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Ïóñòü Λ = {λn}, 0 < λn ↑ ∞, D(Λ) � êëàññ ðÿäîâ Äèðèõëå

F (s) =
∞∑

n=1

ane
λns, s = σ + it, (1)

àáñîëþòíî ñõîäÿùèõñÿ â C.

Ðå÷ü ïîéäåò î ñîîòíîøåíèÿõ òèïà

lnMF (σ) ∼ lnmF (σ, h)

ïðè σ → +∞, σ ̸∈ E ⊂ R+, ãäå

MF (σ) = sup
|t|<∞

|F (σ + it)|, mF (σ, h) = min
|t|≤h

|F (σ + it)|,

è èõ ïðèìåíåíèÿõ â íåêîòîðûõ çàäà÷àõ êîìïëåêñíîé äèíàìèêè.
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Ïóñòü f � öåëàÿ òðàíñöåíäåíòíàÿ ôóíêöèÿ âèäà

f(z) =
∞∑

n=1

anz
pn, pn ∈ N. (2)

Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü P = {pn} (èëè öåëàÿ ôóíêöèÿ f)

èìååò:

ëàêóíû Ôàáðè, åñëè

lim
n→∞

n

pn
= 0; (3)

ëàêóíû Ôåéåðà, åñëè
∞∑

n=1

1

pn
< ∞. (4)

Ïóòåì çàìåíû z = es ïðèõîäèì ê ðÿäàì (1). Ïîýòîìó òå æå òåðìèíû

áóäåì èñïîëüçîâàòü è äëÿ ïîñëåäîâàòåëüíîñòè Λ, è äëÿ ôóíêöèé

F ∈ D(Λ).
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Ïåðâàÿ òåîðåìà Ïèêàðà: ëþáàÿ öåëàÿ ôóíêöèÿ f(z) ̸≡ const ïðè-

íèìàåò êàæäîå çíà÷åíèå a ∈ C (ïî êðàéíåé ìåðå îäèí ðàç), çà èñ-

êëþ÷åíèåì, âîçìîæíî, îäíîãî.

Åñëè f(z) ̸= a, a ∈ C, òî a ÿâëÿåòñÿ àñèìïòîòè÷åñêèì çíà÷åíèåì:

ñóùåñòâóåò êðèâàÿ γ, óõîäÿùàÿ â ∞, âäîëü êîòîðîé f(z) → a ïðè

z → ∞.

Íî ëþáàÿ öåëàÿ ôóíêöèÿ f âèäà (2) ñ ëàêóíàìè Ôåéåðà ïðèíèìà-

åò êàæäîå çíà÷åíèå a ∈ C áåñêîíå÷íî ìíîãî ðàç. Ýòî � ðåçóëüòàò

Ë. Ôåéåðà (ñì. [1. L. Fejer. Math. Ann. 1908. P. 413�423]).

Â 1952 ã. âîçíèêëà ñëåäóþùàÿ ãèïîòåçà (ñì. [2. A.J. Macintyre.

Asymptotic paths of integral functions with gap power series //

Proc. London Math. Soc. 2:2 (1952), 286�296]).

6



Ãèïîòåçà Ìàêèíòàéðà (1952). Ëþáàÿ öåëàÿ ôóíêöèÿ (2) ñ ëà-

êóíàìè Ôåéåðà íå èìååò êîíå÷íûõ àñèìïòîòè÷åñêèõ çíà÷åíèé.

Ãèïîòåçà âåðíà:

1. äëÿ ðàäèàëüíûõ àñèìïòîòè÷åñêèõ çíà÷åíèé (Ìàêèíòàéð, 1952;

ñì. [2]);

2. äëÿ öåëûõ ôóíêöèé (2) êîíå÷íîãî íèæíåãî ïîðÿäêà (L. Sons,

1970; ñì. [3. L.R. Sons. On the Macintyre conjecture // Illinois

J. Math. 1970. V. 14, 613�629]).

Ñïðàâåäëèâîñòü ãèïîòåçû ðàíåå áûëà äîêàçàíà:

Ôóêñîì (1963) � äëÿ ñëó÷àÿ êîíå÷íîãî ïîðÿäêà;Ò. Êîâàðè (1965),

Ä. Ãàéåðîì (1965), Àíäåðñåíîì è Áèíìîðîì (1968) � ïðè áîëåå

ñèëüíûõ îãðàíè÷åíèÿõ íà P = {pn}.

