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ACUMIITOTMYECKHNE METO/IbI
B TEOPN OBBIKHOBEHHBIX
JUOOEPEHIMAJIBHBIX YPABHEHNIT

B. B. JleBenuiram

B pa.60Te U3JI0OZKEH DS HAYAJIbHBIX TOHSTUH TeOpUuUu ACHMIITOTUYIECCKUX METO-
JI0B, KOTOPYIO TaK>Ke Ha3bIBAIOT TEOpHeil BO3MYyIeHHi, pa300paHbl HEKOTOPHIE
[IpUEMBI MOCTPOEHHS ACHMITOTHYECKUX DA3JIOKEHWN HHTErpajioB, 3aBUCSIAX
OT aCHMOTOTHYECKOrO mapamerpa (B 9aCTHOCTH, METOJ Jlammaca m MeTox cra-
IEOHAPHON (a3bl), a TaKKe PACCMOTPEHBI OOBLIKHOBEHHbIE T dbepeHuaibHbie
ypaBHEHUs, 3aBUCSIIHE OT ACUMIITOTHYIECKOr0 apaMeTpa, U OKa3aHO, KaK CTPO-
HATH ACHMITOTHYIECKHE PA3JIOXKEHUSI UX PENIeHU B CJIy<Iae PeryJspHO BO3MYIIEH-
HBIX 33aJa4.

KuroyeBble ciioBa: TeOpHs BO3MYIIEHHUI, aCHMITOTUYECKHE METOIbI, MEeTO/I
Jlammaca, MeTos cTamuoHAPHOHN (a3bl, ACHMIOTOTHIECKOE HHTEIPHPOBAHUE pe-
CYJIIPHO BO3MYIIIEHHBIX 3a/1a4.

BBenenue

Huddepernuanbabie ypaBHEHUS K HaM Opunum or HbOTOHA.
OrpomHoe 3Ha4YeHre ITOro ero u300peTeHnst CBA3AHO C TE€M, 4TO (-
depennuanbHbIe ypABHEHUS CIYXKAT MATEMATHYECKUME MOZEISIMUA MHO-
IUX IPOIECCOB ecrecTBO3HAHUSA. Ha HAYAIBHOM 3Tane pa3BUTUS TEOPUU
muddepeHnnaIbHbIX YPABHEHNI OCHOBHBIE YCUJIUS MATEMaTHKOB ObI-
JIM HAIEJIeHbl HA MOWCKM WX TOYHBIX perrennii. OIHAKO TO3Ke BbISIC-
HUJIOCh, YTO HAXOXKIEHHE (POPMYJT TOYHBIX PENIEHUN, BHIPAYKEHHBIX Ue-
pe3 aHHbIE UCXOJHOTO YPABHEHHUS, BO3MOYXKHO JIMIIb B HUCKIIOIUTETHHO
PEJKHX CydasX, TMO9TOMY BCe 0oJiee aKTyaJbHBIM CTAHOBUJICS BOIIPOC
0 MpuDJIMKEHHBIX METOIaX pernenns auddepeHnaIbHbIX YPABHEHUH.
[MpubnukenHble METOABI TOAPA3AETSIIOTCS HA JIBA KJIACCA: YHCIIEHHBIE
¥ ACUMIITOTUYECKUE. 37eCh PEUb MOUIeT 00 ACHMITOTHIECKUX METOIAX.
B nanHOM MUHHMKYpPCE JeKIuil M37I0KEeH Psi/i HA9aIbHbIX TOHATHH TEOPUHT
ACHUMTOTHYECKUX METO0B, KOTOPYIO TAKYKe HA3BIBAIOT TEOPHUEH BO3MY-
IeHnit, pa3odpaHbl HEKOTOPBIE MPUEMbI IOCTPOECHUS ACUMITOTHICCKIX
Pa3/I0KEHNi MHTErPaJIOB, 3ABUCAIINX OT ACUMITOTHIECKOTO TapaMeTpa,
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a TaKKe PACCMOTPEHBI OOBIKHOBEHHBIE mudhepeHITnaIbHbIe YDABHEHNUS,
3ABHUCAIIAE OT ACHMITOTHIECKOrO [TapaMeTpa, U MOKA3aHO, KAK CTPOUTH
ACHMITOTHIECKIE PA3TIOKEHUS UX PErIeHHiA.

ITpn HamHCAHWK STOTO TMOCOOHS MBI HCIOIB30BaN KHUMH [1-5] 1 ap.

Jlexkins 1.
OcHOBHbBIE TOHATHUS M HEKOTOPbIE IIPUMEPDI

B mepBoit nekmuu OyayT W3I0KEHBI BAaXKHBIE HAYAIbHDBIE MOHATHUS
TEOPUU BO3MYIIEHUH (ACUMITOTHYECKUX METOJOB) U MPUBEICHBI HEKO-
TOpBIE TPUMEPHI ACUMIITOTUYECKUAX 3a/1a4.

1.1. AcuMnOToTuvyecKkue MocjaeaoBaTeIbHOCTU. BHadase Mbl 110-
TOBOPHUM O TEOPHWM BO3MYIIEHMH. MaTeMaTHKH MOCTOSIHHO CTPEMSITCS
PACLUIMPUTH KPYT 334, KOTOPble OHU MOTYT PENuTh (XOTs Obl pUOJIU-
JKEeHHO)! 1 mcese1oBaTh, a TOTOMY TBITAIOTCA PACITHPATH HAOOP METOI0B
3P PEKTUBHOTO MPUOIMKEHHOTO PEIIeHNs W UCCICIOBAHNAST PASTHIHBIX
3asad. OHO W3 BaKHEHIITNX MaTEMATHICCKUX HAIIPABJIEHUN, B KOTOPOM
MIpeICTaBJIeHbl METO/IBI TAKOTO PO/ia, HOCHT HA3BaHHe: TEOPUs BO3MYIIe-
HUll, nin acuMnTorudeckre Metoibl. OCHOBHAs HMiesi TEOPHH BO3MYIIe-
HUIl COCTOUT B CJIEYIOIIEM: CIM Mbl 3HAEM KaK DEIaeTcs 1/ Wik NCcie-
JLyeTcsi HEKOTOpast 3a/1a9a — Ha30BEM ee HEBO3MYIIEHHO, TO eCTeCTBEH-
HO IIOIBITATBCSA pa3paborarb Meroibl 3PMOEKTUBHOIO IPUOIMZKEHHOI0?
pelleHus 1/ Wil UCCJIeJI0BAHUS B KAKOM-TO CMbIC/e DJM3KUX — BO3MY-
IMeHHbIX 3a7a4. IIpojeMoHCTpUpyeM 3Ty M0 Ha MPOCTEHINX MpHMe-
pax.

I[TpuMEP 1.1. IlepBbIit mpUMep OTHOCUTCS K CHCTEMAM JIMHEHHBIX
anrebpanueckux ypasuenuii (CJIY). Paccmorpum CJIY

Az =b (1.1)

C BEIIECTBEHHON KBaJIpaTHON Marpuieid A Topsiaka n U BEKTOPOM
beR™ Ecm |A| # 0, to CJIY (1.1) ommosHadHo paspemmma (z =
A71b), u ee pemenue 3(PHEKTUBHO BLIYUCIACTCH, CKAXKEM, METOIOM
laycca. PaccmorpuM Temephb MHOXKECTBO OJTM3KUX CHCTEM BHIA

(A+eB)y =, (1.2)

Haittu rounoe pemenue sazaun (ckaxeM, anarebpamdeckoro min audbdepeniu-
AJIBHOTO YPABHEHHsI) YJAETCsl, KAK U3BECTHO, B HCKJIIOYUTENBHO PEIAKUX CIIydasiX.

2TIpubrusKeHHbIe METObI PENTeHHsT 33,184 — MPEK/e BCero, 37€Ch MBI HMEEM BBH-
ny nuddepenuanbable YPABHEHUST — JEJISATCS HA JABA KJIACCA: YUCJIEHHBIE W ACHMII-
rorudeckne. B mannoit pabore peds uaer 06 ACHMOTOTHIECKHX METOHAX.
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rae B — BemiecTBeHHasa KBaJApaTHAs MATPUIA TIOPAIKA 7, & € — MaJIblii
BemjecrBeHHblii napamerp (le| < 1). Kaxnas cucrema (1.2) — Bo3my-
LIEHHAs [0 OTHOIIEHUIO K HeBo3MYyIeHHoi cucreme (1.1). 113 oguo3nau-
Hoit paspemmmoctu CJIY (1.1) (4T0 9KBUBAIEHTHO OOPATUMOCTH MAaT-
punst A) cnexyer ommHosuadHas paspemmmmocts CJIY (1.2), npudem ee
peIlleHre BEIIECTBEHHO U UMEET BU/I:

y—Ze ATIB)k A, (1.3)

Orcrona JIerko cieiyer, 470 BEKTOPbI (4ACTHYHBIE CYMMbI CXOZSAIIEroCs
pana (1.3))

n
=> FAT'BFATY, n=12,. ., (1.4)
k=0

SIBJISIIOTCSE TPUOJINKEHHBIMI perteHnsiMu 3aga4n (1.2). Tem cambiM pa-

gercrBa (1.3), (1.4) ouuceiBator npocreiiuiyio npoueaypy (meron) -
(bekTHBHOTO MPUOIMKEHHOTO PeleHnsT BO3MYIIeHHoH 3anaun (1.2).

ITPuMEP 1.2. B kadecTBe BTOPOro MpUMepa PaCCMOTPUM YpaBHEHUE
P +ext—1=0, g <L (1.5)

D10 BO3MyIIeHHas 3aqa4a. [lomaras B (1.5) e = 0 mpuzemM K HEBO3MY-
MIEHHON 3a/1a4e

P —1=0. (1.6)

Vpasuenue (1.6) umeer kopenb yo = 13. [Monbiraemces nafiTu GausKuit
K 1 kopeub z. ypasuenus (1.5). ITosoxum

ze =1+a1e+0(e?), —0. (1.7)
[Moncrasus (1.7) B (1.5), noaydum
(1+a15+0(€2))5+€(1+a18+0(€2))4 —1=0. (1.8)

packpbiBas B (1.8) cKOOKM, rpyNIUpYs CJAraeMble W MPUPABHUBALA B MO
JIy94eHHOM PaBeHCTBE KO3(MMUITHEHTHI IPU OJIMHAKOBBIX CTEIEHSX £, Hali-
IeM:

:1-1=0,

3Bce pacCy»KJeHHS B STOM IpUMepe CIPABEIJHBLI JJIA JIOOOr0 M3 HATH KOp-
meit (1.17).
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61:5a1+1:0,

T. €. a1 = —+. Orcroma cormacno (1.7)

Te %1—é6+0(62), e —0. (1.9)
Uraxk, ucrionb3ys meros (1.7), Mbl HpUGIUIKEHHO PEITUJIU BO3MY IIEHHY IO
zamaqy (1.5). @opmysmy (1.9), nonyuennyo ¢hopMaIbHO, HETPYIHO 000C-
HOBATb.
Pesynbprar BTOpOrOo mpuMepa CrpaBeiuB U B Caeayiomei bomee 006-
meit cutyanuu. PaccMOTpUM BO3MYIIEHHOE YpaBHEHUE MPOU3BOJIHHOTO
MOPSIIKA, 1

2"+ P(e)a" ..+ P(e) =0, || <1, (1.10)

roe P;(e), i = 1,2,...,n, — OpOU3BOJIbHbIE MOJUHOMBI OT €, & TAKKE
HEBO3MYIICHHOE yPaBHEHHUE

y" + P(0)y" "t + ...+ P,(0) =0. (1.11)

ITycrs yo — upocroit kopens ypasuenus (1.11). Toraa ypasuenue (1.10)
B HEKOTOPOI OKPECTHOCTH Yo MMEET €AMHCTBEHHOE PELICHHE T, IPHYEM
ags gioboro k € N

Te=yo+eyr + ...+ "y + O, =0,

e K03hdUImeHTsr Y1, - . ., Y IPDEKTUBHO HAXOLATCH.

