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U u BVl �Yb�ZQK EHa>b�IAGh\L2�PQC A ?A?L2�SFtCBVl8��M>C>NOEHPQIACYX[Z0b�xgMYXyEHPQIAC>^PQC A {:2kU[�CB @8c b�ZQbOE

:=
K>b�C>I[EHb%EHa>b

X[^J^JPQ|AC>m�b�CFE8lF\�K>bO�YC>P]EHPQIAC�23,�a>PQZQbnm@2�oc2Cpq2:X[C>K6rd^h\Lml�IAZQP�1�b�EHa>b0CYXyEHM>GHX[ZQ^32�EHa>b�GHXyEHPQIACYX[ZQ^32
EHa>b�GJbiX[ZQ^32�X[C>K
EHa>b�N�IAm��>ZQb#Ynb�^�@

s 3 26� ;jt#uk7C 7)v�w!x8<>yz��|{�7�� <Y;j	~}T9��
��tL<��
qrIAC>^JPQK>b�G0X[C X[GJl>P]EHGHX[Gh\�~Ab�NOEHIAG0Z�XyEJEHPQN�b

E
,�a>IA^Jb�"���=8<�KU<�����(+�����TPQ^�K>b�C>I[EHb�K�lF\

E+
@A`�,rI

b�ZQb�m�b�CFEH^
x, y ∈ E

X[GJb�^HX[PQK�EHI l�b; �<�=^�'��<���K���PQC�^h\Lml�IAZQ^
x ⊥ y � ,�a>b�C>bO~Ab�G |x| ∧ |y| = 0

@
`Ta>b� �<�=^�'��<���K�(+��9�"&���89`�8��K/I[��X C>IAC>b�m��nED\ ^JbOE

M ⊂ E
PQ^�K>bO�YC>b�K X[^

M⊥ := {x ∈

E : (∀ y ∈ M) x ⊥ y}
X[C>K EHa>b�C>I[EfXyEHPQIAC

M⊥⊥ := (M⊥)⊥
PQ^X[ZQ^JI�PQC M>^Jb[@�V ^JbOE/I[�

EHa>b��IAGJm
M⊥

PQ^WNiX[ZQZQb�K+X>�+���& [@�`Ta>b/PQC>N�ZQM>^JPQIAC�IAGJK>b�GJb�K ^JbOE
B(E)

I[��X[ZQZ8lYX[C>K>^�PQC
E
PQ^

X@(+��9�"&���8K-������������������� �)�'�3%J�$�nV lYX[C>K
B
I[�

E
^HXyEHPQ^h� \LPQC>|

E = B ⊕B⊥ PQ^!GJbO��b�GJGJb�K
EHI/X[^
X�"&%����'�+(8KU<V���?�+���& C��,�a>PQZQb�EHa>bX[^J^JIAN�P�XyEHb�K��>GJI:�Jb�NOEHPQIACH��IACFEHI

B
�YX[GHX[ZQZQb�Z EHI

B⊥ � PQ^pNiX[ZQZQb�KX?�+���& �"&%����'�+(8KU<V���Y@,�,bOE
P(E)

^hEfX[C>K ��IAG�EHa>b��rILIAZQbiX[C X[ZQ|Ab�l>GHX
I[�TX[ZQZ�lYX[C>K �>GJI:�Jb�NOEHPQIAC>^
PQC

E
@aMnXi\ EHaYXyE

E
aYX[^�EHa>bq"&%����'�+(8KU<V����"&%��+"��8%#KUi P]�WbO~Ab�Gh\ lYX[C>K I[�

E
X[K>m�P]EH^�X lYX[C>K

�>GJI:�Jb�NOEHPQIAC�@�BDC�EHa>PQ^pbO~Ab�CFE�EHa>b'�rILIAZQbiX[C�X[ZQ|Ab�l>GHX[^
B(E)

X[C>K
P(E)

X[GJb�PQ^JIAm�IAGJ�>a>PQN[@Y`Ta>b
K>bO�YC>P]EHPQIAC>^�X[C>Kd�>GJIA��b�GhEHPQb�^
I[�'N�IAm��>ZQb#Y ~Ab�NOEHIAG�Z�XyEJEHPQN�b+X[C>KdN�IAm��>ZQb#Y

f � X[ZQ|Ab�l>GHX M>^Jb�K
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l�b�ZQI�, m%Xi\(l�b'��IAM>C>K�PQC�VWl>GHX[m�I�~LPQNfa+X[C>K+VWZQPQ�>GHX[CFEHPQ^ A ?L2�MLb�NOEHPQIAC+Sn@ UCBV2��(bO\Ab�G � �pPQb�l�b�GJ|A U[�N2
MLb�NOEHPQIAC UL@ UCBV2
MLNfaYX[bO��b�G A Sn?�2�qraYX[��@�BJB+2nMLb�NOEHPQIAC�?A?3BV28X[C>K b�XAX[C>b�C A S u 2nMLb�NOEHPQIAC>^�n?
X[C>K��FUCB @
-���������������� ��!#"%$'&)(�*�+-,/./0�12+3*�(24516*6+879(�*

T : E → E
7�:�1<;=(�,/, (?>�./08@BA�(�0�CD.�7�. (�0FE�+3*G1

1�HFI?.�J2+3, 160�7LK

(1) Tx ∈ {x}⊥⊥
;=(�*M+3,/,

x ∈ E N
(2) x ⊥ y

./O<4),/. 16E
Tx ⊥ y

;=(�*M+3,/,
x, y ∈ E N

(3) T (K) ⊂ K
;=(�*P12+QA�:SRT+30�C

K
(�;