Â îáùåì ñëó÷àå ýòà ãèïîòåçà äî ñèõ ïîð îñòàåòñÿ îòêðûòîé ïðîáëå-

ìîé.
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Â 1983 ðåçóëüòàò Ôåéåðà 1908 ã. (ñì. [1]) áûë ñóùåñòâåííî óñè-

ëåí Takafumi Murai (ñì. [4. T. Murai. The de�ciency of entire

functions with Fejer gaps // Ann. Inst. Fourier (Grenoble). 33:3

(1983), 39�58]):

Ïðè óñëîâèè (4) äëÿ ëþáîãî a ∈ C íåâàíëèííîâñêèé äåôåêò *

δ(a, f)
def
= 1− lim

r→∞
N(r, a, f)

T (r, f)
= 0,

ãäå

N(r, a, f) =

r∫
0

n(t, a, f)

t
dt, T (r, f) =

1

2π

2π∫
0

ln+ |f(reiθ)|dθ,

n(t, a, f) � êîëè÷åñòâî êîðíåé óðàâíåíèÿ f(z) = a â ïðîêîëîòîì êðóãå

{z : |z| < t} \ {0}.

*Òàê êàê 0 ≤ N(r, a, f) ≤ T (r, f) +O(1), r → ∞, òî âñåãäà 0 ≤ δ(a, f) ≤ 1.
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Â 1975 � 1980 ãã. âîçíèêëà ãèïîòåçà (Ì.Í. Øåðåìåòà): åñëè äëÿ

ïîñëåäîâàòåëüíîñòè {pn} ïåðåìåí çíàêîâ êîýôôèöèåíòîâ ðÿäà

f(z) =
∞∑

n=1

anz
n, an ∈ R, z = x+ iy,

âûïîëíÿåòñÿ óñëîâèå Ôåéåðà (4), òî

d(f,R+)
def
= lim

x→+∞
ln |f(x)|
lnMf(x)

= 1,

ãäå Mf(r) = max|z|=r |f(z)| (ñì. [5. M.M. Sheremeta, O.B. Skaskiv,

M.V. Zabolotskyi. Open problems in function theory // Ìàòåìà-

òè÷íi ñòóäi��. 1994. Âèïóñê 3, 117�119]).

Ýòà ïðîáëåìà èç [5], êàê è äâîéñòâåííàÿ çàäà÷à î ðàâåíñòâå d(f, γ) =

1 (γ � ëþáàÿ êðèâàÿ, óõîäÿùàÿ â ∞) äëÿ öåëûõ ôóíêöèé (2) ñ ëà-

êóíàìè Ôåéåðà, îñòàâàëèñü îòêðûòûìè äî êîíöà 1990-õ � íà÷àëà

2000-õ ãã.
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Êàê âûÿñíèëîñü, ãèïîòåçà Ì.Í. Øåðåìåòû íå âåðíà (ñì. [6. À.Ì.

Ãàéñèí. Îöåíêà ðîñòà è óáûâàíèÿ öåëîé ôóíêöèè áåñêîíå÷íî-

ãî ïîðÿäêà íà êðèâûõ // Ìàòåì. ñá. 194:8 (2003), 55�82]):

âûïîëíåíèå òîëüêî óñëîâèÿ

∞∑
n=1

1

pn
< ∞

íåäîñòàòî÷íî äëÿ ¾ðåãóëÿðíîãî ðîñòà¿ öåëîé ôóíêöèè (2).

Â [6] áûëî ïîêàçàíî, ÷òî ñóùåñòâåííîå çíà÷åíèå èìååò ïîâåäåíèå

ïîñëåäîâàòåëüíîñòè {ck},

ck =

pk∫
0

µ(t, pk)

t
dt,

ãäå µ(t, pk) � êîëè÷åñòâî òî÷åê pn ̸= pk èç îòðåçêà {x : |x− pk| ≤ t}.