OupenenuM Ternepb MOHITHE TEOPUH BO3MYILEHUH, KOTOPOE OTHOCKT-
c K MATEMATHIECKAM 331a9aM JTI000# IPUPO/IbI.

Teopusi BO3MyIIEHUI TIPEICTAB/IAET CODON HAOOP AHAJIUTHYECKUX (HE
YHUCJIEHHDBIX ) METOIOB MIPUOJINKEHHOTO PEIIeHNs U KaYeCTBEHHOIO UCCIIe-
JIOBaHUS 337a9 — UX HA3BIBAIOT BO3MYIIEHHBIMU — OJIM3KHUX B OMpEIe-
JIEHHOM CMbICJIE K HEKOTOPbIM 3(()eKTUBHO pelraeMbiM (AHAJIUTHYECKH
WJIM YUCJIEHHO) M YK€ MCCJIEJIOBAHHBIM HEBO3MYIIEHHbIM 3agadam. [Ipu
9TOM PEIAeTCs BOMPOC O OJU30CTH PEIeHUil BO3MYIIIEHHOW U HEBO3MY-
IEHHOM 3a/1a4.

Vka3zaHHbBIE METO/IBI TEOPUH BO3MYIIIEHUH IACTO HA3BIBAIOT ACHMIITO-
TUYECKUMH, & UCCJIeJOBAHUE WJIM pelleHrue BO3MYIIEHHON 3aJa4u C IO0-
MOIIBIO ACHMIITOTHIECKUX METO/IOB — ACHMIITOTHIECKUM aHAJIN30M. Pe-
merne auddepeHnuaIbHOr0 YPABHEHUS C TIOMOIIBIO0 ACHMIITOTHIECKUAX
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METOJIOB HA3BIBAIOT ACUMITOTHYECKUM WHTEIPUPOBAHUEM 3TOTO yPABHE-
uus. OJHUM M3 TPU3HAKOB BO3MYIIEHHON 3a/a4M SIBISETCA HAJUYHAE B
Hell MaJjoro napamerpa €, kak B cucreme (1.2) mwiu ypashenusx (1.5),
(1.10), Torma HEBO3MYINEHHAS 3372498 YACTO IOJyYaeTCs U3 BO3MYIIEH-
Hoit mpu € = 0 (em. (1.1), (1.6), (1.11)).

Mpbr Hauasm naparpad ¢ IByX TPUBHAILHBIX TPUMEPOB, KOTOPHIE Pe-
IAI0TCS C HOMOIIBI0 IPOCTEAIINX METOIOB Teopur Bo3mymenuit. Orme-
THM Tenepb HEKOTOPBIE KJIACCUIECKHE 3aa9M M METO/bl TEOPUU BO3MY-
IeHnii.

ITpuMEP 1.3 (3Bamaua tpex Ten). Onumem sty 3amady Ajis Te: Jly-
ua, 3ems, Comnie. 3a/1a9a COCTOUT B TPUOIMAKEHHOM BBIYUCTIEHUN OP-
6urbl 3emsm npu Bpamnenun ee BoKpyr CousHIa ¢ yuerom BO3aeicTBus
(upursizkenus) na 3emutto JIyubl. B Heil posb Masioro napamerpa o6brdaHO
UTPAET OTHOIIEHWE MACC JIyHBbI U 3eMJIn.

IMpumMmEP 1.4 (Meron KpbsutoBa — Boromotosa). Tak Ha3bBAIOT W3-
BECTHBIl METO/| ACUMIITOTHIECKOrO MHTErPUPOBAHMS YDABHEHNUS

d*x 9 dz
ﬁ—FW Z‘—&‘f(x,a)

(w = const, f — ruagkas QyHKUUs, € — MaJIblil IADAMETD), ONUCHIBAIO-
Iero HeJIMHEHHbIE KOJIeOAHNsT CHCTEMBI C OJHON CTEMEeHBIO CBOGOIBI.

ITpuMEP 1.5 (Meros, ycpeHeHust). TO U3BECTHBIH METO, aCHMIITO-
THYIECKOrO HHTETPUPOBAHUS CHCTEMbBI OOBIKHOBEHHDBIX AU(M(EPEHITHATH-
HBIX YPABHEHHUI C MAJBIM IIAPAMETPOM € B TAK HA3BIBAEMON CTAHIAPT-
HOIl (opme (IO TepMUHAJIOTUY OJHOTO U3 CO3JATEIell ITOr0 MeToma —
H. H. Boromwo6oBa):

dxs
dt

OrMernM, 9TO 3TH 339K COAEPKATETHHBI JUIIb TOIIA, KOI/a Pac-
CMATPUBAIOTCS HA OOJIBITUX BPEMEHHBIX ydacTKax: ¢ = 0(5_1), e—=0
(Tak OHU ¥ PACCMATPUBAIOTCA B COOTBETCTBYIOMIMX Teopemax). Ilpu sTom
HEBO3MYIIEHHBIE 33191 [0y YAI0TCA U3 BO3MYIIEHHBIX HE B PE3YIbTATE
dopmasbHoit 3amenst € = (), a 6osee CiI0KHBIM 00Pa30M.

:Efs(tvxlv---;xn), 5:1,2,...,7’7,.

ITpuMEP 1.6 (Teopusi BO3MYyIIEHUiT B KBAHTOBOW MeXaHUKE). ITa
Teopust GOPMYIUPYETCs KaK 3a]a9a Ha COOCTBEHHBIC 3HAYEHUS [JIs JIU-
HEHOrO CaMOCOIPSI>KEHHOTO OTIEPATOPa BHIA

H = H0+EH1.
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31ech € — MaJIbli TapaMerTp W W3BECTHO PEIIeHne 3312491 HA COOCTBEH-
HbIE 3HAYEHUs [IJIsi HEBO3MYIIIEHHOTO oneparopa Hy, T. e. u3BeCcTHa 110JI-

. (0
Has CHCTEMAa ero COOCTBEHHBIX (DYHKIHI apg,,) U COOTBETCTBYIOIINX UM

CcOOCTBEHHBIX 3HAYCHUH )\SZO), n=1,2,... Boamymennas 3ama1a cOCTOUT
B HAXOXK/IEHUH COOCTBEHHBIX 3HAYUEHNH U COOCTBEHHBIX (DYHKITHIT orepa-
Topa H.

Beoimre MbI U3/10:KUIM TIOHSATHE TEOPWH BO3MYIIEHWH, OMUPAIOIIEEeCs
HA MOHATHS BO3MYIIEHHON 339l ¥ ACHMIITOTUYECKUX METOJIOB, B J10-
BOJILHO 0b1ieM Buje. OIHAKO 9acTO COOTBETCTBYIONIUE TIOHITUS TEOPUN
BO3MYIIEHU, BO3MYIIEHHON 3a/]a9i U ACUMIITOTHYECKUX METOJOB M3JI1a-
raforcss B Oojiee KOHKpeTHO# dopme. VIMeHHO, BO3MYIIEHHOM 3aaadeit
HA3BIBAIOT JIIOOYIO 3aJady, 3aBUCAILYI0 OT Mapamerpa € (CKaJspHOro
UJI BEKTOPHOTO), KOTOPBIA HAXOJUTCA B HEKOTOPOIl MaJjioli OKPECTHO-
ctu (DUKCHPOBAHHOIO 3HAYEHHS € = €. leopueil BO3MYyIIEHUN HA3bI-
BAaIOT HAOOD AHATUTUYIECKUX METOOB, [TO3BOJISIONINX HAXOAUTH OObEK-
Thl (HampuMmep, GYHKIUY WA BEKTOP—(QYHKIWH), allpOKCUMUDY IOIIUE
perenne BO3MYIIEHHOM 3aiadu ¢ ToaHoCcThIO 10 0(|e — g0lF), € — o,
MpY KOHKPETHOM WJIM MPOW3BOJIBHOM HEOTPUIATETHHOM ToKasarese k.
[Tpu sTOM K METOZaM TEOPUU BO3MYIIEHUI OTHOCAT TAKXKE METObI Ka-
YECTBEHHOI'O UCCJIeI0BaHus (HAPUMED, UCCIEI0BAHIE YyCTORYUBOCTH Pe-
uIeHuil) yKa3aHHbIX BO3MYIIEHHbIX 3a/1a4. OTMeTUM, 4TO PU KOHEYHOM
3HAYEHUN £) 3aMEHA [ = £ — £( MO3BOJISIET OT 3ABUCSIIEH OT € BO3MY-
IIEHHON 33/Ia9uM TepeiiTh K 3ajade ¢ MaJbIM mapaMmerpom p. Ecam ke
€9 = 00 — IyCTh JJis MPOCTOTHI MAPAMETD € CKAJSPHbBINH, — TO BO3MY-
IMeHHas 33298 3aBUCAT OT DOJBIIOro napamerpa. OrMerum ere, 9To
HEBO3MYIIIEHHBIE 321491 HEPEIKO HA3BIBAIOT BHIPOXKICHHBIMHU.

[ToroBopum Temeps 00 OueHb BaxKHON B anajamse (O, 0-CHMBOJIUKE.
B acummrornaeckoM aHam3e MIUPOKO UCIOIb3YIOTCs CUMBOIBL O, 0 U ~,
BBesenabie Baxmvanom u Jlangay. Jlagum ompenesieHus STHX CAMBOJIOB
U TIPUBEJIEM HEKOTOPBIE MTPABHIIA PAOOTHL C HUMH.

IMycrs A — Kakoe-JInbO0 MHOYKECTBO YUCIOBON MPSIMON MJIN KOMILIEKC-
HOW TIJIOCKOCTH, G — HEKOTOpas NpeesbHas TOYKA TOr0 MHOXKECTBA,
KOTOPasi MOXKET €My M He MPUHAJIE)KATD, U, B YACTHOCTH, MOXKET ObITh
a = oo. [anee gacro nmox A MOXKHO MOHMMATH TAK HA3BIBAEMYTO ITPOKO-
JIOTYIO0 OKPECTHOCTh TOYKH @, T. €. HEKOTOPYIO OKPECTHOCTH ITON TOUKH,
U3 KOTOpPOW caMa TOYKA @ MCKJIOYeHa (FOBODAT eIle: «OKPECTHOCTDb C
BBIKOJIOTON TOYKOHN a» ).