E N
U9;
E

:�+3E�7�:�1V4)*G(GW�1�A�7�. (�0X4)*G(24516*�7ZY[7�:�160
(1) \ (3) +3*G1]1�HFI?.�J2+3, 160^79(

(4) π ◦ T = T ◦ π
;=(�*M+3,/,_RT+30�C`4)*G(GW�1�A�7�. (�0FE

π
./0

E N
a <�b\��� ����
� � 3 VWC�IA��b�GHXyEHIAG

T
PQ^!NiX[ZQZQb�K��+���& �"&%��+=��8%#��<��:��P]�8IAC>b;� X[C>K�EHa>b�C�X[CF\ � I[�EHa>b�N�IAC>K>P]EHPQIAC>^ � ? � d�� u � PQ^���M>Z]�YZQZQb�K�X[C>K?��%J )�8% �#���:�& )�� %P]� T ^Jb�C>K>^TbO~Ab�Gh\�IAGJK>b�G!l�IAM>C>K>b�K^JbOEWPQCFEHI X[C(IAGJK>b�GTl�IAM>C>K>b�K�^JbOEi@

a <�b\��� ����
� s 3 V ~Ab�NOEHIAGWZ�XyEJEHPQN�b
E
PQ^�^HX[PQK(EHI%l�b'Xdcq<V(6e�=8K-���$ `�/��KUKU<V(+�P]��biX[Nfa�lYX[C>K

�>GJb�^Jb�Gh~LPQC>|%ZQPQC>biX[GrIA��b�GHXyEHIAGTPQC
E
PQ^�X[MnEHIAm%XyEHPQNiX[ZQZ]\ IAGJK>b�GTl�IAM>C>K>b�K�@

-�����fhg ikjl$)m]16EGA6*L.9R81`7�:�1]A6,�+3ELEn(�;Mop. A�qDE�7912+QCr,�+87L7�. A�16E N
BDC P]EH^%��M>ZQZW|Ab�C>b�GHX[ZQP]ED\L20EHa>b�cdPQNfeg^hEHb�Kd�>GJIAl>ZQb�m PQ^�^hEHPQZQZpM>C>^JbOEJEHZQb�K�2a,�a>PQZQb�P]E�PQ^%~Ab�Gh\

,rb�ZQZ�M>C>K>b�GJ^hEHILILK+��IAGWM>C>P]~Ab�GJ^HX[ZQZ]\�N�IAm��>ZQbOEHb'~Ab�NOEHIAG�Z�XyEJEHPQN�b�^�@ `Ta>b�GJbO��IAGJb�2�,rb/GJb�^hEHGJPQNOE�IAM>G
K>PQ^JN�M>^J^JPQIAC�EHI/EHa>PQ^TN�Z�X[^J^�I[�8~Ab�NOEHIAGpZ�XyEJEHPQN�b�^�@

a <�b\��� ����
�ls 3 V ~Ab�NOEHIAG�Z�XyEJEHPQN�b
E
PQ^T^HX[PQK
EHI l�b<t6�� )�6e�<��& (+��9�"&���8K-�`��GJb�^J��b�NOEHP]~Ab�Z]\L2

�/��K-�8%J������ik(+��9�"&���8K-� � ,�a>b�C>bO~Ab�GkbO~Ab�Gh\C>IAC � b�m��nED\�IAGJK>b�G�l�IAM>C>K>b�K/^JbOE4��GJb�^J��b�NOEHP]~Ab�Z]\L2[bO~Ab�Gh\^JbOE�I[� �YX[PQG ,�PQ^JbWK>PQ^ �JIAPQCFEr��IA^JP]EHP]~Abp~Ab�NOEHIAGJ^ � aYX[^TX^JM>�>GJb�mM>m(@nV ~Ab�NOEHIAGTZ�XyEJEHPQN�b�EHaYXyETPQ^!XyEEHa>bT^HX[m�brEHPQm�b�Z�XyEHb�GHX[ZQZ]\�N�IAm��>ZQbOEHb!X[C>K }Wb�K>b�egPQC>K�N�IAm��>ZQbOEHbrPQ^�GJbO��b�GJGJb�K/EHI�X[^��:��<����8%�='������i
(+��9�"&���8K-�O@

a <�b\��� ����
�vu�3 V ~Ab�NOEHIAG Z�XyEJEHPQN�b
X
PQ^`����(�������i?�����2w  �<�9`�8�N=8<V���&���=x�P]�T��IAGbO~Ab�Gh\ E-,rI

C>IAC>K>PQ^ �JIAPQCFE
x1, x2 ∈ X

EHa>b�GJb+b#YnPQ^hE�C>IAC\1�b�GJI N�IAm���IAC>b�CFEH^
u1
X[C>K

u2
I[�

x1
X[C>K

x2GJb�^J��b�NOEHP]~Ab�Z]\�^JM>Nfa(EHaYXyE
u1
X[C>K

u2
X[GJb��>GJIA��IAGhEHPQIACYX[Zn��^Jb�b'X[ZQ^JI }WbO�YC>P]EHPQIAC ?A?�l�b�ZQI�, � @

a <�b\��� ����
�zy�3 VWC�b�ZQb�m�b�CFE
x ∈ E+

PQ^�NiX[ZQZQb�KF����(�������iH(+���N=8KT����K�,�P]EHa GJb�^J��b�NOE�EHI
e ∈ E+

P]�
x = supξ∈Ξ λξπξe

��IAG�^JIAm�b CgM>m�b�GJPQN � X[m�PQZ]\
(λξ)ξ∈Ξ

X[C>K X�� X[m�PQZ]\
(πξ)ξ∈ΞI[�r�YX[PQG ,�PQ^JbK>PQ^ �JIAPQCFE�lYX[C>K �>GJI:�Jb�NOEHPQIAC>^�PQC

P(E)
@,��b�NiX[ZQZkX[ZQ^JI�EHaYXyE

e ∈ E+
PQ^�X��|{a����e ���%J )�8%!�:��<�K!P]�

{e}⊥ = {0}
IAG32>b�xgM>P]~[X[ZQb�CFEHZ]\L2

{e}⊥⊥ = E
@

-���������������� ��!~}�$�&)(�*�12+QA�:�I?0F.�J�16*LE6+3,/,�Y�A�(�O<4), 1�791�J�1�A�79(�*�,�+87L7�. A�1
E

7�:�1�;=(�,/, (?>�./08@
A�(�0�CD.�7�. (�0FEM+3*G1�1�HFI?.�J2+3, 160�7LK

(1) E
./E�, (kA2+3,/,�Y�(�0�1G�9CD./O-160FEL. (�0�+3, N

(2) � ,/,�16, 16O-160�7�En(�;
E+

+3*G1P, (kA2+3,/,�Y�A�(�0FE�7�+30�7�>�.�7�:�*G16E�451�A�7M79(�+��k��1�C�(�*GCF16*�I?0F.�7 N
(3) � ,/,�16, 16O-160�7�En(�;

