_�5�X�2�_�5�5¡&¿

Q = T−Φ
´

u = v −N(ωt)T −Mω(t)T
» 4 �g�X�>ª

Φ(x)
¤³�5�_µ��_�5�5�(«X�@�t�@¬5��5��5�5�a¿|¢;�

∆Φ = 0, Φ|∂Ω = h,

N(τ)T =
∑

0<|k|6m

(ik)−1eikτΠakT,

Mω(t)T = ωΠ
∑

0<|k|6m

(ikωI1 +A1)
−1akTe

ikωt −N(ωt)T.

�"��¦N�t���>�;�>�b�X����·8�@¹
�5�_�5�_°|�g�_��£Y�>�;�>�b�X�2�i£��|�t�

∂u

∂t
+A1u = f1

(
u,
∂u

∂x
,Q,

∂Q

∂x
, x, ωt

)
+

+ ϕω,1

(
u,
∂u

∂x
,Q,

∂Q

∂x
, x, t

)
+Π

3∑

j=1

∂

∂xj
bj(x, ωt),

∂Q

∂t
+A2Q = f2

(
u,
∂u

∂x
,Q,

∂Q

∂x
, x, ωt

)
+ϕω,2

(
u,
∂u

∂x
,Q,

∂Q

∂x
, x, t

)

·D¼�¹

�!�X�g�5���5�X�g�5¡x�2�k­5�;�b�_£�¡x�2�k�f�G¢;��£��a�;�2�"»
3��5�>±[�g�Y¬5�X�,£�¡]�5�;�_�b�bªÃ£�¡]�;�J±[�_�5�a�

fi
´
ϕω,i

´
i = 1, 2,

�;¢5��­a�J±[�g��°
�5�_�5�5�_�5¡]£��5��°

2π
§½�5�_�5�5�X�g�5¬5�X�>­|��°��5�

τ
·¸£��_­5�b���g¹½§hÅ��|�5­5¯5�5�

s(. . . , τ)
�5�b§

¢;�@±Y�;�

〈s(. . . , τ)〉 = 1

2π

2π∫

0

s(. . . , τ) dτ.

· �
�_­5�b���g¹½§hÅ��|�5­5¯5�5�
f1 : (W 1

q ∩ Jq)× Lq ×W 2
q ×W 1

q × Ω× (−∞,∞) →
Jq1 , f2 : (W 1

q ∩ Jq) × Lq × W 2
q × W 1

q × Ω × (−∞,∞) → Lq1 , ϕω,1 :
(W 1

q ∩ Jq) × Lq ×W 2
q ×W 1

q × Ω× (−∞,∞) → Jq1 , ϕω,2 : (W 1
q ∩ Jq) ×
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������ �����
���
������� �"!���#��

Lq ×W 2
q ×W 1

q × Ω× (−∞,∞) → Lq1

´
q1 = q

n0
,
«X�@�t�b�5¡©�;�b£��_�;�>�b£f���2�

f1(u,w,Q, S, x, τ) = F1(u,w,Q, S, x)−Π(N(τ)T,∇)u−

−Π(u,∇)N(τ)T +Π
∑

0<|k|,|s|6m,

k+s6=0

(ks)−1ei(k+s)τ
[
(ΠakT,∇)ΠasT−

−ak(ΠasT,∇T )
]
+
[
K1(x, u, w, T, S, τ)− 〈K1(x, u, w, T, S, τ)〉

]
−

−N(t)(χ∆Q− (v,∇T )),

F1(u,w,Q, S, x) = −Π(u,∇)u−Π
∑

0<|k|6m

k−2
[
(ΠakT,∇)Πa−kT−

−ak(Πa−kT,∇T )
]
+ 〈K1(x, u, w, T, S, τ)〉,

¦N�g�

K1(x, u, w, T, S, τ) =

= Πg1

(
x, u+N(τ)T,w +

∂(N(τ)T )

∂x
, T, S +

∂Φ

∂x
, τ
)
+

+Π

3∑

j=1

∂

∂xj
bj(x, τ)−N(t)g2

(
x, u+N(τ)T,w+

∂(N(τ)T )

∂x
, T, S+

∂Φ

∂x
, τ

)
,

f2(u,w,Q, S, x, τ) = F2(u,w,Q, S, x)− (N(τ)T,∇T )+
+ [K2(x, u, w, T, S, τ)− 〈K2(x, u, w, T, S, τ)〉] ,

F2(u,w,Q, S, x) = −(u,∇T ) + 〈K2(x, u, w, T, S, τ)〉,
¦N�g�

K2(x, u, w, T, S, τ) = Πg2

(
x, u+N(τ)T,w+ ∂(N(τ)T )

∂x , T, S+ ∂Φ
∂x , τ

)
.�
¡]�;�J±[�_�5�a��£��_­5�b���a§hÅ��|�5­5¯5�5°

ϕω,1
´
ϕω,2

�2¡²�5�j£�¡]�5�;�>¡]£f�b�X�º�5£��5�
£�£��|�g�Y�a¿k¦_�5�f�2��«G�g­|�f�>�b�"»

3��f�>�bª��f�>�5�G�g�5�_�5�;�J�k«X�@�t�@¬;�

∂u

∂t
+A1u = F1

(
u,
∂u

∂x
, τ,

∂τ

∂x
, x

)
,

∂τ

∂t
+A2τ = F2

(
u,
∂u

∂x
, τ,

∂τ

∂x
, x

) · Àf¹

���X�g�5���5�X�g�5¡x�2�)­5�;�b�_£�¡x�2�)�f�G¢;��£��a�;�2�)�;�2�_�_�s�>�J�b¯5�5���;�b�5�5���Ã�5�_µ��_�5�5�

(
◦
v,

◦
τ ) ∈

◦
J 2

q×
◦
W 2

q

» E ¯5�>¢;ª�¨ ¢;�5�5�X�b�5�5«X�b¯5�5�®£�Ä_�b��°��b��¬5­|�s£��_­5�b���a§
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γ1 ≡ Π〈K1(x, v, w, T, S, τ)〉
´
γ2 ≡ Π〈g2(x, v, w, T, S, τ)〉

£�¡&§
�g�>¢;�;� ¢;�5�5�_°5�5¡]�(¬;���>�b���>�����b£��_���>�b£��|¨/���a¿j�;�b«_�5�f�>�b�_°��

γ1(x, v, w, T, S)− γ1

(
x,

◦
v,
∂
◦
v

∂x
,
◦
τ ,
∂

◦
τ

∂x

)
=

=L1v(x)(v−
◦
v)+L1w(x)

(
w − ∂

◦
v

∂x

)
+L1T (x)(T−

◦
τ)+L1S(x)

(
S − ∂

◦
τ

∂x

)
,

γ2(v, w, T, S, x)− γ2

(
◦
v,
∂
◦
v

∂x
,
◦
τ ,
∂

◦
τ

∂x
, x

)
=

=L2v(x)(v−
◦
v)+L2w(x)

(
w − ∂

◦
v

∂x

)
+L2T (x)(T−

◦
τ )+L2S(x)

(
S − ∂

◦
τ

∂x

)
.

�����_�_�2���b�5�;� £[�5�5�f�>�b�;�b�;�>�b£��
Jq ×Lq

���5�_�;�b�b���
A
�/���b¢g���>�bª�¨����5�5�>§

�g�>¢;�_�5�a�
D(A) =

◦
J 2

q×
◦
W 2

q

´5­|���b���5¡]°j�g�_°;�>�b£����_���5��«X�b­|���5�

A

(
v
τ

)
=

(
A1v +B1v + C1τ + L1vv + L1w

∂v
∂x + L1T τ + L1S

∂τ
∂x

A2τ +B2τ + C2v + L2vv + L2w
∂v
∂x + L2T τ + L2S

∂τ
∂x

)
,

(v, τ) ∈ D(A).

4 �g�X�>ª

B1v = −Π(
◦
v,∇)v −Π(v,∇)

◦
v,

C1τ = −Π
∑

0<|k|6m

k−2
[
(Πak

◦
τ ′,∇)Πa−kτ + (Πakτ,∇)Πa−k

◦
τ ′−

− ak(Πa−k
◦
τ ′,∇τ ′)− ak(Πa−kτ,∇

◦
τ ′)
]
,

B2τ = −(
◦
v,∇τ), C2v = (v,∇ ◦

τ ′),
◦
τ ′ =

◦
τ +Φ.

� �>�;�>�b�X�2��·D¼�¹�«X���2�_�5�;�
u
�;�

u+
◦
v
´
�

Q
�;�

Q+
◦
τ
�º�5�_�5�_�5�5µ��X�

�>�;�>�b�X�2�i£�£��|�g�

∂z

∂t
+Az = f

(
z,
∂z

∂x
, t, ω

)
,

·¸Á|¹
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¦N�g�

z = (u,Q)
´

f

(
z,
∂z

∂x
, t, ω

)
=

(
f1

(
u+

◦
v,
∂(u+

◦
v)

∂x
,Q+

◦
τ ,
∂(Q+

◦
τ )

∂x
, x, ωt

)
−

−F1

(
◦
v,
∂
◦
v

∂x
,
◦
τ ,
∂

◦
τ

∂x
x

)
−B1u− C1Q− L1uu− L1w

∂u

∂x
−

−L1TQ− L1S
∂Q

∂x
+ ϕω,1

(
u+

◦
v,
∂(u+

◦
v)

∂x
,Q+

◦
τ ,
∂(Q+

◦
τ)

∂x
, x, t

)
,

f2

(
u+

◦
v,
∂(u+

◦
v)

∂x
,Q+

◦
τ ,
∂(Q+

◦
τ )

∂x
, x, ωt

)
− F2

(
◦
v,
∂
◦
v

∂x
,
◦
τ ,
∂

◦
τ

∂x

)
−

−B2Q− C2u− L2uu− L2w
∂u

∂x
− L2TQ− L2S

∂Q

∂x
+

+ϕω,2

(
u+

◦
v,
∂(u+

◦
v)

∂x
,Q+

◦
τ ,
∂(Q+

◦
τ)

∂x
, x, t

))
.

�&� )�? ��� - $&%�� � � ��� � ��
 � 	 �	�
���&� ����� 	 �
	.�
(3)

��� ����� � ������� � �&� 
 � � �

 �
���
���	�

(
◦
v,

◦
τ)

��� ��
 ���;� 

Λ
��
 � 
 ��� � 
 �

A
�	� � �
	 � 
�� �;� ��� ������� ��� 	 � 
�
 �

q > 3n0
��
�
 � ��� 	 ������� � �	� 	 ����� �	� �;����� 
�� 	 �
�������

1)
� ����� � ��� ����� �������	� 
 � � ��� �;� �
������� ��	 � � �&�

ω0
�
r0
��	�� � 
�
 �

ω >
ω0

� � � � � �=�
(1)

��� ����� � 	 ��� � �����
��� � � � � � 
 �
∥∥∥T− (

◦
τ +Φ)

∥∥∥
C0(W 1

q )
+

∥∥∥∥v−
(

◦
v +

∑

0<|k|6m

(ik)−1eikωtΠak(
◦
τ +Φ)

)∥∥∥∥
C0(W 1

q )

< r0

2πω−1 ! 
 � 
 � �
	 �"	�� � � � � 
 � t 
 �
���
���	�
(vω , Tω),


�
 �"	�� �

lim
ω→∞

(∥∥∥Tω − (
◦
τ +Φ)

∥∥∥
C0(W 1

q )
+

+

∥∥∥∥vω −
(

◦
v +

∑

0<|k|6m

(ik)−1eikωtΠak(
◦
τ +Φ)

)∥∥∥∥
C0(W 1

q )
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vt + ω × v = −∇H ; H = P + v
2/2; rotv = ω; div v = 0.
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S = S+(t) ∪ S−(t) ∪ S0(t)
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S−(t) = {x ∈ S :
v(x, t) · n > 0} ¤�£�¡&¿f�X�L´q�

S0(t) = {x ∈ S : v(x, t) · n = 0} ¤�5�_�5�5���5�5¯;�b�X���J�i�>�b�_�5­a�5»�3������5�5�G�g�>¢;�_�5�5¨�´|£����b­5�5¡]�b�f�¾�b�_¬5�_�5�5�i£b¿f�X�i�
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v · n = γ(x, t), x ∈ S = ∂D;

∫

S

γ ds = 0, t > 0,
·D¼�¹

¦N�g�
γ 6≡ 0
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D ⊂ R2 ´
rotv = ωez

´x�
ω = vy − ux
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W : Y → Y
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St : Y → Y

´
t > 0
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x ∈ Y
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wx(t) = W(Stx)
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wx
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X ⊂ Y
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St
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W
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Ω
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U
¤ �5�f�>�b�@�5�5�5¡]��£��_­5�b���5¡(´"�5�b¢;�@±Y�;�

V = Ω× x+U
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V
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γ = V ·n � v+ = V

´_�(�5�f�>�bª
v = v(·, t) ¤��_�$�5�_µ��_�5�5��» ���_�5�f�>�5�G�t�>�b£��_�5�5��5�5��£��_�f�5�_���N�i�b�@±[�g�X�>�b£��

d

dt

∫

D

(v − V )2 dx = −
∫

S−

γ(v − V )2 dS 6 0.

3��5�k�_¦_���5�5��£��_�5­|���5�b¢;�_«_�5��£f�>�5�f�2�5�5�bª;´a¬5�b�
ω × v = (v,∇)v −∇v
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γ
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�5�
ω+ = Ω ≡ const

»�3��f�>�bª
f = f(r) > 0

�5�5�
r 6= 0

´
f(0) = 0

´a�b��¦N�t�

d

dt

∫

D

f(ω − Ω) dx = −
∫

S−

f(ω − Ω) γ ds 6 0.
· F�¹
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rot
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γ
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Γ
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d

dt

∮

Γ

v · dx = −
∫

Γ

ω+γ ds,
· �f¹
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ω+ �
γ
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�5�_�5�5�5���_�@´t£�����������¦_��£����f�"´5¢;�5�5�_°5�5¡]°��5�f�>�i¯5�5�5­5�X¢5�5¯5�5��£���­5�5�|¦�£b¿f�X�t�5´
¬5�b�;´T£Ã¬;���>�b�5�f�>�b�"´T£b¢;�_¬5�_�Ã�5�_£���«X�2�@±Y�5�f�>�bªk�>�J�b¯5�5���;�b�5�5��¦_��·¸�f�>�J�b�5��£��5£b§
µ��_¦_�f�N�g¹x�5�>±Y�;���k�b�_¬5�_�5�a�"»�3��f�>�bªÃ�b�_�5�_�5ª

ω+ = Ω ≡ const 6= 0
» �"��¦N�t�

«X�@�t�@¬;� �®�g��£��5¬;�i£k­|�b¢;ª�¯5�_£���°����b¢g���>�b���;�2�_�_�Ã­a�b­�£���«_�;���>�J�b¨/���5°s·¸�5�
�b�f�>�b¢;¨/�b�5��°i£��>¢;�5¬5�5�5�@¹G´a�J�b­i�k�|��¡]£f�b¨/���5°i�5�b¢;�@±Y�5�b�>¢;ª��5¡]°kÅ��|�5­5¯5�5�b§
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V
£
D
´x·¸�5�����@�5«X�b�b�>¢;ª��5��­a���_�b¨/���_�X�N� �_�

¦_�;�b�5�5¯5¡/¹G´5�;�b«_��£��X�����-?�� 9 ��������� =����(´f�X�G¢;�
rotV = 0

´
divV = 0

£
D
»

�x�;�J¢;��¦_�5¬5�5�s���5�5�G�g�>¢5�5¨/���N��¦>�b�;�2���5�5¬5�X�>­5�5���5�b¢5�©�;�s¦7¢g�@�g­5�a¿º�5�b§
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D
�J�b­5�|¨�´

¬5�b���a¢;�
∂D = S1 ∪S2

´
S1
�
S2
¤ �5�_�5�_�5�X�>�_­a�b¨/���5�X�N�j�>£b�5«_�5¡]�/¦7¢g�@�g­5�5�

«X���2­5�5�|�b¡]�&�5��£��_�f¿a�5�f�>�b�"´X¦_�f�2�_�f�2���;Å��5¡]���g�5�|¦q�g�5�|¦_��´J��¢;¨/����°�«X���2­5�5�f§
�b¡]°��5�|�bª�£

D
�>�X�5¦_�5£f�b�X��­Ã·¸¦_�f�2�b¢;��¦_�5¬5�_�g¹`�5�_­|���b���5�f�2���5�|�b���;�

S1
´b�a¢;�

D
¤ «X�b«_���º�2�>±[�g���5�_�5�5�X�g�5¬5�X�>­5�)�;�>­5�5�5£b¢;�_�5�5¡x�2�©�a¢;�f�>­|�f�>�X�;�2�)�a¢;�

¯5�a¢;�5�|�g�;���2�"´5¦N�g��¦_�;�b�5�5¯5¡,�5�_�5�5�X�g��£[���b�@±[�g�X�>�b£b¢;�_�5¡*)b»
�����_�_�2���b�5�;�s­|�b¢;ª�¯5�_£��|¨����b¢g���>�bª

D
»�3��f�>�bª[�;�

S = ∂D
«X�@�t�b�;���5���a§

���J¢;ª��;�J���>­|���5�f�>�bª
γ
�J�b­a�J�"´"¬5�b�

S1 = S+ �
S2 = S− ·¸­a�b­��;�Ã�5�;�b»q��´

�>�5�;�b£f�f¹G»��"��¦N�t��«X�@�t�@¬;� �®�g��£��5¬;�(£�­|�b¢;ª�¯5�_£���°[���b¢g���>�b�j�
ω+ = 0

�;�
S+

�;�2�_�_�(���X�>­|���5�_¬5�5�(�2�5��¦_�(¦>�b�;�2���5�5¬5�X�>­5�a¿[�5�_µ��_�5�5°"´�£f�>�]���5�j�>�J�b¯5�5���;�b�a§
�5¡(´$�5�5�5¬5�X�

H ≡ const
´$¦N�g��­|���;�>�J�b�5�b�s�2�@±Y�5� �>¬5�5�J�b�bª��5�X¢;�_£���°)���_«

�5���b�_�5ªÃ�������5�f�>�b�"» ��«_���>±��b�bªiÄ_�b��°��5�_�G�g�5�;�>�b£��_�5�f�>�b���2�@±Y�5�;´T�����;�b�b�5£b§
µ��;�>ª[­i�f�G¢;��£��a�;�  (�J±Y�a¿f��£f�5».3��5�G�g�5�b¢;�@±Y�;���g���5�b¢;�5�5�b�>¢;ª��5�;´|¬5�b���J�b�a§
¦_�_�5¯5�;�J¢;ª��;�J���>­|���5�f�>�bª

v
+ «X�@�t�b�;���J�b­"´�¬5�b�¾«X�@�t�@¬;�� (�J±Y�a¿f��£f���;�2�_�_�

¦>�b�;�2���5�5¬5�X�>­|�����5�_µ��_�5�5�
V
· �
H ≡ const

¹G»`Æq�b�k�5�_µ��_�5�5���G�g�5�;�>�b£��_�5�5�
£[­a¢g���_�>��¦>�b�;�2���5�5¬5�X�>­5�a¿j�5�b¢;�_°"»5�©�_���2�f���g�>¢;��´a¦_�;�b�5�5¬5�5�����f�G¢;��£��5�[·¸Á|¹
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�b�f�2�i�5�|�b�Ã£

D
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3��f�>�bªi«X�@�t�@¬;�i (�J±Y�a¿f��£f��·8�@¹DÇT·D¼�¹DÇT·¸Á|¹x£i­|�b¢;ª�¯5�_£���°����b¢g���>�b�
D
�;�2�>§

�_��¦>�b�;�2���5�5¬5�X�>­|�����5�_µ��_�5�5�
V
´L�5�5�5¬5�X�

S1 = S+ �
S2 = S− ·¸­a�b­ �;�
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V
´@�;���_�_�2���b�5�;���>���f�>�b£��_�a§

�5¡]�j�2�X�g¡�£��|�t�
v = eλtv̂(x), H = eλtĤ(x)

´`���5�_�5�_°|�g�X��­�«X�@�t�@¬5���;�
�>���f�>�b£��_�5�5¡]�!«_�;�@¬5�_�5�a�

λv + ω × V = −∇H ; rotv = ω; div v = 0,
· �b¹

v × n = 0
�;�

S+, n · v = 0
�;�

S.
· �f¹
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Λ(V )
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D̄
´5�@»5��»

infD |V | > 0
»

3��f�>�bª
B
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L2(S
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K : λ 7→ K(λ) ∈ B������� �;� 	�� �
Λ(V ) = {λ : kerK(λ) 6= {0}}.����� 	
	�� ����	 �
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rotv = ω, div v = 0
�
D;

v × n = 0
�&�

S1, v · n = 0
�&�

S2,

· �f¹

� 	 �
ω � � �&� 	 � � � 
 � �	��������� � ��� 	�� � divω = 0

�
ω · n = 0

�&�
S1
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v
�

C ��
�� ������� 	���������� 
 �
	
�������
� ���>�a¢;�!¦_�;�b�5�5¬5�5��¦_�]�f�G¢;��£��a���;� S1
´

¢;¨/�����&�5�_µ��_�5�5�]«X�@�t�@¬5�Ã· �f¹L�;�2�_�_���5�X¢;�_£��|¨º¯5�5�5­5�X¢5�5¯5�5¨©�5��¢;¨/���f�2��«X�J§
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S1
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�X�g�5�b§
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D
¤ ­|�b¢;ª�¯5�_£f�J�����b¢g���>�bª|¹G´T�¾�5���b�f�2���5���b�_�5¯5�a§

�J¢;ª��5�;´��@»a��»
u = ∇φ ´a¦N�g� φ ¤ �X�g�5��«_�;�@¬5�;�J�j�>­a�J¢5�5�5�;�J�iÅ��|�5­5¯5�a�"»��"��¦N�t�

∆φ = 0
£
D
´
dφ/dn = 0

�;�
S2
´t�

φ ≡ const
�;�

S1
�T�����>¨
�t�

φ ≡ const�
u ≡ 0

£
D
» D ���;�b�b�;���N�Ã­Ã�5�f�>�b�5���_�5�5¨¶�5�_µ��_�5�a�"»g¥
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S1
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S2
»&3��5�X�g�b¢5±Y�;���5�b¢;�

ω
�g�

�5�b¢5�
ω̃
�;�

R3 ´|�5�b¢g�b¦>�J� ω̃ = 0
£��5�|�b�5�

S1
´a�

ω̃ = ∇ψ £��[£��5�_µ��5�f�>�b� S2
´

¦N�g�
∆ψ = 0

´
dψ/dn = ω · n �;�

S2
´"�

ψ(x) = o(1)
´ |x| → ∞ »�3��b¢;�

ω̃�;�2�_�_���J�b�5¦_�_�5¯5�;�J¢;ª��5¡]° �;�b«_�5¡]£��;�
S2
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R3 £������������_�5�5�f�,�_�2¡x�G¢;��´L�¾¿f���5��µ���«X�b�b�f¿|�b�_���;�����X�>­|���5�_¬5�5�f�>�b�"»3��b¢;�@±Y�;�

G0 = (4π|x|)−1 ´
b = G0 ∗ ω̃

» 4 ���2�_�b�;�&´f¬5�b�
rotrotb = ω̃

»��`�b­



� 
 ���;� 
 � � ��� 
 ����� & � ��	��
��� # ��� �
­a�b­

ω ·n = 0
�;�
S1
�
D
¤Â­|�b¢;ª�¯5�_£f�J�(���b¢g���>�bª;´@�;�b°|�g�_���N��¦>�b�;�2���5�5¬5�X�>­|���

�j�J�b�5¦_�_�5¯5�;�J¢;ª��5���x­
S
�5�b¢;�

h
�J�b­|����´�¬5�b�

b0 = rotb+h
�;�2�_�_���5�X¢;�_£�¡]�

¯5�5�5­5�X¢5�5¯5�5�º�5��¢;¨/���f�2�s«X���2­5�5�|�b�f�2�s�5�|�b�º�;�
S1
´q�J�b­)¬5�b�¾�;�b°|�g�_���N�

�>­a�J¢5�5�5�;�J��Å��|�5­5¯5�a�
φ0 : (b0 − ∇φ0) × n = 0

�;�
S1
»
�(�b­|���5�_¯"´g�5�b¢;�b§

±Y�;�
v = b0 + ∇φ ´ ∆φ = 0

£
D
´
φ = −φ0

�;�
S1
´"�

dφ/dn = −b0 · n�;�
S2
»
B

C ��
�� ������� 	���������� 
 � 	 
 �
	
��� �
�  ��f���2�|�J�b�b��� [a,b] = (b,∇)a−
(a,∇)b

£��_­5�b���5�5¡&¿i�5�b¢;�_°
a
´
b
£�¡]�;�J±��b�_���N�i£�£��|�g�

[a,b] = rot(a× b)− (divb) a+ (div a)b.
·8���f¹

D ���>¨
�t�5´a�5�5�;�2�_�5�5£ rot
­¾· �b¹G´5£�¡]£��X�g�;�¾�|�;�b£��5�_�5�5��£��a¿a�f�

λω + [ω,V ] = 0 ⇐⇒ ω̇s = (D − λE)ω,
·8���@¹

¦N�g� ˙()s
������«_�;�@¬;�b�_���g�;Å(Å��_�5�_�5¯5�5�5��£f�b�5�5��£J�g�b¢;ª �b�;�b�_­5�b���5�5°��5�b¢5�

V·
s
¤��;�b�;���2�_�b�k�;���b�;�b�_­5�b���5�5�g¹G´

E
¤��G�g�5�5�5¬5�;�J�����b�b�5�5¯;���

D = ∇V
»

3��5���5�5�b�_¦_�5�5�5���X���|�;�b£��5�_�5�5�¾·8���@¹G» �`�b­)­a�b­)�5�b¢;�
V
¤ ¦7¢g�@�g­|����´��)�5�

�;�2�_�_�k�f�>����¡&¿Ã�b��¬5�_­�£
D̄
´;�;¢5��­a�J±[�g��°��b��¬5­5�

x ∈ D
�>�|���X�>�b£����_�j�5��£b§

�5�i�X�g�5�����b�5�_«_��­
lx
�b�;�b�_­5�b���5�5���5�b¢5�

V
´t�>���G�g�5�a�5¨/���5°��_�[�>�i£b¿f�X�g�f�&»

�`�b­5�;�Â�����;�b«_�f�&´T���5�5�G�g�>¢;�_�5��¦7¢g�@�g­|���Y���b�����;�J±[�_�5�5�
x 7→ (a+, t+)

´L¦N�g�
a+(x) = lx ∩ S+ ´5� t+(x) ¤�£��5�X�L�"´5«X�[­|���b���5���(���b�b�_�5�;�J¢;ª��;�J�k¬;���>�b�5¯;�
�5�5�@¿f�X�g�5�x���b�5�_«_��­

lx
» 6f¢g�@�g­|�f�>�bª/£�¡]�b�_­a�b�_�/�5«
�����>�|���>�b£��a���f�>����¡&¿��b��¬5�_­

�k¦7¢g�@�g­|�f�>�b�i£b¿f�X�t�5» 5[�J¢;�_��´|���5�5�G�g�>¢;�;� ���b�����;�J±[�_�5�5�
X(s) : a 7→ X(s)a­a�b­º�5�_µ��_�5�5��«X�@�t�@¬5�© ���µ��

Ẋs = V ◦ X ´ X = a ∈ D
�5�5�

s = 0
´

���;���_�_�2���b�5�;�®�|�;�b£��5�_�5�5�k£�£f�b�5�;�b¯5�a�a¿
Ẋ ′

s(a, s) = D(X(s)a)X ′(a, s)
´

X ′(a, 0) = E
´5¦N�g�

X ′(a, s)
¤ �g�;Å(Å��_�5�_�5¯5�;�J¢

X(s)
£Y�b��¬5­|�

a
» �"��¦N�t�

ω(x) = e−λt+X ′(a+, t+)ω+(a+), x ∈ D.
·8�@¼�¹

¦N�g�
ω+ ¤Â�G¢;�G� ω �;� S+ ´@�5�5�5¬5�X� ω+ ·n ≡ 0

» 3��f�G¢;�G�g�5�_�q£�¡]�b�_­a�b�_�x�5«!· �f¹G´
�X�G¢;���|¬5�X�>�bª;´&¬5�b�)�5���;���J¢;ª��;�J�©­|�f�2�5���5�_�5�J� £��a¿a�f�

rotn
�5�¾�>�X�g�_�f±Y�5�

�5���;���J¢;ª��5¡&¿��5�5���5«_£��X�g�5¡&¿����5��«X�b£��;�>�5�k���k�5���;���J¢;ª��5��°�­|�f�2�5���5�_�5�b¡
�5�b¢5�"»�5[�J¢;�_��´L�5«Ã�;�b£��_�;�>�b£f��­a���_�b�b�>¢;ª��5¡&¿¾­|�f�2�5���5�_�5���5�;�b£���°s� ¢;�_£���°
¬;���>�b�_°�· �b¹&�G¢;�G�g���_�@´5¬5�b�

ω+ = −γ−1
n×∇H. ·8�XÀf¹

D �g�;�b­|���5�5���5«_£��b¢;ª��5�����5�b¢;�Y£��|�t� ·8�@¼�¹!�5�i���@�5«X�b�5�k��¡]�bª��5�5�G�t�>�J�b£��;�2�£�£��|�g�
rotv

» 5�¢5� Ä_�b��¦_���g�f�>�J�b�b��¬5�5��£�¡]�5�b¢;�5�_�5�a� �;�b£��_�;�>�b£
divω = 0



�@¼ � ����������������� ��� � 
�� � ��� ��� ��#��
�Ã�;�b£��_�;�>�b£f���5�X¢;¨®�5���b��­|��£��5�b¢5�¾·8�@¼�¹
¬5�_�5�_«�­a�J±[�g�|¨¶­|�f�2�5���5�_�5�b�i¦_�;�J§
�5�5¯5¡(»�3��5�ÃÄ_�b�f���5�f�G¢;�G�g�5�_���b�5�_����£f�b�5�5��£�¡]�b�_­a�b�_���5«(�5�_�5£���¦_�;´a�J�b­Ã­a�b­
ω+ · n ≡ 0

»�3��f�>�bª[�b�_�5�_�5ª
ω+ ���5�5�G�g�>¢;�_�5�[£Ã·8�XÀf¹G´ ω ���5�5�G�g�>¢;�_�5�[£�·8�@¼�¹G´

�
ρ = divω

» �"��¦N�t�5´5£j�>�a¢;��·8���f¹
�¾·8���@¹
λρ+ V · ∇ρ = 0

´5�J�b­Ã¬5�b�
ρ ≡ 0�5�5���f�G¢;��£��5�

ρ+ ≡ 0
´;¦N�g�

ρ+
¤ �G¢;�G�

ρ
�;�

S+ » E �5�5���_­5�b�5�5��£f�b£�·8���@¹]�;��5���;���J¢;ª�­
S+ ´$�;�b°|�g�X� ρ+ = γ−1rotn((γ

−1
n × ∇H) × V ) ≡ 0

´�¬5�b�
�i�b�5�_����£f�J¢;�f�>ª;»��`�b­5�;� �����;�b«_�f�&´����5�5�G�g�>¢;�_�;��¯5�>¢g�J�i���5�_�;�b�b���a§hÅ��|�5­5¯5�a�
K(λ) : χ 7→ n·GL+(λ)χ

´_¦N�g�
χ
¤,�G¢;�G�

H
�;�
S+ ´>���5�_�;�b�b��� L+(λ) : χ 7→ ω���5�5�G�g�>¢;�_�j£i·8�@¼�¹DÇT·8�XÀf¹G´f��¬5�_�5�_«

G
������«_�;�@¬5�_�����5�_�;�b�b���Y£��f�_�>�J�b�5��£b¢;�_�5�a�

£��_­5�b���5�5��¦_���5�b¢5�i�5�[£��a¿a�5¨�´a���5�;�_�b�5�5¡]°i£�¢;�X���2����» �2�_µ��_�5�a�i�X�g�5���5�X�;§
�5��°k«X�@�t�@¬5��· �b¹DÇT· �f¹$¤�Ä>¢;�X�2�_�5�b¡

kerK(λ) � » B

� %�� �g���g�Ã��� ?(-�� �f�L�2�	� ) � ? �b�$� B � , � B ��

K(λ)

3��f�>�bª
D
¤²«X�b«_���i�2�>±[�g�j­5�5�|¦_��£�¡x�2�j­|�f�b­a�>�;�J¢;ª��5¡x�2�Y¯5�a¢;�5�|�g�;���2�

�;�@�g�5�f�>��£k���
a > 1

´a�
r
´
θ
´
z
¤�¯5�a¢;�5�|�g�5�5¬5�X�>­5�5�(­|�������g�5�;�b�b¡�£

D
´
er
´

eθ
´
ez
¤¶���5�b¡�­|�������g�5�;�b�b�5¡&¿��;�b�5�;�b£b¢;�_�5�5°"´

γ = −1
�5�5�

r = 1
´
γ = 1/a�5�5�

r = a
´g�J�b­�¬5�b�

S+ = {r = 1} ´ S− = {r = a} � v+ = Γeθ
´
Γ ∈ R

¤
�;�b�;���2�_�b�¶·¸¯5�5�5­5�X¢5�5¯5�a�©�5���b��­a��£���­5�5�|¦Ã£b¿f�X�t�
�

2πΓ
¹G»��$�g�b¢;ª��f�>�

z
¤

�f�G¢;��£��a�k�5�_�5�5�X�g�5¬5�5�f�>�b���(�5�_�5�5�X�g�f�
L
»&3��b¢;�@±Y�;�

V = r−1(er + Γeθ)
»

�
£��|�g���>�;���2�_�b�5�5�Y«X�@�t�@¬5�"´
K(λ)

�5�5�G�t�>�J�b£b¢5�5�_���>������°[�2�X¢;ªJ�b�5�a¢;�5­a�b�b���a§
�5���&�5�5�_�����;�b«_��£f�b�5�5�q�f�|�g��£ ���|�5ª���´b�@»b��»

χnα 7→ κn,α(λ)χnα
�;¢5��­a�J±[�g��°

¦>�b�;�2���5�5­5�
χnα(θ, z) = exp i(nθ + αz)

´
n ∈ Z

´
α ∈ α0Z

´
α0 = 2π/L

´
n2 + α2 6= 0

» �`�b­5�;�Â�����;�b«_�f�&´
Λ(V )

�>��£��;�@�t�b�_�Ã�Y�����"�G�g�5�5�_�5�5�X�,�2�5�b§
±[�X�>�b£©�5�X¢;�_°�£f�>�>¿¶�2�X¢;ªJ�b�5�a¢;�5­a�b�b���5��£

κn,α
»��
¡]¬5�;�G¢;�;� �a¿T´!�5�b¢g�b¦>�J�

n 6= 0 � ».3��b¢;�@±Y�;� v = χnαv̂(r)
´
ω = χnαω̂(r)

´f¦N�g�
ω̂ = ξer+ηeθ+ ζez

´
v̂ = uer+veθ+wez

»b�s�>�����b£��_���>�b£��5����·8�XÀf¹G´
ω+ = iχnα(αeθ−nez)

´b�J�b­
¬5�b���|�;�b£��5�_�5�5��·8���@¹G´`¦_�;�b�5�5¬5�5¡]�j�f�G¢;��£��a���;�

S+ �¾�f�G¢;��£��5�
divω = 0�5�5�;�2�|��£��|�

λξ − inr−2(η − Γξ)− iαr−1ζ = 0; ξ|r=1 = 0;
·8�_Á|¹

λη − iαΓr−1ζ +
(
r−1(η − Γξ)

)
r
= 0; η|r=1 = iα;

·8� F�¹

λζ + r−1ζr + inΓr−2ζ = 0; ζ|r=1 = −in; ·8���f¹

r−1((rξ)r + inη) + iαζ = 0.
·8� �b¹

� +�RÃFGOXP>68^X47B:9YUJB8<G4NHJWGM@FGB�UJFG^X47\:47<>BhHJWG68<>AGFxFGu8=J47M@?@Z@B8M@M@FG68<>?
K
l

� )gH@PXZJ47Q
n = 0

M@B�<>=@B8n7P>B8<]M@FGAGRTS/?XUJB8Qfl
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 ���;� 
 � � ��� 
 ����� & � ��	��
��� # �@¼a�
� �5�f�2����ª�¨³·8� �b¹q�;�>­a¢;¨/¬5�;�

η
´
ζ
�5«j·8�_Á|¹G»�3��b¢;�|¬5�;�

rλξ + ξr + r−1(inΓ + 1) ξ = 0, ξ(1) = 0.

D ���>¨
�t�/�G¢;�G�g���_�@´X¬5�b� ξ ≡ 0
»@���J�b­|�f���G¢;�|¬;�b�$�|�;�b£��5�_�5�a�i·8� F�¹G´|·8���f¹T�k·8� �b¹

«X�b£��;�>�;�2¡��k¢;�_¦_­|�[�5�5�b�_¦_�5�5�5�|¨/���N�"´;�J�b­Ã¬5�b�

ζ = −inE (r); η = iαrE (r); E (r) = E (r, λ, nΓ) = r−inΓe−λ(r2−1)/2.5[�J¢;�_�
£��f�_�>�J�b�5��£��;���>­|���5�f�>�bª��5���;�b°|�g�_�5�5�f�2��£��a¿a�5¨�´b�&�|¬5�_�b�f��¦_�;�b�5�5¬a§
�5¡&¿i�f�G¢;��£��5°j�;¢5�Ã­a���_�b�b�>¢;ª��5��°k�>­|���5�f�>�b�"»�3��b¢;�|¬5�;�

w(r) =

r∫

1

(iαu− η) ds; rv(r) =

r∫

1

(sζ + inu) ds.

3��X�t�>�J�b£��5£YÄ_�b��£�¡]�;�J±[�_�5�a��£j�f�G¢;��£��5�
div v = 0

´g�5�b¢;�|¬5�;�)�5�_�X�g�5���5�X�;§
�5�|¨¶­5�;�b�_£��|¨,«X�@�t�@¬5���;¢5�Ã�|�;�b£��5�_�5�a�k¥
�X�_�>�>¢5�i¤ 
��b­|�g���;�J¢;ªJ�t� �

r2φrr + rφr −
(
n2 + α2r2

)
φ = −r2Fn,α; φ(1) = 0, φr(a) = 0,

¦N�g�

φ(r) =

r∫

1

u(s) ds; Fn,α(r, λ, nΓ) =
(
(n/r)2 + α2

)
r∫

1

E (s, λ, nΓ)s ds.

�"�_�5�_�5ª
κn,α(λ) = κn,α(λ, nΓ, a) = u(1) = φr(1)

»;¥
�b¢;�_�!�5£��5�;´

κn,α(λ, nΓ, a) = C

a∫

1

Kα,n,a(s)Fn,α(s, λ, nΓ)s ds, C 6= 0,

¦N�g�
C
¤��5�_�5�X¢;�_£f�J�i�5�f�>�b�@�5�5�;�J�"´a�

Kα,n,a
¤³�5�_µ��_�5�5�(«X�@�t�@¬5�k ���µ��

r2Krr + rKr −
(
n2 + r2α2

)
K = 0; K(a) = 1, Kr(a) = 0.5[�J¢;ª��5�_°5µ��5� �|�5�5�����_�5�a�¶�g�f�>�b�5¦>�b¨/���N�®£��a¢;�f�>­|��°®«X�@�t�@¬5��´!�@»���»��5�5�

α = 0
» �"��¦N�t�

K0,n,a = ((r/a)n + (r/a)−n)/2
´a�

κn,0(λ, nΓ, a) = C1

a∫

1

((a/r)n − (r/a)n) r−inΓe−λ(r2−1)/2 r dr, C1 6= 0.