IMycrs p(z) u ¥(x) — dyukuuu, oupeseneHube Ha A U IPUHUMAIO-
I BEIEeCTBEHHBIE WU KOMIIJIEKCHBIE 3HAUYEHMUS.
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Dopwmyna
p=01), z—a (1.12)

O3HAYAET, YTO CYIIECTBYIOT TAKWE OKPECTHOCTH U TOYKY ¢ ¥ KOHCTAHTA, C,
910 1pu Bcex © € U N A BBINOIHSAETCS HEPABEHCTBO

p(@)] < clp()]. (1.13)

ITpn Bemmosnuennn coorrommennst (1.13) qyst € U Bmecro (1.12) mu-
mryT

p=0(), zel.

Dopwmyna
v=0{), z—a (1.14)

O3HAYAET, 9TO s JTI000r0 £ > 0 Hafimercs Takas OKpecTHOCTh U, TOd-
KU a, 910 npu Bcex ¢ € U, N A BBINOIHAETCS HEPABEHCTBO

lp(2)] < elp(@)]. (1.15)

JIerko BUIETH, YTO B TOM CJIydae, KOTJa I HEKOTOPOUW OKPECTHO-
cru Uy TOUKH a

Y(z) #0, xzeUynNA, (1.16)
coorromenue (1.12) 3KBUBAJIEHTHO YCJIOBUIO OIPAHUYEHHOCTH (DYHKIUN
’@’ upu x — a, a coorromienue (1.15) — ycaosuro
()

p(x)
()
Ecnu npu ycimosuu (1.15) cupasemjinBo npeieabHOe PABEHCTBO

lim #(2)
e (@)

TO roBOPAT, uT0 (PyHKuUKM Y(T) U (L) IKBUBAJIEHTHDLI IPU T — G U [IU-
Iy T

=0.

lim
r—a

=1, (1.17)

Y~y T —a. (1.18)

Bamerum, uro coorHomenus (1.14) u (1.15) B3aHMHO HCK/IIOYAIOT APYT
apyra. Kaxnoe us Hux gpiisercs 4acTHbIM cirydaeM coorHorienus (1.12),
npudeM Gostee ToHKNM, Hexkenn (1.12).
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Coornomrenns (1.12), (1.14) u (1.18) Ha3bIBAIOT COOTHOINIEHUSIMH TI0-
panka. Ouu Hauboslee 4acTo UCIOJb3YIOTCH B T€X CILydasnx, Koria dbyHK-
LYY @ U Y SABISIOTCH OECKOHEYHO MAJIbIMU UJIM OECKOHEYHO OO0JIbIInMuU
upu & — a. [lpu Beimosaenun coorromenus (1.14) B mepBoM cirydae ro-
BODAT, 9TO ¢(x) ecTh GeCKOHEUHO Masiasi 60JIee BBICOKOTO MOPSIIKA, YeM
¥(x), a BO BropoM — 410 1(2) ecTb GECKOHEYHO GOJIbInast 0OJIee BbICO-
Koro nopsifka, deM ¢(z). Coornomenus nopsanxa (1.12), (1.14), (1.18)
HA3bIBAIOT TAKXKE ACMMITOTHYECKMMU DABEHCTBAMU UJIM ACUMIITOTUYE-
ckumu (HOPMyJIaMu, & MHOIA — ACUMITOTHYECKMMU OLEHKAMU.

ITprBeseM HECKOJIBKO TIPHMEPOB COOTHOIIEHHH MOPSIIKA B CIIyYae Be-
mecrBenubx byuknuii (6,2 € R) (a =0, a = 00):

sine = O(e), sine=o(1), the=0(), ctge=o0(c"?), &—=0,

cosz =o(z), 1—el/*~ -, z— 0.
x

O6oszuadenus o(y) u O()) 9acTo HUCHONB3YIOT [ O0O3HAYECHHS
kiaccoB dbyukuuii ¥ co coiicramu (1.12) u (1.14) coorBercrBeHHO, niu
JKe 1T 0003HAYEeHHS IPOU3BOIbHBIX (DYHKITHH U3 9THX KaaccoB. Hampu-
Mep, aCUMIITOTAYIECKAsT (DOPMYIIa

o) =0(), z—a (1.19)

03HaYaeT, 9To Jr0dasd GyHKIus ¢ u3 Kiaacca o(1) (. e. Boimosneno (1.14))
npunagiexut u kiaaccy O(t) (t.e. somoaneno (1.13)). Acumnroruye-
ckasg dpopmyia

oY) +o(¢) =o(y), z—a,
03HAYAET, 9TO CyMMa @1 + o MYHKIWMIA 1 U @y U3 Kjacca oY) npu-
HAJJIEXKUT TOMY K€ KJIACCy.

Temeps pedp moitaer cOOCTBEHHO 00 ACHMITOTHYECKHX ITOC/IEI0BA-
resbHOCTSX. [Iycrs A, x, a uMeroT ToT ke cMbIc, 4To u B § 2.3. ITociieno-
BATEIbHOCTh 33IaHHBIX HA MHOXKecTBe A dyHKImit w,, n = 1,2, ..., Ha-
3bIBAIOT ACUMIITOTUYIECKOHN, WJIM KAJIUOPOBOYHON MOC/IEI0BATETHHOCTHIO
npu z — a B A, ecimu 1 = o(pp) Ipu z — a,n=1,2,...

B nampmeiimieM, [y IPOCTOTHI, OYIEM CIATATH, 9TO KaKaas (pyHK-
U (©y, ACAMITOTHYECKO MTOCIE0BATEILHOCTH TIPU BCeX & € A 13 HEeKo-
TOPO#l OKPECTHOCTH 1y TOYKH @, UCKJIYAs CaMy 3Ty TOYKY, OTJIMY-
Ha OoT Hyad. Takum 00pa3oM, B JajIbHEHINIEM, TTOCIEI0BATEIBHOCTD Oy,
n=1,2,..., ABIdeTCd aCUMITOTUYECKON TOT/Ia U TOJHKO TOTJa, KOTIa,

lim Pl (2)

=0, n=12,...
r—a SDnJrl(x)



Acnvmrormaeckne merons! B reopun OIY 9

[IpuBeseM HECKOTBKO MPUMEPOB ACUMITOTHIECCKUX TOCJIETOBATETh-
HOCTE}l, OrPAHUYUBIIKACH PACCMOTPEHUEM BEIECTBEHHBIX (DYHKIINN:

{x=a)"}, z = a; {27"}, = o0

{7}, 2 =00 u {2"e M}, z— oo,

rIe Apt1 > A U BeeX HaTypasbHbIX n, {(Ine)™"}, e — 0; {(sine)"},
e — 0; {(ctge) ™"}, e = 0.

3nece n uHuxke depe3 {p,} MBI 0003HAYAEM IOCIIEIOBATENHBHOCTH
dbyukuuit ¢,, n=1,2,...

Eciu MBI IMeeM aCEMITOTHYECKYIO IIOCIEI0BATEIBHOCTD, TO ¢ IIOMO-
HIBIO CBOMCTB 0, O-CUMBOJIOB, MOXKEM IOJIy YaTh HOBbIE aCUMITOTHIECKUE
HOC/IeIOBATEILHOCTH. IIpuBeIeM HEKOTOPBIE IIPOCTHIE PE3YIbTATHL TAKO-
ro poja.

Teopema 1.1. CupaBeiuBsl CaeIyOIUe CBOHCTBA:

1) Ecm {p,} — acmMmroTmaeckass HOCIeA0BaTeIBHOCTD IPH T — G
B A, TO /mobas ee NOAMOCTCA0BATEIbHOCTD TAKKe SABJIACTCA TAKOBOIL,

2) Ecmm {p,} — acuMOTOTHYECKAST MTOCTEOBATEIBHOCTD HPH T — A
BAua>0, 10 {|p,|*} Takxke sgBILETCA ACHMIOITOTHIECKOI! MOCIA0BA-
TEJILHOCTBIO TIPH & —> a B A.

3) Ecan {¢n} n {tn} — acmmmrormyeckme MOCIEIOBATEILHOCTH
mpu x — a B A, 10 1 {ppthn} — ACHMOTOTHYIECKAS TOCIEAOBATEIHHOCTD
upu x — a B A.

4) ITycrp {ppn} — acHMOTOTHIECKAS TOCTENOBATEILHOCTD TIPA T — @
BA may;,n =12,...,k € N — mojoxnressHbre 9icaa Takme,
9T0 Oy/IeT BBIIOJHITHCS HEPABEHCTBO Oint1,; < Quy; H OYCTB ¢, =
Zf:o On il@ntil, n = 1,2,... Torga mociaesoBaTeIbHOCTS {1y} SABIS-
eTcsl ACHMITOTHYECKOIT 1Ipn & — a B A.

JBe aCuMITOTHIECKHE TTOCIEIOBATENLHOCTH {0y, } 1 {1}y, } HA3BIBAIOT-
Csl 9KBUBAJIEHTHBIMU DU T — @, ecid o, = O(¢y,), ¥y = O(py), © — a.

Ecnu onHa u3 3KBUBAJEHTHBIX IIOCIEI0BATEIBLHOCTEH aCHMITOTHYE-
CKagd, TO U APyrag — aCUMITOTHYIECKAd. DTO CBOMCTBO BLITEKACT U3 CJIe-
JYIOIel MernoYKd COOTHOIIEHMUIA:

Unt1=O(pny1) = O (o(pn)) = O (0(O(¥n))) = 0o(¢n), = —a.

Ecim i acuMOTOTHYECKOH MOCTIEN0BATENBHOCTH {(©y,} COOTHOMIE-
HUE Opnt1 = 0(¢p), T — a BBINOJIHEHO PABHOMEPHO TO 1, TO {p,} Ha-
3BIBAIOT ACHMITOTHYECKO MOC/IeI0BATENILHOCTHIO, PABHOMEDHO 1O 7.
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Ecnu ¢, 3aBucar oT napamerpoB U COOTHOIIEHUE P, 11 = 0(¢n), T — a
BBITTOJTHEHO PABHOMEDPHO IO MAPAMETPAM, TO { ¢y} HA3BIBAIOT ACHMIITO-
TUYECKOU IIOCJIe10BATEIbHOCTHIO, PABHOMEPHOI 110 HapaMeTpaM.