E+
+3*G1P, (kA2+3,/,�Y�A�(�0FE�7�+30�7�>�.�7�:�*G16E�451�A�7M79(�1�J�16*9Y^(�*GCF16*]I?0F.�7 N
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`Ta>b%cdPQNfeg^hEHbiX[K �>GJIAl>ZQb�mP,!X[^/GHX[PQ^Jb�K PQC A SAS�B!PQC ?��F�A�L@ ³ MLILIAC Xy� EHb�G ,!X[GJKF��PQC�?��F�[� � 2VWl>GHX[m�I�~LPQNfa�2k�0b�eg^JZQb�G32�X[C>K-,pIAZQK>M>C>I�~ A SN2k`Ta>b�IAGJb�m ?3BWX[C>C>IAM>C>N�b�K EHa>b��YGJ^hE%b#Y>X[m��>ZQb

I[� X C>IAC IAGJK>b�G(l�IAM>C>K>b�K lYX[C>K �>GJb�^Jb�Gh~LPQC>| ZQPQC>biX[G
IA��b�GHXyEHIAG�@�� XyEHb�G32�P]Eg,!X[^�N�Z�X[GJP]�Yb�K
EHaYXyEWEHa>b'^JP]EHMYXyEHPQIAC(K>b�^JN�GJPQl�b�K�PQC(EHa>b'�YX[��b�GWPQ^�ED\L�>PQNiX[Z8PQC�X%^Jb�C>^Jb[@ `Ta>b'��IAZQZQI�,�PQC>| GJb�^JM>Z]E
,!X[^Wb�^hEfX[l>ZQPQ^Ja>b�K(lF\(VWl>GHX[m�I�~LPQNfa�2>�0b�eg^JZQb�G32�X[C>K+,pIAZQK>M>C>I�~
PQC A u 2Y`Ta>b�IAGJb�m UL@]?3B8X[C>K�lF\
�(Nij8IAZQPQC(X[C>K�cdPQNfeg^hEHbiX[K�PQC A UA�:2Y`Ta>b�IAGJb�m Sn@ UCB @
�/.�iD����ikj "%$ � ,/,�RT+30�CS4)*G16EG16*�J�./08@ (24516*6+879(�*LE�./0�+ I?0F.�J�16*LE6+3,/,�Y A�(�O<4), 1�791[J�1�A�79(�*

,�+87L7�. A�1`+3*G1�+8IF79(�Or+87�. A2+3,/,�Y^(�*GCF16* R8(kI?0�CF1�Cp./;�+30�C^(�0F,�Y^./;n7�:F./EXJ�1�A�79(�*�,�+87L7�. A�1�./E], (kA2+3,/,�Y
(�0�1G�9CD./O-160FEL. (�0�+3, N
`Ta>PQ^8N�Z�X[PQm NiX[Cl�b�N�IAC>^JPQK>b�GJb�KX[^�X�^JIAZQMnEHPQIAC�EHI�EHa>b�cdPQNfeg^hEHbiX[K'�>GJIAl>ZQb�m(@:�rMnE8EHa>brC>b8,

C>I[EHPQIAC/I[��ZQILNiX[ZQZ]\�IAC>b � K>PQm�b�C>^JPQIACYX[Zg~Ab�NOEHIAG0Z�XyEJEHPQN�brN�GJb��nE�PQCFEHI�EHa>b�X[C>^ ,rb�G�@F`Ta>b�C>I�~Ab�Z]ED\/I[�EHa>PQ^rC>I[EHPQIAC%ZQb�K�EHI'EHa>bWN�IAC:�Jb�NOEHM>GJbWEHaYXyE!P]ErN�IAPQC>N�PQK>b�^ ,�P]EHa%EHaYXyErI[�8X�K>PQ^JN�GJbOEHb��
=
XyEHIAm�PQN �~Ab�NOEHIAG Z�XyEJEHPQN�b[@�BDC�?��A�n? VWl>GHX[m�I�~LPQNfa�2��0b�eg^JZQb�G32�X[C>K0,pIAZQK>M>C>I�~ A u 2�`Ta>b�IAGJb�m UL@]?3B

|FXi~Ab X �>GJILI[� ��IAG�b#YnPQ^hEHb�C>N�b I[��X[C IAGJK>b�G+M>Cgl�IAM>C>K>b�K lYX[C>K �>GJb�^Jb�Gh~LPQC>|dIA��b�GHXyEHIAG�PQC
bO~Ab�Gh\�C>IAC>K>PQ^JN�GJbOEHb'M>C>P]~Ab�GJ^HX[ZQZ]\
N�IAm��>ZQbOEHb�~Ab�NOEHIAGWZ�XyEJEHPQN�b�2>EHagM>^W^Jb�b�m�PQC>|AZ]\
N�IAGJGJIAl�IAGHXyEHPQC>|
EHa>b N�IAC:�Jb�NOEHM>GJb EHaYXyE X ZQILNiX[ZQZ]\ IAC>b � K>PQm�b�C>^JPQIACYX[Z ~Ab�NOEHIAG Z�XyEJEHPQN�b)PQ^ K>PQ^JN�GJbOEHb[@ �rMnEEHa>b��>GJILI[� ,!X[^
b�GJGJIAC>b�IAM>^�@T� XyEHb�G32�PQC ?��A�Ft:2!�(Nij8IAZQPQC X[C>K�cdPQNfeg^hEHbiX[K A UA�:2�MLb�NOEHPQIACdS�B
|FXi~Ab�X[C b#Y>X[m��>ZQb I[�TX�C>IAC>K>PQ^JN�GJbOEHb�ZQILNiX[ZQZ]\�IAC>b � K>PQm�b�C>^JPQIACYX[Z8~Ab�NOEHIAG�Z�XyEJEHPQN�b�2�N�IACn��MnEHPQC>|EHa>b�N�IAC:�Jb�NOEHM>GJb[@��rMnEWX[|FX[PQC�EHa>b�GJb ,!X[^pX[C�b�GJGJIAGTPQC�EHa>b�b#Y>X[m��>ZQb[@Yv�PQCYX[ZQZ]\L2FcdPQNfeg^hEHbiX[K A tCB
^hEfXyEHb�K�EHa>b�N�IAC:�Jb�NOEHM>GJb'X[^pX[C�IA��b�C(�>GJIAl>ZQb�m PQC ?��A�ASn@
`Ta>b�GJbk,!X[^�X%^JPQm�PQZ�X[G!m�PQ^JM>C>K>b�GJ^hEfX[C>K>PQC>|%PQC+�rILIAZQbiX[C�~[X[ZQM>b�K+X[CYX[Z]\L^JPQ^�@�BDC+X��rILIAZQbiX[C