�x�a¢;��¦_�5¬5�5���$£�¡]�;�J±[�_�5�5���5�b¢;�|¬;�b�_���N�(�(£x�b�f���G¢;�|¬;�b��´_�X�G¢;��£b¿f�X�(��£�¡&¿f�X�
�5�f�2�_�a�5�bªY�2�X�>�J���2�"»

�
���5�5�f�/�[�;���>�5�b¢;�@±[�_�5�5�i�>�5�_­5�b�;�
Λ(V )

�5�5�5£��X�g�5�[­i�5�5���b¢;�X�2� ���@�f§
�_��¤ 6"�|�5£��5¯;�(�;¢5�k¯5�>¢;¡&¿kÅ��|�5­5¯5�5°

κn,α
» �(�b�5�5�;�2�_�"´a�5�_�5�f�>�5�G�t�>�b£��_�5�5�

�5«��b�_���5�X�2¡ 3���°;�[���5�X¢5�a¿k�5�5�b�_¦_�;�J¢;��£ 	��b�a¢g���_�i· �_�&»`� � Fa´t���J�¸¹
�G¢;�G�g���_�
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D � ���$� � 
 � � 	 � 	 � ��� � � � ��� � �&� ������� � ����� !����� 	 
 � � �;� �
V = ±r−1

er
���=� � � � � � 
 ��� 
 � ��� ����� ��� 	 �
	 ����� � �'& � �����

� ��	��
�����
z = const

��� ��� 	 �
Λ(V ) =

⋃
n∈N

Λn
� �

supReΛn < 0
�

�
�_�5�@�5�b�5�;´5�b�_���5�X���i¼��2�@±[�_�Y��¡]�bªj�|�b��¬5�5�_�;���������������_�;�[�(�;�>�5�b¢;ªb§
«_��£f�b�5�5�X���g�5�|¦_�a¿k�5�_«_�X¢;ªJ�J�b�b��£[�b�_���5�5�Ã¯5�>¢;¡&¿kÅ��|�5­5¯5�5°"»

5��_�J�J¢;ª��5����¬5�;�G¢;�_�5�5���Y�;�_�G¢;�G�g��£f�b�5�5���5�X¢;�_°
κn,0(λ, 0, a)

�5�5�
Γ 6= 0�_�&»g£�� � �X�½»g�,¬;���>�b�5�f�>�b�"´g�;�Y�a¢;�f�>­|�f�>�b���;�b�;���2�_�b�5��£

a,Γ
�5�5���;�b«_�5¡&¿

n�5�f�>�b�5���_�5¡²­5�5�5�b�5¬5�X�>­5�5�k­5�5�5£�¡]��´L�;��­|���b���5¡&¿
Λ(V )

�>�X�g�_�f±Y�5��¬5�;�G¢g�
±ic ´ c > 0

´a�Ã�����;�b�5�f±[�_�5¡©�5�_�5�X�>�_¬5�_�5�a�Ã�J�b­5�a¿i­5�5�5£�¡&¿T»
�®«X�b­a¢;¨/¬5�_�5�5��£��_�5�5�X���N��­�«X�@�t�@¬5� �®�g��£��5¬;�5´T���;� �_�_�2���b�5�;���|�;�b£b§
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£�¡]¬5�;�G¢;�_�5�a�Ã�5�5�b�_¦_�;�J¢;��£Y�b�5�;�j ���µ��Ã£��5�X�G¢;�*6t» ��»�3�¡&¿a�b�_�_£;´�5i»�6t» E �J§�5�5­5�|�g«_��´�� » E »��/�|���>±Y�b¡��i�g�5�|¦_�5�����b�b�X���b�b�5­5�"»�®�t�b�5�5��°¾�;�b�����b�j�>�b�5�@�5���N� ­5£f�@�g�;�b�b�|�5�5¡]�jÅ����;�2�X¢;¡ �;¢5�¾�5�5�5�b¢;�a§
±[�_�5�5��¦_�[£�¡]¬5�;�G¢;�_�5�a�Ã�5�5�b�_¦_�;�J¢;��£��b�5�;�Y ���µ��i£��|�t� �

Φ1(z) =
1

2πi

1∫

−1

√
1 + t

1− t

ϕ(t)

t− z
dt,

·8�@¹

Φ2(z) =
1

2πi

1∫

−1

√
1− t

1 + t

ϕ(t)

t− z
dt,

·D¼�¹
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Φ′
1(z) =

1

2πi

1∫

−1

√
1 + t

1− t

ϕ(t)

(t− z)2
dt,

· Àf¹

Φ′
2(z) =

1

2πi

1∫

−1

√
1− t

1 + t

ϕ(t)

(t− z)2
dt,

·¸Á|¹

¦N�g�
z
�5���5�5�5�;�@�;¢;�>±Y�5�k���b�5�_«_­5���5�5�b�_¦_�5�5�5��£f�b�5�a�

[−1, 1]
�
ϕ(t)

�g�f�>�J�J§
�b��¬5�5�k¦7¢g�@�g­a�J��Å��|�5­5¯5�a�"´t�5�5�5�;�@�;¢;�>±��b�[�J��­a¢g���_�>�

Hr(α)
·
0 < α 6 1

´
r > 1

¹G»
3��5�>±[�g�!�g��­a�J±[�X�¾�b�_���5�X�2��»
�&� )�? ��� -;% � � � �����(� ��� � 	 �	�
���

Cn(t)
�
Sn(t)

��� ��������� 	

Cn(t) =
cos( 2n+1

2 θ)

cos θ
2

, Sn(t) =
sin( 2n+1

2 θ)

sin θ
2

,

θ = arccos t,� ��� 	 � ��
�
 � ��� 	 ������� � � 
 � � ���

1

2πi

1∫

−1

√
1 + t

1− t

Cn(t)

t− z
dt =

i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

(
1 + z −

√
z2 − 1

)
,
· F�¹

1

2πi

1∫

−1

√
1− t

1 + t

Sn(t)

t− z
dt =

i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

(
1− z +

√
z2 − 1

)
.
· �f¹

C

��5��¦_��¬a¢;�_�5¡

Cn(t)
�
Sn(t)

���5�b��¦_���;�J¢;ª��5¡��;�Y���b�5�_«_­|�
[−1, 1]

�>�b§
���b£��_���>�b£��_�5�5���5��£��X�_���

p(t) =
√

1+t
1−t

´
p(t) =

√
1−t
1+t

»
3��5�G�t�>�J�b£��;���2�5��¦_��¬a¢;�_�

Cn(t)
¬5�_�5�_«]�2�5��¦_��¬a¢;�_�5¡����_��¡]µ��_£f�x�5�_�5£��b§

¦_���5�X�t�

Cn(t) =
Tn(t) + Tn+1(t)

1 + t
,

���_�g�X� �;�2�_�bª

1

2πi

1∫

−1

√
1 + t

1− t

Tn(t) + Tn+1(t)

(1 + t)(t− z)
dt =

1

2πi

1∫

−1

1√
1− t2

Tn(t) + Tn+1(t)

t− z
dt.



�@¼ � � ���	�
��������� �
�(�>�5�b¢;ª�«_�b�kÅ����;�2�X¢;��� ÀJ�

1

2πi

1∫

−1

1√
1− t2

Tn(t)

t− z
dt =

i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

,

�5�b¢;�|¬5�;�

1

2πi

1∫

−1

1√
1−t2

Tn(t) + Tn+1(t)

t−z dt =
i

2

(
z−

√
z2−1

)n
√
z2−1

(
1+z−

√
z2 − 1

)
.

�x�;�J¢;��¦_�5¬5�5���5�b¢g�b¦>�J�

Sn(t) =
Tn(t)− Tn+1(t)

1− t
,

�5�b¢;�|¬5�;�

1

2πi

1∫

−1

√
1− t

1 + t

Sn(t)

t− z
dt =

1

2πi

1∫

−1

1√
1− t2

Tn(t)− Tn+1(t)

t− z
dt =

=
i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

(
1− z +

√
z2 − 1

)
.

3��X� √
z2 − 1

�5�X�g�;�b«_�a�2�_£f�b�_���N��Å��5­a�>�5�5��£f�b�5�;�J��£��_�b£�ª;´@�X�g�5��«_�;�@¬5�;�J�
£Ã�a¢;�f�>­|�f�>�b�¾���;�b«_�5�_«_�f�©£J�g�b¢;ªÃ���b�5�_«_­a�

[−1, 1]
�g�_°;�>�b£��5�b�>¢;ª��5��°��f�>���

�5�5�5�5�;���b¨/�[�J�k�;�
(1,+∞)

�g�_°;�>�b£��5�b�>¢;ª��5¡]�(«_�;�@¬5�_�5�a�"»
B

�����;�2�X¢;¡ · Àf¹/�)·¸Á|¹/�;�>�5�b¢;ª�«_�|¨/���N���5�5���5�f�>�b�5���_�5�5��­5£f�@�g�;�b�b�|�5�5¡&¿
Å����;�2�X¢i�;¢5�Ã�5�5�b�_¦_�;�J¢;��£��b�5�;�Y ���µ���·8�@¹DÇT·¸Á|¹G»

���J�b­"´f«X���2�_�5�;��£��5�5�b�_¦_�;�J¢;�[·8�@¹��a¢;���b�5�f�>�bª
ϕ(t)

�G¢;�G�g�|¨/���;���5�5�b�_�a§
�5�b¢5�5¯5�5���5�5¡x�s�2�5��¦_��¬a¢;�_�5�f� �

Ln−1(ϕ, t) =

n∑

k=1

Cn(t)

(t− xk)C ′
n(xk)

ϕ(xk),
· �b¹

¦N�g�
xk = cos 2k−1

2n+1 π
·
k = 1, . . . , n)

¤³�5�X¢;���2�5��¦_��¬a¢;�_�;�
Cn(t)

»
�(�>�5�b¢;ª�«_�b�ÃÅ����;�2�X¢;��· F�¹G´;�5�f�G¢;�(£�¡]¬5�;�G¢;�_�5�a���>�����b£��_���>�b£��|¨/���a¿k­|�b§

ÄXÅ(Å��5¯5�5�_�5�b��£Y�5�b¢;�|¬5�;�º�G¢;�G�g�|¨/���|¨®­5£f�@�g�;�b�b�|�5�5�|¨�Å����;�2�X¢;�j�;¢5���5�a§
�b�_¦_�;�J¢g�Ã·8�@¹ �

Φ1(z) ≈
2

2n+ 1

n∑

k=1

(−1)k−1
√
1− x2k

z − xk
cos

(2k − 1)π

2(2n+ 1)
×

×µk(z)ϕ(xk) ≡ Φ1n(z),

· �f¹
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µk(z) =
i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

(
1 + z −

√
z2 − 1

)
− 1

2i
Sn(xk),

(k = 1, 2, . . . , n).
�x�;�J¢;��¦_�5¬5�5���5�5�G�g¡
�g�|���X�2��´|�5�f�>�b�5���;�¾�5�5�b�_�5�5�b¢5�5¯5�5���5�5�|¨,­5£f�@�g�;�J§

�b�|�5�5�|¨,Å����;�2�X¢;���;¢5�j�5�5�b�_¦_�;�J¢g�i·D¼�¹G» 4 ���2�_�5�;�¾�a¢;���b�5�f�>�bª
ϕ(t)

£��5�5�b�>§
¦_�;�J¢;�(�2�5��¦_��¬a¢;�_�5�f� 	��b¦_�;�b�a±��

Ln−1(ϕ, t) =

n∑

k=1

Sn(t)

(t− x̄k)S′
n(x̄k)

ϕ(x̄k),
· �f¹

¦N�g�
x̄k = cos 2k

2n+1 π
·
k = 1, 2, . . . , n

¹q¤³�5�X¢;���2�5��¦_��¬a¢;�_�;�
Sn(t)

»
�(�>�5�b¢;ª�«_�b�ÃÅ����;�2�X¢;��· �f¹G´;�5�f�G¢;�(£�¡]¬5�;�G¢;�_�5�a���>�����b£��_���>�b£��|¨/���a¿k­|�b§

ÄXÅ(Å��5¯5�5�_�5�b��£Y�5�b¢;�|¬5�;�º�G¢;�G�g�|¨/���|¨®­5£f�@�g�;�b�b�|�5�5�|¨�Å����;�2�X¢;�j�;¢5���5�a§
�b�_¦_�;�J¢g�Ã·D¼�¹ �

Φ2(z) ≈
2

2n+ 1

n∑

k=1

(−1)k−1
√
1− x̄2k

z − x̄k
×

× sin
kπ

2n+ 1
µ̄k(z)ϕ(x̄k) ≡ Φ2n(z),

·8���f¹

¦N�g�

µ̄k(z) =
i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

(
1− z +

√
z2 − 1

)
+

1

2i
Cn(x̄k),

(k = 1, 2 . . . , n).

5�¢5�[­5£f�@�g�;�b�b�|�5�5¡&¿�Å����;�2�X¢�· �f¹G´5·8���f¹"�5�b¢;�|¬5�_�5¡��G¢;�G�g�|¨/���5�
��¯5�_�5­5�
�5��¦_�5�_µ��5�f�>�b���

|Φi(z)− Φin(z)| <
M

4ρ
,

¦N�g�
M = max

t∈[−1,1]

|ϕ(n+1)(ξ(t))|
(n+1)!

´
min

t∈[−1,1]
|t− z| = ρ

´
i = 1, 2

»
�����_�_�2���b�5�;���5�5�b�_¦_�;�J¢�· Àf¹��Y�5�|�b�X��«X���2�_�5¡)�a¢;���b�5�f�>�b�

ϕ(t)
�5�b¢;�5�5�b§

�2�f�,· �b¹q�Ã�5�5�;�2�_�5�_�5�5�X�)Å����;�2�X¢;¡

1

2πi

1∫

−1

√
1 + t

1− t

Cn(t)

(t− z)2
dt =

i

2

(
z −

√
z2−1

)n
√
z2 − 1

n(z − 1)− n
√
z2−1− 1

z − 1
,



�@¼ � � ���	�
��������� �
�5�b¢;�|¬5�;���G¢;�G�g�|¨/���|¨Â­5£f�@�g�;�b�b�|�5�5�|¨¶Å����;�2�X¢;� �

Φ′
1n(z) ≡

n∑

k=1

1

C ′
n(xk)(z − xk)2

[
i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

τ(z)+

+
1

2i
Sn(xk)

]
ϕ(xk),

·8���@¹

τ(z) =
(z − xk)

(
n(z − 1)− n

√
z2 − 1− 1

)
− (z − 1)

(
1 + z −

√
z2 − 1

)

z − 1
,

C ′
n(xk) =

2n+ 1

2

(−1)k−1

√
1− x2k cos 2k−1

2(2n+1) π
,

xk = cos
2k − 1

2n+ 1
π (k = 1, 2, . . . , n).

�x�;�J¢;��¦_�5¬5�5���;¢5���5�5�b�_¦_�;�J¢g��·¸Á|¹]«X���2�_�5��°��_¦_�j�a¢;���b�5�f�>�b���2�5��¦_��¬a¢;�>§
�5�f��· �f¹
�Ã�5�5�;�2�_�5�_�5�5�X�)Å����;�2�X¢;¡

1

2πi

1∫

−1

√
1− t

1 + t

Sn(t)

(t− z)2
dt =

i

2

(
z −

√
z2−1

)n
√
z2−1

n
√
z2 − 1− n(z + 1)− 1

z + 1
,

�5�b¢;�|¬5�;�s­5£f�@�g�;�b�b�|�5�5�|¨¶Å����;�2�X¢;�

Φ′
2n(z) ≡

n∑

k=1

1

S′
n(x̄k)(z − x̄k)2

[
i

2

(
z −

√
z2 − 1

)n
√
z2 − 1

τ1(z)−

− 1

2i
Cn(x̄k)

]
ϕ(x̄k),

·8�@¼�¹

τ1(z) =
(z − x̄k)

(
n
√
z2−1− n(z + 1)− 1

)
− (z + 1)

(
1− z +

√
z2−1

)

z − 1
,

S′
n(x̄k) =

2n+ 1

2

(−1)k−1

√
1− x̄2k sin kπ

2n+1

,

x̄k = cos
2k

2n+ 1
π (k = 1, 2, . . . , n).

5�¢5�(­5£f�@�g�;�b�b�|�5�5¡&¿�Å����;�2�X¢i·8���@¹t�j·8�@¼�¹t�5�b¢;�|¬5�_�5¡¾�G¢;�G�g�|¨/���5�$��¯5�_�a§
­5�Ã�5��¦_�5�_µ��5�f�>�b�_°��

|Φ′
1(z)− Φ′

1n(z)| 6
C1

nr

1√
z + 1

√
(z − 1)3

,
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|Φ′
2(z)− Φ′

2n(z)| 6
C2

nr

1√
z − 1

√
(z + 1)3

(r > 1, C1, C2 = const).

�q�G¢;�k�a¢;���b�5�f�>�bª
ϕ(t)

£[�5�5�5£��G�g�_�5�5¡&¿j�5�5�b�_¦_�;�J¢g�J¿Y�5�5�G�t�>�J�b£b¢5�5�_�[�>�b§
����°s�2�5��¦_��¬a¢;�_���>�b�_�5�_�5�

m 6 n − 1
´2�b��­5£f�@�g�;�b�b�|�5�5¡]�ÃÅ����;�2�X¢;¡²�t�J§

¨/���b��¬5�5¡]�(«_�;�@¬5�_�5�a�k�5�5�b�_¦_�;�J¢;��£��b�5�;�Y ���µ�� ���b��¬5�5�f�>�bª�¨,�g����µ��5��­5�
�5�5�G�t�>�J�b£b¢;�_�5�a�k¬5�;�>�>¢�£iÆ
��
¾»

��� , � ?(-�,�A;?(-
� l1�;OP��� U��%�7P"�2 "�2%jM@B8^_FG<>FG=@RTS$V2FG=J9aPNHb4NS
FGnG=J47�$B8M@?XC&68?@M@uhPNH@C@=@M@RTS
?@M@<>B8u8=J4NHJFGAÃ& &
'2\8A@l�(2Ð )�)�)T3al p � Ó7Í × l p"4tlJÓXe@Ê/Í@l p�)Ll Ë>Ö7× Ô Ë ÓGÌXl

Ë l��-���
� T!9���� �P��� �	� 
���������6��
AË� ��#F�v�v�
�����Ã�[�
;$�2%j^@A>4NUJ=J47<GPX=@M@RTS
V2FG=J9aPNHb4NS
U@H@C68?@M@uhPNH@C@=@M@RTS(?@M@<>B8u8=J4NHJFGAx?�V2FG=J9aPNHJR�FGnG=J47�$B8M@?XCI& &�EgHb4NUJ?@^X47AG^flf9;47<7lXÉ
PX=@Mfl p
Ë Ì �G� l p"4tl �:Õ e@Ê Ë l p�)Ll × 0:Ô ×GÕ l

Õ l
��� O�9
�v���3N��!P"�r4aFGZ@M@R"B�95B8<>F:UJRÃAGR"Z@?@6hHJB8M@?XC!?@M@<>B8u8=J4NHJFGA&<>?@OJ4qo2FGc$?fl p&Ð2FGAGFG68?Xd
nG?@=@68^SK�Ð�48PX^X4Xe � Ó
5GÌXl p �:Ë Ì&6GlÍ@l761��VY�
���
�! "�
�"� � ?@6hHJB8M@M@FGB$=@B8c$B8M@?@B$F:UJM@F>95B8=@M@RTS/68?@M@uhPNH@C@=@M@RTS!?@M@<>B8u8=J4NHJWGM@RTS
PX=J47AGM@B8M@?@Qfl p:+[l K�4$%1%<e2MXP>6Ge � ÓGÓ × l p ×GË Ì&6Gl

× l
�1�����
�MN���
:�;o2FGM@K@B8M@<>=J47K@?XCYPXO@=XPXu8?XSjMJ47O@=>CXÉqB8M@?@QkAGFG\hHJB!c$<G4G95O@FGA@eg=J47\8=@B8\8FGA@e
<>FGM@^@?XS/AG^XHJILZ@B8M@?@Q�?!O@F:UJ^@=@B8OXHJB8M@?@Qfl p:+[l K�Ð�48PX^X4Xe � Ó
5 Ë l p Õ ÍGÍ]6Gl

0Xl1� 
���	��v�
�rB��S�
�*;$�d��� � �1�
����
�����	������F;$� 
f4NUb4:Z@?�95BhS_47M@?@^@?Ã68OXHJFGc$M@RTSk68=@BhU�68F
6:95B8cq47M@M@R`95?(u8=J47M@?@Z@M@R`95?�P>6hHJFGAG?XCJ95?fl p:+[l KJÐ�48PX^X4Xe � Ó
5
0Xl p ÕGÕ 0&6Gl

�"Z[]SMPOPU�L�����`SO�����\P��MPO�Q�U
c É&M@R"Q(9;47<>B:9;47<>?@Z@B868^@?@Q�?@M@68<>?@<GPX<:ETÐ1g�3�(2Ð�?�3d)�%`dh(
3d%1)�)F'1e
e Õ 0 Ë Ì Ë>Ö e�EgHb4NUJ?@^X47AG^X47\GebPNH|l�+(47=@^XP>6:4Xe ËGË f
)tB8AGB8=@F7d�%L68B8<>?@M@68^@?@Q(u8FG6hPNUb47=@68<>AGB8M@M@R"Q
PXM@?@AGB8=@68?@<>B8<]?J9Tlbo
l��]l��LB8<G47uhPX=@FGA>4
3d%1)�)F'1e
e Õ 0 Ë Ì Ë>Ö e�EgHb4NUJ?@^X47AG^X47\GebPNH|l�ET47<GPX<>?@MJ4Xe@ÍGÍNÔ_Ír0
i5dhjNk2l mnK��Pp���q2orw����� �tvu�wP�
p=zn{2}

�?�¤�v�!�:�7��£:�? ��1�:�
�?� �?�"!?�!�!�?�N�1���!��� �Y�?�N�X�! ��?�
�Y�?� �"�����"�$#��%#?£Ã� �v�!�:�"���N�! $�

5 �v��� �S�!���?¥"� 5 �Ã�����!�N�

£Ã¨ 7 ©�¦�ª�  » #(> »
�hµr¼·±vÄ
¹·k2m ¶�´2¾ / k2»�³�Âr½�¼h½PÆ�±YÁ�l ¼·Â7Irk2³v´
Ê�l�ÁF±vl Ä
Âr¼·¶�´
µN¼·Â�±Yl µr¼·±v¹Çº
k2m

[−1, 1]
k2¹�±Y³v´
µ�¶·l ¸�±hd

¹�±v¸fl��hµr¼·±v¹�Æ�´
m k
¼·l ´
µ?´2¾=À�»�k2¸�¹·k
¼·»�¹�±Y¾ ´
¹�j"»�m k2¶�¾ ´
¹dk2Æ�Æ�¹�´<.Pl jNk
¼·±$³�k2m ³v»�m k
¼·l ´
µ!´2¾ / k2»�³�Âr½
¼h½PÆ�±Ãl µr¼·±vÄ
¹·k2m ¶$k2µ�¸?¸�±v¹�l º
k
¼·l ºr±v¶1k2¹�±1³v´
µ�¶�¼·¹�»�³§¼·±v¸fl=iJ¹�¹�´
¹�¶$±v¶�¼·l jNk
¼·±v¶�k2¹�±7k2m ¶·´"Ä
l ºr±vµfl

Í!Î�Ï>Ð7Ñ�Ò2Ó[ÔG� ±v¶�¼·l jNk
¼·±v¶�´2¾=¼·Â�±1±v¹�¹�´
¹�¶:e�À�»�k2¸�¹·k
¼·»�¹�±Ã¾ ´
¹�j"»�m kXe / k2»�³�Âr½N¼h½PÆ�±1l µr¼·±vÄ
¹·k2m e
ÁF±vl Ä
Âr¼�¾ »�µ�³§¼·l ´
µfe�l µr¼·±v¹�Æ�´
m k
¼·l µ�ÄNÆ�´
m ½Pµ�´
j�l k2m e�¼·Â�±�?v±v¹�´
¶$´2¾�Æ�´
m ½Pµ�´
j�l k2m l
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$&% ���t�b�$�f�L�2�
�����_�_���b�b�5�5£f�b�_���N�)�g£��a�2�_�5�5���

x = (x1, x2) ∈ R2 �b�_¬5�_�5�5��£b�5«_­|��°
�5�X�N±Y�;���b�X�2��°�±Y�|�g­|�f�>�b�"´b���5�;�>¡]£f�b�X�2���q�|�;�b£��5�_�5�a�;�2� �(�b£�ª��q¤ E �b��­a�_� �

∂v

∂t
+
(
v,∇)v − ν∆v = −∇p+ F, div v = 0.

·8�@¹

3��b¢;�]�>­|���5�f�>�b�
v
���b¡x�>­5�5£f�b�_���N�[£(�b�f��±[�]­a¢g���_�>�]£��_­5�b���a§hÅ��|�5­5¯5�5°"´b¬5�b�

�
F
»(3��f�>�bª��>�;�@¬;�J¢g���5�b¢;�k£��5�_µ��5�a¿ �>�a¢

F
�5�_�5�5�X�g�5¬5�5���5���5�5�f�>�b�;�b�a§

�>�b£��_�5�5¡x�®�5�_�5�X�2�_�5�5¡x�
x1
´
x2

�k�5�_�5�5�X�t���2�
L1
´
L2
´2�5�5�5¬5�X�®�X�g�5�s�5«

�5�5�f�>�b�;�b�;�>�b£��_�5�5¡&¿Ã�5�_�5�5�X�g��£
L2 = 2π

α

�b�5�X�2�5���N��­����X�>­|���5�_¬5�5�f�>�b�"´;­|�b§
¦N�t�[£��b¢;�5��£����/¬5�;�G¢;�

α → 0
»

�/¦7¢;��£�¡x�2�j�>­|����­a���2�[���_�g�X��������«_�;�@¬;�b�bª(�>�5�G�g�5�_�/Å��|�5­5¯5�5�Y�5�(�X�g�5��°
�5«��5�5�f�>�b�;�b�;�>�b£��_�5�5¡&¿!�5�_�5�X�2�_�5�5¡&¿T´X�q�g£���°5�5¡x�2���|¦7¢;��£�¡x�2���>­|����­a���2�/¤
�>�5�G�g�5�_���5�Y�5�f�;�2���|¦_�b¢;ª��5�5­5�Y�5�_�5�5�X�g��£

Ω = [0, L1]× [0, L2]
�

〈f〉 = 1

L1

L1∫

0

f(x, t) dx1, 〈〈f〉〉(t) = 1

|Ω|

∫

Ω

f(x, t) dx1 dx2.

E �5�G�g�5�_�i�5�b¢5�s�>­|���5�f�>�b� �5���5�f�;�2���|¦_�b¢;ª��5�5­5���5�_�5�5�X�g��£��>¬5�5�J�b�_���N� «X�J§�t�b�5�5¡x� �
〈〈v〉〉 = q.

·D¼�¹



� � � ��# 	 ��� ��� ��� 
�
 ��� � 
 � � � �����
��� � ! 
 � 
 � �
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��� # �XÀ5�
 ��;���_�_���b�b�5�5£f�b�X�2�f�2�Y­a¢g���_�>�j�5�5�5�;�@�;¢;�>±Y�5�Y�b�_¬5�_�5�5�� ��b¢g�2��¦_���5��£f�

V =
(
0,−γ

ν
sinx

)
,

�;¢5��­|���b���5��¦_�s£��5�_µ��a�a�,�>�a¢g� �;�2�_�_��£��|�
F = (0, γ sinx)

»!Æq�b��­a¢g���G§
�>�5¬5�X�>­|�����b�_¬5�_�5�5���;�J¿f�X�g�5���2�5��¦_��¬5�;�G¢;�_�5�5¡]�(�5�5�;�2�_�5�_�5�a���5�5���2�X�g�>¢;�a§
�5��£f�b�5�5� Å��5«_�5¬5�X�>­5�a¿ �5�5��¯5�X�_�>��£��¾�g���>�a¿ �5��� �5�5�5£b¢;�_­a�b�_��£��5�;���b�5�5�
�;�_�G¢;�G�g��£f�b�b�>¢;�_°�� �GÇaÀJ�½»

�
�5�_�5£�¡]���;¢;�5�5�5��£��b¢;�5��£f�J�����>�;�2�5�b���b�5­a��·
α → 0

¹!«X�@�t�@¬5���f�>�b��°5¬5�a§
£��f�>�b���g£��a�2�_�5�5¡&¿��;�b�;�J¢5¢;�>¢;ª��5¡&¿[�5�5�f�>�b�;�b�;�>�b£��_�5�5�b§½�5�_�5�5�X�g�5¬5�X�>­5�a¿[�b�>§
¬5�_�5�5°©�������_¦_� £��|�t�¾�5�f�>�b�5���_�;�¾£�� Áb�½»��(�_�G¢;�G�g��£f�b�5�5¨ �b£��b��­|�b¢;�_�f�b�5�5°"´
£���«_�5�5­a�b¨/���a¿[�5�5�j�5���b�_�5�x�f�>�b��°5¬5�5£��f�>�b�Y�;�b�;�J¢5¢;�>¢;ª��5¡&¿��b�_¬5�_�5�5°j���b�5�b§
�>�5�b�>¢;ª��5�
�;¢;�5�5�5��£��b¢;�5��£�¡&¿/£���«X�2�|���_�5�5°"´>�5�f�>£b�5���_�;�q�;�b�����J�!� F@�½» 	(�5�5�_°a§
�;�J�k«X�@�t�@¬;���f�>�b��°5¬5�5£��f�>�b�k�b�5�>¿5�2�_�5�5¡&¿Ã�>�J�b¯5�5���;�b�5�5¡&¿i�b�_¬5�_�5�5°Ã£��|�t�

V = (αV1, αV2, V3)

�;���_�_�2���b�5�_�;��£k� �J�T£[�5�5�G�g�5�b¢;�@±[�_�5�a�a¿T´|¬5�b���X�g�5�i�5«��5�5�f�>�b�;�b�;�>�b£��_�5�5¡&¿
�5�_�5�5�X�g��£��>�b�5�X�2�5���N�i­j���X�>­|���5�_¬5�5�f�>�b�"´�­|��¦N�t�/�g£f�(�f�>�J�J¢;ª��5¡&¿�Å��5­a�>�5�5�b§
£f�b�5¡(»X��¬;���>�b�5�f�>�b�"´X�5��­a�b«X�b�5�;´>¬5�b�/�X�G¢;���>�5�G�g�5�_�q�5�5�X�g�b¢;ª��5��°�­|�f�2�5���5�_�a§
�b¡Â�>­|���5�f�>�b�k���X¢;�5¬5�5�Y���[�5�X¢5� 〈V3〉 6= 0

´5�b���5�5�Ã�a�2�_�5ª�µ��_�5�5�Ã£b�5«_­|�f�>�b�
�5�5���;�N¿f�X�g�5��­|�b¢;�_�f�b�b�>¢;ª��;�J�i�5���b�_�f�k�f�>�b��°5¬5�5£��f�>�b�"»

� � �X�!�5£��5� �5�f�>�b�5���_�5¡ ¦7¢g�b£��5¡]��¬a¢;�_�5¡ ���>�;�2�5�b���b�5­5�,�b£��b��­|�b¢;�_�f�J§
�b�>¢;ª��5��¦_���5�>±Y�;���5´q���b£��_�b£b¢5�5¨/���_¦_�f�N�����¾�f�>�5��£��5��¦_���b�_¬5�_�5�a�©�5�5�©���J§
¢;¡&¿

α
´/­|��¦N�t��¬5�;�G¢;� �2�_°5�5�b¢;ªJ�t�_���5�_�5�>¿f�X�g�5�)­5�5�5�b�5¬5�X�>­|��� «_�;�@¬5�_�5�5��´

�;�b°|�g�_�5�5���©£ � �J�½» ��«_�|¬5�_�5�5���b£��b��­|�b¢;�_�f�b�5�5°"´�£���«_�5�5­a�b¨/���a¿²�5�5� �5�b§
�b�_�5�)�f�>�b��°5¬5�5£��f�>�b�®�g£��a�2�_�5�5¡&¿�� �b�5�>¿5�2�_�5�5¡&¿²�>�J�b¯5�5���;�b�5�5¡&¿®�b�_¬5�>§
�5�5°Â���b�5�f�>�5�b�>¢;ª��5� �;¢;�5�5�5��£��b¢;�5��£�¡&¿©£���«X�2�|���_�5�5°���¡&¢;�)�5�5�X�g�b¢5±[�_�5�
£Ã� �@Çt���J� » �(�b°|�g�_�5¡,¦7¢g�b£��5¡]��¬a¢;�_�5¡¶���>�;�2�5�b���b�5­5��£��b���5�5¬5�5¡&¿Ã�5�>±Y�;�2��£
�;¢5���f�>�5��£��5��¦_�Y�b�_¬5�_�5�a��£��|�t�

V = (αV1, V2)(x)
���5�_�5�X¢;�_£�¡x�©�>�5�G�g�5�;�

〈V2〉 6= 0
´|���J�b­a±[�x�;¢5�i�f�>�5��£��5��¦_���b�_¬5�_�5�a�"´a�b¢;�5«_­|��¦_��­i�;�b�;�J¢5¢;�>¢;ª��5�f�2�

V = (αV1(x2), V2(x1))
���5�X¢;�_£�¡x���>�5�G�g�5�;� 〈V2〉 = 0

»
���;�b�����b��� ���J�k�5�f�>�b�5���_�;�Â�;¢;�5�5�5��£��b¢;�5��£f�J�����>�;�2�5�b���b�5­a�®«X�@�t�@¬5�

�f�>�b��°5¬5�5£��f�>�b�Ã�>�J�b¯5�5���;�b�5�5¡&¿i�:�g£��5¦_��£�¡&¿j�b�_¬5�_�5�5°

V = (0, V (x1)).
· Àf¹

3���­a�b«X�b�5�;´f¬5�b�Y�5�5�Ã�f�G¢;��£��5� 〈V 〉 6= 0
�5�5���;�N¿f�X�g�5�[­|�b¢;�_�f�b�b�>¢;ª��;�J�i�5���b�>§

�f�k�f�>�b��°5¬5�5£��f�>�b�"´|£�¡]£��G�g�_�5¡©�5�_­5�|�5�5�_�5�b�5¡]��Å����;�2�X¢;¡��j�t�b�Ã�J¢;¦_���5�5���
�;�J¿f�@±[�g�_�5�a�

k
§½¦_��¬a¢;�_�;�����>�;�2�5�b���b�5­5�"»
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���>¢;ª�¨��;���>�b�@�5���_°¶�;�b�����b¡ �5£b¢5�5�_���N�®�;���>�5�5�f�>�b�;�b�5�_�5�5� �5�_«_�X¢;ªJ�J�J§

�b��£�� ���J�J�;¢5���5�_�5�5�X�g�5¬5�X�>­5�a¿��b�_¬5�_�5�5°��;�]�5��¬5�b�(�5�_�5�5�X�g�5¬5�X�>­5�5�$�5�x�X�g�5��°
�5«]�5�5�f�>�b�;�b�;�>�b£��_�5�5¡&¿[�5�_�5�X�2�_�5�5¡&¿��b�_¬5�_�5�a�Y£(�5�5�G�g�5�b¢;�@±[�_�5�5�"´b¬5�b���5�b§
¢;�!£��5�_µ��5�a¿i�>�a¢

F(x, t)
�f�G¢;��£��5���5�_�5�5�X�g�5¬5�5�[�5�

x1
´a���5��£��G�g�_�5�5�!�5�

x2�f�>�J�b�_���N�Y�5�5�>±Y�5�;�&»a�)���b�b�X���b�b�5¬5�X�>­|��°j�5�f�>�J�b�5��£�­|�]«X�@�t�@¬5�Y£�Ä_�b�f� �G¢;�f§
¬;�b��£f�2�X�>�b��·D¼�¹
«X�@�t�b�_���N�k£�¡]�;�J±[�_�5�5�

lim
T→∞

1

T

T∫

0

dx1
1

L2

L2∫

0

v(x1, x2, t) dx2 = q.
·¸Á|¹

:;% � + � ) � )�� -�, � B(C � �Y� A;, �t� ? � �$�f�L���

E �;�@¬;�J¢g���_Å����;�2�X¢;�5�5���X�¾�5�_­|���b���5¡]�!���5�5�G�g�>¢;�_�5�a�i�Y�g��­a�J±[�X�¾£f�>�5�b§�2��¦>�b�b�>¢;ª��5¡]�2�|�b£��_�f±[�g�_�5�a�"´_���b�5�f�N�5���5�X�N�!­(����¡]­5�5��£��_�5�5¡x���g�;Å(Å��_�5�_�a§
¯5�;�J¢;ª��5¡x� �|�;�b£��5�_�5�a�;� £�­a¢g���_�>�(�f�G¢;��£��5���5�_�5�5�X�g�5¬5�X�>­5�a¿ÃÅ��|�5­5¯5�5°"»

3��f�>�bª
C(R)

¤®�2�5�@±[�X�>�b£��/�5�_�5�5�_�5¡]£��5¡&¿��;�/£��_���X�>�b£��_�5�5��°��f�>��­|�f�L§
�a¢;�_­a�>�5��«_�;�@¬5�5¡&¿�Å��|�5­5¯5�5°"» 3��X� �5��¬5�b�¾�5�_�5�5�X�g�5¬5�X�>­|��°¾Å��|�5­5¯5�5�_°����f§
�g�X�®�5���5�;���b�bª��5��¬5�b���5�_�5�5�X�g�5¬5�X�>­5�|¨ £��_�2¡x�G¢;�Ã¥
���;��Å��|�5­5¯5�5¨ � ���>�½»
��«_£��X�>�b�5�;´L¬5�b���;¢5�s­a�J±[�g��° �5��¬5�b�s�5�_�5�5�X�g�5¬5�X�>­|��°sÅ��|�5­5¯5�5�

f(x)
�>�f§

���X�>�b£����_�[­|���5�_¬5�5���(�>�5�G�g�5�_��«_�;�@¬5�_�5�5�

M(f) = lim
T→∞

1

T

T∫

0

f(x) dx.

�q�G¢;�
f(x)

¤³�5�_�5�5�_�5¡]£��;�J�k�5�_�5�5�X�g�5¬5�X�>­a�J�kÅ��|�5­5¯5�a�"´a�b���_�(�>�5�G�g�5�_���5�
�5�_�5�5�X�g���>��£��;�@�t�b�_�Ã�>���>�5�G�g�5�;�,«_�;�@¬5�_�5�5�X�,£��_�2¡x�G¢;�j�5��¬5�b�¾�5�_�5�5�X�g�a§
¬5�X�>­5�a¿kÅ��|�5­5¯5�5°��

M(f) = 〈f〉.
3��f�>�bª��;�b�b�|�;�J¢;ª��5���!¬5�;�G¢;�

n > 2
Å��5­a�>�5�5��£f�b�5�;»

�����
	��
	��
	
����	 �
� ���;�G¢g�
ω1, ω2, . . . , ωn

�;�b«_¡]£f�b¨/���N� ?
� (��'9 �'��$'& �'9
����� � � �'� ��� A � ��´f�X�G¢;�j�5«x�;�b£��_�;�>�b£f�

k1ω1+ k2ω2+ . . . knωn = 0
�]¯5�>¢;¡&§

�2�
kj
´
j = 1, 2, . . . n

�G¢;�G�g���_�
k1 = k2 = . . . = kn = 0

»
���_�5�_«

Yn
���_�g�X� ������«_�;�@¬;�b�bª��2�5�@±[�X�>�b£����f�G¢;��£��5�b§½�5�_�5�5�X�g�5¬5�X�>­5�a¿

Å��|�5­5¯5�5°"´g�5�5�G�t�>�J�b£��;�2¡&¿Ã£j£��|�g�(¢;�5�5�_°5�5��°�­|�f�2���5�;�b¯5�5�
n
�5�_�5�5�X�g�5¬5�>§

�>­5�a¿¾Å��|�5­5¯5�5° �Y�5�X�>���5«X�2�_�5�;�2¡x�2�¾¬;���>�b���J���2�¾�J�b­5�a¿T´`¬5�b���>�5�G�g�5�_�j�5�
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�5�_�5�5�X�g�j­a�J±[�g��°ÃÅ��|�5­5¯5�5�k�;�b£��5���5�X¢;¨ �

Yn =

{
f(x)

∣∣ f(x) =
n∑

k=1

ck gk(x) : gk ∈ C(R), gk

(
x+

2π

ωk

)
= gk(x),

〈gk〉 = 0, (ω1, . . . , ωn)
¤³�;�b¯5�5���;�J¢;ª��5�[�5�_«X�b£��;�>�;�2¡]��¬5�;�G¢g� }

.

	(�_¦_­|�x£��|�g�_�bª;´X¬5�b�/�X�G¢;��Å��|�5­5¯5�a���5�5�5�;�@�;¢;�>±Y�5�/�;���_�_���b�b�5�5£f�b�X�2�f�2�
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f(x) ∈ Yn
´t�b�Ã�_���>�5�G�g�5�_��«_�;�@¬5�_�5�5�[£Ã�_�2¡x�G¢;���5��¬5�b���5�_�5�5�X�g�a§

¬5�X�>­5�a¿kÅ��|�5­5¯5�5°Ã�;�b£��5�[�5�X¢;¨
M(f) = 0

»
���b����¡ £�­a¢;¨/¬5�5�bª £¾�;���_�_�2���b�5�_�5�5���f�G¢;��£��5�b§½�5�_�5�5�X�g�5¬5�X�>­5�5�ÃÅ��|�5­a§

¯5�5�[�q�5�_�5�X¢;�_£�¡x���>�5�G�g�5�;�&´J���5�5�G�g�>¢;�;���_���
�X�g�5�!Å��|�5­5¯5�5���;�J¢;ª��5���$�5�5�b§
�>�b�;�b�;�>�b£��;» 3��f�>�bª

q
¤ �5�_­|���b���;�J�¾­|�f�2�a¢;�_­a�>�;�J�¾­|���;�>�J�b�5�J�5» ���_�5�_«

Y q
n���_�g�X� ������«_�;�@¬;�b�bª[�2�5�@±[�X�>�b£��YÅ��|�5­5¯5�5°"´5�5�5�G�t�>�J�b£��;�2¡&¿i£�£��|�g���

Y q
n = {h(x) ∈ C(R) | h(x) = f(x) + q : f ∈ Yn}.