1.2. Acumnrornyeckue pasisiokeHusi. IIOHATHS PeryIsipHBIX
¥ CHHTYJISIPHBIX BO3MYIII€HUIA.

IIycrs {p,} — acuMmTOTHYECKAS MOCTENTOBATENBHOCTD MPU & — Q
B A, a f(x) — bynkuus, 3anannas B A. PopMaibHbLil psij

> ann(x), (1.20)

LJe 4, — YUCIA, HA3bIBAETCS ACHMITOTHYECKHM Da3joeHueM (yHK-
myn f () TO0 acCMMITOTHYECKON TMOCIe0BATEIbHOCTH {¢,} IpH T — a,
ecau Jyist JII060ro HaTypasibHOro N

N
flx) — Z anen(z) =o(pn), x— a. (1.21)
n=1

B sTom ciydae mumryT

f@) ~Y  anpa(x), =—a, (1.22)

u roBopar, 4to st Gynkupyn f () uMeeT MeCTO aCHMITOTHYECKOe Pas-
aoxenue (1.22). Koncranret a,, naspiBaorcs KoabbuuuenTraMu acumMIi-
TOTHIECKOrO PA3JIOZKEHUS.

®opmasbablil psas (1.20) npu BeimonHeHNN yeaopwit (1.21) HaskIBaOT
ACHMITTOTHYECKNM DSIIOM, AaCHMITOTHYECKUM DA3JIOXKEHHEM U aCHMIITO-
tukoit byukunn f(x).

Acumnrornaeckuii ps MOKET CXOAUTHCA (B OBBIMHOM CMBICJIE), & MO-
Ker u pacxonurbes. [IpuBeseM 1Ba COOTBETCTBYOIMX [IPUMEDA.

ITPuMEP 1.7. PaccMOTpUM aCHMOTOTHYECKOE PA3JIOKEHUE
o0
(142~ (-1, e—0.
n=0

Tor dakr, 910 3/1eCh MBI UMEEM ACHMIITOTUYECKOE PA3JIOKEHHE, CIIe-
gyer u3 (OPMYJIbI OCTATOYHOrO wieHa psijga Teitmopa, a mpu MOJ0XKHU-
TEeIbHBIX £ TaK)Ke U3 TeopeMbl 00 ocrtarke psiaa Jleitbuwma. Jlannbrii
ACHMITTOTHYECKHUIT D5, OYEBUIHO, CXOANTCS TpH || < 1.
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ITpuMEP 1.8. PaccMoTpum mHTErpaJt
o0

—t

e

= [ ——dt, O<zx<l.

f@) = [ 0<s
0

MHOFOKpaTHO I/IHTeI‘pI/IpyH 10 9aCT4gaM, HOHy‘{I/IM

eft

0
00

N

_ 1\, | _1\N+1 N+1

_EO( Dnla”™ + (=) TH(N +1)! / 1+xtN+2dt
n= 0

Jlerko BuzeTh, uTo nocaeanuii uarerpaa ecrb O(1) mpu  — 0, Tak 4To
o0

fl@) ~> (=1)™la", 2 —0. (1.23)

n=0

IIpu srom psn (1.23), 04eBUIHO,PACXOAUTCS IIPU BCEX HEHYJIEBBIX .
[Mycrs dbyukius f(x) 3aBUCHT OT KAKUX-TU00 MApaMETPOB U TIPU BCEX
3HAYEHUSIX ITUX MAPAMETPOB CIPABEIJIMBO ACUMITOTHYECKOE PA3JIOKE-
are (1.22). Ecan nipu aToM coorHorenue nopsigka (1.21) seasercs pas-
HOMEDHBIM 110 IapaMerpaM, TO u passoxenue (1.22) Ha3bIBAIOT paBHO-
MEDHBIM II0 9TUM HAPAMETPaM.

Teopema 1.2. Ecii {¢, } — acuMorornieckas HOCI€J0BATETbHOCTD
upu x — a B A u juist pynkuuu f(x), 3aganboii B A umeer Mecro acumii-
rorudeckoe paszjoxenue (1.22), 1o koahpuimeHTb 3T0ro0 paszIoKeHus
OIPEEISTIOTCS (POPMYIOLH

N—-1
f(x) = > anpn(z)
an = lim n=1 ., N=1,2,... (1.24)
r—a SON(J))

< Coornommenne (1.22) o3navaer cnpaseniausocth (1.21). CremoBa-
TeJIbHO, IMEeT MEeCTO PABEHCTBO
N—1
f(@) = 22 anpn(z) —anen(z)
li n=1 =0, 1.25
2 en () ( )

u3 KoToporo Beitekaer (1.24). >
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Bblrmie MBI yCTaHOBHIIH, YTO JJIst 33/JAHHON aCHMITTOTHYECKOI MoCTe-
nmosarenbHoCTH {9y (2)}, T — a, acuMnToTEyeckoe pasnoxenue (1.22)
nauHoit Gynkiun f(r) onHozHadHO oupeaenero. C Ipyroit CropoHBI, OJi-
Ha U Ta e QyHKIWs f(z) MOXKeT pa3jaraTbCst B aCHMIITOTHYECKHE Psi-
JIBI TI0 PA3JINIHBIM aCHMITTOTHYECKUM MTOCJIeIOBATEILHOCTSM. IIpu sTOM
JIAHHBIE TIOCJIEI0BATEILHOCTH MOTYT He OBITh SKBUBAJIEHTHBIMH.

Hanpumep, cipaseymBbl aCUMITOTHYECKHE DPA3JIOKEHUS

14z)"'~ Z(—l)”’x", x — 0,
n=0
(o)
14z)"' ~ Z(l —x)2®", = —0,
n=0
(1+a2) '~ (-D)"@* —z+1)2*", = —0.
n=0

Bnech bynkmusa f(x) = (1 + x)~! paszaoskena o TpeM aCHMITOTHYe-
ckum nocaenosareabuaoctaM: {z"}, {(z —1)2?"} u {(2? — 2+ 1)23"}, ko-
TOpBIE HE ABJIAIOTCA SKBUBAJCHTHBIME. JTH TPH ACHMITOTHICCKUX PAIA
cxonsres npu || < 1. Maoraa e GbIBaeT u Tak, 9TO HEKOTOPHIE ACHMII-
TOTHYECKHE PA3IOKEeHHA (DYHKIUA CXOMATCH, & HEKOTOPBIE — PACXOIAT-
csa. OTMETHM eIme OJWH ACTIeKT BO B3aUMOOTHONIEHWH (DYHKIWH W WX
ACUMIITOTHIECKAX DA3JIOKEHHI.

Acumnroruveckuit psg (maxe cxoggmmiicsl) csoo cymmy (dyHK-
LMIO) Olipe/iesisieT, BooDIe roBopsi, HeojHnosuadno. Hampumep, Gyukuuu

14e 2 1
I+ ' 1—eVifyg

IIpU r — OO UMEIOT OJHO M TO K€ aCUMIITOTHYECKOE PA3JIOXKEHNEe

> o (=nrTta

3amaqn Teopuu BO3MYINEHUH pa30MBAIOT HA BA KJIACCA — PEry/Isip-
HO BO3MYIIEHHBIE W CHHTYJISIPHO BO3MYIIEHHBIE 3ama4u. K peryagapHo
BO3MYIIIEHHBIM 33/1a9aM OTHOCAT T€ 33/1a9H, JJisl KOTOPBIX PEeIeHus BO3-
MYIIEHHON ¥ HEBO3MYIIEHHON 3a/1a4 acumurorudecku Osn3ku. [Tocen-
Hee O3HAYaeT, YTO HOPMa PA3HOCTU ITUX PEIIeHUu# CKOJIb yrOJHO Ma-
JIa, TIPU JOCTATOYHO MaJbiX €. CHHTY/ISIPHO BO3MYIIEHHBIMA HA3BIBAIOT

(1+2)7,
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3a/1a9U, KOTOPbIE HE SIBJISIIOTCS PErYJISPHO BO3MYyILIeHHbIMU. [IpuBeaen-
HBIE [TOHSITUSI MOXKHO 3JIEMEHTAPHO MPOUJLTIOCTPUPOBATH HA KBAJPATHOM
ypaBHeHUH, KOI(DQUIHEHTHI KOTOPOrO 3aBUCAT OT MAJIOrO MapaMerpa €.
C moMoIIpbio W3BECTHOM (OPMYIIBI, BHIPAYKIAIOIIEH KOPHU KBAIPATHOTO
YPaABHEHUST Yepe3 NUCKPUMUHAHT, YCTAHABJIUBAETCS, 9TO B TEX CJIyda-
X, KOraa KO3 MUIUEHT IPpU T UId CBOOOIHBIN UIEH MAJI IIPU MAJIBIX €
(nanpumep, paBeH €), a crapumii Ko3ddUIMEHT OT € He 3aBUCUT, TO
YPaBHEHHUE IIPEJICTABIISAET CODON PErysIsipHO BO3MYIIEHHYIO 331449y ; €CJIn
Ke Haobopor — crapumii Ko3dduipent Man (HaIpUMep, PABEH €), TO
UMEEeM CHHTYJISTPHO BO3MYIIEHHYIO 33/1a49y. TOJIBKO 4TO BBEIEHHBIE TIOHSI-
THSI MOXKHO MPOUJIIIOCTPUPOBATEL U Ha IuddEepeHITNaIbLHBIX YPaBHEHM-
sx. B ra. 3 Mbl HOAPOGHO PACCMOTPUM KJIACC PEryJISIPHO BO3MYIIEHHBIX
sanad Komw, umeonux Bug (3.1)—(3.2) (cm. mmke). Ecin ke sieByio
4acrh (IPOM3BOJAHYIO) JOMHOXKHMTb HA £, TO LOJIy4eHHAas 3aja4a Kouiu
Oyzert, BOOOIIE TOBOPsI, CHHTYJISPHO BO3MYyIIeHHO#. JleiicTBuTebHO, Te-
mepb mpu € = () ypaBHenue yxke He Oyner nuddepeHuaabHbIM, a [TOTO-
My €ero perieHue He 06g3aHO0 yIO0BIETBOPATH HAYAJIbHOMY YCIOBHIO (3.2).
SrauuT 06 ACUMITOTHYECKOH OJIM30CTH PEIIEHUT BO3MYIIIEHHON 1 HEBO3-
MYIIEHHON 33124 JJayKe B HA4aJIbHbI MOMEHT BPEMEHU POBOPUTH HE MPU-
XOIUTCS.

ITpuMEP 1.9. Paccmorpum mpocreryio 3amady Komm

dx

il z(0) =1,

e € — madblit mapamerp. Ilosoxxus B Helt € = 0, TOIyYUM HEBO3MY-

IMIEHHYIO 3339y
dx

BbIHI/IC&B penieHnd 3TUX 3a/Ja4, Mbl BHIUM, 9YTO UX PA3HOCTHL CTpE-
MHUTCS K HYJI0 Tpu € — (0 paBHOMEPHO OTHOCUTENHHO t. Tak 4To JamHasd
3agaqa Koiu peryisapHo BO3MYIIIEHHA.