~[X[ZQM>b�K�M>C>P]~Ab�GJ^Jb
V(B) I�~Ab�G�X�N�IAm��>ZQbOEHb��rILIAZQbiX[C%X[ZQ|Ab�l>GHX B EHa>b�GJb�b#YnPQ^hErEHa>b�PQCFEHb�GJCYX[Z�GJbiX[ZCgM>ml�b�GJ^/IAlg�Jb�NOE
R
X[C>K EHa>b%^hEfX[C>KYX[GJK GJbiX[ZrCgM>ml�b�GJ^IAlg�Jb�NOE

R∧
@8B E/^Jb�b�m�b�K �>Z�X[M>^JPQl>ZQb

EHaYXyE�EHa>b�b�xgMYXyEHPQIAC
R∧ = R

a>IAZQK>^TIAC>Z]\%��IAG�XyEHIAm�PQN��rILIAZQbiX[C�X[ZQ|Ab�l>GHX[^
B
@

`Ta>b�>GJIAl>ZQb�m�^4,rb�GJb/^JIAZ]~Ab�K+PQC ?��A�Ft�lF\21�MnEHm%X[C A ?:�CB _ opbN�IAC>^hEHGJM>NOEHb�K X[C XyEHIAm�ZQb�^J^
}Wb�K>b�egPQC>K N�IAm��>ZQbOEHb'ZQILNiX[ZQZ]\
IAC>b � K>PQm�b�C>^JPQIACYX[Z,~Ab�NOEHIAG�Z�XyEJEHPQN�b[@��(IAGJb�I�~Ab�G3231�MnEHm%X[C�|FXi~AbX��>M>GJb�Z]\ X[ZQ|Ab�l>GHX[PQN!K>b�^JN�GJPQ�nEHPQIAC I[� ZQILNiX[ZQZ]\�IAC>b�K>PQm�b�C>^JPQIACYX[ZnM>C>P]~Ab�GJ^HX[ZQZ]\/N�IAm��>ZQbOEHb!~Ab�NOEHIAG
Z�XyEJEHPQN�b�^�@rBDCdm�IAGJb�K>bOEfX[PQZQ^32!X M>C>P]~Ab�GJ^HX[ZQZ]\ N�IAm��>ZQbOEHb�~Ab�NOEHIAG�Z�XyEJEHPQN�b

E
PQ^
X cdPQNfeg^hEHbiX[K

Z�XyEJEHPQN�b%P]�pX[C>K IAC>Z]\ P]�
B := P(E)

PQ^/X
σ � K>PQ^hEHGJPQl>MnEHP]~Ab��rILIAZQbiX[C X[ZQ|Ab�l>GHX�P]�pX[C>K IAC>Z]\ P]�

R∧ = R
,�P]EHa>PQC

V(B) @
BDC
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D : C → C

@ `Ta>b��GJb�b�K>IAm�PQC
EHa>b�Nfa>IAPQN�b�I[�

d
|AMYX[GHX[CFEHb�b�^pEHaYXyE

D
PQ^�C>IACFEHGJP]~LP�X[Z @n`Ta>b'PQm��>ZQPQNiXyEHPQIAC>� u � =⇒ � ? � NiX[C(l�b�>GJI�~Ab�K�PQC�X/^JPQm�PQZ�X[G ,!Xi\
m%X[egPQC>|/M>^Jb�I[� EHa>b�PQ^JIAm�IAGJ�>a>PQ^Jm b#YLEHb�C>^JPQIAC�EHa>b�IAGJb�m ��^Jb�b A ?A?L2

qraYX[��@Y�62 ��{N2�jkGJIA��IA^JP]EHPQIAC+?3B � PQC>^hEHbiX[K(I[��`Ta>b�IAGJb�m u @
B

� 3 26t	�k<�� 9,;av
σ �

a  7�� 9��� 6���Q=�<����
�
tL<Y;j� 26t	�k<�� 9,;�7
}Wb�C>I[EHb

Φ:= NN
2>P @Jb[@/2

Φ
^hEfX[C>K>^T��IAG!EHa>b�^JbOEpI[�kX[ZQZ m%X[�>�>PQC>|A^

ϕ : N→ N
@

a <�b\��� ����
����3 V
σ � N�IAm��>ZQbOEHbT�rILIAZQbiX[C�X[ZQ|Ab�l>GHX�� PQ^k^HX[PQK EHI�l�b σ w  �<�=8KU%#<U�3�:KU<����pP]����IAG

bO~Ab�Gh\(K>IAM>l>ZQb�^Jb�xgM>b�C>N�b
(bn,m)n,m∈N

PQC
B
,rb�aYXi~Ab A SFUCB _

∨

n∈N

∧

m∈N

bn,m =
∧

ϕ∈Φ

∨

n∈N

bn,ϕ(n).