D ¬5�_£��|�g�5�;´;¬5�b�k�5�5�f�>�b�;�b�;�>�b£f� Yn � Y 0
n

�>��£��;�@�t�b¨/�@» E �5�G�g�5�_��¢;¨/����°Å��|�5­5¯5�5�k�5«
Y q
n

�;�b£��5�
q
�

(∀h ∈ Y q
n ) M(h) = q.

�
£��G�g�X�®�5�5�b�_¦_�;�J¢;ª��5¡]°����5�_�;�b�b���
I : Y 0

n → Y 0
n

´L�g�_°;�>�b£��|¨/���5°)�5�
�5�;�b£��a¢;�

I(f)(x) =

x∫

0

f(s) ds−M

( x∫

0

f(s) ds

)
.
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du

dx
= f(x), M(u) = q.
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f ∈ Yn
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u ∈ Y q
n� � � � ��� 	 �.��� � ��� � 
 � � � ��# �

u(x) = I(f) + q.
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d2u

dx2
= f(x), M(u) = q.

· �f¹
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f ∈ Yn
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u ∈ Y q
n� � � � ��� 	 �.��� � ��� � 
 � � � ��# �

u(x) = I2(f) + q.
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n�������	��� � � 
 � ���
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 � 	 �	� � ��
�
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M(f) = 0

�
�
�_�5�5�X���N�Y­��;�N¿f�X�g�5��°[�5�f�>�J�b�5��£�­|�&«X�@�t�@¬5�Ã·8�@¹G´g·¸Á|¹L£(­a¢g���_�>�]�f�G¢;��£��5�b§

�5�_�5�5�J�g�5¬5�X�>­5�a¿kÅ��|�5­5¯5�5°"» E �;�@¬;�J¢g���;�b°|�g�X�s�f�>�5��£��5���!�5�_µ��_�5�5��»
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F(x) = (0, f(x1))
�

� 	 �
f ∈ Y c

n

�
q = (0, Q)
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V (x1) = −1

ν
I2(f(x1)− c) +Q; p(x) = cx2 + const .

· �b¹

� % ���L�2� > � - � + �2�./ ,�?(-�B(C � - � 0.- � -�2(-
���b«_¡x�>­5�5£f�J���5�_µ��_�5�5��¢;�5�5�X�b�5�5«_��£f�b�5�5��¦_�Y�;�j�f�>�5��£��5�f���b�_¬5�_�5�5��· �b¹

�|�;�b£��5�_�5�a�k£���«X�2�|���_�5�5°i£Y£��|�g���5���;���J¢;ª��5¡&¿j­|�b¢;�_�f�b�5�5°

ṽ(x, z, t) = eσtϕ(x, z), p̃(x, z, t) = eσtP (x, z),

·¸«G�g�X�>ª[�k£��t�J¢;ª��5�_°5µ��X�
x = x1

´
z = αx2

¹G´5�5�5�a¿f�X�g�;�¾­i¢;�5�5�_°5�5��°��>�5�_­a§
�b�;�J¢;ª��5��°k«X�@�t�@¬5���

σϕ1 + αV
∂ϕ1

∂z
− νc

(
∂2 ϕ1

∂x2
+ α2 ∂

2 ϕ1

∂z2

)
= −∂P

∂x
,

σϕ3 + αV
∂ϕ2

∂z
+ ϕ1

∂V

∂x
− νc

(
∂2 ϕ2

∂x2
+ α2 ∂

2 ϕ2

∂z2

)
= −α∂P

∂z
,

∂ϕ1

∂x
+ α

∂ϕ2

∂z
= 0,

M(ϕ2(·, z)) = 0,

2π∫

0

ϕ1(x, z) dz = 0.
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 ��5�5�b�5¬5�X�>­5�;�Â�;�b«_��£��X��«_�;�@¬5�_�5�5�j�;�b�;���2�_�b�;�

ν
´`�5�5� ­|���b���5�f���X�g�5�

�a¢;�Ã�5�X�>­|�b¢;ª�­|���>���f�>�b£��_�5�5¡&¿j«_�;�@¬5�_�5�5°
σ
£�¡&¿f�X�;�5�[�;���2�5�;�2�|¨¶�f�>ª;»

���_�5«_£��X�>�b�5¡]�q�>���f�>�b£��_�5�5¡]��«_�;�@¬5�_�5�a�
σ
´_£��_­5�b���a§hÅ��|�5­5¯5�5¨

ϕ
��Å��|�5­a§

¯5�5¨
P (x, z)

´f�(�J�b­a±[�x­5�5�5�b�5¬5�X�>­|���/«_�;�@¬5�_�5�5�]£b�5«_­|�f�>�b�
ν
´f���_�g�X���;�b«_¡x�G§

­5�5£f�b�bª�£�£��|�g���f�|�g��£��5�Y�>�b�_�5�_�a�;�s�;�b�;���2�_�b�;�
α
�

σ =

∞∑

k=0

σkα
k , νc = ν∗ +

∞∑

k=1

νkα
k ,

ϕ =

∞∑

k=0

ϕkαk , P =

∞∑

k=0

P kαk .

3��X�t�>�J�b£��;�kÄ_�b���;�b«>¢;�@±[�_�5�a�(£x�|�;�b£��5�_�5�a�(���5�5�5�;�b£��a�5�X�Ã­|��ÄXÅ(Å��5¯5�a§
�_�5�b¡¾�5�5�

αk » E �;�@¬;�J¢g�&�5�5�5�;�b£��a�5�X�k­|��ÄXÅ(Å��5¯5�5�_�5�b¡��5�5� α0 » ��«$�|�;�b£��5�>§
�5�a�k�5�_�;�b«_�5¡]£��5�f�>�b�k�G¢;�G�g���_�@´a¬5�b�

ϕ0
1 = ϕ0

1(z).
�"��¦N�t���5�_�5£����!�|�;�b£��5�_�5�5�

�>�;�>�b�X�2¡,�5�5�5�5�;���b�_��£��|�

σ0ϕ
0
1 =

∂P 0

∂x
.

�
�f�>�5�b¢;ª�«_��£f�b£�µ��;�>ªÃ�f�G¢;��£��5�X�¶�;�b«_�5�_µ��;�2�f�>�b�"´2�;�b°|�g�_�5�5¡x�®£�¢;�X���2��À5´
�f�>�5�G�g�5�;�)Ä_�b�j�|�;�b£��5�_�5�5���5�i�5�_�5�X�2�_�5�5��°

x
» D ���>¨
�t�Y�;�J¿f�X�g�;���5�X¢;�_£���°¬a¢;�_���;�b«>¢;�@±[�_�5�a���>���f�>�b£��_�5�5¡&¿�«_�;�@¬5�_�5�5°

σ0 = 0
��£�¡]£��X�g�;�&´_¬5�b��Å��|�5­a§

¯5�5�
P 0 «X�b£��;�N�5���b�b¢;ª�­|����� z � P 0 = P 0(z).5[�J¢;�_��´/�;��� �5���;�@�g�����5���N�¶£f�>�5�f�2��¦>�b�b�>¢;ª��;�J�ÂÅ��|�5­5¯5�a�

θ
´!­|���b���;�J�

���5�5�G�g�>¢5�5�_���N�k­a�b­k�5�_µ��_�5�5�(«X�@�t�@¬5���

d2θ

dx2
= V −M(V ), M(θ) = 0.

���5¦_�|�5�5¡x�2� �>­|����­a���2�����_�g�X�,������«_�;�@¬;�b�bªk���b­a¢;���5�_�5�5�iÅ��|�5­5¯5�5�������_�
�>�5�G�g�5�_¦_��«_�;�@¬5�_�5�a�

{F} = F (x)−M(F ).
5�¢5�Ã�;�J¿f�@±[�g�_�5�a�

ϕ0
2(x, z)

�5�b¢;�|¬;�b�X� «X�@�t�@¬5� �

−ν∗
∂2ϕ0

2

∂x2
+ ϕ0

1

∂V

∂x
= 0, M(ϕ0

2) = 0.

E �5��£f��£��f�>�5�b¢;ª�«_��£f�b£�µ��;�>ª�¢;�X���2��°�¼a´a�;�J¿f�X�g�;�

ϕ0
2 =

1

ν∗
ϕ0
1(z)

dθ

dx
=

1

ν∗
ϕ0
1(z) a0(x), a0(x) =

dθ

dx
.
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αk ´ k > 1,
�5�5�a¿f�X�g�;�s­Ã�G¢;�G�g�|¨/���_°��>�;�>�b�X�2�(�|�;�b£��5�_�5�5°��

ν∗
∂2ϕk

1

∂x2
=
∂P k

∂x
+

k∑

j=1

σj ϕ
k−j
1 + V

∂ϕk−1
1

∂z
−

−
k−1∑

j=1

νj
∂2ϕk−j

1

∂x2
−

k−2∑

j=0

νj
∂2ϕk−2−j

1

∂z2
,

· �f¹

ν∗
∂2ϕk

2

∂x2
=
∂P k−1

∂z
+

k∑

j=1

σj ϕ
k−j
2 + V

∂ϕk−1
2

∂z
−

−
k∑

j=1

νj
∂2ϕk−j

2

∂x2
−

k−2∑

j=0

νj
∂2ϕk−2−j

2

∂z2
+ ϕk

1

dV

dx
,

· �f¹

∂ϕk
1

∂x
+
∂ϕk−1

2

∂z
= 0, M

(
ϕk
2(·, z)

)
= 0,

2π∫

0

ϕk
1 dz = 0.

·8���f¹

3��5�G�g�5�b¢g�b¦>�b�_���N�"´|¬5�b�j�>�a���2�5�5��£f�b�5�5���5�5���;�N¿f�X�g�5�[�5�Y�b�X�s«_�;�@¬5�_�5�a�;�
j
´

�;¢5�Ã­|���b���5¡&¿j£��_�f¿a�a�a�k¦_�;�b�5�5¯;���>�a���2¡,�5���2�_�5ª�µ����5�a±Y�5�_°"»
3��(¢;�X���2��À5´��f�G¢;��£��5�b§½�5�_�5�5�X�g�5¬5�X�>­|���
�5�_µ��_�5�5�/�|�;�b£��5�_�5�a��· �f¹$�>�|���>§

�>�b£����_�!�b��¦N�t�/�[�b�b¢;ª�­|�!�b��¦N�t�5´J­|��¦N�t�/�>�5�G�g�5�_�&�5�;�b£���°�¬;���>�b���;�b£��5�/�5�X¢;¨�»
D �>�5�G�g�5�5£i�|�;�b£��5�_�5�5�i· �f¹G´t�5�5� k = 1

�5�5�a¿f�X�g�;�)­�«X�@�t�@¬5���;�k�>���f�>�b£��_�a§
�5¡]��«_�;�@¬5�_�5�a���

σ1ϕ
0
1(z) +M(V )

dϕ0
1

dz
= 0.

·8���@¹

D ���>¨
�t�[�;�J¿f�X�g�;� σ1 � ϕ0
1

�

σ1 = imM{V }, ϕ0
1 = e− im z,

¦N�g�
m 6= 0

¤³£��b¢;�5��£����!¬5�;�G¢;�;»
3��5�

k > 2
´a�|¬5�5�b¡]£f�J�Ã�|�;�b£��5�_�5�5���5�_�;�b«_�5¡]£��5�f�>�b��·8���f¹
�Ã�;�b°|�g�_�5�5���

«_�;�@¬5�_�5�5�
σ1
´5�f�G¢;��£��5�!�;�b«_�5�_µ��;�2�f�>�b�Ã�|�;�b£��5�_�5�a��· �f¹q«X�b�5�5µ��X�s£�£��|�g���

M(V )

(
imM

(
ϕk−1
1

)
+
dM

(
ϕk−1
1

)

dz

)
= ν∗

d2

dz2
M
(
ϕk−2
1

)
−

− d2

dz2
M
(
θ′ϕk−2

2

)
−

k∑

j=2

σjM
(
ϕk−j
1

)
+

k−2∑

j=1

νj
d2

dz2
M
(
ϕk−2−j
1

)
.

·8�@¼�¹
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�`�b­i­a�b­

ϕ0
1

�
ϕ0
2

�f±[�x�5«_£��X�>�b�5¡(´f�b���5�b¢g�b¦>�J�
k = 2

£k·8�@¼�¹G´f�5�5�a¿f�X�g�;�
­Ã�|�;�b£��5�_�5�5¨��;¢5�k�;�J¿f�@±[�g�_�5�a�Ã�>�5�G�g�5�_¦_�

M(ϕ1
1(·, z))

�

M(V )

(
imM(ϕ1

1) +
d

dz
M(ϕ1

1)

)
=

= ν∗
d2ϕ0

1

dz2
− d2

dz2
M(θ′ϕ0

2)− σ2ϕ
0
1(z).

·8�XÀf¹

��«
�f�G¢;��£��a���;�b«_�5�_µ��;�2�f�>�b���|�;�b£��5�_�5�a�i·8�XÀf¹T¤¶���5�b��¦_���;�J¢;ª��5�f�>�b�(�5�;�b£���°
¬;���>�b���5�_µ��_�5�5¨©�X�g�5���5�X�g�5��¦_�!�>���5�f�a±[�_�5�5��¦_���|�;�b£��5�_�5�a��¤®�;�J¿f�X�g�;�

ν2∗
´

σ2
���>�5�G�g�5�_�

M(ϕ1
1(·, z))

�

ν2∗ =M(θ′a0(x)) =M(θ′2), σ2 = 0, M(ϕ1
1) = 0.

3��/�g��­a�b«X�b�5�5¡x�Ã¢;�X�������&´J�f�G¢;��£��5�
�;�b«_�5�_µ��;�2�f�>�b�[�|�;�b£��5�_�5�a�Ã· �f¹`�J�J§
­|���$±[��´J­a�b­����|�;�b£��5�_�5�a�k· �f¹T¤¶�;�b£��_�;�>�b£��/�5�X¢;¨º�>�5�G�g�5�_¦_�!�5�;�b£���°�¬;���>�b�
�5���5�_�5�X�2�_�5�5��°

x
» D ���>¨
�t�[�;� k §½�f� µ[�b¦_���;�J¿f�X�g�;�s�>�5�G�g�5�_�/�t�b£b¢;�_�5�a���
d

dz
M(P k−1) = −2

d

dz
M
(
V (x)ϕk−1

2

)
.

3��b¢g�b¦>�J�
k = 1

£��|�;�b£��5�_�5�5�Y�5�_�;�b«_�5¡]£��5�f�>�b��·8���f¹2�j�����;�b�[�J�����5�_�;�J§
�b���i�g�;Å(Å��_�5�_�5¯5�5�5��£f�b�5�a�"´|�;�J¿f�X�g�;�

ϕ1
1

�

ϕ1
1 = − 1

ν∗

dϕ0
1

dz
I(a0).

·8�_Á|¹

5�¢5�k�;�J¿f�@±[�g�_�5�a�
P 1 �|�;�b£��5�_�5�5��· �f¹q�5�5�_�����;�b«_���X��­Y�g�5£��_�5¦_�_�5�b�5�f�2�

£��|�g� �
∂P 1

∂x
=

∂

∂x

(
ν∗
∂ϕ1

1

∂x
− dθ

dx

dϕ0
1

dz

)
.

D ���>¨
�t�5´a�5�b¢;ª�«_�b�;�>ª[�5«_£��X�>�b�5¡x� £�¡]�;�J±[�_�5�5�X� ϕ1
1

·8�_Á|¹G´a�;�J¿f�X�g�;�
P 1 �

P 1 = q1(x)
dϕ0

1

dz
+ 〈P 1〉; q1(x) = −2

dθ

dx
= −2a0(x).

5�¢5���;�J¿f�@±[�g�_�5�a�
ϕ1
2

�5�5�_�����;�b«_���X�Ã�5�;�b£��|¨�¬;���>�bª!�|�;�b£��5�_�5�a�i· �f¹`�5�5�
k = 1

�

σ1ϕ
0
2 + V

∂ϕ0
2

∂z
+ ϕ1

1

∂V

∂x
=W

(
ϕ1
1, θ

′′) .
4 �g�X�>ª�¬5�_�5�_«

W (f, g) = f
∂g

∂x
− g

∂f

∂x������«_�;�@¬5�_�j£��5���;�>­5�;�b�"»



�XÀ�� � �
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�"��¦N�t���|�;�b£��5�_�5�5��· �f¹
�5�5�

k = 1
�5�5�5£��X�g�5���N�k­Ã£��|�g�

ν∗
∂2ϕ1

2

∂x2
=
{
W
(
ϕ1
1, θ

′′)}− ν1
∂2ϕ0

2

∂x2
.

·8� F�¹
3��X�t�>�J�b£b¢5�a�j£�·8� F�¹q�5«_£��X�>�b�5����£�¡]�;�J±[�_�5�5��Å��|�5­5¯5�5�

ϕ1
1

´a�;�J¿f�X�g�;�
ϕ1
2

ϕ1
2 =

1

ν2∗

dϕ0
1

dz
a1(θ)−

ν1
ν∗
ϕ0
2, a1 = I {W (θ′, θ)} .

E ¿f�X���]�;�J¿f�@±[�g�_�5�a�(�G¢;�G�g�|¨/���a¿�¬a¢;�_�5��£/���>�;�2�5�b���b�5­5���J�b­a�J��±[��´_­a�b­��£i�5�_�5�5�X�g�5¬5�X�>­|�f�º�G¢;�|¬;�b��» 4 �;�J�
ϕk−1
2

´t�>�;�@¬;�J¢g�Y�5«��|�;�b£��5�_�5�a���5�_�;�b«>§
�5¡]£��5�f�>�b��·8���f¹q�;�J¿f�X�g�;�

ϕk
1

»
4 �b�b�X�º�����;�b�[�b�X���N�Ã­��|�;�b£��5�_�5�5¨ · �f¹G»T�
¡]�5�b¢;�5�_�5�5���f�G¢;��£��a���;�b«_�5�>§

µ��;�2�f�>�b�Ã�|�;�b£��5�_�5�a��· �f¹
�����X�>�5�_¬5�_�5�[�;�
k − 1

§½�f� µ[�b¦_��»��"��¦N�t�[�5«(�|�;�b£b§
�5�_�5�a�¾· �f¹
�2�@±Y�5�����5�5�G�g�>¢;�5�bª

P k ���b��¬5�5�f�>�bª�¨��g�j�>�5�G�g�5�_¦_��«_�;�@¬5�_�5�a�"»3��f�G¢;�kÄ_�b��¦_���5«k�|�;�b£��5�_�5�a�,· �f¹��;�J¿f�X�g�;�
ϕk
2

»93����5�|�b�5���5«Ã�f�G¢;��£��a�
�;�b«_�5�_µ��;�2�f�>�b�Y�|�;�b£��5�_�5�a��· �f¹2���5�5�G�g�>¢5�5�X���5�5���5«_£��X�g�5�|¨º�5�

z
�>�5�G�g�5�_¦_�

«_�;�@¬5�_�5�a�j�t�b£b¢;�_�5�a�
M(P k−1)

»
�(�b°|�g�_�5�5¡]���;�

k
§½�f� µ[�b¦_��£��>¢;�5¬5�5�5¡��5��«_£��b¢5�5¨/�[£�¡]�5�;�_�b�bª��f�G¢;��£��5�

�;�b«_�5�_µ��;�2�f�>�b���|�;�b£��5�_�5�a�º· �f¹/�;¢5�
k + 2

§½¦_�Ã¬a¢;�_�;�����>�;�2�5�b���b�5­5�"» D �5��;�2�_�_��£��|��·8�@¼�¹G´��X�G¢;�Y£�Ä_�b�f���|�;�b£��5�_�5�5�
k
«X���2�_�5�5�bª��;�

k+2
´b�i�G¢;�f±Y�5�

�;¢5���;�J¿f�@±[�g�_�5�a�
M(ϕk+1

1 )
»���«[�f�G¢;��£��a���;�b«_�5�_µ��;�2�f�>�b��Ä_�b��¦_�Ã�|�;�b£��5�>§

�5�a���;�J¿f�X�g�;�
σk+2

�
νk
´t�j«X�b�b�X�)�5«[�|�;�b£��5�_�5�a�����5�5�G�g�>¢5�5�_���N���>�5�G�g�5�_�

«_�;�@¬5�_�5�5�
M(ϕk+1

1 )
»�5[�J¢;�_�!�5�5��¯5�X�_���5��£��b���f�5�_���N�"»
��%=<�+ � ) �g� �Y� ? � 0�A�B(C�,.-�, �

�&� )�? ��� - $&% � � � ��� ��� � � ��� � � 
 �
���
���	� ��� 	 �
	 �
(1)

�
(4) � � 	 ��� � � � � �

� ��	��
���	�
(3)

� �	�
��� �	�
��� � ��
 � 	 �����
M(V ) 6= 0

� 
�
 ���&� 	 �	� � �����������&� � !
� � � � � � ��� � ! 
 � 
 � � 	 �"	�� � ���'& � ��������� # {V } ∈ Y 0

n

� � ��� 	 �+� ��� � �������	�
� !��� 
 �$� � ��� �
��� #%
 � � � � 
 �
�����
α
� ����� �����
����� & � ��������� # �����	� # � ��# ��
 ��� !� 
 � ����� ��# ��� 	 �
	 �

(8) � (10)
��� ����� � �	� 	 ��������� � � 
 ���;� � 
 ���

ϕk
1 = − 1

νk∗

dkϕ0
1

dzk
I(ak−1(θ)) −

νk−1

ν∗
ϕ1
1,

P k =
1

νk−1
∗

dkϕ0
1

dzk
qk(θ)−

νk−2

ν∗
{P 2}+M(P k),

ϕk
2 =

1

νk+1
∗

dkϕ0
1

dzk
ak(θ)−

νk
ν∗
ϕ0
2,
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�
 ��� � 
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��� � ! 
 � 
 � �
	 �"	�� � ���'&*� ��	��
��� # �XÀ��
� 	 �

ak
�
qk

��� 
 � � ����� � � 	�� 
 � �
aj

�
qj

�
 �

j 6 k − 1
��� �&� � �.� � � ��� � �
	 � 
 !

� �������
νk−2

� ��� 
 � � �
����� � ��� � �������	�
�;� � � 	 � ���	�
�����
P k � 
 � �������	��� � �


�
 � 	�������� &
k
��� 	 � ���	����� � 
 ����� �'& � � � � �����

k > 4
�

� 
 �;� �"	�� � ���	� � ����� �����
����� � � �&�
	��
�����
σ
����������� � � �	��	�������� � � 
 �

α� ������������� �;� � � 
 �;� �"	�� � � � �)� �&�
	��
���	�*� � ��� ��� � �
ν ! 	������ ��# � ���������	� #

� � ��� � � ��� � 	 � � �&���6� ��� � �������	�
�;��� 
 �$� � ��� �
��� # � ����� �����
����� & � �&�
	��
��� #
�%� 
 �;� �"	�� � � ��� � � �&�
	��
����� � � ��� ��� � � 
�
 � 	�������� &

j 6 k
��� 
 � � ����� � � 
 �

� � 
 � � �&� � �
σj = 0; νj = (−1)

j
2
mj

2νj+1
∗

M
(
θ′aj(θ)

)
,

� 
�
 � �	��	�������� &
j 6 k

�

σj+2 = (−1)
j+1
2

imj+2

νj+1
∗

M
(
θ′aj(θ)

)
; νj = 0.

C
�"�_���5�X�����g��­a�b«_¡]£f�b�_���N�i�5���5�|�g�|­5¯5�5�"»

B3��5�5£��G�g�X�����b¢;�_�x�5�X�g�5�����5¡]�x£�¡]�;�J±[�_�5�a�Y­|��ÄXÅ(Å��5¯5�5�_�5�b��£(�;�b«>¢;�@±[�>§
�5�5°��>���f�>�b£��_�5�5¡&¿iÅ��|�5­5¯5�5°Ã�5�Y�>�b�_�5�_�a�;�

α
»�3��f�>�bª

k
¤³¬5�_�b�5����» �"��¦N�t�

ϕk
1 = − 1

νk∗

dkϕ0
1

dzk
I(bk−1(θ)) −

k−4∑

j=2

νj
ν∗
ϕk−j
1 − 2νk−2

ν∗
ϕ2
1 −

−
k−4∑

j=2

νj
ν∗
I2
∂2ϕk−2−j

1

∂z2
+

k−1∑

j=3

σj
ν∗
I2
(
ϕk−j
1

)
,

ϕk
2 = − 1

νk+1
∗

dkϕ0
1

dzk
bk(θ)−

k∑

j=2

νj
ν∗
ϕk−j
2 −

−
k−4∑

j=2

νj
ν∗
I2
∂2ϕk−2−j

2

∂z2
+

k−1∑

j=3

σj
ν∗
I2
(
ϕk−j
2

)
.

4 �g�X�>ª�­|��ÄXÅ(Å��5¯5�5�_�5�b¡
bm(θ)

�5�5��¬5�_�b�5�f�
m
�;�J¿f�X�;�5���N�[�5�(Å����;�2�X¢;���

bm(θ) = I2
[
{W (θ′′, Iam−1)}+ ν2∗(qm−1 − am−2)

]
,

�5�5�
m
¤¶�5�_¬5�_�b�5�f��£��5�f�G¢;�G�g�5�X��£�¡]�;�J±[�_�5�5���5�@�5£b¢5�5�_���N�(�g���5�b¢;�5�5�b�>¢;ªb§

�5���(�G¢g�b¦>�b�X�2�����

bm(θ) = I2
[
{W (θ′′, Iam−1)}+ ν2∗(qm−1 − am−2)−

1

2
M(θ′am−3)q2

]
,



�_Á.� � �
�����&� ����!��
�[­|��ÄXÅ(Å��5¯5�5�_�5�b¡

qm(θ)
�;¢5�k¢;¨/����¦_�

m
�;�J¿f�X�;�5���N�i�5�jÅ����;�2�X¢;���

qm(θ) = I{θ′′Iam−2} − bm−1(θ)− ν2∗I
2(am−3).

3��X�g�5�����5¡]�]£�¡]�;�J±[�_�5�a�Y­|��ÄXÅ(Å��5¯5�5�_�5�b��£��;�b«>¢;�@±[�_�5�5°j�>���f�>�b£��_�5�5¡&¿
Å��|�5­5¯5�5°k�5�j�>�b�_�5�_�a�;�

α
�5�5�

k
�5�_¬5�_�b�5�f�s�;�2�_¨/��£��|� �

ϕk
1 = − 1

νk∗

dkϕ0
1

dzk
I(bk−1(θ)) −

k−1∑

j=2

νj
ν∗
ϕk−j
1 −

−
k−5∑

j=2

νj
ν∗
I2
∂2ϕk−2−j

1

∂z2
+

k−2∑

j=3

σj
ν∗
I2
(
ϕk−j
1

)
,

ϕk
2 = − 1

νk+1
∗

dkϕ0
1

dzk
bk(θ)−

k−3∑

j=2

νj
ν∗
ϕk−j
2 − 2νk−1

ν∗
ϕ1
2 −

−
k−3∑

j=2

νj
ν∗
I2
∂2ϕk−2−j

2

∂z2
+

k∑

j=3

σj
ν∗
I2
(
ϕk−j
2

)
,

¦N�g�
bm(θ)

´
qm(θ)

���5�5�G�g�>¢;�_�5¡�£�¡]µ���»
����� 	
	�� ����	 �
� �q�G¢;�k���b­a¢;���5�_�5�5���f�>�5��£��5��¦_���5�5�fÅ��a¢5�k�>­|���5�f�>�b�i���

�_¦_���>�5�G�g�5�_¦_��«_�;�@¬5�_�5�a�
V (x) −M(V )

£Ã�5�_­|���b���5��°��b��¬5­|�Y�����;�b�[�b�_���N�
£Ã�5�b¢;ªÃ���5£b¢5�5�_���N���5�_¬5�_�b�5��°¾Å��|�5­5¯5�5�_°����b�5�f�>�5�b�>¢;ª��5�ÃÄ_�b��¦_�Ã�5�X¢5�"´"�b�
�>���f�>�b£��_�5�5¡]�!«_�;�@¬5�_�5�a�k�;�J¿f�X�;�5���N�i�b��¬5�5�Y�k�;�b£��5¡

σ = ± imαM(V ).
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� A�� � + , � ) � - �L�2� � � -�B ����
 ? ���¾�f�L� >
�����_�_�2���b�5�;�s£Y�5�5�f�>�b�;�b�;�>�b£��

Rn �>�;�>�b�X�2� �(�b£�ª��x¤ E �b��­a�_�
{
∆u−∇p = (u,∇)u+ f,

div u = 0,
(1)

�!�f�G¢;��£��5�X� �;�[���X�>­|���5�_¬5�5�f�>�b�

u|∞ = u∞ = a(1, 0, 0, . . .).

3��b¢g�b¦>�J�
u = v + u∞

´5�;�2�_�X�¾�;¢5�Ã���5�5�G�g�>¢;�_�5�a�
v
�>�;�>�b�X�2� D «_�_�_�;�

{
∆v − a∂1v −∇p = (∇, v)v + f,

div v = 0, v|∞ = 0.
(2)

¥
�_�g�X�¾�;�b«_¡x�>­5�5£f�b�bª��5�_µ��_�5�a�k�>�;�>�b�X�2¡�·D¼�¹$£[�5�5�f�>�b�;�b�;�>�b£f�J¿
n
§h�2�_�5�5¡&¿

£��_­5�b���5�5¡&¿!�5�b¢;�_°��2­|�������g�5�;�b�J���2���5«
Lp(R

n)
´X�>¬5�5�J�J�

f
�5�_­|���b���5¡x�i�;���G§

�5�5�G�g�>¢;�_�5�5�X���[�5���5�;���J�k·D¼�¹`£(�_�2¡x�G¢;�
�;���>�5�5�G�g�>¢;�_�5�5°"»�5[�J¢;�_�
£��>­a�J¢5�5�a§
�5�f�º��£��_­5�b���5�5�f�º�G¢;�|¬;�b�[���_�g�X�º�;�>�5�b¢;ª�«_��£f�b�bªY�X�g�5�i���b�@±[�[������«_�;�@¬5�>§
�5�5�

Lp(R
n).

5[�b�5�5���q«X���2�_¬;�b�5�5�
���b�5�f�>�5���N�[�[­��g�5�|¦_�;��£f�>�b�5�_¬;�b¨/���;���N�
�5�a±[���5�5�f�>�b�;�b�;�>�b£f���&»
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3��5�;�2�_�a�a�Ã�5�5�_�����;�b«_��£f�b�5�5� ���|�5ª��

(Fg)(ξ) = ĝ(ξ) =
1

(2π)n/2

∫

Rn

g(x) e−i(x,ξ) dx

­��>�;�>�b�X�2�j·D¼�¹G´;�b�;�J¢;��¦_�5¬5�5�k� �>�½´a�5�b¢;�|¬5�;�

{
−(ξ2 + iaξ1)v̂ − iξp̂ = F̂ , F = (∇, v)v + f,

iξv̂ = 0.
(3)

�����;���J¢;ª��5�[�;�b«_�5�_µ[�J��· Àf¹
���b�5�f�>�5�b�>¢;ª��5�
p̂
�
v̂
´5�;�2�_�X�

iξp̂ = −ξ(ξ, F̂ )
ξ2

,

v̂ = − 1

ξ2 + iaξ1
Π̂(ξ)F̂ ,

¦N�g�
(
Π̂(ξ)F̂

)
k
=

n∑

j=1

(
δk,j −

ξkξj
ξ2

)
F̂j .

3��f�G¢;�x�5�5�;�2�_�5�_�5�a�j�����;�b�b�5��¦_���5�5�_�����;�b«_��£f�b�5�a� ���|�5ª��x�5�b¢;�|¬;�b�X���|�;�b£b§
�5�_�5�a�i�;¢5�k���5�5�G�g�>¢;�_�5�a�

v
�
p
�

v = R((∇, v)v + f), (4)

∇p = −(I −Π)((∇, v)v + f),
£�­|���b���5¡&¿

R = −F
−1 Π̂(ξ)

ξ2 + iaξ1
F , Π = F

−1Π̂(ξ)F .

D �5�_�;�b�b���5¡ R∂α
�
Π
���_�g�X���5���5�;���b�bªj­a�b­��2�X¢;ªJ�b�5�a¢;�5­a�b�b���5¡Â�5�5�>§

�����;�b«_��£f�b�5�a� ���|�5ª���» ��«]�b�_���5�X�����2�X¢;ªJ�b�5�a¢;�5­a�b�b���;�J¿i� ¼@�;£�¡]�b�_­a�b�_�@´b¬5�b�
���5�_�;�b�b���

Π : Lp(R
n) 7→ Lp(R

n)
��¦_�;�b�5�5¬5�_���5�5��¢;¨/���f�

p ∈ (1,∞)
´L�

�;¢5�Ã���5�_�;�b�b���;�
R∂α

�>�5�;�b£��G�;¢;�5£�¡���¯5�_�5­5�k��¦_�;�b�5�5¬5�_�5�5�f�>�b�

‖R∂α‖Lp(Rn)7→Lq(Rn) <∞ (5)
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1 < p 6 q <∞ ´5�_�g��£b¢;�_�b£����f�5¨/���a¿j�5�_�;�b£��_�;�>�b£f���

2− |α|
n+ 1

6
1

p
− 1

q
6

2− |α|
n

, |α| = 0, 1, 2,

0 6
1

p
− 1

q
6

1

n
, α = (1, 0, 0, . . .),

�5�5�
a 6= 0

�
1

p
− 1

q
=

2− |α|
n

, |α| = 0, 1, 2,

�5�5�
a = 0

·¸£��5�f�G¢;�G�g�5�X���>�����b�5��µ��_�5�5� |α| = 0
�b�b¢;ª�­|�[�5�5�

n > 2
¹G»

D ����«_�;�@¬5�;�)¬5�_�5�_« Sp(R
n) (1 < p < ∞)

�5�X�g�5�5�f�>�b�;�b�;�>�b£��k�>�b¢;�_�5���a§
�t�J¢;ª��5¡&¿i�5�b¢;�_°Ã£

Lp(R
n)
´5�5£b¢5�5¨/���_�X�N�k«X���2¡]­a�b�5�5�X�s£

Lp(R
n)
�2�5�@±[�>§

�>�b£f�k£f�>�>¿�Å��5�5�5�b�5¡&¿�¦7¢g�@�g­5�a¿��>�b¢;�_�5���|�t�J¢;ª��5¡&¿��5�b¢;�_°
V (Rn) = {u ∈

C∞
0 (Rn); div u = 0}. D �5�_�;�b�b��� Π �5£b¢5�5�_���N����¦_�;�b�5�5¬5�_�5�5¡x���5�5���_­5�b���5�f��5«
Lp(R

n)
£
Sp(R

n)
»

3��f�>�bª
f
�5£b¢5�5�_���N���J�b­5�;���;���>�5�5�G�g�>¢;�_�5�5�X�&´@¬5�b���|�;�b£��5�_�5�5�!·¸Á|¹"�;�2�_�_�

�5�_µ��_�5�5�
v∈ Sp(R

n)
´J�b��¦N�t�

v
�X�>�bª!�5�_µ��_�5�5�&�>�;�>�b�X�2¡,·D¼�¹G´@�@»J��»J�>�|���X�>�b£��f§

�_���;���>�5�5�G�g�>¢;�_�5�5�
p
�J�b­|����´"¬5�b�k�;¢5�

v
�
p
£�¡]�5�b¢;�a�5�_���N�º·D¼�¹!£��_�2¡x�G¢;�

�;���>�5�5�G�g�>¢;�_�5�5°"».5��_°;�>�b£��5�b�>¢;ª��5�;´f�;¢5�k¢;¨/����¦_���5�b¢5�
ϕ ∈ V (Rn)

�;�2�_�X�

〈R((∇, v)v + f), (∆ + a∂1)ϕ〉 = 〈(∇, v)v + f, ϕ〉.
3���Ä_�b�f�2�i�>�5�;�b£��G�;¢;�5£��[�b�@±[�g�X�>�b£��

〈∆v − a∂1v − (∇, v)v − f, ϕ〉 = 0. (6)

�����b��¦N�t�Ã�5«Y¿|�b�;�b­5�b�_�5�5«X�b¯5�5��¦_�;�@�g�5�_�5�J���;���>�5�5�G�g�>¢;�_�5�a�©· �_�&» ´L�;�b�5�5�a§
�2�_�"´"� ÀJ�¸¹
�G¢;�G�g���_�@´5¬5�b�j�>�|���X�>�b£����_�[�;���>�5�5�G�g�>¢;�_�5�5�

p
�J�b­|����´|¬5�b�

∆v − a∂1v −∇p = (∇, v)v + f.

�����_�_�2���b�5�;�s£Y�5�5�f�>�b�;�b�;�>�b£��
Sp(R

n)
�|�;�b£��5�_�5�5�

v = R(∇, v)v + F, (7)

�5�5�
F ∈Sp(R

n)
���;�b°|�g�X�)�f�G¢;��£��a�"´5�5�5��­|���b���5¡&¿��>�|���X�>�b£��|¨/�j�_¦_�i���J§

¢;¡]�Y·¸�5�Y�5���;�2�@¹
�5�_µ��_�5�a�"»���«���¯5�_�5��­

‖R(∇, v)v‖Sp(Rn) 6 cpq‖v‖2Sq(Rn),
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�� ����� � � � � � � � �_Á�F
�>�5�;�b£��G�;¢;�5£�¡&¿j�5�5�

1 < p, q <∞ ´
q > 2

´

1

n+ 1
6

2

q
− 1

p
6

1

n

�5�5�
a 6= 0

�
2

q
− 1

p
=

1

n
�5�5�

a = 0
�5�b¢;�|¬;�b�X�&´f¬5�b�[���5�_�;�b�b���

Rv = R(∇, v)v �g�_°;�>�b£����_��£�¢;¨/���f��5�5�f�>�b�;�b�;�>�b£��
Sp(R

n)
�5�5�Ã£�¡]�5�b¢;�5�_�5�5�k�f�G¢;��£��5°

2 < p 6 3, n = 2; n 6 p 6 n+ 1, n > 2

�5�5�
a 6= 0,

�
p = n, n > 2

�5�5�
a = 0

�j�;¢5�Ã�|­a�b«X�b�5�5¡&¿
p
£��_�5�5¡��5�_�;�b£��_�;�>�b£f�

‖R(∇, v)w‖Sp(Rn) 6 cp,n‖v‖Sp(Rn)‖w‖Sp(Rn), (8)

‖R(∇, v)v −R(∇, w)w‖Sp(Rn) 6

6 cp,n(‖v‖Sp(Rn) + ‖w‖Sp(Rn))‖v − w‖Sp(Rn),
(9)

¦N�g��­|���;�>�J�b�5�b¡
cp,n

�5�(«X�b£��;�N�5�������5�b¢;�_°
v
´
w.

�&� )�? ��� - $&% � ����� � ��� ����� ������� � � � � � ��� �;���
Rpn

�"	�� � 
�
 � ��� 
 � ���	� !����� 	 ���
F
� � � � ����� ‖F‖Sp(Rn) 6

1
2Rpn

� 
 � ���	�
���	�
(7)

��� ����� � 	 ��� � �����
� !� � � 
 �
���
���	� � � � 
 � {v; ‖v‖Sp(Rn) 6 Rpn}

�
 ��� � 
 � � � �����

Sp(R
n)

�
 �

� � ��&
p
�������'&	�"	�� � �

2 < p 6 3, n = 2; n 6 p 6 n+ 1, n > 2

�
 �

a 6= 0

�

p = n, n > 2

�
 �

a = 0.