ITpuMmEP 1.10. Paccmorpum reneps 3amaay Korm

dx

ey =5 z(0) =1,

rae € — mauiblit mapamerp. [losoxkue B Heit € = 0, moydnM HEBO3MY-
HIEHHYTIO 3a/ia4y
z=0.
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PazmocTh perennit BO3MYIIEHHOW W HEBO3MYIIEHHON 33129 HE sIB-
J4eTCd aCUMIITOTHYEeCKH MaJION BEJIMYMHOII — OHa IIpU BCeX ¢ He MeHee
€JMHULbI. 3HAYUT PacCMaTpuBaeMas B 3TOM IpuMepe 3aja4a Ko sB-
JAeTCda CHHTYIAPHO BO3MYIIEHHOIL.

Jlekmusa 2.
AcuMnrorndecKne pasjioXKeHUsS WHTErpaJioB

B jgannOil jeKnmyM MbI PACCMOTPHM HEKOTOPBIE MPUEMBI [TOCTPOe-
HUsI ACUMIITOTUK WHTErPAJIOB, 3aBUCAIIMX OT MapaMeTPOB. IJTOT BO-
IPOC BaXKEH YK€ MOTOMY, 9TO perrenns auddepeHuajIbHbIX ypaBHe-
uuii (cM. Jleknuio 3) OYeHb YACTO HE MPEJCTABJAIOTCS B BUIE M3BECT-
HbIX (DyHKIWM, HO MOTYT OBITH BBIPAYKEHDI [TOCPEIACTBOM HHTErPAJIOB OT
nocyeaanx. Mbl OymeM paccMaTpuBaTh HHTErPAJIbI, MOIAHTErPATHHBIE
GyHKIME B KOTOPBIX 3aBHCAT OT MAJIOrO UM DOJBIIOrO HapaMmerpa, u
TO3HAKOMUMCST CO CJIEIYIONUMU METOJAMU MOCTPOEHHUST UX aCHMITOTHK:
METO/I, PA3JIOXKEHHUS MOUHTErPAIBHON (DYHKIMN, METO/, MHTEIPUPOBAHUS
o gacTsaM, mero Jlamraca u Meroz, craruonapHoi (as3bl.

2.1. PasjoxkeHue HOAWMHTErpaJibHON (DYyHKIUAU. ITOT METOT,
MIPOJEMOHCTPUPYEM HA IIPUMeEDE.

ITPuMEP 2.1. Paccmorpum mHTErpadt

1

I(e) = /cossa:2 dx (2.1)

0

IPY MAJIBIX MOJIOKUTEJIBHBIX €. Tpedyercs moCTPOUTh €ro aCUMIITOTAKY
upu € — 0.
Paznoxkum nmogmaTErpaabay0 GyHKINO B psaa MakmaopeHa:

2 4 4.8 00 N 2\2n
9 e’x etx _ (=1)"(ex*)*" _
COSEX —1—T+T+—ngzow—
N (2.2)

= % + R (w,2).

n=0

Baech cumBosiom Ry (x,e) obo3naduM ocrarodHblil wieH B OpMy-
e (2.2). Cxogumocts psiza (2.2) mccaenyem ¢ momormipio dbopmysst JTa-
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sambepa:
lim (n + 1)-brit unen — lim (—1)"*1(ex?)?nt2 (2n)! _
n—o0  N-blii WICH n—o0 (2n + 2)! (—1)n(ex2)2n
(2)2
= lim (e2”)

noo (2n+ 1)(2n +2)

Taxum ob6pazoM, psaj (2.2) CXOIUTCA MPH JFOOBIX 3HAMCHHAX €12, MPH-

4yeM pa3/IoKeHHe PAaBHOMEPHO oTHOocHTeabHO £x? < My = const > 0.
[Mockonbky B dbopmyine (2.1) |z| < 1, a € majo, To

|Rn(z,€)| < i (ea®™ L g2H2 i o O@E*N ), =0
, \n:N-l—l (277,)' h n=N+1 (277,)' , ,

pasHoMepHO 110 || < 1. 3aech Mbl y4iiu, 4T0 HOC/IEAHMI PsiJi PABHOMEDHO
cxomurces 1o npusnaky damambepa. [ogcrasisas npasyio dacrs (2.2) B
uaTerpai (2.1) ¥ MOYIEHHO UHTErPUPYs, Oy IUM

N

I(e) = ZM +0(e*NT2) £ =0
(2n) (4n+1) ’ '

s TTOCJIEAHETO aCUMTITOTUYIECKOr'O paBEHCTBaA CJIEAYyeT CIIpAaBEIINBOCTH
ACUMIITOTHYIECCKOTO PA3JIOZKEHUA MHTETr'paJia I(&‘) B P4 IO CTEIIEHAM £:

n2n

22: o) 4n+1) e — 0. (2.3)

B cuny unpeapiaymux paccyxienuii psg (2.3) cxoquTcs He TOJIBKO
ACUMITOTHYECKH, HO U B OOBIYHOM CMBbICJ/IE, TAK 4TO 3HAK «~ » B (dop-
mysie (2.3) MOXKHO 3aMEHUTH Ha 3HAK «=>.

2.2. aTerpupoBaHue O YacTAM. JTOT METO/ TAK¥KE MPOWJLITIO-
CTpUpPYEM Ha MpPUMepax.

ITpuMEP 2.2. IlocTponM aCHMOTOTHKY WHTETPAJIA

- 2

opu OOJIBINNX 3HAYCHUSIX ImapaMeTpa Ww.
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Bocmonb3yemcs dbopMysioil mHTErpUpOBaHUsT O YACTAM, KOTOpasd,
KaK M3BeCTHO, OCHOBaHAa HA PaBEHCTBE

d(uv) = udv + v du.

Bnecy u u v — byHKIUM, 3aBucsdmme or t € [t1,ts], TO MHTErpPUPYS
9TO PABEHCTBO U KUCIOIL3ys (popmyny Heiorona — Jleitbuua, nosyanm
G OpMYITy HHTErPHPOBAHKS 110 JACTIM:

to to

/udv:uv‘z —/vdu.

t1 t1

B paseHncrse (2.4) momoxkum
1
U= 7 dv = et dt.

Torma du = —tiz dt, v = —e~t. Ucmonb3ya ¢GpopMyTy HHTErpHpOBAHII

10 9aCTAM, IMOJIYIAM
7 et e—t|® 7 et =W i et
[Ga=-| - [Ga=-"-[%a
t t o, 2 w 2
w w

[Iporecc maTErpUpOBaHUs IO YACTIM IIPOJOJKAM B TOM K€ TyXe:

1
U= 2 dv = e~ tdt.
Torma
T ot e—t|® ooeft
e
w w
TaK 9TO
7 —t —w Doeft
e e
/t—thZF—Q/t—gdt. (2.5)
w w

[Moxcranoska Boipazkenus (2.5) B paBeHCTBO (2.8) NIPUBOAUT K PABEHCTBY
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[IponosKas MHTErpEPOBATh IO HACTAM U BBHIOHpAd Ha KaxKIOM IIare
e~ tdt = dv, npunem K popmye

76t gt = eTw ev n 2le=v  3le™v P
t T w w? w3 4 :
w
I - 26)
N1 UV — Ller N2 e”
+(-1) T-i—(—l) N!/tNH dt.
w
[Tockompky ¢ > w, TO tn% < ﬁ, a MMOCKOJIBKY
oo oo
—67t *t e —N _—w
/ tN+1 dt wN+ dt = ONFL = O(W e ), w — 0. (2.7)
w w

N3 (2.6)—(2.7) cremyer acMMOTOTHYECKOE pa3iioykeHue nHTerpasa I(w)
[0 ACHMIITOTHYECKON mocaenoBaTeabrocT {w™"e” 102 | :

I(w i—n (1)t (2.8)

Ormerum, uro psz (2.8) pacxoaurcs, HOCKOIbKY

. n — bIA 9JIeH . —-n
lim — = lim — = —.
n—oo (n+ 1) — plii wien n—oo w

Onnako u3 ¢opmyn (2.6)—(2.8) caenyer, yro npu dbukcupoBannom N
OCTATOYHBII WieH B pa3joxkenuu (2.6) MOXKHO ClesiaTh CKOJIb YIOJHO Ma-
JIBIM 33 CYET BBIOOPA JOCTATOYHO HOMBIIONO W. ITO 0OCTOATEIHCTBO SIB-
JIeTcsa BakKHEHITeH XapaKTepHON OCOOEHHOCTHIO ACUMITOTHIECKUX Psi-
JIOB.

MO?KHO IPOBEPUTD, UTO €CJIN B3ATh U = e °, dv = frj ¥ AHAJIOTHIHBIM
obpa3oM neficTBOBATH JAJIbIle, TO ACUMITOTUKY uHTerpaja I(w) mpu
w — 00 MOJIyYUTh HE YIACTCS.

ITpumEP 2.3. PaccmoTpum Ternepb WHTErpaJ

/ e~
w—|—2t
0
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IpH GOILIINX 3HAYEHUAX w. MeTOJOM HHTErPHPOBAHHS MO YaCTAM MO-
CTPOMM €ro aCUMIITOTHKY IIPH W — OO.

Herypano ybemurbes, 9To nojctaHoska u = e b, v = (w + 2t) 71 ne
IpHUBeeT K Hen. 1103ToMy MOIoXKIM

u=(w+2t)", dv=e""dt, (2.9)
OTKyZa HalaeM
du = —2(w+2t)7%dt, v=—e" (2.10)

B cuny coornomenust (2.9),(2.10) mo dhopmysne HHTErpupOBaHUS 10 Ya-
CTSIM HAXOJUM

o0

1) = <2+ 2070 —2 [0 202 dt =

0 (2.11)

2 oo
=—— 2/(w +2t) et dt.
w
0

[Ipumennm Kk nociexnemy mHTErpasy GOpPMyJLy MHTErPHPOBAHUS IO Ya-
CTSM, MOJIArast
u=(w+2t)7%, dv=edt,

OTKYyJa
du = —4(w+2t)3dt, v=—e".
[ee] o0
/@+%r%4ﬁ:—w+%r%%ﬁ—4/w+%r%4ﬁ.@m)
0 0

U3 pasencrs (2.11), (2.12) vaxomum

oo
2 2
Iw)== - +8 [ (w+2t)3e tat.
@W=2-Z+s8 [
0
[ToBTOpsAa MPOIECC MATETPUPOBAHNUS 110 YACTIM N Pa3, IPHIEM K Pasio-

JKEHUIO
2 2 222! 233'

w3
0 (2.13)

— — 2" n! dt.
+ wn n/ w—|—2t”+1
0
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JlJist OLIEHKH OCTATOYHOrO 4jieHa B paBeHcTse (2.13) BOCIOIb3yeMcs Ciie-
AYIOIUM CIIDABEJINBBIM IIPHU BCEX ITOJIOZKHUTEIbHBIX W U t HEPaBEHCTBOM:

(wH+2t) "t <w ™t

W3 gero ciemyer oneHka

[e )

dt <w "L
/ (w4 2t)n+t v
0

Taxum obpazom

— +ow™), w— .
w

N n12n1n_1!
Z (n—1)

CJ’[G/IOB&TGIH)HO, nMeeTr MeCTO aCHMIITOTHKA.:

(o)

—1)n—lan=1(n —1)!

o.))wg (=1) ( ), w — 0. (2.14)
wn

Bamerum, uro psas (2.14), Kak U B IpeIbIIYIIEM IPUMEPE PACXOIUTCS HO

npu GUKCHPOBAHHOM N OCTATOYHBIN YJIEH CTAHOBUTCS CKOJIb YTOIHO Ma~

JIBIM IPHU AOCTATOYHO OOJIBINAX W.