����;j� 
�tL<�7g3 � ? � `Ta>b���I�,rb�GJ^JbOE�X[ZQ|Ab�l>GHX P(A)
,�P]EHa�C>IAC>b�m��nED\

A
PQ^
σ � K>PQ^hEHGJPQl>MnEHP]~Ab[@�(IAGJb�I�~Ab�G32

P(A)
PQ^pN�IAm��>ZQbOEHb�Z]\�K>PQ^hEHGJPQl>MnEHP]~Ab�2�P @Jb[@/2�EHa>bX[l�I�~Abb�xgMYXyEHPQIAC�a>IAZQK>^p��IAG

Φ :=

AB ��IAG�X[GJl>P]EHGHX[Gh\%C>IAC>b�m��nED\ A
X[C>K

B
@

� U � �,bOE (Ω,Σ, µ) l�b�Xm�biX[^JM>GJb�^J�YX[N�b�,�P]EHa
EHa>b�K>PQGJb�NOE�^JM>m �>GJIA��b�GhED\h��^Jb�b A UL?L2 ?A@]?A@ �X[C>K ?A@]?A@ ��B � @�`Ta>b/�rILIAZQbiX[C�X[ZQ|Ab�l>GHX B := B(Ω,Σ, µ)
I[�S9`���C=8�:%J�$�3���7=��8K�=69`�' ��:���

µ
w-���T�?w

��</��<U�3��� =��8K�=PQ^
σ � K>PQ^hEHGJPQl>MnEHP]~Ab�P]�kX[C>K�IAC>Z]\
P]� B PQ^WXyEHIAm�PQN�2>IAG32Yb�xgM>P]~[X[ZQb�CFEHZ]\L2 µ PQ^pXyEHIAm�PQN[@BDC�EHa>PQ^TbO~Ab�CFE
B
PQ^TPQ^JIAm�IAGJ�>a>PQNpEHI

P(A)
��IAGT^JIAm�b�C>IAC>b�m��nED\

A
A ?��N2�tL@ Sn@ S�B @

� S � �,bOE B l�bWEHa>b���I�,rb�GJ^JbOE P(N)
m�ILK>M>ZQI��YC>P]EHbW^JbOEH^32LEHaYXyETPQ^

B := P(N)/I
,�a>b�GJb

I
PQ^%EHa>b+PQK>biX[ZWI[���YC>P]EHb�^JM>l>^JbOEH^�I[�

N
@!`Ta>b�C EHa>b[t6�� )�6e�<��& (+��9�"&���8KU<V��� I[�

B
PQ^
X[C

XyEHIAm�ZQb�^J^
σ � K>PQ^hEHGJPQl>MnEHP]~Ab��rILIAZQbiX[C�X[ZQ|Ab�l>GHX

A ?:��B @
`Ta>b���IAZQZQI�,�PQC>|GJb�^JM>Z]EpPQ^TK>M>b�EHI 1�MnEHm%X[C A ?:�CB @
�/.�iD����ikj
	�$ �:�1n;=(�,/, (?>�./08@X+3ELEG16*�7�. (�0FE':�(�, C�K
(1)

�:�1<J�1�A�79(�*�,�+87L7�. A�1
L0 := L0(Ω,Σ, µ)

./E�+879(�OX. A � (�*'1�HFI?.�J2+3, 160�7�,�Y
�
7�:�1'O-12+3E�I?*G1

µ./EM+879(�OX. A � ./;h+30�C�(�0F,�Y�./;
P(L0)

./E
σ

�9CD./E�7�*L.9R8IF7�.�J�1 N
(2)

�:�16*G1�1L�8./E�7�EP+30B+879(�OX, 16ELE
σ

�9CD./E�7�*L.9R8IF7�.�J�1nA�(�O<4), 1�791��'(k(�, 12+30�+3,�@813R3*6+ N
C
vYIAZQZQI�,�^r��GJIAm EHa>b�b#Y>X[m��>ZQb�^k� U � X[C>K?� S � @ B

��3�n� �n��nv����
�
tL<Y;j���r;jtL68<�	�� �
	�<�tL7
�,bOE

B
l�b!XWN�IAm��>ZQbOEHb!�rILIAZQbiX[CX[ZQ|Ab�l>GHXn@:`Ta>bT�rILIAZQbiX[C�~[X[ZQM>b�KM>C>P]~Ab�GJ^Jb

V(B) PQ^�K>bO�YC>b�K
lF\�GJb�N�M>GJ^JPQIAC(IAC

α ∈ On

V(B)
α =

{

x : (∃ β ∈ α) x : dom(x) → B, dom(x) ⊂ V
(B)
β

}

,

V(B) :=
⋃

α∈On
V(B)

α (On
PQ^!EHa>b�N�Z�X[^J^�I[��X[ZQZ�IAGJK>PQCYX[ZQ^

).

vYIAG0m%X[egPQC>|�^hEfXyEHb�m�b�CFEH^!X[l�IAMnE
V(B) EfX[e[b�X���IAGJmM>Z�X ϕ = ϕ(u1, . . . , un)

I[� EHa>bWZ�X[C>|AMYX[|Ab
I[�8^JbOE!EHa>b�IAGh\h�

≡
b�v8q � X[C>K
GJb��>Z�X[N�bpEHa>b�~[X[GJP�X[l>ZQb�^ u1, . . . , un

lF\�b�ZQb�m�b�CFEH^
x1, . . . , xn ∈
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V(B) @�`Ta>b�C ϕ(x1, . . . , xn)
PQ^WX%^hEfXyEHb�m�b�CFE�X[l�IAMnE

x1, . . . , xn

@�`8I%~Ab�GJP]� \@,�a>bOEHa>b�G�IAGWC>I[E
ϕ(x1, . . . , xn)

PQ^�EHGJM>b;,�P]EHa>PQC
V(B) 2,EHa>b�GJb�PQ^'X(CYXyEHM>GHX[Z
,!Xi\ I[�TX[^J^JPQ|AC>PQC>|�EHI(biX[Nfa ^JM>Nfa

^hEfXyEHb�m�b�CFETX[C%b�ZQb�m�b�CFE
[[ϕ(x1, . . . , xn)]] ∈ B

,�a>PQNfa�X[NOEH^!X[^0EHa>b�� �������������qKU%#�:K�*kw-�����������nI[�
ϕ(x1, . . . , xn)