C
�
£��|�g�²�5�_�;�b£��_�;�>�b£ · �f¹G´�· �f¹¾¢;�_¦_­|���f�>�J�b�;�b£b¢;�5£f�b�_���N�"´�¬5�b� �5�5�

Rpn = 1
4cpn

���5�_�;�b�b���
v 7→ R(∇, v)v + F

�5�5�¶£�¡]�5�b¢;�5�_�5�5�¶�f�G¢;��£��a�

‖F‖Sp(Rn) 6
1
2Rpn

�>�@¿a�;�b�a�5�_�jµ[�b� ‖v‖Sp(Rn) 6 Rpn
���5£b¢5�5�_���N��£k�5�X�

�N±Y�;���b¨/���;�s���5�_�;�b�b���5�f�&»
B

�)­a�@¬5�X�>�b£��!�G¢;�G�t�>�b£��a�k�5«!�b�_���5�X�2¡®�!�5�b¢;�|¬;�b�X�¾�G¢;�G�g�|¨/���5°k�5�_«_�X¢;ªb§
�J�b���Y�>�|���X�>�b£���£f�b�5�5�k���J¢;¡&¿i�5�_µ��_�5�5°Ã�|�;�b£��5�_�5�a��·¸Á|¹G»
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�
 �
a = 0

�
1) f = g

�
g ∈ Ln

3
(Rn)

�
n > 3 (

2) f =
∑

j ∂j gj
�
gj ∈ Ln

2
(Rn)

�
n > 2 (

3) f =
∑

i,j ∂i ∂j gij
�
gij ∈ Ln(R

n)
�
n > 2 (
�
 �

a 6= 0
�

1) f = g
�
g

�
 ���&� 	 �	� � �;� �
	 � � � � � � 
�
 ��� � 
 � � � ���

Lq(R
n)

�
 �

q ∈
[
n
3 ,

n+1
3

] �
n > 3

(
q ∈

(
1, 43
] �
n = 3

) � �
p � �
	 � � � �%	 � � �
�;��� 	 � ���	� !��� � 
 ����� �'& �	� 
 � ���
� � ��� �

max

(
1

n+ 1
,
1

q
− 2

n

)
6

1

p
6 min

(
1

n
,
1

q
− 2

n+ 1

)
;

2) f =
∑

j ∂jgj
�
gj

�
 ���&� 	 �	� � �;� �
	 � � � � � � 
�
 ��� � 
 � � � ���

Lq(R
n)
�
 �

q ∈
[
n
2 ,

n+1
2

] �
n > 2

(
q ∈ (1, 3

2 ]
�
n = 2

) � �
p � �
	 � � � � 	 � � �
�;�

� 	 � ���	����� � 
 ����� �'&��	� 
 � ���
� � ��� �

max

(
1

n+ 1
,
1

q
− 1

n

)
6

1

p
6 min

(
1

n
,
1

q
− 1

n+ 1

)
;

3) f =
∑

i,j ∂i∂jgij
� � 	 �

gij

�
 ���&� 	 �	� � �;� �
	 � � � � � � 
�
 ��� � 
 � � � ���

Lq(R
n)

�
 �

q ∈ [n, n + 1]
�
n > 2 (q ∈ (2, 3]

�
n = 2)

�
p = q

� � � !
� 	 � 	 ��� ��� � 	 ��� � � � 
 � 
 ��	 � � �	�
����� & � ���"	.�.�
� � ����� � ��� ����� ����� � � 	 � � !� �

Np,q,j,a > 0
�(�)� � � � 
 � �

j � � � � � 
 � ���"	.� �;� 	�� � 
�
 �"��� 
 � ���	�
�����
� � � � ����� ‖g‖Lq(Rn) 6 Np,q,1,a

� � ���"	.�.�
1 ( maxj ‖gj‖Lq(Rn) 6 Np,q,2,a

�
� ���"	.�.�

2 ( maxi,j ‖gij‖Lq(Rn) 6 Np,q,3,a
� � ���"	.�.�

3 (
� 
 � ���	�
���	�

(4)
��� �����

�=� � � � 
 �
���
���	��� 
�
 ���&� 	 �	� � ������� 
�
 ��� � 
 � � � ��� �
Sp(R

n)
� �����$��� ����� �

p
�

C
�"�_���5�X���)¼�£�¡]�b�_­a�b�_� �5�_�5�f�>�5�G�t�>�b£��_�5�5� �5«��b�_���5�X�2¡ ��´
�J�b­©­a�b­

£�£��|�g����¯5�_�5­5�©· F�¹(�5�5�s�|­a�b«X�b�5�5¡&¿��f�G¢;��£��a�a¿��;�
f
´LÅ��|�5­5¯5�a�

Rf
�5�5�a§

�;�@�;¢;�>±Y�5���5�5�f�>�b�;�b�;�>�b£��
Sp(R

n)
»
B

� + � � � ,�)�, � / -1? ���¾�f�L� > � ? � |x| 7→ ∞
���>¢;ª�¨²�t�b�5�5��¦_���;�b�;�b¦_�;��Å(�i�5£b¢5�5�_���N�¾�;�_�G¢;�G�g��£f�b�5�5�j���>�;�2�5�b���b�5¬5�>§

�>­|��¦_�(�5��£��G�g�_�5�a�Y�5�5� |x| 7→ ∞ �5�_µ��_�5�a�i�>�;�>�b�X�2¡ �(�b£�ª��
¤ E �b��­a�_� v �5«�5�5�f�>�b�;�b�;�>�b£
Sn(R

n)
�5�5�

a = 0
»

¥
�_�g�X���;���_�_���b�b�5�5£f�b�bªY�G¢;�|¬;�b°��
f ∈ C∞

0 (Rn)
» E ��¦7¢g���>�5�[�b�_���5�X��������5�_¦_�X¢5�5�5�5�f�>�b�Ã�5«j� Áb�`�5�5�

a = 0, n > 4
�;¢5�Ã�5�_µ��_�5�a�

v ∈ Sn(R
n)
�;�2�_¨/�

�2�X�>�b�j£�­a¢;¨/¬5�_�5�a���
∂αv ∈ Sq(R

n)
´g¦N�g�

q > n
n−2

´g�X�G¢;� |α| = 0
�
q > n

n−1

´
�X�G¢;� |α| = 1

�
q > 1

´a�X�G¢;� |α| > 2
»



� ������� � �&� 
 ��� � 
 �
���
����� � � � � � � � 
�� ����� � � � � � � � �_Á��
��«¾Ä_�b�a¿,��¯5�_�5��­,£�£��|�g�©�b�_���5�X� £b¢;�@±[�_�5�a�©�;¢5�¶�>�����b¢;�_£f�>­5�a¿©�5�5�b§

�>�b�;�b�;�>�b£�� F@�`�5�b¢;�|¬;�b�_���N�"´5¬5�b�
v ∈ C∞(Rn)

�
∂αv(x) 7→ 0

�5�5� |x| 7→ ∞�;¢5�Ã£f�>�>¿ |α| = 0, 1, 2, . . .5�¢5�¾�5�b¢;�|¬5�_�5�a� ���>�;�2�5�b���b�5¬5�X�>­5�a¿���¯5�_�5��­¾�;�>�5�b¢;ª�«_���X���5�5�b�_¦_�;�J¢;ªb§
�5�����|�;�b£��5�_�5�5�

v = R(∇, v)v +Rf. (10)
4 ���2�_�b�;�&´t¬5�b�

R
�5£b¢5�5�_���N�����5�_�;�b�b���5�f�º�>£��_�5�b­5�����X�g�5���5�X�g�5��°��>�b�>§

�5�_�5�
n− 2

���b�b�5�5¯5�_°a§hÅ��|�5­5¯5�5�_°

Hi,j(x) = −F
−1

[(
δi,j −

ξiξj
ξ2

)
1

ξ2

]
.

3���Ä_�b�f�2�j�|�;�b£��5�_�5�5��·8���f¹
�2�@±Y�5���5�5�G�t�>�J�b£��5�bªY£�£��|�g�

vi(x) =

∫

Rn

∂kHi,j(x− y) vk(y) vj(y) dy + Fi(x), i = 1, . . . , n,

Fi(x) =

∫

Rn

Hi,j(x− y) fj(y) dy,

¦N�g�$�5�/�5��£��b���f�5¨/���;���N�(�5�|�g�_­a�_���Ã�5�5��£��X�g�5���N�(�>�a���2�5�5��£f�b�5�5�$���
1
�g�
n
»

3��b¢;�
F (x)

£�£��|�g�j­|�f�2�;�b­5�b�5�f�>�b�Ã�5�f�>�5�b�>¢5�
f(x)

�5�5�k�g�f�>�J�b�b��¬5�5�����b¢;ªb§
µ��a¿ |x| �;�b«>¢g�b¦>�b�_���N�i£��f�|�

F (x) =

∞∑

|α|=0

F (α)(x),

£�­|���b���5�f�

F
(α)
i (x) =

∫

Rn

∂αHi,j(x)(−y)α
α!

fj(y) dy

���5�5�G�g�>¢;�_�5¡��;�
Rn\{0} �Ã�5�5� |x| 7→ ∞

F (x)−
m∑

|α|=0

Fα(x) = O
(
|x|−n−m+1

)
, (11)

£�¬;���>�b�5�f�>�b�"´
F (x) = O

(
|x|−n+2

)
. (12)

3��5�G�g£f�b�5�5�b�>¢;ª��5�[�f�>�J�b�5��£��;� �5�_­|���b���5¡]� 
@«X�b�b�;�b£���¬5�5¡]� ����¯5�_�5­5�"»



�_Á � �9�$� � � � � �������
������� - $&% � 
 �

a = 0
�
n = 3

�
F (0) = 0

|v(x)| 6 c|x|−2;


�
 �
a = 0

�
n > 4

|v(x)| 6 c|x|−n+2.

C
3��f�>�bª

a = 0
´
n > 4

»�5�¢5�
v(x)

�5�5���g�f�>�J�b�b��¬5�5�/���b¢;ª�µ��a¿ |x| �;�2�_�X���¯5�_�5­5�

|v(x)| 6 c

( 3∑

j=1

Jj(x) + |x|−n+2

)
,

£�­|���b���5��°

Jj(x) =

∫

Dj

1

|x− y|n−1
|v(y)|2 dy,

D1 =

{
|y| < |x|

2

}
, D2 =

{
|y| > |x|

2

}⋂
{|y − x| < 1} ,

D3 =

{
|y| > |x|

2

}⋂
{|y − x| > 1} .

5�¢5���5�5�b�_¦_�;�J¢;��£����|¬5�_�b�f�³�b��¦_�;´
¬5�b�
v ∈ Sp(R

n)
�5�5�

p > n
n−2

´
�5�b¢;�|¬;�b�X� ��¯5�_�5­5�

J1(x) 6
c

|x|n−1

∫

|y|< |x|
2

|v(y)|2 dy 6

6
c

|x|n−1

( ∫

|y|< |x|
2

|v(y)|2p dy
)1/p( ∫

|y|< |x|
2

dy

)1/q

,

¦N�g� 1
p + 1

q = 1
»

D ���>¨
�t���G¢;�G�g���_�@´5¬5�b�

J1(x) 6
cε

|x|n−1−ε
, (13)

¦N�g�
ε = 0

�5�5�
n > 5

�
ε > 0

�>­|�b¢;ª[�|¦_�X�g�5�����J¢;�Y�5�5�
n = 4

»

J2(x) 6 sup
|y|> |x|

2

|v(y)|2
∫

D2

1

|x− y|n−1
dy 6 c · sup

|y|> |x|
2

|v(y)|2, (14)



� ������� � �&� 
 ��� � 
 �
���
����� � � � � � � � 
�� ����� � � � � � � � �_Á �

J3(x) 6

∫

|y|> |x|
2

1

(|x− y|+ 1)n−1
|v(y)|2 dy 6

6

( ∫

|y|> |x|
2

1

(|x− y|+ 1)(n−1)p
dy

)1/p( ∫

|y|> |x|
2

|v|2q dy
)1/q

.

5�¢5� �N¿f�X�g�;�2�f�>�b���5�_�5£���¦_�Ã�5�5�b�_¦_�;�J¢g���5�f±Y�5�;´`¬5�b����¡
(n − 1)p > n

´
�5��Ä_�b�f�2�

1

q
= 1− 1

p
> 1− n− 1

n
=

1

n
,

�@»5��»
q < n

»
�`�b­�­a�b­

q
�2�@±Y�5��£�¡]���;�b�bªY�>­|�b¢;ª[�|¦_�X�g�5�[�b¢;�5«_­5�;�s­

n
´5�b�

J3(x) 6 c · max
|y|> |x|

2

|v(y)|l, (15)

¦N�g�
l
¢;¨/������´5�2�_�5ª�µ��_�

2− 1
n−2

»
�(�>�5�b¢;ª�«_�b���f�>�J�b�5��£b¢;�_�5�5¡]�q��¯5�_�5­5�[�5�5�b�_¦_�;�J¢;��£�·8�XÀf¹DÇT·8� F�¹G´@�5�b¢;�|¬;�b�X�

max
|y|>|x|

|v(y)| 6 c
(

max
|y|> |x|

2

|v(y)|l + |x|−n+2
)
. (16)

5�¢5���t�J¢;ª��5�_°5µ��a¿���¯5�_�5��­��;�>�5�b¢;ª�«_���X�i¢;�X���2�(À5» À]�5«q�;�b�����b¡º� F@�½´XÅ����a§
�2�X¢;�5�5��£�­a�[­|���b���5��°i�5�5�5£��X�g�5���N�k�5�a±[�!�;¢5�Ã�5�b¢;�5���b¡��5«>¢;�@±[�_�5�a�"»

������� -@:;% � � � ���
f(t)

�
ϕ(t)

�	� � � 
 ���&��� �
������� � �	� 
�
 � 
 � ����� ��� � !� � � � ��� � � � � ������� �	� � ����������� �&�
[1,∞]

��� 	 � ���	����� � 
 ����� �	� � � � � �������

f(t), ϕ(t) 7→ 0

�
 �

t 7→ ∞,

f(t) 6 δf(2t), δ > 1,

ϕ(2t) 6 cϕl(t) + f(2t), l > 1.
� ��� 	 � � ����� � ��� �����

γ > 0
����� � ��� 	�� �

ϕ(t) 6 γf(t)
�

3��b¢g�b¦>�J�
f(t) = max|y|>t |v(y)|

´
ϕ(t) = t−n+2 ´a�5«(��¯5�_�5­5�¾·8���f¹q�5�b¢;�f§

¬;�b�X�&´a¬5�b�
|v(x)| 6 c|x|−n+2. (17)

�q�G¢;�
n = 3

´
F (0) = 0

´L�b�
F ∈ Sp(R

3)
�5�5�

p > 3
2

»93��5�5£��G�g�_�5�5¡]�
£�¡]µ����;���_�>�f±[�g�_�5�a�k�5�5�@¿f�X�;�5���Ã£�Ä_�b�f���G¢;�|¬;�b���Ã�5�5�5£��X�;�5�[­Ã��¯5�_�5­|�

|v(x)| 6 c|x|−2. (18)



� F � �9�$� � � � � �������
�����_�_�2���b�5�;�s�5�5�b�_¦_�;�J¢

J(x) =

∫

R

∂kHi,j(x− y) vk(y) vj(y) dy

�Ã�5�5�G�t�>�J�b£��;� �_¦_��£�£��|�g�

J(x) =

m∑

|α|=0

(
J (α)(x) +R(m)(x)

)
, (19)

¦N�g�

J
(α)
i (x) =

∂k∂
αHi,j(x)

α!

∫

Rn

(−y)α vk(y) vj(y) dy,

R
(m)
i (x) =

∫

Rn

(
∂kHi,j(x− y)−

−
m∑

|α|=0

∂k∂
αHi,j(x)

α!
(−y)α

)
vk(y) vj(y) dy

(20)

�
m
£�¡]���;�b�5�[�J�b­"´a¬5�b����¡Â�>�|���X�>�b£���£f�J¢;�i�2�f�2�_�5�b¡

∫

Rn

yαvk(y) vj(y) dy.

�
£��|�g�¾��¯5�_�5­5�,·8� �b¹����>�a���2�5�5���X�2�f�>�b�
v(x)

�>���>�b�_�5�_�5ª�¨
p > n

n−2�5�b¢;�|¬;�b�X� |α| <
(
2− n

n−2

)
(n− 2) = n− 4

» E ¢;�G�g��£f�b�b�>¢;ª��5�;´ m = n− 5
»

�Â�G¢;�|¬;�b�
n = 4

´
m = −1

´;Ä_�b�i��«_�;�@¬;�b�_�Y�����>�|���>�b£��5���5�_�5£���°��>�a���2¡
£�·8� �f¹G».5�¢5�Ã�f�>�J�b�b­a�

R(m)(x)
�;�2�_�X����¯5�_�5­5�

∣∣R(m)(x)
∣∣ 6

3∑

j=1

∣∣R(m)
j (x)

∣∣,

¦N�g�
R

(m)
j (x)

���5�5�G�g�>¢;�_�5¡��5�5�b�_¦_�;�J¢g���2��£��|�t�Ã·D¼ �f¹G´5£Y­|���b���5¡&¿
Rn «X���2�>§

�a�5�_���N�k�;�����b¢g���>�bª
Dj
».5�¢5�Ã�f�>�J�b�b­|��£��>�5�;�b£��G�;¢;�5£�¡©��¯5�_�5­5�

∣∣R(m)
1 (x)

∣∣ 6 c

|x|2n−5

∫

|y|< |x|
2

|y|m+1|v(y)|2 dy 6
c

|x|2n−5
ln |x|, n > 4,

∣∣R(m)
2 (x)

∣∣ 6 c

|x|2n−4
,



� ������� � �&� 
 ��� � 
 �
���
����� � � � � � � � 
�� ����� � � � � � � � � Fa�

∣∣R(m)
3 (x)

∣∣ 6 c

( ∫

|y|> |x|
2

1

(|x − y|+ 1)n−1
|v(y)|2 dy+

+
m∑

|α|=0

1

|x|n−1+|α|

∫

|y|> |x|
2

|y||α|−2n+4 dy

)
.

5�¢5�k�5�_�5£���¦_�[�5�5�b�_¦_�;�J¢g��£��_�5�;����¯5�_�5­a�Ã·8� F�¹G´a�5��Ä_�b�f�2�

∣∣R(m)
3 (x)

∣∣ 6 c

(
max

|y|> |x|
2

|v(y)|l + 1

|x|2n−5

)
,

¦N�g�
l < 2− 1

n−2

» E ¢;�G�g��£f�b�b�>¢;ª��5�;´
∣∣R(m)

3 (x)
∣∣ 6 c

|x|2n−5−ε
,

¦N�g�
ε > 0

�>­|�b¢;ª[�|¦_�X�g�5�����J¢;�;»
�©�5�_«_�X¢;ªJ�J�b�b�(�>�5�;�b£��G�;¢;�5£f�
�&� )�? ��� - � % � � � ���

a = 0
�
n > 4

� � ��� 	 � ��
�
 � ��� 	 ����� � � � ��� 
 � � � � !
	�� � � � � 
�
 � 	 � ��� ���	�
���	�

vi(x) =

m∑

|α|=0

∂k∂
αHi,j(x)

α!

∫

Rn

(−y)α vk(y) vj(y) dy+

+

m+1∑

|α|=0

∂αHi,j(x)

α!

∫

Rn

(−y)αfj(y) dy +O

(
1

|x|2n−5−ε

)
,

� 	 �
ε > 0

� � � ��� � � �
	 � � �=� � � �
m = n−5


�
 �
n > 5

��� 
�
 �
n = 4


 � 
 ��� �
� ���9�=� � � � �;� � ��� ����� �
�x�;�J¢;��¦_�5¬5�5¡x�s�����;�b«_�f�¾�;�_�G¢;�G�g���_���N�Ã�G¢;�|¬;�b°

n = 3
»

�&� )�? ��� - ��%�� � � ���
a = 0

�
n = 3

� ∫
R3 fj(x) dx = 0

�
j = 1, 2, 3.

� ��� 	 �
��
�
 � ��� 	 ����� � � � ��� 
 � � � �"	�� � � � � 
�
 � 	 � ��� ���	�
���	�

vi(x) = ∂kHi,j(x)

∫

R3

vi(y)vj(y) dy+

+
∑

|α|=1

∂αHi,j(x)

∫

R3

(−y)αfj(y) dy +O

(
1

|x|3−ε

)
,

� 	 �
ε > 0

� � � ��� � � �
	 � � �=� � � �
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� �;�b�����b�
�;�>�5�b¢;ª�«_�|¨/���N���G¢;�G�g�|¨/���5�]������«_�;�@¬5�_�5�a���_�;¢5���2�_�b�5�5¬5�X�>­|�b§
¦_�/�5�5�f�>�b�;�b�;�>�b£f�	��´@�X�G¢;�

x, y ∈ ��´ U,U1 ⊂
��´@�b�

ρ 
 [x; y]
¤Â�;���_�>�b�@�5�5�5�

�2�>±[�g���b��¬5­a���2�
x
´
y
£(�5�5�f�>�b�;�b�;�>�b£���� �

ρ 
 [x;U ]
¤®�;���_�>�b�@�5�5�5�&�����b��¬a§

­5�
x
�g�!�2�5�@±[�X�>�b£f�

U
�
h+
 [U1;U ] ≡ supx∈U1

ρ 
 [x, U ]
¤,�5�b¢;�����b­a¢;���5�_�5�5�

�5� �!�@�f�:�g���;Å��k���
U
�g�

U1
�
h 
 [U1;U ] = max{h+
 [U1;U ];h+
 [U ;U1]}

¤
�;���_�>�b�@�5�5�5�¾�5� �!�@�f�:�g���;Å����2�>±[�g�Â�2�5�@±[�X�>�b£f���2�

U1
�
U
�
Rn ¤

n
§

�2�_�5�5�����5�5�f�>�b�;�b�;�>�b£���£��_­5�b���a§h�>�b�b¢;��¯5��£��©�_£�­a¢;�|�g��£���°³�5���;�2��° | · | �� :�¯
�
[Rn]

¤��2�5�@±[�X�>�b£��!£f�>�>¿��5�_�5�f�>�b¡&¿���¦_�;�b�5�5¬5�_�5�5¡&¿�«X���2­5�5�|�b¡&¿��5�X�;§
�2�5�@±[�X�>�b£��5�5�f�>�b�;�b�;�>�b£f�

Rn ��� :�«=¦ [Rn]
¤ �2�5�@±[�X�>�b£���£f�>�>¿©�5�_�5�f�>�b¡&¿

��¦_�;�b�5�5¬5�_�5�5¡&¿Y«X���2­5�5�|�b¡&¿Y£�¡]�5�|­a¢;¡&¿Y�5�X�t�2�5�@±[�X�>�b£��5�5�f�>�b�;�b�;�>�b£f�
Rn �

µ
¤��2�_�;� 	(�_���_¦>�/�;�

R
�
U ⊂ R

¤®�5«X�2�_�5�;�2���]��¦_�;�b�5�5¬5�_�5�5���]�2�5�@±[�X�>�b£��
�j�2�_�5��°

µ(U ) > 0
��� n

∞(U )
¤ �5�5�f�>�b�;�b�;�>�b£����5«X�2�_�5�;�2¡&¿¾��¦_�;�b�5�5¬5�_�a§

�5¡&¿s£��>�|���X�>�b£��_�5�5�f�®Å��|�5­5¯5�5°
x : U → Rn �i�5���;�2��° ‖x‖ � n

∞(U ) =
vraisup{|x(t)| : t ∈ U } ��� n(U )

¤ �5�5�f�>�b�;�b�;�>�b£��i�>�a���2�5�5���X�2¡&¿�Å��|�5­a§
¯5�5°

x : U → Rn ���5���;�2��° ‖x‖ � n(U ) =
∫

U
|x(s)| ds ��� 1

+(U )
¤ �2�5�@±[�>§

�>�b£����5�_���b�5�5¯;�b�b�>¢;ª��5¡&¿kÅ��|�5­5¯5�5°k�5�5�f�>�b�;�b�;�>�b£f�
� 1(U )
�
Sw(

� n(U ))
¤

�2�5�@±[�X�>�b£��x£f�>�>¿��5�_�5�f�>�b¡&¿���¦_�;�b�5�5¬5�_�5�5¡&¿�«X���2­5�5�|�b¡&¿�£�¡]�5�|­a¢;¡&¿(�5�/�5�>§
�5�_­a¢;¨/¬5�_�5�5¨¶�5�X�t�2�5�@±[�X�>�b£��5�5�f�>�b�;�b�;�>�b£f�
� n(U )

»



� FJÁ ������� 
�
 � ��� � ��!��
3��f�>�bª

tk ∈ [a, b]
´
k = 1, 2, . . . ,m (a < t1 < . . . < tm < b)

¤ ­|���5�_¬a§
�5¡]°��;�b����� �b��¬5�_­"» D ����«_�;�@¬5�;�Â¬5�_�5�_« ˜� n

[a, b]
�2�5�@±[�X�>�b£���£f�>�>¿¾�5�_�5�5�>§

�5¡]£��5¡&¿[�;�(­a�J±[�g�f���5«x�5�5�f�2�>±Y�|�b­|��£
[a, t1], (t1, t2], . . . , (tm, b]

��¦_�;�b�5�a§
¬5�_�5�5¡&¿�Å��|�5­5¯5�5°

x : [a, b] → Rn,
�;�2�_¨/���a¿��5�5�G�g�>¢;¡¶�>�5�;�b£f��£j�b��¬5­a�J¿

tk, k = 1, 2, . . . ,m,
�!�5���;�2��° ‖x‖˜

� n
[a,b] = sup{|x(t)| : t ∈ [a, b]} »3��f�>�bª

Ξ
¤ �2�_�b�5�5¬5�X�>­|���Â�5�5�f�>�b�;�b�;�>�b£��;» � �5�f�>�bª²���b�����;�J±[�_�5�5�

f : [a, b]× Rn × Rm × Ξ → Rn �_�g��£b¢;�_�b£����f�5�_�[�f�G¢;��£��a�;� �
�@¹]�5�5��­a�J±[�g�f�ºÅ��5­a�>�5�5��£f�b�5�5�f�

(x, u, ξ) ∈ Rn × Rm × Ξ
Å��|�5­5¯5�a�

f(·, x, u, ξ) �5«X�2�_�5�;�����5� 	(�_���_¦_�	�¼�¹
�5�5�Ã�5��¬5�b�Ã£f�>�>¿
t ∈ [a, b]

���b�����;�J±[�_�5�5�
f(t, ·, ·, ·) �5�_�5�5�_�5¡]£��5���Àf¹
�;¢5��­a�J±[�g��¦_�Y��¦_�;�b�5�5¬5�_�5�5��¦_�j�2�5�@±[�X�>�b£f�
W ⊂ Rn × Rm × Ξ

�>�f§
���X�>�b£����_�Y�>�a���2�5�5���X���J��Å��|�5­5¯5�a�

mW : [a, b] → [0,∞),
¬5�b�Y�5�5���5��¬5�b�

£f�>�>¿
t ∈ [a, b]

�Ã£f�>�>¿
(x, u, ξ) ∈ W

£�¡]�5�b¢;�a�5�_���N�k�5�_�;�b£��_�;�>�b£��

|f(t, x, u, ξ)| 6 mW (t).

3��f�>�bª �J�b­a±[���2�5��¦_��«_�;�@¬5�5�������b�����;�J±[�_�5�5�
U : [a, b] × Rn × Ξ →

comp[Rm]
���b¢g�@�t�b�_���>£���°;�>�b£f���2���

Á|¹
�5�5�Ã­a�J±[�g�f�
(x, ξ) ∈ Rn × Ξ

���b�����;�J±[�_�5�5�
U(·, x, ξ) �5«X�2�_�5�;�2���F�¹!�5�5�¾�5��¬5�b�¾£f�>�>¿

t ∈ [a, b]
���b�����;�J±[�_�5�5�

U(t, ·, ·) �5�_�5�5�_�5¡]£��5���5��!�@�f�:�g���;Å��	�
�f¹"�;¢5��­a�J±[�g��¦_����¦_�;�b�5�5¬5�_�5�5��¦_���2�5�@±[�X�>�b£f�

V ⊂ Rn×Ξ
�>�|���X�>�b£����_�

�J�b­a�J��­|���;�>�J�b�5�J�
mV ,

¬5�b�Ã�5�5���5��¬5�b��£f�>�>¿
t ∈ [a, b]

��£f�>�>¿
(x, ξ) ∈ V£�¡]�5�b¢;�a�5�_���N�k�5�_�;�b£��_�;�>�b£��

max
u∈U(t,x,ξ)

|u| 6 mV .

�����_�_�2���b�5�;�Ã�|�5�;�b£b¢5�5�X�2�|¨ �>�;�>�b�X�2��´_«X�b£��;�N�5���|¨¾���]�;�b�;���2�_�b�;�5´_��«X�J§
�;�b«G�g¡]£f�b�5�5�X�¾�Ã�;�2�5�X¢;ªf�>�5¡x�2��£���«G�g�_°;�>�b£��a�;�2�

ẋ(t) = f(t, x[p(t)], u(t), ξ), x[p(t)] = ϕ(t),
�X�G¢;�

p(t) < a, t ∈ [a, b],

u(t) ∈ U(t, x[g(t)], ξ), x[g(t)] = ψ(t),
�X�G¢;�

g(t) < a,
(1)

∆(x(tk)) = Ik(x(tk), ξ), k = 1, . . . , p, (2)

x(a) = x0, (3)
¦N�g�

ξ ∈ Ξ
´
x0 ∈ Rn ´X�5«X�2�_�5�;�2¡]�$�5�/¥
���5�>¢;¨sÅ��|�5­5¯5�5� ϕ : (−∞, a) → Rn ´

ψ : (−∞, a) → Rn ��¦_�;�b�5�5¬5�_�5¡(´&� �5«X�2�_�5�;�2¡]���5� 	(�_���_¦_�)Å��|�5­5¯5�5�
p : [a, b] → R

´
g : [a, b] → R

�;¢5�)¢;¨/����¦_�
t ∈ [a, b]

�_�g��£b¢;�_�b£����f�5¨/�
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 � ��� � ��� & � � � � � � � F�F
�5�_�;�b£��_�;�>�b£f���

p(t) 6 t
´
g(t) 6 t

» D �b�����;�J±[�_�5�a� Ik : Rn × Ξ → Rn,
k = 1, 2, . . . , p

´X�5�_�5�5�_�5¡]£��5¡(´
∆(x(tk)) = x(tk+0)−x(tk), k = 1, 2, . . . , p

»
3��f�>�bª

τ ∈ [a, b]
» D �5�5�G�g�>¢;�;�s�5�_�5�5�_�5¡]£��5¡]�(���5�_�;�b�b���5¡

Pτ : ˜� n
[a, τ ] → � n

∞[a, τ ], Gτ : ˜� n
[a, τ ] → � n

∞[a, τ ]

�;�b£��_�;�>�b£f���2�

(Pτx)(t) =

{
x[p(t)],

�X�G¢;�
p(t) ∈ [a, τ ],

ϕ[p(t)],
�X�G¢;�

p(t) < a;
(4)

(Gτx)(t) =

{
x[g(t)],

�X�G¢;�
g(t) ∈ [a, τ ],

ψ[g(t)],
�X�G¢;�

g(t) < a.

3��X���g���5�f�>�b�;�2¡x�)�|�5�;�b£b¢;�_�5�5�X���;�Y���b�5�_«_­|�
[a, τ ] (τ ∈ (a, b])

�>�;�>�b�>§
�2¡ ·8�@¹DÇT· Àf¹(���_�g�X�¶�5���5�;���b�bª��J�b­5�|¨ �5«X�2�_�5�;�2�|¨ �5� 	(�_���_¦_��Å��|�5­5¯5�5¨
u : [a, τ ] → Rm ´b�;¢5�j­|���b���5��°Y�>�|���X�>�b£����_�(­5�f�>��¬5�5�b§½�5�_�5�5�_�5¡]£��;�J��Å��|�5­a§
¯5�a�

x : [a, τ ] → Rn ´;�_�g��£b¢;�_�b£����f�5¨/�[�J�k�5�5��£f�>�>¿ t ∈ [a, τ ]
�5�5�G�t�>�J�b£b¢;�>§

�5�5¨

x(t) = x0 +

t∫

a

f(s, (Pτx)(s), u(s), ξ) ds +
∑

k:tk∈[a,τ ]

χ(tk,b](t) Ik(x(tk), ξ),

¬5�b�Y�5�5�Ã�5��¬5�b�Ã£f�>�>¿
t ∈ [a, τ ]

£�¡]�5�b¢;�a�5�_���N�k£�­a¢;¨/¬5�_�5�5�

u(t) ∈ U(t, (Gτx)(t), ξ).

3(�b�5�
(u, x)

���_�g�X�©�;�b«_¡]£f�b�bªY�g���5�f�>�b�;�2��°��;�k���b�5�_«_­|�
[a, τ ]

» E �;�>�b�>§�2��·8�@¹DÇT· Àf¹
���_�g�X���;�b«_¡]£f�b�bª��|�5�;�b£b¢5�5�X�2��°k�;�2�5�X¢;ªf�>�5��°��>�;�>�b�X�2��°��(Å(�J§
«_��£�¡x�2�i��¦_�;�b�5�5¬5�_�5�a�;�2�i�5���|�5�;�b£b¢;�_�5�5¨,�k«X�b�;�b«G�g¡]£f�b�5�5�X�&´f�5�f�>­|�b¢;ª�­5�
£�¡]�����i�|�5�;�b£b¢;�_�5�a�k«X�b£��;�>�5�[���Y�>�f�>�b�@�5�5�a�k�|�5�;�b£b¢5�5�X�2��¦_�������"�_­5�J�5»

3��f�>�bª!���b�����;�J±[�_�5�5�
F : [a, b]×Rn×Rn×Ξ → � :�¯
�

[Rn]
���5�5�G�g�>¢;�_�5�

�;�b£��_�;�>�b£��f�
F (t, x, y, ξ) = f(t, x, U(t, y, ξ), ξ), (6)

�X�G¢;�
x = y

´a�b�Y­|���5���b­|�[���_�g�X�s�5�;�_�b�bª

f(t, x, U(t, x, ξ), ξ) = F (t, x, ξ).
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�"��¦N�t�5´g£i�>�a¢;�Ã�b�_���5�X�2¡¶���Y�5«X�2�_�5�;�2�f�º£�¡]�����5�Y� ��´t¼@�½´;�|�5�;�b£b¢5�5�X���J�

�>�;�>�b�X���
(1), (2)

���;�@¬;�J¢;ª��5¡x� �>�f�>�b�@�5�5�5�X� · Àf¹YÄ_­5£��5£f�J¢;�_�5�b�;�¾«X�@�t�@¬5�
 ���µ��Y�;¢5�i�g�;Å(Å��_�5�_�5¯5�;�J¢;ª��5��¦_�[£�­a¢;¨/¬5�_�5�a�

ẋ(t) ∈ F (t, (Pτx)(t), (Gτx)(t), ξ), t ∈ [a, τ ], (7)

���;�2�5�X¢;ªf�>�5¡x�2�©£���«G�g�_°;�>�b£��a�;�2�®·D¼�¹��©�;�@¬;�J¢;ª��5¡x���f�G¢;��£��5�X� · Àf¹G´
¦N�g�
���5�_�;�b�b���5¡

Pτ : ˜� n
[a, τ ] → � n

∞[a, τ ], Gτ : ˜� n
[a, τ ] → � n

∞[a, τ ]
���5�5�G�g�>§

¢;�_�5¡,�;�b£��_�;�>�b£f���2��·¸Á|¹G´`· F�¹G´;�>�����b£��_���>�b£��_�5�5�;»
�
­a¢;¨/¬5�_�5�5�¾· �b¹��j�;�2�5�X¢;ªf�>�5¡x�2��£���«G�g�_°;�>�b£��a�;�2��·D¼�¹��s�;�@¬;�J¢;ª��5¡x�

�f�G¢;��£��5�X� · Àf¹����_�g�X�,�;�b«_¡]£f�b�bªk�g�;Å(Å��_�5�_�5¯5�;�J¢;ª��5¡x��£�­a¢;¨/¬5�_�5�5�X�&´L�5�b§
�5�@±[�g�_�5�5¡x�¾�|�5�;�b£b¢5�5�X�2��°j�;�2�5�X¢;ªf�>�5��°k�>�;�>�b�X�2��°�·8�@¹G´T·D¼�¹q�/�;�@¬;�J¢;ª��5¡x�
�>�f�>�b�@�5�5�5�X��· Àf¹G»

D ����«_�;�@¬5�;� H̃(x0, τ, ξ)
�2�5�@±[�X�>�b£���£f�>�>¿�Å(�b«_��£�¡&¿��b�;�b�_­5�b���5�5°

x(t)�|�5�;�b£b¢5�5�X�2��°��;�2�5�X¢;ªf�>�5��°Â�>�;�>�b�X�2¡�·8�@¹G´�·D¼�¹k���;�@¬;�J¢;ª��5¡x���>�f�>�b�@�5�5�a§
�X�,· Àf¹q�;�����b�5�_«_­|�

[a, τ ].����� 	
	�� ����	 �
� D ���2�_�b�;�&´f¬5�b���2�5�@±[�X�>�b£����5�_µ��_�5�5°Y«X�@�t�@¬5�Ã· �b¹G´g·D¼�¹G´· Àf¹&�>��£��;�@�t�b�_�[���2�5�@±[�X�>�b£��f�
H̃(x0, τ, ξ)
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�_�g�X� ¦_��£����5�5�bª;´Y¬5�b���2�5�@±[�X�>�b£��

H̃(x0, τ, ξ)��� ?#�'9 ? �'9�9 � ?
�����������'9 � ;>9 � = �
(x0, ξ) ∈ Rn × Ξ

´T�X�G¢;���;�b°|�g�_���N���J�b­|���
¬5�;�G¢;���

> 0
´5¬5�b���;¢5��£f�N�5­|��¦_�

τ ∈ (a, b]
�5���>�|���X�>�b£����_�

x ∈ H̃(x0, τ, ξ)
´

�;¢5�Ã­|���b���5��¦_�[£�¡]�5�b¢;�a�5�_���N�i�5�_�;�b£��_�;�>�b£�� ‖x‖˜
� n

[a,τ ] >
�a»
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����	��!� 3��f�>�bª
S ⊂ Rn ´ B ⊂ Ξ

» 
��5�@±[�X�>�b£��
H̃(x0, τ, ξ)��� ?#�'9 ? �'9�9 � ?
�����������'9 � � 9�� 9<=���� �'9 � ;�� �'�*� �'9�� ��� ;�� �

S×B ´J�X�G¢;�����5��b�5�5�5���5�5�i��¦_�;�b�5�5¬5�_�5�i£i­a�J±[�g��°��b��¬5­|�[�2�5�@±[�X�>�b£f�
S × B

´t��­|���;�>�J�b�a§
�J���

> 0
£i���5�5�G�g�>¢;�_�5�5� �(�5£b¢5�5�_���N���������_°k�;¢5��£f�>�>¿Ã�b��¬5�_­��5«[�2�5�@±[�>§

�>�b£f�
S ×B

»
�&� )�? ��� - $&% � � � ��� �(� ��� � � ��� �

H̃(x0, τ, ξ)
� 
�
 � � 
 � � ��� 
 � ���"	��
� �

�@� � 	$���
(x0, ξ0) ∈ Rn × Ξ

� � ��� 	 � 	 ���@��� ����� �
τ ∈ (a, b]

�(� ��� � � ��� �
H(x0, τ, ξ0) 6= ∅

� � ����� � ��� ����� ����� � �
ε > 0,
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�
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(1) � (3)
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� � � � � � � ��� 
 � ��� � �*�&���(� ��� � � �����

BRn(x0, ε) × BΞ(ξ0, ε)
� � 	 �

BRn(x0, ε) � � � 
 � 
�
 ��� � 
 � � � �����
Rn � �	�
�;� 
 � � ��� � 	$���

x0

 � 	 ��� � �

ε
�

BΞ(ξ0, ε) � � � 
 � 
�
 ��� � 
 � � � �����
Ξ
� �	�
�;� 
 � �"� � � 	$���

ξ0

 � 	 ��� � �

ε
�
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	�� ����	 �!� Æq�J�j�b�_���5�X���i¦_��£����5�5�j�i�b�f�&´t¬5�b�k�X�G¢;��£i«X�@�t�b�5�5��°
�b��¬5­|�!�;�b�;���2�_�b�;���2�5�@±[�X�>�b£��

H̃(x0, τ, ξ)
�b�5�5�5���5�5�[��¦_�;�b�5�5¬5�_�5�;´f�b�����5�

�b�5�5�5���5�5����¦_�;�b�5�5¬5�_�5���5�5�)£f�>�>¿s«_�;�@¬5�_�5�a�a¿��;�b�;���2�_�b�;���5«��5�_­|���b���5��°
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 � ��� � ��� & � � � � � � � F��
��­5�5�X�>�b�5�f�>�b�iÄ_�b��°k�b��¬5­5�"´a�5�5�5¬5�X� �f�G¢;��£��5�!�b�5�5�5���5�5��°i��¦_�;�b�5�5¬5�_�5�5�f�>�b�
¦>�b�;�b�5�b�5�5���_�x�>�|���X�>�b£���£f�b�5�5�L�g���5�f�>�b�;�2¡&¿(�;�b�i· �5´@�G¢;�G�g��£f�b�b�>¢;ª��5�;´>��Å(�J§
«_��£�¡&¿k�b�;�b�_­5�b���5�5°g¹]«X�@�t�@¬5� ·8�@¹DÇT· Àf¹&�5�5��£f�>�>¿k«_�;�@¬5�_�5�a�a¿Ã�;�b�;���2�_�b�;�Y�5«
�;�b°|�g�_�5�5��°k��­5�5�X�>�b�5�f�>�b�"»
�����
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����	 �!� ¥
�_�g�X�¶¦_��£����5�5�bª;´L¬5�b�����b�����;�J±[�_�5�a�

f : [a, b] ×
Rn × Rm × Ξ → Rn ´ U : [a, b] × Rn × Ξ → comp[Rm]

�¾�;�2�5�X¢;ªf�>�5¡]�
£���«G�g�_°;�>�b£��a�

Ik : Rn×Ξ → Rn, k = 1, 2, . . . , p,
9��%$#��� ���*; � � 9 �'� ;�� 9%�

D��;>9 � = �
ξ0 ∈ Ξ

´5�X�G¢;�
1)
���b�����;�J±[�_�5�a�

f : [a, b]×Rn×Rm×Ξ → Rn ´ U : [a, b]×Rn×Ξ →
comp[Rm]

´T�5�5���5��¬5�b��£f�>�>¿
t ∈ [a, b]

��£f�>�>¿
ξ ∈ Ξ

´
x1, x2, y1, y2 ∈ Rn ´

u1, u2 ∈ Rm �_�g��£b¢;�_�b£����f�5¨/�[�5�_�;�b£��_�;�>�b£f���

|f(t, x1, u1, ξ0)− f(t, x2, u2, ξ)| 6
6 l1(t, ρΞ[ξ0, ξ])|x1 − x2|+ l2(t, ρΞ[ξ0, ξ])|u1 − u2|,

h[U(t, y1, ξ0), U(t, y2, ξ)] 6 l3(t, ρΞ[ξ0, ξ])|y1 − y2|,
¦N�g�YÅ��|�5­5¯5�5�

l1 : [a, b] × [0,∞) → [0,∞)
´
l2 : [a, b] × [0,∞) → [0,∞)

´
l3 : [a, b]× [0,∞) → [0,∞)

�5�5�j­a�J±[�g�f�
ξ ∈ Ξ

�>�a���2�5�5���X�2¡)�5���5�_�5£��f�2�
�b�5¦_�a�2�_�5�b��´|�5�5�5¬5�X�¾�5�5���5«_£��G�g�_�5�5�!Å��|�5­5¯5�5°

l2(t, ρ[ξ0, ξ])
�
l3(t, ρ[ξ0, ξ])�>�a���2�5�5���X�2���

2)
�;¢5�j­a�J±[�g��¦_�

k = 1, 2, . . . , p
�;�b°|�g�_���N�Y�J�b­a�J���5�_�5�5�_�5¡]£��;�J�jÅ��|�5­a§

¯5�a�
Ĩk : R1

+×Ξ → R1
+,
�5�_�|��¡]£f�b¨/�[�J���5���5�_�5£��f�2���b�5¦_�a�2�_�5�b���5�5��­a�J±�§

�g�f��Å��5­a�>�5�5��£f�b�5�5�f�
ξ∈Ξ

�Y�_�g��£b¢;�_�b£����f�5¨/�[�J���;�b£��_�;�>�b£��
Ĩk(0, ξ0)=0,¬5�b�[�;¢5�i¢;¨/��¡&¿

x, y ∈ Rn �Ã­a�J±[�g�f� ξ ∈ Ξ
£�¡]�5�b¢;�a�5�_���N�i��¯5�_�5­a�

|Ik(x, ξ) − Ik(y, ξ)| 6 Ĩk(|x− y|, ξ);

3)
�2�5�@±[�X�>�b£��[�5�_µ��_�5�5°Ã«X�@�t�@¬5�

ẏ(t) = ω(t, y(t), y(t), ξ), ∆(y(tk)) = Ĩk(y(tk), ξ),

k = 1, . . . p, y(a) = γ0

�b�5�5�5���5�5�!��¦_�;�b�5�5¬5�_�5�!£��b��¬5­|�
(γ0, ξ0) ∈ Ξ× [0,∞)

´bÅ��|�5­5¯5�a�
ω : [a, b]×

[0,∞)× [0,∞)× Ξ → [0,∞)
���5�5�G�g�>¢;�_�;�[�;�b£��_�;�>�b£��f�

ω(t, x, y, ξ) = l1(t, ρΞ[ξ0, ξ])x+ l2(t, ρΞ[ξ0, ξ])l3(t, ρΞ[ξ0, ξ])y. (8)

3��f�>�bª����5�_�;�b�b��� ���X�2¡]¯5­|��¦_�

N :
� n
∞[a, b]× � n

∞[a, b]× Ξ → Sw(
� n[a, b]),
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�
 � ��� � ��!��
�5���5�@±[�g�_�5�5¡]°)���b�����;�J±[�_�5�5�X�

F : [a, b] × Rn × Rn × Ξ → � :�¯
�
[Rn]· �_�&»`· �f¹:¹G´5«X�@�t�b�Ã�>�����b�5��µ��_�5�5�X�

N(x, y, ξ) =
{
z ∈ � n[a, b] : z(t) ∈ F (t, x(t), y(t), ξ)

�5�5�Ã�5��¬5�b�Ã£f�>�>¿
t ∈ [a, b]

}
.