Äåëî â òîì, ÷òî ýòà ïîñëåäîâàòåëüíîñòü ìîæåò ñèëüíî îñöèëëèðî-

âàòü è ïðè ýòîì áûñòðî âîçðàñòàòü.
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Ãèïîòåçà Ìàêèíòàéðà âåðíà, åñëè äëÿ ëþáîé êðèâîé γ, óõîäÿùåé

â ∞, supγ |f(z)| = ∞, òåì áîëåå, åñëè f(z) èìååò ðåãóëÿðíûé ðîñò.

Ðåãóëÿðíûé ðîñò ôóíêöèè f ïîíèìàåòñÿ â ñìûñëàõ:

À. Äëÿ ëþáîé êðèâîé γ, óõîäÿùåé â∞, ∃ {ξn} ⊂ γ, ξn → ∞, òàêàÿ, ÷òî

lnMf(|ξn|) ∼ ln |f(ξn)|, Mf(r) = max
|z|=r

|f(z)|.

B. Ïðè r → ∞ âíå ìíîæåñòâà E ⊂ R+, íàïðèìåð, êîíå÷íîé ëîãà-

ðèôìè÷åñêîé ìåðû

lnMf(r) ∼ lnmf(r), mf(r) = min
|z|=r

|f(z)|.
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Â ðàáîòå [7. G. Polya. Math. J. 1929. V. 29. P. 549�640] äî-

êàçàíî: åñëè öåëàÿ ôóíêöèÿ f âèäà (2) èìååò ïîðÿäîê ρ < ∞, à {pn}
èìååò ëàêóíû Ôàáðè, òî (ñì. [7, c. 631])

d(f, γ) = lim
z∈γ,z→∞

ln |f(z)|
lnMf(|z|)

= 1. (5)

Â [7, c. 631] ñôîðìóëèðîâàíà

Ãèïîòåçà Ïîëèà. Åñëè ρ < ∞, n = o(pn), n → ∞, òî

d0(f) = lim
r→∞

lnmf(r)

lnMf(r)
= 1. (6)

Ñïðàâåäëèâîñòü ãèïîòåçû äîêàçàíà Ôóêñîì (ñì. [8. W.H.J.

Fuchs. Illinois J. Math. 1963. V. 7. P. 661�667]).
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Â [9. Skaskiv O.B. Anal. Math. 1990. V. 16. � 2. P. 143�157]

óñëîâèå Ôàáðè îñëàáëåíî: åñëè

íèæíèé ïîðÿäîê ρ∗ < ∞
ïîðÿäîê ρ < ∞

}
, òî


lim
r→∞
lim
r→∞

1

ln r

∑
pn≤r

1

pn
= 0.

Â ñòàòüå [10. Ãàéñèí À.Ì. Îá îäíîé ãèïîòåçå Ïîëèà. Èçâ.

ÐÀÍ. Ò. 58. �2. Ñ. 73�92] ðåçóëüòàò èç [9] ïåðåíåñåí íà êëàññ

D(Λ). Â [10] ïîëó÷åíû áîëåå îáùèå ðåçóëüòàòû, ïðè÷åì äðóãèì ìå-

òîäîì. Â [9, 10] ïîëó÷åíû êðèòåðèè. Â [10] âïåðâûå ââåäåíî ïîíÿòèå

ëîãàðèôìè÷åñêîãî èíäåêñà êîíäåíñàöèè

δln(Λ) = lim
r→∞

1

ln r

r∫
1

q(t)

t2
dt, q(t) = max

λn≤t

{
− ln |Q′(λn)|

}
,

Q(λ) =
∞∏

n=1

(
1−

λ2

λ2n

)
.
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Äî êîíöà 1990-õ ãã. îñòàâàëèñü îòêðûòûìè:

Ïðîáëåìà 1. Ïðè êàêèõ pn äëÿ ôóíêöèé f ïðîèçâîëüíîãî ðîñòà,

èìåþùèõ âèä (2), d(f, γ) = 1?

Ïðîáëåìà 2. Ïðè êàêèõ pn äëÿ ôóíêöèé f ïðîèçâîëüíîãî ðîñòà,

èìåþùèõ âèä (2), d0(f) = 1?