PQC
EHa>b�M>C>P]~Ab�GJ^Jb
V(B) @nc b�^HXi\�EHaYXyETEHa>b�^hEfXyEHb�m�b�CFE ϕ(x1, . . . , xn)

<�=!������<U 
{n<�K�*:<��

V(B) X[C>Kg,�GJP]EHb V(B) |= ϕ(x1, . . . , xn)
P]�
[[ϕ(x1, . . . , xn)]] =

��@
�/.�iD����ikj�� ��`8GHX[C>^h��b�G�jkGJPQC>N�PQ�>ZQb � $ � ,/,�7�:�1�(�*G16OXE<(�;���16*LO-16, ( \ &%*6+Q160FqD16,hEG1�7]7�:�1�(�*9Y

>�.�7�: A�:�(�. A�1
(
��&
	

�
;=(�*�EL:�(�*�7

)
+3*G1-7�*�ID1->�.�7�:F./0

V(B) N�� (�*G1]4)*G1�A6./EG16,�Y
�

./;
ϕ(u1, . . . , un)./Er+ 7�:�1�(�*G16O (�;��&
	 7�:�160��

[[ϕ(x1, . . . , xn)]] =
� ;=(�* +3,/,

x1, . . . , xn ∈ V(B) � ./Er+3,/EG(
+�7�:�1�(�*G16O (�;���&
	 N

1�P]~Ab�C X[C X[GJl>P]EHGHX[Gh\
X ∈ V(B) 2�,rb%K>bO�YC>b EHa>b� )�+=�(+�8��K X↓

X[^�EHa>b�^JbOE
X↓ := {x ∈

V(B) : [[x ∈ X]] =
�
}
@�VW^J^JM>m�b�EHaYXyE

X, Y, f, P ∈ V(B) X[GJb�^JM>Nfa EHaYXyE [[f : X →

Y ]] =
� X[C>K

[[P ⊂ X2]] =
�&2 P @Jb[@/2

f
PQ^�X
m%X[�>�>PQC>|
��GJIAm

X
EHI

Y
X[C>K

P
PQ^�X�l>PQCYX[Gh\

GJb�Z�XyEHPQIAC�IAC
X
,�P]EHa>PQC

V(B) @�`Ta>b�C f↓
PQ^pX�M>C>PQxgM>b�m%X[�>�>PQC>|/��GJIAm

X↓
EHI

Y ↓
��IAG�,�a>PQNfa

[[f↓(x) = f(x)]] =
�
(x ∈ X↓)

X[C>K
P↓

PQ^%X M>C>PQxgM>b�l>PQCYX[Gh\ GJb�Z�XyEHPQIAC IAC
X↓

,�P]EHa
(x1, x2) ∈ P↓ ⇐⇒ [[(x1, x2) ∈ P ]] =

��@ `Ta>b@ )�+=�(+�8��K4��]���� ��� �)�'�3%J��<V(7=8KU%#��(8KU�:%�� PQ^pEHa>b
K>b�^JN�b�CFE�I[��X[C�M>C>K>b�GJZ]\LPQC>| ^JbOEWb�C>K>I�,rb�K@,�P]EHa
EHa>b�K>b�^JN�b�C>K>b�K�IA��b�GHXyEHPQIAC>^�X[C>K(GJb�Z�XyEHPQIAC>^�@
`Ta>b �C=�(+�8��K�PQ^ X�EHGHX[C>^h��IAGJm%XyEHPQIAC X[NOEHPQC>| PQC EHa>b GJbO~Ab�GJ^Jb K>PQGJb�NOEHPQIAC�2WP @Jb[@/2�^Jb�C>K>PQC>|

X[CF\ ^JM>l>^JbOE
X ⊂ V(B) PQCFEHI X[C b�ZQb�m�b�CFE X↑ ∈ V(B) @���C>b m�IAGJb PQm���IAGhEfX[CFE(EHa>b�^Jb

EHGHX[C>^h��IAGJm%XyEHPQIAC PQ^�EHa>b�(���������<V(������89;�#�� $ �<��:�
X 7→ X∧

I[��EHa>b�N�Z�X[^J^'I[��^hEfX[C>KYX[GJK ^JbOEH^
�
≡
�����q57�8�:9;�����@�:��<����8%�=�� � V PQCFEHIX�rILIAZQbiX[C�~[X[ZQM>b�K�M>C>P]~Ab�GJ^Jb V(B) @nVW^JN�b�CFE'2nK>b�^JN�b�CFE'2

X[C>K NiX[C>IAC>PQNiX[Znb�ml�b�K>K>PQC>|�b�CYX[l>ZQb�^kIAC>b!EHI���b�Gh��IAGJm X[C/PQCFEHb�GHX[NOEHPQIACl�bOE-,rb�b�C
V
X[C>K

V(B) 2
^Jb�b A �N2�U u B @

� 3�n� �n��nv����
�
tL<Y;j���r;jtL68<�	���6�� � <�9 7
�,bOE

R
X[C>K

C
^hEfX[C>K GJb�^J��b�NOEHP]~Ab�Z]\ ��IAG�EHa>b��Yb�ZQK>^
I[�'GJbiX[ZQ^
X[C>K N�IAm��>ZQb#Ynb�^ ,�P]EHa>PQC

V(B) P @Jb[@/2 R := (R,⊕,�, 0, 1,5)
X[C>K

[[ϕ(R)]] =
�&2�,�a>b�GJb

ϕ(R)
PQ^�EHa>b�N�IAC:�JM>C>NOEHPQIAC

I[��XCYnPQIAm�^�I[�!EHa>b%GJbiX[ZQ^32|,�a>PQZQb
C = R + iR

@�qrIAC>^JPQK>b�G�EHa>b%K>b�^JN�b�CFE
R := R↓

I[�!EHa>b
X[ZQ|Ab�l>GHX[PQN%^hEHGJM>NOEHM>GJb

R
,�P]EHa>PQC

V(B) @�BDC I[EHa>b�Gk,rIAGJK>^32
R := (R↓,⊕↓,�↓,5 ↓, 0, 1)