¥
�_�g�X���>¬5�5�J�b�bª;´T¬5�b�Ã���b�����;�J±[�_�5�a�
f : [a, b] × Rn × Rm × Ξ → Rn ´

U : [a, b]×Rn×Ξ → comp[Rm]
�(�;�2�5�X¢;ªf�>�5¡]�$£���«G�g�_°;�>�b£��a�

Ik : Rn×Ξ →
Rn, k = 1, 2, . . . , p

���b¢g�@�t�b¨/���>£���°;�>�b£��f�
D
£��b��¬5­|�

ξ0 ∈ Ξ
» ��«i�>£���°a§

�>�b£f�
D
£�¡]�b�_­a�b�_�@´a¬5�b�j�2�5�@±[�X�>�b£��[�5�_µ��_�5�5°Ã£�­a¢;¨/¬5�_�5�a��· �b¹&�!�;�2�5�X¢;ªf�G§

�5¡x�2� £���«G�g�_°;�>�b£��a�;�2��·D¼�¹(� �;�@¬;�J¢;ª��5¡x�,�f�G¢;��£��5�X�²· Àf¹(£�Å��5­a�>�5�5��£f�b�a§
�5��°)�b��¬5­|�

(x0, ξ0) ∈ Rn × Ξ
�b�5�5�5���5�5����¦_�;�b�5�5¬5�_�5�;´q���5�¾�b�_���5�X�2� �

Ä_�b�(��«_�;�@¬;�b�_�@´J¬5�b���2�5�@±[�X�>�b£����5�_µ��_�5�5°��t�b�5�5��°�«X�@�t�@¬5�[�5�]�5�f�>�b�;»�3��f�>�bª
xξ0 : [a, b] → Rn ¤ �5�_µ��_�5�5�Y«X�@�t�@¬5�

(7), (2), (3)
» �"��¦N�t�i�;¢5�¾Å��|�5­5¯5�5�

xξ0 ∈ ˜� n
[a, b]

�;�b°|�g�_���N�¾�J�b­|��°�Ä>¢;�X�2�_�5�
qξ0 ∈ N(Pbxξ0 , Gbxξ0 , ξ0)

´`¦N�g�
���5�_�;�b�b���5¡

Pb : ˜� n
[a, b] → � n

∞[a, b], Gb : ˜� n
[a, b] → � n

∞[a, b]
���5�5�G�g�>§

¢;�_�5¡³�5�5�
τ = b

�;�b£��_�;�>�b£f���2�©·¸Á|¹G´]· F�¹��>�����b£��_���>�b£��_�5�5�;´`¬5�b��Å��|�5­5¯5�a�
xξ0 : [a, b] → Rn �5�5�G�t�>�J�b£��;���[£�£��|�g�

xξ0(t) = x0 +

t∫

a

qξ0(s) ds+

p∑

k=1

χ(tk ,b](t) Ik(xξ0 (tk), ξ). (9)

����� 	
	�� ����	 �!� E ��¦7¢g���>�5���b�_���5�X�2�¾��´$�X�G¢;�º�2�5�@±[�X�>�b£�� H̃(x0, τ, ξ)�b�5�5�5���5�5����¦_�;�b�5�5¬5�_�5��£��b��¬5­|�
(x0, ξ0) ∈ Rn × Ξ

´��b�¾�>�|���X�>�b£����_���J�J§
­|���

δ > 0,
¬5�b� �2�5�@±[�X�>�b£��

H̃(x0, τ, ξ)
�b�5�5�5���5�5����¦_�;�b�5�5¬5�_�5��£¾�>��£��b§

­5�|�5�5�f�>�b���;�Ã�2�5�@±[�X�>�b£��
BRn(x0, δ) × BΞ(ξ0, δ)

»�3���Ä_�b�f�2�Ã�;¢5��¢;¨/����¦_�
ξ ∈ BΞ(ξ0, δ)

�2�5�@±[�X�>�b£��
H̃(x0, b, ξ) 6= ∅

´"� �>�|���X�>�b£����_�Ã�J�b­|���
r > 0,¬5�b� �5�5�º£f�>�>¿

τ ∈ (a, b]
�;¢5�º­a�J±[�g��¦_�

xξ ∈ H(x0, τ, ξ)
£�¡]�5�b¢;�a�5�_���N�

�5�_�;�b£��_�;�>�b£�� ‖xξ‖˜
�
[a,τ ] 6 r

· �_�&»"� ÀJ�¸¹G»
4 ��Å��5­a�>�5�5���X�

ξ ∈ BΞ(ξ0, δ)
» 3��³���5�5�G�g�>¢;�_�5�5¨ �5�_µ��_�5�a� «X�@�t�J§

¬5�¶· �b¹G´/·D¼�¹G´!· Àf¹��;¢5��¢;¨/����¦_�
xξ ∈ H̃(x0, b, ξ)

�>�|���X�>�b£����_���J�b­|���
qξ ∈

N(Pbxξ , Gbxξ , ξ)
´J¬5�b��Å��|�5­5¯5�a�

xξ : [a, b] → Rn �5�5�G�t�>�J�b£��;���/£�£��|�g� (9)�5�5�
ξ0 = ξ
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����	�� � ¥
�_�g�X�º¦_��£����5�5�bª;´g¬5�b�Ã�2�5�@±[�X�>�b£��iÅ(�b«_��£�¡&¿k�b�;�J§

�_­5�b���5�5°"´/�5���5�@±[�g�_�5�5¡&¿,�|�5�;�b£b¢5�5�X�2��°Â�;�2�5�X¢;ªf�>�5��°®�>�;�>�b�X�2��°
(1)
Ç
(3)
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(����;´;�X�G¢;�Ã�;¢5��¢;¨/��¡&¿

v ∈ � n[a, b]
�
η > 0

�>�|���X�>�b£����_�Y�J�b­|���(�5�_µ��_�5�5�
xξη ∈ H̃(x0, b, ξ)

´"¬5�b�k�;¢5��¢;¨/����¦_�Ã�5«X�2�_�5�;�2��¦_���2�5�@±[�X�>�b£f�
U ⊂ [a, b]£�¡]�5�b¢;�a�5�_���N�k�5�_�;�b£��_�;�>�b£��

‖qξη − v‖ � n(U ) 6 ρ � n(U )[v,N(Pbxξη , Gbxξη , ξ)] + ηµ(U ), (10)

¦N�g�
qξη ∈ N(Pbxξη , Gbxξη , ξ)

�5�5�,£f�>�>¿
t ∈ [a, b]

�_�g��£b¢;�_�b£����f�5�_� �;�J§
£��_�;�>�b£��

(9)
�5�5�

ξ0 = ξ
´2�5�_�5�5�_�5¡]£��5¡]�k���b�����;�J±[�_�5�a�

Pb : ˜� n
[a, b] →

� n
∞[a, b], Gb : ˜� n

[a, b] → � n
∞[a, b]

���5�5�G�g�>¢;�_�5¡ �;�b£��_�;�>�b£f���2�¶·¸Á|¹G´!· F�¹
�5�5�

τ = b
»
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	�� ����	 � � D ���2�_�b�;�&´`¬5�b���>��¦7¢g���>�5��� ÀJ�½´`�X�G¢;�¾�2�5�@±[�X�>�b£��Ã£f�>�>¿Å(�b«_��£�¡&¿[�b�;�b�_­5�b���5�5°j«X�@�t�@¬5�
(1)
Ç
(3)

�b�5�5�5���5�5����¦_�;�b�5�5¬5�_�5��£��>��£���­5�|�a§
�5�f�>�b�,�;���2�5�@±[�X�>�b£��

BRn(x0, δ) × BΞ(ξ0, δ)
´]�b�)���5���5��¬5�b�,�5�X�J¢;�5«_�f§

�_�i�;���_�>�b�@�5�5�5�(�g�i�5�5���5«_£��b¢;ª��5��°��>�a���2�5�5���X�2��°�Å��|�5­5¯5�5���5�5��­a�J±[�g�f�
ξ ∈ BΞ(ξ0, δ)

»;3���Ä_�b�f�2�k�;¢5��Å��|�5­5¯5�5�
qξ0 ∈ � n[a, b]

· �_�&»$· �f¹:¹x�5�5��¢;¨x§
���f�

η > 0
�>�|���X�>�b£����_�k�J�b­|�����5�_µ��_�5�5�

xξη ∈ H̃(x0, b, ξ)
´"¬5�b�k�;¢5��¢;¨x§

����¦_���5«X�2�_�5�;�2��¦_�[�2�5�@±[�X�>�b£f�
U ⊂ [a, b]

�>�5�;�b£��G�;¢;�5£����5�_�;�b£��_�;�>�b£��i·8���f¹
�5�5�

v = qξ0
»

3��f�>�bª
η > 0

´
�©�5�f�>�bª �5�_µ��_�5�5�
xξη ∈ H̃(x0, b, ξ)

�_�g��£b¢;�_�b£����f�5�_�
�5�_�;�b£��_�;�>�b£��Â·8���f¹��5�5�

v = qξ0
» D �5�5�G�g�>¢;�;�³�5«X�2�_�5�;�2�|¨ �5�s�5�_�5£��f�2�

�b�5¦_�a�2�_�5�b�iÅ��|�5­5¯5�5¨
κ0 : [a, b]× Ξ → [0,∞)

�;�b£��_�;�>�b£��f�

κ0(t, ξ) = h
[
F (t, (Pbxξ0)(t), (Gbxξ0)(t), ξ0),

F (t, (Pbxξ0)(t), (Gbxξ0 )(t), ξ)
]
,

(11)

¦N�g�(���b�����;�J±[�_�5�5�
F : [a, b]× Rn × Rn × Ξ → � :�¯
�

[Rn]
«X�@�t�b�5�YÅ����;�2�f§

¢;��°)· �f¹G´"���5�_�;�b�b���5¡
Pb : ˜� n

[a, b] → � n
∞[a, b], Gb : ˜� n

[a, b] → � n
∞[a, b]���5�5�G�g�>¢;�_�5¡��5�5�

τ = b
�;�b£��_�;�>�b£f���2��·¸Á|¹G´`· F�¹&�>�����b£��_���>�b£��_�5�5�;»

5[�J¢;�_��´|���5�5�G�g�>¢;�;� ���b�����;�J±[�_�5�5�
Ñ : ˜� 1

+[a, b]× Ξ → � 1
+[a, b]

�;�b£��_�a§
�>�b£��f�

Ñ(x, ξ)(t) = ω(t, x(t), x(t), ξ),
¦N�g�!Å��|�5­5¯5�a�

ω : [a, b]× [0,∞)× [0,∞)×Ξ → [0,∞)
«X�@�t�b�;���>�����b�5��µ��>§

�5�5�X�,· �f¹G»
�&� )�? ��� - � % � � � ��� 	 ��� � � ��� 
 � � �
��� #

f : [a, b]×Rn×Rm×Ξ → Rn �
U : [a, b] × Rn × Ξ → comp[Rm]

� ��� 
 � ��� � ��� & � � � 	 � # � ����� #
Ik :



����� ������� 
�
 � ��� � ��!��

Rn × Ξ → Rn, k = 1, 2, . . . , p,
� � � 	$���

ξ0 ∈ Ξ
��� 
 � �����	��� � � � � ��# !

� ��� �
D
� � 
 � � ��� �(� ��� � � ��� �

H̃(x0, τ, ξ)
� 
�
 � � 
 � � ��� 
 � ���"	��
� � �*� � 	$���

(x0, ξ0) ∈ Rn × Ξ
��� ��� 	 � �&� #�	 ��� � �1����� � �

δ > 0
��	�� � 	 ��� ��� ����� �

η > 0
�

� 	 � ���	����� � 
 ������� � � �	� 
 � ���
� � ��� �
η < δ

�9��� ����� �
ξ ∈ BΞ(ξ0, δ)

�"� � ��&
x̃0 ∈ BRn(x0, δ)

�&� #�	 ��� � � ����� � � 
 �
���
���	�
xξη : [a, b] → Rn ��� 	 �
	 � (1) �

(3)
� ��� 	 � ��� � � 
 � ���
� � ��� � �

(9)

�
 �

ξ0 = ξ
�
x0 = x̃0

� � 	 � ���	����� � 
 ���������
� ��� ��� � ���
�����

(10)

�
 �

v = qξ0
� 	�� � 
�
 �*��� ��� �

t ∈ [a, b]
��� 
 � �����	��� � �

� �	�
�����
|xξη(t)− xξ0(t)| 6 ζ(κ0(·, ξ), η, γ)(t), (12)

� 
�
 � 
 � 	�� � � � ��&
t ∈ [a, b]

��
�
 � ��� 	 ����� � � ��� ��� � ���
���	�

|qξη(t)− qξ0(t)| 6 κ0(t, ξ) + η + Ñ(ζ(κ0(·, ξ), η, γ), ξ)(t), (13)

� 	 �
ζ(κ0(·, ξ), η, γ) � 
 �
���
���	� ��� 	 �
	 �

ż(t) = κ0(t, ξ) + η + Ñ(z, ξ)(t),

∆(z(tk)) = Ĩk(z(tk), ξ), k = 1, 2, . . . , p, z(a) = γ,
(14)

κ0 : [a, b]× Ξ → R1
+

��
�
 � 	 �
�	�
�&� 
 � ���
� � ��� � �
(11)

�
γ = |x0 − x̃0|

�
qξη ∈

N(Pbxξ , Gbxξ , ξ)
� 	 � ���	����� � 
 �	��� � ��� ��� � ���
�����

(9)

�
 �

ξ0 = ξ
�
x0= x̃0

�
4 �@�t�@¬;� ·8�_Á|¹�¤ Ä_�b��«X�@�t�@¬;�� ���µ����;¢5� ����¡]­5�5��£��_�5�5��¦_�k�g�;Å(Å��_�5�_�a§

¯5�;�J¢;ª��5��¦_���|�;�b£��5�_�5�a���(�;�2�5�X¢;ªf�>�5¡x�2��£���«G�g�_°;�>�b£��a�;�2�"´5�5��Ä_�b�f�2�k��¯5�_�a§
­5�®·8�@¼�¹G´/·8�XÀf¹YÅ(�b«_��£�¡&¿ �b�;�b�_­5�b���5�5°º�|�5�;�b£b¢5�5�X�2��°º�>�;�>�b�X�2¡

(1)
´
(2)

�
�;�@¬;�J¢;ª��5¡x� �>�f�>�b�@�5�5�5�X�

(3)
�2��¦_�|����¡]�bª��;�b°|�g�_�5¡�£��5£��5�f� £��|�g��»

����� 	
	�� ����	��!� �q�G¢;���;¢5��«X�b�;�b«G�g¡]£f�b�5�5°�£�¡]�5�b¢;�a�5¨/���N���;�b£��_�;�>�b£f�
p(t) = t

�
q(t) = t

´`�b���5�5�5£��G�g�_�5�5¡]�j��¯5�_�5­5�º·8�@¼�¹G´
·8�XÀf¹!£��5�_¦_�X¢5�5�5�5�f�
�G¢;�|¬;�b�!·¸���_«q�;�2�5�X¢;ªf�>�5¡&¿�£���«G�g�_°;�>�b£��5°g¹G´@�q�b��¬5�5�f�>�bª�¨¾�g�!�5�5���5«_£��b¢;ª��5��¦_�
η > 0

´5�>��£��;�@�t�b¨/�[����¯5�_�5­a���2����»	�j»	���a¢;�5�5�5��£f�k� Áb�½»

��� , � ?(-�,�A;?(-
� l: 1��V8VY�7�"��S?� � ���9OP�2���>�S�
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� Ó Ö Í@l p
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M@RTSxPX=J47AGM@B8M@?@Q²& &"+(47<7l@\:4G95B8<>^@?fl p � Ó Ö_� l p"4tl � ÌXe@Ê Õ l p�)Ll Õ Ì Ö Ô ÕX�:Õ l

Õ l:#���
!�v�
	��
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Êr½Ã³v´
µr¼·¹�´
mPl ¶[³v´
µ�¶·l ¸�±v¹�±v¸fl
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Æ�±v¹Ç¼h½7´2¾�kNdhÆ�¹�l ´
¹�l�Ê�´
»�µ�¸�±v¸�µ�±v¶·¶J´2¾�¼·Â�l ¶�³v´
µr¼·¹�´
m m k2Ê�m ±
l j�Æ�»�m ¶·±Ã¸�±vm kv½-Æ�¹�´�³v±v¶·¶·±v¶Ãl ¶Y¸�l ¶·³v»�¶·¶·±v¸fl6J�´
¹1Æ�Â�k2¶·±v¶Y¼·¹·k
Å�±v³§¼·´
¹�l ±v¶7´2¾�¼·Â�±:³v´
µr¼·¹�´
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µ�¶�¼·¹·k2l µr¼·¶1Êr½?³v´
µr¼·¹�´
mJl ¶�¾ ´
»�µ�¸�±v¸
±v¶�¼·l jNk
¼·l ´
µ�¶�¶·l j�l m k2¹�m ½:¼·´:±v¶�¼·l jNk
¼·l ´
µ�¶�´2¾�)ql!JTl!J�l m l Æ�Æ�´�º�l
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»�µXd
¸�±v¸�µ�±v¶·¶:e�kNdhÆ�¹�l ´
¹�l=Ê�´
»�µ�¸�±v¸�µ�±v¶·¶$l µ!¼·Â�±Ãk2Ä
Ä
¹�±vÄrk
¼·±Gl



�95[  Fa� �|» �.F �

 ��� � ��� ������� � �3�
�������
� � � �	��
������
�
� ����

����������	 ��� ��������	 ����������� ������
����

� ������� &��$ ��³0��

HL^X47\8R"A>47B8<>6DC(O@=@?J95B8M@B8M@?@B
^@A>4NUJ=J47<GPX=@M@RTS�V2FG=J9aPNH�U@H@C�68?@M@uhPNH@C@=@M@RTS(?@M@<>B8u8=J4Nd
HJFGAL<>?@OJ4L95B8<>F:Ub4"UJ?@68^@=@B8<>M@RTSqFG68FGnGB8M@M@FG68<>B8Q&AGR"68FG^_FGu8F�O@FG=>CXUJ^X4L<>FGZ@M@FG68<>?q^qZ@?@6hd
HJB8M@M@F>9aP(=@B8c$B8M@?@I¾M@B8^_FG<>FG=@RTS(\:4NUb4:Z�<>B8FG=@?@?�<>=@B8�$?@Mfl[)tFGFG<>AGB8<>68<>A7PXIL�$?@Bq^_F>9ad
O@FGM@B8M@<>RjMJ47O@=>CXÉqB8M@?@Q/?&6:95B8�$B8M@?@Qx<G47^XÉqB"AGR"Z@?@6hH@C@IL<>6DC]6"AGR"68FG^_FGQx<>FGZ@M@FG68<>WGIql
H2=@?!FGO@=@BhUJBhHJB8M@M@RTS!P>6hHJFGAG?XCXS/Ub47IL<>6DC!=J47AGM@F>95B8=@M@R"BqFGK@B8M@^@?�O@FGu8=@B8c$M@FG68<>B8Qfl

vxw;yxz|{X}b~
{(�7w5��}J�|� ^_F>95O@FGM@B8M@<>R�MJ47O@=>CXÉqB8M@?XC(?/6:95B8�$B8M@?XCfeb68?@M@uhPNH@C@=@M@R"Q�?@MXd
<>B8u8=J4NH|e5?@M@<>B8u8=J4NHY<>?@OJ4(o2FGc$?fe5^@A>4NUJ=J47<GPX=@MJ4NCYV2FG=J9aPNHb4Xe;^_F>95OXHJB8^_68M@R"B!O@FG<>B8MXd
K@?J4NHJR�eJFGK@B8M@^@?�O@FGu8=@B8c$M@FG68<>B8Qfl

$&%('*)&+ ,.- � ) �&/ -10.- � -�2 �

D �>�5��£��5��°i¯5�>¢;ª�¨¶�5�_µ��_�5�a�Ã«X�@�t�@¬k�a¢;�f�>­|��°i�b�_���5�5�Ã�|�5�5�|¦_�f�>�b�k�5£b¢5�a§�_���N�s���5�5�G�g�>¢;�_�5�5�k­|�f�2�5���5�_�5�b��£�£��_­5�b���5��£��;�b�5�f�a±[�_�5�5°
Xx
´
Yy
´
Xy

�
�_�2�_���_�5�5°

u
´
v
£[¢;¨/����°k�b��¬5­|�(«X�@�t�b�5�5��¦_���b�>¢g�5»

� �;�b�����J�J¿76t»&�!»q ��b¢;�f�>��£f��� �>�/� ��» ��»�
��f�N¿f�>¢;�5µ�£��a¢;�Â� ¼a´qÀJ�!�5�b§
­a�b«X�b�5�;´g¬5�b�k­|�f�2�5���5�_�5�b¡��;�b�5�f�a±[�_�5�a�

Xx
´
Yy
´
Xy

���_�2�_���_�5�a�
u
´
v
£

�g�_­a�b�5�b��£���°��>�;�>�b�X�2�
­|�������g�5�;�b�]£�¡]�;�J±��b¨/���N��¬5�_�5�_«��g£��
�b�;�J¢;�5�b�5¬5�X�>­5�5�
Å��|�5­5¯5�5�j·¸­|�f�2�a¢;�_­a�>�5¡]�$�5���b�_�5¯5�;�J¢;¡/¹

Φ(z)
�
Ψ(z)

���]�X�g�5��¦_�&­|�f�2�a¢;�_­a�G§
�5��¦_���b�5¦_�a�2�_�5�J�

z = x+ iy
Å����;�2�X¢g���2�

Xx + Yy = 4ReΦ(z),

Yy −Xx + 2iXy = 2
[
z̄Φ′(z) + Ψ(z)

]
,

2µ(u+ iv) = κϕ(z)− zΦ(z)−Ψ(z),

Φ(z) = ϕ′(z), Ψ(z) = ψ′(z), Φ′(z) = ϕ′′(z),

·8�@¹

¦N�g�

ϕ(z) =
1

2πi

∫

L

w(t)

t− z
dt,

ψ(z) = − κ

2πi

∫

L

w̄(t) dt

t− z
+

1

2πi

∫

L

w(t) dt̄

t− z
− 1

2πi

∫

L

t̄w(t)

(t− z)2
dt,

·D¼�¹
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z ∈̄L ´�Å��|�5­a§¯5�a�
w(t)

´"�;�b«_¡]£f�b�X���J���a¢;���b�5�f�>�bª�¨�´g�5£b¢5�5�_���N���5�_µ��_�5�5�X���>�����b£��_���>�b£��f§
¨/���_°,¦_�;�b�5�5¬5�5��°,«X�@�t�@¬5�"´&­|���b���;�J��£�¡]�;�J±��b�_���N���>�5�5¦_�X¢5�5�5�5¡x� �5�5�b�>§
¦_�;�J¢;ª��5¡x� �|�;�b£��5�_�5�5�X�©� ¼XÇ|Áb�½»

:;% � � + , ��� - � ?() � 0 � )�B(C � ) )�? �2�f� , � ?() � - �L� ��� ,�? � � �L�
� A � ? A ��)�> � B9)&+ / )&+ , �

3��f�>�bªk£k�|�5�5�|¦_��°��5«_���b�5���5�5��°��a¢;�f�>­|�f�>�b�"´T�>£b�5«X�b�5�5��°����g�_­a�b�5�b��£���°
�>�;�>�b�X�2��°Ã­|�������g�5�;�b�

xOy
´;�;�2�_�_���N�

N
�5�f�;�2�b¢;�5�5�_°5�5¡&¿k�;�b«_�5�_«_��£�·¸�b�5�>§

���5�g¹t�;¢;�5�5��°
2lk

·
k = 1, 2, . . . , N

¹G» ���_�5�b�5¡ �;�b«_�5�_«_��£
Ok

���5�5�G�g�>¢5�5¨/���N�
­|�������g�5�;�b�J���2�

z0k = x0k + iy
0
k

»f�s�b��¬5­a�J¿
Ok

�;�b«X�2�_���_�5¡)�;�@¬;�J¢g�!¢;��­a�J¢;ªb§
�5¡&¿Y�>�;�>�b�X��­|�������g�5�;�b�

xkOkyk
» D �>� xk �>��£��;�@�t�b¨/�(�&¢;�5�5�a�;�2�i�b�5�_���5��Ã�����;�b«_�|¨/���|¦7¢;¡

αk
���f�>ª�¨

x
»

5[�J¢;�_�s�2¡ ���_�g�X� �;���_�_���b�b�5�5£f�b�bª��G¢;�|¬;�b°¶­|�b¢5¢;�5�5�X�b�5�5¡&¿Â�b�5�_���5�
·
αk = 0

´
y0k = 0

´
k = 1, 2, . . . , N

¹G»2�²Ä_�b�f�®�G¢;�|¬;�b�i���5�5�G�g�>¢;�_�5�5�i­|�f�L§
�5���5�_�5�b��£��;�b�5�f�a±[�_�5�5°��¾�_�2�_���_�5�5° �>£��X�g�5���N��­��5�_µ��_�5�5¨ �G¢;�G�g�|¨/���_°
�>�;�>�b�X�2¡ �>�5�5¦_�X¢5�5�5�5¡&¿(�5�5�b�_¦_�;�J¢;ª��5¡&¿��|�;�b£��5�_�5�5° � §½¦_�]�5�X�t�]�;�]���b�5�_«_­a�J¿
�5�5�b�_¦_�5�5�5��£f�b�5�a���

1

π

ln∫

−ln

g′n(t)

t− x
dt+

N∑

k=1,
k 6=n

1

π

lk∫

−lk

g′k(t) dt

t− x+ x0k − x0n
= pn(x), |x| < ln,

· Àf¹

(n = 1, 2, . . . , N)
´
pn(x)

¤ Å��|�5­5¯5�a�k�;�b¦_�5�|«_­5�Ã�;�[���_�5�_¦>�J¿j�b�5�_���5�"»
�2�_µ��_�5�5�(�5�b¢;�|¬5�_�5�5��°Ã�>�;�>�b�X�2¡,�5���_���N�Ã£�£��|�g��� ÀJ�

g′n(x) =
1√

l2 − x2
ϕn(x), |x| < ln,

�5�5�Ã�f�G¢;��£��5�
ln∫

−ln

g′n(t) dt = 0 (n = 1, 2, . . . , N),

�J�b­k­a�b­k�;�b«_�5¡]£�¡��5�_�5�X�2�_���_�5�a�
gn(−l) = gn(l) = 0

»
E �;�>�b�X�2�i�>�5�5¦_�X¢5�5�5�5¡&¿j�5�5�b�_¦_�;�J¢;ª��5¡&¿j�|�;�b£��5�_�5�5°�· Àf¹q�2¡©���_�g�X� �5�>§µ[�b�bª��2�_�b�X�g�f�³­5£f�@�g�;�b�b�|�"»/Æq�b���)�2�_�b�X�¶�2¡ ���_�g�X�³�a¢5¢;¨!�>�b�5�5�5��£f�b�bª;´

­|��¦N�t���;�2�_�_���N�i�g£���­|�b¢5¢;�5�5�X�b�5�5¡]���b�5�_���5�5¡(»



���bÁ � � � � � ����� �����
���J�b­"´a�5�f�>�bª��;�2�_¨/���N�i�g£��!­|�b¢5¢;�5�5�X�b�5�5¡]���b�5�_���5�5¡(» E �|¬5�_�b�f� £f�>�>¿£�¡]µ��_�|­a�b«X�b�5�5¡&¿�£�¡x�>­a�b«_¡]£f�b�5�5°"´f�5«Y· Àf¹q�5�b¢;�|¬;�b�_���N�k�G¢;�G�g�|¨/�[�J�k�>�;�>�b�>§

���[�|�;�b£��5�_�5�5°��





1
π

l1∫
−l1

1√
l21−t2

· ϕ1(t)
t−x dt+ 1

π

l2∫
−l2

1√
l2−t2

· ϕ2(t)
t−x+x2−x1

dt = p1(x),

−l1 < x < l1,

1
π

l2∫
−l2

1√
l22−t2

· ϕ2(t)
t−x dt+ 1

π

l1∫
−l1

1√
l1−t2

· ϕ1(t)
t−x+x1−x2

dt = p2(x),

−l2 < x < l2,

1
π

l1∫
−l1

1√
l21−t2

ϕ1(t) dt = 0,

1
π

l2∫
−l2

1√
l2−t2

ϕ2(t) dt = 0.

·¸Á|¹

3��f�G¢;���5�5�_�����;�b«_��£f�b�5�a�k�5�_�5�X�2�_�5�5¡&¿��5�iÅ����;�2�X¢g���
t ∼ l1t

´
x ∼ l1x�;¢5���5�_�5£���¦_�Y�|�;�b£��5�_�5�a�Ã�

t ∼ l2t
´
x ∼ l2x

�;¢5��£��b���5��¦_�Y�|�;�b£��5�_�5�a�Ã�5�b§
¢;�|¬;�b�_���N�j�G¢;�G�g�|¨/�[�J�j�>�;�>�b�X�����>�5�5¦_�X¢5�5�5�5¡&¿Y�5�5�b�_¦_�;�J¢;ª��5¡&¿��|�;�b£��5�_�5�5°
�!�f�G¢;��£��a�;�2���





1
πl1

1∫
−1

1√
1−t2

· ϕ10(t)
t−x dt+ 1

π

1∫
−1

1√
1−t2

· ϕ20(t)
l2t−l1x+x2−x1

dt =

= p1(l1x), −1 < x < 1,

1
πl2

1∫
−1

1√
1−t2

· ϕ20(t)
t−x dt+ 1

π

1∫
−1

1√
1−t2

· ϕ10(t)
l1t−l2x+x1−x2

dt =

= p2(l2x), −1 < x < 1,

1
π

1∫
−1

1√
1−t2

ϕ10(t) dt = 0,

1
π

1∫
−1

1√
1−t2

ϕ20(t) dt = 0,

· F�¹

¦N�g�
ϕ10(t) = ϕ1(l1t)

´
ϕ20(t) = ϕ2(l2t)

»
3��5�;�2�_�a�a�¾­5£f�@�g�;�b�b�|�5�5¡]�YÅ����;�2�X¢;¡®�;¢5�¾�>�5�5¦_�X¢5�5�5�5¡&¿����5�_¦_�X¢5�5�a§

�5¡&¿i�5�5�b�_¦_�;�J¢;��£�· �_�&»"� Fa´��J�¸¹q£Y�>�����b£��_���>�b£��_�5�5�f� £��|�g���

1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− x

dt ≈ 1

n

n∑

k=1

(−1)k−1
√
1− x2k

x− xk

(
un−1(x)−un−1(xk)

)
,
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��� # ���	��� � � � 
 � & ��� 	 �
	.��& ���.F

1

π

1∫

−1

1√
1− t2

· ϕ(t) dt ≈ 1

n

n∑

k=1

ϕ(xk),

¦N�g�

un−1(x) =
sinn arccosx√

1− x2

¤ �2�5��¦_��¬a¢;�_� ���_��¡]µ��_£f� ��� §½¦_�Y�5�X�t�5´
xk = cos 2k−1

2n π
´g�>�;�>�b�X����· F�¹]�>£��b§

�g�5���N�(­��>�;�>�b�X�2�$¢;�5�5�_°5�5¡&¿(�J¢;¦_�_���;�b�5¬5�X�>­5�a¿!�|�;�b£��5�_�5�5°��5���f�|�g­a�
2n×2n���b�5�f�>�5�b�>¢;ª��5�Â�5�_�5«_£��X�>�b�5¡&¿

ϕ10(x1)
´
ϕ10(x2)

´j»_»_»_´
ϕ10(xn)

´
ϕ20(x1)

´
ϕ20(x2)

´(»_»_»_´
ϕ20(xn)

»��"�X�>�b��£�¡]���5�5�;�2�_�5¡ �5��­a�b«X�J¢;�©ÄXÅ(Å��_­5�b�5£��5�f�>�bª
�|­a�b«X�b�5�5��¦_���5�X�;¿f�X�t�5»

D ���2�_�b�;�&´"¬5�b�k£k�b�_���5�5���b�5�_���5���f�>���������2�X�>�b�k«X�b�5�;���b¨/�i­|��ÄXÅ(Å��a§¯5�5�_�5�b¡,�5�5�b�_�;�>�5£��5�f�>�b�"´5­|���b���5¡]��£�¡]¬5�;�G¢5�5¨/���N�Ã�5�YÅ����;�2�X¢;��� Áb�

k±1 − ik±2 = ∓ lim
t→±l

(√
l2 − t2g′(t)

)
,

¦N�g� 

+
�k��«_�;�@¬;�b�_�i«_�;�@¬5�_�5�5�[£Ã�5�;�b£��f�º­|���5¯5�����b�5�_«_­a�

[−l; l] ´t� 
 − �i¤£[¢;�_£��f� ­|���5¯5�Y· �_�&»5�J�b­a±[��� �X�¸¹G»

� %��*) � � ) �2�f� , � � - � ? � � �f�L� > � + ��� � �f�L� >
$&%  (�b­���¡&¢;�k�����2�_¬5�_�5�Ã£�¡]µ���´t­|�f�2�5���5�_�5�b¡®�;�b�5�f�a±[�_�5�5°����_�2�_���>§

�5�5°
Xx
´
Yy
´
Xy
´
u
´
v
£�¡]¬5�;�G¢5�5¨/���N���$�5�f�2����ª�¨¾­|�f�2�a¢;�_­a�>�5¡&¿(�5���b�_�5¯5�;�J§

¢;��£�£��|�t�Y·8�@¹DÇT·D¼�¹G» 4 ���2�_�b�;�&´f¬5�b�(�5�5�jÅ��5­a�>�5�5��£f�b�5�5¡&¿�£(���b¢g���>�b�
D
«_�;�J§

¬5�_�5�a�a¿
z
£!�t�b�5�5��°Y���b¢g���>�b�Y�>�����b£��_���>�b£��|¨/���5�]�5�5�b�_¦_�;�J¢;¡º ���µ��Y�2��¦_�|�

��¡]�bªÃ£�¡]¬5�;�G¢;�_�5¡ �5�_�5�f�>�5�G�t�>�b£��_�5�5¡x���5�5�;�2�_�5�_�5�5�X�Â����¡]¬5�5¡&¿�­5£f�@�g�;�J§
�b�|�5�5¡&¿�Å����;�2�X¢`» D �g�;�b­|�;´_�5���a�5�b�5�;´@¬5�b�!�b��¬5�5�f�>�bª/�J�b­|��¦_�x�5�X�t�xÅ����;�2�X¢`´­a�b­��5�;�b£��a¢;�;´f�>�|���X�>�b£��_�5�5¡x�������;�b«_�f���5���5�a±��b�_���N���5���2�_�5�/�5�5�5�b¢;�a±[�>§
�5�a�

z
­�¦_�;�b�5�5¬5�5¡x�k�b��¬5­a���k���b¢g���>�b�"» 
�¡��5�5�G�;¢g�b¦>�b�X�k�5��£�¡]°(�5�X�;¿f�X�L´G�5�

�;�2�_¨/���5° �|­a�b«X�b�5�5¡]°��5�G�g�f�>�J�b�b��­"´t�;¢5� £�¡]¬5�;�G¢;�_�5�a�¾�5�5�b�_¦_�;�J¢;��£��b�5�;�
 ���µ��k�G¢;�G�g�|¨/���_¦_��£��|�t� �

S(0)(ϕ, z) =
1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− z

dt,

S(1)(ϕ, z) =
1

π

1∫

−1

1√
1− t2

· ϕ(t)

(t− z)2
dt.

· �f¹



����� � � � � � ����� �����
Æq�b���j�5�X�;¿f�X���_�g�����5�j�5�X�J¢;�5«_���_���N�����5�5��Ä_�b�f���5��«_£��b¢5�5�_�Y�5�b¢;�|¬;�b�bª

�;�b£��5�f�2�_�5�5¡]�j·¸���b�5�f�>�5�b�>¢;ª��5�
z
¹&��¯5�_�5­5���5��¦_�5�_µ��5�f�>�b�Ã�;¢5��£f�>�>¿k«_�;�@¬5�>§

�5�5°
z ∈̄ [−1; 1]

»
:;% 3��f�>�b�5���_�5�5��­5£f�@�g�;�b�b�|�5�5¡&¿kÅ����;�2�X¢`»
���b«G�g�>¢;�;� ���b�5�_«_��­

[−1; 1]
�;�

n
¬;���>�b�_°Â�b��¬5­a���2�

xj = −1 + hj
´

j = 0, 1, . . . , n
´
h = 2

n

»=3��f�>�bª
t ∈ [xσ , xσ+1]

´
t0 ∈ [xν , xν+1]

´
(σ, ν =

0, 1, . . . , n− 1)
»�3��f�>�b�5���;�¾¢;�5�5�_°5�5¡]°Ã�5�5�b�_�5�5�b¢5�5¯5�5���5�5¡]°��2�5��¦_��¬a¢;�_�

Lσ(ϕ; t) = lσ0(t)ϕ(xσ) + lσ1(t)ϕ(xσ+1), t ∈ [xσ , xσ+1],

¦N�g�

lσ0(t) =
t− xσ+1

xσ − xσ+1
,

lσ1(t) =
t− xσ

xσ+1 − xσ
(σ = 0, 1, . . . , n− 1).