Îáçîð ëèòåðàòóðû

Ïóñòü L � êëàññ íåïðåðûâíûõ íà R+ ôóíêöèé w, 0 < w(x) ↑ ∞,

x → ∞,

W =
{
w : w ∈ L, w(x)(1 + x2)−1 ∈ L1(R+)

}
,

Ω =

{
ω : ω ∈ W,

ω(x)

x
↓, x → ∞

}
.

Ïîëîæèì d(f) = infγ d(f, γ). Ïóñòü q(t) � íàèìåíüøàÿ íåóáûâàþùàÿ

ìàæîðàíòà ïîñëåäîâàòåëüíîñòè
{
− ln |Q′(λn)|

}
.
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Ïðåäøåñòâóþùèå ðåçóëüòàòû:

1. À.È. Ïàâëîâ â [11. ÑÌÆ. 1972. Ò. 13. � 5. Ñ. 577�588]

ïîêàçàë: åñëè

a)
n

pn
↓; b)

∑
n

1

pn
< ∞, (7)

òî d(f, γ) = 1.

2. Ðàíåå Ò. Êîâàðè (1965) ýòîò æå ðåçóëüòàò ïîëó÷èë äëÿ pn,

pn > n(lnn)2+η, η > 0, n ≥ n0 (8)

(ñì. [12. T. K�ovari. J. Anal. Math. 1965. V. 15. P. 281�286]).

3. Â [13. T. K�ovari. Michigan Math. J. 1965. V. 12. � 2. P. 133�

140] ïðè òîì æå óñëîâèè (8) äîêàçàíà áîëåå ñèëüíàÿ ðåãóëÿðíîñòü

ðîñòà ôóíêöèè f : äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ìíîæåñòâî E ⊂ R+
êîíå÷íîé ëîãàðèôìè÷åñêîé ìåðû, âíå êîòîðîãî

lnmf(r) > (1− ε) lnMf(r).
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Â [13] ñêàçàíî: ¾ñàìîå áîëüøåå, ÷òî ìîæíî áûëî áû âûæàòü èç

íàøåãî ìåòîäà � ýòî çàìåíà óñëîâèÿ (8) íà

pn > n(lnn)(ln lnn)2+η, n ≥ n1¿. (9)

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ â [13] íå ïðèâîäèòñÿ. Îòìåòèì,

÷òî óñëîâèå (9) ìîæíî çàïèñàòü â âèäå:

pn > C0n(ln pn)(ln ln pn)
2+η, C0 > 0.

4. Äæ. Êîðåâàð è Ì. Äèêñîí â [14. Indag. Math. 1978. V. 40.

� 2. C. 243�258] ïîêàçàëè, ÷òî ïîñëåäîâàòåëüíîñòè Ïàâëîâà (7)

è Êîâàðè (9) ÿâëÿþòñÿ èíòåðïîëÿöèîííûìè: ∀ bn, |bn| ≤ 1, ∃ ö.ô.ý.ò.

φ, òàêàÿ, ÷òî

φ(pn) = bn, n ≥ 1; Mφ(r) ≤ eω(r), ω ∈ Ω.

Äëÿ èíòåðïîëÿöèîííûõ â ñìûñëå Ïàâëîâà � Êîðåâàðà � Äèêñîíà

ïîñëåäîâàòåëüíîñòåé {pn} ãèïîòåçà Ìàêèíòàéðà âåðíà (ñì. [14]).
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Â [15. B. Berntsson. A note on Pavlov-Korevaar-Dixon interpolation.

Indag. Math. 1978. V. 81. P. 400�414] äîêàçàí êðèòåðèé èíòåðïî-

ëÿöèîííîñòè: ∃ ω ∈ Ω, òàêàÿ, ÷òî

1) n(t) ≤ ω(t), n(t) =
∑
pn≤t

1;

2) − ln
∏

pn
2 <pk<2pn

∣∣∣∣∣1−
pn

pk

∣∣∣∣∣ ≤ ω(pn), n ≥ 1. (10)

Â [6] äîêàçàíà

Òåîðåìà 1 (À. Ãàéñèí, 2003). Äëÿ òîãî, ÷òîáû äëÿ ëþáîé ôóíê-

öèè f âèäà (2) âûïîëíÿëîñü ðàâåíñòâî d(f) = 1, íåîáõîäèìî è äî-

ñòàòî÷íî, ÷òîáû âûïîëíÿëèñü óñëîâèÿ 1), 2) èç (10) ñ ìàæîðàíòîé

w ∈ W .