PQ^
N�IAC>^JPQK>b�GJb�K X[^�EHa>b/K>b�^JN�b�CFE

R↓
I[�0EHa>b/M>C>K>b�GJZ]\LPQC>|
^JbOE

R
EHIA|AbOEHa>b�G�,�P]EHa+EHa>b/K>b�^JN�b�C>K>b�K

IA��b�GHXyEHPQIAC>^
⊕↓

X[C>K
�↓

X[C>K%EHa>b�K>b�^JN�b�C>K>b�K�IAGJK>b�GrGJb�Z�XyEHPQIAC
5 ↓

I[� EHa>b�^hEHGJM>NOEHM>GJb
R
@n��\

K>bO�YC>P]EHPQIAC�2
C ↓ := R↓+ iR↓

@
`Ta>b���IAZQZQI�,�PQC>| ��M>C>KYX[m�b�CFEfX[ZdGJb�^JM>Z]E K>M>b EHI 1�IAGJK>IAC A ? u BdEHb�ZQZQ^ M>^ EHaYXyE EHa>b

PQCFEHb�GJ�>GJbOEfXyEHPQIAC�I[�0GJbiX[ZQ^���N�IAm��>ZQb#Ynb�^ � PQC+X��rILIAZQbiX[C(~[X[ZQM>b�K�m�ILK>b�Z V(B) PQ^WX%M>C>P]~Ab�GJ^HX[ZQZ]\
N�IAm��>ZQbOEHbpGJbiX[Zj��N�IAm��>ZQb#Y � ~Ab�NOEHIAG!Z�XyEJEHPQN�b�,�P]EHa�EHa>b��rILIAZQbiX[C�X[ZQ|Ab�l>GHX�I[�,lYX[C>K%�>GJI:�Jb�NOEHPQIAC>^PQ^JIAm�IAGJ�>a>PQNWEHI

B
@

�/.�iD����ikj���$ �:�1]+3,�@813R3*6+3. A'E�7�*�IDA�7LI?*G1
R↓ (

*G16E�451�A�7�.�J�16,�Y
� C ↓)

>�.�7�:[7�:�1]CF16EGA�160�CF1�C
(24516*6+87�. (�0FEn+30�C (�*GCF16*P*G16,�+87�. (�0�./En+�I?0F.�J�16*LE6+3,/,�Y�A�(�O<4), 1�791P*G12+3,

(
*G16E�451�A�7�.�J�16,�Y

�
A�(�O<4), 1L�

)J�1�A�79(�*^,�+87L7�. A�1[+30�C + EG16OX.Á4)*L./O-1
f

��+3,�@813R3*6+�>�.�7�: +d*L./08@�+30�C�(�*GCF16* I?0F.�7 �
:= 1∧ N

� (�*G1�(TJ�16*
�

>�.�7�:F./0
V(B) � R∧

+30�C
C∧

+3*G1�CF160FEG1nE�I%R3��16, CDE�(�;
R

+30�C
C �

*G16E�451�A�7�.�J�16,�Y N
`Ta>b���IAZQZQI�,�PQC>|GJb�^JM>Z]EpPQ^TK>M>b�EHI 1�MnEHm%X[C A ?:�CB @
�/.�iD����ikj���$ �h1�7

B
R81P+�A�(�O<4), 1�791 �'(k(�, 12+30-+3,�@813R3*6+`+30�C

C
7�:�1'��16, C-(�;hA�(�O<4), 1L��16E

>�.�7�:F./0
V(B) N �:�1P;=(�,/, (?>�./08@X+3ELEG16*�7�. (�0FEP+3*G1�1�HFI?.�J2+3, 160�7LK
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(1) B
./E
σ

�9CD./E�7�*L.9R8IF7�.�J�1 N
(2) V(B) |=R = R∧ N
(3) R↓

./E�, (kA2+3,/,�Y�(�0�1G�9CD./O-160FEL. (�0�+3, N
� <���;�9�{ � 3 MLPQC>N�b�EHa>b�GJb�Z�XyEHPQIAC>^

R = R∧
X[C>K

C = C∧
X[GJb�b�xgM>P]~[X[ZQb�CFE�,�P]EHa>PQC

V(B) 2
`Ta>b�IAGJb�m � PQm��>ZQPQb�^�EHaYXyE

B
PQ^
σ � K>PQ^hEHGJPQl>MnEHP]~Ab�P]��X[C>K(IAC>Z]\�P]� V(B) |=C = C∧

P]��X[C>K(IAC>Z]\
P]�

C ↓
PQ^�X ZQILNiX[ZQZ]\ IAC>b � K>PQm�b�C>^JPQIACYX[Z M>C>P]~Ab�GJ^HX[ZQZ]\�N�IAm��>ZQbOEHb�~Ab�NOEHIAG�Z�XyEJEHPQN�b[@

� 3 26�~����� <�9,;|������
�
a <�b\��� ����
� � 3 �,bOE

A
l�b/X[C X[ZQ|Ab�l>GHX%I�~Ab�G�X��Yb�ZQK

P
@ V

P � ZQPQC>biX[G�IA��b�GHXyEHIAG D ��GJIAm
X^JM>lYX[ZQ|Ab�l>GHX

A0
EHI

A
PQ^!NiX[ZQZQb�K
X

P �  )�8%#<�����KU<V��� ��%������| )�8%#<�����KU<V���(IAG7(+��9�"&���JI  )�8%#<�����KU<V���P]�
P = R

IAG
P = C

2�GJb�^J��b�NOEHP]~Ab�Z]\ � �>GJI�~LPQK>b�K EHaYXyE D(uv) = D(u)v + uD(v)
��IAG X[ZQZ

u, v ∈ A0
@>V C>IAC\1�b�GJI�K>b�GJP]~[XyEHPQIAC
PQ^TGJbO��b�GJGJb�K�X[^!������KU%#<���<U���/�

a <�b\��� ����
� � 3 V
P � �8�& )��9`��%T"�*:<�=89 ��]`��� ��� �)�'�3%J�

A
PQ^�X

P � ZQPQC>biX[G�mM>Z]EHPQ�>ZQPQNiXyEHP]~AbIA��b�GHXyEHIAG
M : A → A

2WP @Jb[@/2
A
PQ^
P � ZQPQC>biX[G(X[C>K ^HXyEHPQ^h�Yb�^�EHa>b b�xgMYXyEHPQIAC M(uv) =