3!¢;���b�5�f�>�bª
ϕ(t)

�b�5�5�5��­a�>�;�2�5�5���X�s�G¢;�G�g�|¨/���;�s�����;�b«_�f� �

ϕ(t) ≈ Lν(ϕ; t0) + (t− t0)

1∑

k=0

lσk(t)
ϕ(xσ+k)− Lσk(ϕ; t0)

xσ+k − t0
,

· �b¹

¦N�g�

Lσk(ϕ; t0) =

{
ϕ(t0), σ + k 6= ν, ν ± 1,

Lν(ϕ; t0), σ + k = ν, ν ± 1.

D �>�J�b�b��¬5�5¡]°k¬a¢;�_�Ã�5�5�G�t�>�J�b£b¢;�_�5�a��· �b¹
�;�2�_�_�Y£��|�

Rnσ(ϕ; t, t0) = ϕ(t0)− Lν(ϕ; t0) + (t− t0)rnσ(ϕ; t, t0),
· �f¹

¦N�g�

rnσ(ϕ; t, t0) = ϕ(t, t0)−
1∑

k=0

lσk(t)
ϕ(xσ+k)− Lσk(ϕ; t0)

xσ+k − t0
,

· �f¹

ϕ(t, t0)
¤��;�b«_�5�f�>�b�5�������b�5��µ��_�5�5��£��|�t�

ϕ(t, t0) =
ϕ(t)−ϕ(t0)

t−t0

»
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�����_�_�2���b�5�;� �5�5�>±[�g�©£f�>�_¦_�Â�5�5�b�_¦_�;�J¢

S(0)(ϕ; z)
´�«X���2�_�5�;� £¶�5�X�

Å��|�5­5¯5�5¨
ϕ(t)

�5���5�5�5�b¢;�a±[�_�5�5��°�Å����;�2�X¢;�Y· �b¹G´5�5�b¢;�|¬5�;�

S(0)(ϕ; z) =
1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− z

dt ≈ 1

π

n−1∑

σ=0

xσ+1∫

xσ

1√
1− t2

· 1

t− z
×

×
(
Lν(ϕ; t0) + (t− t0)

1∑

k=0

lσk(t)
ϕ(xσ+k)− Lσk(ϕ; t0)

xσ+k − t0

)
dt =

= Lν(ϕ; t0) γ0(z) +

n−1∑

σ=0

1∑

k=0

1

π

xσ+1∫

xσ

1√
1− t2

· (t− t0)lσk(t)

t− z
dt×

× ϕ(xσ+k)− Lσk(ϕ; t0)

xσ+k − t0
= Lν(ϕ; t0) γ0(z)+

+

n−1∑

σ=0

1∑

k=0

P
(0)
σk (t0, z)

ϕ(xσ+k)− Lσk(ϕ; t0)

xσ+k − t0
≡ S(0)

n (ϕ; z),

·8���f¹

¦N�g�

γ0(z) =
1

π

1∫

−1

1√
1− t2

· dt

t− z
,

·8���@¹

P
(0)
σk (t0, z) =

1

π

xσ+1∫

xσ

1√
1− t2

· (t− t0) lσk(t)

t− z
dt.

·8�@¼�¹

3��_�5�>¿f�X�g�;�k­(£�¡]¬5�;�G¢;�_�5�5¨s�5�5�b�_¦_�;�J¢g�
S(1)(ϕ; z)

» 5�¢5���5�_¦_�x�5�b¢g�b¦>�b�X�
£��5��£�ª

t ∈ [xσ , xσ+1]
·
σ = 0, 1, . . . , n − 1

¹G»�¥
�_�g�X���b�5�5�5��­a�>�;�2�5�5��£f�b�bª
�a¢;���b�5�f�>�bª

ϕ(t)
�G¢;�G�g�|¨/���;�s�����;�b«_�f� �

ϕ(t) ≈ ϕ(t0) + (t− t0)ϕ(t0, t1)+

+ (t− t0)(t− t1)

1∑

k=0

lσk(t)
ϕ(xσ+k , t1)− ϕ(t0, t1)

xσ+k − t0
,

·8�XÀf¹

¦N�g�
t0 6= t1

¤¶�5�5���5«_£��b¢;ª��5¡]�$�;�b�;���2�_�b�5¡s�5«
���b�5�_«_­a�
[xν , xν+1]

´
ϕ(t0, t1)

´
ϕ(xσ+k , t1)

¤��;�b«G�g�>¢;�_�5�5¡]���;�b«_�5�f�>�b�k�5�_�5£���¦_�[�5���f�|�g­a�5»
5[�J¢;�_��´a�;�b«G�g�>¢;�_�5�5�|¨Â�;�b«_�5�f�>�bª

ϕ(xσ+k , t1) =
ϕ(xσ+k)− ϕ(t1)

xσ+k − t1



����� � � � � � ����� �����
£�£�¡]�;�J±[�_�5�5��·8�XÀf¹q«X���2�_�5�;�&´5�5�b¢g�b¦>�J�

σ + k = ν, ν + 1
´a���b�5��µ��_�5�5�X�

ϕ(xσ+k)− Lσk(ϕ; t1)

xσ+k − t1
(xσ+k 6= t1),

�
ϕ(t0, t1)

�5�5�5�b¢;�5«_�;�s£�¡]�;�J±[�_�5�5�X�

Lν(ϕ, t1)− Lν(ϕ; t0)

t1 − t0
.

�©�5�_«_�X¢;ªJ�J�b�b�(�2¡,�5�b¢;�|¬5�;���b�5�5�5��­a�>�;���b¯5�5¨
ϕ(t)

�5�j�N¿f�X�2�

ϕ(t) ≈ ϕ(t0) + (t− t0)
Lν(ϕ; t1)− Lν(ϕ; t0)

t1 − t0
+ (t− t0)(t− t1)×

×
1∑

k=0

lσk(t)

xσ+k − t0

(
ϕ(xσ+k)−Lσk(ϕ; t1)

xσ+k−t1
− Lν(ϕ; t1)−Lν(ϕ; t0)

t1−t0

)
,

·8�_Á|¹

¦N�g�[�5�X�g�;�b«_�a�2�_£f�b�_���N�
t ∈ [xσ , xσ+1]

�
t0, t1 ∈ [xν , xν+1]

�
t0 6= t1

·
ν, σ =

0, 1, . . . , n− 1
¹G»

3��f�G¢;��£��5�X�>�_�5�5��·8�XÀf¹q£Y£�¡]�;�J±[�_�5�5�x�;¢5�
S(1)(ϕ; z)

���_�g�X� �;�2�_�bª �

S(1)(ϕ; z) ≈ γ1(z)ϕ(t0) +
Lν(ϕ; t1)− Lν(ϕ; t0)

t1 − t0

(
γ0(z)+

+ (z − t0) γ1(z)
)
+

n−1∑

σ=0

1∑

k=0

P
(1)
σk (t0, t1, z)

1

xσ+k − t0
×

×
(
ϕ(xσ+k)− Lσk(ϕ; t1)

xσ+k − t1
− Lν(ϕ; t1)− Lν(ϕ; t0)

t1 − t0

)
≡ S(1)

n (ϕ; z),

·8� F�¹

¦N�g�

P
(1)
σk (t0, t1, z) =

1

π

1∫

−1

1√
1− t2

· (t− t0)(t− t1)lσk(t)

(t− z)2
dt,

·8���f¹

γ1(z) =
1

π

1∫

−1

1√
1− t2

· dt

(t− z)2
,

t ∈ [xσ , xσ+1], t0, t1 ∈ [xν , xν+1] (t0 6= t1).
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∣∣S(i)(ϕ; z)− S(i)
n (ϕ; z)

∣∣ 6 O(h2)M (i = 0, 1),

M = max
t∈[−1,1]

|ϕ′′(t)|.
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�>��£|¹/�¾�X�g�5��¦_�ÃÄ>¢;�X�2�_�5�J�Ã�5�a±Y�5�_¦_���|�5��£��a� � ¼�·¸�5�b¢;�|¬;�b�b�>¢5���5�X�>�|�;�>��£|¹G»
�
�_�f¿a�5�5°��|�5��£��_�5ª��;�2�_�_�j�5�_­|���b���5���(­|�b¢;�5¬5�X�>�b£��Y�5�X�>�|�;�>��£;´5­|���b���5���(���_«
��¦_�;�b�5�5¬5�_�5�a���������5�f�>�b���5�5�;�2�X��«X�k�G�g�5�5�5¯5��» �(���>�bªÃ�>�5�G�t�>�b£��;���>�5���f�a§
�g�5�b�>¢;ªj�5�_�5�G�t�b�_�Y�5�b¢;�|¬;�b�b�>¢;¨,�;¢5��¯5�>¢;�_£���¦_�Y�;�>�5�b¢;ª�«_��£f�b�5�a�"´|�f�>�J�b£�µ��f§
¨!�N�©¬;���>�bª �f�>�J�b£b¢5�5�_� �>�_�����;�¾�5�_¯5�>¢;�_£�¡]���;���N¿f�X�g¡(»q� �>£���¨ ��¬5�_�5�G�gª;´
�5�a±Y�5�5°��|�5��£��_�5ªk«X�b���5�;�b�_�i¬;���>�bªÃ�>�5�G�t�>�b£Ã�;�Ã�>£������5�f±[�g¡ ·¸�5�_¯5�>¢;�_£����
�;�>�5�b¢;ª�«_��£f�b�5�5�@¹G´`���f�>�J�J¢;ª��;�J��¬;���>�bª��;���N¿f�X�g���_���N���;���������5�j¯5�>¢;��·¸¯5�>§
¢;�_£������;�>�5�b¢;ª�«_��£f�b�5�5�@¹G» D �f���|�5��£��a�º�|¬;���>�b£��|¨/��£��g�@¿f�X�g�Ã���¾¯5�>¢;�_£���°�g�>�5�b�>¢;ª��5�f�>�b�Ã�k�;�2�_¨/�j�>£����ÃÅ��|�5­5¯5�5�k£�¡]�5¦_�5¡]µ[�


��X�g�>¢;ª��>�b�5���5���N�s£�£��|�g�i�5�_�;�b�f¿a�5¬5�X�>­|��° �5¦_�5¡²�g£��f¿�¢;�5¯"´�£�­|���b�b§
�5��°k�5���_���N�k�;�b£��5��£��X�>�5�!�5�����J�b­|�>¢;ª����_�5¦_��� �J�½»5��Å��|�5­5¯5�5¨Â£�¡]�5¦_�5¡]µ[�
­a�J±[�g��¦_�/�5¦_�5��­a�!£�­a¢;¨/¬;�b¨/���N���g£f�!�G¢g�b¦>�b�X�2¡&¿ �_�g�@¿f�X�[���!�5�_¯5�>¢;�_£���°��g�>�a§
�b�>¢;ª��5�f�>�b�Ã���>�����b£��_���>�b£��|¨/�[�J�j�g�b¢5�i�g�@¿f�X�t������¯5�>¢;�_£���°j�g�>�5�b�>¢;ª��5�f�>�b�
�>�;�>�b�X�2¡(»	���|�5­5¯5�5�Ã£�¡]�5¦_�5¡]µ[�[�;�2�_¨/�j�G¢;�G�g�|¨/���5°k£��|� �

g1(u1, u2) = a1(1− u1, u2) + b(u1, u2) · c(u1, u2) → max
u1

;

g2(u1, u2) = a2(u1, 1− u2) + b(u1, u2) · c(u1, u2) → max
u2�5�5�Ã��¦_�;�b�5�5¬5�_�5�a�a¿

0 6 ui 6 1, i = 1, 2,
�Ã�f�G¢;��£��a�a¿j�;��Å��|�5­5¯5�5�

a
´
b
´a�

c

ai > 0;
∂ai
∂ui

6 0,
∂ai
∂uj 6=i

> 0, i = 1, 2,

bi > 0;
∂bi
∂ui

> 0, i = 1, 2,
∂c

∂ui
> 0, i = 1, 2.

4 �g�X�>ª
ui
¤³�g�b¢5���5�X�>�|�;�>��£;´5£�¡
�g�>¢;�_�5�5¡&¿

i
§h���|�5��£��5�X�s�;�Y�;�b«_£��5�b�5���>�a§

�>�b�X�2¡ · �>�����b£��_���>�b£��_�5�5�;´
1 − ui

�f�>�J�b�_���N���;�k�5�_¯5�>¢;�_£����[�;�>�5�b¢;ª�«_��£f�b�5�5�



� �bÁ � � 
 � � �	�
��� � �����
�5�X�>�|�;�>��£�£(¢;�5¬5�5¡&¿��5�5�b�_�5�X�_�J¿;¹G´

gi
¤ Å��|�5­5¯5�a�Y£�¡]�5¦_�5¡]µ[�

i
§½¦_���|�5��£��a�"´

ai
¤ Å��|�5­5¯5�a�¾¬;���>�b�5��¦_��£�¡]�5¦_�5¡]µ[�

i
§½¦_���|�5��£��a�"´

bi
¤ �g�b¢5� ���k�g�@¿f�b§

�t�[�������_°j�g�>�5�b�>¢;ª��5�f�>�b�"´a�5�b¢;�|¬;�b�X���J�
i
§h� �|�5��£��5�X�&´

c
¤³¯5�>¢;�_£���°j�g�@¿f�X�

�>�;�>�b�X�2¡(»
�¾­a�@¬5�X�>�b£��
Å��|�5­5¯5�5° ª � �
�;���_�_���b�b�5�5£f�b¨/���N�[�>�b�_�5�_�5�5¡]��´@¢;�5�5�_°5�5¡]��´

�5��­a�b«X�b�b�>¢;ª��5¡]���k¢;��¦>�b�5�;Å(�2�5¬5�X�>­5�5��Å��|�5­5¯5�5�Ã���b�5�f�>�5�b�>¢;ª��5�Y�5�_�5�X�2�_�a§
�5¡&¿

u1
�
u2
�Ã­5�a�2�X¢5�5�b�5£��5¡]�(�5���a¿Ã�>��£���­5�|�5�5�f�>�b�"´|�@»5��»

a1 = a1(1− u1), a2 = a2(u1(1− u2)), c = c(u1u2).

E �����b�5��µ��_�5�a� a1 = a1(1−u1), a2 = a2(u1(1−u2))
���b�;�J±��b¨/���5�_�;�b�f¿a�a§

¬5�X�>­5�|¨ �>�b�5�|­5�b�|�5���>�;�>�b�X�2¡(»�5��@¿f�X�����j�5�_¯5�>¢;�_£���°k�g�>�5�b�>¢;ª��5�f�>�b��£��_�f¿|§
�5�_¦_���|�5��£��a�¾�5�j«X�b£��;�>�5�������b��¦_�;´`­a�b­5�|¨³¬;���>�bª��>�5�G�t�>�b£��5�a±Y�5�5° �|�5�b§
£��_�5ªi�;�b�5�;�b£��5�j�;�j�������5��¯5�>¢;�"» ���Y�g�@¿f�X�����i�5�_¯5�>¢;�_£���°Ã�g�>�5�b�>¢;ª��5�f�>�b�
�5�a±Y�5�_¦_�Y�|�5��£��a�k«X�b£��;�>�5�������b��¦_�;´5­a�b­5�|¨¶¬;���>�bªj�>�5�G�t�>�b£Y�5�_�5�G�t���>���X�2�
£��_�f¿a�5�5°k�|�5��£��_�5ª[�;�[�������5��¯5�>¢;�"»

�����_�_���b�b�5�5£f�b�_���N���;�b£��5�f�2�_�5�5�����;���>�5�5�G�g�>¢;�_�5�5�
b
´g�5�5��­|���b���5�f�s�g�b§

¢;���|¬;���>�b�a��£��g�@¿f�X�g�����j¯5�>¢;�_£���°Ã�g�>�5�b�>¢;ª��5�f�>�b���X�g�5�;�b­|��£�¡©�;¢5���������a¿
�5¦_�5��­|��£ �

bi =
1

2
, i = 1, 2.

E �b�;�b�b�_¦_�5�_°��5¦_�5��­a�j�5£b¢5�5�_���N���g�b¢5� ui ���k�;�2�_¨/���a¿|�N�����5�_¦_�Ã�>�5�G�t�>�b£;´�;�b�5�;�b£b¢5�5�X�2¡&¿Y�;�[�������5�/¯5�>¢;�"»�3��;�b£����5�_�5£���¦_��¿f�X�t���5�5�5�;�@�;¢;�>±Y�5���5¦>§
�5��­5�/£��_�f¿a�5�_¦_�]�|�5��£��a�"´>­|���b���5¡]°(£�¡]���5�;�b�_�&���>�������[�b�_�&�5¦_�5��­5�/�5�a±Y�5�_¦_�
�|�5��£��a�Y«_�;�@¬5�_�5�5�

u1
´f�5�f�G¢;�/¬5�_¦_��£��b���5��°Y�5¦_�5��­"´f«_�;�J�j�5�_µ��_�5�5�/�5�_�5£���¦_�;´

£�¡]���5�;�b�_�[���5�b�;���J¢;ª��5���x�;¢5���>�_�@�k«_�;�@¬5�_�5�5�
u2
»

���>¢;ª�¨ �;�_�G¢;�G�g��£f�b�5�a�¶�5£b¢5�5�_���N���5«_�|¬5�_�5�5��£b¢;�a�5�5�a� �>�����b�5��µ��_�5�a�
Å��|�5­5¯5�5°

a1
´
a2
´
c
�;�[�5�_µ��_�5�5���5¦_�5¡²·¸�;�b£��5��£��X�>�5�!�5�����J�b­|�>¢;ª����_�5¦_�5¹G»

�¾­a�@¬5�X�>�b£��&Å��|�5­5¯5�5°��5�_¯5�>¢;�_£���¦_�/�;�>�5�b¢;ª�«_��£f�b�5�a���5�X�>�|�;�>��£!���;�J¢;�;�>ª �

• �>�b�_�5�_�5�;�J�j�&�5��­a�b«X�b�b�>¢;�X���2�_�5ª�µ��]�G�g�5�5�5¯5¡Â· a(x)=axα ´ 0<α<1
´

a > 0
¹ �

• ¢;�5�5�_°5�;�J�º· a(x) = ax
´"­|���b���;�J���5£b¢5�5�_���N��¬;���>�b�5¡x�,�G¢;�|¬;�b�X���>�b�>§

�5�_�5�5��°��!�5��­a�b«X�b�b�>¢;�X�&´a�;�b£��5¡x�©�@¹ �

• �>�b�_�5�_�5�;�J�¾���5��­a�b«X�b�b�>¢;�X�©���b¢;ª�µ��[�G�g�5�5�5¯5¡ ·
a(x) = axk

´
k > 1

´
a > 0

¹ �

• Ä_­a�>�5���5�_�5¯5�;�J¢;ª��;�J��· a(x) = a(1− e−λx)
´
λ > 0

´
a > 0

¹ �

• ¢;��¦>�b�5�;Å(�2�5¬5�X�>­a�J��· a(x) = a log2(1 + x)
´
a > 0

¹G»



�=� ��
�
 � 	 �
�	�
���	� 
 � � � 
 � � � � �	� 
 � 
 &��"	�� � ���'& � � � � � �=��& � �.F
 (�b­ �5�;�b£��a¢;�;´�Å��|�5­5¯5�5��£�¡]���5�;�J¢;�;�>ª��k�f�G¢;��£��a�;�2� ∂a

∂x > 0
´ ∂2a

∂x2 6 0
»

3��_�5£��f�2���f�G¢;��£��5¨²�5�X�;¿f�X�;�5�i£f�>�YÅ��|�5­5¯5�5�"´"£��b���5�f�2���f�G¢;��£��5¨ �5�Y�5�X�;§
¿f�X�g�5�i�b�b¢;ª�­|�ÃÅ��|�5­5¯5�a�

a(x) = axk
´
k > 1

» 3��_�5£�¡]���g£���Å��|�5­5¯5�5���5£b§
¢5�5¨/���N�©�5�5���5«_£��X�t�>�b£��_�5�5¡x�2�"» 3��f�G¢;�G�g�5�5�Ã�g£���Å��|�5­5¯5�5�©�5���5£b¢5�5¨/���N�
�J�b­|��£�¡x�2�"´a�J�b­�­a�b­i�;¢5���5�a¿Ã�5�(£�¡]�5�b¢;�a�5�_���N���>£���°;�>�b£������_�t�@¬5�Ã���Y�;���G§
µ��5�5�_�5�a�������>µ��J�b����£��5�5���5«_£��X�t�>�b£f�5»
�x�;�J¢;��¦_�5¬5�5�;´5£Y­a�@¬5�X�>�b£���Å��|�5­5¯5�5°Ã¯5�>¢;�_£���¦_���;�>�5�b¢;ª�«_��£f�b�5�a�k�5�X�>�|�a§

�>��£[���;�J¢;�;�>ªYÅ��|�5­5¯5�5���

• �>�b�_�5�_�5�;�J�k�/�5��­a�b«X�b�b�>¢;�X�¾�2�_�5ª�µ��/�G�g�5�5�5¯5¡ ·
c(x)=cxα

´
0<α<1

´
c > 0

¹ �

• ¢;�5�5�_°5�;�J�¾· c(x) = cx
¹ �

• �>�b�_�5�_�5�;�J� �Y�5��­a�b«X�b�b�>¢;�X�,���b¢;ª�µ����G�g�5�5�5¯5¡ ·
c(x) = cxk

´
k > 1

´
c > 0

¹ �

• Ä_­a�>�5���5�_�5¯5�;�J¢;ª��;�J��· c(x) = c(1− e−λx)
´
λ > 0

´
c > 0

¹ �

• ¢;��¦>�b�5�;Å(�2�5¬5�X�>­a�J��· c(x) = c log2(1 + x)
´
c > 0

¹G»
��«�£���«X�2�@±Y�5¡&¿�­|�f�2���5�;�b¯5�5°�Å��|�5­5¯5�5°

a
�
c
· �g£f�@�g¯;�b�b���a�5�b��£f�b�5�;�b�a§

�b��£|¹Y�b�;�J¢;�5�b�5¬5�X�>­5�©�;�_�G¢;�G�g��£f�b�5¡ �b�5�5�;�@�g¯;�b�bª;´
�¾�;�2�_�5�5� �&�G¢;�|¬;�b�©�>�b§
¬5�_�J�b�5�a���X�g�5���b�5�5�5¡&¿�Å��|�5­5¯5�5°"´t­|��¦N�t�Y£i­a�@¬5�X�>�b£��

a
�
c
���;�J¢;�;�>ªY¢;�5���

�b�b¢;ª�­|���>�b�_�5�_�5�5¡]��´J¢;�5�����b�b¢;ª�­|�!Ä_­a�>�5���5�_�5¯5�;�J¢;ª��5¡]��´X¢;�5�����b�b¢;ª�­|�/¢;��¦>�J§
�5�;Å(�2�5¬5�X�>­5�5� �a�G¢;�|¬;�b�i�>��¬5�_�J�b�5�a�j¢;¨/����°iÅ��|�5­5¯5�5�i�5�_¯5�>¢;�_£���¦_���;�>�5�b¢;ªb§
«_��£f�b�5�a�Y�]¢;�5�5�_°5�5��°iÅ��|�5­5¯5�5�_°j¯5�>¢;�_£���¦_���;�>�5�b¢;ª�«_��£f�b�5�a�����G¢;�|¬;�b�j�>��¬5�>§
�J�b�5�a��¢;�5�5�_°5�5��°�Å��|�5­5¯5�5���5�_¯5�>¢;�_£���¦_�j�;�>�5�b¢;ª�«_��£f�b�5�a����¢;¨/����°�Å��|�5­a§
¯5�5�_°�¯5�>¢;�_£���¦_�!�;�>�5�b¢;ª�«_��£f�b�5�a�"» ���X�>�bª(�5«]�f�>�J�b£�µ��a¿|�N���g£��_�;�@�g¯;�b�b�Y�G¢;�f§
¬;�b�_£[�;�_�G¢;�G�g��£f�b�5¡�¬5�;�G¢;�_�5�5�;»

� % � � -�B � , � 2 � + / ) ��� +�+ B �b� ) � - �L�2�
�����_�_�2���b�5�;���G¢;�|¬;�b°"´@­|��¦N�t�/Å��|�5­5¯5�a���g�@¿f�X�t�x���!�5�_¯5�>¢;�_£���°(�g�>�5�b�>¢;ªb§

�5�f�>�b��¢;�5�5�_°5�;�5´`Å��|�5­5¯5�a���g�@¿f�X�t�i���Ã¯5�>¢;�_£���°��g�>�5�b�>¢;ª��5�f�>�b��¢;��¦>�b�5�;Å!§
�2�5¬5�X�>­a�J�"´a�@»5��»

a1(u1, u2) = a1(1− u2),

a2(u1, u2) = a2u1(1− u2),

c(u1, u2) = c log2(1 + u1u2).



� ��� � � 
 � � �	�
��� � �����
�ºÄ_�b�f���G¢;�|¬;�b�(Å��|�5­5¯5�5�Ã£�¡]�5¦_�5¡]µ[���;�2�_¨/�Y£��|�

g1(u1, u2) = a1(1− u1) +
c

2
log2(1 + u1u2),

g2(u1, u2) = a2u1(1− u2) +
c

2
log2(1 + u1u2)

�5�5�Ã��¦_�;�b�5�5¬5�_�5�a�a¿
0 6 ui 6 1, i = 1, 2.

�(�b°|�g�X� �;�b£��5��£��X�>�5�¾�5� ���J�b­|�>¢;ª����_�5¦_��» �(�J¿f�@±[�g�_�5�5�¾�;�b£��5��£��X�>�a�
�;�b«_����ª��X�¾�;���g£f�[Ä_�J�b�;�[�k���5�5µ��X�s£�Ä_�b�f���G¢;�|¬;�b���5�X�g�5�����5�;»

E �;�@¬;�J¢g�[�5�_µ��;�s«X�@�t�@¬5�Y���5�b�;�2�5«X�b¯5�5���5�a±Y�5�_¦_���|�5��£��a�"´a�5�5�G�g�5�b¢g�J§¦>�J�j«_�;�@¬5�_�5�5�
u1
�5«_£��X�>�b�5¡x�&» �(�b°|�g�X�¾�5�5���5«_£��X�g�5�|¨�Å��|�5­5¯5�5�

g2
�5�[�5�>§

�5�X�2�_�5�5��°
u2
�Ã�5�5�5�;�b£��a�5�X� �_�(­k�5�X¢;¨ �

∂g2
∂u2

(u1, u2) = −a2u1 +
cu1

2(1 + u1u2) ln 2
= 0.

�2�_µ��;� �5�b¢;�|¬5�_�5�5�����|�;�b£��5�_�5�5��» E ¢;�|¬;�b° u1 = 0
�5���5�5�G�t�>�J�b£b¢5�5�_�

�>������° �5�;�b­5�b�5¬5�X�>­|��¦_���5�5�b�_�5�X�_�5´��5��Ä_�b�f�2�¾�;�
u1

�2�@±Y�5���5�X�g�>¢;�5�bª������
¬;���>�b�Ã�|�;�b£��5�_�5�a�i�Ã£�¡]�;�b«_�5�bª

u2
�

u∗2 =
1

u1

(
c

2a2 ln 2
− 1

)
.

�(�b°|�;�k£��b���5�|¨¶�5�5���5«_£��X�g�5�|¨¶Å��|�5­5¯5�5�
g2
�5�Y�5�_�5�X�2�_�5�5��°

u2
´;�|���>±[�t�J§

�X���N�"´a¬5�b�Y�b��¬5­a�
u∗2
�5£b¢5�5�_���N�k�b��¬5­|��°Ã���b­a�>�;�2�a��� �

∂2g2
∂u22

(u1, u2) = − cu21
2(1 + u1u2)2 ln 2

< 0.

�/¬5�5�b¡]£f�J����¦_�;�b�5�5¬5�_�5�5�[�;�
u2
´T«X���2�_�b�;�&´"¬5�b�Ã��­|���5¬;�b�b�>¢;ª��5¡]°�£��|�¾���a§

�b�;���J¢;ª��5��°Ã�>�b�;�b�b�_¦_�5�Ã�5¦_�5��­a�[�5�a±Y�5�_¦_���|�5��£��a�

u∗2 =





cl0, a2 ln 2 > c
2 ,

1
u1

(
c

2a2 ln 2 − 1
)
, 0 < 1

u1

(
c

2a2 ln 2 − 1
)
< 1,

1, c
2a2 ln 2 > 1 + u1.

�2�_µ��;�Ã«X�@�t�@¬5�!£��_�f¿a�5�_¦_�x�|�5��£��a�"´_«_�;�J�����5�b�;���J¢;ª��5�|¨s�5�X�b­5¯5�5¨s�5�a±Y�5�_¦_�
�|�5��£��a�i£Y���b£��_�[�;�[�_¦_���5�_µ��_�5�5�

u1
» �����_�_�2���b�5�;�s�b�5���G¢;�|¬;�J�"»
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��»
u∗2 = 0

»5�©Ä_�b�f���G¢;�|¬;�b�

g1(u1, 0) = a1(1− u1) +
c

2
log2(1) = a1(1− u1).

�`�b­�­a�b­�Å��|�5­5¯5�a�
g1
�|��¡]£f�b�_�k�5�

u1
´"�b�Ã���5�b�;���J¢;ª��;�J���>�b�;�b�b�_¦_�a���;¢5�

Ä>¢;�X�2�_�5�J�k£��_�f¿a�5�_¦_�i�|�5��£��a�
u∗1 = 0

´T�@»T��»T�X�G¢;��£��_�f¿a�5�5°��|�5��£��_�5ªi«_�;�b�_�@´
¬5�b���5�a±Y�5�5°s�|�5��£��_�5ª�£f�>�i�5�b¢;�|¬5�_�5�5¡]�i�����5�_¦_���5�X�>�|�;�>¡��5���b�;�b�b�5���;�
¬;���>�b�5¡]�/¯5�>¢;�"´|�b�����j�5�5¬5�_¦_���5�a±Y�5�X�2�Y�|�5��£��5¨��j�5�/�5�_�5�G�t���>�@´a���5���b�;�J§
�b�5�YÄ_�b�Ã�5�X�>�|�;�>¡��;���>£����k¬;���>�b�5¡]�(¯5�>¢;�"»

¼a»
u∗2 = 1

u1

(
c

2a2 ln 2 − 1
) »;�ºÄ_�b�f���G¢;�|¬;�b�

g1(u1, u
∗
2) = a1(1− u1) +

c

2
log2

c

2a2 ln 2
.

4 �g�X�>ª;´b�b�;�J¢;��¦_�5¬5�5���5�5�G�g¡
�g�|���X�2�[�G¢;�|¬;�b¨�´�Å��|�5­5¯5�a�
g1
�|��¡]£f�b�_�!�5�

u1
»

4 ���2�_�b�;�&´a¬5�b�Y«G�g�X�>ª[�5�a±Y�5�5°Ã�|�5��£��_�5ª��5�X�g���5�;�b�_�[�>£���¨¶�>�b�;�b�b�_¦_�5¨Â�J�b­"´
¬5�b�Y�;�[�������5�!¯5�>¢;�Ã�|�g�_�Y�5�f�>�b�@�5�5�;�J�i£��>¢;�5¬5�5�;�5»

E ¢;�G�g��£f�b�b�>¢;ª��5�;´J¬5�X�����b¢;ª�µ��
£�¡
�g�>¢;�_�5�(�5�X�>�|�;�>��£!£��_�f¿a�5�;���|�5��£��5�X�&´�b�X�����b¢;ª�µ��$�5�X�>�|�;�>��£x�5�a±Y�5�5°��|�5��£��_�5ª/�2�@±[�_�x�;�b�5�;�b£��5�bª/�;�/�>£�����¬;���>�J§
�5¡]�k¯5�>¢;�,·¸­a�b­ �;�b«_�5�f�>�bª��2�>±[�g�¾�b�X�&´�¬5�b���5�_�5�G�t�J¢�£��_�f¿a�5�5° �|�5��£��_�5ª;´
���5�f�>�b�@�5�5�5��°s£��>¢;�5¬5�5�5��°

u1u2 = c
2a2 ln 2 − 1

´�­|���b���5�|¨ �5�a±Y�5�5°)�|�5�b§
£��_�5ª��;�b�5�;�b£b¢5�5�_���;���������5�Y¯5�>¢;�g¹G» � �;�b�������5���@´"¬5�X�¶�2�_�5ª�µ��j£�¡
�g�>¢;�>§
�5�s�5�X�>�|�;�>��£s£��_�f¿a�5�;�²�|�5��£��5�X�&´&�b�X���2�_�5ª�µ����5�X�>�|�;�>��£ �5�a±Y�5�5°,�|�5�b§
£��_�5ª(�2�@±[�_���;�b�5�;�b£��5�bª��;���>£����[¬;���>�b�5¡]�]¯5�>¢;�"» E ¢;�G�g��£f�b�b�>¢;ª��5�;´@�|¬5�5�b¡&§£f�J�¾�|��¡]£f�b�5�5�jÅ��|�5­5¯5�5� �5�

u1
´L£��_�f¿a�5�X�2���|�5��£��5¨�£�¡]¦_�X�g�5��­a�b­s�2�@±�§

�5���2�_�5ª�µ��Y�5�X�>�|�;�>��£Ã�5���b�;�b�b�5�bª��;�Ã�������5�Y¯5�>¢;�"´`¬5�b����¡ �5�a±Y�5�5°¾�|�5�b§
£��_�5ª¾­a�b­©�2�@±Y�5� �2�_�5ª�µ����5�X�>�|�;�>��£¾£�¡
�g�>¢;�a¢©�;� �>£����)¬;���>�b�5¡]��¯5�>¢;�"»
���J�b­"´@£��_�f¿a�5�X�2���|�5��£��5¨�£�¡]¦_�X�g�5�!�5�f�>�b�5�bª��;�!�������5�&¯5�>¢;�[�5��£��5���>�b�b¢;ªb§
­|���5�X�>�|�;�>��£;´5�>­|�b¢;ª�­|�[�5�a±Y�5�5°�¯5�_�5�b�Ã�;�b�5�;�b£b¢5�5�_���;�[�������5��¯5�>¢;�"´;�@»5��»
u∗1 = c

2a2 ln 2 −1
´b�b�X�¾�_���2¡x��«X���>�J�b£b¢5�a�[�5�a±Y�5�5°j�|�5��£��_�5ª�£f�>�]Ä_�b�Y�5�X�>�|�a§

�>¡��5���b�;�b�b�5�bªY�;���������5�!¯5�>¢;�"´5�@»5��»
u2 = 1

»
À5»
u∗2 = 1

»5�©Ä_�b�f���G¢;�|¬;�b�

g1(u1, 1) = a1(1− u1) +
c

2
log2(1 + u1).


��b­a�>�;�2�5«_�5�5���X� Ä_�b�kÅ��|�5­5¯5�5¨®�!�|¬5�_�b�f�s�f�G¢;��£��a�
0 6 u1 6 1

»
�(�b°|�g�X�Ã�5�5���5«_£��X�g�5�|¨�Å��|�5­5¯5�5�

g1
�5�/�5�_�5�X�2�_�5�5��°

u1
���5�5�5�;�b£��a�5�X�

�_��­Ã�5�X¢;¨ �
∂g1
∂u1

(u1, 1) = −a1 +
c

2(1 + u1) ln 2
= 0.
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 � � �	�
��� � �����
�2�_µ��;�s�5�b¢;�|¬5�_�5�5�����|�;�b£��5�_�5�5���

u1 =
c

2a1 ln 2
− 1.

�(�b°|�;�k£��b���5�|¨¶�5�5���5«_£��X�g�5�|¨¶Å��|�5­5¯5�5�
g1
�5�Y�5�_�5�X�2�_�5�5��°

u1
´;�|���>±[�t�J§

�X���N�"´a¬5�b�Y�b��¬5­a�
u∗1
�5£b¢5�5�_���N�k�b��¬5­|��°Ã���b­a�>�;�2�a���5»

∂2g1
∂u21

(u1, u
∗
2(u1)) = − c

2(1 + u1)2 ln 2
< 0.

�/¬5�5�b¡]£f�J�º��¦_�;�b�5�5¬5�_�5�5���;�
u1
´q�5�b¢;�|¬;�b�X� ��­|���5¬;�b�b�>¢;ª��5¡]°)£��|�����5�b�a§

���J¢;ª��5��°Ã�>�b�;�b�b�_¦_�5�Ã£��_�f¿a�5�_¦_�[�|�5��£��a�

u∗1 =





cl0, a1 ln 2 > c
2 ,

c
2a1 ln 2 − 1, 0 < c

2a1 ln 2 − 1 < 1,

1, c
2a1 ln 2 > 2.

 (�b­�£��|�g�5�;´T�X�G¢;���5�a±Y�5�X�2���|�5��£��5¨²£�¡]¦_�X�g�5�k¿f���bªÃ­a�b­5�|¨x§½�b�i�g�b¢;¨
£�¡
�g�>¢;�5�bª[�;���������5�/¯5�>¢;�"´a£��_�f¿a�5�5°i�|�5��£��_�5ª[�2�@±[�_��«X���>�J�b£��5�bª��5�a±Y�5�5°
�5���b�;�b�b�5�bªÃ£f�>���>�5�G�t�>�b£f�i�;�i�������5��¯5�>¢;�"»����;�@¬5�[¦_��£����f�"´g�5�a±Y�5�5°��|�5�b§
£��_�5ª�£f�>�j�g�f�>�J�b£�µ��5�X�N� �X�2�¾����£��_�f¿a�5�_¦_���|�5��£��a�s�5�X�>�|�;�>¡��;�b�5�;�b£b¢5�5�_�
¢;�5�����b�b¢;ª�­|�[�;���������5�!¯5�>¢;�"´a¢;�5�����b�b¢;ª�­|���;�[¬;���>�b�5¡]��»
�����_�_�2���b�5�;��­a�J±[�g�|¨©£��_�b£�ª��;�b£��5��£��X�>�a�[�5�����J�b­|�>¢;ª����_�5¦_��£����_�g�>¢;ª��5�b§
�>�b���

��»
u = (0; 0)

´a�X�G¢;�
a2 >

c
2 ln 2

¢;�5���
a1 >

c
2 ln 2

´a�@»5��»a­|�f�2�f§½�b���5«��5¦_�5�b§
­|��£/«_�;�@¬5�5�b�>¢;ª��5�/���b¢;ª�µ��5°(�g�@¿f�X���5�5�5�5�f�>�5�!¬;���>�b�;�J�(�g�>�5�b�>¢;ª��5�f�>�bª;´@¬5�X�
�����[�J�"´b�j�X�2���5�_£�¡]¦_�X�g�5��£�­a¢g�@�g¡]£f�b�bª(�5�X�>�|�;�>¡º£��������_�&�g�>¢;�;´f�5´|�G¢;�G�g�b§
£f�b�b�>¢;ª��5�;´f�j�g�5�|¦_�f�2�j�5¦_�5��­5�Y�b��¦N�t��¢;�5���[�5�_«X�@¬5�X�¾�5�_�5�G�t�b£f�b�bª[�5�X�>�|�;�>¡
�;�i�������5�[¯5�>¢;�)·¸£Ã�G¢;�|¬;�b�[£��_�f¿a�5�_¦_�k�|�5��£��a�g¹G´g¢;�5���k���5���X�2���5�5�f�>�b�k�5�
�g�f�>�J�b¨/���N��·¸£��G¢;�|¬;�b�/�5�a±Y�5�_¦_���|�5��£��a�g¹G»|�
¡]�5¦_�5¡]µ��i�5¦_�5��­|��£�£��t�b�5�5�f�
�G¢;�|¬;�b���

g1 = a1
´
g2 = 0

»
¼a»
u = (1; 1)

´X�X�G¢;�
a2 <

c
4 ln 2

�
a1 <

c
4 ln 2

´X�@»X��»X�������;�k�5¦_�5��­a���k«_�;�@¬5�a§
�b�>¢;ª��5�Ã���b¢;ª�µ��5°��g�@¿f�X�¾�5�5�5�5�f�>�5�Ã�����[�J���g�>�5�b�>¢;ª��5�f�>�bª;´T¬5�X�,¬;���>�b�;�J�"´
�)­a�J±[�g¡]°��5«��5�a¿s£f�>�Ã�5�X�>�|�;�>¡ �5�f�>­a�b�_���;���������5�k¯5�>¢;�"»q�
¡]�5¦_�5¡]µ��
�5¦_�5��­|��£ �

g1 = c
2

´
g2 = c

2

»
À5»
u = ( c

2a1 ln 2 −1; 1)
´J�X�G¢;�Y£�¡]�5�b¢;�a�5¨/���N�Y�f�G¢;��£��a� c

4 ln 2 < a1 <
c

2 ln 2�
a2 < a1

´J�@»J��»J£��_�f¿a�5�X�2�(�|�5��£��5¨s£�¡]¦_�X�g�5�x¢;�5µ�ª!¬;���>�bª��5�X�>�|�;�>��£/�5���b�;�J§
�b�5�bª(�;�/�������5�
¯5�>¢;�"´b�J�b­[­a�b­��_¦_�x�g�@¿f�X�g¡ ���!�������a¿(£��|�g��£x�g�>�5�b�>¢;ª��5�f�>�b�
�>�;�b£��5�;�2¡(´a£[�b�Y£��5�X�L�k­a�b­i�5�a±Y�5�X�2�i�|�5��£��5¨Â£�¡]¦_�X�g�5��£f�>�/�g�f�>�J�b£�µ��5�>§
�N������£��_�f¿a�5�_¦_���|�5��£��a�[�5�X�>�|�;�>¡)�5���b�;�b�b�5�bª(�;���������5�]¯5�>¢;�"»��
¡]�5¦_�5¡]µ��



�=� ��
�
 � 	 �
�	�
���	� 
 � � � 
 � � � � �	� 
 � 
 &��"	�� � ���'& � � � � � �=��& � ���
�5¦_�5��­|��£ �

g1 = 2a1 −
c

2 ln 2
+
c

2
log2

c

2a1 ln 2
,

g2 =
c

2
log2

c

a1 ln 2
.