Òåîðåìà 1 äàåò îòâåò íà Ïðîáëåìó 1 (ñì. [7. G. Polya, 1929]).
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Îòìåòèì, ÷òî óñëîâèÿ òåîðåìû 1 â òî÷íîñòè åñòü êðèòåðèé èí-

òåðïîëÿöèîííîñòè â êëàññå ìàæîðàíò èç W äëÿ ïîñëåäîâàòåëüíîñòè

{±λn} (ñì. [16. Ð.À. Ãàéñèí, Ìàòåì. ñá. Ò. 212. � 2. 2021. Ñ.

58�79]).

Èç òåîðåìû 1 òàêæå ñëåäóåò, ÷òî ãèïîòåçà Ì.Í. Øåðåìåòû íå âåðíà

(ñì. [6]). Ýòà ãèïîòåçà, êàê è ãèïîòåçà Ìàêèíòàéðà, âåðíà â êëàññå

ïîñëåäîâàòåëüíîñòåé {pn}, óäîâëåòâîðÿþùèõ óñëîâèþ 2) èç (10).

¾Ãèïîòåçà Ò. Êîâàðè¿ èç [13] äîêàçàíà â ðàáîòå [17. Ãàéñèí À.Ì.

ÑÌÆ. 1998. Ò. 39. � 3. Ñ. 501�516].

Óñëîâèÿ òåîðåìû 1 ðàâíîñèëüíû òîìó, ÷òî:

c)n(t)(1 + t2)−1 ∈ L1(R+); d)q(t)(1 + t2)−1 ∈ L1(R+)*.

*q(t) � íàèìåíüøàÿ íåóáûâàþùàÿ ìàæîðàíòà ïîñëåäîâàòåëüíîñòè {− ln |Q′(pn)|}
(èëè äëÿ ïîñëåäîâàòåëüíîñòè {ck}, ck =

∫ pk

0
µ(t,pk)

t
dt).
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Ïàðà óñëîâèé c), d) îçíà÷àåò, ÷òî

e)
∑
n

1

pn
< ∞; f)

∫ ∞

0

q(t)

1 + t2
dt < ∞.

Çàìå÷àíèÿ.

1. Åñëè âûïîëíÿåòñÿ òîëüêî e), òî ìîæíî ëèøü óòâåðæäàòü, ÷òî

0 ≤ d(f, γ) ≤ 1, (11)

ïðè÷åì îáå ãðàíèöû â (11) äîñòèãàþòñÿ.

2. Åñëè óñëîâèå f) íå âûïîëíÿåòñÿ, òî ñóùåñòâóþò f1, f2 � ôóíêöèè

âèäà (4), äëÿ êîòîðûõ

d(f1) = 0, d(f2) = 1.
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Ïðèìåíåíèå ðåçóëüòàòîâ

Ðå÷ü áóäåò èäòè îá èòåðàöèÿõ

f1(z) = f(z), ... , fk+1(z) = f(fk(z)), k = 1,2, ...

öåëûõ òðàíñöåíäåíòíûõ ôóíêöèé

f(z) =
∞∑

n=1

anz
pn, pn ∈ N. (18)

Ìíîæåñòâîì Ôàòó ö.ô. f íàçûâàåòñÿ íàèáîëüøåå îòêðûòîå ìíî-

æåñòâî F (f) ⊂ C, íà êîòîðîì ñåìåéñòâî èòåðàöèé {fk(z)} íîðìàëüíî.

Èññëåäîâàíèå èòåðàöèé öåëûõ ôóíêöèé íà÷àòî â 1926 ã. Ôàòó.

Ñíà÷àëà ðàññìîòðèì ñëó÷àé öåëûõ ôóíêöèé ñ ëàêóíàìè.

Çàäà÷à (I. Baker, 1981). Ïðè êàêèõ óñëîâèÿõ íà {pn} êàæäàÿ

êîìïîíåíòà ìíîæåñòâà Ôàòó ôóíêöèè f âèäà (12) îãðàíè÷åíà?
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Îñîáî àêòóàëåí ñëó÷àé, êîãäà ôóíêöèÿ f íå èìååò îãðàíè÷åíèé íà

ðîñò ñâåðõó.