M(u)M(v)
��IAGpX[ZQZ

u, v ∈ A
@�V l>P �Jb�NOEHP]~Ab

P � b�C>K>IAm�IAGJ�>a>PQ^Jm PQ^�X P � ���:K-��9`��%T"�*:<�=89/@>`Ta>bPQK>b�CFEHPQNiX[Z�X[MnEHIAm�IAGJ�>a>PQ^Jm�PQ^
N�IAm�m�IAC>Z]\�GJbO��b�GJGJb�K EHI X[^
EHa>b KU%#<���<U���!���:K-��9`��%T"�*:<�=89/@!B �
P = R

IAG
P = C

EHa>b�Cg,rb�^J��biX[e
I[�a%������8IAG6(+��9�"&���JI ���:K-��9`��%T"�*:<�=89k=O@
�,bOE

G
l�bdX GJbiX[Z�M>C>P]~Ab�GJ^HX[ZQZ]\)N�IAm��>ZQbOEHb�~Ab�NOEHIAG Z�XyEJEHPQN�b ,�P]EHa X �NYnb�K

f � X[ZQ|Ab�l>GHXmM>Z]EHPQ�>ZQPQNiXyEHPQIAC%X[C>K
X
X[C

f � ^JM>lYX[ZQ|Ab�l>GHXI[� G @
-���������������� ��! ��$��h1�7

D
R81M+�,/./0�12+3*V(24516*6+879(�*§;�*G(�O

XC := X ⊕ iX
79(

GC := G⊕ iG+30�C
D = D1 + iD2 N �:�160
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X[ZQZ
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f � X[ZQ|Ab�l>GHX C ↓

X[C>K�ZQbOE
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+30�C
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X[C>K

(A)
,�P]EHa

F = C
X[C>K

P = C∧
@
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?WPQC�X[C
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σ
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(3) V(B) |=R = R∧ N
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(5) X
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XC
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V(B) ,�P]EHa C := C

X[C>K
P := C∧

20^JI EHaYXyE;,rb
aYXi~Abk,�P]EHa>PQC

V(B) � EfX[egPQC>|%PQCFEHI�X[N�N�IAM>CFEWEHaYXyE C∧
PQ^�X[ZQ|Ab�l>GHX[PQNiX[ZQZ]\%N�ZQIA^Jb�K�PQC

C
2�^Jb�b A UAt:2

`Ta>b�ILb�m u @]?:UL@]?3B �
C = C∧ ⇐⇒ DC∧(C ) = {0} ⇐⇒ MC∧(C ) = {0, IC }.

��\ `8GHX[C>^h��b�G%jkGJPQC>N�PQ�>ZQb�2�`Ta>b�IAGJb�m ?�� PQ^/EHGJM>bg,�P]EHa>PQC
V(B) 2kN�IAC>^Jb�xgM>b�CFEHZ]\L2 C = C∧

PQ^
b�xgM>P]~[X[ZQb�CFE!EHI/l�I[EHa

D(C ↓) = {0}
X[C>K

Mbp(C ↓) = {0, IC↓}
@��p^JPQC>| 1�IAGJK>IAC�� ^rEHa>b�IAGJb�m

,rb�NiX[C GJb��>Z�X[N�b
C ↓

lF\
XC
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� ��� 3 V K>b�GJP]~[XyEHPQIAC

D
��GJb�^J��b�NOEHP]~Ab�Z]\L2yX[CX[MnEHIAm�IAGJ�>a>PQ^Jm

A � IAC X PQ^ NiX[ZQZQb�K
�+=+=��8��KU<U������i ������KU%#<���<U�����>GJI�~LPQK>b�K�EHaYXyE

πD = 0
��GJb�^J��b�NOEHP]~Ab�Z]\L2

πA = πIX � PQm��>Z]\ π = 0��IAGTbO~Ab�Gh\(lYX[C>K(�>GJI:�Jb�NOEHPQIAC
π ∈ P(X)
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� � � PQC+`Ta>b�IAGJb�m ?A?
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X[C>K EHa>b
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x ∈ M}

��IAGJm�^pX�^JM>l>GJPQC>|
I[�

K
2�EHa>b�*���9`���)�8���8<�KUi�%#<��:��I[�

f
@:B E�PQ^ �>GJI�~Ab�K/lF\'��
XyE�1 A SA��BgEHaYXyE'2���IAG

M 6= {0}
2
L 6= {0}X[C>K X[CF\ ^JM>l>GJPQC>|

S
I[�

K
��IAG ,�a>PQNfa

M
PQ^�X
��GJb�b
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f : M → L

^JM>Nfa(EHaYXyE
Hf = S

@>BDC(�YX[GhEHPQN�M>Z�X[G32LEHa>b���IAZQZQI�,�PQC>|PQ^!EHGJM>b[_
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x
PQ^kK>b�C>I[EHb�K

lF\
C(x)

@�V ^JM>l>^J�YX[N�b
X0

I[�
X
PQ^�(+��9�"������8��K�w9{n<�=��6(8����=��� (P]��2Y��IAGpbiX[Nfa

x ∈ X0
2�EHa>b'^JbOE

C(x)
PQ^TN�IACFEfX[PQC>b�K(PQC

X0
@

a <�b\��� ����
� �Ls 3 VWC%X[C>C>PQa>PQZ�XyEHIAG�PQK>biX[Z>I[�
K
PQ^0X�^JM>l>^JbOErI[��EHa>bT��IAGJm
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