Á;»
u = ( c

2a2 ln 2 − 1; 1)
´T�X�G¢;� c

4 ln 2 < a2 <
c

2 ln 2

�
a2 > a1

´T�@»"��»T­a�b­
£��_�f¿a�5�X�2���|�5��£��5¨�´@�J�b­����5�a±Y�5�X�2���|�5��£��5¨�£�¡]¦_�X�g�5�]¢;�5µ�ª!¬;���>�bª!�5�X�>�|�a§
�>��£(�5���b�;�b�b�5�bª��;���������5�]¯5�>¢;�"´��J�b­Y­a�b­��a¿��g�@¿f�X�g¡s���(�����_�a¿[£��|�g��£!�g�>�a§
�b�>¢;ª��5�f�>�b���>�;�b£��5�;�2¡(´a�5�5�5¬5�X�s�5�a±Y�5�5°��|�5��£��_�5ª[�a¢g�b�5�5�5���_�[�;�b�5�;�b£��5�bª
�;�Y�������|¨,�g�b¢;¨�Å��5­a�>�5�5��£f�b�5�5�|¨Â£��>¢;�5¬5�5�5��´g�Y�5«>¢;�5µ�­5���5���b�;�b�b�5�bªi�;�
¬;���>�b�5¡]�]¯5�>¢;�"» ���(£��_�f¿a�5�5°[�|�5��£��_�5ª�£�¡
�g�>¢5�5�_�(�5�a±Y�5�X�2�[�|�5��£��5¨)�5��£��5�
�b�kÅ��5­a�>�5�5��£f�b�5�5�|¨Â£��>¢;�5¬5�5�5�i�5�X�>�|�;�>��£;´a­|���b���5�|¨¶�b���Y�a¢g�b�5�5�5��£f�J¢Ã�5�b§
�b�;�b�b�5�bª��;���������5�j¯5�>¢;�"´2�G¢;�G�g��£f�b�b�>¢;ª��5�;´T«X���>�J�b£b¢5�a���5�a±Y�5�5°s�|�5��£��_�5ª
���b­a�b«X�b�bªf�N�[����¬;���>�b�5¡&¿��5�5�b�_�5�X�>��£��j£f�>�/�>�5�G�t�>�b£f���5���b�;�b�b�5�bª��;�(�������5�
¯5�>¢;�"»;�
¡]�5¦_�5¡]µ��k�5¦_�5��­|��£

g1 = 2a1 −
a1c

2a2 ln 2
+
c

2
log2

c

2a2 ln 2
,

g2 =
c

2
log2

c

2a2 ln 2
.

��%�� � + B �f�L� ) ��� +�+ B �b� ) � - �L�2�
�(�_�G¢;�G�g���X� ¬5�;�G¢;�_�5�5�Y�5�X�>­|�b¢;ª�­|���f�>�J�b£�µ��a¿|�N�k�G¢;�|¬;�b�_£;»
3��f�>�bª�Å��|�5­5¯5�a��¯5�>¢;�_£���°��g�>�5�b�>¢;ª��5�f�>�b�[Ä_­a�>�5���5�_�5¯5�;�J¢;ª��;�J�"´X�!Å��|�5­a§

¯5�a�Ã�5�_¯5�>¢;�_£���°Y�g�>�5�b�>¢;ª��5�f�>�b���>�b�_�5�_�5�;�J���!�5��­a�b«X�b�b�>¢;�X�&´5�2�_�5ª�µ��;�����

a1(u1, u2) = a1(1− u2)
α,

a2(u1, u2) = a2u
α
1 (1− u2)

α,

c(u1, u2) = c(1− e−λu1u2).

�ºÄ_�b�f���G¢;�|¬;�b�(Å��|�5­5¯5�5�Ã£�¡]�5¦_�5¡]µ[���;�2�_¨/�Y£��|�

g1(u1, u2) = a1(1− u1)
α +

c

2
(1− e−λu1u2),

g2(u1, u2) = a2u
α
1 (1− u2)

α +
c

2
(1− e−λu1u2).
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��� � �����
5�¢5�Â�;�J¿f�@±[�g�_�5�a�,���5�b�;���J¢;ª��5��°Â�>�b�;�b�b�_¦_�5�¶�5�a±Y�5�_¦_�º�|�5��£��a�,�;�b°|�g�X�
�5�5���5«_£��X�g�5�|¨©Å��|�5­5¯5�5�

g2
�5���5�_�5�X�2�_�5�5��°

u2
�Y�5�5�5�;�b£��a�5�X���_�x­Y�5�X¢;¨�»

∂g2
∂u2

(u1, u2) = − a2αu
α
1

(1− u2)1−α
+
λcu1
2

e−λu1u2 = 0.
·8�@¹

5�¢5���5�_µ��_�5�a�¶· F�¹[�5�5�;�2�_�5�;� �2�_�b�X�©�5�b¢;��£��5�5�5��¦_���g�>¢;�_�5�a�"» 4 ���2�_�b�;�&´
¬5�b�!£��b���;�J���5�5���5«_£��X�g�;�J��Å��|�5­5¯5�5�

g2
�5�!�5�_�5�X�2�_�5�5��°

u2
���b�5�5¯;�b�b�>¢;ª��;�5´

∂2g2
∂u22

(u1, u2) =
a2α(α − 1)uα1
(1− u2)2−α

− λ2cu21
2

e−λu1u2 < 0,

¬5�b�Y¦_��£����5�5���j�2���5���b���5�5�f�>�b�ÃÅ��|�5­5¯5�5�
∂g2/∂u2

»
�"�_�5�_�5ªj�;�b°|�g�X� «_�;�b­5�

∂g2∂u2
�;��­|���5¯;�J¿j���b�5�_«_­a�k� � � �>� �

∂g2
∂u2

(u1, 0) = −a2αuα1 +
λcu1
2

,
·D¼�¹

∂g2
∂u2

(u1, 1) −→
u2→1 �

−a2αu
α
1

0+
+
λcu1
2

e−λu1u2 −→
u2→1 �

−∞.
· Àf¹

�q�G¢;�®· �f¹Y�5�b¢;�@±Y�5�b�>¢;ª��5�;´��b�s�|�;�b£��5�_�5�5���2�@±Y�5�¾�5�_µ��5�bªs�2�_�b�X�g�f� �5�b§
¢;��£��5�5�5��¦_�Y�g�>¢;�_�5�a�"´"�5�5�5¬5�X�©�5�b¢;�|¬5�_�5�5�����5�_µ��_�5�5�����_�g�_�k�b��¬5­|��°����b­a§
�>�;�2�a���¾£ �>�a¢;�s���b�5�5¯;�b�b�>¢;ª��5�f�>�b�º£��b���5��°)�5�5���5«_£��X�g�5��°"» �q�G¢;�º±[� · �f¹
���b�5�5¯;�b�b�>¢;ª��5�;´q�b���2�_�b�X�,�5�b¢;��£��5�5�5��¦_���g�>¢;�_�5�a�©�5���5�X�;¿f�X�g�5�@´q�5� �J�b­
­a�b­Y¢;�_£f�J�Y¬;���>�bª��|�;�b£��5�_�5�a�j�2���5���b���5�;�5´f�b�[�2�@±Y�5�[�:�g�>¢g�b�bª�£�¡]£��X�L´�¬5�b�
���;�����b�5�5¯;�b�b�>¢;ª��;�J�¾�;�����b�5�_«_­|��� � �q�>�½´2�5´L�G¢;�G�g��£f�b�b�>¢;ª��5�;´LÅ��|�5­5¯5�a�

g2�|��¡]£f�b�_�@´|���b­5�_�t�Y�G¢;�G�g���_�@´5¬5�b���b��¬5­a�����b­a�>�;�2�a���
u2 = 0

»��$»;��»

u∗2 =

{
cl0, −a2αuα1 + λcu1

2 < 0,

∈ (0; 1), −a2αuα1 + λcu1

2 > 0.

�
�_�f¿a�5�5°,�|�5��£��_�5ª)�2�@±[�_���;�>�5�b¢;ª�«_��£f�b�bªsÄ_�b���5�;Å����;���b¯5�5¨ �;¢5�Â�b��¦_�;´
¬5�b����¡ �5�����_�g�5�bª��5�a±Y�5�5° �|�5��£��_�5ª¶£�¡]���;�b�bª®�5�_�5�X¢;�_£��|¨ �>�b�;�b�b�_¦_�5¨�»
���b����¡ �5�a±Y�5�5°��|�5��£��_�5ª £�¡]���;�J¢��>�b�;�b�b�_¦_�5¨

u2 > 0
´
�5�f±Y�5�;´&¬5�b����¡

−a2αuα1 + λu1c
2 > 0

» �2�_µ��5£��5�b¢;�|¬5�_�5�5���/�5�_�;�b£��_�;�>�b£������b�5�f�>�5�b�>¢;ª��5�
u1
´

�5�b¢;�|¬5�;�
u1 >

1−α
√
(2a2α)/(λc)

»
���J�b­"´`�;¢5�s�b��¦_�;´L¬5�b����¡��5�a±Y�5�5°��|�5��£��_�5ª��5�k�5���b�;�b�b�a¢�£f�>�k�5�X�>�|�a§

�>¡��;�[¬;���>�b�5¡]��¯5�>¢;�"´a£��_�f¿a�5�X�2�j�|�5��£��5¨,�5�_­|�f�2�_�|�g���_���N�k£�¡]���;�b�bª��>�b�;�J§
�b�_¦_�5¨

u1 > 1−α
√
(2a2α)/(λc)

» 3����a�5�b�5�;´$¬5�b� �:�g�>¢g�b�bª����)Ä_�b�s�_�2�@±[�_�
�b�b¢;ª�­|�;´2�X�G¢;�

1−α
√
(2a2α)/(λc) < 1

´�¬5�b�¾�;�b£��5�f�>�a¢;ª��5�
a2 <

(
λc
2α

)1−α »
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�²�5�5���b�5£��5�f�®�G¢;�|¬;�b�i�5�a±Y�5�5°��|�5��£��_�5ª�£�¡]���5�;�b�_���>�b�;�b�b�_¦_�5¨

u2 = 0
»

�(�b°|�g�X�)£iÄ_�b�f���G¢;�|¬;�b�����5�b�;���J¢;ª��5�����5��£��G�g�_�5�5����£�¡]�5¦_�5¡]µ £��_�f¿a�5�_¦_�
�|�5��£��a�

g1(u1, 0) = a1(1− u1)α,
���b­5�_�t��£��|�g�5�;´�¬5�b�[Å��|�5­5¯5�a�

g1
�|��¡]£f�b�_�(�5�

u1
´|�G¢;�G�g��£f�b�b�>¢;ª��5�;´

u1 = 0
»

3��X�g£��G�g�X� �5�_­|���b���5¡]�!�5�b��¦_�"»
��» �q�G¢;�

a2 >
(
λc
2α

)1−α ´5�b�j£��_�f¿a�5�5°Ã�|�5��£��_�5ª��5���2�@±[�_�Y�5��£b¢;�a�5�bªY�;�
�5�a±Y�5�5°"´$£�Ä_�b�f� �G¢;�|¬;�b�

u2 = 0
´$��«_�;�@¬5�5�

u1 = 0
»
Æq�b���5�5���;�N¿f�X�g�5�@´

­|��¦N�t���5�5���5«_£��X�t�>�b£��_�5�;�J�s�2�����5�f�>�bª��5�_¯5�>¢;�_£���°¾�g�>�5�b�>¢;ª��5�f�>�b���5�a±Y�5�>§
¦_�[�|�5��£��a�i«_�;�@¬5�5�b�>¢;ª��5�[���b¢;ª�µ��!�5�5���5«_£��X�t�>�b£��_�5�5��°i�2�����5�f�>�b�k¯5�>¢;�_£���°
�g�>�5�b�>¢;ª��5�f�>�b�"»

¼a» �q�G¢;�
a2 <

(
λc
2α

)1−α ´5�b�Y£��_�f¿a�5�5°Ã�|�5��£��_�5ª��2�@±[�_��«X���>�J�b£��5�bª[�5�a±�§
�5�5°��|�5��£��_�5ª[�5���b�;�b�b�5�bªj­a�b­5�|¨x§½�b�Y¬;���>�bªY�5�X�>�|�;�>��£��;���������5��¯5�>¢;�"´;�;�J§
«_�;�@¬5�5£

u1 >
1−α
√
(2a2α)/(λc)

»
Æq�b���5�5���;�N¿f�X�g�5�@´2­|��¦N�t���5�5���5«_£��X�t�>�b£��_�5�;�J�s�2�����5�f�>�bª�¯5�>¢;�_£���° �g�>§

�5�b�>¢;ª��5�f�>�b���5�a±Y�5�_¦_���|�5��£��a��«_�;�@¬5�5�b�>¢;ª��5�Ã���b¢;ª�µ����5�5���5«_£��X�t�>�b£��_�5�5��°
�2�����5�f�>�b�k�5�_¯5�>¢;�_£���°j�g�>�5�b�>¢;ª��5�f�>�b�"»
�x�;�J¢;��¦_�5¬5�5���;���_�_���b�b�5�5£f�b�_���N�j�G¢;�|¬;�b°"´f­|��¦N�t��Å��|�5­5¯5�a�j¯5�>¢;�_£���°��g�>§

�5�b�>¢;ª��5�f�>�b�i�>�b�_�5�_�5�;�J�i�x�5��­a�b«X�b�b�>¢;�X�&´|�2�_�5ª�µ��;�)��´|��Å��|�5­5¯5�a�j�5�_¯5�>¢;�>§
£���°j�g�>�5�b�>¢;ª��5�f�>�b�i¢;��¦>�b�5�;Å(�2�5¬5�X�>­a�J�"´|�@»5��»

a1(u1, u2) = a1 log2(2− u1)
α,

a2(u1, u2) = a2 log2(1 + u1(1− u2)),

c(u1, u2) = c(u1u2)
α.

�"��¦N�t��Å��|�5­5¯5�5�Ã£�¡]�5¦_�5¡]µ[���;�2�_¨/�Y£��|�

g1(u1, u2) = a1 log2(2− u1) +
c

2
(u1u2)

α,
·¸Á|¹

g2(u1, u2) = a2 log2(1 + u1(1− u2)) +
c

2
(u1u2)

α.
· F�¹

�q�G¢;�
a1 <

αc ln 2
2

�
a2 >

αc ln 2
2

´5�b�
u1 = 1−α

√
cα ln 2
2a2

´
u2 = 1

»
�
¡]�5¦_�5¡]µ��k�|¬;���>�b�5�5­|��£�£�Ä_�b�f���G¢;�|¬;�b���

g1

(
1−α

√
cα ln 2

2a2
, 1

)
= a1 log2

(
2− 1−α

√
cα ln 2

2a2

)
+
c

2

(
1−α

√
cα ln 2

2a2

)α

,
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g2

(
1−α

√
cα ln 2

2a2
, 1

)
=
c

2

(
1−α

√
cα ln 2

2a2

)α

.

�q�G¢;�
a1 <

αc ln 2
2

�
a2 <

αc ln 2
2

´@�b�!�������;�Ã�|�5��£��a�;��£�¡]¦_�X�g�5�x£f�>�
�5�X�>�|�;�>¡
�b�;�b�b�5�bª��;�i�������5�[¯5�>¢;�"» D �5���2��¦_�|�k�5�����_�g�5�bªi�g�5�|¦��g�5�|¦>�i�5���b�;�b�b�5�bª­a�b­5�|¨x§½�b� ¬;���>�bª �5�X�>�|�;�>��£ �;�¾�������5��¯5�>¢;�"´
�;�b«_�;�@¬5�5£ �>�����b£��_���>�b£��_�5�5�
u1 = 1

´
u2 = 1

»
�
¡]�5¦_�5¡]µ��Ã�|¬;���>�b�5�5­|��£[£�Ä_�b�f���G¢;�|¬;�b���

g1(1, 1) =
c

2
, g2(1, 1) =

c

2
.

�q�G¢;�
a1 > αc ln 2

2

´q�b� £��_�f¿a�5�X�2�s�|�5��£��5¨ £�¡]¦_�X�g�5���;�¾�������5��¯5�>¢;�
�5���b�;�b�b�5�bª�¢;�5µ�ª�¬;���>�bªY�>�5�G�t�>�b£;´

u1 ∈
(
0;min{ 1−α

√
(cα ln 2)/(2a2); 1}

) »

�;%��=- / B�� 2 �f�L�2�
�²�;���>�b�@�5���_°��>�J�b�bª��k�5�5���b¢;�X�����5�_¯5�>¢;�_£���¦_���;�>�5�b¢;ª�«_��£f�b�5�a�¾�5�X�>�|�a§

�>��£��b�;�b­5�b���_���N� �Y�b��¬5­5�¾«_�5�_�5�a� �b�;�J¢;�5«X���>£���°;�>�b£��2�>¿|�b�5�5«X�2��£��|�5�;�b£b§
¢;�_�5�a�"´������X�>�5�_¬5�5£f�b¨/���a¿³�>��¦7¢g���>��£f�b�5�5�º�5�5�b�_�5�X�>��£�£ �5�_�;�b�f¿a�5¬5�X�>­5�a¿
· �g£��f¿a�|�5��£��5�_£�¡&¿;¹��>�;�>�b�X���J¿T»�3��5��£��G�g�_�5�5���!�b�;�J¢;�5�b�5¬5�X�>­|���/�i¬5�;�G¢;�_�5�5���
�;�_�G¢;�G�g��£f�b�5�5�j�5��«_£��b¢5�5�_���:�g�>¢g�b�bª��G¢;�G�g�|¨/���5�k£�¡]£��X�g¡(»L�³�G¢;�|¬;�b��´L­|�b§
¦N�t��Å��|�5­5¯5�5�i�g�@¿f�X�t������¯5�>¢;�_£���¦_�[�Ã�5�_¯5�>¢;�_£���¦_�[�;�>�5�b¢;ª�«_��£f�b�5�a�i�5�X�>�|�a§
�>��£Ã�5£b¢5�5¨/���N� �>�b�_�5�_�5�5¡x�2���Y�5��­a�b«X�b�b�>¢;�X�&´`�2�_�5ª�µ��;�Â�G�g�5�5�5¯5¡(´L�5¦_�5�b§
­a���²£�¡]¦_�X�g�5�¾£�­a¢g�@�g¡]£f�b�bª �5�_­|���b���5�|¨ �g�b¢;¨ �>�5�G�t�>�b£s�;���g�f�>�b�a±[�_�5�5�
�������a¿�¯5�>¢;�_°"´$���f�>�J�b£�µ��|¨!�N�¾¬;���>�bª��;���5�X�J¢;�5«X�b¯5�5¨ ¬;���>�b�5¡&¿ �5�5�b�_�5�>§
�>��£;»2�²�G¢;�|¬;�b��´2­|��¦N�t���X�g�;��¿f���X� ��¡³�X�g�;���5«ÃÅ��|�5­5¯5�5°¾�g�@¿f�X�t������¯5�>§
¢;�_£���¦_�Ã�a¢;� �5�_¯5�>¢;�_£���¦_���;�>�5�b¢;ª�«_��£f�b�5�a���5�X�>�|�;�>��£k�5£b¢5�5�_���N� �>�b�_�5�_�5�5��°
�k�5��­a�b«X�b�b�>¢;�X�&´����b¢;ª�µ��;�¶�G�g�5�5�5¯5¡(´q���g�5�|¦>�J�s¢;�5�����J�b­a±[���>�b�_�5�_�5�;�J�
�Ã�5��­a�b«X�b�b�>¢;�X�&´����b¢;ª�µ��;�®�G�g�5�5�5¯5¡(´�¢;�5����¢;�5�5�_°5�;�J�"´$�5¦_�5��­a���®£�¡]¦_�X�;§
�5�º���_�>�5¦_�5��£f�b�bª��5�X�>�|�;�>¡ ¢;�5���º�b�b¢;ª�­|�)�;��¬;���>�b�5¡]�¾¯5�>¢;��· �>�b�;�b�b�_¦_�a�

@Ä_¦_���5«X�����f¹G´"¢;�5�����b�b¢;ª�­|���;���������5�Y¯5�>¢;�©· �>�b�;�b�b�_¦_�a� 
J�J¢;ªJ�b�5�|�5«X�����f¹G»
���f�>�J�J¢;ª��5¡&¿��G¢;�|¬;�J�a¿¾�2��¦_�|��£���«_�5�5­a�b�bª��G¢;�G�g�|¨/���5�i�>�5�b�f�b¯5�5���L­|��¦N�t�
ÄXÅ(Å��_­5� ��� ¬;���>�b�5��°º�g�>�5�b�>¢;ª��5�f�>�b�©­a�b­|��¦_�b§D¢;�5���¾�5¦_�5��­a�¾«_�;�@¬5�5�b�>¢;ª��5�
���b¢;ª�µ��[ÄXÅ(Å��_­5�J�k���k�������_°��g�>�5�b�>¢;ª��5�f�>�b�"´"�b��£�¡]¦_�X�g�;�k�>�b�;�b�b�_¦_�a��¬5�a§
�>�b��¦_� 
@Ä_¦_���5«X����� �`­|��¦N�t�ÃÄXÅ(Å��_­5������¬;���>�b�5��°��g�>�5�b�>¢;ª��5�f�>�b�¾�������a¿��5¦>§
�5��­|��£��;���2�5��¦_���2�_�5ª�µ��iÄXÅ(Å��_­5�J�������������_°��g�>�5�b�>¢;ª��5�f�>�b�"´2�b��£�¡]¦_�X�;§
�5�Ã�5�5�;�2�_�5�5�bª��>�b�;�b�b�_¦_�5¨�¬5�;�>�b��¦_��
J�J¢;ªJ�b�5�|�5«X����� �T­|��¦N�t�kÄXÅ(Å��_­5�b¡����
¬;���>�b�5��°k�k�������_°Y�g�>�5�b�>¢;ª��5�f�>�b�Ã�5¦_�5��­|��£[�>�;�b£��5�;�2¡(´a�b��£�¡]¦_�X�g�5�[¬;���>�bª
�>�5�G�t�>�b£��;�b�5�;�b£��5�bª��;�[�������5��¯5�>¢;�"´;���g�5�|¦_�|¨¶¬;���>�bª��;�[¬;���>�b�5¡]��»
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1) H0 = V 2

2g + h
¤³�5�5�b�_¦_�;�J¢�¥
�_�5�5�X¢5¢;���

2) ∂(hux)
∂x +

∂(huy)
∂y = 0
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3) ∂ux

∂y − ∂uy

∂x = Ω = 0
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2g + h0
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ux, uy
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x = 0
´ − b

2 6 y 6 b
2

�;�2�_�X�
ux = V0

´
uy = 0

´
h = h0

´
θ = θ0.�(�!���X�>­|���5�_¬5�5�f�>�b��£J�g�b¢;ª!�f�>���>�;���2�_�b�5�5���5���b��­a�!�5�5�

x → ∞ ´
y = 0,

h→ 0, u→ Vmax =
√
2gH0.
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θ → θmax, x → ∞, h→ 0, y = f(x) → ∞,
¦N�g�

θmax
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uy(x, y)
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V ; h(x, y)
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y = f(x)
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y =

√
b2

4
+ tg2θmax · x2. (1)

4 �@�t�@�g�;�i�5�5���5«_£��b¢;ª��5���2«_�;�@¬5�_�5�5�$�b�f�>¯5�;�_�>¡
x = OK
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y
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y = KC
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θ
£��b��¬5­|�

C
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θ = arctg

{
tg2θmax · x√

b2

4 + tg2θmax · x2

}
. (2)
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C
´
A
�
C1

�

R =
y

sin θ
, B = 2θ · R. (3)
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h
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V
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{
Q = B · h · V ;

H0 = V 2

2g + h.
(4)
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h · V = Q
B
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�5�f�>�5�b�>¢;ª��5��£��>¢;�5¬5�5�5¡,�>�5�G�g�5�_°��>­|���5�f�>�b�k�5�[±Y�5£��f�2�i�>�_¬5�_�5�5¨¶�5���b��­a� �

H0 · V =
V 3

2g
+
Q

B
. (5)

�(�>­|�f�2¡]°k­|���5�_�5ª��|�;�b£��5�_�5�a��· F�¹$�g�b¢5±[�_�k�_�g��£b¢;�_�b£����f�5�bª��f�G¢;��£��5¨ �
V0 6 V 6 Vmax. (6)

E �5�G�g�a�a�Y¦7¢;�|���5�;�!�5��±Y�5£��f�2���>�_¬5�_�5�5¨©�5���b��­a�!�5�5�YÄ_�b�f���5«x�5�_�5£���¦_��|�;�b£��5�_�5�a�Ã�>�;�>�b�X�2¡²·¸Á|¹
���_�g�_�[�;�b£��;�

h =
Q

B · V . (7)

D ���>¨
�t�[�5�b¢;�|¬5�;�s�;�b�;���2�_�b�5¡,�5���b��­a�[­a�b­ÃÅ��|�5­5¯5�5�k��� x �
y = y(x), θ = θ(x), R = R(x), B = B(x) V = V (x), h = h(x). (8)

D �5�5�G�g�>¢;�;�)�t�J¢;�_���b�;�J¢;��¦_�5¬5�5¡]���;�b�;���2�_�b�5¡¶�;¢5���5���b��­a�i�;�i�|¬;���>�J§­|�
I
·¸�5�;�b»"�@¹
���|¬5�_�b�f���>�a¢��>���5�5���b�5£b¢;�_�5�a�k�5���b��­5��»

E ¬5�5�J�J�"´Y¬5�b�²�;���_�>��¦7¢g���>��£f�b�5�a�²�5� �;�b�;���2�_�b�;��� �5���b��­a���;��Ä_�b�f�
�|¬;���>�b­|�i���_�g�|�����J¢;¡(´`�;¢5� �|�5�5�����_�5�a� �5�b¢g�b¦>�b�X�&´`¬5�b���;�@�g�5�f�Y±Y�5£���¦_�
�>�_¬5�_�5�a�

DAD1
�>��£��;�@�t�b�_�(�x�;�@�g�5�f�>�f��±Y�5£���¦_���>�_¬5�_�5�a�

CAC1
·¸�5�;�b»a¼�¹G»

3��5�;�>£����;� £f�>�X�s�;�b�;���2�_�b�;���s£YÅ����;�2�X¢;�j· �f¹
�5�|�g�_­a�>¡
c
�;¢5�Ã�5���b��­a�

�!�|¬5�_�b�f���>�a¢��>���5�5���b�5£b¢;�_�5�a�

yc, θc, Rc, Bc, Vc, hc. (9)
5�¢5�k�;�b�;���2�_�b�5��£

Bc
´
Vc
´
hc
£�Å����;�2�X¢;��· �f¹
�>�5�;�b£��G�;¢;�5£����|�;�b£��5�_�5�5�

�5�_�;�b«_�5¡]£��5�f�>�b���
Q = Bc · Vc · hc. (10)3(�@�g�_�5�5��¦_�|�g�5�X�g�5�;���2�5¬5�X�>­|��¦_�¾�;�b�5���;�¾�_�g��£b¢;�_�b£����f�5�_�¾�|�;�b£��5�_�5�5¨

�5«�� �J� �
dHc

dx
= −λc · Fc

2
, (11)

¦N�g�
λc
¤ ­|��ÄXÅ(Å��5¯5�5�_�5��¦_�|�g�;�b£b¢;�5¬5�X�>­|��¦_���b�5�_�5�a�)�5���b��­a�����g�5���5�f�G§

¢g�5´
Fc =

V 2
c

ghc

¤�­5�5�5�b�_�5�5°�­5�5�5�_�b�5¬5�5�f�>�b���5���b��­a��·¸�5�;�@¬5�(¦_��£����f�"´|¬5�;�G¢;�
���5�_�t�f¹G»
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£��|�g��´a�5�5�G�;¢;�@±[�_�5�5�f� £Ã� �X� �

λc = K

(
ks
hc

)1/3

, (12)

¦N�g�
K = 0, 0303

´b�
ks
¤�­|��ÄXÅ(Å��5¯5�5�_�5��µ��_�5�@¿f��£f�b�b�f�>�b���g�;�����b£��X�;�5���_¦_�

�5�f�G¢g�5»
5�¢5�Ã���_�b���;�5´a�>��¦7¢g���>�5���t�b�5�5¡x�s£Ã� �J� �

0, 3
¯�¯

6 ks 6 1, 5
¯�¯

. (13)
�����;�2�X¢g��·8�@¼�¹q�5�Y�>�|�b�Ã�X�>�bªY�5«_£��X�>�b�;�J�ÃÅ����;�2�X¢g� 
��b�5�5�5�5¦>�k� �J�½»
3��5�_�����;�b«_���X�¾�|�;�b£��5�_�5�5��·8���@¹
­k£��|�g� �

H0 −Hc =

x∫

0

λc · Fc

2
dx. (14)

�`�b­Ã­a�b­i�;�[�5�_�5£��f�¾�|¬;���>�b­|���5�X�J¢;ª��5��¦_���5���b��­a��£��>�a¢;�i���J¢;�f�>�b�Ã�>�a¢
�>���5�5���b�5£b¢;�_�5�a�Y�5���b��­5�YÅ��|�5­5¯5�a�

f(x) = λc ·Fc
�2���5���b���5�5��£���«_�;���>�J�b�_�@´

���5�5��Ä_�b�f��¦7¢;�|���5�5¡ �a�2�_�5ª�µ[�b¨/���N�"´@�!�>­|���5�f�>�b���|£��>¢;�5¬5�5£f�b¨/���N�"´X�b�!�5�5�
¬5�;�G¢;�_�5�5�f�s�;���>¬5�_�b���5�5�b�_¦_�;�J¢g��£��f�>�5�b¢;ª�«_���X���N�iÅ����;�2�X¢;��°k�b�;�b�5�_¯5�5°"»

�"��¦N�t���|�;�b£��5�_�5�5��·8�_Á|¹
�5�_�5�_�5�5µ��X�s£��g�;�>­5�5�_�b�5�f�s£��|�g���

H0 −Hc =
1

4
{λ0 · F0 + λc · Fc} · x. (15)

3��5�|�g�_�f±Y�5£f�J�;�>ª!�b�;�J¢;��¦_�5�[�&�2�X�g�>¢;ª�¨����5�5�G�g�>¢;�_�5�a�[�;�b�;���2�_�b�5��£!���_«
�|¬5�_�J���>�a¢��>���5�5���b�5£b¢;�_�5�a�"´"�5�b¢g�b¦>�b�X��£s·8� F�¹

x = xA
´`�J�b­¾­a�b­¾�5�_���@¿f�b§

�g�;�2�����5�5�G�g�>¢;�5�bª[�;�b�;���2�_�b�5¡��5���b��­a��£�±Y�5£��f�s�>�_¬5�_�5�5�
DAD1

»��`�b­5�;�
�����;�b«_�f�&´|�|�;�b£��5�_�5�5�Y·8� F�¹q�5�5�;�2�_�Y£��|� �

H0 −
V 2
c

2g
− hc =

1

4

[
λ0 · F0 +K

(
ks
hc

)1/3

· V 2
c

g · hc

]
· xA. (16)

��«��5�_�5£���¦_���|�;�b£��5�_�5�a�k�>�;�>�b�X�2¡³·¸Á|¹q�Ã�|�;�b£��5�_�5�a��·8���f¹q�5�b¢;�|¬5�;� �

δ =
B

Bc
=
Vchc
V h

. (17)

E �|¬5�_�b�f�,·8� �b¹q�|�;�b£��5�_�5�5�Y·8���f¹q�5�5�;�2�_�j�G¢;�G�g�|¨/���5°k£��|� �

H0h
2
c −

δ2V 2h2

2g
− h3c =

1

4

[
λ0F0h

2
c +K

(
ks
hc

)1/3
δ2V 2h2

ghc

]
xA. (18)
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��«Y·8� �b¹
�k£��b���5��¦_���5«��;�b£��_�;�>�b£�· Àf¹
�5�b¢;�|¬5�;�

δ =
B

Bc
=

θ

θc
. (19)

��«�¦_�_�f�2�_�b�5�5�Ã�;���>�b�_­a�b�5�a�k�5���b��­a���G¢;�G�g���_� �

xA = x+R−R cos θ. (20)

�
¡]�;�b«_�;�s�5«��|�;�b£��5�_�5�a��·8� �f¹q£��>¢;�5¬5�5�5�
δ

δ =

√√√√ H0h2c − h3c − 1
4xAλ0F0h2c

V 2h2

2g

[
1 + 1

2hc
xAK

(
ks

hc

)1/3] . (21)

�`�b­�­a�b­[¦7¢;�|���5�5¡s£��5�X�J¢;ª��5�f���5���b��­|�&�|��¡]£f�b¨/�!�2�G�;¢;�_�5�5�_��´b¬5�X��¦7¢;�f§
���5�5¡����_«��|¬5�_�J���>�a¢��>���5�5���b�5£b¢;�_�5�a�k�5���b��­5��� ¼a´ �X�½´a�b�Y�5�b¢g�b¦>�b�X� �

hc = h+∆h, ∆h > 0. (22)

���;�G¢;�_�5�5¡]°��;���>¬5�_�®�5��­a�b«_¡]£f�b�_�@´�¬5�b��£®�b��¬5­|�,�2�5�5�;�2�a��� Å��|�5­a§
¯5�5� ·D¼a�@¹

∆h
�g�_°;�>�b£��5�b�>¢;ª��5�®�5£b¢5�5�_���N���5�b¢;�@±Y�5�b�>¢;ª��5��°�£��>¢;�5¬5�5�5��°"´

�
δ(∆h)

�5�5�5�5�;���b�_��«_�;�@¬5�_�5�5���;�s�5�5�b�_�5£f�J¢;�º·8� �(��´ �@¹G» 3��5�,Ä_�b�f�����a§
�b�;���J¢;ª��5���Y«_�;�@¬5�_�5�5�

∆h
���J¢;�;´`�J�b­¾­a�b­�­a�J±[�g¡]°¾�;�b«j�5�5�¾¬5�;�G¢;�_�5�5¡&¿

�;���>¬5�_�J�J¿ ∆h
h

�5�(�5�5�_£��f�N¿f�X�g�5��Á��j»
�`�b­5�;� �����;�b«_�f�&´b£��;�b�����b�x�;�>�5�b¢;ª�«_��£f�J¢g�N�[�5�5�5�5¯5�5�i���5�b�;���J¢;ª��5�f�>�b���

���b­a¢;���5�_�5�5�&�;�b�;���2�_�b�5��£!�5���b��­a�!�5�5���;�J¢;�5¬5�5�[£���«X�2�|���_�5�5°Ã· �>�a¢Y�>���5�5�b§
�b�5£b¢;�_�5�a���5���b��­5�5¹&£j�f�>�b��°5¬5�5£���°����b¢g���>�b���b�_¬5�_�5�a�����j�|�g�X�J¢;ª��5��¦_��·¸���_«
�|¬5�_�J���>�a¢��>���5�5���b�5£b¢;�_�5�a�k�5���b��­5�5¹
�>�b�5�X�2�5���N��­��2�5�5�;���J¢;ª��5�f�2��»

D �5�5�G�g�>¢;�5£ δ ´ ∆h �5�[Å����;�2�X¢g���º·D¼�¼�¹G´g·8� �f¹G´t·8� �b¹���·8���f¹G´f�;�b°|�g�X��«_�;�J§¬5�_�5�a�Ã�;�b�;���2�_�b�5��£
θc
´
Bc
´
Vc
´
hc
£[±Y�5£��f�s�>�_¬5�_�5�5�Ã�5���b��­a�

DAD1
»

5�¢5�º�>�;�b£��5�_�5�a�������g�5�;�b��­5�;�b°5�5�_°�¢;�5�5�5�º�b��­a���5�5�º�>��£��;�@�t�b¨/���a¿
�b�f�>¯5�;�_�_�J¿j���5�5�G�g�>¢;�;� �

xN = xA +R cos θc −R, yc(xN ) = R sin θc.