Òåîðåìà 2 (Þ. Âàíã, 2001). Ïóñòü öåëàÿ ôóíêöèÿ (12) îáëàäàåò

ñâîéñòâîì: ñóùåñòâóåò T0 > 1, òàêîå, ÷òî

lim
r→∞

lnMf(r
T0)

lnMf(r)
> T0. (13)

Åñëè ñóùåñòâóåò η > 0, òàêîå, ÷òî

pn > n(lnn)(ln lnn)2+η, n ≥ n0,

òî êàæäàÿ êîìïîíåíòà ìíîæåñòâà F (f) îãðàíè÷åíà.

Çàìå÷àíèå 1. Ïî òåîðåìå Àäàìàðà î òðåõ îêðóæíîñòÿõ, ëåâàÿ

÷àñòü (13) âñåãäà ≥ T0, ãäå T0 > 1 � ëþáîå.
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Òåîðåìà 3 (ñì. [18])*. Ïóñòü âûïîëíåíî (13). Åñëè

q(t)(1 + t2)−1, n(t)(1 + t2)−1 ∈ L1(R+),

òî êàæäàÿ êîìïîíåíòà ìíîæåñòâà F (f) îãðàíè÷åíà.

*[26]. [18] À.Ì. Ãàéñèí, Æ.Ã. Ðàõìàòóëëèíà. ÓÌÆ. 2012. Ò. 4. � 1. Ñ.
38�46.
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Îáùàÿ ñèòóàöèÿ: f � ëþáàÿ ö.ò.ô.

Ëåììà (Áåéêåðà�Ñòàëëàðä, 1993)*. Åñëè ñóùåñòâóþò Rn ↑ ∞, ρn ↑
∞, tn ↑ ∞, òàêèå, ÷òî:

1) Rn+1 = Mf(Rn), R1 > 0;

2) Rn ≤ ρn ≤ tn;

3) mf(ρn) ≥ tn+1, òî ëþáàÿ êîìïîíåíòà F (f) îãðàíè÷åíà.

Âîïðîñ 1. Êîãäà ðåàëèçóþòñÿ óñëîâèÿ 1) � 3) ëåììû?

*G. Stallard. The iteration of entire functions of small growth // Math. Proc.
Cambridge Phil. Soc. 114 (1993). 43 � 55.
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Òåîðåìà 4 (Ðèïïîí, Ñòàëëàðä, 2009)*. Ïóñòü f � ö.ò.ô., R1 > 0,

Rn+1 = Mf(Rn) ↑ ∞, ∃ L > 1, cn > 0, ∀ r ∈ [Rn, Rn+1) ∃ t ∈ (r, rL),

òàêèå, ÷òî

lnmf(t)

lnMf(r)
≥ L(1− cn),

∑
n

cn < ∞.

Òîãäà âûïîëíåíû óñëîâèÿ ëåììû Áåéêåðà�Ñòàëëàðä.

Âîïðîñ 2: Êîãäà ðåàëèçóþòñÿ óñëîâèÿ òåîðåìû 4?

*G. Stallard, P. Rippon. Functions of small growth with unbounded Fatou components
// J. Anal. Math. 108 (2009). 61 � 86.
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Îñíîâíîé ðåçóëüòàò

Ïóñòü ∃ q > 1, ∀ T > 1

lnMf(r
T ) ≤ qT lnMf(r).

Åñëè ïðè íåêîòîðîì ν > 0∣∣∣∣∣1−
lnmf(r)

lnMf(r)

∣∣∣∣∣ ≤ Const
1

xν
(14)

âíå ìíîæåñòâà E ⊂ R+ ëîãàðèôìè÷åñêîé ïëîòíîñòè d < 1, òî âñå

óñëîâèÿ òåîðåìû Ðèïïîíà�Ñòàëëàðäà áóäóò âûïîëíåíû.

Äëÿ ö.ò.ô. (12) ïîëó÷åíû òî÷íûå óñëîâèÿ íà ïîêàçàòåëè, ïðè êîòî-

ðûõ îöåíêà (14) èìååò ìåñòî.

Ñïàñèáî çà âíèìàíèå!
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