2.3. Merox Jlansaca. B stom maparpade Oymem paccMarpuBaTh
HHTErpas

\) = /¢(t)e”b<t> dt, —oo<a<b< oo, (2.15)

rae dbyukunn ¢(t) u h(t) ckoib yrogHo riagkue Ha orpeske t € [a,b], a
napamerp A — 0o. [Ipu srom dbyukuus h(t) upennosaraercs BenecTBeH-
HOI1, a dyHKims ¢(t) Moxker O6biTh U KoMiuiekcHoii. Uurerpas (2.15) na-
3BIBAIOT WHTErpaJjom Jlammaca.

Ormerum, uro uaTerpas F(A\) 3aBucuT oT napamerpa A\ HEPEryJisp-
HBIM 00Pa30M, T. €. TOYKA A = 0O ABJISETCS [JIsi HErO CyIIECTBEHHO 0CO-
60ii Toukoii. [Tociieanee o3nayaer, uro pyukuus F(A) He pasnaraercs B
psJ1 1o cremensM A~ npu A — oo.

Hac 6ymer uarepecoBarh Bonpoc 06 acUMIITOTHKE HHTErpaJia Jlamma-

a (2.15). U3BecTHO, 9TO OHA 3aBUCHT OT NoBeAeHus byHkunu h(t), a
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TOYHee OT TOrO, B KAKOil TOUKe ¢ € [a,b] mocTHraercs ee MaKCHMYyM: HA
KOHIIE OTpe3Ka [a, b] unu B ero BuyTpenneit Touke. I'py6o rosops, B mep-
BoM cayaae F(A) ~ A"1er(©) | a po sropom F(A) ~ A~2e*(0)) \ — oo,

Ceiiuac Mbl JoKazkem reopemy 06 acumuroruke F'(A) npu A — oo B
TOM CJTy9ae, KOT/Ia MAKCUMyM TIoKasaresns h(t) TOCTHraeTcs Ha rPaHuIE.

Teopema 2.1. Ilycts ¢ymknus h(t) yaoBaeTBopser CJIELyIOIIM
YCJIOBHSIM: TOYKA Q SIBJISETCS €JQUHCTBEHHON TOYKOIl Makcumyma h(t) u
1 (a) < 0. Torma cupaBeinBa aCHMIITOTHKA:

oo

1
F(A) ~ Ah@z ¢’“ , A — 00, (2.16)

e

Golt) = (1), ori(t) = - (fjg))) |

< Ilycrs 0 wm 7y Crojb MaJible IOJIOXKUTEJbHBIE 9HCJIA, YTO IPU
t€la,a+0o] W (t) <0,anputc€[a+o,b] h(t) < h(a) — . Homoxnm

F\) = Fi1(\) + Fy()\), (2.17)
e ato b
N = | o@)eMPat, B\ = [ ot)eM® dt.
/ !

Tora mpu HEKOTOPOIt ocTosTHHONH M > 0
|Fy(\)| < MM (@A, (2.18)

Acumnroruky unrerpasa Fi () mocTpoum METOIOM UHTEIPUPOBAHHUS 110
qaCTAM:

a+t+o
_ L[ e®) o anayy _
() = 3 / () d(e t )=
ato a+o
_ 10 |1 [ d (M) A0 gt =
A K(t) " A dt \ h'(t)

a+to
1 ¢(a) Aht) 1 A1) o sn) A6 =2
i@ e | e A )0 (M) e

a



Acnvmrormaeckne merons! B reopun OIY 21

=5 (i)

Ucnonp3yst meros, WHTErpupOBaHUS 10 YACTSIM U JaJiee, IPUIAEM K
COOTHOIIEHHIO:

rie

n

A = )\h(a)z 1 ¢k 1
ato (2.19)
ooy

a

rue ¢ (t) — dyukuuu oupeznesnennbie npu GopmynupoBke Teopembl 2.1.
N3 coornomenns (2.17)—(2.19) Boirekaer (2.16). >

SAMEYAHUE 2.1. Tor ciay4ail, Korja e IMHCTBEHHON TOYKON MaKCH-
myma Gyukuuu u(t) auserca t = b, ucciaeiyercs aHaJIOrMYHO.

IIPUMEP 2.4. PaccMorpum mHTErpaJt

F(\) = [ e *cos® tdt, (2.20)

o—_

3aBuCAIN 0T OOIBIIOro mapamerpa A. Tpebyercss mOCTPOUTH TPHU TEep-
BBIX wieHa acumnToruku F(A\) mo cremenam A~! mpu A — oo.
Nurerpas (2.20) sapisercsa unrerpaiom Jlaaca, ijis KOTOporo uMe-
er mecto teopema 2.1. OmHAKO MpU TOCTPOEHUHU €r0 ACUMITOTHKHA MbI
He OyleM OMMpAaThbCd HA ITY TEOPEMY, a IOCTPOUM aCUMITOTHKY F(\)
HETIOCPE/ICTBEHHO, METO0M MHTEIPHUPOBAHUS 110 YaCTSIM.
B (2.20) nonoxum

w=rcos’t, dv=-e Mdt,

TaK 9TO

e—At

A

du= —5cos*tsint, v=—
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CornacHO METOIy WHTErPUPOBAHUS M0 YACTAM MOy THM

—\t 1

F(\) = _e}\ cos’ t

2
D)

1
/ e Mcost tsintdt =
0

1
-2
1 5 2.21
Z—e—COb 1—|————/e teost tsint dt = ( )
A A
0
-2
e 5 1
= ———cos 1—|————J)\.
A AA )
Nurerpan J(A) ondrb uHTErpupyeM 10 4acTaM, OJiaras
uw=cos'tsint, dv=e,
TaK 9TO
oAt
du = —4cos®tsin®t 4+ cos®t, v=— 3
Torzna
1
ey 1 342
JA) = — S cos tsint X/ (cos®t — 4 cos® tsin® t) dt =
0

>/I'—‘

1
/ cos t — 4 cos® t sin? t) dt.
0

[Moncrasnss B (2.21) naiinenHoe Boipaxkenue J(A), moaydum

A 1 5> 5
F(/\):—e—cos51—|———€———

B\ YR 2 e M(cos® t — 4 cos tsin?t) dt.

S—_ _

HOCJ’[G/IHI/IfI HUHTErpaJl OIIATb HaXOAUM METOJOM MHTEIPDHUPOBaHHUA 110 Ya-
CT4AM, II0JIarad

u = cos® t — 4 cos® tsin? t = cos® t — sin? 2t cos t,

dv = e M dt,
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TaK 9ITO
du = —5cos* tsint — 2sin4t cost + sin? 2t sint,
L
v=——e .
A

JIerko BUAETH, 9TO B pe3yJbTaTe MBI IPUJEM K ACHMITOTHYIECKOMY pa-
BEHCTBY

]. 5 —4

31ech yareHo, 9To (hyHKIUsS e aBJIAeTCss DECKOHEYHO MaJjIoi OTHOCH-
TeIbHO A~" mpu JI000M HATYPAJTLHOM 7, KOTIa A — OO.

F(\) =

A

2.4. Metoa, cranmoHapHoii ¢das3bl. B stom maparpade Mbr mpo-
JIOJIKAM PACCMATPUBATD MHTEIPAJIBI, 3ABUCHIIIE OT OOJIBIIIOTO MapamMer-
pa HeperyJaspHbIM 00pa3oM. DTH HMHTErPAJibl, KAK U B MPEIbLIyIIEM
naparpade, umeor suz (2.15), HO Tenepb, B oriunume or §2.3, byHK-
tus h(t) IpUHUMAET He BEIIECTBEHHbIE 3HAUEHUS, & IUCTO MHUMBIE, T.€.
h(t) = iS(t), tone S(t) — BemiecTBeHHO3HAYHAA GECKOHEYHO TJIaIKast
dyukiusa. Tak 910 OyaeM CTPOUTH ACHMITOTHKN HHTErPAJIOB

b
F(\) = /¢(t)e”s(“ dt, A — oo. (2.22)

Hanomuuwm, uro B npeapiayimeM naparpade Xapakrep aCUMITOTHKHA 3a-
BHUCEJI OT TIOJIOXKEHWs Ha [a, b] TOUKM t, B KOTODOIl JOCTUTAETCs MaKCH-
myMm dyukouu h(t). Tenepb curyanus vHAas: aCUMITOTHKA CBA3AHA C
OTCYTCTBUEM HJIM HAJMYHEM CTAIMOHAPHBIX TOYEK, T. €. TOYEK B KOTO-
peix S'(t) = 0,t € [a,b]. B nepsom caygae F()\) crpemurcs K HYTIO Kak
1

A~1, a Bo BropoM — Kak A~ 2. MbI chOpMy/IupyeM H JIOKAsKEM TEOPEMY
JLISL IIEPBOTO CIydasd.

Teopema 2.2. ITycrs B popmyme (2.21) S'(t) # 0, t € [a,b]. Torma
CHIpaBeIuBa, ACHMITOTHKA BHJIA

FO)~ 3 A* [Ake“S(A) + Bkeﬂsﬂ A o0, (2.23)
k=1

e koyuinmentbr Ay, SBISIOTCS JIMHEHHBIMA KOMOUHAIUSIMH 3HAYE-
Huii pynknuu ¢(t) m ee npousBoaHbIX 40 nopsgka k — 1 B rouke a, a
ko3 dunuenrsr By, — snneiinple komMbunanuu 3nadenuii Gyakuii ¢(t)
H ee MPOU3BOAHBIX 10 MOpsaKa k — 1, BEIYHCIEHHBIX B TOYEK b.
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< Ucnmonb3yem MeTo MHTErPUPOBAHUS TIO TaCTIM:

J ) e

b

_ 00) asw %@ ixs) i/ iAS(t)
A (h)° D@ ¢ T ) et

o)\’
t) = .
P1(f) (S’(t)
[Mociennuii wHTErpaj HUMEET Ty K€ CTPYKTypy, uro u F(A)

(cM. (2.22)); 3mech Tosbko BMecTo ¢(t) BhICTyHAeT ¢4 (t). Uurerpupys
€ro 10 9aCTAM, & 32TEM II0C/IEJOBATEILHO IPUMEHSS 9Ty 2Ke HPOLELYPY

4 cirs@ |°
F()\) :/ : ¢(t) d(ev)\S(t)) _ ¢(;2S,(t)

a

rae

K BHOBb BO3HHUKAIOINUM HHTEIr'paJiaM, IIPUXOAUM K IIPpEICTaBJICHUIO

_ Z { i\kkls/ eIAS(b) _ (g\k);iq(fé)) M@ L RN, (2.24)
k=1

rae

b
__1! iAS (1)
R = g [ Gen(06P50

do(t) = o(t), k1= (— q;’fg;) .