4 �;�@¬5�_�5�5�
y(xN )

���5�5�G�g�>¢;�;�s�5«�Å����;�2�X¢;¡ ·8�@¹G»
5[�J¢;�_� ��¯5�_�5�5£f�b�X� ���b�5�f�>�5�b�>¢;ª��5�|¨ �5��¦_�5�_µ��5�f�>�bª©�;���_�>��¦7¢g���>��£f�b�5�a�

�����g�5�;�b�Ã­5�;�b°5�5�a¿�¢;�5�5�5°¾�b��­a�Ã�Y�|¬5�_�b�f�,�>�a¢s�>���5�5���b�5£b¢;�_�5�a���¾���_«��a¿
�|¬5�_�J�

δy =
|yc − y|
yc

· 100%.
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u′c(x) = 0,
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∂2ϕ1

∂x2
+
∂2ϕ1

∂y2
+
∂2ϕ1

∂z2
= − Q0

8a3
f(x, y, z), 0 6 z 6 H1, (1)

∂2ϕ2

∂x2
+
∂2ϕ2

∂y2
+
∂2ϕ2

∂z2
= 0, (2)

ϕ1 =
∂ϕ1

∂t
= ϕ2 =

ϕ2

∂t
= 0

�5�5�
t = 0, (3)
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∂ϕ1

∂x

∣∣∣
x=0

= 0,
∂ϕ1

∂x

∣∣∣
x=L

= 0, (4)

∂ϕ2

∂x

∣∣∣
x=0

= 0,
∂ϕ2

∂x

∣∣∣
x=L

= 0, (5)

∂ϕ1

∂y

∣∣∣
y=0

= 0,
∂ϕ1

∂y

∣∣∣
y=B

= 0, (6)

∂ϕ2

∂y

∣∣∣
y=0

= 0,
∂ϕ2

∂y

∣∣∣
y=B

= 0, (7)

∂2ϕ1

∂t2
+ g

∂ϕ1

∂z
= 0

�5�5�
z = H1, (8)

∂ϕ1

∂z
=
∂ϕ2

∂z

�5�5�
z = 0, (9)

ρ1

(
∂2ϕ1

∂t2
+ g

∂ϕ1

∂z
= 0

)
= ρ2

(
∂2ϕ2

∂t2
+ g

∂ϕ2

∂z
= 0

) �5�5�
z = 0, (10)

∂ϕ2

∂z

∣∣∣
z=−H2

= 0, (11)

η(x, y, t) =
ρ2

(ρ2 − ρ1)g

∂ϕ2

∂t
− ρ1

(ρ2 − ρ1)g

∂ϕ1

∂t

�5�5�
z = 0, (12)
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f(x, y, z)

�2�@±Y�5���5�5�G�t�>�J�b£��5�bª
�G¢;�G�g�|¨/���;�s�����;�b«_�f� �

f(x, y, z) =
[
1(x− x0 + a)− 1(x− x0 − a)

]
×

×
[
1(y − y0 + a)− 1(y − y0 − a)

][
1(z − z0 + a)− 1(z − z0 − a)

]
,

1(x)
¤��G�g�5�5�5¬5�5¡]��Å��|�5­5¯5�5� �/�_£��;�_�b°|�t�5»
	(�_¦_­|�¶«X���2�_�b�5�bª;´�¬5�b�®�5�5��¯5�X�_�)£��X�g��«X�b�����;�©�5«©£��5�|�b�5�_�5�5�_¦_�¶�5�5�b§

�>�b�;�b�;�>�b£f��£��X�g���X�����_�2�X�g�>¢;�5�5��£f�b�"´L­a�b­ �5�_�5�5�_�5¡]£��;�J���>�;�>�b�X�����b��¬5�_¬a§
�5¡&¿k�>�b��­|��£;´a�;�b£��5�f�2�_�5�5�[�;���>�5�5�G�g�>¢;�_�5�5¡&¿i£Y­5�|�����





x0 − a 6 x 6 x0 + a,

y0 − a 6 y 6 y0 + a,

z0 − a 6 z 6 z0 + a.
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f(x, y, z) = f(M)
�2�@±Y�5��«X�b�5�;�_�b�bª[�J�b­��

f(M) =

{
1
�5�5�

M ∈ ­5�|��� ,
0
�5�5�

M /∈ ­5�|��� , (13)

M0(x0, y0, z0)
¤®­|�������g�5�;�b�b¡s¦_�_�f�2�_�b�5�5¬5�X�>­|��¦_��¯5�_�5�b�;��­5�|�f�5´

a
¤®�5�_���5�

­5�|�f�5»
3��f�>�J�b£b¢;�_�5�;�J� �;�@¬;�J¢;ª��5�b§½­5�;�b�_£f�J��«X�@�t�@¬;���5�_µ��_�;���5�|�b�X�®�5�5�;�2�_�5�>§

�5�a���5�5�b�_¦_�;�J¢;ª��5��¦_�j�5�5�_�����;�b«_��£f�b�5�a�
	��b�a¢g���_���5�i�5�_�5�X�2�_�5�5��°
t
���;�b«>§

¢;�@±[�_�5�a�k£��g£��|­5�;�b�b�5¡]���f�|�g¡ ���|�5ª����5���5�_�5�X�2�_�5�5¡x�
x
�
y
»

�/�;�b£��5�_�5�5�!£��b¢;�5��£���°Y�5��£��_�f¿a�5�f�>�b�j�;�b«G�g�>¢g�[�G¢;���_£�£��X�g¡º�5�b¢;�|¬5�_�5�[£
�G¢;�G�g�|¨/���X�s£��|�g���

η(x, y, t) =

∞∑

m=1

η0,m(t) cosamy+

+

∞∑

n=1

∞∑

m=1

ηn,m(t) cos amy · cosanx+

∞∑

m=1

ηn.0(t) cos anx,

¦N�g�

ηn,m(t) = −ρ1
ρ2

®
­
λn,mH2 ·Q0 · αn,m

8a3λn,m
(
1+ ρ1

ρ2

®
­
λn,mH1 ·

®
­
λn,mH2

)(
ω2
1,n,m−ω2

2,n,m

)×

×
[
βn,m(ω1,n,m · sinω1,n,mt− ω2,n,m · sinω2,n,mt)+

+βn,mgλn,m

(
sinω2,n,mt

ω2,n,m
− sinω1,n,mt

ω1,n,m

)]
,

βn,m=
e−λn,m(z0−a)−e−λn,m(2H1−z0+a)−e−λn,m(z0+a)−e−λn,m(2H1−z0−a)

1 + e−2λn,mH2
,

βn,m=
e−λn,m(z0−a)−e−λn,m(2H1−z0+a)−e−λn,m(z0+a)−e−λn,m(2H1−z0−a)

1 + e−2λn,mH2
,

ω1,n,m =
√
gλn,m

√√√√
®
­
λn,mH1 +

®
­
λn,mH2 −

√
Dn,m

2
(
1 + ρ1

ρ2

®
­
λn,mH1 ·

®
­
λn,mH2

) ,

ω2,n,m =
√
gλn,m

√√√√
®
­
λn,mH1 +

®
­
λn,mH2 +

√
Dn,m

2
(
1 + ρ1

ρ2

®
­
λn,mH1 ·

®
­
λn,mH2

) ,
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Dn,m =
( ®
­

λn,m − ®
­
λn,mH2

)2
+ 4

ρ1
ρ2

®
­
λn,mH1 ·

®
­
λn,mH2 ×

×
(
1 +

ρ1
ρ2

®
­
λn,mH1 ·

®
­
λn,mH2 −

®
­
λn,mH1 ·

®
­
λn,mH2

)
,

λn,m =
√
a2n + a2m, an =

nπ

L
, am =

mπ

B
,

αn,m =
16

L ·B · am · an
cosamy0 · cosanx0 · sinana · sin ama,

αn,0 =
8a

L · B · an
cosanx0 · sin ana, n = 1, 2, 3, . . . ,

α0,m =
8a

L · B · am
cosamy0 · sin ama, m = 1, 2, 3, . . . ,

α0,0 =
4a2

L ·B .

3��5�j«X�b�����5�]£��X�g¡��5«/�5�a±Y�5�_¦_���G¢;�@�j�b�;�J¢;��¦_�5¬5�5¡x���2�_�b�X�g�f���5�b¢;�|¬;�J§
¨/���N���;���>¬5�_�b�5¡]��Å����;�2�X¢;¡³�;¢5�����5�5�G�g�>¢;�_�5�a��£��_�f¿a�5�_¦_��­5�5�5�b�5¬5�X�>­|��¦_�
�5�b¢;�@±[�_�5�a�i£��b¢;�5��£���°i�5��£��_�f¿a�5�f�>�b�i�;�b«G�g�>¢g���G¢;���_£

ηn,m =
Q0

8a3
αn,m · βn,m

λn,m

(
1 + ρ1

ρ2

®
­
λn,mH1 ·

®
­
λn,mH2

)(
ω2
2,n,m − ω2

1,n,m

) ×

×
(
gλn,m · ®
­ λn,mH1 − ω2

1,n,m

ω1,n,m
sinω1,n,mt+

+
ω2
2,n,m − gλn,m

®
­
λn,mH1

ω2,n,m
sinω2,n,mt

)
,

βn,m =

¬�­
λn,m(H2 − z0 − a)− ¬�­

λn,m(H2 − z0 + a)
� ­
λn,mH2

.

�2�_«_�X¢;ªJ�J�b�b¡ £�¡]¬5�;�G¢;�5�b�>¢;ª��5¡&¿ Ä_­a�>�5�_�5�;�2�_�5�b��£ �5�5�G�t�>�J�b£b¢;�_�5¡ �;�
�5�;�b»�¼Ã�sÀ5» �(��¦_���5�5«_���5�J�J¢;ª��5��°��f�>�¾�����2�_�5�_�5��£��5�X�L� £��>�_­5�|�|�t�J¿T» �(�
£��_�5�b�5­a�J¢;ª��5��°¾�f�>�s�����2�_�5�_�5¡�«_�;�@¬5�_�5�a� η

Q0

´2¦N�g�
η
¤ £���«_£�¡]µ��_�5�5�j�5�b§

£��_�f¿a�5�f�>�b�"´
Q0

¤��;���N¿f�X�k£��X�g¡�¬5�_�5�_«���­5�5�;»
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H1 = 5

9Te
H2 = 5

9Te
L = 1000

9Te
B = 2

9Te
z0 = 2

9Te
h0 = 0, 001

9Te
b0 = 1

9Te
ρ1 = 1000

^@u
&79
3
e
ρ2 = 1001

^@u
&79
3
e
x0 = 500

9Te
y0 = 1

9Te
x = 500

9Te
y = 1

9Te
a = 0, 001

9Te
b = 1
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È�Â�±IjNk
¼·Â�±vjNk
¼·l ³�k2mÃj�´�¸�±vmÃ´2¾�Âr½P¸�¹�´�¸P½Pµ�k2j�l ³�Æ�¹�´�³v±v¶·¶·±v¶Gl µC¼·Â�±I¶�¼·¹·k
¼·l Ì�±v¸<Á�k
¼·±v¹8e
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±Ã¶�½P¶�¼·±vj�¶:l
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£�¡x�>���b�5¡x�³«G�t�b�5�5�X�&» D ��¡]¬5�5�s¦_�5�|�5�b¡ �5�X�¶�>�b�5���5�b�>¢;ª��5��°��a¢;���[�@�g­|��°
�5�5�G�t�>�J�b£b¢5�5¨/�©�>������°¶�>�;�>�b�X�2�Â�5«��2�5��¦_�a¿¶�G¢;���_£©�5���5�X��� �;�b«>¢;�5¬5�5¡&§
�2�iÅ��5«_�5­|�b§h�2�>¿|�b�5�5¬5�X�>­5�;�2��¿|�b�;�b­5�b�_�5�;�>�b�5­a���2�j�i�2�����5�f�>�X�;�2�"» E �b��¬a§­5�k«_�5�_�5�a�Ã��¯5�_�5­5�Ã�>�_°;�_�2�5¬5�X�>­|��¦_�[£���«G�g�_°;�>�b£��a�i£f�>�_¦N�t��£���«_�5�5­a�b�_���X�>�b�>§
�>�b£��_�5�5¡]° £����5�5�f� �[­a�b­�£b¢;�a�5¨/���;�b«_�5¡]�,�;���>�5�b¢;�@±[�_�5�a���G¢;���_£�� �a¿
Å��5«_�5­|�b§h�2�>¿|�b�5�5¬5�X�>­5�5�k¿|�b�;�b­5�b�_�5�;�>�b�5­5�"´
�¾�J�b­a±[��¦>�b�f�b�5�5�b�5¡]���;�b«X�2�>§
�5¡ �>�����5�f±[�_�5�a�º�;�s�|�5��£��_�5ª �_¦_�s­|�b¢;�_�f�b�5�5°®·¸�f�>�a¢;�_�5�5���a¢;���f�G¢g�b�b¢;�>§
�5�5�@¹!� �GÇ|Áb�½»

CBDa�<E F7E 354768Z@B8<>MJ4NC!6DS>B:9;4&O@FG68<G47A7HJB8M@M@FGQ(^@=J47B8AGFGQ�\:4NUb4:Z@?�68B8Q@6:95F7HJFGu8?@?fl

E ¯5�>¢;ª�¨ �|�5�5�����_�5�a��«X�@�t�@¬5�)�2�X�g�>¢;�5�5��£f�b�5�a�s���_�g�X� �>¬5�5�J�b�bª;´$¬5�b�
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��b�b�X���b�b�5¬5�X�>­5�|¨ �2�X�g�>¢;ª��>�_°;�_�2�5¬5�X�>­5�a¿ ­|�b¢;�_�f�b�5�5°¾£f�>�_°s�>�;�>�b�X�2¡

�5�5�G�t�>�J�b£b¢5�5�_�º�G¢;�G�g�|¨/�[�J�Â­|���5�J�b­5�b�;�J�,­5�;�b�_£f�J�,«X�@�t�@¬;�)���b�b�X���b�b�5¬5�>§
�>­|��°ÃÅ��5«_�5­5���

∂2U1

∂t2
− a21

∂2U1

∂x2
= 0, −H < x < 0, (1)

∂2U2

∂t2
− a22

∂2U2

∂x2
= 0, 0 < x < +∞, (2)

EJ
∂4W

∂x4
+

∂2

∂x2
(F (x)W ) + ρs

∂2W

∂t2
= 0,

−(H + L) < x < −H,
(3)

U1(x, t) = U2(x, t), x = 0, (4)

G1
∂U1

∂x
= G2

∂U2

∂x
, x = 0, (5)

m
∂2U1

∂t2
−G1s1

∂U1

∂x
−EJ

∂3W

∂x3
= 0, x = −H, (6)

W (x, t) = U1(x, t), x = −H, (7)

∂W (x, t)

∂x
= 0, x = −H, (8)

∂2W

∂x2
= 0, x = −(H + L), (9)

∂3W

∂x3
= 0, x = −(H + L), (10)

a1 =

√
G1

ρ1
, a2 =

√
G2

ρ2
, (11)

¦N�g�(�5�5�5�a�5�b¡®�G¢;�G�g�|¨/���5��������«_�;�@¬5�_�5�a���
t
¤ £��5�X�L�"´

x
¤ £��_�5�b�5­a�J¢;ª��;�J�

­|�������g�5�;�b�J�5´
U1(x, t)

�
U2(x, t)

¤ £��>¢;�5¬5�5�5¡ ¦_���5�5«_���5�J�J¢;ª��5¡&¿��:�g£��5¦_�b§
£�¡&¿Y­|�b¢;�_�f�b�5�5°j£��G¢;�@�a¿T´

EJ
¤ ±[�X�>�b­|�f�>�bª[£�¡x�>���b�5��¦_�[�>�����5�f±[�_�5�a�j�5�5�

�_¦_�[�5���5�_�5�_¬5�5�f�¾­|�b¢;�_�f�b�5�5�"´
W (x, t)

¤³£��>¢;�5¬5�5�;���5���5�_�5�_¬5�5¡&¿i�|�5�5�|¦_�a¿
­|�b¢;�_�f�b�5�5°Ã�>�����5�f±[�_�5�a�"´

G1
´
ρ1
´
G2
´
ρ2
¤ �2�X�g�X¢;���:�g£��5¦>�����a¢;���b�5�f�>�b�

¦_�5�|�5�b��£!£!�G¢;�@�a¿T´
s
¤Â�a¢;���[�@�gª/�5���5�_�5�_¬5�5��¦_�!�>�_¬5�_�5�a���>�����5�f±[�_�5�a�"´

s1
¤

�a¢;���[�@�gªj�a¢g�b�5��£���¦_�j�>�_¬5�_�5�a��Å��|�|�t���2�_�5�b�5��¦_�k�����_�>�5£f�5´
ρ
¤ �����"�X�2�;�J�



¼a�_Á � � ���.�
� ����� �
�a¢;���b�5�f�>�bª����b�b�_�5�;�J¢g���>�����5�f±[�_�5�a�"´2�N¿f�X���b�b�5«_�5�5��£f�b�5�5��¦_��£�£��|�g�k£��_�a§
�b�5­a�J¢;ª��5�i�>�b�@�5���_¦_�j���5�f�_�5´

m
¤ �����_�_�jÅ��|�|�t���2�_�5�b�5��¦_�i�����_�>�5£f�5´

H
¤

�2�����5�f�>�bª�£��_�f¿a�5�_¦_���G¢;�@�"´
L
¤³£�¡x�>���J�[�>�����5�f±[�_�5�a�"´

F (x) = g · ρ · s · (H + L+ x),
¦N�g�

F (x)
¤²£��_�5�b�5­a�J¢;ª��5���;�b�5�;�b£b¢;�_�5�;�J�j�f�>�_£f�J�j�>�a¢g�5´b�g�_°;�>�b£��|¨/�[�J�i�;�

�>�����5�f±[�_�5�5�]�j�����f�G¢;��£b¢;�_�5�;�J�[£��X�>�f���>�����5�f±[�_�5�a�"´
g
¤ �f�>­|���5�_�5�5�x�>�a¢;¡

�X�a±[�X�>�b�"»
 ���ÄXÅ(Å��5¯5�5�_�5�[�g�;Å(Å��_�5�_�5¯5�;�J¢;ª��5��¦_���|�;�b£��5�_�5�a� · Àf¹]«X�b£��;�>�5�Y���j­|�b§

�����g�5�;�b�b¡
x
»g�,�>£b�5«_���(Ä_�b�;�)�5�_µ��_�5�5�(�5�f�>�J�b£b¢;�_�5�5��°Ã­|���5�J�b­5�b�5��°Ã­5�;�J§

�_£���°�«X�@�t�@¬5�¾·8�@¹DÇT·8���@¹]�>£b�5«X�b�5�j�����b¢;ª�µ��;�2�����b�b�X���b�b�5¬5�X�>­5�;�2���b�5�_�g�5�b§
�>�X�;�2�"»�5�¢5� �|�5�5�����_�5�a� �5�|�b���b�;�J¢;�5�b�5¬5�X�>­|��¦_���5�_µ��_�5�a�s�f�>�_£��|¨ �>�a¢;�
�X�a±[�X�>�b�Ã�>�����5�f±[�_�5�a�i«X���2�_�5�;� �;�[�_¦_�Y�>�5�G�g�5�_��«_�;�@¬5�_�5�5�

F
£��5�5�G�g�>¢g�J¿

−(L+H) < x < −H.3��5�º�f�G¢;��£��5�"´�¬5�b�s�>�;�>�b�X��� �>��£��_�5µ[�b�_��¦>�b�;�2���5�5¬5�X�>­5�5��­|�b¢;�_�f�b�5�a�
��­5�5�|¦_��£���°�¬;���>�b���b��°

ω
´T�5�_µ��_�5�a���g�;Å(Å��_�5�_�5¯5�;�J¢;ª��5¡&¿��|�;�b£��5�_�5�5°�·8�@¹

�¾·D¼�¹q�;�2�_¨/�j�>�����b£��_���>�b£��_�5�5���G¢;�G�g�|¨/���5°Ã£��|� �

U1(x, t) = A1e
iω
(
t+ x

a1

)
+B1e

iω(t− x
a1

)
, (12)

U2(x, t) = A2e
iω
(
t+ x

a2

)
+B2e

iω
(
t− x

a2

)
, (13)¦N�g�

A2
�
A1
¤����2�a¢;�5�b�_�g¡)�;�@�t�b¨/���a¿�£��b¢;�[£��5�a±Y�5�X����£��_�f¿a�5�X���G¢;�@�a¿

�>�����b£��_���>�b£��_�5�5�;´
B2

�
B1

¤ ���2�a¢;�5�b�_�g¡����b�;�J±[�_�5�5¡&¿¾£��b¢;� £��b�>¿�±[�
�>�5�G�t�J¿T»

�¾�5�5��¯5�X�_�>�q�_�g��£b¢;�_�b£����5�_�5�a��¦_�;�b�5�5¬5�5¡&¿��f�G¢;��£��5°i·¸Á|¹G´5· F�¹t�;¢5�[�5�f�>�b�b§
�5�5�5¡&¿

A1
´
B1
´
A2
´
B2
�5�b¢;�|¬;�b�_���N�(�G¢;�G�g�|¨/�[�J�(�>�;�>�b�X���/�J¢;¦_�_���;�b�5¬5�X�>­5�a¿

�|�;�b£��5�_�5�5°��
{
A1 +B1 = A2 +B2,

k(A1 −B1) = A2 −B2,
¦N�g�

k = ρ1a1

ρ2a2
= G1a2

G2a1
.

(14)

3��5�Ã¦>�b�;�2���5�5¬5�X�>­|�f�¾­|�b¢;�_�f�b�5�5�Ã�>�����5�f±[�_�5�a�
W (x, t) = V (x)eiωt, (15)

�5�_�5«_£��X�>�b�;�J�ÃÅ��|�5­5¯5�a�
V (x)

���_�g�_���;�2�_�bªj�G¢;�G�g�|¨/���5°k£��|� �

V (x) = A3
¬�­
λ1x+B3

� ­
λ1x+A4 sinλ2x+B4 cosλ2x, (16)

¦N�g�

λ1 =

√√√√
√

F
2

4E2J2
+ ρsω2 − F

2EJ
; λ2 =

√√√√
√

F
2

4E2J2
+ ρsω2 +

F

2EJ
.
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�®�5�5��¯5�X�_�>�Y�_�g��£b¢;�_�b£����5�_�5�a��¦_�;�b�5�5¬5�5¡&¿��f�G¢;��£��5°�· �f¹DÇT·8���f¹x�;¢5���5�b§

�>�b�@�5�5�5¡&¿[­|��ÄXÅ(Å��5¯5�5�_�5�b��£
A3
´
B3
´
A4
´
B4

�5�b¢;�|¬;�b¨/���N�Y�G¢;�G�g�|¨/���5�/�J¢5§
¦_�_���;�b�5¬5�X�>­5�5�!�|�;�b£��5�_�5�a���

mω2
(
A1e

−iωH
a1 +B1e

iωH
a1

)
+G1s1

iω

a1

(
A1e

−iωH
a1 −B1e

iωH
a1

)
+

+ EJ
(
λ31
� ­
λ1H · A3 − λ31

¬�­
λ1H · B3 −

− λ32 cosλ2H · A4 − λ32 sinλ2H · B4

)
= 0,

A1e
−iωH

a1 +B1e
iωH

a1 =

= −A3
¬�­
λ1H +B3

� ­
λ1H −A4 sinλ2H +B4 cosλ2H,

sinλ2(H + L)A4 − cosλ2(H + L)B4 =

=
λ21
λ22

¬�­
λ1(H + L) · A3 −

λ21
λ22

� ­
λ1(H + L) · B3,

cosλ2(H + L)A4 + sinλ2(H + L)B4 =

=
λ31
λ32

� ­
λ1(H + L)A3 −

λ31
λ32

¬�­
λ1(H + L)B3,

λ1
� ­
λ1H ·A3−λ1

¬�­
λ1H ·B3+λ2 cosλ2H ·A4+λ2 sinλ2HB4 = 0. (17)

���t�J¢;ª��5�_°5µ��X���>¬5�5�J�b�_���N�"´J¬5�b�(���2�a¢;�5�b�_�t�!�;�@�t�b¨/���_°[£��b¢;�5¡ £!�5�a±�§
�5�X���G¢;���

A2
¤�«X�@�t�b�5�;�J�i£��>¢;�5¬5�5�;�5»

� �5�_«_�X¢;ªJ�J�b�b���5�_µ��_�5�a���>�;�>�b�X�2¡ �J¢;¦_�_���;�b�5¬5�X�>­5�a¿��|�;�b£��5�_�5�5°�·8�_Á|¹
�º·8� �b¹!�¾�5�X�t�>�J�b�5��£�­5���5�b¢;�|¬5�_�5�5¡&¿��5�f�>�b�@�5�5�5¡&¿

Ai
�
Bi
´
i = 1, 2, 3, 4£�£�¡]�;�J±[�_�5�a�,·8� F�¹��,·8���f¹G´�«X�b�b�X�¶£�¡
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AmpW (x, t)|x=−(H+L) = 2A2

G1s1
ω
a1√

k2ϕ2
1 + ϕ2

2

×

×
∣∣∣ψ1

¬�­
λ1(H + L) + ψ2

� ­
λ1(H + L)− (ψ1R2 − ψ2R1)×

× sinλ2(H + L) + (ψ1R4 − ψ2R3) cosλ2(H + L)
∣∣∣,
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ϕ1 =
[
ψ1

(
d2 − z2mω

2
)
+ ψ2

(
d1 + z1mω

2
)]

cos
ωH

a1
−

−
(
ψ1z2G1s1

ω

a1
− ψ2z1G1s1

ω

a1

)
sin

ωH

a1
,

ϕ2 =
[(
d2 − z2mω

2
)
ψ1 +

(
d1 + z1mω

2
)
ψ2

]
cos

ωH

a1
−

− (ψ1z2 − ψ2z1)G1s1
ω

a1
sin

ωH

a1
,

ψ1 = λ1
� ­
λ1H + λ2R1 cosλ2H + λ2R3 sinλ2H,

ψ2 = −λ1
¬�­
λ1H + λ2R2 cosλ2H + λ2R4 sinλ2H,

z1 = − ¬�­ λ1H −R1 · sinλ2H +R3 · cosλ2H,
z2 =

� ­
λ1H −R2 · sinλ2H +R4 · cosλ2H,

d1 = EJ
(
λ31
� ­
λ1H − λ32R1 cosλ2H − λ32R3 sinλ2H

)
,

d2 = EJ
(
λ31
¬�­
λ1H + λ32R2 cosλ2H + λ32R4 sinλ2H

)
.
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∫
f(x)g′(x) dx = f(x)g(x) −

∫
f ′(x)g(x) dx.
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ϕ(x) dx = dg(x)
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@«X�b�5�f�>�;�
ϕ
�5�X�

d
�f¹G»

À5»;�
¡]�5�b¢;�a�5�X�s�>���f�>�b£��_�5�5�[���5�_�;�b¯5�5¨Â�5�5�b�_¦_�5�5�5��£f�b�5�a�k�5�Y¬;���>�X�;� �
∫
f(x) dg(x) = f(x)g(x) −

∫
g(x) df(x). (1)

Á;»5�)�5�f�G¢;�G�g�5�X� �5�5�b�_¦_�;�J¢;�!£[�;�b£��_�;�>�b£���·8�@¹��g�>¢g�b�X�¾�5�X�g¦_���b��£�­5���;¢5�
�t�J¢;ª��5�_°5µ��_¦_�[�_¦_���;�J¿f�@±[�g�_�5�a���

∫
g(x) df(x) =

∫
g(x)f ′(x) dx. (2)

Fa»������X� �5�f�G¢;�G�g�5�5°k�5�5�b�_¦_�;�J¢�£�·D¼�¹G»
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£��|�g���
∫
f(x)ϕ(x) dx =

∫
f(x)g′(x) dx =

∫
f(x) dg(x) =

= f(x)g(x)−
∫
g(x) df(x) = f(x)g(x) −

∫
g(x)f ′(x) dx.

(3)
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√
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£����5�5�f�>��£��º���b£��_�b��£;»��(�@¬5�5�X�²���5�_�;�b£��_�;�>�b£f�

a <
√
b
» 3��;�b£f�J�)¬;���>�bª

�5�_���b�5�5¯;�b�b�>¢;ª��;�5´J�Y�X�G¢;�[¢;�_£f�J�[�b�@±[�]�5�_���b�5�5¯;�b�b�>¢;ª��;�5´b�b���2�@±Y�5��£���«_£��>§
�>�b���5�_�;�b£��_�;�>�b£��/£/­5£f�@�g�;�b� �

a2 < b
´@«X���2�_¬;�J���5�5��Ä_�b�f�&´J¬5�b�/¢;�_£f�J��¬;���>�bª

­a�b­i­5£f�@�g�;�b�[­a�b­|��¦_�b§½�b��£�¡]�;�J±[�_�5�a�i�5�_���b�5�5¯;�b�b�>¢;ª��;�5´a�5�;�b£f�J�k�>��¦7¢g���>�5�
«_�;�b­5�¾�5�_�;�b£��_�;�>�b£f�����b¢;ª�µ��j¢;�_£���°"´���«_�;�@¬5�5�@´��;���2�5�@±[�X�>�b£��i�5�_µ��_�5�5°
�5�f�G¢;�G�g�5�_¦_���5�_�;�b£��_�;�>�b£f�Ã���;���J�b­a±[�i�5�_���b�5�5¯;�b�b�>¢;ª��;�5´L�>�J�J¢;����¡]�bª;´L�;�
Ä_�b�f�)�2�5�@±[�X�>�b£��(�;�2�_£�µ��_�X�N����¦_�;�b�5�5¬5�_�5�5�

b > 0
£�¡]�5�b¢;�5�_�5�j�b£��b�f���b�b�a§

¬5�X�>­5�"» �q�G¢;�¾±[�Y¢;�_£f�J�¾¬;���>�bª����b�5�5¯;�b�b�>¢;ª��;�5´`�b��£�­5£f�@�g�;�b��£���«_£��X�g�5�bª
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b > 0
»�3��X�g£��X�;�i�5�b��¦G´5�2�@±Y�5��­|���;�>�J�b�b�5�5��£f�b�bª;´|¬5�b�

a <
√
b⇔




{
a > 0,
a2 < b,{
a < 0,
b > 0.

Æq�b�k�>�b�5�|­5�b�|�5���2�@±Y�5�Y�>���5�5��£��X�g�5�bªY�G¢;�G�g�|¨/���;�)�G¢;��£��X�>�5¡x� ���5�;�_�b�5�a§
�X� �&��� ��� ¢;�_£f�J��¬;���>�bªj�5�_���b�5�5¯;�b�b�>¢;ª��;� � � ��� 	 �Y�2�@±Y�5�j£���«_£��X�>�b�Ã�5�_�;�J§
£��_�;�>�b£���£(­5£f�@�g�;�b� �

a2 < b
´�«X���2�_�b�5£;´b¬5�b���5�5�;�>�|���>�b£���£f�b£�µ��_�&£j· F�¹2��¦_�;�J§

�5�5¬5�_�5�5�
b > 0

£�¡]�b�_­a�b�_���5«��5�_�;�b£��_�;�>�b£f�
a2 < b

´=��� ��� ¢;�_£f�J�)¬;���>�bª
���b�5�5¯;�b�b�>¢;ª��;� � � ��� 	 �Y�;���_�_���b�b�5�5£f�b�X�2�����5�_�;�b£��_�;�>�b£��j£�¡]�5�b¢;�5�_�5�i�5�5�
�f�G¢;��£��5�i�5�_���b�5�5¯;�b�b�>¢;ª��5�f�>�b�Ã�5�X�g­|���5�_�5�5��¦_��£�¡]�;�J±[�_�5�a�"»

3��_�5�_°|�g�X� ­¶�5�_�;�b£��_�;�>�b£��
a >

√
b
» 4 �g�X�>ªº�G¢;��£��X�>�5�������5�;�_�b�5�5���

�>�b�5�|­5�b�|�;���J�b­|��£�¡ ����� ��� ¢;�_£f�J�¾¬;���>�bª��5�_���b�5�5¯;�b�b�>¢;ª��;� � � ��� 	 ���2�@±�§
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a2 > b
´"�5��«X�b�����b�5£�µ��;�>ªi�5£��5�Ã���

��¦_�;�b�5�5¬5�_�5�a�a¿ �
b > 0

����� ��� ¢;�_£f�J�(¬;���>�bªx���b�5�5¯;�b�b�>¢;ª��;��� � ��� 	 �&�5�_�;�b£��_�a§
�>�b£���· �f¹
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a >
√
b⇔




a > 0,
a2 > b,
b > 0.

� % � % � )�� -�? ��� �!� 2 � + /L�2� +�)&)�, � ) �¾�f�L����� F@� %   ¢;��¦>�b�5�;Å(�2�5¬5�X�>­5�;�
���_�g�X�����b�5�f�>�5�bª¾�b�b¢;ª�­|���J�b­5�5���>�����b�5��µ��_�5�a�"´�£¾­|���b���5¡&¿s�5�_�5�X�2�_�5�;�J�
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£��|�t�

logϕ(x) f(x)
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�;�J¢g�b¦>�b�X�2¡&¿k¢;�_£�¡x�2��¬;���>�X�;�2����¦_�;�b�5�5¬5�_�5�5°"»t (�J±[�g���[�>£���°;�>�b£��i�>���5�5�b§
£��X�g�;�Â�5�_���b¢;ª�µ��;�¶�G¢;��£��f�>��¬5�_�J�b�5�5�X�&´`�5�b¢;�_«_�5¡x�¶�5�5���_¦_���5�5�;�2�_�5�_�5�5�
·¸£�¡]�;�J±[�_�5�a�"´`�>�b�@�5���5�j�5�X� «_�;�b­|�f��¢;��¦>�b�5�;Å(���5´T���_�g�X�,�;�b«_¡]£f�b�bª �'9�� �
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E �a�����[¢;��¦>�b�5�;Å(�2��£��;�b£��;��¢;��¦>�b�5�;Å(�2�Y�5�5���5«_£��G�g�_�5�a���

loga u+ loga v = loga uv, a > 0, a 6= 1, u > 0
�a¢;�

v > 0.

	(��¦>�b�5�;Å(���5�5���5«_£��G�g�_�5�a�i�;�b£��_�i�>�a���2�!¢;��¦>�b�5�;Å(�2��£��2�X�g�X¢;�_°i£��>¢;�a§
¬5�5���

loga uv = loga |u|+ loga |v|, a > 0, a 6= 1, uv > 0.
���b«_�5�f�>�bª[¢;��¦>�b�5�;Å(�2��£[�;�b£��;��¢;��¦>�b�5�;Å(�2�Y���b�5��µ��_�5�a���

loga u− loga v = loga
u

v
, a > 0, a 6= 1, u > 0

�a¢;�
v > 0.

	(��¦>�b�5�;Å(�����b�5��µ��_�5�a�j�;�b£��_�j�;�b«_�5�f�>�b�Y¢;��¦>�b�5�;Å(�2��£��2�X�g�X¢;�_°i£��>¢;�a§
¬5�5���

loga
u

v
= loga |u| − loga |v|, a > 0, a 6= 1, uv > 0.


��5�@±Y�5�b�>¢;ª��5�_�5�G� ¢;��¦>�b�5�;Å(�2�f� �2�@±Y�5�®�5�f�>�J�b£��5�bª®�5��­a�b«X�b�b�>¢;�X�
�>�b�_�5�_�5�Ã�5�X�;¢;��¦>�b�5�;Å(�2�5¬5�X�>­|��¦_��£�¡]�;�J±[�_�5�a���

p loga u = loga u
p, a > 0, a 6= 1, u > 0, p ∈ R.

3���­a�b«X�b�b�>¢;ª ¬5�_�b�5��°��>�b�_�5�_�5�,£s�5�X�;¢;��¦>�b�5�;Å(�2�5¬5�X�>­|�f��£�¡]�;�J±[�_�5�5�
�2�@±Y�5���5�f�>�J�b£��5�bª��2�5�@±Y�5�b�>¢;�X���5�_�5�G��¢;��¦>�b�5�;Å(�2�f�®�2�X�g�X¢5�s�5�X�;¢;��¦>�J§
�5�;Å(�2�5¬5�X�>­|��¦_�[£�¡]�;�J±[�_�5�a���

loga u
2k = 2k loga |u|, a > 0, a 6= 1, u 6= 0, k ∈ N,

£�¬;���>�b�5�f�>�b�"´

loga x
2 = 2 loga |x|, a > 0, a 6= 1, u 6= 0.

3��_�5�>¿f�X�g¡(´2�b�;�J¢;��¦_�5¬5�5¡]�i�;���_�_�2���b�5�_�5�5¡x�®«G�g�X�>ª;´L£f�>�b�5�_¬;�b¨/���N�s��£
�g�5�|¦_�a¿)�>�5�b�f�b¯5�a�a¿T» �(�b�5�5�;�2�_�"´$£�¡]�;�J±[�_�5�5� √

ab
�;�@�;¢;�>±Y�5�¾«X���2�_�a�5�bª

�5�5���5«_£��G�g�_�5�5�X� √|a|
√
|b| ´
��£�¡]�;�J±[�_�5�5� √
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α · a2f(x) + β · af(x) + γ = 0, α, β, γ ∈ R, a > 0, (7)

­|���b���5���(�5�f�G¢;��«X���2�_�5¡
af(x) = z
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αz2 + βz + γ = 0.
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α · a2f(x) + β · af(x)bf(x) + γ · b2f(x) = 0, α, β, γ ∈ R, a, b > 0.
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sin
´
cos

�a¢;���b�b¢;ª�­|�kÅ��|�5­5¯5�5�
tg
´
ctg
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sin
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cos
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sin
´
cos
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cos2 x
´
sin2 x

´
sinx cosx
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a sin2 x+ b sinx cosx+ c cos2 x+ d = 0, (8)
¦N�g�

a, b, c, d
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1 = sin2 x + cos2 x
´

�5�5�G�t�>�J�b£��5�bª��>£������X�g�5¡]°�¬a¢;�_�
d
£�£��|�g�

d = d sin2 x + d cos2 x
» 4 �b�b�X�

�5�5�f�b�;�J¢;�5«_�5�5��£f�b�bª;´&���_�g�_��¢;�
cosx = 0

�t�b£f�b�bª)­|���5�5�Â�5�b¢;�|¬5�_�5�5��¦_�
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cosx
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cosx = 0
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cos2 x
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cosx = 0
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tg x
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sinx
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cosx
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sin2 x + cos2 x = 1
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a cosx+ b sinx = c?
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x = 2t
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a cos 2t+ b sin 2t = c⇔ a cos2 t− a sin2 t+ 2b sin t cos t = c,
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� Fa» �(�_�G¢;�G�g��£f�b�bª;´X�X�>�bª�¢;�[£���«X�2�@±Y�5�f�>�bª!�5�5�5£��X�>�b���|�;�b£��5�_�5�5�
­�£��|�g�

sinα = ± sinβ, cosα = ± cosβ, sinα = ± cosβ
�a¢;�"´5¬5�b�Y�b�[±[��´

sinα± sinβ = 0, cosα± cosβ = 0, sinα± cosβ = 0. (9)
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´
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´
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a
´
b
´
c
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�2�@±Y�5���>¬5�5�J�b�bª��5«X�2�_�a�5¨/���;�2�;�N�"´$�X�g�;�b­|��£f�>�_¦N�t���;�@�g���;�2�_�bª¾£�£��|�g�
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�q�G¢;���5�f�>�J�b£b¢;�_�5�5�|¨�£�¡]µ��&«X�@�t�@¬5�(«X�b�5�;�_�b�bª!�J�b­��J�5�_µ��5�bª��|�;�b£��5�_�5�5�
x + a = 1

´;�b�jÄ_�b�i�5�j�a�2�b¢;¬;�b�5�5¨®�|�;�b£��5�_�5�5�����X�g�5��°Ã�5�_�5«_£��X�>�b�5��°
x
´g£

­|���b���5�f�
a
¤®���|­5£��_�5�;�J���5�f�>�b�@�5�5�;�J�"´J�Y�b��¦N�t�!�_¦_�(­|���5�5��«X�b�5�;�>¡]£f�b¨/���N�

£�£��|�g��«X�b£��;�>�;�2�f�>�b�
x = 1− a

´
a ∈ R
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�;�b�5�5�;�2�_�
a
´��;�b«_¡]£f�b¨/� � � � ���'� ;�� 9%� � �'9�� ��� ;��J´2���|­5£��

a
�;�b«_¡]£f�b¨/�

�5�5�YÄ_�b�f� � � � � = � 9%�)�Y���(���b¢g���>�b�
A
�_�]£���«X�2�@±Y�5��¦_���5«X�2�_�5�_�5�a�j¦_��£����f�5�

­a�b­�� � �'9�� ��� ;�� � � � � � = � 9��J»L��������«_�;�@¬5�_�5�a�a¿��5�|�g�_­a�Y�5�5µ��|������¡]¬5�5�
�>�5�;�b£f�(£��5�5«_�[��­|�b¢;��������«_�;�@¬5�_�5�a�Y�2�5�@±[�X�>�b£f�(���g���5�b¢;�5�5�b�>¢;ª��5���|­a�b«_¡&§
£f�b¨/�[���b¢g���>�bª[�_¦_���5«X�2�_�5�_�5�a�"´5�;�b�5�5�;�2�_�

Xa
´
a ∈ A

»
�x�;�J¢;��¦_�5¬5�5�Y�2�@±Y�5���t�b�bª����5�5�G�g�>¢;�_�5�5� � � � ���'� ;�� � � � �'=�(�� �

�

�`�b­5�;�)�����;�b«_�f�&´a�X�G¢;��£j�>�����b�5��µ��_�5�5�Ã­5�5�f�2�(�5�_�5«_£��X�>�b�5��°Ã�|¬;���>�b£��f§
�_�����|­5£��_�5�;�J���5�f�>�b�@�5�5�;�J�"´T�b���5�5� �5�f�>�J�b�5��£�­|��«X�@�t�@¬5�����_¦_���5�_µ��_�5�5�
�;�2�_�_���N�Ã£�£��|�g�j�5���;�>­k���b¢;�_���5�5�f�>�b��¦_�����5�;�_�b�5�a�Ã�>�X�2�_°;�>�b£f���2�5�@±[�X�>�b£;´
­a�J±[�g���/�5«�­|���b���5¡&¿��5£b¢5�5�_���N�k�2�5�@±[�X�>�b£��f�¾�5�_µ��_�5�5°k�5�5�Ã�>�����b£��_���>�b£��f§
¨/���X�s«_�;�@¬5�_�5�5�k���|­5£��_�5�5��°i�5�f�>�b�@�5�5�5��°"»
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�2�@±Y�5���5�5�X�g£��5¦>�b�bªf�N�©£)�5�_µ��_�5�5�Â�>�����b�5��µ��_�5�a�"» 3��5�5£��G�g�X���5�5�;�2�_�5¡



¼ �bÁ � �;� � � � !���
��
�5�;�>�b�5�|­5¯5�5°"´����b�5�f�N�5���5�X�N�¾­¾�g��£��b¢;ª��5��¬;���>�b��£f�>�b�5�_¬;�b¨/���;���N���>�5�b�f�J§
¯5�a�;�&»

� ������� �
	
����	 �
� �q�G¢;�)�>�����b�5��µ��_�5�5�k�i�;�b�;���2�_�b�5�f�¶�5���>�X�g�_�f±Y�5�
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���b�5�f�>�5�b�>¢;ª��5�Y�;�b�;���2�_�b�;�Y���b�X�º�_���2¡x���f�>�J�b�5��£��5�bª;´a�5�5��­a�b­5�a¿k«_�;�@¬5�>§
�5�a�a¿Y�;�b�;���2�_�b�;�(­a�J±[�t�J�Y�5«/«X�b£��;�>�;�2�f�>�b�_°Y���_�g�_���t�b£f�b�bª��5�_µ��_�5�a�j£f�>�_°
�>�;�>�b�X�2¡©· �]�5�$�b�b¢;ª�­|�]�|�;�b£��5�_�5�a�g¹G»JÆq�b�(�5�_µ��_�5�a�(�5�5��­a�J±[�g�f�k«_�;�@¬5�_�5�5�
�;�b�;���2�_�b�;���>�f�>�J�b£b�5���2�5�@±[�X�>�b£��[�5�_µ��_�5�5°"»

�(�b�5�5�;�2�_�"´b¬5�b����¡��5�_µ��5�bª��>�;�>�b�X�2�
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