W3 BBIMIECKA3aHHOTO CIIEIyET OIEHKA:

1 . M,
[Rn(t)] < 17 / g1 (H)e™D dt| < frr Mn = const > 0. (2.25)

N3 coornomenuit (2.24), (2.25) BbITEKAET ACHMITOTHYECKOE DA3JIOKE-
uee (2.23). >
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Jlekiusa 3.
AnddepennuaibHble YypaBHEHNI C MaJIbIM MapaMeTpoOM

B sT0it neknum coOpaHbI HEKOTOPHIE U3BECTHBIE PE3YABTATHI IS
OOBIKHOBEHHBIX M HEPEHIINATHFHXM YPABHEHHT C MAJIBIM TaPaMETPOM,
HaIleJIEHHBbIE HA JaJIbHENIIee pa3BUTHE TEOPUN PEryIAPHBIX BO3MYIIIEHUIT
JJid TAKUX YPaBHEHWUI.

3.1. Peryssipabie Bo3MyIlieHUs: OOBIKHOBEHHBIX AuddepeH-
nuaababix ypaBHenuit (OY). Cdhbopmynupyem KiIaccuuecKkyio reo-
pPEMY O CyIEeCTBOBAHWH, €MHCTBEHHOCTH U HEIPEPBIBHONW 3aBUCAMOCTH
OT TapaMeTpa PerreHusi CUCTeMbl M AudHEepeHnnaaIbHbIX ypaBHEeHUH 1-
T'0 TOPSIIKA, PA3PEIIEHHBIX OTHOCUTEIHHO MPON3BOIHBIX. TaKMe CHCTEeMbI
HAa3bIBAIOT HOPMAJbHBIME cuCcTeMaMu auddepeHnnaabHbIX YPABHEHUH.
[Tapamerp Ay MpoOCTOTHI Oy/IEM CUIATATH CKAJISIPHBIM.

Teopema 3.1. Ilycrs mpaBasi 9acTh HOPMAJIBHOI CHCTEMBI g pe-
PeHIInaJIbHbIX ypaBHEHUI}

Ccli—f = f(x,t,¢), (3.1)
rae x 1 f — m-MepHbIe BeKTOP-(OYHKIHUH, € — YHCJ0BOI apaMerp, yao-
BJIETBOPSET CJICAYIOUIHM YCIOBHIM:

1) Bekrop-pyuakuus f(x,t,€) onpene/ieHa H HEIPEPHIBHA HA 3AMKHY-
TOM MHOXKECTBE

M= {|t—to| <a, |z -2 <0, || <d},
rme a, b, d — pUKCHPOBAHHEIE IOMOXKHTEbHBIC THCTa, a to T ¥ — 3a-
sranmbre ancao u sekrop (z° € R™) u mycers npu Beex (t,x,¢) € 11 cnpa-
BeamuBa oneHka || f(z,t,€)|| < M, rge M > 0 — HeKoTOpas HOCTOSHHASL.
2) f(x,t,e) ynopaersopsier B Il papaomepuomy ycsaoputo Jluniuina
1mo x

||f($2,t,€) - f(xlatvg)” < LHx2 —1‘1”,

rae nocrossaaas L > 0 me 3aBucur or x, t, €. Torma 3amaga Ko st
cucrems! (3.1) ¢ HAYAIBHBIM yCIOBHEM

z(tg,e) = a°, (3.2)

umeer na cermenre |t — to| < h = min(a,b/M) eauncrsennoe perie-
uue x(t, ), KOTOPOE HEIPEPHIBHO 110 COBOKYIHOCTH IIEPEMEHHBIX t, € U
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|t —to] < h, |e| < d. IIpu sTOM 6113(1) |z(t,e) — z(¢,0)|]] = 0 paBHOMEpPHO-
MEpHO OTHOCHTEJIBHO t € [tg — h,to + h].

U3 sroii reopembr caenyer, uro 3azada (3.1), (3.2) sBusiercs pery-
JAPHO BO3MYIIEHHOI.

B crmenyromieit Teopeme pedb uAeT O BO3MOXKHOCTH Tud epeHnupo-
Barh pemrenne z(t, ) 3anaun (3.1), (3.2) mo mapamerpy e.

Teopema 3.2. Ilycrp ganmsie 3azadn (3.1), (3.2) yzgosaerBopsitor
yeaoBasiM teopeMbl 3.1 u, kpome Toro, Bekrop-pyHkIms f(x,t,e) Ha
MmHOecTBe 11 obsagaer HempepbIBHBIMH IIPOH3BOAHBIMH 110 T H IIO E.
Torna pemenns x(t,€) 3azaqn (3.1), (3.2) onpegerennoe u HelpepbIB-
moe mo teopeme 3.1 ma mmuoxecrse D = {|t — to| < h,|e| < d}, mmeer
Henpepbisyio B D nponssoauyro 22 (t,€), kotopas spasercs pemennem
3a0a4H

Y= %(x(t, ), t,e)y + %(x(t, €),t,€), (3.3)
y(to,e) = 0. (3.4)

Jluneitnoe (Bekroproe) ypasuenue (3.3) HA3bIBAIOT YDABHEHUEM B Ba-
pHAIUAX; OHO MOJIydaeTcs (pOpMaTIbHBIM AudOEPEHIINPOBAHNEM YPaB-
wenus (3.1) mo . CoorBercrByioiee HavanbHOe ycaoBue (3.4) Takxke
MOXKHO PaCCMaTPUBATH KAk pe3ysabTar (GopMmagbHOro nuddepeHinpo-
BaHH4 II0 € HAYAIBHOrO ycioBus (3.2).

ITpuMEP 3.1. Haiitu mpomsBogayio mo mapamerpy € npu € = 0 pe-
wenus ¢(t, ) 3anaau Komm

d+a? -2t =0, z(l,e)=1

B HEKOTOPOI OKPECTHOCTH TOYKHU ¢ = 1.
PewmEeHUE. TTo Teopeme 3.2 y(t, &) = a—f(t, €) — pellleHue ypaBHeHusi
B BApUAIUAX
U+ 20(te)y—2t71 =0

¢ HavanabHbiM ycaosueM y(1,e) = 0.
Caenosaresbro, uckomas dbyukims ¥ (t) = y(t,0) aBisercs pelieHu-
em 3amaqun Ko

g+ 2p(t,0)y —2t71 =0, y(1) =0.
[Tockounbky ¢(t,0) — peruenue 3ama4u

P+a?=0, x(1)=1,
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10 (t,0) =t~ 1. Buauur byuxmus ¢ (t) ABAAETC pelleHreM 3a1a91
y_2t_1(y_1) :Oa y(l) :07

Tak uro (t) =1 —t72.

B teopeme 3.2 pedn mper o mepBoil IPOU3BOMHON peIleHUs 3a1a9U
Komm (3.1), (3.2) o napamerpy. Crenyoias Teopema mocBsieHa aud-
(bepeHITMPOBAHNIO ITOrO PEIIeHHs [0 MAPAMETPy JII000r0 MOPSIIKA.

Teopema 3.3. Ilycrp npasas gacrs f(x,t,e) cucrempbr (3.1) yzo-
BJIETBOPSIET yCA0BHIO TeopeMbl 3.1 m, Kpome Toro, Ha MHOXKecTBe 11 cy-
IECTBYIOT BCEBO3MOXKHBIE €€ HEIPEPhIBHBIE NIPOU3BOJAHDbIE (BKJIIOYAS U
CMeIITaHHbIe) 10 KOOpAUHATAM T H € 10 mopsaaka m > 1. Torma cyme-
CTBYIOT HeNpepbiBHbIE B D 1pou3BoiHbIE %(t, e), k <m, rae x(t,e) —
pemenne 3aga4n (3.1), (3.2).

3.2. Acumnroruyeckoe marerpuposanue OZLY. Ilepeiinem k Bo-
POCY O MOCTPOEHWH ACUMNTOTHKE perienus x(t, €) 3amaqun Kommn (3.1),
(3.2). Bynem cuurars, yro Bekrop-pyukuus f(z,t, ) umeer Ha MHOXKe-
cree II nenpepbiBabie (110 COBOKYIHOCTH ', t, £) IPOM3BO/HBIE 110 T U £
CKOJIb YyTOJIHO BBICOKOTO MOPSIAKA. ACHMNTOTHKY OyZeM HCKATh B BHUJIE
bopmasbHOrO psijia Mo CTeneHsaM &:

x(t,e) = xo(t) +exy(t) + ... 4+ eFap(t) + ... (3.5)

Juia maxox ienus ero Koadgdunuentos z;(t) mpasyio gactb (3.5) moi-
crasum B (3.1), npeaBapuTesbHO PA3iIoKUB BEKTOP—(hYHKIMIO [ B Pl
Teitmopa 0 COBOKYIIHOCTH MEPBO#l W TPeTheil IMepeMeHHbIX C IEHTOM B
rouke (xo(t),t,0):

d (zo(t) +ex(t) + ... +fap(t) +...) =

dt
0
= f(20(1),t,0) +€ 8—£(xo(t),t,0)w1 +fAt)e+...+  (36)
0]
+&® <—f(x0(t),t,0)xk + fk(t)) + ...
ox
3nech % — marpuna JAxobu 1o nepeMeHHbIM T, SJIEMEHTHI KOTOPOii

BBIYHCIEHDI B TOUKe (20 (1),1,0), f1(t) — npousBonHas %, BbIUUCJICHHASI

B TOH ke TO4YKe, a BeKTop—hyHKimu [i(t) BbIPAKAIOTCS Yepe3 BeKTOP-
dbyukuun x;(t), i =0,1,...,k — 1. Paznoxenue (3.5) mojcraBuM Takxke
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B paBerctBo (3.2). Ioxyuum
xo(to) +E$1(t0)—|—...—|—€k$k(t0)+ =2 (37)

[TpupasauBasg B pasercrsax (3.1), (3.2) koaddunuenTsr npu oxuna-
KOBBIX CTETIEHAX €, MPUIEM K PEKyPEHTHOH MOCIeI0BATEILHOCTHA 3a,1aM:

d

C‘ZO = f(x()vta 0)7 (E()(t()) = xov (38)
vy Of of B
E = %(xo,t,())xl—kg(xo,t,()), .131(0) —0, (39)

OrmMerumM, 4TO B 3TOM LEIOYKe 33/a4 eIMHCTBEHHON HeJIMHeHON 3a-
Jadeil apyisercd 3aga4a (3.8) KOoTopas COBIIQIAET C BHIPOXK ICHHOMN 3a,1a-
qeit.

3AMEYAHUE 3.1. IIycrs B (3.1) BekTOp-byHKIMYU & U f — CKaJsp-
ubie. Torma pesynbrar dbopmasbHoii mogcranosku (3.5) B (3.1) ¢ moce-
aytomuM passoxkenuem f B psan Teitnopa ¢ nenrpom (xg,t,0) MOKHO
3aIUCATH B BUJE:

f(zo,t,0) + g—i(xo,t,O)(exl +..)+ %(mo,t,O)e—k R
1 5 o (3.10)
+ﬁ<(€x1+)% +€£> f(:r(),t,O)'F...

TeopeTndeckyio 9acTh JEKINH 3aKOHINM CJIeIYIOMIEl M3BECTHOM Teo-
peMoii.

Teopema 3.4. Ilycrp BbIIOJHEHBI YCJIOBUSI T€OPEMbI 3.3 H perie-
HOe BBIPOXK/IeHHON 3ajaqu (3.8) OIpene/ieHO HA BPEMEHHOM YYaCTKe
J 1 |t — to| < a. Torzma pemmenne 3axaqn (3.1), (3.2) npu t € J paznaraer-
cs1 o cpopmyste Teitnopa mo cremeHsM € 10 TOpsiAKa € BKIIOYHTEIHHO:

z(t,e) =xo(t) +ex1(t) + ... + My (t) +0(e™), e—0, (3.11)

rae Bexrop-yuxuuu xo(t), x1(t) m T.4. SABISIOTC DEIIeHUsIMU 3a-
Ja4 (3.8), (3.9) u T. 1. cOOTBETCTBEHHO.

U3 sroit Teopembr cremyer, 9o psam (3.5), TOCTPOCHHBIH yKA3AHHBIM
BBIITIE CITOCODOOM, SIBJISIETCST aCUMITTOTHKOM perennst 3amaqan (3.1), (3.2).
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ITpuMEP 3.2. PaccMoTpuM 33139y

dz
— =cx+2, z(0)=0,

dt

rae € — MaJIbIi ImapaMeTp. HOCTpOI/ITb HECKOJIBKO YJIECHOB aCUMIITOTUKN
peaienud 110 CTeIleHAM £.

Acumnroruky GyaeM crpouth B Bue paga (3.5):
x(t) ~ zo(t) + ez (t) + 22 (t) + . ..

[ToacTaBuM 3TOT psAA B HAINTKA ypaBHEHUE U HAYAJIbHOE YCJIOBHUE U TPUPAB-
HsieM K03 OUIIMEHTHI B TIOJIYI€HHOM PABEHCTBE MPU OIMHAKOBBIX CTEIIe-
uax €. [lomyyum nenouky 3amad:

dx

0 0

: _— = 2 =

3 dt ) (E()(O) O’
dx

61 : _dtl = —2o, £E1(0) =0,
d.]?g

2 L — = =
[SH dt 1, :EQ(O) Oa

OTcroma mocjieJ0BaTeILHO HAXOIMM:
zo(t) =2t, x1(t) =12, ao(t) =

Takum 06pa30M aCHMITOTUKA PEIeHrsi PACCMATPUBAEMON 331291 HMEeT

BUT,
3

t
x(t)~2t—5t2—|—e§+...

ITpuMEP 3.3. Iomyunrs crnpasemauByo Ha orpeske [0, 7] acumnTo-
TrYecKyio dhopmyry ¢ ocraTodnbiM wienom O(g2), ¢ — 0, ans perenns
x(t,¢) 3amaun Ko nys ypaBuenus Pukkaru

‘jl_j — () +b(t) + cc(t)z®, te[0,T], (0)=0, (3.12)

rae a, b, ¢ — HenpepwiBHbe dDyHKIMN Ha [0, T
PEMEHUE. Bocnosb3yemcst popmymnoit (3.5):

x(t,e) = xo(t) +ex1(t) + ... (3.13)
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IMoacrasngas (3.13) B pasencrsa (3.12) u npupaBHUBAs B MOJIYYEHHBIX
paBencTBax KO3 hUIMEHTDI [IPU OJMHAKOBBIX CTELEHSIX &, IPUIEM K CJIe-
JIYFOIIAM 3a189aM [Tl Lo U T1:

% = a(t)xo +b(t), x0(0)=0, (3.14)
% =a(t)xy +c(t)xd, 21(0) = 0. (3.15)

Pewenue 3amaqu (3.14) Bbruucasercs 1o dhopmysie
fa(s) ds
xo(t) = [ b(r)er dr, t€]0,T7, (3.16)

a pemenue 3ana4u (3.15) — no anagoruyuoii popmysie

t 3 t

7 Ta s)ds a(s)ds
x1(t) z/(T) /b(s)e[ ) ds eTf © dr, te][0,T]. (3.17)
0

0

B pesyabrare mosydanm
x(t,e) = xo(t) +exi(t) +O(?), t€[0,T], &—0, (3.18)

rae zo(t) u x1(t) 3amansr popmynamu (3.16) u (3.17) COOTBETCTBEHHO.
Panee ™Mbl Jj1s TTPOCTOTHI CYUTAIHN, UTO MAPAMETD BXOIUT TOJIBKO
B nuddepennuanpabie ypapaenvs. OnucaHHas BbIE TEOPUS JIETKO TIe-
PEHOCHUTCS U HA, TOT CJIydail, KOTJa OH PEryspHbIM 00Pa30M BXOJUT U B
HadabHBIE JaHHbIE. [0 peryaspHoCcTbiO moHnMaeTcs auddepeHupy-
€MOCTb JIOCTATOYHO BBICOKOTO TOPS/IKA HAYATHHBIX JTAHHBIX 110 E.

ITpuMmEP 3.4. Haiitu acumnrorudeckyio (OPMYIy C OCTATOYHBIM
grerom O(g3), € — 0, penrenus 3ama4n Komm

dr t e g2
== 2 9et? 1,T )=1—-4=— 1
=2 teLT) a() (3.19)

B HEKOTOPOI OKPECTHOCTU TOYKHU ¢ = 1.
PEMEHUE. Bocnosb3yemcst popmymnoit (3.5):

x(t,e) = xo(t) + exq(t) + 2xa(t) + ... (3.20)
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Pasznoxkenue (3.20) mogcrasum B paBeHcrsa (3.19) u npupaBHseM B 1O-
JIy4EHHBIX PABEHCTBAX KO3(P(HUIUEHTHI IPH OJUMHAKOBBIX CTEIICHAX &,
BILIOTD /10 BTOPOii crenenu. Ilomyanm

t

— 257&2,
xo +ex1 +e2xh + ...

/ / 2./
Togt+exy +ET,+ ... =

2
e €
zo(1) +exi(1) +®ao(1) +... =1 — 5= 5
Torna
wpn <% af = L m(1) = 1,
npu el 2} = _1‘;"_(2)1 — 2, ay(1) = 1,
ta2
npu 2: xh = _";"_3)2 4 mig}, 2o(1) = %'
Orcroga HaxoIuM
—¢ _ v 1 N to
o =1, xr1 = 27 x2_12t 24

Taxum obpaszom,

o) =t B .1 O(
wte) =t—eg+e (12t+ 24) + O

SAMEYAHUE 3.2. B paHHON JeKnuu Mbl PACCMOTPENH MIUPOKUi
KJIACC PEryJaspHO BO3MYINEHHBIX 3a7a4. CyIiecTByer TakKe U3BECTHBIN
KJTACC CUHTYJISIPHO BO3MYIIIEHHBIX 33724, B cucrembl O/1Y KOTOPBIX BXO-
[T yPABHEHUS C MaJjIbIM COMHOXKHTENeM (IapaMeTpoM) IpU cTapiieit
npou3Bonnoii. Takue 3aga4uu rirybOKO M3yU€HbI H3BECTHBIMU MATEMATH-
kamu A. H. Tuxonosbim u A. B. Bacunbepoii. B aTrom Kparkom Kypce Mbl
HE MOXKEM I'OBOPHUTH O HUX TMOAPO6HO. OTMETHM JIUIIh, 9TO IPHU MOCTPO-
€HUU ACUMIITOTUK WX DPEIeHUil MCIOIb3yIOTCS ACUMIITOTHIECKUAE DPSIIbI
JIByX BUJIOB: OJIMH U3 HUX (PEryJspHBINA) UMEET Ty K€ CTPYKTYDY, 9TO
U B CJlydae pPeryjsipHO BO3MYIIEHHBIX 3a/ad4, a BTOPOil (ero Ha3bIBaIOT
«IIOrPAHUYHBIM DSJIOM» ), ABJIAACH TAKXKE DsJIOM [0 CTEIEHIM &, UME-
er K03 UIUEHTHI, KOTOPbIE TOXKE 3ABUCAT OT €, IPUIEM CIEIUATHHBIM
0bpa3oM.

N mocienmee. B reopun nuddepeHinanipHbx ypaBHEHUME paccMaT-
PUBAIOTCS [IBA BU/IA, ACUMITOTHK PEIEeHNl — aCUMIITOTHKY IO TapaMeT-
Py (TOJBKO O TaKMX MbI 3€Chb U FOBOPUJIN) U ACUMIITOTHKH [0 HE3aBH-
cumoit mepemennoit. Hampumep, B 3amade Ha MOMTOKUTENHHON MOTyoCH
U3y9aercs aCHMITOTUKA DPeIlleHus npu OOJIbIINX 3HAYEHUSIX HE3ABUCH-
MOIi mepeMEeHHOM.
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Yupaxuenus K Jleknum 3

B 3amagax 1-3 maiitu npowsBogHyio OoT pemreHus gaHHOro mudde-
PEHINAIBLHOTO YPABHEHUsI B HEKOTOPOH OKpPECTHOCTH TOYKH t = 1 mo
mapamerpy € npu € = 0:

’_ 1 —
l.o/ =et+ 5, (1) =1-2e.
2.0 =x —t+ete®®, z(1) = 2e.
3. % =zsind +sinz?, z(0) =e¢, 2(0) =2
B zagmagax 4-5 maiiT pasyioyKeHNe pernieHns B HEKOTOPOil OKPEeCTHO-
CTH TOYKM t = 1 MO CTemeHsaAM mapaMeTpa € 10 €2 BKIIYUTeIbHO:

3.2 =bet+ o, x(l)=1-c.
4.3 =2z —22% 2(0)=1, 2(0) =-e.
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ASYMPTOTIC METHODS IN THE THEORY
OF ORDINARY DIFFERENTIAL EQUATIONS

Levenshtam V. B.

The paper presents a number of initial concepts of the theory of asymptotic
methods, which is also called perturbation theory, analyzes some techniques for
constructing asymptotic expansions of integrals depending on the asymptotic
parameter (in particular, the Laplace method and the stationary phase method),
and also considers ordinary differential equations depending on the asymptotic
parameter, and shows, how to construct asymptotic expansions of their solutions
in the case of regularly perturbed problems.

Key words: perturbation theory, asymptotic methods, Laplace method,
stationary phase method, asymptotic integration of regularly perturbed
problems.



